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A Simulation Model for Nakagamir
Fading Channelsp < 1

Kun-Wah Yip Member, IEEEand Tung-Sang NgSenior Member, IEEE

Abstract—This paper proposes a mathematical model for simu- channel (e.g., [3]-[8]), techniques for simulatinganfading
lating a Nakagami-» fading channel,;» < 1.lItis shownthatthem  channel form < 1 are relatively few [8], [9].

fading process can be express_ed as a product ofe_tsquare-root-beta In Section I1-A, we propose a mathematical model that en-
process and a complex Gaussian process. Extension of the proposed ’

model to simulate correlated diversity channels is also given. Nu- ables one to generate a complex random process for simulating

merical results demonstrate that statistical properties of the sam- an m fading channelyn < 1. Emphasis is given to appli-
ples generated from the proposed model are close to the required cations of the proposed model for HF communications. Since

ones. the originalm fading channel model [2] does not provide a
Index Terms—Fading channels, HF channels, simulation, sto- Phase characterization, we assume that the channel phase shiftis
chastic processes. uniformly distributed ovef0, 2=). This assumption seems rea-

sonable for arnm fading channel where the channel fading is
more severe than Rayleigh fading. It is shown that the complex
random process used for simulatingrarfading channeln <
AYLEIGH distribution has been shown to be appropriate, can be expressed as a product of a complex Gaussian process
for modeling the short-term fading statistics of a high-freand a square-root-beta process. The square-root-beta process
guency (HF) ionospheric channel [1]. However, it is possiblean be realized by a nonlinear transformation of a Gaussian
that the fading becomes more severe than Rayleigh fading gsrécess. Since a number of computationally efficient techniques
result of high variability of the HF channel. The phenomenomave been developed for generating Gaussian processes, an ad-
of fading more severe than Rayleigh fading was observed antage of using the proposed model for simulation is that these
Nakagami [2] in a series of channel measurements for sowigicient techniques can be utilized. In Section I1-B, we extend
long-distance HF communication links. His measurement réhve proposed model for simulation of correlated diversity chan-
sults indicate that the: distribution with the fading parameternels.
m in the ranged.5 < m < 1is useful for modeling the fading  Advantages of the proposed model over earlier ones are de-
characteristic of an HF channel when the fading is more sevesfled as follows. Patzoldt al. [8] have developed a method for
than Rayleigh fading. Note that the Rayleigh distribution is ®alizing a generah fading process by using Rice's sum of si-
special case of the: distribution whenn = 1. nusoids. However, selection of amplitude values for sinusoids
In the design of an HF communication link, the system dégs rather complex except in the special casenof= 1, that is,
signer may want to ensure that the performance of the comnifthe channel is a Rayleigh fading channel. In this special case,
nication link is satisfactory not only in a Rayleigh fading enthe simulated waveform is a complex Gaussian process and am-
vironment but also in an environment characterized by fadipgitude values are easily determined. Using the proposed model
more severe than Rayleigh fading. The need for a robust cofer simulating anmn fading channeln < 1, one can avoid the
munication link arises when reliability is a concern, such as ifficult task of determining amplitude values for sinusoids. Fur-
tactical command, control, and communication systems. To peiermore, the proposed model requires the generation of a com-
form computer or hardware simulation of an HF communicatigslex Gaussian process; simulation using the proposed model can
link operating over amn fading channel forn < 1, one is re- therefore take advantage of the efficient technique developed in
quired to generate a complex random process that fits a giehfor the generation of this process. In [9], a first-order hidden
Doppler power spectrum where the amplitude followsradis-  Markov model is used to model a Nakagamifading process.
tribution with m < 1. Although there are a number of knownAlthough not indicated in [9], this model can be used to gen-
techniques and simulation systems that can be used to genegadge a fading process that simulates the behavior of the ampli-
a complex Gaussian process for simulating a Rayleigh fadingie, say-(¢), of anm fading channel. After generating another
random process that simulates the phased&gyone may gen-
Paper approved by N. C. Beaulieu, the Editor for Wireless Communicati§if@t€ & complex random proces) = r(£)e’*® thatsimulates
Theory of the IEEE Communications Society. Manuscript received May @n m fading channel. The difficulty in the implementation of
1998; revised December 30, 1998 and June 7, 1999. This work was suppOfﬁg approach is to determine autocorrelation functions(o)f
in part by the Hong Kong Research Grants Council, the University Researc| . .
Committee, and the CRCG of The University of Hong Kong. This paper wz%nde(t) based on a knOWIGdge of the autocorrelation function
presented in part at GLOBECOM, Sydney, Australia, November 8-12, 19980f z(¢), which is usually given in practice. The proposed model
The authors are with the Department of Electrical and Electronic Engineerirlgj,passes generatingt) and6(t) separately, so that the diffi-
The University of tong Kong, Hong Kong (e-mail: kwyip@hkueee.hku.nky 1 o1 of determining their autocorrelation functions is not
tsng@hkueee.hku.hk).
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work of Braun and Dersch [10], Dersch and Riiegg [11] hayerts. Multiplying both sides of (3) by/¢ givesr.ei® = ¢1/2w,
developed a model for simulating Nakagamifading channels This expression implies tha{¢) can be represented by

