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THE DERIVATION OF HYBRIDIZABLE DISCONTINUOUS
GALERKIN METHODS FOR STOKES FLOW

BERNARDO COCKBURN * AND JAYADEEP GOPALAKRISHNAN 1

Abstract. In this paper, we introduce a new class of discontinuous Galerkin methods for the
Stokes equations. The main feature of these methods is that they can be implemented in an efficient
way through a hybridization procedure which reduces the globally coupled unknowns to certain
approximations on the element boundaries. We present four ways of hybridizing the methods, which
differ by the choice of the globally coupled unknowns. Classical methods for the Stokes equations
can be thought of as limiting cases of these new methods.

Key words. Stokes equations, mixed methods, discontinuous Galerkin methods, hybridized
methods, Lagrange multipliers

AMS subject classifications. 65N30, 656M60, 35L.65

1. Introduction. This paper is devoted to the derivation of a new class of dis-
continuous Galerkin (DG) methods for the three-dimensional Stokes problem

—Au+gradp = f in Q,
divu =0 in Q,
u=g on 0f).

As usual, we assume that f is in L?(Q)?, that g € H'/?(99)? and that g satisfies the
compatibility condition

/(mg-nzo, (1.1)

where n is the outward unit normal on 9€2. We assume that €2 is a bounded simply
connected domain with connected Lipschitz polyhedral boundary 0f).

The novelty in the class of DG methods derived here lies in the fact that they can
be hybridized. Hybridized methods are primarily attractive due to the reduction in the
number of globally coupled unknowns, especially in the high order case. Hybridization
for conforming methods was traditionally thought of as a reformulation that moves the
inter-element continuity constraints of approximations from the finite element spaces
to the system of equations. Such reformulations are now well known to posses various
advantages [9] (in addition to the reduction in the number of unknowns). In adapting
the hybridization idea to DG methods, we face the difficulty that DG methods have
no inter-element continuity constraints to begin with. Nonetheless, some DG methods
realize inter-element coupling through constraints on numerical traces, which can be
used to perform hybridization. This idea was exploited in the context of the Poisson-
like equations in [10]. It will feature again in this paper, manifesting in a more
complicated form suited to the Stokes system.
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Let us put this contribution in perspective. This paper can be considered to be
part of a series of papers in which we study hybridization of finite element methods.
The hybridization of classical mixed methods for second-order elliptic problems was
considered in [5, 6]. Hybridization of a discontinuous Galerkin method for the two
dimensional Stokes system was carried out in [3], while hybridization of a mixed
method for the three dimensional Stokes system was developed in [7, 8]. A short
review of the work done up to 2005 is provided in [9].

Recently in [10] it was shown how mixed, discontinuous, continuous and even non-
conforming Galerkin methods can be hybridized in a single, unifying framework. This
was done for second-order elliptic problems. In this paper, we extend this approach
to Galerkin methods for the Stokes problem. However, although the hybridization
techniques we propose here provide a similar unifying framework, we prefer to sacrifice
generality for the sake of clarity, and concentrate our efforts on a particular, new class
of methods we call the hybridizable discontinuous Galerkin (HDG) methods. Then,
just as was done for second-order elliptic problems in [10], we show that this procedure
also applies to mixed and other classic methods which can be obtained as particular
or limiting cases of these HDG methods.

Our results are also an extension of previous work on hybridization of a DG [3]
and a classical mixed method [7, 8] for the Stokes equations. For these two methods,
hybridization was used to circumvent the difficult task of constructing a local basis for
divergence-free spaces for velocity. Moreover, in [7, 8], it was shown that hybridization
results in a new formulation of the method which only involves the tangential velocity
and the pressure on the faces of the elements. In this paper, we show that such a
formulation can also be obtained for the HDG methods. We also show that these
methods can be hybridized in three additional ways differing in the choice of variables
which are globally coupled.

The organization of the paper is as follows. In Section 2, we present the HDG
methods and show that their approximate solution is well defined. In Section 3, we
present the four hybridizations of the HDG methods in full detail. Proofs of the
theorems therein are displayed in Section 4. Finally, in Section 5, we end with some
concluding remarks.

2. The HDG methods.

2.1. Definition of the methods. Let us describe the HDG methods under
consideration. We begin by introducing our notation. We denote by Q, = {K} a
subdivision of the domain €2 into shape-regular tetrahedra K satisfying the usual
assumptions of finite element meshes and set 98, := {0K : K € §;,}. We associate
to this mesh the set of interior faces & and the set of boundary faces &°. We say
that e € & if there are two tetrahedra K+ and K~ in ), such that e = OKTNOK ™,
and we say that e € &2 if there is a tetrahedra K in ), such that e = 9K N 9Q. We
set &y, 1= &P U é”ha.

The HDG methods provide an approximate solution (wp, wp,pp) in some finite
dimensional space W, x V', x P, of the form

Wi={reL’(Q): 7lxeW(K) VKEec}
Vi={veL*Q): vlgxecV(K) VKecQ},
P,={qeL*Q): qlx e P(K) VKec},

where the local spaces W (K),V(K) and P(K) are finite dimensional polynomial
spaces that we shall specify later.



To define the approximate solution, we use the following formulation of the Stokes
equations:

w—curlu=0 in Q, (2.1a)
curlw + gradp = f in Q, (2.1b)
divu=0 in €, (2.1c)

u=g on 0f. (2.1d)

Multiplying the first three equations by test functions and integrating by parts, we ar-
rive at the following formulation for determining an approximate solution (wp, wp, pp)
in Wh X Vh X Ph:

(wn, T)a, — (up,curl ), + (Up,n X T)aq, =0, (2.2a)
(wp, curlv)q, + (@h, v X N)aq, (2.2b)
— (pn, divw)g, + (P, v -m)aq, = (f,v)a,,
— (up, gradq)q, + (4n - n,q)aq, =0, (2.2¢)

for all (7,v,q) € W}, x V, x P,. The notation for volume innerproducts above is
defined by

3

w)q, = Z /C and (o,v)q, = Z(O’i,vi)gh

KeQp, i=1

for all ¢,w in L?(Q,) := {v : v|g € L*(K) for all K in Q,}, and all &,v € L*(Qy,) :=
[L2(2,)]3. More generally, our notation is such that if S represents the notation for

any given space (e.g., S can be L%, H!, etc.), the bold face notation S(£2;) denotes
[S(Qh)]g, and

S(Qh) = {w :Qp — R, w|K € S(K) VK e Qh},
S(0Q,) ={w: 00, — R, w|ox € S(OK)V K € Qp}.

The boundary innerproducts in (2.2) are defined by

(vOn, woag, = Z/a v) O nu®y)dy,
K

KeQy,

where © is either - (the dot product) or x (the cross product) and n denotes the
unit outward normal vector on K. Similarly, for any .%, C &, the notation (-,-)z,
indicates a sum of integrals over the faces in .%},.

To complete the definition of the HDG methods, we need to specify the numerical
traces, for which we need the following notation. For any vector-valued function v we
set

vy :=n X (v xXn), (2.3a)
vy i=n (V-n). (2.3b)

Note that we have that v = v,, + v4. In this paper we will often use double valued
functions on &?. One example is nn. Indeed, on each interior mesh face e = 9K N
OK ™, the unit normal n is double valued with two branches, one from KT, which
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we denote by nt, and another from K~ which we denote by n~. Similarly, if v is
in H'(Qy,), its full trace, as well as the tangential and normal traces in (2.3), are
generally double valued on &°. We use v* and v~ to denote the full trace on e of
v from K+ and K, respectively. On each e = 0K NJK ", the jumps of double
valued functions v in H'(Q,) and ¢ in H'(Q,) are defined by

[an] =¢ " nt +¢ n, (2.4a)
[veon]=viont+v on, (2.4b)
where © is either - or x.

With these preparations we can now specify our definition of the numerical traces
appearing in (2.2). On the interior faces &2, we set

— (ot + (= + -
~ 7 (W)t (wh)t) ( Tt Ty )

Wh)t = + | ——— | |up X n|, 2.5a
( h)t ( T;—f—TtJr 7-;4-7—; [[ h ]] ( )

()1 —(T‘f+ (wi)e 70 (“;)t) + <Tt_%) [n x whl, (2.5b)

Tt_+7't+ T
-~ T (u;)n'i'T_ (wy )n 1
ap)y = 2 n + [ ——— nj, 2.5¢
(@), =( T ) () (2.50)
— ot + -
~ Tn Py +Tn P T Tn
= —— |+ | —=— | [up - n], 2.5d
Ph ( Tw 4+ T > (Tn—l—nf)[[ g ]] ( )

where the so-called penalization or stabilization parameters 7, and 7, are functions
on &, that are constant on each e in &, and double valued on &7; indeed, if e =
OKTNAK ™, then 77 and 7+ are the values on eNAK of the stabilization parameters.
Finally, on the boundary faces of é”,? , we set

(@n): = gy, (2.6a)
(@n)n = G, (2.6b)
(@n)e = (Wn)e + 7 (up, —up) xn, (2.6¢)

Dh = P + Tn (up — up) - 0. (2.6d)

This completes the definition of the HDG method in (2.2), save the specification of
the spaces on each element.

Let us briefly motivate the choice of the above numerical traces. First, we want
them to be linear combinations of the traces of the approximate solution (wp, wp, pp).
We also want them to be consistent and conservative; these are very important prop-
erties of the numerical traces as was shown in [1] in the context of second-order elliptic
problems. They are consistent because when the approximate solution is continuous
across interelement boundaries, or at the boundary of €2, we have that

((@n)es (@n)e; (@n)n, Pr) = ((Wn)e, (wn)e, (Wn)n; pr)-

They are conservative because they are single valued.

The above general considerations, however, are not enough to justify the specific
expression of the numerical traces on the parameters 7, and 7,,. We take this particular
expression because it allows the hybridization of the methods. Although this will
become evident when we develop each of its four hybridizations, we can briefly argue
why this is so. Suppose that we want the numerical trace of the velocity, u;, =
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(Wn)e+ (Wn)n, to be the globally coupled unknown. This means that, on each element
K € Qp, we should be able to express all the remaining unknowns in terms of 4.
If in the weak formulation defining the method, (2.2), we take test functions with
support in the element K, we see that we can achieve this if we could write

(&}h)t = (wh)t + 7 (uh — ﬁh) xn and ]/9\}1 =DPn+Tn (uh — ﬁh) ‘n,

where (wp,wn,pr) is the approximation on the element K, n is the outward unit
normal to K and 7; and 7, take the values associated with K. Note that this is
consistent with the choice of the corresponding numerical traces on the border of €,
equations (2.6¢) and (2.6d). Since the element K was arbitrary, we should then have

(@n)e = (wn)f +7" (u — @) xn® = (wn)y +7 (w, —@n) xn~,

ph=pf +7,5 (w) —adn)-nt =p, +7, (u, —) 0,

on all interior faces. A simple algebraic manipulation shows that this is possible only
if the numerical traces therein are taken as in (2.5).

