E% University of
OPEN (") ACCESS d BRISTOL

This electronic thesis or dissertation has been
downloaded from Explore Bristol Research,
http://research-information.bristol.ac.uk

Author:
Lutsko, Chris EH

Title:
Statistical Properties of Dynamical Systems

From Statistical Mechanics to Hyperbolic Geometry

General rights

Access to the thesis is subject to the Creative Commons Attribution - NonCommercial-No Derivatives 4.0 International Public License. A
copy of this may be found at https://creativecommons.org/licenses/by-nc-nd/4.0/legalcode This license sets out your rights and the
restrictions that apply to your access to the thesis so it is important you read this before proceeding.

Take down policy

Some pages of this thesis may have been removed for copyright restrictions prior to having it been deposited in Explore Bristol Research.
However, if you have discovered material within the thesis that you consider to be unlawful e.g. breaches of copyright (either yours or that of
a third party) or any other law, including but not limited to those relating to patent, trademark, confidentiality, data protection, obscenity,
defamation, libel, then please contact collections-metadata@bristol.ac.uk and include the following information in your message:

* Your contact details
« Bibliographic details for the item, including a URL
* An outline nature of the complaint

Your claim will be investigated and, where appropriate, the item in question will be removed from public view as soon as possible.



Statistical Properties of Dynamical

Systems:
From Statistical Mechanics to Hyperbolic Geometry.

CHRISTOPHER LUTSKO

University of Bristol, UK

March 9, 2020

A dissertation submitted to the University of Bristol in accordance with the requirements for award
of the degree of Doctor of Philosophy in the Faculty of Science, School of Mathematics.






ABSTRACT

Broadly, this thesis treats the statistical properties of dynamical systems in two different contexts.
That is, we characterise asymptotic behaviour, independence, and randomness in two distinct settings.

First we consider two models for diffusion of gasses: the random Lorentz gas and the random wind-
tree model. Understanding how typical particles diffuse outwards is one of the central aims of the field.
In both these contexts our main results state that (in a particular scaling limit), when considered over
long times, the typical particle trajectory converges in distribution to a Brownian motion. We use
novel coupling methods to approximate these trajectories by Markovian walks and thus prove these
invariance principles.

For the second half, we consider a general discrete hyperbolic subgroup. Therefore these groups may
be ’thin’. Then we consider the orbit of a point in hyperbolic half-space by this group. The main results
concern characterising the limiting local statistics of these orbits in a number of different contexts. We
extend methods from homogeneous dynamics to the thin group setting and use Patterson-Sullivan
theory and equidistribution of expanding horospheres to characterise the limiting behaviour of these
group orbits. This work has applications to sphere packings, Diophantine approximation, continued
fractions, and more.
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Chapter 1

General Introduction and Plan

The study of dynamical systems is an attempt to understand the behaviour of a physical or mathemat-
ical system as it evolves over time. Given this general definition, dynamical systems is a topic which
permeates many areas of mathematics. As such, there are many examples of dynamical systems ranging
from models for physical systems to fundamental mathematical objects. In the real world, dynamical
systems have been used to study: solar systems, the weather, crystal growth, financial markets, traffic
etc. While from a mathematical point of view some examples and applications of dynamical systems
include: dynamics on the space of infinite sequences (symbolic coding), modelling the motion of gas
particles, solutions to Diophantine equations, billiard tables, etc. In general, dynamicists are in search
of general properties of the system, such as asymptotic behaviour and invariance.

It would be ambitious to try and pin down the first example of a modern dynamical systems
approach appearing in mathematics, but many authors identify Poincaré as an early pioneer, who (in
1890 [Poi90]) discussed the problem later known as the Poincaré recurrence theorem (however later
proved by Carathéodory [Carl19]). This attribution owes to the fact that Poincaré was concerned with
the asymptotic properties of a wide-class of systems. Following this, Von Neumann continued the
study of dynamical systems from a functional analysis point of view. However, since many of the most
powerful theorems in ergodic theory are measure theoretic, the modern treatment of dynamical systems
was truly started by Kolmogorov (c. 1958) who introduced probabilistic methods into the subject. The
probabilistic point of view has motivated a plethora of recent work by many great mathematicians.
While the problems addressed are wide-ranging, the philosophy is often similar: namely dynamicists
seek to use measure theory to characterise different behaviour (i.e symmetry, invariance, or asymptotic
properties) of a dynamical system. See [KH95] for an excellent introduction to dynamical systems and
its development.

One example of a dynamical system is a billiard table, where one considers the motion of a point
particle in a compact region flying according to Newtonian dynamics, and colliding elastically with the
walls of the table (see Figure 1.1). While the rules governing the dynamics of the particle are easy
to compute, the behaviour exhibited by these simple systems can vary dramatically, and is not fully
understood to this day. From the point of view of physicists, similar systems have been used to study
the dynamics of clouds of particle systems, dating back to the work of Boltzmann in the 1870s.

Another fascinating topic in modern mathematics is the study of tilings of the plane or of the disk
(see Figure 1.1). It is perhaps surprising that tilings (a stationary object) can be thought of in terms of
the evolution of a dynamical system. However, dynamical systems can be used to characterise properties
of given tilings, the space of all tilings, and the motion of particles in periodic environments. This point
of view has led to a number of surprising breakthroughs in a variety of settings, ranging from geometric

objects introduced by the Greeks (e.g Apollonian circle packings) to questions about the approximation



Figure 1.1: Here we show two examples of dynamical systems. On the left is the motion
of two particles in a ’Bunimovich stadium’ - an example of a billiard table. On

the right is the print ‘Circle Limit IV’ (or Heaven and Hell) by M.C Escher. The
image shows a hexagonal tiling of the disk using hyperbolic geometry. Indeed Escher
benefited greatly from discussions with mathematician Donald Coxeter in constructing
these hyperbolic tilings.1

of irrationals by rational numbers (Diophantine approximation) raised by mathematicians in the 19"
Century.

Now, if we want to consider the statistical properties of dynamical systems, there are at least two
ways to do this. One option is to generate an orbit deterministically, for example the centres of the
hexagonal tiles in Figure 1.1. Then to ask how a typical observer would see this orbit. For example,
place an observer at a random position in the image on the right hand side of Figure 1.1 and ask what
distance is the observer from the centre of the nearest tile. Thus the randomness is in the observation.
Alternatively, one could introduce some randomness in the initial set-up of the dynamical system and
measure properties of the orbit. For example, in Figure 1.1 one could consider randomly chosen initial
conditions for the particle in the Bunimovich stadium and how quickly such trajectories diverge. The
goal for dynamicists is then to understand what can be said about typical (with respect to either of
these sources of randomness - or both) statistics. In the remainder of this introduction (prior to starting
Part 1) we will present a brief and informal introduction to the two topics which we study in each of

the subsequent parts.

1.1 Non-Equilibrium Statistical Mechanics

The first half of the thesis concerns non-equilibrium statistical mechanics. Generally speaking, sta-
tistical mechanics is the study of large ensembles of particles, starting with rules governing how the
particles interact. Indeed in 1900 David Hilbert presented a list of 23 problems [Hil02] which were un-
solved at the time and which he felt were central to mathematics. Hilbert’s 6! problem concerns the
axiomisation of the laws of physics. Specifically, it states (in part) the need to develop “mathematically
the limiting processes [...] which lead from the atomistic view to the laws of motion of continua”. In
other words, Hilbert was concerned with how microscopic laws, governing interaction between particles
can result in the laws which we observe around us (the organisation of clouds, the flow of liquids and

heat, nucleation of stars, flows of traffic, etc.) - i.e macroscopic behaviour.

1Regarding Circle Limit TV: All M.C. Escher works © 2019 The M.C. Escher Company - the Netherlands. All rights
reserved. Used by permission. www.mcescher.com - The author is very grateful to the M.C Escher Company for this
permission.



While Hilbert gave a very elegant phrasing of a very general and open-ended problem, he was not
the first person to study it. In the 19*” Century, Ludwig Boltzmann studied an intermediate problem of
this nature. Specifically, Boltzmann asked: given the rules for inter-particle interactions and an initial
ensemble, what can be said about the evolution of the ensemble? In other words how does the particle
density evolve? We call this the mesoscopic regime, and Boltzmann was interested in how we move
from the microscopic to the mesoscopic; as oppose to Hilbert who asked how to go from microscopic
straight to macroscopic. Moving from mesoscopic to macroscopic presents a problem in itself, but
generally speaking this is better understood than the transition from microscopic to mesoscopic.

Given the rules for inter-particle interaction, there are two fundamental questions commonly asked.
Firstly, given a cloud (or density) of these particles, is there a partial differential equation describing
the evolution of such a cloud? Boltzmann gave a heuristic argument that, in a particular scaling limit
(the low density limit), for a particular particle system, the particle density evolves according to, what
became known as the Boltzmann equation. Proving this relation rigourously has been the topic of a
great deal of research in the 20*" and 21°* centuries. The second question asks: consider the trajectory
of a single particle inside of such an ensemble for a very long time, if we scale this appropriately does the
trajectory ’look like’ a Brownian motion? In other words, on large time scales and suitably ’zoomed-
out’ do these trajectories look random? In a sense, both of these questions are asking whether one
can approximate the individual particle trajectories by random, independent, Markovian trajectories.
In the first instance we ask if the bulk can be well-modelled by a gas of independent molecules. The
second asks if the typical trajectory converges to a Brownian motion (a purely probabilistic object)
when viewed on long time scales.

