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Probabilistic Characterization of Current Harmonics of Electrical Traction 
Power Supply System by Analytic Method 

number of the trains in the system, the mean and variance 
of harmonic current of individual trains are computed 
based on a behavior oriented model of the traction 
electrical unit. According to the Large Number Law and 
Central Limit Theorem, current harmonics at a 
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random number of trains electrically connected to it, are 
normally distributed provided that the number of trains is 
large enough. A set of equations are established by which 
probability density functions (pdfs) of current harmonics 
at a substation are calculated and found to be in good 
accordance with results obtained by Monte Carlo 
simulation. This approach of harmonics evaluation for 
traction system with random loading has evident 
advantages of cheap, fast and convenience and with no 
compromise of accuracy. 
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INTRODUCTION 

The electrified urban railway system being studied in this 
paper is a 25KV, 50Hz single-phase current collection 
catenary system being fed from two track-side feeder stations. 
In each feeder station, a single-phase power source is taken 
from local power distribution system via 132/25KV 
transformers connected in open-delta. It is then fed into a 
section of the catenary system and energize the trains. On 
board transformers installed at the bottom of the trains receive 
power from the overhead line through pantographs. Phase- 
controlled thyristor electrical units convert the secondary 
output of the transformer into DC and power up the traction 
motors. In each such unit, two identical rectifier bridges are 
connected in series which are in turn connected to two 
secondary windings of the transformer. Motor current is 
controlled by firing angles of the thyristors. By firing different 
thyristors four notches are made available to control the speed 
of the traction motors. For notch 1 and 2 only the upper 
rectifier is put into operation, while for notch 3 and 4, the 
lower rectifier is also put into operation. These four notches 
correspond to equivalent circuits shown in Fig. 1,2. The 
maximum speeds that each notches can reach are shown in 
Table I. 
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An urban railway system is a large scale consumer of 
electricity and its power quality is always a major concern. In 
this system, the phase controlled converter draw harmonic 
currents from the power grid during train motoring and 
braking. Harmonic current propagates through the electrical 
system of the traction network and may cause additional 
thermal losses on the overhead lines and transformers, it may 
also cause electromagnetic interference and potential over- 
voltage or over-current. The adverse effects of harmonics in 
the railway system and power system call for serious concern 
to both the train operation and the local utility authorities. As 
this traction system is expected to include more and more 
trains to meet increasing load in the near future, accurate 
prediction of harmonic contents become very important for 
the local railway company. 

The stochastic nature of the loading of the traction system 
makes probabilistic knowledge of the harmonics of the system 
more valuable. Previous work has shown that Monte Carlo 
simulation is a very good tool for the evaluation of harmonics 
of a cluster of random power electronics loads with certain 
parameters being prescribed with some well known 
probability distributions, such as electric vehicle battery 
chargers and traction [I] [2] [3]. However intensive 
computation is an obvious drawback. In the 1990s, some 
efforts were made to predict random system harmonics by 
analytic methods, for example, to predict the harmonic 
voltage level of a number of nonlinear loads [7][8][9][10]. 
This method directly calculates the statistics of harmonics 
with probability theory. Although it does not require much 
computation, the probability density function of load 
parameters and the relation between harmonics and 
parameters of nonlinear loads have to be available and 
mathematically expressible. 

For many practical traction systems, mathematical relation 
between harmonics and load parameters can not be easily 
established owing to the complexity of the real system or lack 
of knowledge of details of the loads and control method. 
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Often the probability features of load parameters are not 
simple enough to be represented by an existing probability 
function. 

This paper presents a statistic evaluation of the harmonic 
current level of a railway traction system. It does not need an 
exact model of the power converter circuit of the trains, and 
yet it greatly reduces the amount of computation required 
compared to other statistical methods. Firstly, the traction 
electrical unit model is proposed by Behavior Model 
Technique (BMT). Secondly the stochastic behavior of the 
trains is studied and probabilistically characterized. Thirdly 
the harmonics expectation of a single electrical unit as well as 
a group of trains are presented based on the model of the 
traction electrical unit and the probability density function of 
speed of trains. Finally comparison of results between this 
method and Monte Carlo simulation are made to verify its 
validity. 
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Fig. I. Equivalent circuit while notch I and 2 working 
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Fig. 2. Equivalent circuit while notch 3 and 4 working 

MODELING OF A TRACTION ELECTRICAL 
UNIT 

A traction electrical unit consists of many different loads 
on board and the total current drawn is a complex 
combination of these equipment. Phase controlled thyristor 
rectifier with DC drive load, air-conditioning, lighting and 
other electrical equipment make up the load of the traction 
electrical unit. The complexity of the practieal converter and 
load circuit makes simulation difficult and mathematical 
representation of the relation between harmonics and load 
parameters by equations is almost impossible. However, most 
current is drawn by the propulsion converter which is mainly 
determined by the operation modes of the train. Harmonic 
modelling of the electrical unit can be set up in a much easier 
way using behavior model technique. 

