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Novel Global Asymptotic Stability Criteria for
Delayed Cellular Neural Networks

Shengyuan Xu, James Lam, Senior Member, IEEE, Daniel W. C. Ho, Member, IEEE, and Yun Zou

Abstract—This brief provides improved conditions for the exis-
tence of a unique equilibrium point and its global asymptotic sta-
bility of cellular neural networks with time delay. Both delay-de-
pendent and delay-independent conditions are obtained by using
more general Lyapunov-Krasovskii functionals. These conditions
are expressed in terms of linear matrix inequalities, which can be
checked easily by recently developed standard algorithms. Exam-
ples are provided to demonstrate the reduced conservatism of the
proposed criteria by numerically comparing with those reported
recently in the literature.

Index Terms—Cellular neural networks (CNNs), global asymp-
totic stability, linear matrix inequality (LMI), time-delay systems.

1. INTRODUCTION

ELLULAR NEURAL networks (CNNs), which were in-
C troduced in [8], have been a subject of intense research
activities in the literature over the past years and have found
extensive applications in image processing, pattern recognition
and classification, solving nonlinear algebraic equations, and
other areas [7], [11]. It has been shown that such applications
rely on the analysis of the dynamical behavior of CNNs. Since
stability is one of the most important issues related to such be-
havior, the study of the stability problem of CNNs has received
much attention in recent years and a great number of results on
this issue have been reported; see, e.g., [10], [14], and the refer-
ences therein.

On the other hand, time delays are often encountered in
various practical systems such as chemical processes, long
transmission lines in pneumatic systems, biological and neural
networks [3], [12]. The existence of time delays may lead to
oscillation, divergence or instability in neural networks due
to finite speed of information processing. Therefore, many
researchers have investigated the problem of stability analysis
for neural networks with time delays. For example, the global
asymptotic stability of delayed CNNs with bounded and non-
monotonic activation functions were studied in [2] and [5],
respectively, where several sufficient conditions were given via

Manuscript received November 19, 2003; revised November 4, 2004.
This work was supported by the Research Grants Council under GrantHKU
7127/02P, by the Foundation for the Author of National Excellent Doctoral
Dissertation, China, under Grant 200240, by the National Natural Science
Foundation, China, under Grant 60304001 and Grant 60074007, and by the
Fok Ying Tung Education Foundation under Grant 91061. This paper was
recommended by Associate Editor M. Gilli.

S. Xu and Y. Zou are with the Department of Automation, Nanjing University
of Science and Technology, Nanjing 210094, China.

J. Lam is with the Department of Mechanical Engineering, University of
Hong Kong, Hong Kong (e-mail: james.lam @hku.hk).

D. W. C. Ho is with the Department of Mathematics, City University of Hong
Kong, Hong Kong.

Digital Object Identifier 10.1109/TCSI1.2005.849000

different approaches. These results were extended to a more
general class of CNNs with delays in [6], [18]. Recently, a
linear matrix inequality (LMI) approach to the stability anal-
ysis of delayed CNNs was introduced in [13], in which some
sufficient conditions were presented. The results in [13] were
further improved in [1] by using different Lyapunov—Krasovskii
functionals. It is noted that all the above mentioned asymptotic
stability results are delay-independent; that is, they do not
include any information on the size of delays. It is known that
delay-dependent stability conditions, which employ the infor-
mation on the size of delays, are generally less conservative
than delay-independent ones especially when the size of the
delay is small [12], [16]. Considering this, a delay-dependent
asymptotic stability condition for symmetric delayed CNNs
was proposed in [9]. When the CNN is not symmetric, the
delay-dependent results can be found in [17].

In this paper, attention is focused on the derivation of
improved conditions for the existence of a unique equilib-
rium point and its global asymptotic stability of CNNs with
time-invariant delay. By constructing more general Lya-
punov—Krasovskii functionals, less conservative stability
conditions are established. These conditions are expressed in
terms of LMIs. It is worth pointing out that the LMI condition
can be checked numerically very efficiently by resorting to
recently developed interior-point methods, and no tuning of
parameters will be involved [4]. Both delay-dependent and
delay-independent results are given. Examples are provided to
demonstrate the less conservatism of the proposed criteria.

