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Abstract: In this paper, graph theory is used to analyze real
power transfer between individual generators and loads, which
is important to transmission open access. Related lemmas are
proved first to present necessary conditions required by the
method. Based on an ac load flow solution a novel method is
suggested which can determine downstream and upstream
power flow tracing paths and calculate the contribution factors
of generations and loads to the line flows efficiently in the
system without circulating power. When the existence of
circulating power in the system is detected, by revealing the
reasons which cause circulating power, the optimal power flow
(OPF) approach is suggested to eliminate it, and a new feasible
ac load flow solution will be obtained for tracing. The
computer tests yield satisfactory results. The suggested method
is suitable for both active and reactive power flow tracings of
real power systems.

Keywords: graph theory, transmission open access, power
flow tracing, optimal power flow.

1. INTRODUCTION

Power system deregulation and transmission open access
make it more and more important to calculate the contributions
of individual generators and loads to line flows and the real
power transfers between individual generators and loads. The
results can help to allocate the total cost of transmission among
all the users in an equitable way.

Methods based on dc load flow and sensitivity analysis can’t
consider accurately the reactive power transfer allocation and
system non-linearity. In {1,2] a novel method is suggested to
solve the problem however a matrix inverse calculation is
required which is time consuming especially for a large-scale
power system. In {3] another approach is presented which
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introduces some new concepts such as domain, common, link
and state graph and is suitable for large-scale power system
applications. However there are no clear declaration and proof
of the conditions required for the method.

In this paper graph theory [4] is suggested to solve the
problem. Graph theory is quite mature and especially suitable
to tackle such network topology related issues. In our case a
directed graph is used. The vertices of the graph are system
buses and the edges of the graph are lines and transformers.
The direction of each edge is the direction of power flow
inside. The directed graph of active power flow may be
different from that of reactive power flow in edge directions.
Based on an ac load flow solution, the suggested method can
consider system non-linearity accurately and is very efficient
and suitable for both active and reactive power transfer
allocations in real power systems.

The paper is organized as follows. In section 2, two lemmas
are proved firstly which presents the necessary conditions to
guarantee the feasibility of the suggested method in power
flow tracing in a system without circulating power. Then
another two lemmas are proved to reveal the reasons for
circulating power. Using active power as an example, graph
theory is applied to determine the tracing sequence and to
detect the existence of circulating power. In section 3 an
optimal power flow (OPF) [5] approach is suggested to
eliminate circulating power. The sequential guadratic
programming [6] is used for OPF solution. In section 4 through
upstream and downstream tracings, contribution factors of
individual generators and loads to line flows are calculated
respectively. The power transfers between generators and loads
are determined as well. Section 5 presents the test results from
a 6-bus system. Conclusions are made in section 6.

2. FUNDAMENTALS OF LOAD FLOW TRACING

In order to simplify the problem, some assumptions are
made at first:

e An ac load flow solution is available from on-line state
estimation or off-line system analysis.

¢ Real power and reactive power required by transmission line
resistance, reactance and charging capacitance have been
moved to the line terminal buses and modeled as ‘equivalent
loads’ according to ac load flow solution. Therefore the line
active and reactive power flows keep constant along the line,
each edge has a definite direction and the network is "lossless’.



o A generator has the priority to provide power to the load on
the same bus, and the remaining power will enter the network
to supply other loads in the network to avoid unnecessary
losses. Therefore the buses can be classified as generator, load
and network buses based on their net injections to the system.

o The flows of electricity obey the proportional-sharing rule
[1-3]. -

Based on the assumptions made above, we can prove the
following two lemmas, which guarantee to start and continue a
tracing:

Lemma 1: A lossless, finite-nodes power system without
circulating flow has at least one pure source, ie. a generator
bus with all incident lines carrying outflows.

Lemma 2: A lossless, finite-nodes power system without
circulating flow has at least one pure sink, i.e. a load bus with
all incident lines carrying inflows.

Proof of Lemma 1: We start from any bus with an incident line
carrying inflows. Along this line we go upstream and come to
a next bus (here we assume there is no self-loop). If there is no
incident line carrying inflows to the next bus, then it is an
existing pure sink already. If there is at least one incident line
carrying inflow to the next bus, then we can continue to go
upstream along the line to another bus. This upstream tracing
can continue if there is no pure source confronted. If the
upstream bus is always a mew bus, this will lead to the
conclusion that the system has infinite buses. If the upstream
bus is an old bus, that is a bus appeared in the previous tracing
path, then a circulating flow is existing in the system which
conflicts with the assumption. Therefore a pure source does
exist to end the upstream tracing.