The traction electrical unit concerned is treated as a black 
box [lo], the input of which is the behavior state of traction, 
that is, the operation mode including speed and notch number 

('3 "1. For each such input, corresponding harmonics will be 

generated as output. By this method, one can determine the 
output harmonics from the input behavior state without detail 
knowledge of the traction electrical unit, and a realistic 
traction electrical unit can be simulated. 

In order to establish a map between output harmonics and 
input behavior states of such a black box, experimental 
measurement of the practical traction electrical unit is 
necessary. An important input parameter is speed during 
motoring. Obviously, since speed is continuous from zero to 
maximum, to do all experiments for all these behavior states is 
impossible and unnecessary. Therefore the behavior state is 
sampled at discrete points. Tests for train characteristic are 
performed at these discrete states on a typical train which has 
typical electrical structure and similar working condition as 
other trains. The current waveforms of the traction electrical 
unit are recorded and converted to frequency domain by Fast 
Fourier Transform Algorithm. For each order of harmonics, it 
can be represented as two dimensional variables in real- 
imaginary projections: 

4 (v, n) = Xh (v, n )  + j y h  (v, n) 
forb = 1,2,3, ... 

xh = xh (v, n) 
Yh = Yh(v,n) (1) 

where xh,yh are the real and imaginary part of the hth 

harmonic components and v?n stand for speed and notch 
number respectively. 

In order to simulate the practical system, continuous 
representation of harmonics for all possible speeds are 
necessary. This can be done by interpolation of harmonics 
spectrum for various behavior states in frequency domain. By 
interpolating a map between the speed and harmonic 
components of current is established. Fig.3 shows typical 
curves of amplitude and phase angle of fundamental, 3d, 5*, 
7'" harmonics components versus speed during train motoring. 
The amplitude of the harmonics and fundamental currents are 
small at both low speeds and high speed, while different order 
of harmonics reach their maximum amplitudes at different 
speeds. The phase angles of individual harmonics components 
also change with speed. 
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Fig. 3. The fundamental and 3.5.7 order harmonic current versus 
speed during acceleration (firom top: 1st. 3rd. 5th. 7th) 
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SPEED PROBABILITY DENSITY FUNCTION 

Fig. 4. The probability densityfirnction of speed for motoring 
= , 

Behavior state of train including speed and notch number, 
which determines the current harmonics of traction electrical 
units, randomly changes in practical railway system. 
Probabilistic characterization of speed and notch number is a 
necessity for the prediction of the sum of randomly varying 
harmonics of the same order of both system level and 
individual trains. Either probability density function or 
cumulative probability density function is required. 

In order to obtain the probabilistic features of a practical 
railway system, an automatic data logging system is 
developed and implemented with a notebook computer, data 
acquisition card and sensors. This equipment is installed on 
board a train in service. For every half second, it measures the 
speed signal of the train and for every half an hour it saves the 
recorded data on the hard disc of the computer. With a 
measurement lasting for about two weeks, about 600,000 
samples are recorded. The harmonic current of the electrical 
train unit is also sampled. 

Probability density function of speed is obtained from 
experimental data According to probability theory, 
probability of an event can be approximated by the frequency 
of occurrence of the event. The error will be minimum if the 
number of samples is suficiently large. In this way, the 
probability density function of speed of trains during 
motoring is obtained and shown below in Fig. 4. The speed 
increment per step of the measurement is 0.5 Km per hour. 
The four traces in Fig. 4 are PDFs of speed during motoring 
for notch 1, 2, 3 and 4 accordingly. The top curve stands for 
the PDF of the speed for motoring, and is a sum of the 
individual PDFs of notch 1,2, 3 and 4. Thus the area under 
this curve should be unity. It can be seen that notch 4 are more 
frequently used at high speed than at low speed, while the 
usage of notch 1 and 2 are always at low speed. In addition, 
the probability of using notch 4 is much higher than other 
notches. Samples of speed at motoring occupy about 50% of 
the total samples for all operation modes, including speed 
samples while the train is coasting and braking. 

- 2  2 y h ( V ,  n ) 2 P v , n  - @ r,) 

The probability density function of speed can be smoothed 

and then made discrete with a fixed intervalAv = lKmjhr 
to facilitate the following numerical calculation. 

with notch 

number 'L. The probability of speed v i  with notch number 

nJ is defined as: 

p m  denotes the probability density for speed 

(2) Pvipj = P ( v ~  I V < ~ 1 + 1 ,  notch = nj )  

then it can be calculated from the probability density function 

?m: 

HARMONIC CURRENT OF INDIVIDUAL 
TRACTION ELECTRIC UNIT 

As the probabilistic knowledge of speed is obtained, 
current harmonics of individual train can be predicted with the 
help of the traction electrical unit model. Statistical method 
like Monte Carlo method can be used for the prediction but it 
will take days of computation time on a PC. A more direct 
calculation method is proposed which can drastically cut 
down computation time. Equations are established directly 
from probabilities of speed and notch, together with 
corresponding harmonic current. 