Notation: Throughout this brief, for real symmetric matrices
X and Y, the notation X > Y (respectively, X > Y') means
that the matrix X — Y is positive semi-definite (respectively,
positive definite). The superscript “I"” represents the transpose.
The notation | - | refers to the Euclidean vector norm. We use
Amin(+) to denote the minimum eigenvalue of a real symmetric
matrix. Matrices, if not explicitly stated, are assumed to have
compatible dimensions.

II. MAIN RESULTS

Consider a continuous-time CNN with a constant delay de-
scribed by the following nonlinear retarded functional differen-
tial state equation:

u(t) = —Au(t) + Wog (u(t)) + Wag (u(t = 7)) +Z (1)
where

u(t) = [ua(t) un ()]

UQ(t)

1057-7130/$20.00 © 2005 IEEE
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is the state vector

g (u(t)) = [g1 (ur(t)) g2 (ua(t)) Gn (un ()]

is the neuron activation function with g(0) = 0, A =
diag(ay,as,...,a,) > 0, Wy and W are the interconnection
matrices representing the weighting coefficients of the neurons,
I=T71s --- In]T is a constant vector representing the bias.
The scalar 7 > 0 is a constant delay of the system.

The following assumption will be made throughout the paper.

Assumption 1: [6] The activation function g(u) is nonde-
creasing, bounded and globally Lipschitz; that is

9i(€1) — gi(&2) < oi
& — &
Then, by [6], it can be seen that there exists an equilibrium

for (1). For the sake of simplicity in the stability analysis of (1),
we make the following transformation to (1):

0< i=1,2,....,n. (2

z(t) = u(t) —u* 3)
where
W= oy e )T

is an equilibrium point of system (1). Under the transformation
of (3), it is easy to see that (1) becomes

i(t) = —Ax(t) + Wof (x(t)) + Wif (z(t—7)) D
where

(1))

a(t) = [x1(1)

is the state vector of the transformed system, and

w2 (t)

f @) =[fi(@1(t)  f2(za(t)) o (@a ()"
with
fi(zi(t) = gi (xi(t) +ui) —gi (u7), i=1,2,....,n

and f;(0) =0, fori = 1,2,...,n. Itis noted that f;(-) satisfies
(2); that is

0 < Jilé) = fil&) _ o,
T a-& -
Before presenting the main results, we give the following
lemma, which will be used in the sequel.
Lemma 1: [15] Let D, S and P be real matrices of appro-
priate dimensions with P > 0. Then, for any vectors z, y with
appropriate dimensions

i=1,2,...,n. (5

26TDSy < TDPD 2 4+ yTST P~ 1Sy.

Now, we are in a position to present a new asymptotic stability
condition for system (4), which is independent of the size of the
delay.

Theorem 1: The origin of the delayed CNN in (4) is the
unique equilibrium point and it is globally asymptotically stable

for all delay 7 > 0 if there exist matrices P > 0,Q > 0, Z > 0
and two diagonal matrices S > 0 and H > 0 such that the fol-
lowing LMI holds:

—PA— AP PwW, PWy+HY 0
wIp WIZW, —Q 0 0| _,
wipP+XH 0 U S
0 0 S -7
(6)
where
Y =diag(oy1,09,...,0,) @)
U=Q —2H —2SAX"' 4 SWy + W' S. 8)

Proof: We prove this theorem in two steps. Firstly, we
show the uniqueness of the equilibrium point by contradiction.
Let x be the equilibrium point of the delayed CNN in (4). Then,
we have

— Az + (WO + Wl)f(i’) =0. C)

Suppose f(Z) # 0. By (9), it is easy to see that

28T P[—A7 + (Wo + W) f(2)] =0 (10)
and
2f(2)" S [- Az + (Wo + Wh) f()] = 0. (11)
Note that
2f(2)" S [~ Az + (Wo + Wh) f(2)]
< F@TK[f(z)+2f(2)"H[(T)
< f(@)TK[f(z)+2z" HXf(7) (12)
where

