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Modeling the optical constants of hexagonal GaN, InN, and AlN
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~Received 1 June 1998; accepted for publication 18 November 1998!

Optical constants of hexagonal GaN~in the range 1.5–10 eV!, InN ~in the range 2–10 eV!, and AlN
~in the range 6–20 eV! for E'c are modeled using a modification of Adachi’s model of optical
properties of semiconductors. Model parameters are determined using the
acceptance-probability-controlled simulated annealing method. The employed model uses an
adjustable broadening function instead of the conventional Lorentzian one. The broadening can vary
over a range of functions with similar kernels but different wings. Therefore, excessive absorption
inherent to Lorentzian broadening due to the large wings of a Lorentz function can be reduced,
yielding better agreement with experimental data. As a result, excellent agreement with
experimental data is obtained; the relative rms errors for the real part of the index of refraction are
below 2% for all three materials, and, for the imaginary part, below 5% for GaN and below 3% for
InN and AlN. © 1999 American Institute of Physics.@S0021-8979~99!00605-2#
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I. INTRODUCTION

The nitrides are characterized by their high ionicity, ve
short bond lengths, low compressibility and high therm
conductivity. III–V nitride semiconductors have attract
much attention because of their potential use in device ap
cations in the visible and near ultraviolet ranges.1 Since the
fundamental band gaps of InN, GaN, and AlN are arou
1.9, 3.5, and 6.2 eV respectively, their ternary systems ar
interest for electroluminescence devices operating at wa
lengths from orange to ultraviolet.2 For the application of
GaN, InN, and AlN in optoelectronic devices, detaile
knowledge of their optical properties is necessary. Exp
mental studies have mostly been limited to photolumin
cence and photoreflectance measurements for the inves
tion of the position of the fundamental band gap, while wo
on the determination of the optical constants in the w
spectral range has been scarce. There have been sever
perimental studies on the optical constants of GaN3–6 and
AlN,7–9 while for InN, data in the wide spectral range ha
been reported only by Guoet al.10,11

It is well known that the optical properties of solids ca
be described in terms of the complex dielectric functi
e(v)5e1(v)1 i e2(v). In the design of optoelectronic de
vices, such as lasers and waveguide devices, interplay
tween the physical dimensions of the device and the inde
refraction requires that the index of refraction be known a
function of the wavelength as precisely as possible. T
model for the index of refraction should be simple and co
cise and yet comprehensive enough to account for all
relevant features of the index of refraction over the w
energy range.

Several attempts have been made to model the diele
function of hexagonal GaN in narrow spectral range,4,12,13as
well as in wide spectral range.3,14,15 In the wide spectral
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range, both the semiempirical tight-binding approach in c
culating the dielectric function14,15 and Adachi’s model di-
electric function~MDF!3 are available. However, there exi
significant discrepancies between the calculated and exp
mental values of the dielectric function and the index of
fraction. Band structure calculations for InN2,16–18 and
AlN17–20 have been reported. However, calculations of
optical properties for both InN17,21 and AlN17,22 have been
scarce. Foley and Tansley21 used the pseudopotential metho
to calculate the dielectric function of InN, while Christens
and Gorczyca17 and Solankiet al.22 used the linear-muffin-
tin orbital method. However, optical constants calculated
such a manner agree with experiment only in terms of
position of peaks in the absorption spectrum, while the sh
of the curve is completely different~theoretical calculations
produce sharper and stronger peaks than those observ
the experimental data!. Therefore, the main aim of this wor
is to model the optical constants of hexagonal GaN, InN, a
AlN for perpendicular polarization (E'c) using relatively
simple analytical expressions, giving good agreement w
experimental data. This should facilitate more efficient a
more reliable optoelectronic device design.

The paper is organized as follows. In Sec. II, we d
scribe the employed model of the optical constants of h
agonal semiconductors. In Sec. III, the calculated results
presented and a discussion on the comparison between
experimental data and previous calculations for GaN
given.