In this thesis we are primarily concerned with non-interacting particle systems, in particular two

models:

e The random Lorentz gas: Given an array of fixed, infinite-mass, spherical obstacles of a given
radius, randomly arranged in R3, consider the trajectory of a point particle which begins at
the origin and travels in straight lines until it collides with an obstacle, whereupon it reflects
elastically off of the sphere. Then the particle continues flying in straight lines until the next

collision (see the left side of Figure 1.2).

e The random wind-tree: Here we also consider a random array of obstacles. However in
this case the obstacles are hard cubes. Then, as for the random Lorentz gas, we consider the
trajectory of a point particle with a given initial velocity travelling through this array in straight

lines reflecting off of the cubes (see the right side of Figure 1.2).

The Lorentz gas was originally proposed [Lor05] as a model to study the motion of electrons through
metals. The model may seem simplistic at first, but it is very fundamental and of great importance.
In particular, the dream for mathematicians is to model particle systems by independent probabilistic

objects with no memory. If that were the case, then Hilbert’s 6"

problem would essentially be solved,
as the macroscopic laws governing a fluid of independent particles with no memory are well-understood.
The random Lorentz gas is compose of independent point particles which have memory — in that as the
particle explores its environment, it might return to a certain position and recollide with a previously
encountered scatterer. Therefore the goal is to control these memory effects and say that the Lorentz
gas behaves similarly enough to the purely random gas. As such, the Lorentz gas presents one of the
most tractable examples of a complex particle system which exhibits physically relevant phenomena
(e.g diffusion). Similarly, the wind-tree model was introduced by Paul and Tatiana Ehrenfest [EE59] as
a model for diffusion. The challenge with the wind-tree process is that since the obstacles are square,
there is less randomness introduced at every collision, hence understanding the role played by memory

effects presents additional challenges.



Random Lorentz Gas Random Wind-Tree

Figure 1.2: On the left we show a typical trajectory of the random Lorentz gas while on
the right we show a typical trajectory of the random wind-tree model. Note that in
either case the obstacles do not move throughout the trajectory. The key difference
in the dynamics is that in the wind-tree model the velocities are restricted to

a finite set (in 2 dimensions there are only 4 possible velocities), while in the
Lorentz gas model the velocities can be anything in the unit sphere.

In both contexts, the first question we asked: “are clouds of Lorentz gas/wind-tree particles governed
by a (linear) Boltzmann equation in the low-density limit?” has been positively answered (see [Gal70,
Spo78, BBS&3]) in some generality. However the second question “convergence to a Brownian motion
in the diffusive limit” is one of the main open questions in the field. In Part I of the thesis, we will
address this open problem and prove an intermediate result towards this second question for the random

Lorentz gas and the wind-tree model.

1.2 Orbits of Thin Groups

Since the late 19*” Century and the work of Poincaré, Klein, and other pioneers of the field, mathemati-
cians have studied the orbits of discrete hyperbolic groups (discrete groups acting on the hyperbolic
half-plane). This research has had numerous consequences - in particular when the groups concerned
are lattices. However until recently there has less research concerning the counter-part to lattices:
infinite co-volume discrete (or thin) subgroups (see Chapter 5). This disparity owes more to the lack of
tools for handling thin groups rather than to any disparity in the applications or relevance. Recently
some of the tools classically used to study lattices have been generalised to the thin group setting. As
a consequence, the topic has become the focus of a great deal of modern mathematical research.
From the arithmetic side, the development of strong and super-strong approximation (See Chapter
5, Section 5.3.1) has allowed mathematicians to extend sieving theory to thin groups and prove local
global principles. Without entering into the definitions and details, this development has opened thin
groups up to arithmetic techniques. From the geometric point of view, Patterson-Sullivan theory gave
rise to the development of measure theory and ergodic theory in the thin (hyperbolic) subgroups setting
(Chapter 5, Section 5.5). This second step means that the techniques from homogeneous dynamics can
now be applied to the infinite volume setting. Therefore, at around the same time as thin groups have
become increasingly relevant to modern mathematics because of their number theoretic applications,
the ergodic tools for studying their group orbits have been developed. These advances in the theory of
thin groups have recently been successfully applied to Apollonian circle packings, Pythagorean triples,

continued fractions, group theory, etc.
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Since thin groups have taken a more central role in mathematics, it makes sense to study the
statistics of these groups. In particular we ask, what can be said about the distribution of distances
between points in the orbit of a thin group? In general the study of local statistics of point sets has
numerous applications to quantum systems, random matrices, the Riemann hypothesis etc.. Moreover
understanding the local statistics of group orbits is akin to understanding the fine-scale behaviour of
the group. The goal for Part II is to characterise the fine-scale statistics of general discrete (possibly
thin) hyperbolic subgroups.

An Explicit Example: For the sake of concreteness we will present one example of such a thin
group which is relevant to our research, and to a long-studied problem: the Apollonian circle packing
(or Apollonian gasket) - named after Apollonius of Perga (c. 200 B.C) who (among other things)
was interested in the tangencies of ’kissing circles’. Given three mutually tangent circles, it is always
possible to draw two more circles which are tangent to all three circles (in Figure 1.3, on the left hand
side we show three mutually tangent circles, and in dotted line the two circles tangent to all three).

In the 1640s Descartes studied this relationship, indeed Descartes even wrote to Princess Elizabeth
of Bohemia on the subject. Descartes found that given the radii of three mutually tangent circles there
is a formula for the radius of the the fourth circle which is mutually tangent to all three - thus relating
the problem to a problem in Diophantine equations. That is, if we consider circles with empty interior
to have positive radius, and circles with empty exterior to have negative radius (therefore in Figure 1.3

in the middle, only the outer-most circle has negative radius):

Theorem 1.2.1 (Descartes—Princess Elizabeth). Given three mutually tangent circles with radiiry,ro, 73 >

0 and assume the fourth mutually tangent circle has radius r4 > 0. Then

11 11 11 1 1)\
2(2+2+2+2>=<+++> . (1.2.1)
ry T3 T3 T} r rg T3 Ty

Subsequently, in the 1930s Nobel prize winning chemist, Frederick Soddy considered the problem
(and even eulogised it in a poem in Nature [Sod36]). He was the first to consider packings where one
continued to inscribe circles into the diagram (see Figure 1.3). That is, start from a large circle and
two smaller circles all mutually tangent (i.e starting with the left hand image in Figure 1.3), then add
the two mutually tangent circles to the diagram. Then select three mutually tangent circles from the
packing and add to the diagram the circle tangent to all three until all of the ’holes’ in the picture have
been filled. This generates an Apollonian packing (as in the middle image of Figure 1.3).

These packings have been extensively studied and we will return to them later. For this introduction
we simply note that the Apollonian gasket can be viewed as the orbit of an initial configuration by
a (thin) group (called the Apollonian group). Specifically, consider 4 mutually tangent circles (see
the right hand side of Figure 1.3), this will be our initial configuration. Given three circles in this
configuration we call the circle which passes through the tangency points of this triple the dual circle
(associated to the triple). Therefore there are 4 dual circles to the initial configuration. Given a dual
circle we can consider the inversion through that circle - that is, a natural mapping from the outside
to the interior of the circle (and vice versa) (see Figure 1.3). Therefore, given an initial configuration
there are 4 inversion maps. These four maps generate a (thin) group. Moreover, the action of this
group on the initial configuration produces the entire Apollonian gasket.

To conclude, given an initial configuration there is a group which generates the Apollonian gasket.
Hence studying the statistical properties of the gasket is akin to studying the statistical properties of
an orbit of the group. Moreover, using Theorem 1.2.1, studying the statistical properties of solutions
to equation (1.2.1) is also akin to studying this group orbit. This is just one example of an interesting
thin group-orbit of which there are many. We return to this topic in Part II. For a more detailed

11



Figure 1.3: On the left hand side, we show three mutually tangent circles, along
with the two circles tangent to all three. In the middle we show a diagram of

an Apollonian circle packing. Beginning with the image on the left hand side we
construct the packing by repeatedly filling in the holes with circles mutually
tangent with 3 of the existing circles. O0On the right hand side we show an initial
configuration of 4 mutually tangent circles. In dashed lines we show (segments

of) the dual circles to all 4 triples of circles in the initial configuration. The
circle labelled a is the image of the circle labelled b under inversion by the dual
circle labelled d.

exposition of Apollonian packings and their history see [Pol15].

1.3 Plan and Organisation

This thesis is based on 2 rather independent research projects. Each comprising 2 papers. To reduce
the confusion we treat each of these research projects independently in two parts. Each chapter will
be more-or-less self-contained. Therefore there is some repetition.

Part I: presents my work with Balint T6th on non-interacting particle systems [LT18, LT19].

e Chapter 2 is a formal introduction to the Lorentz gas and wind-tree processes, as well as some
historic background concerning similar research. Then, in Section 2.5 I present some preliminary

theorems and definitions.

e Chapter 3 (joint with Balint Téth) concerns the random Lorentz gas, in this chapter we show
that an invariance principle holds for the random Lorentz gas in an intermediate scaling regime.
That is, under appropriate scaling we show that a typical random Lorentz gas particle converges
to a Brownian motion. This does not fully solve the problem stated in this introduction as we
need to work in a regime intermediate between the kinetic regime and the diffusive one. Thus

this represents partial progress towards resolution of this central problem.

e Chapter / (joint with Balint T6th) concerns the random wind-tree process. We show that the
random wind-tree process also satisfies an invariance principle in the same intermediate scaling
regime as Chapter 3. In particular it is interesting to note that while the wind-tree model has
less of a defocusing mechanism built into the dynamics, the same type of limiting behaviour is
observed in both the wind-tree and Lorentz models. We emphasise that the methodology in this
chapter is very similar to that of Chapter 3. Indeed the central ideas of the proof are present in
Chapter 3 however there are a number of complications in the application due to the change in

dynamics.