K=-254>"1+ S(Wo + Wy)+ (Wo + Wl)TS — 2H.
Then, it follows from (10)—(12) that

28T P[-Az + (Wo + Wh) f(2)] + 22" HY f (z)
+f(@) K f(z) 2 0. (13)

Now, applying Lemma 1, we have
28T [P(Wo+Wh)+HY)f(z) -z (PA+ AP)z < f(7)TJf (%)
where
J=[P(Wo+W1)+HX]" (PA+AP)  [P(Wo+W:)+HY].
This together with (13) implies

F@)T(J +K)f(z) > 0. (14)

On the other hand, pre- and post-multiplying (6) by

I 00 0
0 1 I wi
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and its transpose, respectively, we obtain

—PA— AP P(Wy+Wp)+ HE
(Wo+W)TP+SH K

which, by the Schur complement formula, results in

J+K <O

<0

This contradicts with (14). Therefore, we have that at the equi-
librium point f(Z) = 0, which, by (9), implies Z = 0. That is,
the origin of the delayed CNN in (4) is the unique solution to
(9), and hence, (4) has a unique equilibrium point.

Next, we show that the unique equilibrium point of (4) is

globally asymptotically stable. To this end, we denote
ze = x(t + 0), —7<6<0

and
S =diag(s1,82,---,8n)-

Define a Lyapunov—Krasovskii functional candidate for system
(4) as

V(ze) = Vi(xe) + Va(we) + Va(a4)

where

Vi(zy) = 2(t)" Pa(t)

" x;(t)

VZ(xt):2ZSi / fila)da
=1 0

5)

(16)

Va(zy) = / f (@(0)" Qf (a(a))da.  (17)

Then, the time derivative of V' (z) along the solution of (4) gives
V(ze)=22(t)" P~ Az(t) + Wo f (x(t)) + Wi f (z(t —7))]
+2f @ () S[=Az(t)+Wo f(x(t) + Wi f (x(t—7))]

+ (@) Qf (z(t)— f (x(t—7))T Qf (a(t—7)).

(18)

Considering the relationship in (5) and noting that S > 0 and
H > 0 are diagonal matrices, we can deduce

—2f(x(1)" SAw(t) < —2f(w(t))" SAZ " f(a(t)) (19)
(@) Hf (2(t) <a()THSf (x(t)) (20)
Noting Z > 0 and using Lemma 1, we have
2f (@(t)" SWAf (w(t = 7)) < f(a(t)" SZ1Sf ((1))
+f (a(t =) WIZWi f(a(t— 7). (21)
Let
Q=Q—28AY "' + SWo + Wi S+ S77'8.
Then, by (18)—(21), it can be shown that
V() < = 22(t) T PAz(t)+22(t) T (PWo+ HE) f (x(t))
+ 22(t) ' PW 1 f (z(t—1))
= f (@) 2H=Q)f (x(1))
+ f(@(t—)" (W ZWi—Q) f (z(t—7)). (22)

From the inequality in (6), it is easy to see that
2H-Q >0
Therefore, by using Lemma 1 again, we obtain
20(t)T(PWo + HE) f (a(1)) — f (2(t))" (2H — Q) (a(t))
<az(t)"(PWo+ HY)(2H — Q)™ (PWo + HX) 2(t).
This together with (22) gives
V(s) < n(t)" Tn(t)

where
w0 =[0" flatt-)"]
e T

O=—PA—AP+(PWo+HY)(2H Q)" (PWo+HX)™.

Now, applying the Schur complement formula to (6) gives that
IT < 0. Therefore

V(z:) < —allz(t)||” (23)

where
a = /\min(_H) > 0.

Finally, by [12], it follows from (23) that the time-delay system
() is asymptotically stable. This completes the proof. O

Remark 1: The Lyapunov—Krasovskii functional used in
Theorem 1 is more general than that in [1], which will result
in the fact that Theorem 1 will be less conservative than the
condition derived in [1]. It is also worth pointing out that
Theorem 1 is obtained under the assumption that the activation
functions are nonstrict, while [13, Theorem 2] is obtained
under the assumption that the activation functions are strict.
Therefore, Theorem 1 in this paper is applicable to a wider
class of delayed CNNs than [13, Theorem 2].