Let us end this subsection by remarking that the choice of the penalization pa-
rameters 7 and 7, can be crucial since it can have an important effect on both the
stability and the accuracy of the method. This constitutes ongoing work; see the
last paragraph of last section. In Subsection 3.5, we show how by taking special
choices of these parameters, several already known methods for the Stokes system are
recovered.

2.2. Other boundary conditions. The vorticity-velocity variational formula-
tion admits imposition of boundary conditions other than (2.1d); see a short discussion
in Subsection 4.3 in [16]. In this paper, we consider the following types of boundary
conditions:

u; ; ft } Type I boundary condition, (2.7a)
i Z Zt } Type II boundary condition, (2.7b)
» ; ;t } Type I1II boundary condition, (2.7¢)
w; z :t } Type IV boundary condition. (2.7d)

We have already defined the HDG method in the case of the Type II boundary
condition in the previous subsection. Neither the equations of the HDG method (2.2),
nor the equations of the interior numerical traces (2.5a)—(2.5d) change when the other
boundary conditions are considered. But the equations for the boundary numerical

5



traces, namely (2.6a)—(2.6d), must be changed as follows:

(Wn)e = g4

~ 1 ~

wp)n = (Up)p + — — n,

(@) (un) Tn (pn = Pn) for Type I, (2.8a)
&\Jh = (wh)t —+ T (uh — ’fth) X n,

Z/)\h =T,
. 1 N
(wn)e = (un)e + X (wp, — @h),
t

(Wn)n = gy, for Type III, (2.8b)
(@n)e = s
Dh = Ph + Tn (up — up) - m,
. 1 ~
(un)e = (un)e + X (Wh — @),
t

1

(@n)n = (un)n + —(pn — pr)m, for Type IV. (2.8¢)
(@n)t =4,
Z/)\h =T,

When we do not have boundary conditions on pressure, the pressure variable in Stokes
flow is only determined up to a constant. Therefore, for Type IT and Type III boundary
conditions, in order to obtain unique solvability we must change the pressure space
from P to

Py = Py N L§(Q),

where LZ(Q) is the set of functions in L?(€2) whose mean on € is zero. In the case of
Type I and Type IV boundary conditions, the pressure space is simply Pj,. Finally,
let us point out that the Type IV boundary conditions are not particularly useful
since they have to be complemented by additional conditions on the velocity. For
this reason, we do not consider them as possible boundary conditions for the Stokes
equations. However, we discuss it here because, as we are going to see, there is a one-
to-one correspondence between the four types of boundary conditions just considered
and the four hybridizations of the HDG method.

2.3. Existence and uniqueness of the HDG solution. With (strictly) pos-
itive penalty parameters, the HDG method is well defined, as we next show. When
we say that a multi-valued function 7 is positive on 02, we mean that both branches
of 7 are positive on all faces of & and furthermore that the branch from within € is
positive on the faces of 9. Of course, the branch from outside €2 is zero.

To simplify our notation, we will use a symbol for averages of double valued
functions. On any interior face e = AKT NOK ™, let

{v}oa=vta™ +v7a",

for any double valued function a. The notation {v} (without a subscript) denotes
{v}a with a™ = o= = 1/2. As a final note on our notation, we do not distinguish
between functions and their extensions by zero. Accordingly, we use the previously
defined notations like [-] and {-} even for boundary faces in & with the understand-
ing that one of the branches involved is zero (which is the case when the function is
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extended by zero). E.g., on a boundary face e, the penalty function 7,, has only one
nonzero branch, say 7,,, so {7, } on e equals 7,, /2. With this notation it is easy to
verify that the identities

(0,0 xn)on, = ({o}a, [vxn])s — (o xn], fvhi-a)s., (2.9a)
(g v-n)oa, = ({gha [v-nl)s,  + (lgnl, fo}1-a)s., (2.9b)
hold for any o whose branches sum to one, i.e., ™ +a~ = 1 on every face ¢ in &,.

PROPOSITION 2.1. Assume that 7+ and 7, are positive on 0),. Assume also that

curl V(K) Cc W(K),
grad P(K) C V(K),
div V(K) c P(K),

for every element K € Qy,. Then we have that
1. For Type I boundary condition, there is one and only one (wp, wp,pr) in the
space W, x Vi, x Py, satisfying (2.2), (2.5), and (2.8a).
2. For Type II boundary condition, there is a solution (wp,wp,pp) in the space
Wi x Vi x P satisfying (2.2), (2.5), and (2.6), if and only if g satis-
fies (1.1). When a solution (wp,un,pn) exists, all solutions are of the form
(Wh,Wh, pr + k) for some constant function k. There is a unique solution if
P, is replaced by Py.
3. For Type III, the statements of Type II case hold verbatim after replacing (2.6)
with (2.8b).
Proof. The proof proceeds by setting all data to zero and finding the null space
in each of the three cases. Taking (7,v,q) := (wp, up, pp) in the equations (2.2) and
adding them, we obtain

(wh,wn)a, +On =0, (2.10)
where

On = (—up,m X wp)oq, + (Un, 1 X Wh)aq, — (Un, N X ©Dh)s0,

— (pn, un - Mo, + (Dh, Uk - N)oq, + (Ph, Uk - N)oq, -

Rewriting O, using (2.9), we obtain

On = —(@nr — {wnti-a, [0 X up))e, + (@n — {unta, [n x @r))s,
+on — {pnki-s, [un-nl)e, + (@n— {uns, [pnnl)s,,

for any o and (3 whose branches sum to one on every face of &,. We set a = 7/2 {1 }
and § = 7,,/2 {7, } on all the interior faces of . On the remaining boundary faces,
we set a and 3 case by case as follows, letting ajq, 35 and agﬂ, Bgﬂ denote the
branches of «, § from outside and inside €2, respectively.

For the Type I case, we set 0[6"9 =0, apg = 1, ﬁgﬂ =1, B3 = 0. Then,
inserting the expressions for the interior and boundary numerical traces given by (2.5)
and (2.8a),

o 2
On = O + (70, |un x 1| )oq + (T, Ipan|*) 00

7



where

0y = <ﬁ [ Tn x wilP)ss + <ﬁ I

2 9 2 2
+ <mv [un -n]*) g0 + <m, ‘ [pn n]]| )ep-
Hence (2.10) implies that wy, vanishes, w, and pj, are continuous on €, and (up): and
pr, vanishes on 0Q2. With this in mind, we integrate by parts the equations defining
the method, namely (2.2), to obtain

(curlup, T)q, =0,
(gradpp,v)q, =0,
(le Up, Q)Qh =0,

for all (7,v,q) € Wj, x V, X P,. By our assumptions on the local spaces, this implies
that the following (global) distributional derivatives on ) vanish:

gradp, =0, divu, =0 and curlu, =20 (2.11)

The first equality implies that pp vanishes since we already found p; to vanish on
0. Moreover, since (up,); vanishes on the boundary 02, and since we have assumed
that 02 consists of just one connected component, the last two equalities imply that
up = 0. Thus, the null space is trivial.

For the Type II case, we set aérﬂ =0, ay, =1, ﬁgg =0, By, = 1 and simplify
Oy, using the interior and boundary numerical traces given by (2.5) and (2.6) to find
that

2
@h:@Z+<Ttv uh~n’ >3Q.

2
Up X n’ )oo + (Tn,

Hence (2.10) implies that wy, vanishes, uy, is continuous on 2, and w, is zero on 9€),
and pp, is continuous on ). Proceeding as in the Type I case, we find that (2.11)
holds, so wj vanishes. But unlike the Type I case, we can now only conclude that
pp, is constant. Thus the null space consists of (wp,un, pr) = (0,0, k) for constant
functions k. Hence, all statements of the proposition on the Type II case follow.

The Type III case is proved similarly. O

It is interesting to note that the proof of Type II case required only minimal
topological assumptions on (2, namely that €2 is connected. However, the proof of the
other two cases used the further assumptions we placed on 2. The mixed method pre-
sented in [8] without such topological assumptions dealt only with Type IT boundary
conditions.

We can now give some possible choices for polynomial spaces that can be set
within each element. Clearly, Proposition 2.1 gives the conditions that we must
satisfy. Let Py denote the space of polynomials of degree at most d and let Py
denote the space of vector functions whose components are polynomials in P4. Let
dp > 1,dy > 0,dw > 0 be some integers satisfying

dp — 1 <dy Smin(dp-i-l,dw-f—l). (2.12)
Then if we set

W(K)=®P4,, V(K)=%P4, PK)=DP4,
8



the conditions of Proposition 2.1 are satisfied. Some examples are

k, k=1, k), (k+1, k-1, k)

k_l, k_17 k7 (7 Y Y Y ) Y

(d/WaqudP) = Ek -1 k kg (k, ka k), (k +1, kv k)a
’ ’ ©o(k, k41, k), (k+1, k+1, k)

for some integer £ > 1. Clearly there is greater flexibility in the choice of spaces than,
for instance, in the mixed methods for the Stokes problem. E.g., from (2.12) it is
clear that we can choose dyy to be as large as we wish and the method continues to
be well defined.

Having established that the HDG methods are well defined, we show in the next
section, that they can be hybridized in different ways according to the choice of
variables that are globally coupled.

3. Hybridizations of the HDG methods. In this section, we will restrict
ourselves to considering the Stokes problem with the Type II boundary condition.
We hybridize the HDG method for this case. As we shall see, while hybridizing we
can choose to set HDG methods with the other types of boundary conditions within
mesh elements.

