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Numerical Analysis of Nonlinear Soliton
Propagation Phenomena Using the
Fuzzy Mesh Analysis Technigue

P. Shum and S. F. Yu

Abstract—A novel numerical technique, the fuzzy mesh analysis using SSFM include: 1) a large number of sampling points
technique, is developed to study the nonlinear propagation phe- is required (e.g., larger than 200 sampling points) and 2) fast
nomena of solitons in an optical fiber. The main advantage of this Fourier transform (FFT) is heavily used to transform solutions

technique is the variation of mesh size with the shape of soliton bet ti df d . t h fi t
pulses along the propagation distance such that: 1) the calculation etween ime and Irequency domains at each propagation step.

efficiency can be enhanced and 2) the number of sampling points It is noted that for a propagation distance of one soliton
can be greatly reduced. It is shown that the fuzzy mesh analysis period FFT can be used as many as 3000 times, and the
technique is capable of analyzing the propagation phenomena of cumulative errors are unavoidable [12]. In order to minimize
high-power solitons, pulse compression, and soliton interaction {he cymulative error, FSAT is developed to operate entirely
in an efficient manner. . . . . . _
in the frequency domain. This technique is efficient when
_ Index Terms—Modeling, optical fiber communication, optical the required number of sampling points is small. However,
fiber theory, optical solitons. the computational efficiency of FSAT reduces significantly
with the increase of sampling points. This is because the
I. INTRODUCTION number of first-order partial differential equations as well as

PTICAL solitons have enormous potential in the applicz%he computational time increase with the number of sampling

tion of long-haul high-speed optical fiber communicatior[?o'rr:ttshit;e“;g ;JrS?/Sem r?eofsrs(?aur?gsgl ?Szn;a”%([alszh]'a[:;].sis tech-
systems [1], [2]. Soliton phenomena can also be used for signa| Paper, we prop . y ysis
X o . nique (FMAT) to minimize the required number of sampling
compression and for switching purposes [3]. It is noted that: =~ ° Vi i : . h i
for short-distance soliton communication (around 1000 km),Fl)tOlnts In solving soliton propagation. In Section ll, the soliton

is possible for the soliton transmission speed to be more th%%uatlon is solved by splitting the corresponding nonlinear

100 Gbit/s [4]. However, for long-distance transoceanic So“td)namal differential equation into two simpler parts which can be

S . calculated easily, either analytically or numerically, in the time
communication over 10000 km, the transmission speed S . 2 L0
o : : . : .. domain. In addition, the mesh size is controlled by the shape
limited to 5—40 Gbit/s due to various dispersion and amplifier, . . .
. . of the soliton pulse such that the number of sampling points
conditions [5], [6]. Therefore, the study of soliton propaga- L . . -
tion in an ontical fiber is required in order to ootimize théjsed can be minimized. In Section Ill, the numerical efficiency
P . quired 1r P . of FMAT is examined. It can be shown that the FMAT is more
performance of soliton communication systems for various,. . . . .
applications efficient than others [7]-[13] in the analysis of higher order

The inverse scattering method (ISM), perturbation methgglltons, pulse compression, and soliton interaction.

(PM), split-step Fourier method (SSFM), and Fourier series
analysis technigue (FSAT) are methods available to study
propagation phenomena of solitons in an optical fiber [7]—[13].
ISM gives an analytical solution to the propagation of solitons
in a lossless fiber. For higher order solitons, the complexify: The Implementation of the Fuzzy Mesh Analysis Technique

and difficulty of finding exact solutions using ISM will be The general nonlinear soliton propagation equation which

greatly increased. If the consideration of fiber loss is requireéiciudes dispersive and nonlinear effects is given by
an exact analytic solution cannot be obtained by using ISM. In

order to deal with fiber loss, PM should be adopted. However, I 1 82
the limitation of using PM is that the loss factor in the soliton 9z 3012
equation cannot be greater than a certain value, otherwise

inaccurate results will be obtained. o where u(z, T') is the normalized complex amplitude of the
SSFM is a numerical technique with which fiber loss cagyiton pulse ; is the normalized distance along the direction
be taken into consideration. However, the d'sadvantageso?fpropagation and’ is the normalized time. The first and

Manuscript received February 12, 1998; revised May 25, 1998. This wogecond terms on the right-hand side of (1) are the group
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Input pulse, u(x=0,T)

U(X:O,T) V

The nonlinear part is solved | _ u(x,T)
analytically in time domain

u(x+Ax/2,T)‘

The linear part is solved
numerically in time domain
Mesh control is applied and
sampling profile is modified

for nex calculation

Is total propagation
distance reach?

u(x+Ax,T) —u(x,T)
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5) u(x + Az, T) obtained from 3) is used as the initial
condition for solving the nonlinear part of another prop-
agation distance provided that the propagation distance
is not reached.