II. DESCRIPTION OF THE MODEL

We shall briefly describe the employed model. The co
plex dielectric function as a function of energyE5\v is
described by the sum of terms corresponding to one-elec
contributions at critical pointsE0 and E1b ~where b
5A,B,C!, e0(E) ande1(E), excitonic contributions at those
critical points, e0X(E) and e1X(E), and additive constan
e` :
8 © 1999 American Institute of Physics
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e~E!5e0~E!1e0X~E!1e1~E!1e1X~E!1e` . ~1!

Under the parabolic band assumption, the contribution
three-dimensionalM0 critical point E0 is given by

e0~E!5AE0
23/2x0

22@22~11x0!1/22~12x0!1/2#, ~2!

where

x05
E1 iG0

E0
, ~3!

while A andG0 are the strength and damping constants of
E0 transition respectively. Normally, one should calcula
the separate contributions fromE0b , b5A,B,C critical
points, but due to very small splitting energies among th
critical points, E0b can be treated as a single degener
one.3

Exciton contributions atE0 critical points are given by

e0X~E!5 (
m51

` A0
ex

m3

1

E02~G0
3D/m2!2E2 iG0

, ~4!

whereA0
ex is the three-dimensional~3D! exciton strength pa-

rameter andG0
3D is the 3D exciton binding energy.

Contributions of the two-dimensional~2D! M0 critical
pointsE1b are given by

e1~E!52 (
b5A,B,C

B1bx1b
22 ln~12x1b

2 !, ~5!

where

x1b5
E1 iG1b

E1b
, ~6!

andB1b andG1b are the strengths and damping constants
the E1b transitions, respectively.

Contributions of the Wannier type 2D excitons~discrete
series of exciton lines at theE1b critical points are given by

e1X~E!5 (
b5A,B,C,

(
m51

` B1b
X

~2m21!3

3
1

E1b2@G1b
2D/~2m21!2#2E2 iG1b

, ~7!

whereB1b
X andG1b

2D are the strengths and binding energies
the excitons atE1b respectively.

One of the major shortcomings of the above describ
model is that it is based on the assumption of Lorentz
broadening. The fact that Lorentzian broadening does
accurately describe the absorption processes, especial
theE0 critical point region, has already been recognized.23–27

Let us address the lifetime broadening problem in grea
detail. The dielectric function of a solid, with broadenin
described by a damping functiong(s), is given as follows:23
Downloaded 13 Nov 2006 to 147.8.21.97. Redistribution subject to AIP
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e~v!511 i
2\2e2

e0m2 (
c,v

E Jcv~E!dES Pcv~E!

E D 2

3S E
0

`

dsexp@ i ~\v2E1 ig~s!!s#

2E
0

`

dsexp$ i @\v1E1 ig~s!#s% D , ~8!

where subscriptsc andv indicate the conduction and valenc
bands respectively,Jcv(E) is the joint density of states, an
Pcv(E) is the weighted-average matrix element of the m
mentum operator. If a damping functiong(s) is expanded
into a power series ins5t/\, where t is time, g(s)5G
1s2s1¯ , one usually retains only the first term~Lorentz-
ian broadening! or the second term~Gaussian broadening!.
In the former case, the broadening functionF is given by24

FL52 i E
0

`

dsexp@ i ~\v6E1 iG!s#5
1

\v6E1 iG
. ~9!

In the latter case, the broadening function takes the
lowing form:

FG52 i E
0

`

dsexp@ i ~\v6E1 is2s!s#

52 i
Ap

2s
exp@2~\v6E!2/4s2#F11erfS i

\v6E

2s D G .
~10!

It has been shown that Gaussian broadening is a m
better approximation for the broadening caused by electro
phonon and electron–impurities scattering,23,24 but in this
case, the integration in equation Eq.~8! cannot be performed
over the energy domain in an analytically closed form.
order to overcome this problem, Kimet al.23 have replaced
the damping constantG in their model with frequency depen
dent damping constantG8 given by

G8~E!5G expF2aS E2Eg

G D 2G , ~11!