For constructing hybridized methods based on the vorticity-velocity formulation,
let us recall the following four transmission conditions for the Stokes solution compo-
nents:

[wxmn]| =0, [uxn]| =0, J[u-n]| =0, [pn]] =0. (3.1)
&y &y & &y

Corresponding to these four transmission conditions, there are four variables on which
boundary conditions of the following form can be prescribed:

we =Yy, ur = Ay, Up = Ay, p=p. (3.2

With this correspondence in view, we can describe our approach for constructing
hybridization techniques as follows. We pick any two of the variables in (3.2) as un-
known boundary values on the boundary of each mesh element. (Once these values are
known, the solution inside the element can be computed locally.) Then, we formulate
a global system of equations for the picked unknown variables, using the transmis-
sion conditions on the other two variables in (3.1). Of course, we must identify the
proper discrete versions of these transmission conditions for this purpose. According
to this strategy, there appears to be six possible cases. But two of the six cases yield
underdetermined or overdetermined systems. For instance if we pick v, and A; as
unknowns, counting their components, we would have a total of four scalar unknown
functions. However, the transmission conditions (the last two in (3.1)) form only two
scalar equations, so will yield an underdetermined system. Similarly, if we pick A,
and p as the unknowns, we get an overdetermined system. We discard these two
possibilities. In the remainder, we now work out the specifics for the remaining four
cases.

3.1. Hybridization of type I. A formulation with tangential velocity and pres-
sure. Here, we choose the second and the last of the variables in (3.2), namely (u);
and p, as the unknowns on the mesh interfaces. Their discrete approximations will
be denoted by A; and p, respectively. We shall then use the transmission conditions

9



on the other two variables, namely

[wxn]| =0, and [u-n]| =0 (3.3)
& &

to derive a hybridized formulation that will help us solve for the approximations A;
and p.

The success of this approach relies on us being able to compute approximate solu-
tions within each element locally, once the discrete approximations Ay ~ u; and p ~ p
are found. In other words, we need a discretization of the following Stokes problem
on one element:

wg —curlug =0 in K,
curlwyg + gradpg = f in K,
divug =0 in K,

(ur)e =X on 0K,

DK =p on 0K.

We use the HDG method (with Type I boundary conditions) applied to a single
element as our discretization. Specifically, given (s, p, f) in L*(9Q,) x L2(09,) x
L?(Q), we define (W, U, P) in W, x V', X P, on the element K € , as the function
in W(K) x V(K) x P(K) satisfying

W, T)k — (U, curl 7) g =—(At,n X T)oK, (3.4a)
(W, curlv) i + <\//\\7,v X M) oK (3.4b)
— (P, div o)k = (f,v)k — {p,v - n)oxk,
— (W, gradq)x + (U-n,q)ox = 0. (3.4c)

for all (1,v,q) € W(K) x V(K) x P(K), where

(ﬁ)n = (u)n + Ti ((P - p) n, (3'4d)

n

W=W+7rU=-A) xn. (3.4e)

Note that the above system (3.4) is obtained from the HDG system (2.2) with € set
to K, and the numerical traces set by (2.8a) (and there are no interior faces). The
above system of equations thus defines a linear map (the “local solver”)

(Ao, f) -5 (WU, P) (3.4f)

due to the unique solvability of the HDG method on one element, as given by Propo-
sition 2.1(1).

Next, we identify conditions on A; and p that make (W, U, P) identical to the
approximation (wp,, ws, pp). We begin by restricting the function (A, p) to the space
(Mp,)¢ x ¥y, where

(M) := {p, € L*(&) = pyle € M(e) Vee &P}, (3.5a)
= {Yp € L*(6): Yl €¥(e) Ve &}, (3.5b)
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where, on each face e € &,, the finite dimensional spaces M (e) and ¥(e) are such
that

M) 2 {(vi+nxT)le:(T,v) e W(K)xV(K) VK:eCOK}, (3.5¢)
Ue) D{(g+v-n)|e:(v,q) e V(K)x P(K) VYK:eCO0K}. (3.5d)

The next theorem identifies discrete analogues of the transmission conditions (3.3) as
the requirements for recovering the discrete solution.

THEOREM 3.1 (Conditions for type I hybridization). Suppose (wp,un,pn) is
the solution of the HDG method defined by (2.2), (2.5), and (2.6). Assume that
(A, p) € (My), X Wy, is such that

At =g, on 09, (3.6a)

([ x W], )5y = 0 ¥, € My, (3.6b)
([U-n),¢)s, = (g-nd)oa Ve, (3.6¢)
(P, 1)a =0. (3.6d)

Then (W7u7 (P) = (whauhuph); )\t = (’ah)t; and p= ]/j\h'

Proof. We begin by noting that (W, U, P) is in the space W), x V', x P}, by the
definition of the local solvers. Moreover, by adding the equations defining the local
solver, namely (3.4a)—(3.4c), we find that (W, U, P) satisfies the equations of (2.2),
with (W), in place of (@p), A¢ in place of (up):, (W), in place of (up):, and p
in place of pj,. Hence, if we show that the (W);, A;, (U),, and p can be related to
(W, U, P) as in the expressions for the numerical traces (2.5a)—(2.5d), then the proof
will be complete because of the uniqueness result of Proposition 2.1(2) (which applies
due to condition (3.6d)).

Therefore, let us first derive such expressions for Ay and p. By the choice of the
space My, x ¥, the jump conditions (3.6b) and (3.6¢) imply that

[[an]]:O and [[ﬁ~n]]:0 on &y.
Inserting the definition of the numerical traces (3.4d) and (3.4e), we readily obtain
that, on &7,
[nx W]+ (U, +7,7 (U ) — (1,7 +77) A =0,
1 1 1 1
U-n]+—P"+ =0 —(—+—)p=0,
Tn Tn Tn Tn

or, equivalently,

N (n Uy + 77 (U )t)+( 1 )[[an]],

T +7't T, +T
(T Pt 4T P Tn Ta T.r u.
p=\———"""F— [W-n].
Tn + Tn Tn +Tn

Substituting these expressions into (3.4d) and (3.4e),

W= (™ W W)+ (Z ) el

Tt_-i-Tt-’_ Tt_-i-Tt-’_
. H U, + 7 (U, 1
w), = (=2 n — ) [P n].
W < Tn +TH )+<T;+TJ)[{ "]

11



In other words, the numerical traces satisfy the equations of (2.5). The fact that
they satisfy the equations (2.6a) and (2.6b) follows from conditions (3.6a) and (3.6¢),
respectively. Finally, the equations (2.6¢) and (2.6d) follow directly from the definition
of the numerical traces of the local solvers (3.4e) and (3.4d), respectively.

Thus, by the uniqueness result of Proposition 2.1(2), we now conclude that
(W, U, P) coincides with (wp,up,pp), and consequently, Ay = (up): and p = Dp.
This completes the proof. O

At this point, we can comment more on our strategy for construction of hy-
bridized DG methods. Roughly speaking, the derivation of our hybridized methods
proceeds by imposing discrete versions of all four transmission conditions in (3.1)
through the four numerical traces of the HDG method. The two numerical traces we
picked as unknowns in this case, namely A; and p, being single valued on &, already
satisfy a zero-jump transmission condition, so we have in some sense, already imposed
the second and the fourth of the conditions in (3.1). The discrete analogues of the
remaining two (the first and the third) transmission conditions are (3.6b) and (3.6¢),
which requires the remaining two numerical traces to be single valued. Theorem 3.1
shows that once these conditions are imposed, the HDG solution is recovered.

Next, we give a characterization of unknown traces A; and p and the discrete
HDG solution (wy,, wp,pr) in terms of the local solvers. In particular, we show that
the jump conditions (3.6b) and (3.6¢) define a mixed method for the tangential velocity
and the pressure. To state the result, we need to introduce some notation. Letting
A? = Atlgp, and remembering our identification of functions with their zero extension,
we can write

At =X} +g,

We denote by (M) the functions of (Mj},); which are zero on 99 (so Ay is in (M}));).
Finally, we use the following notation for certain specific local solutions

(W, Un,, Px,) = £ (A, 0,0), (3.7a)
(W, 1, P,) := £(0, p, 0), (3.7h)
(W.f’ uf7 :Pf) = LI(Ov Oa f)7 (37C)

where L' is as in (3.4f). We are now ready to state our main result for this case.
THEOREM 3.2 (Characterization of the approximate solution). We have that

wp = W)‘g + W, + Wy + Wg“

up = WUy + W, + Uy + Uy,

pn = Px + P, + P + Py,
where (X7, p) is the only element of (My)y X Wy, such that

an(AY, ) + bnlp, py) = €(py), (3.8a)
—bn (10, A7) + cn(p, ¥) = L2(), (3.8b)

for all (py,90) € (M), X ¥y, and

(fPXtJ +P,+ Py + ngt, 1) =0. (3.8¢)
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Here

1
(Lh(At, Ht) ::(WAt7W/J't)Qh + <Tt(At - uAt)h (p’t - u”’t)t>89h + <7__(P)‘t’fpl"t>69h
1
bh(ﬂv p’t) = <p7n ’ u/’l’t + 7__ Tl"t>69h’

en(p ) = (W, W o, + (WU, )i (U )e) o, + (—

Tn

(p=Pp), (b = Py))oq,
and

él(p’t) = (fvulit)ﬂh, - a’h(gv /"’t)
62(1/}) = (fau’l,b)ﬂh - <g ', 1/}>6§2 + bh(q/}agt)

The proof of this theorem is in Section 4. In view of this theorem, we can obtain
the HDG solution by first solving a symmetric global system that is smaller than (2.2)
and then locally recovering all solution components (by applying £'). This is the main
advantage brought about by hybridization. It makes this HDG method competitive
in comparison with other existing DG methods for Stokes flow.

It is interesting to note that the space in which the trace variables lie, namely
(M) and ¥, can be arbitrarily large. While it is in the interest of efficiency to
choose as small a space as possible (for a given accuracy), in mixed methods one also
often require spaces to be not too large for stability reasons. In the HDG method,
stability is guaranteed through the penalty parameters 7,, and 7:. A consequence of
this is that (3.8) is uniquely solvable, no matter how large (M}); and ¥, are. For the
analogous hybridized mixed method of [8], we needed the trace spaces corresponding to
(M) and &, to be exactly equal to certain spaces of jumps, which created additional
implementation issues such as construction of local basis functions for the spaces.