for urban mobile communications. The model is, however, lim-

ited only for the casen > 1. 2(t) = p(t)w(t) (5)

The r_est of the_ paper is organized as follows. Ir_1 SeCt_iQ/Vhere i)i(¢) is a WSS nonnegative random process ah@)
I1l, details on the implementation of the proposed simulatiogyows a standard beta distribution with parameterand1 —
model are given. Numerical examples illustrating the use of the 4 ii)w(t), being independent gf(t), is a zero-mean WSS
propoged mo‘?‘e' follow in Section IV. Finally, conclusions areomplex Gaussian process with uncorrelated real and imaginary
drawn in Section V. parts and with an autocorrelation function

ll. SIMULATION MODEL R (At) = E{w(t)w*(t + At)} (6)

A. Theoretical Development satisfyingR,,(0) = £/m. Notice thatR.(At) andR,,(At) are

Let z(t) = r(¢)e’®® be a wide-sense stationary (WSS) comrelated by
lex random process that is characterized by the autocorrelation
B cemp y R.(AY) = Ry(Af) - Ry(AD) 7

where
R.(At) = E{2(t)2"(t + At)} Q)
R, (At) = E{u(t)u(t + At)}) (8)

and thatR,(0) = m. The representation of(t) by (5) is
the desired simulation model. One can genetdte by gen-
erating a complex Gaussian proces&) and an appropriate
square-root-beta random procegs), followed by substituting
. A _ w(t) and u(t) into (5). The complex Gaussian proces
2) 0(t) is uniformly d'St”bUte.d ovefo, 2m). caEn) be ger(u'-,?rated by an established technique, e.g.,s[tE)i]. The
3) r(®) ar_uj&(t) art_a mutual.ly independent. ) non-Gaussian processt) can be generated by a nonlinear
The probability density function (pdf) of() for an arbitrary ransformation of a Gaussian process [13]. Appendix B shows

and satisfies the following properties.
1) »(¢) is Nakagamim distributed with the second
moment & = R.(0) and the fading parameter
m = QY/E{(r(#)?* — Q)*} limited in the range
m € [0.5,1).

time ¢ is given by [2] that
2 m\ ™ 2m—1 — ’Z/Q _ —1
_2 (= 2m ma > u(t) = F—H(P(y(t 9)
pww=m={nm(9)7 e 20 (1) = P4 (@(y(1))
0, r <0 where i) y(¢) is a zero-mean unit-variance Gaussian process