The mean of the real part of harmonics with order h of a 
single electrical unit can be evaluated from the following 
equations: 

0.012 I I The variance of the real part of the current harmonics of 
order h can be calculated from: 



In order to verify results obtained by this method Monte 
Carlo simulation is canied out with 30,000 samples. The 
mean and variance of current harmonics up to the 19th order 
for individual train electric unit during motoring are 
calculated and compared in Table I1 with the ones obtained 
from Monte Carlo simulation. Good agreement are observed 
between these two approaches. The mean and variance of 
experimental data of fundamental current, 3rd, 5th, 7th 
harmonics for two weeks are then calculated and compared 
with the above results which shows approximately 10% error. 
From the point of engineering view, this error is acceptable. 

In table 111, the mean and variance of current harmonics 
components for different notches are given. From the table, it 
is evident when notch 1 and 2 are used, the expected harmonic 
current of the electrical unit is low in magnitude, however, the 
waveform distortion is very serious. By contrast, the expected 
harmonics current for notch 3 and 4 are large in magnitude, 
but the waveform distortion is very small. 

Table I1 
The Mean & Variance of Current Harmonics of 
Individual Electric Unit During Motoring 

(UNIT : A) 
I - Analytic method I1 - Simulation 

possibility the electrical unit of trains use notch zero, that is, 
generate very slight harmonic current. The difference of 
expected values for harmonic distortion between the case of 
motoring and moving (including all operation modes) is 
small. 

HARMONICS CURRENT OF N l"S 

A major concern is harmonic currents at a substation which 
feeds a number of trains. When N trains in a section are 
considered, the current at the substation can be approximated 
by the vectorial summation of the harmonics phasors of N 
trains in frequency domain for each order. In urban railway a 
section is usually short and the one being consider is less than 
20 km and the impedance of the power line is very small thus 
can be ignored. The harmonic current of order h is represented 
by : 

N N 

I I magnitude of harmonics I rcal pan of current I W n a w  pad current 1 

Assume the behavior states of N trains are independent of 
one another and only moving trains in the system are 

considered. The PDF of the sum s& is the standard 
convolution integral of the individual probability density 
function of the real part of the harmonics components: 

Table I11 
Mean and variance of harmonics during motoring 
for notch 1,2,3,4 respectively (unit: A) 

Table IV 
Expected mean and variance of harmonics for 

moving trains (unit: A) 

I 11s pld pth pth pl I 
1 1 1 1 1 1 I I I I  

1 2 4  1 4 . 8 1  2.3 1 1 . 6  1 1 . 4  1 0 . 9  1 0 . 5  1 0 . 3  1 0 . 3  1 0 . 4  
I 38.2 I 6.8 1 3.13 I 2.49 I '.84 I 1.26 I 0.71 I 0.43 I 0.38 I 0.29 

In Table IV, the expected mean harmonics components for 
all operation modes, including motoring, coasting and braking 
are presented. It can be seen from the table that the expected 
value of harmonics for a moving train is very low, 35% of the 
values for motoring, that is because for more than 50% 

?sXh = p 1 xh *p2,& * ... *pN& 
where ? l ~ h ~ P ~ &  ..-,PNxh stand for the probability 

density function of individuals and the asterisk stand for 
convolution integral operator. 

According to the Large Number Law and Central Limit 
Theorem, the distribution of the current sum will approximate 
normal distribution as long as N here is sufficiently large. In a 
real situation, this is also true even for a comparatively small 

Therefore, the probability density function of the sum can 
N 161 181. 

be approximated by a normal distribution as: 

(9) 

In the above, the mean and variance of the sum sx, sl' are 
the sum of mean and variance of individuals: 
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(1 1) 
Since all trains are assumed to have the same probabilistic 

distribution, the mean and variance of sxpspcan be 
calculated: 

, 
(12) 

The joint probability density function of the sum of real 
part and sum of the imaginary part can be calculated: 

(13) 
where the correlation coefficient is defined as: 

The characteristics of the sum of current harmonics and the 
Total Harmonics Distortion are investigated using equation 
( 13 ) - (17 ) for 8 trains whose behavior states are assumed to 
be independent from each other and have the same speed PDF 
of Fig. 4. The PDF of fundamental and harmonics 
components are plotted in Fig. 6, 7 respectively. The dots are 
the probability density function by Monte Carlo simulation 
while the solid lines are the PDF by calculated by equations 
(1 3) - (1 7). It can be seen the two methods agree with each 
other very well. 

and 
4 Mmeed 

(16) 
Evidently, harmonics of different orders have different 

statistic characteristics. In addition to the difference of 
magnitude of both real and imaginary parts for different order 
of harmonics, the distribution of phase angles for different 
harmonics are also different. For example, for fundamental 
component, the phasors are all located in the first quadrant in 
x-y coordinate system, while for 3rd harmonics, some phasors 
may locate in second quadrant and for 5th harmonics, phasors 
are distributed in all four quardants. 