Part IT: contains work from 2 papers written by myself [Lut18, Lut19] concerning the local statistics
of the orbits of thin groups.

12



e Chapter 5 is a background/introductory chapter which introduces hyperbolic geometry, and dy-
namics therein; thin groups; and the measure theory and some of the important theorems in that

context.

e Chapter 6 presents my work [Lut18] characterising the local statistics of directions in group orbits.
That is, given the orbit of a point under the action of a thin group, and an observer placed in
space, how do the directions of the points of the orbit distribute when viewed from the position

of the observer.

e Chapter 7 presents my work [Lut19] characterising the local statistics of generalised Farey se-
quences. That is, what can be said about the local statistics of the orbit of the point at infinity
by a thin group. This gives rise to some surprising applications to continued fractions and Dio-

phantine approximation.

1.3.1 Authorship

To avoid cluttering the exposition below, we explain here how the various sections were written and

which sections are taken from previously disseminated papers.

e Chapter 2: This chapter expands on the historical background given in [LT18] and [LT19], some
of the explanations are given verbatim and some are given by myself here. In addition there are

some classical definitions and theorems presented here.

e Chapter 3: This chapter is an expanded and modified version of [LT18], the paper was originally
written by Balint Téth and myself.

e Chapter j: This chapter is an expanded and modified version of [LT19], the paper was originally
written by Balint Téth and myself.

e Chapter 5: This background /introductory chapter was written for this thesis - with the exception

of Chapter 5, Section 5.4 - 5.6 which are taken almost verbatim from [Lut18§]

e Chapter 6: presents my work in [Lut18] and is taken almost verbatim, with some modification

where appropriate.

e Chapter 7: presents my work in [Lut19] and is taken almost verbatim, with some modification

where appropriate.

The original research for this thesis can be found in Chapters 3, 4, 6, and 7, while Chapters 2 and

5 are background.

13



Part 1

Kinetic Theory and Diffusion in
Lorentz Gas Models
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Chapter 2

Kinetic Theory of Gases and

Motivation

Statistical mechanics is the study of how small-scale laws governing particle interactions can determine
global behaviour of a larger body built up from these particles. In order to understand how a gas
of particles behaves mathematically, one requires several pieces of information. Firstly one requires a
rule for how particles fly through space when unimpeded (this could be free flight in straight lines or,
for charged particles in a magnetic field — in circles). Then one requires rules about how the particles
interact with each other (e.g non-interacting particles, colliding spheres, Coulomb interactions...) and
the environment. Lastly one requires an initial state. Rather than prescribe one particular initial state it
is more common to give the initial state as a probability distribution on the phase space. Alternatively,
one can view such a distribution as a particle cloud. For more information on the general picture and
approach used we suggest the excellent and detailed monograph [Spo91].

As we discussed in Chapter 1, the central aim of mathematical statistical mechanics is to begin with
particle dynamics and derive solutions to equations describing the continuous fluid. The first step in
doing this is to ask what happens if the particles are independent and fly with no memory. Under this
assumption it is simple to derive the linear Boltzmann equation to describe the particle density; and,
with the diffusive scaling, to derive the heat equation. The challenge is then to use these independent
dynamics to approximate the true dynamics of the model with which we are concerned (or to explain

how these heuristics do not approximate the true dynamics).

2.1 Boltzmann and Heat Equations

2.1.1 Boltzmann’s Heuristic

In 1872 Boltzmann [Bol72] used a heuristic argument to derive the non-linear Boltzmann equation
for interacting particle systems. Later, Lorentz [Lor05] used the same argument to derive the linear
Boltzmann equations for the non-interacting particle systems that he was studying. As our research
will focus on Lorentz gas it is more informative to see Lorentz’s application of Boltzmann’s heuristic
argument.

Consider a single particle, moving classically with Hamiltonian and equations of motion
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(2.1.1)

For example, if U = 0 then

x(t) = xo + vot. (2.1.2)

Now let fi(z,v) describe the phase-space density of a cloud of independent particles. Therefore

#{particles with (z,v) € A at time ¢ } = / fe(x,v)dzdv. (2.1.3)
A

Applying the chain rule to (2.1.1) then gives

(O +v-Vy) fr =VU(x) -V, fi(z,v), (2.1.4)

the Liouwville equation. Note that if ¥ = 0 then the Liouville equation becomes the free transport

equation

(O +v-Vy) fr =0, (2.1.5)

with solution fi(z,v) = fo(z — vt,v).

Now, define a random process on Sffl with jump rate

o(v,u) : S x S S Ry, (2.1.6)

That is, we consider a process on Sf_l which jumps from velocity v to v with rate (in the probabilistic
sense) o(v,u). If we let f;(v) be the density of this jump process with velocity v then we have the

following density evolution

B fulv) = / o (0,1) [foltw) — fo(v)] dus (2.1.7)

Putting the jump process and the free-evolution processes together: if we consider an array of inde-
pendent particles which move according to free transport in between velocity jumps given by the jump

rate o, then the density of a cloud of these particles is given by the linear Boltzmann equation

(O +v-Vy) filz,v) = /a(v,u) [fe(x,u) — fe(z,v)] du. (2.1.8)
In this thesis we are primarily concerned with the linear Boltzmann equation. However, again

starting from Newtonian dynamics, Boltzmann gave a heuristic argument ([Bol72]) that, when the
particles described interact, then under suitable independence assumptions, the density should satisfy
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the non-linear Boltzmann equation:

Oifr +v-Vafi = aQ(fe, fr) (2.1.9)

where « is the inverse of the mean free flight length, and @ is the quadratic bi-linear operator:

Q(fe: ft) == / [ f1 = ffa] (v—1) w)dvidw, (2.1.10)

Sd—1 xRd

where w is the deflection angle and

f/:ft(.’L',U/), f{:ft(aj?vi)v flzft(xavl>7
f:ft(xav)a
with
vV =v+w- (v —v)w, v = —w- (v — V)w.

The non-linear Boltzmann equation can be understood in the same way as the linear Boltzmann
equation. The left hand side of (2.1.9) is a free transport term. The right hand side can be separated
into a gain and loss term which account for the particles adopting velocity v and those losing velocity

v. The difference is that now the particles are inter-dependent.

2.1.2 Heat Equation

Let v; be i.i.d R-valued random variables with E (v;) = 0 and E (v?) = o (if the random variables are

d-dimensional, then the variance is described by a co-variance matrix). Let

Sp = v, E (S2) = no”. (2.1.11)
i=1

For T > 0 a fixed macroscopic time let

n:= |Te !,

(where |-] denotes the largest integer less than the argument) then, by the classical central limit

theorem

Xp =2y i — Xy (2.1.12)
1=1

as € — 0, where X7 is a Gaussian random variable with variance To? (the convergence is in distribu-
tion). Thus the distribution of X has density
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1 X?
X) = — - . 2.1.13
00 = o () R
From here it is easy to see that fr satisfies the heat equation with diffusion coefficient o2
Or fr(X) = a*0% fr(X). (2.1.14)

Therefore the heuristic argument is that beginning from independent random variables, and applying
the diffusive scaling, we arrive at a solution to the heat equation. The hope is then, by applying the
same scaling to our particle systems, to achieve the same convergence to a solution of the heat equation.
Hence the goal is to prove a central limit theorem for the path segments for the true process describing
our particles. In fact, one can go further than the central limit theorem and prove the invariance
principle (convergence to a Brownian motion).

For an excellent reference for the derivation of the linear Boltzmann and heat equations, and how
this intuition has motivated some beautiful work in the quantum setting we recommend the lecture
notes [Erd12].

2.1.3 Boltzmann-Grad Limit and the Invariance Principle

There are two central problems when considering certain particle systems, each concerning a different
scaling regime.

First we can ask whether, in the diffusive limit, the law for the trajectory of a particle converges
to that of a Brownian motion (invariance principle): i.e consider the position of a typical particle

trajectory given by t — X (t) € R%. The diffusive limit is given by

T — oo. (2.1.15)

More generally, one scales the particle position X (¢t) by the expected distance from the origin - VT

(in this instance). A fundamental question is then, in the limit 7" — oo, does the process ¢ — %

converge to a Wiener process (invariance principle)? For example, this implies a central limit theorem
: X(T)

for the random variable NVl

The second scaling limit we consider is the so-called Boltzmann-Grad limit. If the interaction length
is of order r, and the particles (or in some instances obstacles) have density g, then the Boltzmann-Grad

limit is:

r—0 , 0 — 00, r~d=Yy - C. (2.1.16)

In this limit the mean flight time between collisions is of constant order. Moreover, in this limit
one expects that collisions become (in some sense) uncorrelated (this is because the mean free path
length is much longer than the inter-particle distance). Hence, this should be the regime in which the
particle density satisfies the Boltzmann equation. This intuition was put forth by H. Grad and later,
Lanford [Lan75] (for the simplest interacting particle systems) and Gallavotti, Spohn and Boldrighini-
Bunimovich-Sinai [Gal70, Spo78, BBS83] (for some non-interacting particle systems) showed that in
this limit, if one begins with an initial distribution of particles fy : R — R, then the distribution at

time ¢, f; is an exact solution to the (non-linear or linear respectively) Boltzmann equation.
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2.2 The Lorentz Gas

In 1905, to model the motion of electrons through metals, Hendrik Lorentz proposed the following
model [Lor05] - now called the Lorentz gas. Given an array of spherical scatterers arranged throughout
space consider the motion of a point particle travelling in straight lines and reflecting symmetrically
off of the scatterers. This model has been and continues to be a central topic in statistical mechanics
owing to the fact that the model is mathematically tractable while still exhibiting complex phenomena.