(2) with an autocorrelation function

wherel'(-) is the gamma function aneh is in the range.5 < p(At) = E{y(t)y(t + At)} (10)

m < 1. Our ta_sk is to develop a simulation ”_‘Ode' that Calng i) ' and® are defined by (23) and (24), respectively, and
be used to realize(¢). In the development of this model, theF_]L is the inverse of. The relationship betweep(At) and

following lemma is required. o
Lemma 1: Let ». be anm distributed random variable with R,.(At) s given by (262) and (26b).

the second momeri {2} = Q and the fading parameter € B, Extension for Simulation of Correlated Diversity Channels
[0.5,1). Letr,, be a Rayleigh distributed random variable with
E{r2} = Q/m.If r_ andr,, satisfy the functional relationship

re =\ €re 3

where¢ is a nonnegative random variable independent,of
then¢ has a standard beta distribution with parameterand
1 — m. The pdf of¢ is given by [12]

Antenna diversity is a well-known technique in HF commu-
nications for combating adverse effects due to fading. So far
our discussion has been concentrated on simulatimg fading
channel by generating a complex random proeéss This ap-
proach is useful for simulating a communication system with
antenna diversity only if the diversity branches are indepen-
dently faded. When the antenna spacing is inadequate, nonin-
dependent fading among diversity branches occurs so that the
1 em=1(] — g)(i=m)-1 0<e<1 m fading channels used for modeling the diversity channels are
p(€) = { B(m,1 —m) ’ correlated. It gives rise to the need for simulating correlated di-
0, otherwise versity channels. In what follows, we demonstrate how to sim-
(4) ulate correlatedn fading channels forn < 1 by a simple ex-
tension of the proposed simulation model.
whereB(a,b) = I'(a)I'(b)/T'(a + b) is a beta function. Let M be the order of diversity. We assume that Mediver-

The proof is given in Appendix A. Lét be a random variable sity channels have the same fading parametesecond mo-
uniformly distributed ovel0, 27) and independent of.,r,,, ment$2, and autocorrelation functio®.(At). This assump-
and &. It follows thatw = r,.¢’? is a zero-mean complextion is appropriate for a communication system using antenna
Gaussian random variable with uncorrelated real and imaginatiyersity. In the implementation of simulation, one is given a
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knowledge of the correlation matrix= [px ¢]},—, thatcharac- ated by a known method. Let(t) = [u1(t), -+, up(t)]* and
terizes the correlation among tiié¢ diversity channels, where pw) = [ )]k ,_1- Then

lokel < 1,pii = 1 andp is real symmetric. To simulaté/

correlated channels, it is required to genefdteorrelated com- w(t) = Cu(t). (15)

plex processes,(t),k = 1,---, M, each of which has the prop-

' (w) T _ ,w)
erties ofz(¢) specified in Section 1I-A. Note that whereC is a factor ofp *” such thatCC P

To generatew(t), the matrix C must exist, which re-

E{z(t)zE (1)} quires thatp) is nonnegative definite. That is, for any
Pkt = = B & = (11) ay,az,--- an with at least one of which is nonzero, the
VE{a®OF} - E{l= ()17} condition Ek M araepl) > 0 needs to be satisfied.

and thate is nonnegative definite ([14], p. 295). Applying the Substituting (13) into this reqwrement yields

proposed model (5) to the situation under consideration, we M M M
have Z Z APl — (1 - Krn) Z ai 2 0. (16)
k=1 (=1 k=1
2 (t) = p(Hwi(), k=1--.M (12) |t is known that (16) can be satisfied if — kK, is less than

the smallest eigenvalue pf[14, Ch. 11.10]. As a practical ex-

where i);;,(t) is a WSS nonnegative random process,af)(d) ample, consider a dual-diversity systéi = 2). The smallest

has a standard pet:_:x distribution with parameterand1 — eigenvalue is — p », so that (16) is satisfied i, 2 < K.