Next, we provide an example to illustrate the reduced con-
servatism of Theorem 1 by comparing it with recently reported
delay-independent asymptotic stability results in the literature.

Example 1: Consider a delayed continuous-time CNN in (4)
with parameters

[0.1456 0 0
A= 0 1.9886 0

| 0 0 1.4947
[—0.0308 1.4766 —1.3099

Wy= | 09884 —0.8138 —0.8674
| —0.5990  0.6450  —0.4742
[0.2669 —0.4936 —0.1156

Wy = 122456 0.6135 0.5350
| 0.1320 —1.4389 —0.3550

We assume that
o1 = 0.1680, o9 =10.1795, o3 = 0.3876.

For this delayed CNN, it can be checked that the matrix inequal-
ities in both [1, Theorem 1] and [13, Theorem 2] have no solu-
tions. Also, it is found that the asymptotic stability conditions in
[6] and [18] are not satisfied. Therefore, Theorem 1 in [1], The-
orem 2 in [13], and the results in [6] and [18] fail to conclude
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whether this delayed CNN is asymptotically stable or not. How-
ever, by resorting to the Matlab LMI Control Toolbox, we find
that the LMI in Theorem 1 in this paper is feasible. Hence, by
Theorem 1, it can be seen that the delayed CNN is asymptotic
stable. This shows that the condition given in Theorem 1 is less
conservative than those in [1], [6], [13], and [18].

Considering delay-dependent asymptotic stability conditions
are generally less conservative than delay-independent ones, we
now provide such a condition for the delayed CNN (4) in the
following theorem.

Theorem 2: The origin of the delayed CNN in (4) is the
unique equilibrium point and it is globally asymptotically stable
for any delay 0 < 7 < 7 if there exist matrices P > 0, @ > 0,
Z >0, ® > 0 and three diagonal matrices S > 0, H > 0 and
Y > 0 such that the following LMI holds:

—PA—-AP+7A®PA PW; —TAOW1 +Y 0

WIP - 7WIoA+Y r 7Y
0 7Y 7
WIP+XH-7WIoA 0 0
0 0 0
PWy+ HY. — TADW, 0
0 0
0 0 <0 (24)
Q-2H S+ rWld
S + 7OW, —Z

where Y is given in (7), and

=Wl (Z+70)W; —Q—-2Yyx~!
Q=0Q —2SAL"' + SWy + WT'S + 7WI dW,.

Proof: Under the condition of the theorem, the unique-
ness of the equilibrium point can be established by following a
similar line as in the proof of Theorem 1, and thus is omitted.
Now, we prove that the unique equilibrium point of (4) is
globally asymptotically stable. To this end, we define a Lya-
punov—Krasovskii functional candidate for (4) as

V(ae) = Vi(ze) + Va(ae) + Va(ae) + Valze)

where Vi (z+), Va(x+) and V3(z) are defined in (15)—(17), re-

spectively, and
= | [ s

—Tt4+8

)T i (a)dadp.

Then, the time-derivative of V,(z;) along the solution of (4)
provides

t

Vi) <3 [ {rl- Ao+ Waf (a(t)+ W (alt=1))"

X B[— Az () + Wo f () + Wi f (z(t—7))]"
— 27 f (a(t —7))" Yi(B)

+2f (x(t — 7))T YVa(t)

—2f( (t—T)) Ya(t—r1)

—7( T@x )} dg (25)

Noting that Y > 0 is a diagonal matrix, we then have

—fat—r) Yait—7)<—f(z{t-7)" Y7 f (2(t—7)).
(26)
Considering (18), (19), (25) and (26), it can be deduced that

V(:vt)gé / [z(t)" (TAPA—PA—AP)x(2)

t—T1

+ 20(t)T (P—TA®)Wo f (x(1))

+ 20() T (PW,—FAOW+Y) f (z(t—7))
+ f (=(1)" Qf (x(t)

+ f@)" (S+TWT®) Wi f (w(t—T))
+ f(a(t—m)" Wl oW, —Q-2yx™)
x f (z(t—7))=2rf (z(t—))" Yi(B)
—ri(8)F @i ()] dp. 27)

