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Subharmonics and Chaos in Switched Reluctance
Motor Drives

J. H. Chen, K. T. ChaguMember, IEEEC. C. ChanFellow, IEEE and Quan Jiang

Abstract—In this paper, the investigation of the nonlinear
dynamics of an adjustable-speed switched reluctance motor A
(SRM) drive with voltage pulse width modulation (PWM) reg- ']
ulation is carried out. Nonlinear iterative mappings based on <

'

g

both nonlinear and approximately linear flux linkage models
are derived, hence the corresponding subharmonic and chaotic c
behaviors are analyzed. Although both flux linkage models can
produce similar results, the nonlinear one offers the merit of
accuracy but with the sacrifice of computational time. Moreover, 5 1
the bifurcation diagrams show that the system generally exhibits Az ] A 5] A
a period-doubling route to chaos.

Index Terms—Chaos, motor drives, subharmonics, switched re-

luctance motors. PWM Generator —— B,
— .

|. INTRODUCTION . Commutation 1—1~ gz

. Logi 2

N RECENT years, the switched reluctance motor (SRM) 8 ogte L,

drive has been recognized to have promising industrial appli-

cations. Its simplicity in both motor construction and power corfid: 1. Schematic diagram of SRM drive system.
verter requirement offers the prospect of a low-cost high-perfor-
mance brushless motor drive [1], [2]. So far, SRM research has IIl. SYSTEM MODELING
been focused on motor design, converter topology and controjas shown in Fig. 1, an adjustable-speed SRM drive system
strategy. To the best of the authors’ knowledge, the investigg-used for exemplification, where speed control is achieved
tion onto the nonlinear system dynamics, namely subharmosiigough PWM control of motor phase voltages.
and chaotic behaviors, in SRM drives is absent in literature. TheThe SRM commutation strategy uses rotor position feedback
major reason should be due to the complexity of analytical faio select the commutating parameters such as turn-on éngle
mulation and high nonlinearities of SRM drive systems. and turn-off angled,, of each phase winding of the SRM for

Chaos is a common phenomenon in power converters wheédse lower-leg power switchesl§, B, and(5). For the sake
they operate under feedback control [3], [4]. Subharmonics apfisynchronizing the voltage PWM regulation with the phase
chaos in switched mode power supplies have been actively gdmmutation, the PWM carrier signal ramp voltagein each

vestigated for a number of years. Chaos in induction and brugihase winding is a function of the instantaneous rotor displace-
less dc motor drives have also been discussed [5], [6]. Very FRentd(t)

cently, the nonlinear dynamics and chaotic behavior of indus-

trial dc motor drives have been detailedly investigated, by both  vr(68(2)) = vi + (v — v))[(6(t) — o) mod 6] /67 (1)

nulrtner;ﬁal S|mulat|onf {ahnd analyt'|[cal mo?ehr:g t[;] [8]. i dwherevl andwv, are the lower and upper bounds of the ramp
is the purpose of this paper to investigate the nonlinear ltage - = (6, — 6,)/ne is its period, andus is an integer.

namics of an adjustable-speed SRM drive with voltage PW As the op- ampllfler OA has a feedback gairthe speed con-
regulation. Firstly, nonlinear iterative mappings based on bo W)I signalu. () can be expressed as
nonlinear and approximately linear flux linkage models will be 9 e P

derived. Then, the corresponding dynamic analysis based on a ve(t) = g(w(t) — wrey) )
practical SRM drive system will be carried out to study the sub-
harmonic and chaotic behaviors. wherew(t) andw,..; are the instantaneous and reference speed

of the SRM. Then both,. andw. are fed into the comparator CM
which outputs the signal to turn on or off those upper-leg power
switches @;, B; and (1), depending on the phase commuta-
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Ignoring the mutual inductances among phase windings, thased on the rotor displaceménthe steady-state solution can
system equation based on the nonlinear flux linkage modelks a periodic orbit with respect #. Practically, it is impos-
given by sible to find any periodic orbit in the conduction interval of each
phase winding because its flux linkage also depends dhus,