and ii) wy,(t), being independent gf;(t), is a zero-mean WSS t can be shown that the minimum value &f,, over the range
complex Gaussian process with uncorrelated real and i |mag|n%1ry€ [0.5,1) is 0.8106. As the correlation between diversity
parts and with a variance given m’/m We assume that i) any o nnels seldom exceeds 0.8106 for practical cases of interest,
pair of u.(t) andw(t), k. £ = 1,---, M are independent, and gy j5 ysually satisfied. For diversity channels with- K,

i) () andpe(t), k # £ are mutually independent. ASSUMP- e ater than the smallest eigenvaluenof,(t)'s can be gener-
tion i) is made because it makes implementation easier and dg?esd by allowing(¢)'s to be correlated.

not affect resultant statistical properties:aft)'s. Assumption
i) leads to conditions that are usually satisfied in practice [see M

. | MPLEMENTATION FOR SIMULATION
comments after (16)]. Substituting (12) into (11) yields

Itis desired to realize a complex random procgs3in order

Kmp( )7 k£ to simulate ann fading channekn < 1, with a given Doppler
Pt =19 (w) kit (13) power spectruns. (f). The power spectrurfi..( f) is related to
Prod k=1 R.(At) by
where o
S.(f) = / cTITIALR_(AY) dAt. 17)
o) = E{wy (H)wy (£)} —o0
k¢ \/E{|wk 12} - E{|we(t)|2} Since Doppler power spectra of HF channels that are of prac-
tical interest are band-limited, we consider only the case of gen-
and erating a band-limited proces$t). Let f.,.x be the frequency
) such thatS.(f) is zero or negligible foff| > fi.x. To realize
T (ma 1 z(t), one can generate a sequence of equidistant discrete-time
E{p(®)} x B{pe®)} _ 4 2  samples(nT), T = (fmax)~ tandn = 0,£1,+£2, -, fol-
\/E (2®) - E{u2@t)y mm I'(m) lowed by interpolation to obtain the value oft) for an arbi-

trary timet, wherea > 2 is the oversampling factor. A value of
(14) o > 8isusually sufficient to generatet) without appreciable
loss of accuracy [4]. After the value ofis determined, the rest
With a knowledge ofy ¢, one can determm@ﬂ“’} by (13). Since of the procedure except interpolation directly follows from an
autocorrelation functions of, () are assumed the same for alppplication of the proposed simulation model.
k's and are given byk.(At), for convenience in the implemen-  The procedure is given as follows.

tation, we assume that autocorrelation functionggf)'s and 1) ComputeR.(An - T,),An = —N,--- N, by (17),
wy(t)'s are given byR,,(At) and R,,(At), respectively, both where N is a a sufficiently large integer. This sequence
of which are independent &f Note thatR. (At), R, (At) and of R.(An - T}) is used in generating(n7)'s so that a
R, (At) are related by (7). AfteR,,(At) is determined, one can greater value ofV improves the accuracy of the auto-
generate each @fi(¢),k = 1,---, M, by a nonlinear transfor- correlation property of the generatethT;)'s, although

mation of a Gaussian process as shown in Appendix B. Gen- more computation is required.
eration ofw(t) = [wi(t),---,wx(#)]* can be accomplished 2) Select an appropriaig At). Since (7) implies tha$. (f)

by the following method. Let(t), & = 1,---, M, be mutu- is given by the convolution between the power spectrum
ally independent zero-mean complex Gaussian processes, each of u(t) and that ofw(¢), and sincez(t) is band-limited
of which has an autocorrelation functid®,,(At¢) and uncor- t0 fimax, it follows that p(t) andw(t) are band-limited

related real and imaginary parts. Eachugft)'s can be gener- to at mostf,ax. As u(t) is generated fromy(t) by (9),
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TABLE |
R, (At)/R,(0) VALUES AGAINST p(At) FOR0.5 < m < 1. NOTETHAT R.(0) = m