3.2. Hybridization of type II. A formulation with velocity and means of pres-
sure. Recalling our scheme for construction of hybridized methods described in the
beginning of this section, we now consider the case when u; and u,, (i.e., all compo-
nents of u) are chosen as the unknowns in the mesh interfaces. Correspondingly, we
should use the transmission conditions on the other two variables, namely

[wxmn]| =0, and [pn]| =0, (3.9)
&y &y

to derive a hybridized formulation. However, the success of this strategy relies on
us being able to compute approximate Stokes solutions within each element locally,
once a discrete approximation to w, say A, is obtained on the boundary of every mesh
element. Here we find a difficulty not encountered in the previous case, namely the
HDG discretization (2.2) on one element with A as boundary data (of Type II) is not
solvable in general, unless

/ An =0, (3.10)
oK

as seen from Proposition 2.1(2). Thus we are led to modify our local solvers, which
in turn necessitates the introduction of a new variable (p) approximating the means
of pressures on the element boundaries, as we shall see now.
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The new local solver, denoted by £, maps a given function (X, 5, f) in L*(9€,) x
02(094) x L*() to a triple (W, U, P) € W, x V, x P, defined below. Here, £2(99,)
denotes the set of functions in L?(99,) that are constant on each K for all mesh
elements K. On any element K € 2, the function (W, U, P) restricted to K is in
W(K) x V(K) x P(K) and satisfies

(W, 7))k — (W, curl 7) g =—(\,n X T)srK, (3.11a)
(W, curlv) g + (W,v X NYoK (3.11b)

— (P, divo)k + (i]AJ,v ‘MoK (f,v)k,
- (uu gra'd q)K = <)‘ "n,q — q>(9K7 (3116)
P =7, (3.11d)

where

W=W+r, (U= A) x n, (3.11e)
P=P+7, (U—-N) n. (3.11f)

Here, we use the convention that for a given function ¢ (that may not be in £2(99,)),
we understand g to mean the function in £2(9€2),) satisfying

o .
Jlok = q dy. 3.12
195 = 1BRT Joxc (3.12)

Obviously, for functions p in £2(9Q4), we have 5 = p. Let A be the function on
0y, defined by )\2|3K = Anlox — A -nlogn, for all mesh elements K. Then, we
can rewrite the right hand side of (3.11c) as (A, qn)sx. Hence, the system (3.11)
minus (3.11d) is the same as the HDG system (2.2) applied to one element with the
data g, = A; and g,, = )\2. Consequently, by Proposition 2.1(2), the system has a
solution, and moreover, the solution is unique once (3.11d) is added to the system.
Thus, the map L is well defined.
Note that (3.11) is the HDG discretization of the exact Stokes problem

wg —curlug =0 in K,
curlwg + gradpg = f in K,
divug =0 in K,
wg = A+ A2 on 0K,
Pk =P

on a single element K.
Next, we find conditions on (X, 7, f) that makes (W, U, P) = L'(\, 7, f) equal
to (wp, wp, pr). First, we restrict X to the space M, defined by

M, = {pcL*(&): plec M(e) Vec&l}, (3.14a)
Uy, = 02(0Q,), (3.14b)

where M (e) is a finite dimensional space on the face e € &, such that

M) D{(v+nx1T4+nqg)l:(r,v,q9) € W(K)xV(K) x P(K) (3.14c)
VK :ecC 0K}
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Then we have the following theorem, which identifies certain discrete analogues of (3.9)
as sufficient conditions for the coincidence of the locally recovered solution with the
HDG solution.

THEOREM 3.3 (Conditions for type II hybridization). Suppose (wp,wn,pp) is
the solution of the HDG method defined by (2.2), (2.5), and (2.6). Assume that
(X, P) € M), x Wy, is such that

A=g on 092, (3.15a)

([n x Wl p)se =0 YV pe My, (3.15b)
([Pl pp)ee =0 Ve My, (3.15¢)
(A n,Qaq, =0 Vqewy, (3.15d)
(P,1)q = 0. (3.15¢)

Then (W, WU, P) = (wh, wh,pr), Ae = (Un)t, and Xy, = (Up)p-

Proof. We will show that (W, U,P) and (wp, up,pp) satisfy the same set of
equations. To do this, _just as in the proof of Theorem 3.1, it suffices to show that
the numerical traces (W), A¢, Ap, and P can be related to (W, U, P) through the
expressions in (2.5).

We therefore derive expressions for (\//\\7),5, A, Ay, and P. By the choice of the

space My, the jump conditions (3.15b) and (3.15¢) imply that
[[nx\//\\7]]=0 and [[/Usn]]:O on & .
Inserting the definition of the numerical traces (3.11e) and (3.11f), we readily obtain
that, on &7,
[nx W] +7,7 (U + 77 (U ) — (17 +77) A =0,
[P n] + 78 (W) + 7, (W )n = (7] +7,) A =0,

or equivalently,

e (RO (L
A, = <Tt+ (u+T)tn j::,; (u‘)n) N (%) [P n].

T + T

Hence,

(W), = (Tt_ W+ (W_)t> +< T )[['L(x nj,

T;-i—TtJr T;-i—TtJr
A TPt 1o P Thr-
Pl T ) Inn )y nl.
( w4+ ) (Tn—i-nf)[[ !

In other words, the numerical traces satisfy the equations (2.5a), (2.5b), (2.5¢) and
(2.5d). The fact that they also satisfy (2.6) follows from conditions (3.15a) and (3.15¢)
and the definition of the local solvers.

Consequently, by Proposition 2.1(2), we conclude that the difference between
(W, U, P) and (wp, up,pr) is (0,0, k) for some constant function k. Equation (3.15¢)
then completes the proof. O
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Next, we show that the jump conditions (3.15b) and (3.15¢) define a mixed
method for the velocity traces and pressure averages on element boundaries. We
denote by M’ the set of functions in M}, that vanish on 9 and split A = A° + g
with A in M. In analogy with (3.7) of the type I hybridization, we now define the
specific local solutions for this case by

(W)\,u)\,fP)\) = LH()\,O,O), (3.16&)
(Wp, uﬁ, :Pp) = LII(O,E, y (316b)
(Wf,uf,fPf) = LII(O,O,f), (316(3)

but note that by Proposition 2.1(2),

Our main result for the type II hybridization is the following theorem.
THEOREM 3.4 (Characterization of the approximate solution). We have that

wp = Wixo + Wf + Wg ,
u, = Ure + uf + ug,
Ph = (P)\o + Tf + (Pg + (Pﬁv

where (X°,p) is the only element of M} x W), such that

an(A°, ) + bn(p, p) = L(p),
_bh(av AO) = Oa

for all (p,v)) € My x ¥y, and
(Pre + Ps+ P+ Py, 1) =0.
Here

an(A, p)= (Wi, Wu)ﬂh + (oA = U, (1 — uu)t>89h
+ (T (A = Un)n, (1 — uu)n>8$lh,7

br(P, ) = —(P: - M)og,

lp) = U,  —anlg, p).

A proof can be found in Section 4. For appropriate choice of polynomial spaces,
as in the previous case, to satisfy the conditions of Proposition 2.1, we choose the
degrees dp,dy and dy to be integers obeying (2.12). Then M, is fixed once we pick
any M (e) satisfying (3.14c), e.g., M (e) = Prax(dy ,dw.dp)(€)-

3.3. Hybridization of type III. A formulation with tangential vorticity, nor-
mal velocity, and pressure means. Next we hybridize the HDG methods by making
another choice of two variables in (3.2), namely w; and u,, as the unknowns on the
mesh interfaces. Their discrete approximations will be denoted by -, and A,,, respec-
tively. When we try to formulate a system for these unknowns using the transmission
conditions on the other two variables, namely

[uxn]| =0, and [pn]| =0, (3.18)
& &e
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we again face the same difficulty we faced in the Type II case. Consequently, as we
shall see, we must introduce a new variable p approximating the averages of pressure
on element boundaries, just as in the Type II case.

To hybridize the HDG method, we begin as in the previous cases by introducing
discrete local solutions. These will be obtained using the HDG discretization of the
following Stokes problem

wg —curlug =0 in K,
curlwg + gradpyg = f in K,
divug =0 in K,

(WK)t =74 on 0K,
(uK)n = Afoz on 8K7
Pk =p-
on a single element K. Given the function (v;, A, 7, f) in L*(09Q,) x L*(0Q) x

02(0Q,) x L*(R), we define (W, U, P) in W}, x V, X P, on the element K € €, as
the function in W(K) x V(K) x P(K) such that

W, 1)k — (W, curl ) + <ﬁ,n X T)ox =0, (3.20a)
(W, curlv)gx — (P, divo)x +(P,v-n)ox = (F,v)x — (v,,v X n)ox, (3.20b)
—(U,gradq)k = — (A "M, ¢ — Qoxk- (3.20¢)
P =7, (3.20d)
where

~ 1
U=U+—nx(W-—r,), (3.20e)

Tt
P=P+7,(U—-A,) n. (3.20f)

By Proposition 2.1(3), there is a unique solution to (3.20) on each mesh element K.
In other words, the local solver L' (v,, An, 0, f) := (W, U, P) is well defined.

As in the previous cases, we now proceed to identify the discrete analogues
of (3.18) that make L' (v, An, B, f) identical to (wp,, wp, pp). This will yield a mixed
method for (v, An, P, f). To do this, we begin by restricting the function (v;, An,p)
to the space (Gp,); x (Mp), x ¥}, where

(Gr)e :=1{6, € L*(&,): 84| € G(e) Ye€&), (3.21a)
(M) = {p, € L*(&):  m,)e € M(e) Vec &Y, (3.21b)
@h = {E € LQ((:)Q}L) : E|8K eR VKe Qh} = KQ((?Q}L), (3.21C)

where, G(e) and M (e) for each face e € &, are finite dimensional spaces satisfying

()

G (ve+nxT)e: (T,v) e W(K)xU(K) VK:eCOK}, (3.21d)
M (e)

2 {
2{(vn+nq)e: (v,q) eUK)x P(K) VK:eCOK}, (3.21e)

THEOREM 3.5 (Conditions for type III hybridization). Suppose (wp,up,pp) is
the solution of the HDG method defined by (2.2), (2.5), and (2.6). Assume that
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(Vs A D) € (Gh)e X (Mp)n X P, is such that

A =g, on 99, (3.22a)

(U x n],8,)s, = (g, xn,8)00 V6, € (Gp), (3.22b)
([P n],p,)sp =0 ¥ g, € (Mp)n, (3.22c)
(An -1, Qoq, =0 VG E Wy, (3.22d)
(P, 1)q = 0. (3.22¢)

Then (W7u7 (P) = (whauhuph); )\n = (’ah)n; and Y = (ah)t'

Proof. We begin by noting that (W, U, P) is in the space W), x V', x Py. More-
over, (W, U, P) satisfies the weak formulation (2.2) by the definition of the local solver
(3.20).

