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Quantum computation in molecular magnets is studied by solving the time-dependent Schro¨dinger equation
numerically. Following Leuenberger and Loss@Nature ~London! 410, 789 ~2001!#, an external alternating
magnetic field is applied to populate and manipulate a superposition of single-spin states in molecular magnet
Mn12. The conditions to realize parallel recording and reading databases of Grover algorithms in molecular
magnets are discussed in detail. It is found that an accurate time duration of the magnetic pulse as well as the
discrete frequency spectrum and the amplitudes are required to design a quantum computing device.
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The quantum phase was proposed to store informatio
connection with a different class of computational algorith
based on the rules of quantum mechanics rather than cl
cal physics@1#. One example is the database search prob
proposed by Grover@2,3#. Different from other quantum al
gorithms, the superposition of quantum phases in sin
particle quantum states is sufficient to implement the Gro
algorithm. Grover’s algorithm was successfully implemen
using Rydberg atoms@4#. Recently, Leuenberger and Los
proposed that molecular magnet Mn12 can be used to realiz
the Grover algorithm by utilizing multifrequency cohere
magnetic radiation@5#. In the S matrix and time-dependen
perturbation theory, it is possible to populate and manipu
a superposition of single-spin states by applying a sin
pulse of weak alternating transverse magnetic field wit
number of matching frequencies, and the state can be ap
to store a multibit information. In this paper the populati
and manipulation of the spin excited states in an exte
alternating magnetic field are studied by solving the tim
dependent Schro¨dinger equations numerically. The cond
tions for the magnetic pulse to implement the Grover al
rithm are discussed in detail. We find that an accur
duration of magnetic pulse as well as the discrete frequen
and amplitudes are required to design a quantum compu
device in the molecular magnet Mn12.

Following Leuenberger and Loss, we consider a mole
lar magnet with spinS(.1/2) in the presence of a wea
alternating transverse magnetic field. The Hamiltonian
the system reads

H5Hspin1Vlow~ t !1Vhigh~ t !, ~1!

where

Hspin52ASz
22BSz

41gmBdHzSz , ~2!

Vlow~ t !5gmBH0~ t !cos~v0t !Sz , ~3!

*Corresponding author. Email address: rbtao@fudan.edu.cn
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Vhigh~ t !5 (
m5m0

s21
gmBHm~ t !

2
@ei (vmt1Fm)S1

1e2 i (vmt1Fm)S2#. ~4!

Hspin is a single-spin Hamiltonian for the molecular magn
Mn12 @6#. um& are the simultaneous eigenstates ofHspin and
thez-component spin operatorSz with the energy«m and the
momentm\. Vlow and Vhigh are the Zeeman terms to de
scribe the coupling between the external magnetic fields
the spinS. The magnetic field with a low frequencyv0 is
applied along the easy axis, andVlow supplies the necessar
energy for the resonance condition. The high-frequen
transverse fields are introduced to induce the transition fr
the initial stateus& to excited statesum&,m5m0 , . . . ,s21,
and the frequenciesvm ,m5m0 , . . . ,s22, mismatch the
level separation byv0, that is,\vm5«m2«m111\v0 , and
\vs215«s212«s2(s2m021)\v0. The phases Fm

5(k5s21
m11 Fk1wm(wm are the relative phases! and

Hm~ t !5H Hm if tPS 2
T

2
,
T

2D for m50 and m>m0 ,

0, otherwise.

The time-dependent Schro¨dinger equation reads

i\
]

]t
uC~ t !&5HuC~ t !&, ~5!

where

uC~ t !&5 (
m5m0

s

am~ t !e2 i«mt/\um&. ~6!

The eigenstates ofm,m0 have been neglected. The low
energy states of a molecular magnet Mn12 behave as a single
spin with s510.

The Grover scheme adapts to describe the quantum c
putational read-in and decoding of the quantum data regi
©2002 The American Physical Society01-1
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a5(as ,as21 , . . . ,am0
). As a simple example, we discus

the case ofm059. At the first stage of the so-called ‘‘read
in,’’ the initial values of $am

(0) :m510,9% are set to be$a10
(0)

51, a9
(0)50%. After irradiating the molecular magnet Mn12

with a coherent magnetic pulse with the relative phasew9
(1)

and the durationT, one has the quantum data registera
5(a10

(1) ,a9
(1)) with

a10
(1)5cosS gmBH9

2\
^9uS2u10&TD , ~7!

a9
(1)52 ie2 iw9

(1)
sinS gmBH9

2\
^9uS2u10&TD . ~8!

At the second stage of the so-called ‘‘decoding,’’ the so
tions of Eqs.~7! and~8! become the initial values of$am% in
Eq. ~5!, and the relative phase is set to bew9

(2)50. At the end
of decoding, one obtains

a9
(2)5H 2 i sinS 2

gmBH9

2\
^9uS2u10&TD for w9

(1)50

0 for w9
(1)5p.