. Proof of Lemma 2: We start from any bus with an incident line
carrying outflows. Along this line we go downstream and
come to a next bus (still we assume there is no self-loop). If
there is no incident line carrying outflows from the next bus,
then it is an existing pure sink already. If there is at least one
incident line carrying outflow from the next bus, then we can
continue to go downstream along the line to another bus. This
downstream tracing can continue if there is no pure sink
confronted. If the downstream bus is always a new bus, this
will lead to the conclusion that the system has infinite buses. If
the downstream bus is an old bus, that is a bus appeared in the
previous tracing path, then a circulating flow is existing in the
system which conflicts with the assumption. Therefore a pure
sink does exist to end the downstream tracing.

In well-operated power systems, there should not be
circulating power because the circulating power will cause
additional losses and have negative impacts on power transfer
capability and voltage regulation. However sometimes
“circulating power does exist due to the mal-operation control,
the system complexity and poor controllability. Now we prove
another two lemmas to show the reasons for the circulating
power.

Lemma 3: For a lossless transmission network, the only reason
for active power circulation is the existence of phase shifting

device(s).

" Lemma 4: For a lossless transmission network, the only reason

for reactive power circulation is the existence of voltage
regulator(s).

Proof of Lemma 3: For a lossless transmission line, active
power flow over the line is

ViV
Py ==Lsin(6,-6;) M

Y

where V; and V; are the line terminal voltage magnitudes, x;; is
the line reactance and & and 6 are phase angles of line
terminal voltages. If P;>0, then sin (@, - ) must be positive. In
power system for stable operation the line terminal phase angle
difference (G - 6) should be within [-90, 90] degrees. So from
sin (6, - €) >0 we can conclude that (6, - ) >0 or &, > 6 which
means that in a lossless transmission system, active power
always flows from the point with larger phase angle to the
point with smaller phase angle. This is also true for a
conventional transformer with only voltage magnitude
regulation capability. Therefore if a lossless transmission
system has circulating active power, then in the circulating
active power loop there must be at least one branch where the
active power flows from a bus with smaller phase angle to a
bus with larger phase angle. This branch must not be a
transmission line or a conventional transformer with only
voltage magnitude regulation capability. It must be a device
with phase-shifting capability and active power can flow
through it from a terminal with smaller phase angle to a
terminal with larger phase angle. It is clear that if there is no
phase-shifting devices in a lossless transmission system, there
will be no active power circulation.

The possible devices with phase-shifting capability are
phase shifters (solid-state or conventional), FACTS devices
such as UPFC with series element working as a phase shifter
and Y/A-connection transformers etc.

Proof of L emma 4; For a lossless transmission system, if the ©-
equivalence circuit is used for the transmission lines and the
charging capacitance has been merged into the reactive loads
on line terminal buses, then the reactive power reaching the
receiving end of a line can be expressed as:

Qj=1m(Vj[(V,~‘Vj)/jxij].} 2
=(V,cos8; =V; V; /x;

It is clear from eq. (2) that if Q;>0 then V; must be greater then
V; since cosj; is within the range of [0, 1] in a normal power
system. This means that if some reactive power reaches a line
terminal then it must flow from a terminal with higher voltage
to a terminal with Jower voltage for a lossless transmission
system. Therefore if a lossless transmission system has
circulating reactive power, then in the circulating reactive
power loop there must be at least one branch where the
reactive power flows from a bus with lower voltage to a bus
with higher voltage. This branch must not be a transmission
line. It must be a device with voltage regulation capability and
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reactive power can flow through it from a terminal with lower
voltage to a terminal with higher voltage. It is clear that if there
is no voltage regulation devices in a lossless transmission
system, there will be no reactive power circulation.

The possible devices with voltage regulation capability in
power systems are conventional transformers /voltage
regulators and the FACTS devices such as UPFC with its
series element working as a transformer or voltage regulator
etc. It is clear that any shunt types of FACTS devices will not
cause circulating reactive power.