Steps 2)-5) are repeated until the required propagation distance
is reached.

In the following paragraphs, the methods to solve the

nonlinear and linear parts of (1) as well as the principles of
mesh control are discussed in detail.

B. Solution of the Nonlinear Part

The nonlinear part of (1) can be solved analytically in the
time domain. This can be done by solving the first derivative
of |u|?
du

oul*  ou* .
dz _“ax tu ax’ “)

Substituting (2) and its conjugate into (4) wiitf0, 7') as the
initial pulse shape yields an analytical solution of (2) which

NO is given by
u(w, T) = (0, T) exp[;2|u(0, T)|*x]. (5)
Stop C. Solution of the Linear Part
Using the finite difference approximation, (3) can be ex-
Fig. 1. Flowchart of the FMAT. pressed as
be expressed as follows: U1 — Un :jl i1 )
1ou . ) 2h 2 012
3 97 = jlul"u 2) _ _
2 wheren is an integer,h = Az, andw,, = u(nh, T). Let
10w ;107 3) M=wu,andN =u then (6) becomes
20z Y2017 - Tt
It is obvious that error that arises from operator splitting N M= ih 9*N 7
is proportional to the choice oAz (i.e., propagation step). T = IN e )

This is because af\x — 0, Au/Azx — Ju/dxz such
that the summation of (2) and (3) gives back to (1). Th
kind of splitting technique has been applied to discretize th

i‘ghe calculation error of (7) can be estimated from the total
gsidueR, defined as

distance variable for the numerical solution of nonlinear partial ™

differential equations. In addition, it is found that the operator

RIZRi (8)

splitting in numerical analysis is of second-order accuracy and i=1

unconditionally stable [11], [14]-[16]. The nonlinear part (2
can be solved analytically in the time domain, and the linear
part (3) can be calculated by finite-element analysis technique

The use of FMAT in solving (2) and (3) is shown in Fig. 1.
The computational procedures can be explained as follows.

?Nherei(: 1,2,3,---,m) is an integer andn is the total
number of elements. The residue of tite elementR; is
given by

O’N 1

@iq1 2
1) The input pulse shape(xz = 0, T) is set for compu- R; I/ [W tig (N — M)} dr )
tation (e.g.,u(x = 0, T) = sech(T) for fundamental “

soliton).

wherea; anda,;+; denote the node distribution ef,.

2) The nonlinear part is solved analytically in the time The solutions of. at the propagation distance,andz+Ax

domain for a propagation distance 4fc/2.

3) u(z + Az/2, T) obtained from 2) is used as the
initial condition for solving the linear part for another

propagation distance oz /2.

4) Mesh control is adopted each time after the calculation
of the linear part such that the sampling profile can be

optimized for the next calculation.

can be expressed as

M= zn: M, (10)
=1

N= zn: N; (11)
=1
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where M; and N; are defined on théth element. Using the

piecewise cubic interpolant, both/; and V; are given by Using cubic shape functions
from (14) - (17), temporal
pulse shape of u(x,T)
is obtained

M; =Sy_3yi + Ssi—oy; + Ssic1yit1 + Saitfi,  (12)
N; =S4 32 + Sai02; + Sai12i41 + Swiziy (13)

where y; and 3} (»; and z}) are the values ofu, (t,+1) i
and its gradient, respectively, at tith node. The parameters Turning points from the
S, Sai—1, S4i_2, and Sy _3 in (12) and (13) are the Shape temporal soliton are located

functions of,,. In fact, theseS parameters can be approxi-
mated by general cubic expressionsiofwvhich are given as
follows:

Sampling windows and

S4i—3 mesh size are assigned B
_ af_i_l(aiﬂ - 3ai) + 6a,a; 411 — 3(@1‘ + CLZ‘+1)T2 + 277
(@it1 — a;)?
(14)
Syi—2
—aiag_’_l =+ (QCLZ‘ =+ ai+1)ai+1T — (2ai+1 + CLZ‘)TQ + T3
- . — a:)2
(@it — ai) Is optimal mesh
(15) size obtained?
Sai—1

af(3ai+1 — CLZ‘) — 6aiai+1T + 3(ai + ai+1)T2 — 27"
(ait1 — ai)®

(16)
and New set of a; is obtained
Sii
_ —alaip + ai(a; + 20,41)T — (20, + ai41)T° + T2 Y
B (CL7‘,+1 - ai)Q '
a7 u(x,T) is calculated

Using (8), the stationary conditions of R are given as follows:
JOR OR _
0z, 0z, . i .
J J where A is defined in (23), shown at the bottom of the next
where j (= 1,2,3---, m + 1) is an integer. For theth page, and
element, the stationary conditions -

Fig. 2. Flowchart of the mesh control.