) R, (A)/R,(0)
m=05 _ 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
~1.0 06366 0.7028 0.7612 08122 08562 08936 09248 09503 09708 0.9871
—09 06550 07162 0.7704 0.8180 0.8594 0.8951 09253 09504 0.9708 0.9871
0.8 06728 07297 0.7801 0.8245 0.8634 0.8972 09262 09507 09709 0.9871
07 06906 07433 07901 0.8314 0.8679 0.8998 09275 09511 09710 0.9871
~0.6 0709 07569 0.8003 0.8388 0.8728 0.9028 09291 09518 09711 0.9871
-0.5 07252 07706 08108 0.8465 0.8782 09063 09311 09527 09714 09872
—04 07424 07843 08215 0.8545 0.8840 09101 09334 09539 09719 09872
03 07594 0.7980 0.8323 0.8623 0.8900 09143 09360 09553 09725 0.9874
02 07764 08119 08434 08714 08964 09188 09390 09570 09732 0.9875
0.1 07934 0.8259 0.8546 0.8802 09031 09237 09422 09590 09741 0.9878
00 08106 08400 0.8660 0.8893 09101 09288 09458 0.9612 09753 0.9881
0.1 08278 08543 0.8777 0.898 09173 09342 09496 0.9636 09766 0.9886
02  0.8452 0.8688 0.8896 0.9082 09249 09400 09537 09663 09781 0.9891
03  0.8628 0.8835 09018 09181 09328 09460 09581 0.9693 09798 0.9898
04  0.8808 0.8986 09143 09284 09410 09524 09629 09726 09818 0.9907
0.5  0.8990 09140 09272 09390 0.9496 09592 09680 0.9762 09840 0.9916
06 09178 09299 09405 0.9500 0.9586 09663 09734 09801 09865 0.9928
07 09370 0.9463 09544 09615 09680 09739 0.9793 09843 09892 0.9942
08 09570 09633 09688 09736 09780 09819 0.9856 0.9890 0.9924 0.9958
09 09780 09812 09839 09864 09886 09906 0.9924 0.9942 09959 0.9977
1.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000

y(t) is most often band-limited to at mogt,.... It is rec-
ommended that a convenient choicepOAAt) is selected,

it is recommended thaf,,(f) may be modified by the
following steps.

where a) SetS,(f) = 0 whereverS,,(f) computed by (20)
O omsat is negative.
Sy(f) = /ﬁ e TS p(At) dAt (18) b) SetS,(f) = 0for |f] > fumax-

c) Scale the resultant S,(f) such that

ffooo Sw(f)df = R'w(o) = Q/m
Although autocorrelation properties of the generatgdl

vanishes or is negligible fdif| > finax-
ComputeR?,,(An-T,) from p(An-T,) by (26a) and (26b)

or with the aid of Table I, which lists th&,,(At)/R,,(0)
values against(At). Then compute?,,(An-T;) by (7).
To ensure thatv(¢) can be realizedR,,(At) is required
to satisfy tha{R,,(At)| < R,,(0) andS,.(f) > 0 for all

f,» where

is the power spectrum ofw(t). If the selected
p(At) cannot yield R,(An - T,)'s that satisfy
|Ry(An - Ty)| < R,(0), another choice op(At)
should be made, and Step 2) should be repeated. How-
ever, selection 0b(At) that satisfiess,,(f) > 0 forall f

is rather difficult. Appendix C shows th#&,,(f) can be
computed by (20), shown at the bottom of the page. For
a givenp(At), it is possible that the computes,(f)

is negative for som¢, although the contribution of this

eTITIA R L(AL) dAE (19)

4)

5)

deviate from the desired ones as a result of this modifica-
tion, numerical results of Section IV demonstrate that this
deviation is small. The modified,,(f) is used to com-
pute new values oR,,(An - T5).

Based on the selectgdA¢) or S, ( f), generate Gaussian-
distributed sampleg(nT;) by a known method. A com-
putationally efficient method is preferred. Then generate
u(nT,) fromthe generated(nT;) by (9). In (9), although

a closed-form expression ¢t —1(®(-)) is available only
form = 0.5 (see Appendix B), for other values of, nu-
merical routines are easily implemented for computation
of this function.

Generate complex-Gaussian distributed sampled?,)
based on the modifieds,,(f) or the new values of

R, (An - T,). Again, an efficient technique is preferred.