Since the line X/R ratio is very high for high voltage
transmission systems, we can consider the conclusions of the
last two lemmas are still true, i. e. the phase-shifter and the
voltage regulator cause the active and reactive power
circulating respectively in a real transmission system.

For a transmission system, we can build up its bus-line
incident matrix (BLIM) according to the load flow solution
and line active power flow direction. Then split the BLIM into
two matrices. One is called bus-outflow-line incident matrix
(BOLIM) which is composed of all elements in BLIM with the
value of 1, and the other is called bus-inflow-line incident
matrix (BILIM) which is composed of all elements in BLIM
with the value of (-1) and these elements are then changed into
1. For a 6-bus sample system shown in figure 1(a), the
corresponding BLIM, BOLIM and BILIM are formed in figure
1(b). It is clear that a row with full zero elements in BOLIM
corresponds to a pure sink and a row with full zero elements in
BILIM corresponds to a pure source.

bus 2
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line3 D line 4 fine § line 8

lme 7 hns 8
busd 14@y:l E It:u 5 s

(=2 : active power flow direction )
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2 -1 1 0 1 -1 o 0
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6 o o o 0 1 1 0o 1
0000
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00000000 10001000
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Figure 1 A 6-bus system and its BLIM, BOLIM and BILIM
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Downstreamn Tracing Sequence: We start from a pure source
(bus 6 for our case, see BILIM). Outflow lines of bus 6 will
bring generator power forward to their downstream buses.
Delete the source bus and its incident lines (This is done by
deleting row 6 and corresponding columns of its incident lines,
i.e. columns 5, 6 and 8, which have the element 1 in row 6 of
BOLIM). We have a new graph that is a sub-graph of original
one. Then try to find the new pure source bus in the sub-graph
together with its incident (outflow) lines and repeat the
deleting process described above again. If there is no
circulating power in the system, the downstream tracing can be
continued through this process till all the lines are deleted with
only pure sink(s) remaining. However for our case, the
downstream tracing can only delete bus 6 with lines 5, 6, 8 and
then stop since there is circulating power existing.

Upstream Tracing Sequence: Similar process can be performed
by starting from a pure sink. If there is no circulating power in
the system, the upstream tracing can be continued till all the
lines are deleted with only pure source(s) remaining. However
the upstream tracing of our test system can only delete bus 3
with lines 2, 6 and then cannot find pure sink existing because
of circulating power.

Detection of Circulating Power: After downstream and
upstream tracing are conducted, the remaining part will be the
area with circulating power since each bus has both inflow and
outflow lines. If a transmission system has circulating power,
through this process the area(s) with circulating power can be
detected.

3. ELIMINATION OF CIRCULATING POWER

From lemma 3 we know that the circulating active power is
caused by phase shifting devices. We also know the circulating
power will cause additional losses. Therefore we can use
optimal power flow (OPF) approach [5] to eliminate the
circulating power by minimizing the transmission system
losses, and the phase shifter angle will be the control variable
in OPF. In order to save CPU time OPF is conducted only in
the rest of the system after downstream and upstream tracing.
The deleted part can be simplified through static equivalence
technique or just modeled as equivalent power injections to the
remaining part. After OPF, the new phase shifting angle will be
used for the original system and a global system load flow will
be calculated for later use. If there is no circulating power
existing under the mew phase shifting angle, the task of
circulating power elimination is completed.

Sometimes iterations are required since after the OPF
solution and the new global system load flow calculation, the
injection power from the ‘deleted’ part to the rest might
change significantly or some operation limits are violated.
Therefore another round of OPF solution and the load flow
calculation might be required.

The OPF problem for elimination of circulating power can
be formulated as follows. The objective function takes the



form:

Vi+V]-2vy, coslg, -6, - o,

min f = Y, ~——1 5 z(i ’ %)"y ©)
Py line if ry + x,‘j

where V; 6, : voltage magnitude and phase angle of bus #; ry x;:

resistance and reactance of line i-j; @; : adjustable angle of

phase shifter installed on line i-j.

The equality constraints are power flow equations:

Py~Py - ;V,.V,.Y.y. cos(6; ~8; ~p;)=0 @
Je

Oy = Qu = VWY, sin(0; =8, —¢;)=0 ©)
JjeN

where Py, O, Psi, Qu active and reactive generation and
demand at bus #; ¥j;, &;: the element of bus admittance matrix
and the corresponding phase angle.

