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An accurate Patterson function, free of artifacts, is obtained by transforming low-energy electron
diffraction I-V spectra at multiple incident angles. The demonstration is carried out using normal inci-
dence measured spectra and calculated spectra at three angles of incidence. The errors between intensity
spots in the Patterson function and known interatomic distances are less than 0.01 Å in the horizontal
direction and 0.09 Å in the vertical direction. The reason for the high accuracy in the horizontal direction
is given.
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In x-ray crystallography, the Patterson function (PF)
provides very important information relating to atomic
positions within a three-dimensional unit cell of a crys-
tal [1]. The Patterson function gives the vector positions
of every atom relative to every other atom in the unit
cell. In low-energy electron diffraction (LEED), the in-
cident beam attenuates rapidly inside a solid due to strong
inelastic damping. Thus, LEED intensity-energy �I-V �
spectra are very sensitive to the first three to five atomic
layers of a solid. It has long been recognized that the strong
multiple scattering of electrons by atoms in a crystal makes
the recovery of a Patterson function from LEED I-V spec-
tra a very difficult task [2]. However, a recent demonstra-
tion by Chang et al. [3] using LEED I-V spectra at normal
incidence shows very promising results. In this Letter, we
demonstrate that a sum of transforms of LEED I-V spectra
over multiple incident directions � �ki� and momenta trans-
fers � �q � �kf 2 �ki� can produce an artifact-free Patterson
function of the surface region. By artifact-free, we mean
each intensity spot in the Patterson function corresponds
to a vector position of atomic pairs. We further show that
the Patterson function is highly accurate in determining
pairwise atomic distances in the direction parallel to the
surface. This is due to cancellation of phase shift effects
in the PF. Similar cancellations do not exist in electron
holography.

LEED has the advantage that for a given �ki , a set of
I-V spectra containing many beams (i.e., �kfk � �kik 1
�gk) can be measured over a wide energy range, typically
50–400 eV, in a matter of a few minutes. Here, �gk is a
two-dimensional reciprocal lattice vector (i.e., beam) of the
sample. Thus, it is very convenient to vary �ki and measure
different sets of I-V spectra. The momentum transfer in
terms of �gk is given by �q � � �gk, q�êz�, where êz is a unit
vector normal to the surface of the sample. The Patter-
son function is obtained by a phase sum of the following
integral:

P� �R� �

Ç X
k̂i

X
�gk

Z
I� �ki, �gk 1 q�êz�ei �q? �R dq�

Ç2
. (1)
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Because a typical LEED screen has a central opening of
�9± half-cone angle, the diffracted beams are collected
within a half-cone angular range of 9± 51±. This incom-
plete sampling of reciprocal lattice vectors at a single in-
cident angle creates artifacts in the Patterson function. On
the other hand, the reason why multiple scattering contri-
butions are eliminated by the phase sum integral of Eq. (1)
can be understood if one considers the scattered intensity
in the far-field approximation [4,5]:

I� �ki, �kf �a
Ç
f1e2 �q?�r1 1 f2e2i �q?�r2

1 f1f3e2i �kf ?�r1
eikr13

r13
ei �ki?�r3 1 . . .

Ç2
. (2)

In Eq. (2), surface atoms are located at �r1, �r2, etc. with
respect to an arbitrary origin and fi is the scattering factor
of atom i. The first two terms are single scattering events
at �r1 and �r2, respectively, and the third term is a multiple
scattering event wherein the incident electron scatters both
at �r1 and �r3, with r13 � j�r1 2 �r3j. The cross term in
Eq. (2) from single scattering events is

I1,2� �ki, �kf�af1f�
2e2i �q?�r12 , (3)

where �r12 � �r1 2 �r2. At �R � �r12, the phase e2i �q?�r12 is ex-
actly conjugate to that of the kernel ei �q? �R of the integral in
Eq. (1). Therefore, a maximum in the Patterson function
is created at �R � �r12. The phase of the cross term involv-
ing the multiple scattering event is different from that of
the kernel:

I1,3� �ki
�kf�af1f�

1 f�
3

e2ikr13

r13
ei �ki?�r13 . (4)

By varying k and �ki , the contribution from this cross term
containing multiple scattering can be eliminated.