wherea andG are adjustable model parameters, whileEg is
the energy of the critical point at which transition occurs.
is shown that this functional representation can clos
mimic Gaussian line broadening, while the integration in E
~8! can be performed analytically. This is illustrated in Fi
1, which depicts the different broadening functions includi
Lorentzian and Gaussian ones as defined by the imagi
parts of equations~9! and ~10! respectively. It can be ob
served that by varying thea/G ratio, one can interpolate be
tween the cases of Lorentzian and Gaussian broadening
obtain broadening function with even lower wings th
Gaussian. The impact of variable broadening to the dielec
function is illustrated in Fig. 2 for the simple case of a sing
Lorentzian oscillator. The dielectric function of the oscillat
is given by

e~v!5
F j

v22v j
22 ivG j

, ~12!
 license or copyright, see http://jap.aip.org/jap/copyright.jsp



gt
rre
tr
tio
ne

a
pr
ve
at
ve
rg
d
n

i’s
rs

c
ng

el-
ma
nt

a-
ble
in

-
-
-
ith

nce-
,

eri-

ary

ed
nd

of
h
n.
gly

ion,
ed
rs
in

di-
gy.

d-
a-
la-
d
y.
eri-
acy
the

or
the
be
is
u-

ent

om

om
gl
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wherev j is oscillator frequency, 1/G j is the lifetime, while
F j5 f jv j

2 is the parameter associated with oscillator stren
f j . It can be observed that narrower absorption line co
sponds to a larger change in the real part of the dielec
function. The same result can be obtained by a convolu
of Lorentzian and Gaussian lines, which can be determi
analytically in a closed form25 or calculated numerically.26

Since it is difficult to determinea priori which broadening
mechanism is dominant in an experimentally established
sorption line, the frequency dependent damping concept
posed by Kimet al.23 represents a simple and yet effecti
method to model the experimental dielectric function d
accurately regardless of the broadening mechanism invol
However, their model is rather complicated, having a la
number of parameters, while the equations are material
pendent, thus preventing it from being widely accepted a
used. On the other hand, Rakic´ and Majewski24 have shown
that variable broadening applies equally well to Adach
model of dielectric function of zinc-blende semiconducto
in particular for GaAs and AlAs.

Therefore, we have incorporated the described modifi
tion into MDF for hexagonal semiconductors by replaci
the damping constantsG j ( j 50,1A,1B,1C) in Eqs. ~2!–~7!
with the expression given by Eq.~11!. The model employed

FIG. 1. Illustration of the influence of frequency dependent damping: c
parison of different broadening functions.

FIG. 2. Illustration of the influence of frequency dependent damping: c
parison of the real and imaginary parts of the dielectric function of a sin
oscillator for different broadening functions.
Downloaded 13 Nov 2006 to 147.8.21.97. Redistribution subject to AIP
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in this work departs from the MDF proposed for the mod
ing of the optical constants of hexagonal GaN by Kawashi
et al.3 on two additional points. First, we take into accou
not only the ground-state excitons (m51), but also excited
state excitonic contributions (m.1). Second, we include
one-electron contributions atE1b critical points given by Eq.
~5!, which have been disregarded in the calculations of K
washimaet al.3 These three features of our model, adjusta
broadening, the summation of excitonic contributions
equations~4! and ~7! until the contribution of the next exci
tonic state becomes less than 1024, and considering the one
electron contributions atE1b critical points, enable us to ob
tain a significant improvement in the agreement w
experimental data over the previously employed MDF.

III. RESULTS AND DISCUSSION

The model parameters are obtained by the accepta
probability-controlled simulated annealing algorithm28

through minimizing the following objective function:

F5(
i 51

N S U n~v i !

nexpt~v i !
21U1U k~v i !

kexpt~v i !
21U D 2

, ~13!

where the summation is performed over the available exp
mental points, andnexpt(vi),n(vi),k

expt(vi),k(vi) are the ex-
perimental and calculated values of the real and imagin
parts of the index of refraction at pointv i respectively. The
choice of the objective function can influence the obtain
results, and it is imperative to take into account both real a
imaginary parts of the dielectric function or the index
refraction.27 We choose to fit the refractive index, whic
gives lower magnitude of change in the objective functio
Since certain parameters of the employed algorithm stron
depend on the magnitude of change in the objective funct
such a choice of an objective function provides improv
numerical stability for the algorithm. The model paramete
for the three nitride materials investigated here are given
Table I.