As the joint pdf is obtained, the pdf of the magnitude of the 
harmonics can then be calculated by applying polar coordinate 
transformation: 

2R 

= jzhfsmSB ( z h  c o s e 9 z h  

0 

a) fundamental component 

D 

c) 5'* component 

Fig. 6. The probability densityfunction offundamental, 3rd and 
5th componentsfor a system with 8 trains by analytic methods 

(dotted line is by simulation) 
(17) 
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0 0 5 ,  , , , , , , , , 

a)Th component 

b) Ph component 

c) 11" component 
Fig. 7. The probability density function of the sum current 

harmonics of order 7th. 9th and Ilst respectively for a system with 
8 trains by analytic methods (dotted line is by simulation) 

The correlation coefficients for different harmonic orders are 
plotted in Fig. 8. The correlation coefficients do not change 
with the number of trains, but for different harmonics, the 
values may be different. The harmonics per train is plotted in 
Fig. 9 against train nu mber. Harmonics per train for multi- 
train system is lower than that for single train and this is a 
result of the harmonics cancellation. From the figure it can 
also be seen that as the number of trains increases, the 
harmonics per train decreases, which indicate that the 
opportunity for harmonics cancellation is higher if the number 
of harmonics sources increases. However, this tendency 
become very flat as the train number is greater than a certain 
value. For example, for the 9th harmonics, this number is 7. 

Fig. 8. The correlation coefficient for diflerent harmonics 

* A A - 
2 - 

2 3 4 5 6 7 8  

Fig. 9. The 3rd. 5th. 7th. 9rh harmonicsper train versus train 
number 

A COMPARISON OF THE THREE METHODS 

As a comparison between the proposed method and Monte 
Carlo simulation, we define the error between the two 
methods as: 

where the &'e is the probability density function by analytic 

method and ?s is the probability density function by Monte 
Carlo simulation which is regarded as benchmark value in this 
comparison. 

If the two methods match well, the error will be small, 
otherwise it will be large. This error also reflects the error 
over the whole scope, with emphasis on the central area. In 
Table V, the error for different number of trains and different 
harmonics orders are given. It can be seen, the error for the 
case of large number of trains is very small and the 
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performance for low order harmonics is better than that for 
high order harmonics. 

Table V The error for different harmonics & 
train numbers 

Comparison of Monte Carlo method, proposed method and 
experimental method for the harmonics investigation of the 
traction system is presented in Table VI. The experiment 
method based on statistical results of harmonics on the 
harmonic current samples which are obtained directly from 
the trains in service. Large number of reliable samples are 
necessary for accurate evaluation of the system harmonics, 
thus this method is expensive and sometimes difficult to 
arrange. While for the proposed method, only samples of 
speed are necessary, which can be easily measured compared 
with current harmonics. For some systems, this can even be 
obtained directly from the schedule or control center of $he 
traction system. To get the data for modeling of the electrical 
unit of the train, measurement can be arranged on an out of 
service train , rather than a train in service. The proposed 
method has almost the same accuracy as that of the Monte 
Carlo simulation method. Therefore this approach is a good 
choice for railway traction system harmonics evaluation 
without sacrificing accuracy of the prediction. 

Table VI The comparison among three 
auuroaches 

method I experiment I simulation I proposed 
months 11 week in Pentium I 1 hour 

CONCLUSION 

Probabilistic investigation of current harmonics of a local 
railway system in Hong Kong is presented. With the 
knowledge of the probability density function (p. d. f.) of 
speed and notch of trains, the mean and variance of current 
harmonics of a single traction electrical unit can be computed 
by analytic approach provided the simulation model or 
mathematical model of the traction electrical unit can be 
established. Based on the Large Number Law and Central 
Limit Theorem, the vectorial summation of current harmonics 
of a number of trains will follow normal distribution, thus the 
harmonics can be evaluated as long as the mean and variance 
known: The results obtained from the proposed method are in 
good accordance with Monte Carlo simulation. Parts of the 
results are also verified by experimental data. It is 
demonstrated harmonics analysis of traction system with 

random loading can be performed in this way, with no 
sacrifice of the accuracy. This method can be easily expanded 
to other cases. 
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