In the following, we demonstrate that an artifact-free
Patterson function can be obtained by using a wide
sampling of wave numbers k and directions �ki. The system
we choose for demonstration is Si�111�

p
3 3

p
3 R30±-Ga.
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By conventional (trial-and-error) dynamical LEED analy-
sis, the surface structure of this system has been deter-
mined [6,7]. A recent dynamical LEED study [7] has
obtained an excellent van Hove–Tong R factor [8] of 0.14,
using normal incidence I-V spectra in the 50–400 eV
energy range. In Fig. 1, we show a schematic diagram
of the structure of this system, with atoms in the surface
region numbered from 1 to 29. Figure 2 shows the
Patterson function obtained by inverting measured normal
incidence LEED spectra of 150 beams (30 independent
beams due to symmetry of the system). The figure
shows that each vector distance between atomic pairs
corresponds to a dark spot in the Patterson function.
The atomic pairs, corresponding to the atom numbers
shown in Fig. 1, are indicated next to the spots. The
upper panel shows the Patterson function in the �211�
cross-sectional plane, which cuts through, among other
atoms, atoms 1, 5, 6, and 9 of Fig. 1. The lower panel
shows the �101� cross-sectional plane, which cuts through
atoms 1, 4, 6, and 9, etc. of Fig. 1. Unlike previous
inversions [9–12], we have used the intensities I� �ki , �kf�
in the transform of Eq. (1), and not the normalized
functions x��ki , �kf � � I��ki , �kf��I0��ki , �kf� 2 1. The only
normalization included before the transform is that the
LEED intensities are divided by a constant number. This
constant number is simply the average of intensities over
all energies and beams. We find that the transform of
intensities, rather than normalized functions, produces
brighter spots for atomic pairs that are parallel to the
surface. The wave number inside the solid is used in
Eq. (1), i.e., k �

p
2m�h̄2�E 1 V0�, where V0 is an

average inner potential taken to be 5 eV in all materials.
To suppress spurious noise near the origin, the transform
inside a hemisphere of radius 1.5 Å from the origin is set
to zero. The intensities are multiplied by a factor of E2 to
compensate for the decrease due to the scattering factor
and the Debye-Waller factor. In electron holography, the
x function is used because there is a reference atom with

FIG. 1. Schematic view of Si�111�
p

3 3
p

3 R30±-Ga with Ga
at the T4 site and 1.46 Å above the topmost Si atoms.
036101-2
a direct wave. In LEED, there is no reference atom. The
first order term is the interference of single scatterings
from two atoms. Thus, the x-ray or LEED PF uses directly
the intensities and not the x functions.

In both panels of Fig. 2, there are many dark spots
which do not correspond to any interatomic vector dis-
tance. These other spots, or “artifacts,” are caused by
either an incomplete sampling of the two-dimensional re-
ciprocal lattice space or the failure of the transform to
eliminate all strong multiple scattering contributions. To
demonstrate the effect of multiple scattering on the Patter-
son function more directly, we show in Fig. 3 the Patter-
son function obtained by inverting calculated LEED I-V
spectra using multiple scattering theory [7], under identical
conditions as the experiment. Because of the close agree-
ment between measured and calculated I-V curves (low
van Hove –Tong R factor), it is not surprising that there
are strong resemblances between the Patterson functions
recovered from measurement and multiple scattering cal-
culations. Even the artifacts appear at approximately simi-
lar locations. However, the main conclusion to be drawn
from examining Figs. 2 and 3 is that strong multiple scat-
tering contributions are not eliminated in the transforms of
just normal incidence LEED I-V spectra, either from mea-
surement (Fig. 2) or calculation (Fig. 3).

It is possible, however, to obtain a Patterson function
that is completely free of artifacts. This is accomplished

FIG. 2. Patterson function from normal incidence experimental
I-V spectra: the upper panel shows the �21 1� plane; the lower
panel shows the �101� plane. In each xy plane, which is parallel
to the surface, the lowest 10% contours are not shown. The
Patterson function contains many artifacts.
036101-2
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FIG. 3. Patterson function from normal incidence calculated
I-V spectra using multiple scattering theory. Other conditions
are the same as in Fig. 2. The Patterson function contains many
artifacts.

by varying �ki. It is easy to see from Eq. (4) that as �ki

is varied, the exponential factor in the cross term contain-
ing the multiple scattering event will change. The effect is
a more complete phase cancellation of multiple scattering
terms. Furthermore, a different �ki allows additional recip-
rocal lattice vectors to be added to the sampling range. We
show in Fig. 4 the sampling of �kf using three incidences,
i.e., u � 0±; u � 20±, f along �112�; and u � 20±, f

along �101�. All values of �kf within the dotted circles
are sampled. Since the system has a C3y symmetry, a
rotation of 120± is exercised on each set of off-normal
incidence. Finally, Fig. 5 shows the Patterson function