Next, we note that, by the choice of the space (G},): x (M},),, the jump conditions
(3.22b) and (3.22¢) imply that

[[ﬁxn]]:O and [[/ﬂsn]]:O on &y.

Inserting the definition of the numerical traces (3.20e) and (3.20f), we readily obtain
that, on &,

1 1 _ 1 1
[Uxn]+—= W)+ —=W)— (= +—=)7=0,
Tt Tt Tt Tt

[P o]+ 70 (WHn 4+ 7, (U )n — (77 +7,) An =0,

or, equivalently,

- <r; W) +7,F (W)t) N < T > U x ],

T, + Tt+ T, + Tt+

H U, + 7, (u)n> ( 1 >
A, = 2 n +(——— ) [Pn].
( T + T To 4T 7 n]

Hence,

T;—i—T;r T
~ T_fP"'—i—T"'fP_) (T_T+ )
Po(n? " V(e ). nl.
( T +Tn T + T [[ ]

In other words, the numerical traces satisfy the equations (2.5a), (2.5b), (2.5¢) and
(2.5d). The fact that they also satisfy (2.6) follows from conditions (3.22a) and (3.22c).
They also satisfy the equations (2.6¢) and (2.6d) by definition of the local solvers.

By the uniqueness result of Proposition 2.1(2), we can now conclude that the
approximation (W, U, P) coincides with (wp,un,pr). Moreover, we also have v, =
(@r)r and A, = (up)n. This completes the proof. O

We now proceed to formulate a mixed method for the numerical traces. Define
specific local solutions by

(W'h ) u‘h ) :P'h) = L’HI('th 0,0, 0)7 (WAn ;Un,, s T)\n) = LIH(Ou An, 0, 0)7
(Wp, Up, pr) = LIII(O, 0,7,0), (Wf, Uy, fPf) = LIII(O, 0,0, f),
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and observe that by Proposition 2.1(2), (W5, U5, P5) = (0,0,5). We additionally
denote by (Mj})),, the functions of (Mp), which are zero on 9f2, and we write A, as
the sum of AY and g,,, where Ay is in (M}),. We are now ready to state our main
result.

THEOREM 3.6 (Characterization of the approximate solution). We have that

wy = W% + W)\fb + Wf + Wgn ,
u, = u,yt + "L(A; + u_f + ugn,
o= Py A+ P+ Py + Py + Pp

where (v, A2, p) is the only element of (G); X (My), x ¥y, such that

ah(vtvét) +bh(An76t) = 51(5,5),
=on (s Ye) + cn(Ans ) + dn (P, 1) = L2(p,),
_dh(@ An) = 0,

for all (84, p,,,p) € Gy x (My),, x ¥y, and
(Prg +Pp+Pp+ Py, 1)0 = 0.
Here
0 (:81) = (W, Wa, ),
(S (7, = Wa, )7 x (8= Wa)ao, + {7 (U, o (Us. )

bh()\n, 515) = <)\n7 Ps, + 1 (u)\t)n>69h7
Ch (Ana p’n) = (WAn ) Wl"n)ﬂh

1
+ <T_n X Wun;n X W)\n>852h + <Tn(un - uﬂn)"7 (An - u)\n)n>852h
t
dh(ﬁa p’n) = = <ﬁ7 Moy n>69h7
and
él(ét) = - (fau(st)ﬂh - bh(gnvét) - <gt X n56t>aﬂa

éz(p’n) = (fauun)Qh - Ch(gnv /"’n)

3.4. Hybridization of type IV. A formulation with tangential vorticity, pres-
sure, and harmonic velocity potentials. There is now only one more remaining choice
of two variables from in (3.2), namely w; and p, that we have not investigated yet.
This is the type IV case. This case presents additional complications not found in
previous three cases. The complications are rooted in the same reason for which we
did not consider a “type IV boundary condition” in Section 2.

To explain the difficulty, suppose we are given an approximation (v, p) to (w¢, p)
on 0. To obtain an approximate solution inside the mesh elements, let us try to
define a local solution (W, U, P) generated by data (v, p, f) in L*(9Q) x L?(9Q) x
L?(Q). For this, we would like to use the HDG method applied to one element
K, with boundary conditions on tangential vorticity and pressure (which would be
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discrete versions of boundary conditions w; = =, and p = p on 9K ). Thus we are led
to take (W, U, P) as the function in W (K) x V(K) x P(K) such that

W, )k — (U, curl 7) g + <ﬁ,n X T)ox =0,
(W, curlv) g — (P, dive)x = (f,v)k
(X ye + p o
—(U, gradq)x + (U - n, g)ax =0,

with (U); = (W) +7, " nx (W=7,), and (U),, = (W), +7,* (P—p) n. Unfortunately
this problem is not solvable in general, which is the same reason we omitted this type
of boundary condition in Proposition 2.1.

Nonetheless, upon reviewing the proof of Proposition 2.1 in the case of one el-
ement, we find that the null space of the above system is of the form (W, U,P) =
(0, grad ¢, 0) where ¢ is in the following local space harmonic velocity potentials:

P(K)={¢:gradé € V(K): A¢ =0and ({,1)x = 0}.

Hence we can recover unique solvability if the velocity is kept orthogonal to &(K).
Keeping this in mind, we are motivated to reformulate the local problems to give a
consistent system of equations as follows. Denote the L?-projection of v € V(K)
into grad ®(K) by grad ¢,,. Given the function (v,,p, ¢, f) in L*(99,) x L?(982,) x
HY(Q) x L*(2), we define (W, U,P) in W}, x V}, X P, on the element K € Q, as
the function in W(K) x V(K) x P(K) such that

(W, )k — (W, curl 7)g + (U, n x T)ox =0, (3.24a)
(W, curlv) g — (P,dive)g = (f,v — grad ¢p) x (3.24b)
—(nxy,+pn,v—gradgy)ox
_(u7 grad Q)K + <ﬁ ' n, Q>8K = 07 (324C)
(W, grad €) xc =(grad ¢, grad )« (3.24d)
where

(ﬁ)t = (W) + %n x (W —1,), (3.24e)

-~ 1
(W = Wn+ — (P=p) n. (3.24f)

n

A minor modification of the arguments in Proposition 2.1 shows unique solvability
of (3.24), hence we can define a fourth local solver £V : L?(9Q,) x L2(09,) x H' (Q,) x
L*(Q) — W(K) x V(K) x P(K) that takes (v,, p, ¢, f) to (W, U, P).
Note that (3.24) is a discretization of the exact Stokes problem
wg —curlug =0 in K,
curlwg +gradpxg = f  in K,
divug =0 in K,
(wK)t =" on 8K7
pxk =p ondK,
with the additional condition that the velocity field wy is L?-orthogonal to all gradi-
ents of harmonic functions, which is necessary for well-posedness.
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Although we could have considered a global “type IV boundary condition” case
in Proposition 2.1 through the addition of an equation like (3.24d), it does not appear
to be very useful, because we do not know the data needed for the right hand side.
However, we can use type IV boundary conditions locally to hybridize a global problem
with type II boundary condition because we already have global solvability for the
type II boundary condition case. We only need to ensure that the local problems are
solvable, and the reformulation of the local solvers with (3.24d) guarantees it.

Now, we proceed as in the previous cases to identify conditions on ,, p and ¢
in such a way that (W, U, P) is identical to (wp, un,pr). We begin by restricting the
function (44, p, @) to the space (Gp): X ¥y, x @y, where

(Gh)e == {0, € L*(&) . &4 € G(e) Ve &Y, (3.26a)
= {Y € L*(&) . Yl €¥(e) Ve &), (3.26b)
Oy i={6€c HY () : ¢x € P(K) VK € Oy}, (3.26¢)

where, on each face e € &}, we have finite dimensional spaces G(e) and ¥ (e) satisfying

Gle)D2{(vi+nxT)|e: (T,v) e W(K)xU(K) VK:eCOK}, (3.26d)
Ue) 2{(g+v-n)e:(v,q) eUK)x P(K) VK:eCOK}. (3.26e)

The next theorem identifies the discrete analogues of the transmission conditions

[uxn]| =0, [u-n]| =0,
&9 &2
that recovers the original solution. An additional condition also appears because of
our reformulation of the local solvers.
THEOREM 3.7 (Conditions for type IV hybridization). Suppose (wp, wn,pr) is
the solution of the HDG method defined by (2.2), (2.5), and (2.6). Assume that
(Y5 0y @) € My, X Wy, X Py, is such that

([Uxn],8,)s, = (gxn.d)oa V6 €Gy, (3.27a)

([U-n], ¥)s, = (g1 ¥)on Y €Wy, (3.27D)

(n x v, +pn,grad{)sq, = (f,grad{)q, Ve by, (3.27¢)
(P, 1)q = 0. (3.27d)

Then (W, W, P) = (wp, wn,pn), v; = (@n)e, and p = p.

Proof. The proof is similar to the analogous proofs in the previous three cases,
and begins with the observation that (W, U, P) satisfies the weak formulation (2.2)
by the definition of the local solver (3.24) and condition (3.27c). Next, the jump
conditions (3.27a) and (3.27b) imply that

[[ﬁxn]]:() and [[ﬁ-n]]:O on &y.

Inserting the definition of the numerical traces (3.24e) and (3.24f), we readily obtain
that, on &7,

1 1 _ 1 1
HUXnﬂ+—+(W+)t+T(W Jo— (= +—=)7 =0,
Tt Tt Tt Tt
1 1 1 1
[[u-n]]-i——JrfP;-i-—,T;:_(—Jr‘f’_,)p:Oa
Tn Tn Tn Tn



or, equivalently,

. (T; Wi + 7, (W_)t) +( ot )[['L(xn]],
"

T + T;r T + T;r

T P+ P T T,
= () (E e

Tn + T

Hence,

@, = (f W, + 7 (u)t) N (Lﬁ) [n x W],

7'[—1—7'? T +T
~ i (qu)n +7,, (U ), 1
u), == - — | [P n].
) ( T + 7o >+<Tn+ﬂf)[[ "]

In other words, (W, U, P) satisfies (2.2), (2.5), and (2.6). By the uniqueness result of
Proposition 2.1(2), we can now conclude that the approximation (W, U, P) coincides
with (wp, up, pr) and consequently v, = (@p): and p = pp,. O

Next, we give a characterization of the approximate solution in terms of the local
solutions

(W’Yt ) u’ytv (P’Yt) = LIV(7t5 07 Oa 0)7 (Wp7 up7 (PP) = L’IV(Ov p7 Oa O)a
(Wg, Uy, Py) := LV(0,0,6,0), (Wy,Uyp, Py) = L£Y(0,0,0, f).
Note that
(Wg, Uy, Py) = (0, grad ¢,0) (3.28)

by direct verification in (3.24). The next theorem gives a mixed problem for the
numerical traces 7,,p together with the volumetric unknown ¢. The presence of
the variable ¢ defined within the elements (and not element boundaries, as in the
previous cases) may appear to annul the potential advantages of dimensional reduction
brought about by hybridization. However, this is not the case because ¢ is completely
determined by its values on element boundaries.