More formally, let P be a point process on R% (d > 2). Let B? denote the d-dimensional ball of
radius . Then consider the array of ’scatterers’ - P + BZ. We think of these balls as infinite mass,
radius 7 obstacles. A Lorentz gas particle is a point particle moving in straight lines in the compliment
(P + B%)¢ and colliding reflectively off the boundary 9(P + B%). We denote the position of such a
Lorentz gas particle at time ¢ - X" (¢). There are typically two contexts in which this gas is studied:
where the obstacles are centred on the points of a lattice, or where the obstacles are centred on a
random point process (see Figure 2.1).

With regards the two questions described in the previous section, the Lorentz gas raises many open
problems. In the diffusive limit, it is thought that the random Lorentz gas satisfies an invariance
principle; while in the periodic setting it has been shown that the scaling in (2.1.15) is sometimes too
slow and one requires additional factor of v/logT.

Random Lorentz Gas Periodic Lorentz Gas

Figure 2.1: A typical example of a periodic and a random Lorentz gas trajectory.

Lorentz, in his original paper conjectured (using Boltzmann’s heuristic argument) that (for a general
class of scatterer configurations) if f;, : TH(R?) — [0,1] (where T!(R?) represents the unit tangent
bundle of RY) describes the particle density at a given point in the phase space. Then lim, o fer
satisfies a linear Boltzmann equation in the Boltzmann-Grad limit (2.1.16). Namely, if we consider the

macroscopic coordinates

(q(t), v(t) = (Qt), V(1) = (r*~ q(r= V1), u(r= V1)) (2.2.1)

and if we denote f; = lim,_,o f;, then f; is an exact solution to

@+ V0@V = [ [1QV) = Q) o(VV)aV", (2.22)

where o(V, V') denotes the differential cross-section of a scatterer.

We next present some of the historical results towards these heuristics. As this topic has a long
history we do not hope for completeness and point the interested reader to the following surveys
[Det14, Marl4, Spo88a] and the monograph [Spo91].
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2.2.1 Periodic Lorentz Gas - Diffusive Limit

The periodic Lorentz gas lends itself to analysis using tools from hyperbolic dynamics, and thus more
has been rigorously proved in this context. Indeed, the periodic Lorentz gas is an example of a dispersing
billiard table (for a detailed text on dispersive billiards see the monograph [CMO06]). That is, because
of the periodic structure, one can equivalently consider the motion of a particle on a torus with disjoint

spherical holes (see Figure 2.2).

Figure 2.2: We show how the periodic Lorentz gas is equivalent to a dispersing billiard
table (left). In both diagrams the same trajectory is pictured however on the left
we consider motion on the torus and on the right we consider motion in a periodic
array.

Thus, working in d = 2 for simplicity, we consider the torus T with n balls removed, {D;} ;. A
point particle which has just hit one of these balls moves with velocity away from the surface (i.e if the
point on the boundary is given by the vector € ST in the unit sphere and velocity is given by v € S}

then x - v > 0). Therefore, the space
M= (0D; x (-7/2,7/2)), (2.2.3)

parameterises the set of collision points and exit velocities. Given a particle beginning at a point on
the boundary |J; D; and a velocity outwards, we consider the path drawn by this particle as it moves
along straight lines colliding with the obstacles. This generates a set of points in .# which describe
the position and outgoing velocity of each collision. We call the map which sends one of these points
to the next in the sequence the Billiard map:

T: M — M. (2.2.4)

Given a point in a connected component of .# we write the point (z,¢) € St x (—m/2,7/2). The
Liouville measure on the space, namely dp = |cos ¢| drdy has been shown (see [CMO06]) to be ergodic
with respect to the map 7.

In 1980 Bunimovich and Sinai [BS80] showed that some dispersive billiards admit a Markov par-
tition. That is, the phase space .# can be decomposed into stable and unstable curves and singular
points corresponding to grazing collisions - collisions tangent to the obstacles. In a subsequent paper
Bunimovich and Sinai [BS81] showed that this Markov partition can be used to estimate the decay of
velocity correlations, which allowed them to prove an invariance principle (see Theorem 2.5.2 for an
example of an invariance principle) for 2-dimensional periodic Lorentz gas particles with finite horizon

20



(i.e where the length of any straight line, not intersecting a scatterer is bounded from above). In higher
dimensions this result was extended in [Che94] by Chernov under an (as yet) unproved assumption on
the singularities of the billiard flow.

If the periodic array has infinite horizon (therefore there exist trajectories with unbounded straight
flight segments), as a result of these infinite channels, the free flight distribution of a particle flying in a
uniformly sampled random direction has a heavy tail which results in a slower diffusion. Bleher [Ble92]

suggested a super-diffusive scaling of ¢t — \/7%. Subsequently, Szasz and Varju [SV07] showed that

indeed a central limit theorem holds for this super-diffusive scaling in 2 dimensions. The 3 dimensional
case remains open. Chernov and Dolgopyat [DC09] showed that this theorem has a continuous time
analogue which implies an invariance principle (they also investigate the effect of an external field on

the infinite horizon case therein).

2.2.2 Periodic Lorentz Gas - BG Limit

The periodic Lorentz gas in the Boltzmann-Grad limit can be understood in terms of the machinery
of homogeneous dynamics. In so doing, the limiting behaviour of Lorentz gas trajectories can be
understood in terms of equidistribution of expanding horospheres - see for example [Mar14, Section 6]
for a summary of this connection.

Without entering too deeply into the history (which is summarised in [Gol06, Marl4]) we note that
in a 2006 ICM address Golse [Gol06] discussed how (2.2.2) fails for general periodic configurations.
However, in [CG10] (with an assumption valid only in 2 dimensions) and in [MS11] (in general di-
mensions) it was proved that, in the Boltzmann-Grad limit (2.1.16) for a fixed time interval [0, 7] the
Lorentz gas converges weakly to a non-Markovian flight process which admits a full description in terms
of a Markov chain. In particular the limiting stochastic process is a 'memory 2 Markov chain’. Marklof
and Strombergsson [MS11, Section 6] then showed that this stochastic process, when considered on an
extended phase space satisfies a Boltzmann-like equation ([MS11, Theorem 6.4]).

Subsequently Marklof and T6th [MT16] showed that, with a super-diffusive scaling of /T logT,
this limiting stochastic process satisfies an invariance principle (note that this result is not immediately
implied by Donsker’s invariance principle). An interesting open question analogous to the problem we
study in Chapter 3 is to interpolate between this result and the aforementioned result of Chernov and
Dolgopyat (discussed in section 2.2.1). That is, Marklof and Téth show that if one first takes the
Botlzmann-Grad limit then the super-diffusive limit one gets an invariance principle. While Chernov
and Dolgopyat show that simply in the super-diffusive limit, the invariance principle holds. Thus one

can ask what would happen in the intermediate regime where 7" is taken to go to co as r — 07

2.2.3 Random Lorentz Gas - BG Limit

While the random Lorentz gas is of great importance, there have been fewer rigourous results proved
than for the periodic case. The first seminal papers on the subject came when Gallavotti ([Gal69,
Gal70]) showed that in the Boltzmann-Grad limit, for Poisson configurations, the Lorentz gas converges
weakly to an exact solution of the linear Boltzmann equation (i.e a solution to (2.2.2)). To prove this
result Gallavotti used classical methods, integrating over the space of trajectories and configurations.
Spohn [Spo78] extended this result using far less-classical methods. Spohn used the BBGKY hierarchy
(repeated application of Duhammel’s formula) to estimate the decay of correlations for Lorentz gas
trajectories. This allowed Spohn to show that the Lorentz gas process converges to a Markovian
flight process on a fixed time window. For Poisson configurations and hard-spheres this result is
implied by Gallavotti’s work, however Spohn extended this to more general scattering potentials and

configurations. While these PDE methods are very powerful and have been applied to numerous other
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settings (such as interacting particle systems [Spo91]), our main result in Chapter 3 will be to show
that versatile probabilistic methods can be used to extend this result to a much longer time-scale.
Boldrighini-Bunimovich-Sinai [BBS83] followed Gallavotti and Spohn’s results by showing that the
convergence holds for typical realisations of the Poisson process (i.e quenched). Their argument, while
returning to a probabilistic approach, is very technical and makes use of Bernstein-type estimates. In
particular, in the quenched setting one needs to control the correlations between different trajectories

all exploring the same physical space, making this a significantly more difficult problem.

2.2.4 Random Lorentz Gas - Weak Coupling Limit

Having discussed the Boltzmann-Grad and diffusive limits, there is one more limit we discuss in this
introduction — the weak coupling limit. This limit is particularly relevant to our research since (before
our result) it is the only regime in which the random Lorentz gas has been shown to converge to
Brownian motion. The weak coupling limit is a physically different procedure and does not make sense
for hard-spheres. Therefore we will repeat the usual set-up with the usual notation of the weak-coupling
literature.

Let € — 0 be a scaling parameter and place infinite mass fixed scatterers on the points of a Poisson
point process of density o0 = ¢~ ¢ in RY. However now we assume that the scattering potential, U/
is spherically symmetric, smooth, and supported in a ball of radius € (rather than the hard-spheres
considered earlier). So far the scaling corresponds to a linear spatial scaling by a factor e. Therefore,

-1

with this scaling alone, the mean free path length would be €7, we thus define the natural time-scale

of the problem to be

Thin =€ 1. (2.2.5)

In the weak coupling limit, rather than further scale down the radius of support, the strength of the

potential is scaled. To that end, Newton’s equations of motion for the kinetically scaled particle are
Xe(t)=Ve@t),  VE(t) = -VU(X(1)
in the potential field

U(z) =Y e U(e (z —q)),

qEw

where w is the realisation of the Poisson point process of intensity o = ¢~

1

In words, we apply a

spatial scaling so that in one unit of time (Tk;,) there are e+ collisions, however we also scale down

/2 Therefore there are significantly more velocity kicks than

the strength of the potential by a factor €
in the original model, however these kicks are much smaller.