Now, by Lemma 1, it can be shown that

2f (x(t))" (S +7Wg @) Wif (x(t — 7))
< fla@) (S+TWEe) 271 (S +7WT @) f (x(t))
+ f(a(t — 1) WEZWLf (2t — 7). (28)

Then, it follows from (20), (27), and (28) that

t

V(xt)gé / [z(t)" (FAPA—PA—AP)x(t)

+ 2$(t)T(PW0—TA‘I’Wo+HE)f( ()
+ 2x(t)T( —TAOW 1 +Y) f (x(t—7))

f ()" (2H Q) f (x(1))

f (#(t=7)" T (a(t=7))
- 2Tf( (t=7))" Y(8)
—7i(B)" @i (8)] df (29)
where

Q=0+ (S+7Wie) 2z~ (S+7W]®).
By (24), it is easy to have that
2H — Q> 0.
Then, by Lemma 1, it can be deduced that
2z(t)T(PWy — TADW, + HX) f (2(t))

— f (@(t)" 2H = Q) f ((t))
<z(t)T(PWy — TADW, + HY)
x (2H — Q)Y (PWy — 7AW, + HY) T x(t).

This together with (29) gives

Ve < [eenTtmeenas  co
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where
A=TADA — PA— AP + (PWy — TADW, + HY)
x (2H — Q)~Y(PWy — 7AW, + HX)T

A PW;—7TAOW1+Y 0
Y(r)= W1TP—'FW1T<I>A+Y T —-7Y
0 —7Y —7d

€, 0)=[e) [ -n)T #B)7T]

Applying the Schur complement formula to (24), we have that
forall0 < 7 < 7T

A PWy — 7AW +Y] _
WIP—7WI®A+Y  TI+47Yd-ly

which, by the Schur complement formula implies that Y(7) <
0. Then

V(x1) < bl (t)||”
where
b= Amin (=Y(7)) > 0.

Therefore, we have that (4) is asymptotically stable for any delay
O0<7<T. O
The following examples are given to show the reduced con-
servatism of the delay-dependent asymptotic stability result in
Theorem 2.
Example 2: Consider a delayed continuous-time CNN in (4)
with parameters

r1.2769 0 0 0
A= 0 0.6231 0 0
0 0 0.9230 0
L 0 0 0 0.4480
r—0.0373 0.4852 —0.3351 0.2336
W, = —1.6033 0.5988 —0.3224 1.2352 W
0.3394 —0.0860 —0.3824 —0.5785
L —-0.1311 0.3253 —0.9534 —-0.5015
r 0.8674 —1.2405 —0.5325 0.0220 T
Wy = 0.0474 —0.9164 0.0360 0.9816
1.8495 2.6117 —0.3788 0.8428
L —2.0413  0.5179 1.1734  —0.2775]

In this example, we suppose that

o1 =0.1137, 09 =0.1279
o3 =0.7994, o4 = 0.2386.

For this delayed CNN, it can be checked that the asymptotic
stability conditions in [6] and [18], Theorem 1 in [1], Theorem
2 in [13] as well as Theorem 1 in this paper are not satisfied.
Therefore, they fail to conclude whether this delay system is
asymptotically stable or not. Now, we resort to Theorem 2 in
this paper to check the asymptotic stability of the delay system.
It is found that the LMI in (24) is feasible for all delay 0 < 7 <
7 = 1.4224. Therefore, by Theorem 2, we conclude that the
delay system is delay-dependent asymptotically stable. If we use
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Theorem 1 in [17], we can calculate the largest allowed value
of 7 = 0.3518, which is 75.27% smaller than that obtained by
our method. This shows that the condition given in Theorem 2 is
less conservative than that in [17] when checking the asymptotic
stability of a given delay neural network.

III. CONCLUSION

This paper has provided improved criteria for the existence of
a unique equilibrium point and its global asymptotic stability of
continuous delayed CNNs. Both delay-dependent and delay-in-
dependent stability conditions have been proposed in terms of
LMIs, which can be checked easily by using recently developed
standard algorithms. Examples via numerical comparisons with
the recently reported results have demonstrated the lower con-
servatism of the proposed criteria in this paper.
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