~9!

If the condition ofgmBH9^9uS2u10&T/2\!1 is satisfied, the
result in Eq.~9! is in good agreement with Ref.@5#. For a
longer duration time,T@(gmBH9^9uS2u10&/2\)21, the con-
dition fails to implement the Grover algorithm.

For m0,9, it is difficult to solve Eq.~5! analytically.
However, as it is a single-particle problem with a finite nu
ber of states, it is possible for us to solve the differen
equations@Eq. ~5!# numerically instead of evaluating th
S-matrix perturbatively as Leuenberger and Loss did. T
results of the explicit numerical calculation are more relia
than other approximate results. For an illustration, we fo
on the case ofm055. In this case six states can be used
quantum computation. The parameters used here are
same as the ones used in Ref.@5#: v0553107 s21, T
51027 s, H05H952 G, H8 /H0520.04, H7 /H0
520.25,H6 /H0520.61, andH5 /H0521.12. For the mo-
lecular magnet Mn12, A and B in Eq. ~2! are 0.56 K and
1.1131023 K, respectively@6#. According to Ref.@5#, the
relative phases arew9

(1)5w8
(1)5w7

(1)50 andw6
(1)5w5

(1)5p
for encoding the number 1310511012. Now, we solve six
first-order differential equations for$am(t)% in Eq. ~6!. The
initial values of the$am% are set to bea10

(0)51 andam
(0)50

for mÞ10. After a duration T, we have a(1)

5(a10
(1) ,a9

(1) ,a8
(1) ,a7

(1) ,a6
(1) ,a5

(1)). At the second stage fo
decoding the numbersa(1) become the initial values of Eq
~5! and the relative phases should be set byw9

(2)5w7
(2)

5w5
(2)50 andw8

(2)5w6
(2)5p. Once again, the six first-orde

differential equations with the new initial conditions a
solved numerically. At the end of decoding, we obtaina(2)

5(a10
(2) ,a9

(2) ,a8
(2) ,a7

(2) ,a6
(2) ,a5

(2)). If the Grover algorithm is
implemented successfully, according to Leuenberger
Loss, one should haveua10

(2)u'1,ua9
(2)u'2ua9

(1)u'2h, ua8
(2)u

01030
-

-
l

e
e
s
r
the

d

'0,ua7
(2)u'2ua7

(1)u'2h,ua6
(2)u'2ua6

(1)u'2h,ua5
(2)u'0 and

h!1. Instead, our numerical calculation gives

ua10
(1)u'0.95, ua9

(1)u'0.31, ua8
(1)u'0.04,

ua7
(1)u'0.01, ua6

(1)u'0.02, ua5
(1)u'0.01

and

ua10
(2)u'0.82, ua9

(2)u'0.59, ua8
(2)u'0.08,

ua7
(2)u'0.06, ua6

(2)u'0.01, ua5
(2)u'0.01.

The values of$a(1),a(2)% are complex numbers~not real! and
we only present their absolute values here. Therefore,
numerical solution shows that the encoding number is 0002,
but not 11012 as expected by Leuenberger and Loss at
specific values of the applied field andT. However,
$a(1),a(2)% depend onT, and one may be still able to reach
the encoding number 11012 by choosing a specific duratio
of pulse.

To clarify the feasibility of the Leuenberger and Lo
scheme, we study a simple, but nontrivial, case ofm058 as
a representative example. The key approximation in
method of Leuenberger and Loss is thatSm,s

( j ) 50 for j ,n
(5s2m0). The transitions fromuk& to um&, i.e., Sm,k

( j ) (m,k
,s) and all higher-order amplitudesSm,s

( j ) are neglected. In
the case ofm058, the first-order perturbation is required
be zero:S9,10

(1) 5S8,9
(1)50, or at leastuS9,10

(1) u!uS9,10
(2) u(.uS8,10

(2) u)
anduS8,9

(1)u!uS9,10
(2) u(.uS8,10

(2) u). In fact, the quantum amplitude
of the transitions by the perturbationS-matrix formula are
given by

S9,10
(2) 5

2p

i S gmB

2\ D 2H0H9eiF9

v0
^9uS2u10&

T

2p
, ~10!

S8,10
(2) 5

2p

i S gmB

2\ D 2H8H9eiF8eiF9

v0
^8uS2u9&^9uS2u10&

T

2p
,

~11!

S9,10
(1) 5

1

i

gmBH9eiF9

2\
^9uS2u10&

sin~v0T/2!

v0/2
, ~12!

