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Robustness of Space-Time Codes in the Presence of
Channel Estimation Errors In OFDM Systems

Zhifeng Diao, Dongxu Shen, Victor O.K. Li
Department of Electrical and Electronic Engineering
The University of Hong Kong, Hong Kong, China

Abstract— Many space-time codes (STC) have been
proposed to enhance the performance of wireless com-
munications in flat fading channels. All of them rely on
the knowledge of the channel, and are hence affected by
the channel estimation errors. In this paper, we investigate
STC robustness under imperfect channel knowledge. We
first define the concept of “closeness” by comparing the
BER under channel estimation errors with that nnder
perfect channel knowledge, aiming to characterize STC
performance degradation due to imperfect channel knowl-
edge. Then the robustness of STC can be compared by
their “closeness”™ to perfect results, We find that for systems
with two and three transmit antennas, the space time
block codes (STBC) are always more robust to channel
estimation errors than space time trellis codes (STTC).
With the increase of receive diversity, all STCs become
more robust to the channel estimation errors. For STTC,
as the number of trellis states increases, the codes become
less robust to the channel estimation errors. We also
compare the BER performance of STC in the presence of
channel estimation errors. For the two-transmit-antenna
system, the performance of STBC is always better than
that of the 4-state STTC, but is always worse than 16-
state STTC. For systems with three transmit antennas,
the BER performance of STTC is much better than that
of STBC.

I. INTRODUCTION

Recently, space-time codes (STC) have been proposed
as an effective method for high data rate transmission
over flat fading channels using multiple transmit anten-
nas. STC can generally be divided into two types: trellis
codes (STTC) and bleck codes (STBC). Tarokh ef al.
proposed STTC in [11, [2]. In [3], Alamouti presented
an STBC for two transmit antennas. STBC for more
transmit antennas are generalized in [4].

All STC require the knowledge of the channel for de-
coding. Most previous evaluations of code performance
assume perfect channel knowledge. In practice, channel
information has to be estimated, and is never perfect.
For OFDM systems with multiple transmit antennas, Y.
Li et al. [5] developed a channel estimation algorithm.
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A simplified channel estimator was given in [6] using
optimum training sequences.

In this paper, we evaluate the performance of STC
in the presence of channel estimation errors. We define
the STC “closeness” to perfect results by comparing
the BER under channel estimation errors with that of
perfect channel knowledge. Then the STC robustness
to channel estimation errors can be represented by its
closeness to perfection, i.e., an STC is more robust if it
is closer to the perfect result. By computer simulation,
we find that STBC is always more robust to the channel
estimation errors than STTC regardless of the number of
transmit antennas. With the increase of receive diversity,
all STCs become more robust to channel estimation
errors. For STTC, as the number of states increases, the
robustness decreases. On the other hand, in systems with
two transmit antennas, the BER performance of STBC is
better than 4-state STTC, but worse than 16-state STTC.
With three transmit antennas, the BER of STTC is much
better than STBC.

This paper is organized as follows. In Section I, we
introduce the channel model and the channel estimator.
In Section I11, the impacts of channel estimation errors
on STTC and STBC are analyzed. Simulation results are
given in Section JV. Section V is the conclusion.

II. BACKGROUND AND SYSTEM DESCRIPTION

We consider an OFDM system with Ny transmit an-
tennas and Np receive antennas. The wireless channels
between transmit antennas and the receive antennas are
assumed to be independent.

A. Channel Model

We assume the multipath fading channel is wide sense
stationary with uncorrelated scattering. With tolerable
leakage [5], the time domain channel impulse response
is modeled as a tapped delay line at a tap spacing of
a sampling interval. Let a;(¢) be the complex gain of
path ¢. We assume the channel in an STC block is
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constant. In the frequency domain, the channel response
is represented as

Hin,j) Zai(nTs Wi (1)
i=1

where n is the index for an OFDM symbol, 7 is the

subcarrier it_]dex, T is the duration of an OFDM symbol,

W = ¢ 927/Ne and N, is the number of OFDM

subcarriers.