(18)

Ill M 1
OR _ OR _ IR _ oR —0 (19) 2 ]17
Oz; 0z  Ozip1 0Ozl 2 2,M
1 2
must be satisfied. Using (9), the first term of (19) can be 2/2 I3 pp + 15 0
expressed as z=| *2 d= |I; y+ 15 u (24)
@it1 @it1 .
gR =z / Ffi_ng—i-Z; / F47j_3F47j_2 dr 2 ) 172, M +IS,J\4
24 a; a; “m+1 .
@it , @it L2 g1 '
+ Ziy1 / Py Py 1 dl + 2z, / L
a; @i . Qit1
gt I = FF; dT 2
Py g Py dT — % / Py M dT (20) "7 /az- £ d (23)
e and
where : ait1
1 Loy = / F;MdT. (26)
F,=8"+j-5. (21) @i

h The above system of equations can be solved to find the values
Other terms of (19) can also be obtained in a similar approaéti.z and 2’ after a propagation distance &fz/2.
With the consideration of alh elements, we can obtain the

global system of equations below: D. Principle of Mesh Control
7 The idea of mesh control is to make use of the available
Az ==d (22) . ) - .
h sampling points for minimum calculation error such that the
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Fig. 3. Propagation of a fundamental nonlinear soliton pulse in an ideal fiber: (a) analytical result obtained by ISM (solid line) and (b) numerical
result obtained by the FMAT (solid dots).

numerical model can be more efficient. Different techniques of
mesh control such as adaptive grid control have been utilized
to solve the linear and nonlinear problems [17]-[21]. The
algorithm for the mesh control applied in our analysis is shown
in Fig. 2, and the corresponding computational procedures can
be explained as follows.

1) Using the cubic shape functions (14)—(17), the temporal
soliton pulse shape at a particular propagation distance
is deduced as a function df.

2) Based on the calculated cubic shape functions, both the
temporal pulse shape and slope«t, T) are obtained. , - S
Hence, the turning points (i.e9u(z, T)/8T = 0) can
be located by comparing the variation of the slope of

3) #;xe’ (ﬁ)s-tribution of sampling points is defined within a ZLgd A'E.M’gr(?mputational error versus soliton propagation distance for FSAT
sampling window along th& axis. The left and right
boundaries of this sampling window are defined as the 4) The procedures of assignment of mesh sizes can be

FSAT

Computational Error (%)

magnitude ofu(z, T') just below 10°3. Based on the described as follows.
location of turning points, new values of mesh sizes as e The number of turning pointsV,, is counted
well as a; are assigned. within the sampling window.
L, L, s Ity ]
Ity Iy I Iy 4
Iy I3 I3;4+15; I3, +126 Iz, IZ g
A= I%,4 121,4 I§,4+152,6 Ii,4+lg,6 13,7 Ig,s (23)
S g Zo+I15g Eg+1I§,, I35, +I5
Ig,s Ig,s I%s"‘lg, 10 Ig,s"‘ff’o,lo 1120,11 "‘I?o,m
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Fig. 5. Propagation of a second-order nonlinear soliton pulse in an ideal fiber. The results (solid dots) are computed by FMAT with mesh control.

*  The sampling window is subdivided int§¥;;, + 1 unchanged along an ideal fiber. Fig. 3 compares the numerical
regions with the turning points as the boundarie®sults (i.e., obtained by FMAT) and exact solutions (i.e.,
of each subdivided region. obtained by ISM) for the propagation of a fundamental

*  The sampling points within each subdivided resoliton of one soliton period, (one soliton period in our
gion are equally spaced, but the number of sanpresented analysis is equivalent 4¢g2). For the numerical
pling points NV; can be different between subdi-calculation, the number of sampling points is set to 100 and
vided regions. one sampling window is utilized. It is observed that the mesh

o If u,; anduy; (i.e., upy; > uy;) are the boundaries size of the input pulse is evenly distributed but changed
of u(x, T') within a subdivided region/V;, can dramatically with the propagation distance. In addition, the
be defined asV; = R, - (u,; — w;), where mesh size is concentrated around the regidn< 7" < 4. The
R; is a tuning factor.R; is adjusted such that numerical calculation obtained by FMAT also shows good
the summation of sampling points within eaclagreement with the analytical one. The influence of mesh
subdivided region is equal t;, control in FMAT on the computational speed and accuracy is