Figure 3 shows the real and imaginary parts of the
electric function of hexagonal GaN as a function of ener
The open circles represent the experimental data,3 the solid
line is the dielectric function calculated using our modifie
MDF, while the broken line represents the results of K
washimaet al.3 and the dotted line represents our calcu
tions for conventional MDF. Figure 4 shows real an
imaginary parts of the index of refraction of GaN vs energ
Excellent agreement between our calculations and exp
mental data can be observed. As an indication of accur
with respect to experimental values, we have calculated
relative rms errors, which are, in our case, 1.7% forn and
4.1% for k, while for the results of Kawashimaet al.3 the
errors equal 7.4% forn and even 22.8% fork. In our calcu-
lations for the conventional MDF, the relative rms error f
the real part of the index is found to be equal to 2.9%; for
imaginary part, the relative rms error equals 29%. It can
observed from Figs. 3 and 4 that the modified-MDF
clearly superior to the conventional MDF and that our calc
lations for MDF have better agreement with the experim

-

-
e
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than calculations for the same model reported in ano
study.3 Therefore, disagreement with the experimental d
in the study of Kawashimaet al.3 should be attributed both
to the inadequacy of the employed model and an inappro
ate choice of the fitting method and/or an inappropri
choice of the objective function in the minimization of di
crepancies between the calculated and experimental dat

In order to obtain accurate and reliable model param
values, global optimization routine must be employed

TABLE I. Model parameter values.

Parameter GaN InN AlN

e` 0.426 1.314 1.230
A (eV1.5) 41.251 12.256 5.648
G0 ~eV! 0.287 0.037 0.439
a0 1.241 5.345 0.465
E0 ~eV! 3.550 2.247 6.222
B1A ~eV! 0.778 0.361 0.236
B1B ~eV! 0.103 1.074 0.037
B1C ~eV! 0.920 0.007 0.230
B1A

X ~eV! 2.042 1.243 1.393
B1B

X ~eV! 1.024 0.471 1.655
B1C

X ~eV! 1.997 5.528 3.234
G1A ~eV! 0.743 0.052 0.064
G1B ~eV! 0.428 0.012 2.045
G1C ~eV! 0.440 2.698 0.411
a1A 0.240 5.161 0.747
a1B 0.011 0.574 0.687
a1C 0.005 1.108 1.913
G1A

2D ~eV! 0.0003 1.198 2.880
G1B

2D ~eV! 0.356 0.521 0.980
G1C

2D ~eV! 1.962 4.801 5.507
E1A ~eV! 6.010 6.400 12.055
E1B ~eV! 8.182 8.230 8.841
E1C ~eV! 8.761 7.308 12.900
A0

ex ~eV! 0.249 0.001 0.600
G0

3D ~eV! 0.030 0.024 0.060

FIG. 3. Real and imaginary part of the dielectric function of GaN vs ener
circles—expt. data, solid line—modified MDF~this work!, broken line—
MDF ~this work!, Kawashimaet al. ~see Ref. 2!, dotted line—MDF, this
work.
Downloaded 13 Nov 2006 to 147.8.21.97. Redistribution subject to AIP
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minimize the discrepancies for both the real and imagin
parts of the dielectric function~or the index of refraction! at
the same time. It should be noted that the minimum of su
a function does not coincide with the minimum of the sum
mean-square errors for eithern or k. Also, all these objective
functions have a number of local minima, so that conve
tional downhill methods, like Levenberg–Marqardt or sim
plex algorithms, often give poor estimates of model para
eters. This is because the solution found by conventio
downhill methods represents the first minimum encounte
in the search from the initial point, i.e., they usually lead to
local minimum close to the given initial values. It is ver
difficult to provide initial estimates for all the model param
eters, except for critical point energies which can be e
mated from band structure calculations. Therefore, with c
ventional optimization methods, it is necessary to rerun
fitting routine many times with different initial paramete
values before the acceptable fit is obtained. Even then, t
is always a doubt as to whether the obtained solution is
deed the best one. Therefore, to determine accurately
model parameters, one should employ global optimizat
routine, such as simulated annealing algorithm~which is em-
ployed in this work! or genetic algorithms.