THEOREM 3.8 (Characterization of the approximate solution). We have that

whp = Wy, + W, + Wy,
u, = U,, + U, + Uy + grade,
P = fP)‘g + P, 4+ Py,

where (7, p, ) is the only element of (Gr)e X ¥y X Py, such that

an(¥g, 0¢) + bu(p, 6¢) + cn(9,6:) = lai(py),
br(,ve) + dn(p, V) + en(@, ¥) a(9),
_Ch(gvvt) - eh(gap) = 63(5)7

for all (8¢,9,8&) € (Gr)t X ¥y, x Py, and

(Py, +Pp+Ps,1)0 = 0.
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Here

me8) = (Wa, Wi o, + (=95, Ps)on,
H(Em X (7, = Way ) X (8= W, ))on,
bu(p,8:) = —(Us, + %Tat,@aszh,
cn(¢,0) = (n x grad ¢, 8;)aq, ,
dn(p, ) = (W, Wy)a, + ( ! (p—=Pp), (¥ —Py))oq,

Tn

1
+ <T—n X Wp,n X W¢>agzh,
t

eh((bv 1/)) = _<gra’d (b ', 1/}>BQ;L ’

and

01(0¢) :==—(f, Us, ), — (g X 1, 8¢)o0,
lo(Y) === (F, Uyp)q, — (g n,¥)oq,
l3(¢) == +(f, grad§)q,,

3.5. Summary. We have shown how to hybridize the HDG methods in four
different ways according to the choice of globally coupled variables. These variables
are described in Table 3.1 for each of the hybridizations we considered. They are
referred to as unknowns therein since all the other variables can be eliminated from
the original equations. The corresponding discrete transmission conditions appear
alongside under the heading jump conditions. The primary motivation for all these
hybridizations is the reduction in the number of global degrees of freedom achieved
by the elimination of volumetric unknowns wy,, w, and pj,. The variational equations
on the mesh faces that we derived in each type result in significantly smaller systems,
especially in the high order case.

TABLE 3.1
The unknowns and jump conditions for the hybridizations

type | unknowns | jump conditions
I | (un) Ph [ > (@n)e ] =0 [(@n)n-n] =0
IL | (un)e (Un)n Py | [0 x(@n)] =0 [Ph ] =
| @) @)n Py | [@n) xn] = [ m] =
IV | (@) Pn on | [@n)exn] =0 [(@n)n-n] =0

For DG methods, the possibility to derive a hybridized formulation is strongly
dependent on the structure of the numerical traces. Although we gave expressions for
the numerical traces in the traditional DG format as in (2.5), we should note that the
numerical traces on which the jump conditions are imposed can be expressed element
by element. Indeed, on the boundary of each mesh element K, the numerical traces
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on which the jump conditions are imposed, have the following expressions using the
values of variables from just that element:

(@p)t = (wh)t + 7 (up, — (Wh):) X, on K

Type I: N 1 A (3.29)
(Wn)n = (un)n + — (pn — D) on 0K,
Wh)t = — (Un):) X m, oK,
Type II: (whA)t (wn)e + 7 (un N (dn)¢) xm, on (3.30)
DPh =Dh + Tn (up — (Up)n) -1 on 0K,
1
up)e = (up)s + —n x (wp, — (@p):), on 0K,
Type I1I: (@) = (un)e + Zn x (wn = (@n)) (3.31)

Ph = DPh + Tn (un — (Un)n) - 1, on 0K,

(Up): = (up)t + z n X (wp, — (@p)r) on IK,
Type IV: " (3.32)
(Wn)n = (un)n + = (pn — (Dn)t) M. on K.
n

Finally, let us note that in the rewritten expressions of the numerical traces above,
it is easy to formally set the parameters 74, 7,, to either zero or infinity, which gives rise
to numerical methods we can think of as being limiting cases of the HDG methods. In
Table 3.2, for each of these limiting cases, we give the associated continuity properties
of some the components of the approximate solution as well as the corresponding
natural hybridizations.

In particular, if we use the hybridizations of type I or IV and formally set 7,, = oo
in (3.29) or (3.32), we immediately obtain that wj, € H(div, §2), by the jump condition
(3.6¢), respectively, jump condition (3.27b), for the type I, respectively, type IV,
boundary condition. We also immediately see that the discrete incompressibility
condition (2.2c) becomes

(divun,q)o, =0 Vg€ Py,
and if we assume, as in Proposition 2.1, that
divV(K) C P(K) VK € Qp,

we can conclude that our approximate velocity uy is strongly incompressible. That
is, the distributional divergence of the numerical velocity approximation satisfies
divup = 0 in all Q. It is interesting that even though the space V', is a space of
completely discontinuous functions, we are able to recover such a velocity approx-
imation. The first DG methods producing strongly incompressible velocities were
introduced, in the framework of the Navier-Stokes equations, in [12] and were later
more explicitly developed in [13]; see also [21], where this idea is applied to square and
cube elements. Another DG method able to provide strongly incompressible velocities
is the method introduced in [3]. It uses a velocity space V', of exactly divergence-free
velocities and uses a hybridization technique to avoid the almost impossible task of
constructing its bases.

Unfortunately, the above-mentioned methods do not fit in our setting. The meth-
ods in [12, 13] do not use the vorticity as an unknown; instead, they use the gradient
of the velocity. The method in [3] almost fits in our setting except for the fact that
the numerical traces for the tangential vorticity and the tangential velocity do not
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coincide for any finite values of Tti. If, on the other hand, we formally set 7,7 = oo and
then take 7,7 = 0, we do recover the general form of the numerical traces considered
in [3]. However, in that case, the numerical trace for the tangential vorticity becomes
independent of the tangential velocity. This is certainly not the case for the scheme
treated in [3].

TABLE 3.2
The continuity properties induced by the formal limits.

formal limit | continuity property hybridization type

7 =0 wp, € H(curl Q) I II
= =0 uy, € H(curl ) L, IV
T =0 pn € CO(Q) IT, T11
% =0 uy, € H(div, Q) I, IV

In Table 3.3, we describe four special limiting cases. Most finite element methods

for the Stokes problem use approximate velocities u; in H*(Q), see [2]; they thus

correspond to the case ‘r% = L = 0. The method introduced by Nédélec in [17]

Tn

corresponds to the case 7, = - = 0; its hybridization was carried out in [7, 8].

TABLE 3.3
Four special formal limits of HDG methods.

Tt = 0 ‘r% =0
wy, € H(curl Q) uy, € H(curl Q)
Tn =0 pn € €°(Q) pn € €°(Q)
type II hybridization type III hybridization
wy, € H(curl Q) uy, € H(curl Q)
+==0 uy, € H(div, Q) uy, € H(div, Q)

type I hybridization  type IV hybridization

4. Proofs of the characterization theorems.

4.1. Preliminaries. We begin by proving an auxiliary identity that we will use
in all our proofs. It is stated in terms of functions (wp, up, ps) in W, x V), X Py, that
are assumed to satisfy the equations

(Wp, T)a, — (up, curl T)g, = —(Up,n X T)aq,, (4.1a)
(wp, curlv)g, — (pn,divo)g, = (f,v — Pv)q, — (Pn, (v — Pv) -n)sq,  (4.1b)
— (W, (v — Pv) x nYsq,
—(up, gradq)o, = —(u - n, ¢ — Pg)oq,, (4.1c)
for all (7,v,q) € W;, x V), x P,. Here P is a projection from Py, and P is a projection
from V'j,. Their ranges are denoted by v, and H, respectively. The symbols wy,, up,,

and Py, while evocative of numerical traces, are not assumed to be related to the

variables (Wp,up, pr) as in (2.5), nor are they assumed to be single-valued on &},.
They simply denote some given functions on 9€,.
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LEMMA 4.1. Let (Wp,up, pr) be a function satisfying equations (4.1a) and (4.1c),
and let (W), u},, p,) be a function satisfying (4.1b) with £, Wy, and pp, replaced by ',
W), and p,, respectively. Then

—(Un, n X W, + 1 B))a0, = (Wh,Wi)e,
— (@h — up,m X (Wy, — wi,) + 1 (B, — Ph))oo,
— (un, F)q,,
whenever (Puy, Pp)) = (0,0) .

Proof. By equation (4.1a) with 7 := w},, we have that

(Wp, W} ), = (up, curlw))g, — (Un,m X W),)aq,
and so, after integration by parts,

(Wh,W;l)Qh’ = (curl uy, W;L)Qh + (uh — Gh, n X W;1>8Qh.