« If the total number of sampling points assigne@lso analyzed. The calculation given in Fig. 3 is repeated for
to each subdivided region is more (or less) thatihe case of equidistant spacing (i.e., without mesh control).
the available sampling points of the samplindt is found that the computational time is about the same
window, the above procedures are repeated fémpproximately 5 min run on an IBM PC/Pentium with a
a different R; until the optimal mesh size is 200-MHz clock rate), but the calculation error is increased

achieved. by double when compared with the case with mesh control.
5) Hence, new values af(z, T') can be calculated using Hence, it is shown that the mesh control subroutine only takes
(13)—(17) with the optimized node distributias. up a small amount of CPU time but significantly reduces the

Using this mesh control, more information of the solitoffalculation error of the numerical mode_l. .
pulses can be obtained but without increasing the total numbef" 0rder to demonstrate the computational efficiency of the

of sampling points. Hence, the computational efficiency arioPosed FMAT, the calculation error of FMAT is compared
accuracy can be improved with FMAT. with that obtained by FSAT. Fig. 4 shows the computational

error of FMAT and FSAT for the calculation of long-distance
propagation of a fundamental soliton. The number of sampling
points used in both techniques is equal to 18 and the compu-
For a fundamental soliton pulse of shap€0, T) = tational error is calculated at various propagation distances by
sech(T), it is well known that its pulse shape should beomparing with that from exact solutions. The computational

I1l. NUMERICAL RESULTS
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@ Fig. 7. Propagation of a third-order nonlinear soliton pulse in an ideal fiber.
The results (solid dots) are computed by FMAT with mesh control.

A e

of the input soliton pulse is given ag0, 7') = 2sech(7). In
T the calculation, the total number of sampling points used is set
? to 100 (i.e., distributed betweenl10 < 7" < 10). As shown in
o ' the figure, the mesh size and the distribution of the sampling
‘ : . window vary nonuniformly along the propagation distance.
1 It is observed that the sampling points concentrate near the
turning points of the soliton pulse. For the propagation distance
nearx = z,/2 (where the peak power is maximized but the
pulsewidth is minimized), the distribution of the sampling
window reduces from-4 < 7" < 4to -1 < 7 < 1. The
. pulse recovers to its original shapemat z,.
wﬂ* & : For a second-order soliton, the exact solution can be ob-
e T J% tained by ISM and is given by (28), shown at the bottom
O 4 G5 W b4 w2 0 02 04 65 o8 i of the page, wherey /n, = 1/3 for w(0, T) = 2secHT).
(b)T In order to show the computational efficiency of the FMAT,
Fig. 6. Normalized power versus normalized time for a second-order solitthe numeriqal reSl.,lltS Ofu(. T)|2- a o 20/ computed
p:ﬁ.se .at:r =x/4 obtglined by FMAT (a) with (solid dots) and (b) Withoutw FMAT with (So.hd dots) anq without (C|rc_les)_ using mesh
(circles) mesh control. The solid line shows the analytical solution of tfeontrol are examined, see Fig. 6. The solid line shows the
soliton pulses. analytical solution given by (28). As shown in Fig. 6, the
original shape of the soliton pulse is recovered by FMAT
error Er(z) is defined as with mesh control. However, FMAT without mesh control
. needs at least five times the number of sampling points to
2wz, T) —u(z, T recover the original pulse shape. This is because the rapid
Er(z) = ET: ( ue)(aj’ T)( ) x 100% (27) change of the soliton pulse shape can be accurately described
—40

by the redistribution of mesh size but without increasing the
whereT, = 4 and the subscripts and ¢ stand for calculated total number of sampling points. It is noted that 63% of total

and exact, respectively. As we can see, the computational esampling points are utilized to describe the rapid change of
arising from FMAT is constant but that by FSAT increasethe soliton pulse for the case with mesh control but only 13%
linearly with the propagation distance. for the case without using mesh control.

Fig. 5 shows the propagation of a second-order soliton pulseFig. 7 shows the propagation of a third-order soliton pulse
along an ideal fiber for one soliton period. The initial conditioalong an ideal fiber for one soliton period. The initial condition

[ = S

Y

dm(m +m)
u(a:, T) — |772 - 771|

2
+ 4
cosh[2(m + n2)T] + <m 772) cosh {2(772 — )T+ — 2 5 cos[2(n5 — 77%)37]}
M2 — M (e —m)

e—iie [cosh(2772T) + 12 cosh(2m, T') ¢=20 (3 _’7%)”’}
m

(28)
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of the input soliton pulse is given by(0, ) = 3sech(7).  [8] V. E. Zakharov and A. B. Shabat, “Exact theory of two-dimensional

The number of elements used in the calculation is also set self-focusing and one-dimensional self-modulaton of waves in nonlinear
L . media,” Sov. Phys. JETRjol. 34, no. 1, pp. 62-69, Jan. 1972.
to 100 (distributed between10 < 1" < 10). The solid dots 9] H. A. Haus and M. N. Islam, “Theory of the soliton lasetEEE J.

indicate the nonuniform distribution of the sampling points.  Quantum Electron.yol. QE-21, pp. 1172-1188, Aug. 1985.