B. Channel Estimator

In this paper, we adopt the channel estimator in [3].
Let Ey be the symbol energy on a pilot subcarrier. We
define the pilot signal to noise ratio (PSNR) on a pilot
subcarrier as

Ey

Y=
i

(2)

where ¢} is the average noise power. According to the
analysis in [5], the channel estimation error on a channel
tap in the time domain has variance 1 when the optimal
pilot sequence is adopted. Then the variance of channel
estimation error on any OFDM subcarrier is obviously
solely determined by PSNR.

III. CHARACTERIZATION AND ANALYSIS OF
CHANNEL ESTIMATION ERRORS ON STC

In this section, we first propose the concept of STC
closeness to perfect results and STC robustness, then
analyze the impact of channel estimation errors on STTC
and STBC.

A. Closeness and Robustness

With fixed SNR, the channel estimation error is re-
duced as PSNR increases, and the BER performance
should be closer to that with perfect channel information.
The influence of channel estimation errors can obviously
be represented by the difference between the BER under
channel estimation error and the perfect one.

Let e, be the BER with non-perfect channel informa-
tion, e, be the BER with perfect channel information.
We define STC closeness to perfection as

€n
& =10log —
log Py

(3)

The concept “closeness” characterizes the impact of

channel estimation errors on the performance of STC.
The robustness of an STC can be represented by its

closeness, i.e., an STC is more robust than another if it is

closer to perfection. In other words, a smaller @ means
more robusiness.

Here we should note the concept of robustness only
represent the sensitivity of an STC to channel estima-
tion errors. However, robustness is different from BER
performance. It is possible that STC “A” is more robust
than “B”, but A still has worse BER than B.

B. STTC under Channel Estimation Errvor

In an STTC encoder, the data stream is mapped into
Ny streams of symbols which are drawn from a signal
constellation of size 22, where b is the number of bits per
symbol. At the receiver, the Viterbi algorithm is used to
compute the path with the lowest accumulated metric.
The branch metric is calculated based on the channel
estimation results, The signal at the n,th receive antenna
can be presented as " = Zn,—IH i, U=
1,2--- L, n, = 1,2--- Ng, where L is the length
of the input bit per decoding interval, and zy,, is the
complex valued modulation symbol transmitted from the
nsth transmit antenna in the [th symbol interval and
H; ”’ 15 the channel response between the nth transmit
antenna and the n,th receive antenna. With estimated
channel, the maximum likelihood decoder [1] intends to
minimize the metric.

— vL ¥ . Nr  fme 2
Fr,z) = Zl 12‘.”:‘1 | _an—l Hmt:m,n, |
N, . . .
TEL TN, i = T (H, el 2in,
. “)
where H)'; = Hj» + e is the estimated channel

response, ¢)- is the corresponding channel estimation
erTor.

It is well known that the errors in the output of
the Viterbi decoder are in bursts, and can not be as-
sumed as uniformly distributed. An approximation of
the error probability can be caiculated by [7] F, =
—i—zj mi; P(z — ), where my; is the length of the
bit-error burst associated with each error event, and the
pairwise error probability P(z — %) is the probability
of confusing the codeword z with the codeword Z.
According to {8], P{xz — %) is given by

Pz — %) = Pr[F(r,Z) < F(r,z)] = PriD <0] (5)

Then D' can be given as

— |mf*

(6
where 7, = n — XN_jepEia, and = 9 —
kal el ) n,. From equation (6), it is found that the

Dln" = | Z lHl'n_L(‘Tlng El,m)"‘nal?
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channel estimation error can be regarded as the increase
of noise, which deteriorates the pairwise error probabil-

ity.