By (4.1b) with v := uj, and wy,, s, p, and f replaced by w},u}, p,, and f', respec-
tively, we get
(Wh, Wj,)a, = — (W, (un — Pup) X n)aq, + (up — Un,n X W})ag,
+ (Ph.divug)a, — (P (un — Pug) - n)aq, + (F,u, — Puy)g,
= —(up, m X Wy, )aq, + (Up — Up, 1 X W} )ag,

+ (divup, pp, ), — (un -1, Bp)o0, + (un, fo,,
since Puy, = 0. If we now integrate by parts, we get

(Wi, W), = — (up,m X Wy, ), + (U — Uk, n X Wh)agq,

— (up, gradp},)q, — (up - n, By, — Ph)oq, + (un, f)a,,
and by (4.1c) with ¢ := pj,,

(Wh, Wh)a, = — (up, 1 X VAV;“ Yoo, + (un — Up, m X W) )aq,

(U, - m,pj, — Ppl)ag, — (un -1, B}, — ph)oay, + (un, F)a,
(U, X W), )aq, + (up — Un, 1 X (W), — W),))aq,

(U, - 1, B, )00, + ([T — un) - 1, By, — Ph)on, + (un, fa,,

since Ppj, = 0. The result now follows after a simple rearrangement of terms. This
completes the proof. O
The following immediate consequence of this result will also be useful.
COROLLARY 4.2. Let (wp,up,pp) be a function satisfying the equations (4.1)
and (wh,u,.p}) a function satisfying equations (4.1) with £, Wy, Uy, and Py, replaced
by f', Wy, uy,, and p),, respectively. Then we have

—(@n, n X W, + 1 B) 00, + (Un, Fa, = — (U, n x Wy +np),)oo, + (U}, Fa,,
provided (Puy, Ppy,) = (Puj},,Pp),) = (0,0) and

— (U —up, X (W), —wi,)+n (B, —Ph))ox, = — (0, —ul, nx (Wy—wp)+n (B, —Pr))o, -
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4.2. Proof of the characterization of Theorem 3.2. To prove the charac-
terization Theorem 3.2, we are going to use several key identities gathered in the
following result. Recall the definitions of specific local solutions in (3.7) (such as
Wi, ,Uy,, etc.). We denote by \//\\7@ and ﬁ@ the corresponding numerical traces, for
all choices of the subscript “®” that make sense in the discussion of this hybridization
case:

=3 -~ 1

WAt = WAt + T (u)\t — >\t) X 1, U)\t = uAt + —T)\t n (42&)
Tn

— _ 1

W, =W, +7 (U, xn), U, =u, + T_(Tp —p)n (4.2b)

— ~ 1

Wf:Wf—l-Tt (uf xn), uf:uf—l-—fan (42C)
Tn

Clearly these equations are inherited from the definitions (3.4d) and (3.4e).
LEMMA 4.3 (Elementary identities). For any A, p, € L*(&), any p, € L*(&)
and any f € L*(Q), we have

—( [[n X W)\t]], ut>gh = (W)\t,wp,t)ﬂh + <7't()\t —Ux, )t (Ht - uut)t>69h

1
+ <T—T>\“Tut>aﬂh

n

~([nx W, ], u)e, = ([Wy, -1, p)s,,
—([n x Wyl p)e, = — (F, Uy o,

and

—~([Ux, - n],¥)s, = ([0 x Wy, Ad)s,,
— [[ﬁp -n], Vs, = Wo, Wy)a, + (1e(Wy)e, (Wy)i)oa,
(=B = ), (Py — ¥)on,

—([Us-n],¥)s, = + (£, Us)a,

Proof. In all the applications of Lemma 4.1 and Corollary 4.2 in this proof, we
take (P,P) = (0,0). Observe that (4.1) is satisfied by (wp,un,pn) = Wy,, Uy, , Ppu,)
if we set

~

(W, (Gn) s (@n)ns P F) = Wi, g2y, (W, )i 0, 0).

The system (4.1) is also satisfied by (wf,,u},p,) = (Wa,,Ux,, Px,), if we set

(w;w (6;1)757 (G;L)WJB;L? f,) = (wkm)‘tv (ﬁ)\t)"“ 0, 0)'
Hence, by Lemma 4.1,
([ xWal s, = Wa We)a, — (1 — W, 1 x (Wa, — Wa, ),
- <ﬁltt - ulttv n (0 - TA,:) >8Qh,'

The first identity of the lemma follows from this and the identities defining the nu-
merical traces such as (4.2).
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The second identity of the lemma follows just as the fourth; see below. The third
identity follows from Corollary 4.2. It is easy to check that the conditions of the
corollary are satisfied with

~

(Wh; up, ph) = (Wutvuutv (Pltt)a (whv (ah)tv (ah)na/p\hv f) = (Wutv My (uut)nv Oa O)a
(W;za u;za p;z) = (vaufa Tf)v (W;m (a;z)tv (a;z)na/p\;m fl) = (va 07 (uf)n; 07 .f)
Hence the corollary implies that
Up,m X Wy Yo, + (un, fa,

BT X Wh)oq, + (u), fa,

—(ug,m X Wf>8(lh, + (W, fla, = —(
= —(0,n x Wp)a0,
0

)

and the required identity follows.
The fourth identity also follows from Corollary 4.2 after verifying its conditions
with

(Wh7 up, ph) = (W)\t 3 u)\t 3 T)\t)a (\/A\lhu (ah)tu (ah)’rn Bhu f) = ("/A\?A,w Ata (ﬁAt)’ﬂJ 07 0)7
(W;w u;w p%) = (Wwv uwv Tw)v (‘/A\’;w (G;L)t7 (G;L)m/ﬁ;w f,) = (Wwv 0, (uw)nv ¥, 0)'
The fifth identity follows from Lemma 4.1 with
(Wha up, ph) = (Wpa upa Tp)a (wha (ah)ta (ah)na b\hv f) = (Wpa Oa (up)n; P O)
(W;w u;w P%) = (Wdla uwv g)w)v (\//\\I%, (G;L)ta (G;L)naﬁ;m f,) = (Wwv 0, (uw)m 1/)7 0)-
The sixth identity follows from Corollary 4.2 after verifying its conditions with
Wiy un, ) = (We, Up, Pp), (W, (@)1, @), Brn ) = (W, 0, (U, 0, F),
(W;L7 u;w p;],) = (qu,qu, :Pill)’ (‘/A\’;w (G;L)t7 (G;I)/n?/p\;l’ fl) = (Wd)’ 0, (uﬂl)na ¥, O)'

This completes the proof of the lemma. O
Proof of Theorem 3.2. By the jump conditions (3.6b) and (3.6c¢),

—([nx Wag + W)l m)e, = (In x Wy + W)l ) s,
—([(Ung +U,) - n],¥)s, = ([(Ug +Ug) - 1], P)s, — (g1, ¥)o0.
By Lemma 4.3, we have that

- <[[’I’L X wA?]]?I"l’t>£h = ah(Agvut)7 - <[[ﬁ>\§ '"]]7¢>£h = _bh(wv)‘?)v
— ([ x WL m)a, = bulpp), = (W, nl0)s, = cnlp,¥)-

In order to prove (3.8a) and (3.8b), we now only have to show that ¢; = (y and 0y = Uy
where

O(p) = ([n x Wl m)e, + ([n x Wl e,
() == ([Us - n],9)s, + ([Ug-n].d)s — (g n,)on.
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But, again by Lemma 4.3, we have

Zl(lit) = Ht)Qh an(g, 1)

(f,
G (py)-

Similarly, applying Lemma 4.3 one more time,

b)) = —(f£.Uy)a, — (g, [n x Wyl)s, — (g1, ¥)aq
= —(f. Uy)a, +0r(¥,g;) — (g -n,¢)oq
= b)),

It now only remains to prove that (A7, p) is the only solution of (3.8a)—(3.8¢).
First observe that the above arguments in fact show that the jump conditions (3 6b)
and (3.6¢) hold if and only if (3.8a) and (3.8b) hold, respectively. Hence if ()\ £ ) 1s

another solution of (3.8a)—(3.8¢), then the numerical traces generated by £ ()\t 0, F)
will also satisfy (3.6b) and (3.6¢). But then, since (3.8¢) implies (3.6d), we find that
all the conditions of Theorem 3.1 are verified, so we conclude that 5\? +g, = (up):
and p = pp. Since we also have (A} + g,, p) = ((Wn), Dn), we conclude that (5\:,5) =
(A7, p). This completes the proof of Theorem 3.2. O

4.3. Proof of the characterization of Theorem 3.4. To prove Theorem 3.4,
we proceed as in the previous case and gather several key identities in the following
result. Recall the definitions of specific local solutions in (3.16) (such as Wy, Uy, etc.).

The numerical traces W® and TPQ are given by (3.11) for the choices of subscript ®
that make sense here, such as when ® is A, p or f, e.g.,

o~

Pr=Pr+7 (Ux—A) -7, W, =W, +7,U, xn,

just as in the previous case.
LeEMMA 4.4 (Elementary identities). For any A\, u € L*(&,), any 7 € £2(0Q4)
and any f € L*(Q), we have
—([n x Wa+Pan], m)s, = (Wa, Wala, + (1A = Ui, (1 — W )i)oa,
+ <Tn()‘ - u)\)nu (H - uu)n>69h7
—([n x W5+ P5n], w)e, = =P 1 noq,,
_< [[’I’L x W.f + :P.f n]]vp’>5h = = (f?u/»")ﬂh

Proof. The second identity immediately follows because by (3.17),
n xwﬁ—l-nff’ﬁ: +pn.

To prove the remaining identities, we set P = 0 and Py = ¢ (where 7 is as
defined in (3.12) and apply Lemma 4.1 and Corollary 4.2 appropriately. Indeed, to
prove the first identity, first observe that (4.1) is satisfied by

(Wh,u),ph) = (Wa, U, Pa)  with (W), @), B, F) = (Wa, A, P,0), and
(Wi unsPr) = (Wi, Wy, P) - with (Wi, s, B ) = (W, 11, P, 0).
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Furthermore, PPy = 0. Hence the first identity follows by applying Lemma 4.1.
Similarly, the last identity follows from Corollary 4.2 setting

(W;wu;wp;L):(vaufvipf) (‘/A\’;wa;wb\%vf,):(W.fvovf/]s.fvf)u and
(Whauhu ph) = (Wuauuaipu) (whaahab\huf) = (WuuuuTuuo)'

This completes the proof of the identities. O
Proof of Theorem 3.4. By the jump conditions (3.15b) and (3.15¢),

—([n x Wie + Pae 41 x \//\\754— ﬁpn]],;wgh
=([n xwf—l—@fn—i—nx wg—i—@gn]],u)gh.
By Lemma 4.4, we have that
—([n x Wio + Pro nl,m)e, = an(A°, @),
~([n x W5+ Ppnl, m)s, = b, ).
It remains to show that the form £(-) of the theorem coincides with { defined by
) = (Inx Wy +Pynl. phs, +{[n x Wy + Pgn], ),

But, again by Lemma 4.4, we have

Z(M) = (f,Un)a, —anl(g, 1)
= l(p).

The proof of uniqueness of the trace solution (A°7p) proceeds as in the type I

case, sO we omit it. O

4.4. Proof of the characterization of Theorem 3.6. We now prove Theo-
rem 3.6, using the identities gathered in the next lemma. The notation for the numer-
ical traces of the form Ug and Pg have meanings inherited from (3.20e) and (3.20f)

as in the previous cases.