d9 = the minimum period is at least the phase-shift afigleA plane
® ) is defined as
le ceey tm
— Bw—-T, J
< “ L) / 3) = {Y:[(6 — 6,) mod §,] = 0}. @)
de [W)k (6, i } [ up — Rig, — w M} The trajectory of Y under observation repeatedly passes
dip a9 through theX when# increases monotonically. The sequence
L (k=1, m) of ¥ crossing defines a map
whereuwy, iy, ¥1(0, ix) are thekth phase voltage, current, and P:R2 2 Zi1 = P(Zy) (8)
flux linkage, respectivelyW! (6, iy, ..., i,,) coenergy of all
m phasesR phase resistancé; phase inductance} viscous whereZ = (w, i)7.
damping,/ load inertia, and/; load torque. The Poincaré map (8) is a two-dimensional (2-D) mapping,

The phase voltage; depends on the states of its upper-legut it is based on the solution (5) of tiiex + 2)-dimensional
and lower-leg power switches. If both of them are turned onpnautonomous equation (3). In order to avoid the calculation
u, = U whereU is the dc link voltage; otherwisey, = —U  of the plane crossing, the rotor displacemgmnather than time
which is caused by two freewheeling diodes. If only one of theris selected as the independent variable of the system. The next
is turned onwy, = 0 which is caused by one of freewheelingcrossing of the plané = 6, + (n + 1)8, can be directly calcu-
diodes. lated by integrating frond, + n6, to 8, + (n + 1)6,. To make

The phase current, is always unipolar for the converterd an independent variable, the last+ 1 equations of (3) is di-
topology shown in Fig. 1. Moreover, the initial value of the curvided by its first equation and then the first equation is inverted
rent of each phase winding will be zero when> 1, since the |
m phase windings are conducted in turn. dt

The phase flux linkagéy.(d, i) is found by measurementor | 40
field analysis, which is a function of bothandi,. Because of dw _ <3W£l(9’ U oosbm) _p )/ (Jw)
high nonlinearity, it is generally expressed by an interpolation) df a0 g
function of# andi;. Hence, the corresponding interpolation of din { O (8 ik):| -1 {u R On (6 ik):|

=1/w

OW! (0, i1, ..., im)  OYu(6, ix) i (6, ix) 7 Y7
, and —1~7
06 a6 dir, | k=1,...,m).
can also be obtained. (©)

Due to the switching operation, the system equation given B-ge corresponding, andv. can be obtained from (1) and (2)

(3) isin fact a time-varying nonlinear state equation. By def|n|n

the state vectoK as v(0) = v + (v, — v)[(0 — 6,) mod 7]/6r  (10)
X=(0,w,i,....,im)"  X(to) =Xo (4) ve(6) = g(w(0) — wrey). (11)
the solution of (3) in the continuous-time domain can be writtefictually, only two adjacent phase windings have currents at the
as same time whem > 2. For the sake of clarity and simplicity,
m phase windings conducted in turn can be represented by only
¢1(Xo, to) = (8(Xo, to), w(Xo, to), two phase windings activated alternatively. Moreover, since the
i1(Xo, to), - -, im(Xo, to))¢. (5) first equation of (9) does not need to be calculated, (9) can be
reduced as
- ( / P
lll. DERIVATION OF POINCARE MAP Cé_tg _ <3W2(%9L1, i2) g, TL>/(Jw)

On the investigation of subharmonic and chaotic behaviors
in the drive system, the most attractive approach has been th?a div [ 0i(6, i1) -t Ri 10, 1)
nonlinear iterative mapping, so-called Poincaré map [4], [9]. e {w iy } {“1 I =7 }

Since SRM phase windings are conducted in turn, the sum of| -1 .
all m phase currents= i; + - - - +,, iS selected as a new state @ - {w M} [UQ — Riy —w M} )
variable. The new state vector becomes \ df P 99

12)
Y = (9, W, L)tT = (Q(Xo, to), w(Xo, to), i(Xo, to))tT (6) . )
Equation (12) can be rewritten as
which will be used to describe the dynamics of the drive system. )
As its commutation strategy and voltage PWM regulation are X = (w, 1, 40)* X = f(X) X(6y) = Xo. (13)
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Therefore, the Poincaré map (8) based on (13) is given by

P(Zo) = po,+9.(Zo, bo)
I(UJ(XQ, 90), il(Xo, 90) +i2(X0, 90))}5 (14)

The Poincaré map (14) is termed a nonlinear model map which
corresponds to a three-dimensional (3-D) differential equation
(13) including the nonlinearity of the flux linkage. Obviously,
the necessary computational time in numerical simulation is
lengthy.