FIG. 4. Reciprocal lattice space �qk�k using normal and u �
20± incident angles and f along mirror planes. The small circles
represent the central opening of the LEED detector.
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obtained from inverting I-V spectra calculated by mul-
tiple scattering theory using the incident directions shown
in Fig. 4. The Patterson function so obtained is completely
artifact-free; every spot corresponds to an interatomic
vector distance. More significant is the fact that the Patter-
son function is very accurate. Table I lists the interatomic
distances obtained from the atom positions used in the
multiple scattering calculation, i.e., x0 and z0, and the
positions of the spots of the Patterson function of Fig. 5,
i.e., x and z. The average error in the vertical distances is
only �jdzj� � �jz 2 z0j� � 0.03 Å, with the largest error
being 0.09 Å. The average error in the horizontal distance
is even smaller, most spots in the Patterson function
occur at exactly the x0 position, with the largest error
being only 0.01 Å. Although the Patterson function in
Fig. 5 is obtained from I-V curves calculated by multiple
scattering theory, it nevertheless indicates an important
application of the method that is complementary to the
trial-and-error approach. In the trial-and-error approach
with near normal angle I-V spectra, the sensitivity to
horizontal distances is low and their error bars are large
�0.15 0.20 Å. This in turn leads to large uncertainties
in the surface bond lengths. Since the Patterson function
shows a high accuracy in horizontal distances, it provides
important new information of the surface structure. As
an example, the atomic pair (1, 4) is between the Ga
atom and Si atom 4 in Fig. 1. In the calculation, the Si
atom 4 is shifted towards the Ga atom horizontally by
0.20 Å, resulting in x0 � 2.02 Å, instead of the bulk
value 2.22 Å. The spot �1�4� in the Patterson function of

FIG. 5. Patterson function from I-V spectra of multiple inci-
dent angles as those shown in Fig. 4, using multiple scattering
theory. Other conditions same as in Fig. 2. The Patterson func-
tion is artifact-free.
036101-3
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TABLE I. Interatomic distances in Å unit, origin at the Ga atom, in the horizontal �x0� and vertical �z0� directions using atomic
positions of multiple scattering calculation; the corresponding quantities �x, z� using spot positions of the Patterson function in Fig. 5,
and their differences �dx, dz�. Atomic pairs 1�6 and 6�9 are too close to be resolved and the average value is used for x0 and z0.
Similarly for atomic pairs 1�7 and 6�10.

Atomic pairs x0 z0 x z dx dz

1�6, 6�9 0.00 22.30 0.00 22.32 0.00 20.02
1�9 0.00 24.59 0.00 24.62 0.00 20.03
9�28 0.00 27.04 0.00 27.00 0.00 0.04
6�7 3.84 0.00 3.84 0.00 0.00 0.00
1�7, 6�10 3.84 22.30 3.84 22.30 0.00 0.00
1�10 3.84 24.59 3.84 24.50 0.00 0.09
9�29 3.84 27.04 3.85 27.00 0.01 0.04
9�12 22.22 20.78 22.23 20.76 20.01 0.02
6�12 22.22 23.13 22.23 23.10 20.01 0.03
6�16 22.22 25.48 22.22 25.41 0.00 0.07
1�4 2.02 21.46 2.02 21.50 0.00 20.04
9�21 2.22 23.91 2.22 23.90 0.00 0.01
9�25 2.22 26.26 2.22 26.20 0.00 0.06
Fig. 5 is correspondingly shifted horizontally towards the
Ga atom, giving x � 2.02 Å.

Patterson function differs from electron holography in
that PF is the inversion of the cross term between two first
order scattering events [given in Eq. (3), i.e., f1f�

2e2i �q?�r12].
Electron holography, on the other hand, is the inversion
of the cross term between a reference wave and a direct
wave scattered by a nearby atom. For pairwise distances
of the same kind of atoms (e.g., Si-Si distances), the con-
tribution from the scattering factors f1f�

2 in PF exactly
cancels. No such cancellation occurs in electron hologra-
phy because its leading term contains a single factor of f1
[4,5] and not a product of f1 with the complex conjugate
f�

2 . Furthermore, the LEED geometry always collects data
in the backscattering direction, even at off-normal inci-
dences. In the backscattering geometry, the difference be-
tween backscattering factors of different elements is small.
To explain the high accuracy of the PF in determining hori-
zontal pairwise distances, we note that the LEED data
are taken under symmetric �q � �kf 2 �ki , i.e., using mirror
and rotation symmetries as shown in Fig. 4. The shifts of
atomic distances [4,5] in directions parallel to the surface
caused by f1f�

2 of different elements exactly cancel. This
is because for each term containing f1� �qk�f�

2 � �qk�, a term
containing f1�2 �qk�f�

2 �2 �qk� is also included. The same
is not true in electron holography, where the scattering
angle is between the bond direction �rj and �kf [4,5]. While
�kf can be symmetrized, the bond direction �rj is fixed. As
Table I shows, the errors dx are 0.01 Å or less. Indeed, dx
in Table I is caused by the limited k space sampling and
not by phase shifts of the scattering factor.

The complementary nature of the trial-and-error ap-
proach and the Patterson function approach cannot be
overemphasized. In the former, a “best” structure is
determined from an automated search over an extensive
036101-4
set of trial structures. However, even if the best structure
has a low R factor, there is still no guarantee that another
structure might not produce an even lower R factor. The
Patterson function, on the other hand, is obtained directly
from LEED I-V spectra without structural modeling.
Once an accurate Patterson function is obtained, the
interatomic distances obtained from the best structure
of the trial-and-error approach must fit the spots of the
Patterson function; otherwise the best structure cannot
be correct.
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