LeEMMA 4.5 (Elementary identities). For any v,,8, € L*(&,), any An,p, €

L?(&,), any p,b € L2(&,) and any f € L*(Q), we have

—([Uy, X n],8¢)s, = (W5, Ws,)a, + (Ta(Uy, )n, (Us, )n) o,

1
+(=n x (v, - W"/t)an X (6; — Ws,))oq,,

Tt

~([Us, x n],80)a, = ([Ps, n]. An)es, .
_< [[ﬁﬁ X ’I’L]], 6t>5h =0,
_< [[ﬁf X n]]v 6t>£’h = (fvulst)ﬂh,v

and
([P, nl, )6, = (W, x m], 7)),
([P, il ), = (W, W, Do, + (2 Wi, x Wi, oo,
+ (T (A = U, s (1, — Wy )n)og,
~([Ppnl, n)e, =~ (B, ),

_< Hﬁf n]]7p’n>5h = _(fuuun)ﬂh'
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Proof. The third and seventh identities immediately follow because ﬁﬁ =0 and
Pz =7.
For proving the remaining identities, we apply Lemma 4.1 and Corollary 4.2 with

P = 0 and Py = 1. To prove the first identity, observe that (4.1) is satisfied by
(W;w u;w p;z) = (W5t7u5t7T5t) with (w;w (G;z)tv (G;z)nu B;w f,) = (6157 (ﬁtst)tv 0, @&70)'

Eq. (4.1) is also satisfied by

(W)t ph) = (Way, Wy, Psy,) with (W), (@), (@),)n, Bh, F) = (74, (Us, )¢, 0, P, 0).

Since we also have PPs, = 0 because of (3.20d), all the conditions for applying
Lemma 4.1 are satisfied. Thus the first identity follows from the Lemma 4.1.

The second identity follows like the fifth; see below. The fourth identity follows
from Corollary 4.2 with

(W;y,v U;L, p%) - (Wﬁt;uﬁtaip&t)a (‘/A\I;w (a;y,)tv (a%)nvﬁgw fl) = (atv (ﬁﬁt)t; 07 /335“0)7
(Wh,un,pr) = (Wg, Uy, Py), (Wr, (UR)e, (Un)n, Prs F) = (0, (Ug)e, 0, Py, f).
The fifth identity follows from Corollary 4.2 with
(W;m u;za p;z) = (W’thu’ytvj)’)‘t)a (‘/A\I;w (a;z)ta (a;z)nvﬁ;w f/) = (71&5 ( ’Yt)tv Oa ‘:P"/tao)v
(Wh7 up, ph) = (Wunuuunaipun)u (whu (ah)tu (ah)nab\hu f) = (07 (u/.l,n)tu [ 22% (P/J,nuo)'

The sixth identity follows from Lemma 4.1 with

-~

(Whauha ph) = (W/.Lnuuunugj/.tn)a (whu (ah)tu (ah)nub\}mf) = (07 (ﬁ/.l,n)taun7ipunuo)7
(W;wu;wp;z) = (W)\n7uAn7T)\n)7 (w;w(a;z)tv (ﬁ;z)nuﬁ;wf/) (07 (ukn)tu)‘mjj)\nao)'
The eighth identity follows from Corollary 4.2 with

~

(Wh7 up, ph) = (W/.Ln7uun7:P/.Ln)7 (whu (ah)tu (ah)nu 5}7,7 f) = (07 (ﬁ/.l,n)ta 22 :P/.l,nao)a
(W;w u;w p;w) = (va u.fv (P.f)v (w;w (G%)tv (G;L)m B;w fl) = (07 (uf)t7 0, va f)

This completes the proof. O
Proof of Theorem 3.6. By the jump conditions (3.22b) and (3.22¢),

—([(Wy, +Uxg +Up) x 0], 8)s, = ([(Uy, +Ug,) x 1], 80)s, — (g, X n,8:)o0,
([P, + Pre +Pp) 0l ) s, = ([(Pr, + Py ) 0l 1)

By Lemma 4.5, we have that

—([Uy, x 1], 88, = an(A,8:), — ([P, nlopn)s, = —n(ttn, 7o),
- <[[ﬁ)\fl X n]]vét>5h = bh()‘fwét)v - <[[@>\Z n]]ﬂ“n>5h = Ch()‘fwun)v
—([Uz x n],8)s, = 0, ([Pl pn)s = d@,p,).

It remains to show that ¢, = 571 and ¢y = EQ where
(8:) = —([(Us +Uy,) x 0], 8:)s, — (g, X 1, 8)a0,

L) = [Py, +Pg,) nl 1), -
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But, again by Lemma 4.5, we have

01(01) = —(f,Us,)0, — br(g,,6:) — (gy X M, 01)o0
= El(at)v

and, similarly, by Lemma 4.5,

The proof of Theorem 3.6 is completed by also establishing the uniqueness as in the
previous cases. a

4.5. Proof of the characterization of Theorem 3.8. To prove Theorem 3.8,
we use the identities below. The numerical traces of the form Uy appearing in these
identities are defined using (3.24e) and (3.24f) as in the previous cases for all possible
choices of the subscripts ® that make sense for this case.

LEMMA 4.6 (Elementary identities). For any~y,,d; € L*(&,), any p,p € L*(&),
any ¢ € H () and any f € L*(Q), we have

> 1
- '7t><n7 t)En — Yo 8¢ ) Iy, V600
([, % L8006, = (Wo WaJa, + (D0, B,
1
=+ <_n X (715 - W’Yt)a n X (615 - W5t)>352ha

Tt
—([W, x n].8.)s, = —([Us, -], p)s,
_< [[ﬁ¢ X n]]v 6t>é?’h = <n X gra’d(bv 6t>3(2ha
_< [[ﬁf X n]]v 6t>c§’h = +(f7u5t)ﬂh,v

and

_< [[u‘h 'n]]vw>5h = _< [[ﬁw X n]]77t>gh
— [[ﬁp n],Y)s, = (vaww)szh +( :

Tn

(p—=Pp) (¥ —Py))oq,

1
+ <?n X W,,n x Wy)aq,
t

—([Uy - n],¥)s, = —(grad ¢ - n,¢¥)aq,
_< [[uf 'n]]7¢>5h = +(f7u111)9h'

Proof. The third and seventh identities are immediate because (3.28) implies that

~

Uy = grad ¢.

In the remainder of the proof, whenever we apply Lemma 4.1 or Corollary 4.2 we take
Pv = grad ¢, and P = 0. To prove the first identity, we proceed as in the previous
cases and apply Lemma 4.1 (now additionally noting that PU,, = 0) with

~

(Whvuhvph) = (W%,u%,f}’%), (Whvaha/p\hvf) = (’Ytau"/taovo)v
(W;wu;wp;z) = (W5t7u5t7T5t)7 (w;wa;wb\;wf/) = (6t7u5t7070)'
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The second identity is proved just like the fifth; see below. The fourth identity follows
from Corollary 4.2 with

(Wh; up, ph) = (vaufa Tf)v (wh;ahvaha f) = (Oaﬁfa 07 f)a
(Wh, uj, Ph) = (Ws,, Us,, Ps,), (W), Ty, B ) = (81, Us,, 0,0),
The fifth identity follows from Corollary 4.2 with
(Wh7 up, ph) = (W‘)‘tau‘)‘tu :P‘)‘t)a (whaahu 5]17 f) = (’Ytu ﬁ'ytu 0, 0)7
(W;w u;w p%) = (Wwv uwv Tw)v (\/A\Iz,ﬁ%, b\;m f/) = (O7u’¢7 p, O)-
The sixth identity follows from Lemma 4.1 with
(Whu Up, ph) = (Wpu upu Tp)u (whaahab\hu f) = (07 ﬁpu P, O)
(W;w u;u p%) - (Ww’uwv g)w)v (V/\\I;L,ﬁ%,/p\%,fl) = (O’UTZJ?U)? 0)'
The eighth identity follows from Corollary 4.2 with
(Wh; up, ph) = (vaufa Tf)v (whvahvﬁha f) = (Oaﬁfv Oa f)a
(W;w u;u p%) - (Ww’uwv g)w)v (V/\\I;L,ﬁ%,/p\;”fl) = (O’UTZJ?U)? 0)'

Proof of Theorem 3.8. By the jump conditions (3.27b) and (3.27¢),

—([(Wy, + U, +Uy) x 0], 8:)s, = ([(Ug x 1], 8e)s, — (g x 1, 8¢)a0,
—([(Wy, + U, +Uy) - 1], ) s, = ([Us - 1], ¥)s, —(g-n,9)a0,

By Lemma 4.6, we have that

~

—([Wy, xn],8)8, = an(v,,0:), —([Uy, -n], Vs, = bu(w,7,),
—([W, x n].80)e, = bu(p,8),  —([U,-n].¥)s, = du(p,¥),
- <[[ﬁ¢ X u]]’(st>éah, = Ch((bv 675)’ - <[[ﬁ¢'n]]a1/}>£’h = eh(¢a¢)a

and that

([(Us x n],80), — (g x 1,800 = (1(81),
([Us - 1], d)s, — (g -1, )oa = ().

The proof of Theorem 3.8 is now completed by a uniqueness argument as in the
previous cases. g

5. Concluding remarks. In this paper, we introduced a new HDG method for
the Stokes system and showed four different ways of hybridizing it. In order for these
methods to be competitive with previously known ones [14, 20, 18, 19, 12, 15, 3, 13],
they need to be, not only efficiently implemented, but also efficiently solved. We would
like to emphasize that our characterization theorems are a first step towards such a
goal since they shed light on the structure of the corresponding equations. However,
we feel that a meaningful study of those equations deserves a separate paper. The
design of efficient solvers for these methods constitutes work in progress.
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Another subject that constitutes the subject of ongoing work is the analysis of
the accuracy of the methods. A careful a priori error analysis of the HDG methods
should reveal what is the effect of the choice of the stabilization parameters 7,, and 7
on their accuracy. Let us recall that, in the context of second-order elliptic problems,
the HDG methods [10] were shown to be more accurate than all previously known DG
methods when their stabilization parameters are suitably chosen. In particular, when
using polynomial approximations of the same degree for both the solution and its
gradient, both approximations were shown to converge with optimal order; see [4, 11].
It is thus reasonable to expect that by a proper choice of the parameters 7,, and 73, the
HDG method using polynomial approximations of the same degree for the vorticity,
velocity and pressure, will also converge optimally in all three variables. This is work
in progress.
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