C. STBC under Channel Estimation Error

Alamouti [3] presented a simple STBC with two trans-
mit antennas. STBC constructions for 3 and 4 transmit
antennas were given in [4]. We only analyze the impact
of channel estimation errors on Alamouti’s scheme with
one receive antenna. The analysis for other STBC is
similar. In OFDM systems, the STBC encoding operation
is carried out on the same subcarriers of two consecutive
OFDM symbols.

Let Sy and 57 be the data symbols in the same
subcarrier location of two consecutive OFDM symbols.
Let hg, hy be the channel response between the two
transmit antennas and the receive antenna. Let eg, € be
the channel estimation error of kg and h;. and g and
m be the complex Gaussian noise of each channel.

After combining, we have
oo + Tart
po,ro T Al %)

hl 7o — hg’!‘f

Sy =

5 =
Where ho . h1 are the estimation results of hg, k1. With
ho = hg + ep, h1 = hy + e, we obtain

So = (| ho 1P + | b1 |9)S0 + himo + ham} + el + rhe
(8)
From (8), we can see that the channel estimation error
increases the channel noise, as given by »' = himo +
hint+roeg+rier. Without loss of generality, we assume
that the channel has unit power, ie., E(hih}) =1, i =
0, 1. We denote E5 = F(9;5}), i =0, 1. Since the
power of n;e;5, 1, 7 = 0, 1 is relatively small, it can be
neglected. The variance of ' is calculated as

ol = 208+ 4E.0?
= 2B(x"'+g9(v™V)
E,

where y = o is the signal-to-noise ratio (SNR) of
the data subcamer The second term of (9) is the noise
caused by the channel estimation error, which is a
function of 4. As PSNR increases, the noise caused
by channel estimation error decreases, and performance
will be closer to that with perfect channel knowledge.
The robustness of STBC is thus determined by the term
g{y"). Then the SNR for 5y is given by

E{(J ho I* + | 1 |H)?}E,
2B (x 1+ g(v71))
E{(| ho I* + [ M [9)?%}
2(x7 +g(y1)

)

I =

(10}

]+ Rx1PSNR=20d
—— Rx1PSNR=25d!

&= Rx2 PSNR=150B
=8~ Rx2 PENR=2048
=+ Rx2 Perfect

BER
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Fig. 1. Performance of 4-state STTC with fixed PSNR in systems
with one and two receive antennas.

Equation (10) shows that I depends on both SNR and
PSNR. In other words, the increase of T' can only
be achieved by the simultaneous increase of SNR and
PSNR.

The above analysis can be easily extended to more
than one receive antenna and other block STCs.

IV. SIMULATION RESULTS

We simulate STC-OFDM systems with 2 and 3 trans-
mit antennas and 1 or 2 receive antennas. The OFDM
system has 64 subcarriers occupying 20 MHz bandwidth
at 5.4GHz with 6 guard subcarriers at cach end. Each
OFDM symbol lasis for a duration of 4us, in which
0.8us is the guard interval. The sampling peried is
0.05u5. We consider the quasi-static multipath Rayleigh
fading channel. The multipath channel for each antenna
has 6 taps of Rayleigh faded paths at an interval 0.05us,
and the power delay profile follows an exponential
decay rule of [1, e™!, e 2 &3 e™* e7%. In the
simulation, the transmit power is equally divided on
transmit antennas.

A. Robustness Comparison

We consider 4-, 8- and 16-state STTC and STBC with
quadrature-phase shift keying (QPSK) modulation in a
two-transmit-antenna system [1].

Fig. 1 shows the BER performance of 4-state STTC
with one and two receive antennas with fixed PSNR. As
PSNR increases, the performance is closer to that with
perfect channe! knowledge. With one receive antenna,
only when the PSNR is above 30dB, the performance
curve is close enough to the perfect one. With two
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Fig. 2. BER performance of STTC and STBC in a Tx2Rx!1 system

T T
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Closeness

2
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Fig. 3. Comparison of STC robustness in a Tx2Rx] system

receive antennas, for the same PSNR, the curve is closer
to that of perfect.