From the work of Kesten and Papanicolaou [KP80] it follows that
¢
VED) = V), X)) = X(l) = / V(s)ds, (2.2.6)
0

where the limiting velocity process V(t) is a homogeneous diffusion (i.e. Brownian motion) on the
surface of Sffl and the weak convergence is meant in the space of continuous trajectories endowed
with uniform topology on compact time intervals, (see [Bil68] or the survey [Spo88b]). Taking a
second, diffusive limit, T7~Y/2X(Tt) — W (t), the displacement process converges to Brownian motion,

as T — oo.
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The simultaneous kinetic and diffusive limit in this context was done by Komorowski and Ryzhik
in [KRO6] where it is proved that in dimension d > 3, up to time scales

T=T()=¢", k€ (0, ko), Ko > 0, (2.2.7)
the diffusive limit
T~Y2X5(Tt) = W (t) (2.2.8)

holds. In (2.2.7) kg is small (possibly very small) and positive. Comparing these results with those
for the random Lorentz gas, Kesten and Papanicolaou proved a result analogous to that of Gallavotti,
Spohn, and Boldrighini-Bunimovich-Sinai - that is they prove convergence for time scales of the order
Tkin. While Komorowski and Ryzhik go beyond the kinetic time scale. To our knowledge this was the
first case for which the diffusive limit was rigourously established beyond the kinetic time scale in a
context which includes the random Lorentz gas. The results in [KP80] and [KR06] are formulated in the
more general context of spatially ergodic random potential fields with regularity conditions assumed.

This covers weak coupling of the random Lorentz gas as a particular case.

The quantum Lorentz gas

The quantum versions of the weak coupling and low density limits for the random Lorentz gas were
considered in Erdgs-Yau [EYO00], respectively, Eng-Erdds [EE05], where the long time evolution of a
quantum particle interacting with a random potential is studied. They show that the phase-space
density of the quantum evolution converges weakly to the linear Boltzmann (or Langevin) equation,
with diffusive, respectively, hopping scattering kernels. These results are the quantum analogues of the
classical (i.e. non-quantum) kinetic limits of [KP80] (for weak coupling), respectively, [Gal69, Gal70,
Gal99, Spo78, Spo88b] (for low density).

In the weak coupling setup the simultaneous kinetic and diffusive scaling limit, formally analogous
to [KR06] was done by Erdés-Salmhofer-Yau [ESY08, ESY07] where it is proved that under a scaling
limit similar to (2.2.7) and (2.2.8) the time evolution of the spatial density of the quantum particle,
weakly coupled with the fixed scatterers, converges to the solution of the heat equation. In this case
the numerical value of the upper bound on the scaling exponent « is specified in d = 3 as ko = 1/370
(see [ESYO08, Theorem 2.2]).

For a comprehensive survey of the kinetic and kinetic-diffusive limits in the quantum case see
[Erd12].

2.3 The Wind-Tree Model

In 1912 Paul and Tatiana Ehrenfest [EE59] wrote a monograph exploring the history and some of the
complications faced in the world of statistical mechanics. In an appendix to Section 5 of [EE59] they
considered a simple model of a diffusive gas. Namely, given a d-dimensional cube parallel with the
axes of side length r, Q, and a Poisson point process P on R? one considers the motion of a point
particle in the compliment (P + Q,)¢ which collides elastically with the sides of the cubes. In their
monograph, Paul and Tatiana Ehrenfest used this wind-tree model to explain the return to equilibrium
of the velocity distribution of a gas, as assumed by Boltzmann and Maxwell.

Subsequently, the wind-tree model has been the focused of a great deal of research. In particular
the individual collisions of the wind-tree model are ’less defocusing’ than the spherical Lorentz gas

discussed in the previous section however the geometry of these collisions is simpler. As such it is
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interesting to ask how these particles diffuse. As with the spherical Lorentz gas, the wind-tree model is
studied in both the random and periodic setting. This thesis is concerned with the random wind-tree
model as presented by the Ehrenfests, however it is informative to compare some of the results in the
periodic case as well.

2D Periodic Wind-Tree Model: In the periodic setting, one studies the wind-tree model as
described above, with P replaced by the hypercubic lattice Z2. Moreover, rather than squares one
can study the problem with rectangles parallel with the axes. This gives mathematicians two more
parameters to play with. While the random model was the one introduced by the Ehrenfests, this
periodic model is more extensively studied. This owes to the fact that the periodic wind-tree model
(or Ehrenfest model) is an example of a parabolic dynamical system.

In particular the billiard flow (as discussed in Section 2.2.1) is parabolic - i.e close orbits diverge
polynomially in time). Thus the standard approach is to use the so-called Katok-Zemliakov construction
(see [Tab95]) to replace the billiard flow by linear flow on translation surfaces.

There have not yet been any theorems concerning the diffusive limit or an invariance principle
for the periodic wind-tree process. However there have been a number of interesting and contrasting
results concerned with the speed of diffusion and exceptional trajectories. Hardy and Weber [HWS8(]
showed that some specific directions diffuse at a rate of log T'log log T'. While Delecroix-Hubert-Leliévre
[DHL14] showed that typical (with respect to angle) trajectories satisfy the superdiffusive polynomial
diffusion rate T2/3. Additionally Delecroix [Del13] showed that for any rectangular scatterer, there is
a set of diverging trajectories with positive Hausdorff measure. While Hubert-Leliévre-Troubetzkoy
[HLT11] and then Avila and Hubert [AH17] showed that the billiard flow is recurrent for almost every
direction. Finally Fraczek and Ulcigrai [FU14] proved that generically the billiard flow is not ergodic.

Random wind-tree model: The random wind-tree process is less well-studied. Gallavotti [Gal69]
included the random wind-tree model when deriving the linear Boltzmann equation for the Lorentz gas
model. But the subsequent work of Spohn and Boldrighini-Bunimovich-Sinai [Spo78, BBS83] on the
Lorentz gas was restricted to spherical scatterers. That said, the model is of particular interest to those
studying diffusion in gases. In particular, as evidenced by comparing the periodic wind-tree with the
periodic Lorentz models, these square scatterers are less defocusing (i.e nearby parallel trajectories can
stay together for longer in this model). As a consequence it is not evident that the random wind-tree
and Lorentz processes would exhibit the same diffusive behaviour.

While the random wind-tree process with Poisson distributed scatterers was only previously treated
by Gallavotti, there have been other efforts to understand the random setting. In a recent paper
[MST18], Malaga Sabogal and Troubetzkoy consider a set of wind-tree configurations endowed with
the Hausdorff topology. They show that in this topologically random setting, the wind-tree flow has
infinite ergodic index in almost every direction. In particular, in that setting they are able to prove
rigorously the Ansatz which motivated the Ehrenfests to propose this model. Namely by applying
ergodic theorems they showed that the velocities of a cloud of initially parallel particles will decorrelate.
As discussed in [MST18] Malaga Sabogal and Troubetzkoy have previously considered other random
settings. However their results do not apply to the Poisson setting.

2.4 Interacting Particle Systems

The original work in this thesis concerns non-interacting particle systems. For completeness we give
a short description of some of the work done in the interacting particle setting. As described in the
introduction the central open problem in statistical mechanics is Hilbert’s 6! problem to develop
“mathematically the limiting processes [...] which lead from the atomistic view to the laws of motion

of continua”. In the hard-sphere context the problem can be rephrased as follows: consider an infinite
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array of hard-spheres of fixed radius governed by Newtonian hard-sphere dynamics, can one, starting
with the fine-scale Newtonian dynamics, derive large scale equations for the bulk (i.e the heat equation
or Navier-Stokes equation)?

The heat and Navier-Stokes equations describe large scale flows in fluids, however deriving solu-
tions to these equations from particle dynamics is a major open question. In the 1870s Boltzmann
proposed the non-linear Boltzmann equation as an intermediary. That is, by looking at the particle
density (mesoscopic scale) he proposed an intermediate scale to interpolate between the microscopic
dynamics (hard-sphere interactions) and the macroscopic evolution (PDEs). Moving from the Boltz-
mann equation to fluid mechanics has been the focus of a great deal of research, going back to 1912
with the work of Hilbert [Hil12]. Utilising the methods developed by Hilbert and Chapman-Enskog
(see [CC60]), Bardos-Golse-Levermore [BGL91, BGL93|, in 1991 suggested a program for deriving the
Navier-Stokes equation from (DiPerna-Lions) solutions to the Boltzmann equation. In the diffusive
limit, Golse-Saint-Raymond achieved the result in 2004 ([GSR04, GSR09]). In words, this meant that
one could move from solutions to the mesoscopic non-linear Boltzmann equation to the macroscopic
heat or Navier-Stokes equations.

Lanford [Lan75] showed that, in the Boltzmann-Grad limit the hard-sphere model obeys a non-linear
Boltzmann equation. Lanford proved his theorem by considering the marginals of the probability dis-
tribution describing the particle ensemble. Then he used the BBGKY hierarchy (i.e repeated iteration
of the Duhamel formula) to prove a sort of independence result from which the validity of the Boltz-
mann equation follows. The problem is that Lanford’s solutions are valid for a time-scale which goes
to 0 in the diffusive scale, therefore one cannot use the work of Golse-Saint-Raymond to derive the
macroscopic equations.