The inequality constraints are as follows:
« Phase shifter control angle limits:
@ j.min S @ iy < P ij, ma (6)
for a line without phase shifter, ¢ ; = 0.
¢ Transmission line limits:

’Pijlspl)',max (7)

where
Pj = Re(Vie /%1 [(Vie %V V) g+ )1y (8)

¢ Bus voltage limits:
ViminSVi SV, max )

The sequential quadratic method [6] is used to solve the
OPF problem.

4. CONTRIBUTION AND EXTRACTION FACTORS

For a system without circulating flow, the power flow
tracing can be performed similar to [7] which is outlined
below.

4.1 Downstream Tracing

The downstream tracing is used for calculating the
contribution factors of individual generators to line flows and
loads. The tracing sequence is determined by the method
suggested in Section 2, and the ac load flow solution without
circulating power is provided by the method suggested in
Section 3.

To solve the problem, we need to build up two matrices.
One is extraction factor matrix of lines (4;) and loads (4;) from
bus total passing power of their upstream buses. The other is
contribution factor matrix (B) of generators to bus total passing

power (P). The product of these two matrices constitutes the
contribution factors of generators to line flows (X)s) and loads
(Kic). Thatis:

P[=A[P=AIBPG=K1(;PG
PL=ALP=ALBPG=KL(;PG

(10)
(11)

where P, P;, P and P; are the vectors of line power, load

power, total bus passing power and generator power in
downstream sequence respectively.

The non-zero elements in 4, is calculated as follows:

line j's power flow
busi's total pas sing power P;

(A )line jbusi = (12)

where bus i is the upstream terminal bus of line ;.

Ay is a diagonal matrix with indication of net load buses and
can be calculated as:

0 i & net load buses
Ap;; = netload poweron busi i € net load buses (13)
h
The elements in matrix B is calculated row by row as:
1 (k =i,k € net gen. buses )
0 (k =i,k & net gen. buses )
0 (k>i) (14)

Bbus—i, bus—k = 0 (k <i,k&net gen.buses )

x (Alj_,,,~B,,,_k) (k <i,k € net gen.buses)

&
where ‘k<i’ means k is an upstream bus of bus i, and k>
means k is a downstream bus of bus i. The term ¢; jg," means

line j is an inflow line of bus i. 4 1;-m is the unique non-zero

element corresponding to line j in matrix 4; with bus m as its
upstream terminal. B, is the element in matrix B already
calculated which represents the contribution of generator k to
the total injection power of bus m. The product ( Ao "Bmn.i)

represents the contribution of generator % to the total injection
power of bus i through line j (from bus m to bus i).

However we are not able to get extraction factors of loads
from generators through downstream tracing since the state
variable in the downstream tracing is the generator power.
These factors can only be obtained from the upstream tracing
which takes the load power as the state variable.

4.2 Upstream Tracing

The upstream tracing is used for calculating the extraction
factors of loads from line flows and generators. The tracing
sequence is determined by the method suggested in Section 2
and beginning from a pure sink bus. Similarly we build up two
matrices. One is contribution factor matrix of lines (C;) and
generators (Cg) to bus total passing power. The other is
extraction factor matrix (D) of loads from bus total passing
power. The product of these two matrices constitutes the
extraction factors of loads from line flows (X);) and generators
(K¢r). Then we get:
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P,=C1P=CIDPL=KILPL
PG=CGP=CGDPL=KGLPL

(15)
(16)

where Py, P;, P and P have the same physical meaning as in
downstream tracing, but with their elements in the upstream
sequences.

The non-zero element in C; is determined as follows:

line j's power flow
busi’s total passing power B

(Cl )line j busi = an

where bus i is the downstream terminal bus of line ;.

Matrix Cg is a diagonal matrix with indication of net
generator buses. It can be calculated as:

0 i & net gen. buses
CG; =1 net gen. poweron busi i € net gen. buses (18)
Pi
The elements in matrix D is formed row by row as:
1 (k =i,k e netload. buses)
0 (k =i,k ¢ netload. buses)
. (19
(k>i)

D s = 0
bus-1, busk 0  (k<i kgnetload buses)

p) (Clj—m Dy ) (k<i, k enetload buses)
Lid
J

where ‘k<i’ means bus &k is a downstream bus of bus i/ and
‘k>i" means bus k is an upstream bus of bus i. The term i’

means that line j is an outflow line of bus i. ¢, _ is the unique
J

non-zero element corresponding to line j (from bus i to bus m)
in matrix C;. D, is the element in matrix D already calculated
which represents the extraction factor of load & from the total
passing power of bus m. The product (Ci,-— " Dm-i) TEprEsents

the extraction of load k from the total outflow power of bus i
through line j (from bus i to bus m).