6) Computez(nT;) by (5).
To simulate correlated diversity channels, one is required
negative part to the totdl,, ( /) is usually not significant. to generatez(t)

[21(8), -, 2 (#)]T where each of

In addition, S,,(f) computed by (20) is not limited for z;(¢),- - -, za(t) has a Doppler power spectruf.(f) given
|f| € fmax- Instead of carrying out the difficult task toby (17). A sequence of equidistant discrete-time samples

find a particularp(At) that makesS,,(f) > Oforall f, z(nT,), T, = (Cfmax) > andn = 0,41,42, --- is first
N
T.{ R, (0 2 Re [R,,(An - T, —j2r fAR-T, ’ < 1/(2T,
Sulf) = { O)+2 ) Re[Ru(an-T)e It sen) 20

0

7

otherwise
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generated, followed by interpolation to obtain the value(@j sinusoids method. Parameters of the sum of sinusoids method
for an arbitrary timet. The procedure for generatiggnT,) used in generating(n7;) andw(nT,) were computed based
follows from the one for generating(n7;) described above, on the procedure of [8].The value ofz(nT,) was computed
except that an additional step is required to computeZ;) from u(nT;) andw(nTy) by (5). After z(nT)'s were gener-
from the generated(n77) by (15). In applying (15), different ated, 2((n + (1/2)T3), n = 1,---,10% were computed by
factorization methods can be used. However, Cholesky fasiecewise-constant interpolation. A total ®fx 10* samples,
torization is preferred. It gives a lower triangular mat€@ixso i.e., z(nTim), n = 2,- -+, (2 x 10* + 1), whereT}, = 1,/2,

that some of the steps in multiplication and addition can heere finally obtained.

eliminated in simulation. This reduces the computation cost. Fig. 1(a) and (b) plot the cumulative distribution functions
(cdf’s) of the amplitude and phase, respectively, computed from
the2 x 10* generated(n1%;,,) samples. The cdf of the: dis-
tribution withm = 0.5 and? = 1, and that of the uniform dis-

A. Example 1 tribution for the rangd0, 2), are also plotted for comparison

A realization ofz(t) was generated based on the proceduRaIrposes. It is apparent that the distributions of the generated

given in Section IIl. For illustration purposes, we assumed the@mples fit closely to the desired ones. Fig. 1(c) plots the auto-
m = 0.5 andp(At) = 1. A double-Gaussian spectrum wagorrelation function computed from the generated samples and

IV. NUMERICAL EXAMPLES

used the one for the double-Gaussian spectrum. It is shown that the
generated autocorrelation function is close to the desired one.
1 1 2 The result indicates that despite the need to truncate the original
_ f — ’meax . .
S.(f) = ? expl—5 | ——F— Sw(f), the loss of accuracy in the autocorrelation property of
2v2mfa fa the generated samples is small.

+ exp

(] + 7 max
2 < fa ) B. Example 2

o R_(At) = cos(2my fuman M) X exp[—2(nfat)?]  (21) In this example, we consider simulating a dual-bragfeh=
N 2) diversity channel with correlated fading by generatig =

where fa = (1 — v)fmax/3 and we arbitrarily selected [21(t), z2(#)]* using (12). I'g is assumed that the correlation be-
~v = 0.5. This value off» was chosen in order to ensure thatVéen the two branches jg ; = p2, = 0.6 and that the
S.(f) is negligible for|f| > fuax, SO that the Doppler powerfad'”g paran"_neter g = 0.9. These two values are arbitrarily
spectrum under consideration can be considered band-limitgglected for illustration purpose. Furthermore, we assume that
The double-Gaussian spectrum was selected because it is‘ag= 1@ = 10 andS.(f) is given by (21) withy = 0.5.
propriate for modeling Doppler power spectra of HF channelsWe generated 10 samples of z(nT) by geni:eratmg
[1]. Although a symmetric spectrum is used here for simplicity("Z>) and W(”Ts)T where p(t) = [pa(f), n2(t)]” and
realistic spectra for HF channels are usually asymmetric [12;’.(0 = [wa(?), w2(t)]". Generation of each of the indepen-
An oversampling ratio ofe = 10 was employed. ent time seriequ;(n7,) and po(nTs) followed the same