When the drive system operates in light-load and low-peed 0.2 -
conditions, an approximately linear flux linkage model can be Rotor position (rad) 0.3
adopted, which is expressed B&)i. L(#) is given by

Lmin 0 < 9 S 91
L(e) = Lyin + Kl(e - 91) 91 <0 < 92 (15) 6
Lmax 92 <0 S W/NT

150

Phase current (A)

Fig. 2. Nonlinear torque characteristics.

where the intervals afo, 6;) and(f, = /N,.) represent the un-
aligned and the aligned cases, respectiwlyjs the number of
rotor poles, and{; = (L.ax — Linin) /(02 — 61 ). For each phase
winding, selecting, = 61, 8. = 62, andf. — 8, equal to the
phase-shift anglé,, the electromagnetic torque in the conduc-
tion intervalé, — 6, is aIwaysKliz/z Assuming that; gradu-

Control & ramp voltages (V)
W

ally becomes zero within the period bf,..., there is no electro- 1 2 3 4 5 6 7 8 o9
magnetic torque produced by this phase winding in this period. Sequence of phase winding conducted in turn
Thus, ¢ in this period can be ignored since the initial value of @
the successive phase current must be zero. It follows that only 30
the current of the activated phase winding will be calculated at < 24
any instance. In this case, the sum ofrallphase currentsis %
discontinuous in the instance of the phase commutation. Thus, § 24
(9) is deduced as g 13
o
dw 1. =
i <§K112—Bw—TL>/(JuJ) % 16
. , , (16) E
di u — Ri — Kjwi &
dd  (Lopin + K(6—61))w’ 1 2 3 4 5 6 7 8 9
£ fion (16) o " Sequence of phase wmdmg conducted in turn
guation can be rewritten as
)
Z=f(Z)  Z(6o) = Zo. 17) =]
> 28
Therefore, the Poincaré map (8) based on (17) is given by g >
0) = Poo+8, 40, Vo 2 15
P(Zo) =G0, +4, (Zo, bo) ;
= (w(Zo, 60), (Zo, 60))g, 45, (18) ;e; 10
This Poincaré map is termed a linear model map which corre- € 5
sponds to a 2-D differential equation (16) based on the approx- §
imate|y linear flux |inkage model. 100.3 100.31 100.32100.33 100.34
It is important to note that the linear model map (18) facil- Rotor speed (rad/s)
itates to investigate the nonlinear dynamics mainly caused by ©

the switching nonlinearity. Since (16) can be expressed as ana- 3. Period-1 orbit, (a) Wavef ¢ control and " ®)

. . P . . 19. o. erioa-1 orpit. (a averorms of control ana ramp voltages.
!yt'cal for.mUIa?’ It ”Qt Only ta_kes minimum ComDUtatlon_al _tlmé\/aveform of sum of all phase currents. (c) Trajectory of sum of all phase
in numerical simulation, but is also apt to carry out preliminaryurrents versus rotor speed.

analysis of nonlinear characteristics.

the P-star electric vehicle [2], is carried out to study its subhar-
monic and chaotic behaviors.

Based on the derived mapping, the dynamic analysis of aFor the sake of simplicity and clarity, two ramp voltages
practical SRM drive system, in which the SRM is designed fare adopted within the voltage PWM regulation of each phase

IV. ANALYSIS AND RESULTS
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Control & ramp voltages (V)
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Control & ramp voltages (V)
W
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(©) ©

Fig. 4. Period-2 orbit. (a) Waveforms of control and ramp voltages. (§)/9- 5. Chaotic orbit. (a) Waveforms of control and ramp voltages. (b)
Waveform of sum of all phase currents. (c) Trajectory of sum of all pha aveform of sum of all phase currents. (c) Trajectory of sum of all phase
currents versus rotor speed. currents versus rotor speed.