5. COMPUTER TEST RESULTS

The suggested algorithm is tested on a 6-bus sample system
shown in Figure 1. The system parameters are listed in Table A
of the appendix. There is only one phase shifter installed on
line 7, which causes circulating power. The original system
load flow solution is listed in Table B of the appendix. The
total system loss is 0.0407 pu from ac load flow.

Through upstream and downstream tracing in Section 2, the
sub-system containing circulating power can be detected and
isolated from original system. It is composed of buses 1, 2, 4, 5
and lines with circulating power.

Take the power flow -on lines 2, 5 and 8 as equivalent
injection power on bus 2 and bus 5 and optimize the control
angle of phase shifter to minimize the total loss of the sub-
system by using the method suggested in Section 3. The phase
shifter angle changes from the original 12 degrees to —1.708
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degree. Taking that value back to the original system, keeping
the generator and load power as constant except swing bus and
running a global system load flow, the new load flow solution
is shown in Table B of the APPENDIX as well. There is no
circulating power or constraint violation. The system loss is
reduced from 0.0407 p.u. to 0.0138 p.u. The difference should
be taken care of by the system operator for poor control of the
phase shifter angle.

Using the new load flow solution without circulating power,
power flow tracing can be conducted through the method
introduced in Section 4. The active power transferred from
each generator to each load is listed in Table 1.

Table 1. Active power flow tracing (MW)

Bus Load Supplied | Supplied | Supplied
No. by G1 by G2 by G3
1 0 0.00 0.00 0.00
2 100 33.59 50.88 15.53
3 80 4.90 11.14 63.97
4 60 4242 17.57 0.00
5 0 0.00 0.00 0.00
6 0 0.00 0.00 0.00
Loss (1.38) 0.47 0.41 0.50
Total 241.38 81.38 80 80

The suggested method is also tested on the IEEE14-bus and
the IEEE30-bus systems. Satisfactory results are obtained as
well. The results will not be presented in the paper.

6. CONCLUSION

In this paper graph theory is applied to calculate the
contribution factors of individual generators to line flows and’
loads and the extraction factors of individual loads from line
flows and generators in a system without circulating power.
Also by using graph theory, the existing of circulating power
can be detected easily. Then OPF method is suggested to
eliminate the circulating power and provide a new feasible ac
load flow solution for power flow tracing. The computer tests
on several power systems yield satisfactory results. The
suggested method is very efficient and suitable for use in real
power systems.
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APPENDIX

Table A. Line Parameters of the 6-Bus System (pu)
Line |From-To R X B, ;)1]:;::1- Max.
No. [ Bus No. Angle (%) Power|

1 1-2 10.017[0.0920.158 0 1.5

2 2-3  10.039/0.170]0.358 0 1.5

3 1-4 10.012|0.1010.209 0 1.5

4 2-5 |0.009|0.072]0.149 0 1.5

S 2-6 [0.032]0.161{0.306 0 1.5

6 3.6 |0.010]0.085]0.176 0 15

7 4-5 10.017]0.092]0.158 12 1.5

8 5-6 |0.039]0.200]0.358 0 1.5

Table B. Load Flow Solutions for the 6-Bus System

Ofgmnal L.F. | L.F After OPF

Bus 0 0

No.| ¥ | @) | V | (deg)
% [ 1,040 | 0000 | 1.040 | 0.000
5[ 1028 | -5.602 | 1.035 | -1909
3 [ 1017 | 7426 | 1026 | -3.199
4 1020 1660 | 1.057 | -2.288
5 [ 1.025 | 5647 | 1.033 | 0353
§ [ 1025 | 4624 | 1.033 | -0.190

* Bus 1 is the reference bus. Its Pg;+jQg; changes from
(0.8407-j0.0570) pu before OPF to (0.8138-j0.2176) pu after
OPF.
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