We first computed®. (An - T,), An = —N,---, N, where procedure as in generatingn1) in Example 1. The same

N = 1000 was arbitrarily chosen. For the sake of conveniencé{2t), given by (22) was used in generating(n7;) and
we selected p2(nT,). As a result of this particular choice of(At),

0.20% of the originalS,,(f) needed to be truncated. The

1 1 w(nT;) was generated by (15). Generation of each of
Sy(f) = \/2_—exp{—§(f/fy)2} the time seriesui(nT,) and uy(nT,) also followed the
mfy ) procedure of generatingy(nZ;) in Example 1. The time

= p(At) = exp[-2(n f, At)7] (22)  series z(nT,) was obtained by substituting the generated

_ . w(nTy) and w(nTs) into (12). After the time serieg(nT5)
where f, = fmax/3 Was used so thaf,,(f) is negligible for ¢ generatedz((n + (1/2))T3),n = 1,---,10%, were
/1 > fmax- Based on the selectedAt) and values oR. (An- computed by piecewise-constant interpolation. A total of
T5), we computedt, (An-T;) and Ry, (An - T5). ThenSu(f) 2« 10* samples ofz(nTuwm), Tom = T5/2, Were obtained.
was computed frerw(AnTS)values by (20). Folif| > fax Fig. 2(a)—(c) plot the cdf's of amplitude, phase, and auto-
and at frequencies where comput€gd(f) values were nega- cqrelation functions, respectively, computed from each set of
tive, we setS,,(f) = 0. The resultants,,(f) was scaled s0 5 y 19t generated samples,(nZyu), k = 1,2. The desired
that {2 S, (f)df = @/m = 2. It was found that 3.26% of s and autocorrelation functions are also plotted. It is ap-

the originalS., (f) were truncated. A total of T0discrete-time parent that computed autocorrelation functions and cdf's are
samples (nT;) were generated by the following procedure. The

Gaussian-distributed time serig@: 7 ) was generated by an ef-
flCI?ﬂt technique based on Rice's sum .Of SIﬂUS.,OIdS (8] The IM&0one of the reviewers pointed out that statistical propertigs/of T’ ) } and
seriequ(nT;) was generated from the time seriggT;) by the {w(nT.)} generated by the sum of sinusoids method can be verified analyti-

nonlinear transformation given by (9) The complex Gaussi&plly by the closed-form expressions of [8], so that the autocorrelation and phase
istribution of the generated (n T, )} can be verified before(nT)'s are actu-

.time Serie&U(”TS) was generated by separately generating tl&ﬁy generated. This advantage enables more rapid verification of the simulation
in-phase and quadrature-phase components based on the suatcofacy for the selected set of parameters.
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Fig. 1. Statistics computed from the generated sampleétofin Example 1: (a) cdf of amplitude, (b) cdf of phase, and (c) autocorrelation function. The desired
cdf’s and autocorrelation function are also plotted.

close to the desired ones. We also computed the correlation menerating a complex Gaussian process and a square-root-beta

trix ¢ from the generated time serieg(n7y;y,) andz2(n1sy,) random process. Application of the proposed model to simulate

and found that correlatedm fading channels has also been demonstrated. In
numerical examples, it has been shown that statistical properties
of the samples generated from the use of the proposed model are

R 1.0000 0.6016 + 0.0289; close to the required ones.