'Ehe nonlinear characteristics of the SRM drive system will be
the . . . .

investigated by employing this algorithm to compute the non-
linear model map (14).

winding. Hence, the component and parameter values of
SRM drive system are as follows:
e Controller:ng = 2,07 = 75° v, = 4V, v; = 0V,
g= 10 V/rad§1, U =100 V, Wref = 100 rad/s; A. Subharmonics
e SRM:m =3,N, =12, N, = 8,61 =5.5°, 6>, = 20.5°,
0, = 15°, R = 0.1 , Ly = 034 mH, K; = 7.8
mH/rad,7; = 1 Nm, B = 0.0005 Nm/rads™*, J = 0.025
kgn? (including the inertia of the mechanical load); th
nonlinear torque characteristics is shown in Fig. 2.

One way to locate a subharmonic or chaotic orbit is to in- (1,0)Z* =(1,0)P(Z") (20)
tegrate the system equation until the steady state is achieved. (1,0)Z%., = (1,0)P(Z%) (k=1 —1
This way is called a brute-force algorithm [9]. Assuming that kA ’ » AR
the Poincaré map (8) reaches the steady-state orbit for the given (1,0)Z1 =(1,0)P(Zy). (21)
initial valuesZ, after NV, iteration, then-point subharmonic or
chaotic orbit{Z7, ..., Z? } is calculated by

Since the currentis governed by the phase commutation, the
steady-state periodic solution of the SRM drive system can be a
é)eriod—l orbitZ* or a periodp orbit {Z3, ..., Zy} withp > 1
so-called subharmonics, which are described as

For the above system parameter conditions, the steady-state
solution is a period-1 orbit. The oscillation frequencyu.ofs
N aboutw,. /6, = 382 Hz. The corresponding waveformsaf,

Z; = PNo)(Zo) v, andi as well as the trajectory ef/ersusv are shown in Fig. 3.
Z,., =P(Zy) (k=1,...,n—1). (19) Itshows that the waveforms of different phase currents have the
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(b) Fig. 8. Bifurcation diagram of rotor speed versus feedback gain at 100 rad/s.

Fig. 6. Bifurcation diagrams. (a) Rotor speed versus feedback gain. (b) Sum . . L .
of all phase currents versus feedback gain. curve involves high current operation in such away that the drive

system tends to greatly accelerate the rotor speed within the in-

.. terval of current rise, and then it will decelerate the rotor speed
same pattern. Due t@y = 2, the current of each phase Wlndlnqu hin the interval of cycle skipping

has_ two pea_ks and hence the trajectory looks like a CIasSICaL/Ioreover, the chaotic trajectory illustrates that the trajectory
per|.od.-2 orbit. . . with the bicorn pattern stands for stable operation while that
$|m|larly, t_he corresrpondmg Yyaveform; an.d trajectory of ﬂ\ﬁith the unimodal pattern stands for unstable operation. There-
pgrlod-Z (.)rb't fprg =15 V/rad;‘ 'S shown In Fig. 4. Dug tq the fore, if the system trajectory can be attracted into one set of the
high nonlinearity of the flux linkage, the inductance within th icorn curve, it will be a period-1 orbit as shown in Fig. 3(c):

first rampvo_ltag_e s less thar_l that vv_|th|n the s_econd ramp. Whﬁ@he trajectory can be represented as one set of unimodal and
the conduction interval within the first ramp is rather long, th icorn curves, it will be a period-2 orbit as shown in Fig. 4(c);

curren;[)wnl be_h|gthhenough Ijo induce ac%cle Sk'plg.mgfhen_l?r?}'the trajectory involves infinite sets of unimodal and bicorn
enon (bypassing the second ramp) as shown in Fig. 4(a). tves, it will be a chaotic orbit as shown in Fig. 5(c). Actually,

the conduction interval within the first ramp of the next phast e existence of unimodal curves can be considered as a neces-
winding will be much shorter than the former. Hence, diﬁere%

. . . ry condition of the occurrence of subharmonics and chaos.
from the period-1 orbit, the currents of two adjacent phase wmd{—i y
ings have dissimilar patterns. Moreover, the former has the m&g- Bifurcation Diagrams
nitude much greater than that of the latter. It should be noted tha}:

the maximum value of phase currents increases from 27 A of the torta cr]haotlc_fhystem, |ttt|st||qntere_st(ta_d n |dentt|fy|ng how tto
period-1 orbit to 40 A of the period-2 orbit, route to chaos with respect to the variation in system parameters.