It is observed that the mesh size as well as the distributi&lf! J- A- Giannini and R. I. Joseph, “The propagation of bright and dark
solitons in lossy optical fibers/JEEE J. Quantum Electronyol. 26, pp.

of the sampling window are varied effectively when single or  2109-2114, Dec. 1990.
multiple pulses are formed during the propagation. In additiod1] R. H. Hardin and F. D. Tappert, “Applications of the split-step fourier

L : : method to the numerical solution of nonlinear and variable coefficient
the original pulse shape of the input pulse is recovered at |~ equations, SIAM Rev.vol. 15, pp. 423423, 1973,

z = z,. This example indicates that FMAT is also capable gfi2] H. Ghafouri-Shiraz and P. Shum, “A novel method for analysis of soliton
controlling the mesh size over high-order pulse compression. gg%pf;%égiog in Ol%éacs?l fibersEEE J. Quantum Electronyol. 31, pp.
L . : . . . —200, Jan. :
Th? redistribution of sa_mpllng points is also possible if MOrR3) p shumand S. F. Yu, “Improvement of Fourier series analysis technique
soliton pulses are excited. by time-domain window function,YEEE Photon. Technol. Lettvol. 8,
pp. 1364-1366, Oct. 1996.
[14] J. A. C. Weideman and B. M. Herbst, “Split-step method for the solution
IV. CONCLUSION of the nonlinear Schrodinger equatior§1AM J. Numerical Anal.yol.
o o ) ) 23, no. 3, pp. 458-507, June 1986.
Due to the periodic variations of high-power solitons, ulf15] T.R. Taha and M. J. Ablowitz, “Analytical and numerical aspects of cer-
; inq tain nonlinear evolution equations. Il. Numerical, nonlinear Schrodinger
trash_arp pulses are _beln_g created sqch that a Igrge sampling equation,”J. Comput. Physyol. 55, pp. 203-230, 1984.
density may be required in the numerical calculation. In orders] F. if, . Berg, P. L. Christiansen, and O. Skovgaard, “Split-step spectral

to improve the Computational efﬁciency, a new numerical method for nonlinear Schrodinger equation with absorbing boundaries,”

; ; ; J. Comput. Physyol. 72, no. 2, pp. 501-503, Oct. 1987.
technique, FMAT, is developed. The main advantage of FM -57] Z. Wanxie, X. Zhuang, and J. Zhu, “A self-adaptive time integration al-

is the redistribution of mesh size with the shape of soliton ~ gorithm for solving partial differential equationsippl. Math. Comput.,
pulses such that the sampling density can be greatly reduced. vol. 89, pp. 295-312, 1998.

. . . . . 18] D. Yevick, J. Yu, and F. Schmidt, “Analytic studies of absorbing and
It is shown that, in our calculations, with real time control of™ ;¢ jance matched boundary layel€EE Photon. Technol. Letiol.

mesh size taken into consideration, the propagation behavior 9, pp. 73-75, Jan. 1997. _ ' '
of high-power solitons can be studied in an efficient mann&®l X. Xin, H. F. Zhang, and X. X. Zhang, “Semi-adaptive grid method for

. . . . convection-dominated flowJ. Hydrodynam.yol. 9, no. 1, pp. 96-101,
and the requirement of the total number of sampling points is 1997 o Fydrodynam.y PP

drastically reduced compared with other existing techniquédg0] K.S.V.Kumar, A. V. R. Babu, K. N. Seetharamu, T. Sundararajan, and

i ; i i P.A. A Narayana, “Generalized Delaunay triangulation algorithm with
Furthermore, FMAT is capable of analyzing high-power soli adaptive grid size control,Commun. Numerical Methods Engal. 13,

ton propagation, soliton pulse compression, soliton interaction, o 12, pp. 941-948, Dec. 1997.
as well as other nonlinear propagation problems. [21] J. Castillo and E. M. Pedersen, “Solution adaptive direct variational
grids for fluid flow calculations,’J. Comput. Appl. Math.yol. 67, no.
2, pp. 343-370, Mar. 1996.
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