P = 10.6016 — 0.02895 1.0000
In comparison with the desired correlation matpixp; » = APPENDIX A
p21 = 0.6 andp; 1 = p22 = 1), itis apparent that the com- PROOF OFLEMMA 1

puted correlation matrig is close top. )
Letc. = 72 andc,, = 72,. The proof can be accomplished by

taking Mellin transform on both sides of = £¢,, and noting
V. CONCLUSION that the Mellin transform ofc¢,, is the product of the Mellin
transform of¢ and that ofc,,. An alternative proof can also be
We have proposed a simulation modelfafading channels, obtained by using the fact that and¢,, are gamma random
m < 1. The model reveals that an fading channelm < 1, variables and that a beta random variable can be expressed as a
having a given Doppler power spectrum can be simulated katio of two gamma random variables [12, Ch. 25.2].
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Fig.2. Statistics computed from the generated samples(of andzz(t) in Example 2: (a) cdf’s of amplitude, (b) cdf’s of phase, and (c) cdf’s of autocorrelation
functions. The desired cdf’s and autocorrelation function are also plotted.

APPENDIX B unit-variance Gaussian random process with an autocorrelation
REALIZATION OF pi(t) functionp(At) = E{y(t)y(t + At)}. Itis known that(¢) can

Let F(x) be the cdf of a square-root-beta random variabEze generated by the nonlinear transformation [13, Ch. 3.1.1]

with parametersn and1 — m, and let®(x) be the cdf of a p(t) = g(y(t)) (25)
standard normal random variable. It follows that
whereg(z) = F~1(®(z)). In addition,R,,(At) andp(At) are
F(z)=I2(m,1-m), 0<z<1 (23)  related by ([13, eq. (3.7)]

and 1

R, (At) :/_Oo /_mg(yl)g(y2)m

Ui + 3 — 2p(A)y1y2

; _ 2
respectively, wheré, (a,b) = (B(a, b))~ " [;'t* 1 (1—t)"1dt 21 p(At)A) 26
is the incomplete beta function. Note that in the special case of p(At) # £1. (262)

= _ s =1 i . L.

m = 0.5 F(x) = (2/m)sin"w for0 < x < 1. ltis easy to | gpecial cases gf( At) = +1, it is easy to show that
show thatF'(x) is a strictly increasing function far < = <1
and is bounded by'(x) € [0,1]. If we specify that"~*(v),  p (Af) = {mlv p(At) = +1
the inverse ofF’, gives a value withir0,1] for 0 < v < 1, " Jo F @) Pt (1 —a)de,  p(At) = —1.
then F'~! exists and is unique. Let(t) be a WSS zero-mean (26b)

O(z) = (2r)" /2 / 2t (24)

—o

- €Xp {— dy1 dy,
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Numerical integration of (26a) is made easy by using the trans{3]

formationy; = x; andyy = p(At)z; + (1 — p(At)2) 21,
followed by another transformation; = (2s)'/2cosf and
z2 = (25)/?sin 6. It follows that (26a) can be simplified to

R, (At) = %/0 i /000 g(v/2s cos ) - g(p(At)v/2s cos 0

+ /1= p(At)2V/2ssin6) - ¢~ ds df,
p(A) # £1.

The inner and outer integrals can be readily computed by thds8]
Gauss—Laguerre rule and the Simpson's rule, respectively. Table

| lists the computedi,, (At)/R,,(0) values againsp(At) for
0.5 < m < 1. Note thatR,,(0) = m.

APPENDIX C
PROOF OF(20)
Consider
Ry(At)= > Ry(An-T)6(At—An-T.). (27)
An=—00

Itfollows that R, (At) = R, (AH) X _ . 8(At—An-T}),

so that
su0= |

=5y S (-5

s
An=—o0

eTITIAR L (AL) dAE

(28)

where * denotes convolution. In general, there are nigytyf)'s

that yield the sames,,(f). Since we are desired to generat
w(t) only at equallyZ;-spaced time instants, by the samplin
theorem it is only necessary to considef.a( f) that is band-

limited for | f| < (27%)~*. In this special case

Su(y = { Bx Sl 1< 2t

0, otherwise (29)

Taking the Fourier transform of (27), and noting t#&t(An -
T,) = R (—An-T,) and only a finite number aR,,(An-T5)'s

are available, we get (20).
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