Recently in two instances ([BGSR16, BGSR16]), Lanford’s method has been extended to longer
times. For example in [BGSR16] the authors derive the linear heat equation from small-scale dynamics.
The main result is to extend Lanford’s result to infinite times (i.e macroscopic times). This gives a
derivation of the (non-linear) Boltzmann equation for infinite times which the authors then show
corresponds to solutions to the heat equation in the diffusive limit. As with our result for the Lorentz
and wind-tree processes, the authors use probabilistic methods to classify the problematic events (here
the problematic events correspond to recollisions between so-called collision trees) and show that these
events occur with low probability. Therefore on their time scales these problematic trajectories do not
cause a problem and a sort of independence result is achieved.

Again this problem has many variants and there are numerous results we have omitted, but to avoid
over-extension we leave the discussion at these state-of-the-art results. We refer the interested reader

to [Gall9] as a starting point.

2.5 Preliminaries

In this section we collect some of the preliminary facts and definitions needed in the subsequent chapters.
All of these facts are classical and can be found elsewhere.

Probability moving particle is trapped:

Returning to the random Lorentz gas (and equivalently the random wind-tree model). In defining
the models we assumed that the origin is not covered by a scatterer. Formally we say that if the origin
is covered by a scatterer then the moving particle is stationary at the origin. More importantly, an
invariance principle would not hold if the moving particle is trapped in a compact domain. Hence the
following lemma, which is a consequence of several classical results from percolation theory [Gri99,

Section 1.6] and a scaling argument, is needed before we proceed:
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Lemma 2.5.1.
P (the moving particle is not trapped in a compact domain) = 94(or?), (2.5.1)

where ¥q : Ry — [0, 1] is a percolation probability which is (i) monotone non-increasing; (ii) continuous
except for one possible jump at a positive and finite critical value u. = u.(d) € (0,00); (i) vanishing

for u € (uc,00) and positive for u € (0,u.); (iv) lim,_o 94(u) = 1.

In the Boltzmann-Grad limit considered here (see (2.1.16) above) we will have or¢ — 0. Therefore

u < u. for r sufficiently small.

Proof. First of all, the property of the particle being trapped in a compact region is clearly invariant
under spatial dilation. From here it follows that the function on the right hand side of (2.5.1) can only
depend on or?.

Since, in a Poisson point process, the points are independently placed in R?, it immediately follows
that ¥, is monotone non-increasing. That is, we can keep ¢ fixed and increase r, and clearly the
probability of the particle being trapped is a non-increasing function of the obstacle radius.

The proof now follows from classical results about site percolation. We restrict to 2 dimensions for
simplicity. Divide R? into squares of side length 5. The probability in (2.5.1) is bounded above by
the probability that there exists a path of neighbouring squares from the origin to co, none of which
contain a point of P. The probability a square is empty is p = e=P"". Therefore in the language of
percolation, the probability in (2.5.1) is bounded above by the probability that the origin is connected
to infinity in a site percolation on Z2? with probability p. A lower bound can also be similarly achieved.

From here (ii)-(iv) follow from rather classical results. The existence and boundedness of the critical
value are given in [Gri99, Theorem 1.10]. The fact that percolation probability is continuous above the
critical value is given in [Gri99, Theorem 8.8], and the fact that below the critical value the percolation
probability vanishes follows from [Gri99, Theorem 6.1]. Finally, the limiting behaviour below the
critical value is trivial and positivity follows from the definition of the critical value.

O

Annealed vs quenched convergence:
As mentioned in Section 2.2.3, when taking the limit as T — oo (i.e the diffusive limit) there are

two forms of convergence with which we are concerned:

(Q) Quenched limit: For almost all (i.e. typical) realisations of the underlying Poisson point process,

with averaging over the random initial velocity of the particle.

(AQ) Averaged-quenched (ak.a. annealed) limit: Averaging over the random initial velocity of the

particle and the random placements of the scatterers.

Note that understanding the quenched limit is necessarily harder than the annealed limit as in the
quenched limit one is averaging over a smaller state space. It is expected for the random Lorentz gas
and wind-tree models that in the quenched setting, an invariance principle holds and the variance of
the limiting Wiener process is deterministic (does not depend on the realisation of the Poisson process).
As discussed in Section 2.2.3, there has been very little progress towards the resolution of either the
annealed or the quenched problems. In this thesis we will be working in the annealed setting.

Wiener Process:

A one dimensional Wiener process on R (see for more information [Dur96]) (or standard Brownian

motion) is a real valued stochastic process t — W (t) satisfying:
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(a) Independent Increments: If t; < to < --- <ty then W(ty), W(te) — W(t1),...,W(tg) — W(tg_1)
are independent.

(b) Gaussian Increments: If s,t > 0 and A is a measurable set then

P(B(s+t)—B(s) € A) = /A(th)*l/2 exp(—x?/2t)dx. (2.5.2)

That is, the increments are normally distributed with mean 0 and variance ¢.

(¢) Continuity: W (t) is almost surely continuous.

We say a Wiener process has variance o if the variance of the normal distribution in (b) is ot (i.e this
corresponds to t — /oW (¢)).

A Wiener process on R? is a process ¢ — W (t) such that the projections onto each coordinate are
independent one-dimensional Brownian motions. The variance is then given by a diagonal matrix with
the variance of each coordinate along the diagonal.

Donsker’s invariance principle:

Let X1, Xs,... beii.d, mean 0 and variance 1 random variables. Let S, = X1 + Xo + -+ + X,,.
Let

Sint|
N

where || denote the nearest integer below the argument.

Wy(t) =

teo,1] (2.5.3)

Theorem 2.5.2 (Donsker’s invariance principle (see [Dur96, Section 7.6])). In the limit as n — oo,

W,, converges in distribution to a one dimensional Wiener process with variance 1.

In words, if one considers a random walk with i.i.d steps of mean 0 and variance 1 for very long
times and zooms out with the appropriate scaling, then the resulting process is a standard Brownian
motion.

Random Walk Estimate:

In what follows we will require a standard random walk estimate. However as we have not seen this
written down elsewhere we give the proof here:

Let {v;}ien € 47! be i.i.d random velocities and & ~ EX P(1) be an i.i.d sequence of flight times.

We consider the random walk

Y, =) &, (2.5.4)
i=1
and define the occupation measures for a set A C R?
GA)=E({1<k<o0:Y; € A} (2.5.5)
g(A) =P (Y7 € 4) (2.5.6)
Proposition 2.5.3. Let d > 3, then

G(dz) < Cg(dz) + K(dz) (2.5.7)
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where K(dzx) := C’min{\m|2_d ,1}dx for some C' < oo.

Proof. Since the individual steps of the walk are i.i.d, if we define fr(x) to be the density of the
distribution of Y}, the goal is to bound the sum

> fil@). (2.5.8)
i=1
Consider the characteristic function
b(p) i= B (e7) = E (106 (2.5.9)

then, by independence of the different steps and taking an inverse Fourier transform (see [Dur96,

Section 2.3] for details of characteristic functions).

> fulx) =/ e T (Zw(p)k> dp. (2.5.10)
k=1 R k=1

By Taylor expanding (2.5.9) and using E (ff) = k!,

1
Y(p) =E (1—&-(]9111)2> . (2.5.11)
Thus we aim to bound
- _ = —2mix. 1 g
];fk(a:) = ;/}Rd e 2T PR <1+(pvl)2> dp. (2.5.12)

For |z| — 0, the only contribution to the integral is for |p| — oco. Hence for || — 0 (2.5.12) is
dominated by the term k = 1, hence

G(dz) < g(dz), as |z| — 0. (2.5.13)

Otherwise, using the exponential distribution of the fight times

IS

ka(m) = ka(x) + Z fr(x) < ce” " + Z fr(x) (2.5.14)
k=1

k=1 k=d+1 k=d+1

for some ¢ < oo, and C > 0 as |z| — oo. Now note, by (2.5.11)

i d+1
Z Y(p) = % < jz, as |p| — oo. (2.5.15)
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Thus

o0

ka(l') < Ce—Ca: + C/d e—27rigc-p |p|72 dp
R

k=1

as |z| — oo. Finally since |z| — co we have that [p| < |z|™", hence

> frlw) < e+ O 2|79V as || = oo.
k=1

Thus the proposition follows from (2.5.13) and (2.5.17).
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Chapter 3

Random Lorentz Gas

— Joint with Badlint Toth —

3.1 Introduction

We consider the Lorentz gas with randomly placed spherical hard core scatterers in R%. That is, place
spherical balls of radius r and infinite mass centred on the points of a Poisson point process of intensity o
in R?, where %0 is sufficiently small so that with positive probability there is free passage out to infinity,
and define ¢t — X"™2(t) € R? to be the trajectory of a point particle starting with randomly oriented
unit velocity, performing free flight in the complement of the scatterers and scattering elastically on
them. As discussed in Chapter 2, a major problem in mathematical statistical physics is to understand

the diffusive scaling limit of the particle trajectory

Xme(Tt)
- —,
VT

Indeed, the Holy Grail of this field of research would be to prove the invariance principle for the

as T — . (3.1.1)

sequence of processes in (3.1.1) in either the quenched or annealed setting (see Chapter 2, Section
2.2.3).

Our main result (see Theorem 3.1.2 in Subsection 3.1.2) proves the invariance principle in the
annealed setting if we take the Boltzmann-Grad and diffusive limits simultaneously. Thus while the
diffusive limit (3.1.1) with fixed r and g remains open, this is the first result proving convergence for
infinite times in the setting of randomly placed scatterers, and hence it is a significant step towards
the full resolution of the problem in the annealed setting.