Figure 5 shows the real and imaginary parts of the
electric function of hexagonal InN as a function of energ
The open circles represent the experimental data of G
et al.,10,11 the solid line is the dielectric function calculate
using the modified-MDF, while the broken line represen
calculations for the MDF. Figure 6 shows the real and ima
nary parts of the index of refraction of InN vs energy. Re
tive rms errors for the real and imaginary parts of the ind
of refraction are 1.2% and 2.5% respectively for t
modified-MDF, while for the MDF, they are 1.6% and 3.1%
It can be observed that in the case of InN, the results
tained by the two models are similar; the modified-MD

;

FIG. 4. Real and imaginary part of the index of refraction of GaN vs ener
open circles—expt. data, solid line—modified MDF~this work!, broken
line—MDF ~this work!, Kawashimaet al. ~see Ref. 2!, dotted line—MDF,
this work.
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agrees better with the experimental data in the low-ene
region, i.e., near the fundamental band gapE0 , as well as in
higher energy regions, i.e., above 6 eV.

Figure 7 shows the real and imaginary parts of the
electric function of hexagonal AlN as a function of energ
The open circles represent experimental data derived f
the reflectance data of Guoet al.,8 the solid line denotes the
dielectric function calculated using the modified-MDF, wh
the broken line represents calculations for the MDF. Figur
shows the real and imaginary parts of the index of refract
of AlN vs energy. In this case, relative rms errors for the r
and imaginary parts of the index of refraction are 1.5% a
1.9%, respectively, for the modified-MDF, while for th
MDF, they equal 3.1% and 2.9%. It can be observed that
conventional MDF gives poor agreement with the expe

FIG. 5. Real and imaginary part of the dielectric function of InN vs ener
circles—expt. data, solid line—modified MDF, broken line—MDF.

FIG. 6. Real and imaginary part of the index of refraction of InN vs ener
open circles—expt. data, solid line—modified MDF, broken line—MDF
Downloaded 13 Nov 2006 to 147.8.21.97. Redistribution subject to AIP
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mental data in the region close to the fundamental band
E0 , while the modified-MDF does not have this problem.

The parametersG0 anda0 given in Table I for all three
nitride materials correspond to a broadening function wh
is closer to the Gaussian one than to the Lorentzian one,
it does not have large wings characteristic for the Lorentz
broadening function, which result in the excessive absorp
in e2 . Extended absorption tail caused by Lorentzian bro
ening assumption in the MDF can be clearly observed
Figs. 3 and 4, while the modified-MDF reproduces acc
rately the experimental data in the neighborhood and be
the fundamental band gapE0 . For the other two materials
the experimental data are measured above theE0 , so that the
difference between results obtained by the two models

;

;

FIG. 7. Real and imaginary part of the dielectric function of AlN vs energ
circles—expt. data, solid line—modified MDF, broken line—MDF.

FIG. 8. Real and imaginary part of the index of refraction of AlN vs energ
open circles—expt. data, solid line—modified MDF, broken line—MDF.
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smaller. The results obtained here show that broadenin
the fundamental band gapE0 should be Gaussian, which i
in agreement with Kimet al.’s studies23 for GaAs, and Rakic´
and Majewski’s24 for GaAs and AlAs.

IV. CONCLUSION

We have modeled the optical dielectric function of he
agonal GaN~in the range 1.5–10 eV!, InN ~in the range
2–10 eV! and AlN ~in the range 6–20 eV!. The relative rms
error obtained for the real part of the index of refraction
below 2% for all three materials, and for the imaginary pa
it is below 5% for GaN and below 3% for InN and AlN. Fo
GaN, we have obtained better agreement with the exp
mental data than that in a previous study,3 in which the rela-
tive rms error equals 7.4% forn and 22.8% fork. For InN
and AlN, no previous attempts were made to model the
perimental data. There are several reasons for the signifi
improvement in the accuracy of our calculations. First, o
calculations include one-electron contributions atE1b critical
points. Second, excited state excitons (m.1) are taken into
account. Finally, in the employed model, the type of broa
ening at each critical point can be varied and it represent
adjustable parameter of the model. From the obtained par
eter values for all three materials, we can conclude that
assumption of Lorentzian broadening is not justified at
fundamental band gapE0 . The excellent agreement with ex
perimental data obtained for all three investigated mater
is very encouraging and the next step would be to mo
their ternary alloy systems.
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