As a parameter is varied, a bifurcation is an abrupt change in
the steady-state behavior of the system. A plot of the steady-
state orbit against a bifurcation parameter is termed a bifurcation
Chaotic waveforms of.., v, and: as well as the trajectory of diagram. Thus the resulting bifurcation diagrams facilitate the
1 versusw are shown in Fig. 5. It shows that the chaotic orbippraisal of the steady-state system behavior at a glance.
is virtually an aperiodic bounded steady-state trajectory. FromBased on the nonlinear flux linkage model map, the bifur-
the chaotic trajectory shown in Fig. 5(c), it can be found thatdation diagrams of and¢ versusg for w,..; = 100 rad/s are
mainly consists of two kinds of patterns. One kind is unimodahown in Fig. 6. When selecting,..; = 50 rad/s, the bifurca-
curves while the other kind is bicorn curves. A special case tbn diagram ofw versusg is shown in Fig. 7. All these bifur-
only one set of unimodal and bicorn curves is actually the peation diagrams illustrate that the system exhibits a period-dou-
riod-2 trajectory shown in Fig. 4(c). Physically, the unimodabling route to chaos. Comparing Figs. 6(a) and 7, it can be found

B. Chaotic Behaviors
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that they are very different. Also, the corresponding valug ofJ. H. Chen was born in Guangdong, China, in 1961. He received the B.Sc.
for Wrep = 50 rad/s bifurcating into chaotic operation is mucHENg.) and M.Sc. (Eng.) degrees in electrical engineering from Tsinghua Uni-

- . versity, Beijing, China, in 1982 and 1987, respectively. He is currently pursuing
less than that fap,.., = 100 rad/s. In general, the case of highef, pi b degree at the University of Hong Kong.

g and/or lowetLv is prone to exhibit subharmonic and chaotic be- Prior to entering the Ph.D. program, he was an Associate Professor with the
haviors. Department of Electrical Engineering, Tsinghua University. His areas of in-

. . . . terests include electrical machine and drive design, modeling, simulation, and
Based on the linear flux linkage model map, the blfurcat|% 9 9

wer electronics. He has published several papers in this area.
diagram ofw versusg is shown in Fig. 8. Comparing Figs. 6(a)
and 8, it can be found that they have similar pattern. How-
ever, the bifurcation diagram based on the nonlinear model map
provides more accurate bifurcation points of subharmonics and

chaos, even though the linear model map can offer faster comT. Chau (M'89) received the first-class honors B.Sc. (Eng.), M.Phil., and
putational speed. Egan lggrgljgr]ees in electrical and electronic engineering from the University of
Currently, he works as Associate Professor at the University of Hong
V. CONCLUSION Kong. His teaching and research interests focus on three main areas—power
. . ) ) ) converters, machines and drives, and electric vehicles. In these areas, he has
In this paper, the nonlinear dynamics of SRM drives with thiblished over 100 refereed technical papers and some industrial reports.
emphasis of subharmonics and chaos are firstly investigatéé.has_ als<|) se;ved as chair and organizing committee member for many
. p . . - . ternational conferences.
Poincaré maps (including both nonlinear and approxmate'i’y !
linear flux linkage models) of a practical SRM drive system
with voltage PWM regulation have been derived. Based on

the derived maps, the characteristics of system subharmonics,

chaos and bifu_rc_ation diggrams are discussed. It reveals that chan(M'77-SM'77-F'92) received the B.Sc. degree from China Univer-
the system exhibits a period-doubling route to chaos. Althougity of Mining and Technology, Beijing, China, the M.Sc. degree from Tsinghua

the investigation has been focused on a typical SRM dri\/%:rsity, Beijing, China, and the Ph.D. degree from the University of Hong

h d h d derived h dil ng, in 1953, 1957, and 1981, respectively.
the proposed approach an erived equations can readily began his professional electrical engineering career in 1959. He worked

applied or extended to other SRM drives. for 11 years in industry and 26 years in academic institutions. He is now the
Head of the Department of Electrical and Electronic Engineering, the Honda
Chair Professor of Engineering, and the Director of the International Research
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