3.1.1 The Boltzmann-Grad Limit

The Boltzmann-Grad limit (as introduced in Chapter 2, Section 2.1) is the following low (relative)

density limit of the scatterer configuration:

r—0, 0 — 0, or® S vy, (3.1.2)
where v,_1 is the area of the (d — 1)-dimensional unit disc. In this limit the expected free path length
between two successive collisions will be 1. Other choices of lim or?~—! € (0, 00) are equally legitimate
and would change the limit only by a time (or space) scaling factor.

It is not difficult to see that in the averaged-quenched setting and under the Boltzmann-Grad limit
(3.1.2) the distribution of the first free flight length starting at any deterministic time, converges to
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an EXP(1) and the jump in velocity after the free flight happens in a Markovian way with transition
kernel

P (Vous € dv’ | Vip = v) = o (v,v")dv’, (3.1.3)

where dv’ is the surface element on S¢~! and o : S¢7* x S¢~ — R, is the normalised differential cross

section of a spherical hard core scatterer, computable as

1 _
-7,

o(v,v') = o

(3.1.4)

Note that in 3-dimensions the transition probability (3.1.3) of velocity jumps is uniform. That is, the
outgoing velocity voy is uniformly distributed on S7, independently of the incoming velocity vsy.
It is intuitively compelling (but far from easy to prove) that under the Boltzmann-Grad limit (3.1.2)

{t — X“Q(t)} = {t — Y(t)}, (3.1.5)

where the symbol = stands for weak convergence (of probability measures) on the space of continuous
trajectories in RY, see [Bil68]. The process ¢ — Y (¢) on the right hand side is the Markovian random
flight process consisting of independent free flights of EX P(1)-distributed length, with Markovian
velocity changes according to the scattering transition kernel (3.1.3). A formal construction of the
process t — Y (t) is given in Section 3.2.1. The limit (3.1.5), valid in any compact time interval
t€[0,7], T < oo, is rigourously established in the averaged-quenched setting in [Gal69, Gal70, Gal99,
Spo78, Spo88b], and in the quenched setting in [BBS83]. In [Spo78] more general point processes of
the scatterer positions, with sufficiently strong mixing properties are considered.

The limiting Markovian flight process t — Y (¢) is a continuous time random walk. Therefore, by
taking a second, diffusive limit after the Boltzmann-Grad limit (3.1.5), Donsker’s theorem (see [Bil68])

yields indeed the invariance principle,
{t — T*I/QY(Tt)} = {t — W(t)}, (3.1.6)

as T — oo, where t — W (t) is the isotropic Wiener process in R? of non-degenerate variance. The
variance of the limiting Wiener process W can be explicitly computed but its concrete value has no
importance.

The natural question arises whether one could somehow interpolate between the double limit of
taking first the Boltzmann-Grad limit (3.1.5) and then the diffusive limit (3.1.6) and the plain diffusive
limit for the Lorentz process, (3.1.1). Our main result, Theorem 3.1.2 formulated in Section 3.1.2 gives
a positive partial answer in dimension 3. Since our results are proved in three-dimensions from now on

we formulate all statements in d = 3 rather than in a general dimension.

3.1.2 Main Result

In the rest of the chapter we assume ¢ = o(r) = 7r~2 and drop the superscript o from the notation of
the Lorentz process.

Our results (Theorems 3.1.1 and 3.1.2 formulated below) refer to a coupling — joint realisation on the
same probability space — of the Markovian random flight process ¢ — Y'(¢), and the quenched-averaged
(annealed) Lorentz process t — X" (t). The coupling is informally described later in this section and
constructed with full formal rigour in Section 3.2.2.

The first theorem states that in our coupling, up to time T < 7!, the Markovian flight and Lorentz
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exploration processes stay together.

Theorem 3.1.1. Let T' = T(r) be such that lim,_,o T'(r) = oo and lim, o rT(r) = 0. Then
lir%P (inf{t: X"(t) #Y()} <T)=0. (3.1.7)
r—

Although, this result is subsumed by our main result, it shows the strength of the coupling method
employed in this chapter. In particular, with some elementary arguments it provides a much stronger
result than [Gal69, Gal70, Gal99, Spo78] discussed in Chapter 2, Subsection 2.2.3. On the other hand
the proof of this "naive" result sheds some light on the structure of proof of the more sophisticated

Theorem 3.1.2, which is our main result.

Theorem 3.1.2. Let T = T(r) be such that lim,_o T(r) = oo and lim,_,o 72 [logr|> T(r) = 0. Then,
for any 6 > 0,

lim P (02% IX7(t) - Y ()] > NT) =0, (3.1.8)
and hence
{t . T—l/QXT(Tt)} = {t . W(t)}, (3.1.9)

as r — 0, in the averaged-quenched sense. On the right hand side of (3.1.9) W is a standard Wiener

process of variance 1 in R3.

Indeed, the invariance principle (3.1.9) readily follows from the invariance principle for the Marko-
vian flight process, (3.1.6), and the closeness of the two processes quantified in (3.1.8). So, it remains
to prove (3.1.8). This will be the content of Sections 3.4-3.7.

The point of Theorem 3.1.2 is that the Boltzmann-Grad limit of scatterer configuration (3.1.2) and
the diffusive scaling of the trajectory are done simultaneously, and not consecutively. The memory
effects due to recollisions and shading are controlled up to the time scale T = T'(r) = o(r~2 [logr|?).

Remarks on dimension:
1. Our proof is not valid in 2-dimensions for two different reasons:

(a) Probabilistic estimates at the core of the proof are valid only in the transient dimensions of
random walk, d > 3.

(b) A subtle geometric argument which will show up in Sections 3.6.4-3.6.6 below, is valid only
in d > 3, as well. This is unrelated to the recurrence/transience dichotomy and it is crucial
in controlling the short range recollision and shading events in the Boltzmann-Grad limit
(3.1.2).

2. The fact that in d = 3 the differential cross section of hard spherical scatterers is uniform on S?
(see (3.1.3), (3.1.4)) facilitates our arguments, since, in this case, the successive velocities of the
random flight process Y (t) form an i.i.d. sequence. However, this is not of crucial importance.
The same proofs could also be carried out for other differential cross sections, at the expense of
more extensive arguments. We are not going to these generalisations here. Therefore the proofs
presented in this chapter are valid ezactly in d = 3.

Remark on time scales: Recall from Chapter 2, Section 2.2.4, that, in the weak coupling limit,

similar results to Theorem 3.1.2 have been proved. In order to compare our time scale with the
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existing results on weak coupling diffusive limits ([KR06, ESY08, ESY07]), we define the kinetic time

scale for our problem:
Tyin := 0"/ = p~(71/d, (3.1.10)

The previous results [Gal69, Gal70, Gal99, Spo78, BBS83, KP80, EY00, EE05], (discussed in Chapter
2, Section 2.2.3 and 2.2.4) when viewed as the scaling limit for a microscopic trajectory, hold on space-
time scales of order Ti;,. Thus, this time scale is the reference to which the time scale for the diffusive
limit should be compared. In terms of this microscopic time our diffusive limit holds for time scales

up to
Tair = TxinT (3.1.11)
with
T=o (Tfi/ (@=1) (1og Tkin)‘Q) = o (T2, (1og Tian)2) - (3.1.12)

The similar-in-spirit, ’infinite time’, weak coupling results [KR06] and [ESY08, ESYO07] should be
compared to (3.1.12) (however we stress that our result is not in the weak coupling limit since the

interactions with scatterers are not scaled).

The proof of Theorems 3.1.1 and 3.1.2 will be based on a coupling (that is: a joint realisation
on the same probability space) of the Markovian flight process ¢ — Y (¢) and the averaged-quenched
realisation of the Lorentz process t — X" (¢), such that the maximum distance of their positions up
to time T be small order of v/T. The Lorentz process t — X7 (t) is realised as an ezploration of the
environment of scatterers. That is, as time goes on, more and more information is revealed about the
position of the scatterers. As long as X" (t) traverses yet unexplored territories, it behaves just like
the Markovian flight process Y (¢), discovering new, yet-unseen scatterers with rate 1 and scattering on
them. However, unlike the Markovian flight process it has long memory, the discovered scatterers are
placed forever and if the process X" (t) returns to these positions, recollisions occur. Likewise, the area
swept in the past by the Lorentz exploration process X" (¢) — that is: a tube of radius r around its past
trajectory — is recorded as a domain where new collisions can not occur. For a formal definition of the
coupling see Section 3.2.2. Let their velocity processes be U(t) := Y (t) and V" (t) :== X" (t). These are

almost surely piecewise constant jump processes. The coupling is realized in such a way, that
A) At the very beginning the two velocities coincide, V" (0) = U(0).

B) Occasionally, with typical frequency of order r mismatches of the two velocity processes occur.

These mismatches are caused by two possible effects:

o Recollisions of the Lorentz exploration process with a scatterer placed in the past. This

causes a collision event when V7 (¢) changes while U(¢) does not.

o Scatterings of the Markovian flight process Y () in a moment when the Lorentz exploration
process is in the explored tube, where it can not encounter a not-yet-seen new scatterer.
In these moments the process U(t) has a jump discontinuity, while the process V" (t) stays

unchanged. We will call these events shadowed scatterings of the Markovian flight process.