S8,9
(1)5

1

i

gmBH8eiF8

2\
^8uS2u9&

sin~v0T/2!

v0/2
, ~13!

whereF95w9 andF85F91w8 (w9 andw8 are the relative
phases!. The first two terms$S9,10

(2) ,S8,10
(2) % result from the

second-order perturbation contributions with the energy c
servation. From the conditionuS9,10

(2) u.uS8,10
(2) u, one can deduce

the field amplitudeH8 /H050.16. However, the lower-orde
termsS9,10

(1) andS8,9
(1) , in general, are not exactly equal to ze

even if they do not satisfy the energy conservation. They
be zero only ifv0T52p l , wherel is an integer. Due to thes
S9,10

(1) andS8,9
(1) terms, the amplitudes ofa8(t) anda9(t) in the

stateuC(t)& oscillate periodically withT as shown in Fig. 1.
Now, let us assume the parameters:T51.031029 s,

H05200 G,H9520 G, andv054p3109 s21. This gives
1-2
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uS8,10
(2) u.0.11. Following Leuenberger and Loss, we setw9

(2)

50 and w8
(2)50. Then, the recording number 002 corre-

sponds to$w9
(1)5p, w8

(1)5p%, 012 to $w9
(1)50, w8

(1)5p%,
102 to $w9

(1)5p, w8
(1)50%, and 112 to $w9

(1)50, w8
(1)50%.

The results by our numerical calculation are shown in
Table I ~wherem59,8 represent the binary digits 20 and 21,
respectively!. Using the above parameters, the Grover al
rithm can be implemented as suggested by Leuenberger
Loss. However, the values$ua10

(2)u, ua9
(2)u, ua8

(2)u% are not con-
stants and will be changed with the duration of the magn
pulse. In a certain range,uS9,10

(1) u or uS8,9
(1)u will have a magni-

tude close touSm,s
(n) u, which can deform the recording, or eve

more seriously destroy the recording completely. In Fig
we plot the amplitudes ofua9

(2)u andua8
(2)u with varyingT ~for

w9
(1)50 andw8

(1)5p), which corresponds to 012. The am-
plitudes ua9

(2)u;0.26 andua8
(2)u;0.04 for T51029 s. The

value 0.26 can be regarded as single-digit number 1 and
as 0. The valuesua9

(2)u and ua8
(2)u are varied withT. The first

maximum of ua8
(2)u;0.107 atT;1.1631029 s, the second

maximumua8
(2)u;0.22 atT;1.6631029 s, which becomes

larger than the first minimum ofua9
(2)u;0.19 at T;1.37

31029 s. Therefore, we conclude that an accurate dura

FIG. 1. The amplitudesua9
(2)u andua8

(2)u for m058 oscillate with
the pulse durationT in the unit 1029 s ~for w9

(1)50 andw8
(1)5p).

The parameters for the magnetic pulse areH05200 G, H9

520 G, H850.16H0, andv054p3109 s21.
01030
e

-
nd

ic
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of pulse should be chosen for a stable and clear quan
recording.

The above discussion and conclusion can be general
straightforwardly to the cases of anym0 . The more quantum
states are used to store information, the higher precisio
required to design the magnetic pulses. It is clear that
lower-order perturbation series,j ,n, of theS matrix do not
vanish for a generalT even when the relative transitions d
not satisfy energy conservation. Therefore, to implement
encoding and decoding in the molecular magnets by ap
ing an external alternating magnetic field, one should be v
careful to design the appropriateT as well as the matching
frequencies and amplitudes of the field.

In conclusion, we studied the quantum computing sche
proposed by Leuenberger and Loss by solving the tim
dependent schro¨dinger equation instead of the perturbatio
theory. Our calculation shows that some aspects of
scheme should be improved. We point out that the ene
conservation used in the perturbation theory is not va
since the duration of pulse in the problem is very short su
that the contributions from the processes with no energy c
servation becomes non-negligible. It follows that the multi
codes areT dependent, not as expected in the perturbat
theory. Thus,T control is one of the important steps in futu
applications. More detailed calculations show that the mu
bit codes in the model of Leuenberger and Loss are stab
a reasonable extent with respect to some variation ofT as
well as frequencyv0 and magnitudeH0 of magnetic field.
Leuenberger and Loss’ scheme may have the potentia
future, to implement Grover’s algorithm. There will be som
scope for further study to improve the stability of codes
cording and decoding.

This work was supported by the National Natural Scien
Foundation of China under Grant No. 10174015, Shang
Research Center of Applied Physics, Institute of Physics
Chinese Academy of Sciences, and a CRCG grant of
University of Hong Kong.

TABLE I. The numerical results for the case ofm058.

Decoded number ua10
(1)u ua9

(1)u ua8
(1)u ua10

(2)u ua9
(2)u ua8

(2)u

002 0.99 0.13 0.10 1.00 0.07 0.01
012 0.99 0.13 0.10 0.96 0.26 0.04
102 0.98 0.14 0.10 0.98 0.04 0.20
112 0.98 0.14 0.10 0.94 0.28 0.19
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