Fig. 2 illustrates the BER performance of STTC (4,
8, 16 states) and STBC with respect to PSNR in a
two-transmit-antenna and one-receive-antenna system.
The data SNR is fixed at 30dB. With the increase of
PSNR, the BER performance is closer to the perfect one.
However, it is not easy to compare the STC robustness
to channel estimation errors from Fig. 1 and Fig. 2.

Based on the results in Fig. 2, the robustness of
STTC and STBC can be easily compared. Using the
concept of “closeness,” we find from Fig. 3 that for
the same closeness, STBC requires the lowest PSNR,
followed by 4-state STTC, 8-state STTC and 16-state
STTC. Therefore, STBC is the most robust to channel
estimation errors and 16-state STTC is the least. Thus, as
the number of the trellis states increases, the robustness

weme STTE 4-state

Closeness

5 T g 20 5 30
PSNR {dB)

Fig. 4. Comparison of STC robusmess in a Tx2Rx2 system

— STBCRxi |’
~» STBCRx2 |} i
-+~ STTCRx1 |

—- STTCRx2 |, -

Closeness

1‘52‘0 "'25
PSNR (dB)

Fig. 5. STC robustness Comparison in Tx3Rx1 and Tx3Rx2 systems

of STTC is reduced.

Fig. 4 shows the robustness of STC in systems with
two transmit and two receive antennas. We observe that
STBC is still the most robust to channel estimation
errors. Similar to Fig. 3, the robustness of STTC is also
reduced as the number of trellis states increases.

For OFDM systems with three transmit antennas, the
STBC transmit matrix is provided in [4], with coding
rate 1/2; for STTC, the connection polynomial is given
in [2] as (1+2D+2D?, 2+ D+2D?% 242D+ D%), with
coding rate 1. To fairly compare the robustness of the two
STC schemes, 16QAM modulation is applied in STBC,
while QPSK modulation is adopted in STTC, so that the
two schemes have the same information bit rate. The
closeness of STBC and STTC are given in Fig. 5. The
SNR is fixed at 20dB. By comparison, regardless of the
number of receive antennas, STBC is always more robust
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Fig. 6. Performance comparison between STTC and STBC with
two transmit antennas
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Fig. 7. Tx3 performance comparison

than STTC. Both STBC and STTC are more robust to
channel estimation errors with two receive antennas than
with one receive antenna.

B. BER Performance Comparison

In practice, it is convenient to assign the same energy
on pilot and data subcarriers. We thus set SNR equal to
PSNR. Fig 6 shows the BER performance curve of all
STC in systems with two transmit antennas. For systems
with 2 transmit and 1 receive antenna, STBC outper-
forms 4-state STTC, 8-state STTC, but it is inferior to
16-state STTC. For systems with 2 transmit and 2 receive
antennas, STBC can only outperform 4-state STTC. The
16-state STTC is still the best in performance. For three-
transmit-antenna systems, on the contrary, as shown
in Fig. 7, the performance of STTC is much better

than that of STBC. Admittedly, 16-state STTC is the
most complex among the evaluated schemes, ‘and the
performance enhancement is at the expense of additional
complexity.

The above results show the robustness and BER
performance are different. An STC that is robust does
not necessarily have the best BER performance.

V. CONCLUSION

In this paper, the concept of STC closeness to perfect
results is introduced, based on which robustness of STC
can be reflected. Simulation results show that STBC is
always more robust to channel estimation errors than
STTC. With more receive diversity, the robustness is
increased. For STTC, as the number of trellis states in-
creases, the robustness is reduced. The BER performance
of all STC is also compared in the presence of channel
estimation errors. In two-transmit-antenna systems, the
BER of STBC is better than 4-state STTC, but worse
than 16-state STTC. In three-transmit-anienna systems,
the performance of STTC is much better than STBC.
This research on STC robustness provides a reference
for the energy design on the pilot subcarriers.
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