C) However, shortly after the mismatch events described in item B) above, a new jointly realised
scattering event of the two processes occurs, recoupling the two velocity processes to identical
values. These recouplings occur typically at an EX P(1)-distributed time after the mismatches.
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Figure 3.1: The above image shows a recollision (left) and a shadowing event (right).
Note that after each event U and V" are no longer coupled. However at the next
scattering, if possible, the velocities are recoupled. O0On the right hand side the
virtual scatterer drawn in dotted line is shadowed. That is: it is physically not
present in the mechanical trajectory.

Summarising: The coupled velocity processes t — (U(t),V"(¢t)) are realised in such a way that they
assume the same values except for typical time intervals of length of order 1, separated by typical
intervals of lengths of order r~!. Other, more complicated mismatches of the two processes occur only
at time scales of order 72 [logr| 2
then the following hold:

. If all these are controlled (this will be the content of the proof)

Up to T = T(r) = o(r~!), with high probability there is no mismatch whatsoever between U (t) and
V7 (t). That is,

lim P (inf{t: V'(t) £ U(H)} < T) = lim P (inf{t : X (1) # Y ()} < T) = 0. (3.1.13)

In particular, the invariance principle (3.1.9) also follows, with T = T(r) = o(r~1), rather than
T =T(r) = o(r~2|logr| ). As a by-product of this argument a new and handier proof of the theorem
(3.1.5) of [Gal69, Gal70, Gal99, Spo78, Spo88h]| also drops out.

Going up to T = T(r) = o(r~2 [log 7| *) needs more argument. The ideas described in the outline A),

B), C) above lead to the following chain of bounds:

o< VT VT

=——= Inax

/T 0<t<1

1 /T 1
<— V" (s) = U(s)|ds = —=Tr = VTr.
VT Jo vT
In the < step we use the arguments B) and C). Finally, choosing in the end T' = T'(1) = o(r~2) we obtain
a tightly close coupling of the diffusively scaled processes t — X" (T't)//T and t — Y (Tt)/V/T, (3.1.8),

and hence the invariance principle (3.1.9), for this longer time scale. This hand-waving argument

. Tt
X"(Tt) Y(Tt) ‘ 1 / (V7 (s) = U(s)) ds
0

should, however, be taken with a grain of salt: it does not show the logarithmic factor, which arises in

the fine-tuning.

3.1.3 Structure of the Chapter

The rest of the chapter is devoted to the rigourous statement and proof of the arguments described in

A), B), C) above. The overall structure is as follows:

— Section 3.2: We construct the Markovian flight and Lorentz exploration processes and thus lay

out the coupling argument which is essential moving forward. Moreover, we will also introduce
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an auxiliary process, Z, a short-sighted or forgetful version of X which somehow interpolates

between the processes Y and X.

— Section 3.3: We prove Theorem 3.1.1. We go through the proof of this statement as it is both
informative for the dynamics, and the proof of Theorem 3.1.2 in its full strength will follow similar

lines, however with substantial differences.
Sections 3.4-3.7 are fully devoted to the proof of Theorem 3.1.2; as follows:

— Section 3.4: We break up the process Z into independent legs of exponentially tight lengths.
From here we state two propositions which are central to the proof. They state that
(i) with high probability the process X does not differ from Z in each leg;
(ii) with high probability, the different legs of the process Z do not interact (up to times of our

time scales).
— Section 3.5: We prove the proposition concerning interactions between legs.

— Section 3.6: We prove the proposition concerning coincidence, with high probability, of the
processes X and Z within a single leg. This section is longer than the others, due to the subtle

geometric arguments and estimates needed in this proof.

— Section 3.7: We finish off the proof of Theorem 3.1.2.

3.2 Construction

3.2.1 Ingredients and the Markovian Flight Process

Let {; € Ry and u; € R3, j=—-2,-1,0,1,2,..., be completely independent random variables (defined
on an unspecified probability space (£2, F,P)) with distributions:

& ~ EXP(1), u; ~ UNI(S?), (3.2.1)
and let
y; == &u; € RE. (3.2.2)
For later use we also introduce the sequence of indicators
ej = 1{§ <1}, (3.2.3)

and the corresponding conditional exponential distributions EX P(1|1) := distrib({ |e = 1), respec-
tively, EX P(1|0) = distrib(¢ | e = 0), with distribution densities

(e—1) "t *1{0 < 2z < 1}, respectively, e {1 < 2 < oo}.

We will also use the notation € := (¢;),>0 and call the sequence e the signature of the i.i.d. EXP(1)-

sequence (&;);>0.
The variables &; and u; will be, respectively, the consecutive flight length/flight times and flight
velocities of the Markovian flight process t — Y (t) € R? defined below.
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Denote, forn € Z, t € Ry,
Tp 1= ij, vy i= max{n: 7, <t}, {t} =t —m1,,. (3.2.4)
j=1

That is: 7,, denotes the consecutive scattering times of the flight process, v, is the number of scattering
events of the flight process Y occurring in the time interval (0,¢], and {¢} is the length of the last free
flight before time t.

Finally let

n n
Yo=Y &uj =Yy Y(t) =Yy, + {thuy,41.
j=1 j=1

We shall refer to the process ¢t — Y (t) as the Markovian flight process. This will be our fundamental
probabilistic object. All variables and processes will be defined in terms of this process, and adapted

to the natural continuous time filtration (F;)¢>o of the flight process:
-Ft = U(UJOa (Y(S))Ogsgt)'

Note that the processes n — Y,,, t — Y (t) and their respective natural filtrations (Fy,)n>0, (Ft)t>0,
do not depend on the parameter r.
We also define, for later use, the virtual scatterers of the flight process t — Y (¢). For n > 0, let

- Y(rD) = Y(rt

Yk/ ::YkJrriW€ Uk+1 =Y. +r (Tk) .(Tk), k>0,
fn = i V() =Y ()

SY ={Y/eR3:0<k<n}, n > 0.

Here and throughout the chapter we use the notation f(t%) := lim.jo f(t + €).
The points Y, € R? are the centres of virtual spherical scatterers of radius 7 which would have caused
the nth scattering event of the flight process. They do not have any influence on the further trajectory

of the flight process Y, but will play role in the forthcoming couplings.

3.2.2 The Lorentz Exploration Process

Let 7 > 0, and ¢ = o(r) = mr~2. We define the Lorentz exploration process t — X(t) = X"(t) € R3,
coupled with the flight process t — Y'(t), adapted to the filtration (F¢),,. The process t — X (¢) and
all upcoming random variables related to it do depend on the choice of_the parameter r (and p), but
from now on we will suppress explicit notation of dependence upon these parameters.

The construction goes inductively, on the successive time intervals [7,_1,7,), n = 1,2,.... Start
with Step 1: and then iterate indefinitely Step 2: and Step 3: below.

Step 1: Start with

Up — U1

X(0) = Xo =0, V(0T) = uy, X)) S ={X}}).

- r—
lug — us

Note that the trajectory of the exploration process X begins with a collision at time ¢ = 0. This

is not exactly as described previously but is of no consequence and aids the later exposition.

Go to Step 2:.
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Step 2: This step starts with given X(7,_1) = X,,—1 € R}, V(77 ) € S? and SX | = {X] : 0 < k <
n—1} C R3U {%}, where

o Y% is a fictitious point at infinity, with inf,cgs |x — %| = oo, introduced for bookkeeping

reasons;
o | Xpo1 — Xp| € (r,00] for 0 <k <n—1,and | X,—1 — X,,_,| € {r,o0}.
The trajectory ¢t — X(t), t € [Tp—1,7n), is defined as free motion with elastic collisions on fixed

spherical scatterers of radius r centred at the points in S;X ;. At the end of this time interval the

position and velocity of the Lorentz exploration process are X (7,,) =: X,,, respectively, V(.. ).

Go to Step 3:.

Step 3: Let

V W)~ n .
X, ::Xn"_TMv dp:= min | X(s) = X

Note that d,, < r.

o If d,, < r then let X, := %, and V(7;7) =V (7,]).

n n
o If d,, = r then let X/ := X/ ,and V(7,}) = up1.
Set SX =8X ,U{X!}.
Go back to Step 2:.
The process ¢t — X(t) is indeed adapted to the filtration (F;)o<i<co and indeed has the averaged-
quenched distribution of the Lorentz process. This follows from the fact that the scatterers of the
Lorentz process are centred on a Poisson point process and thus when sweeping not-yet-seen areas no

information from the past interferes.

Our notation is fully consistent with the one used for the Markovian process Y: X, := X (7,) and

X(r) = X(r)

Xy + 11 : it X(r) # X(5)),

X} = X(ry) — X(7) k>0,
* if X(Tk_) :X(T,j'),

SY:={X, eR*:0<k <n}, n > 0.

3.2.3 Mechanical Consistency and Compatibility of Piece-wise Linear Tra-

jectories in R?

The key notion in the exploration construction of section 3.2.2 was mechanical r-consistency, and r-

compatibility of finite segments of piece-wise linear trajectories in R3, which we formalise now for later

reference.
Let
n €N, 0 €ER, Z()GR?), ’Uo,...,’Un+1€S2 tl,...7tn€R+,

be given and define for j =0,...,n,

j ; vj — v; _

J J Zj + Tjijﬂ lf 'Uj # ’Uj+1,

Tj = TO+Ztk’ Zj = ZO+Ztkvk7 ZJ/ = |Uj_vj+1|
k=1 k=1 * if Vj = Vj41,
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and for ¢ € [1,7j41], 7 =0,...,n,
Z(t) = Zj + (t — Tj)Uj+1.

We call the piece-wise linear trajectory (Z(t) : 7, < t < 7,7) mechanically r-consistent or r-
inconsistent, if
. . | . . . ’
min - Orgnjlgn |Z(t) - Zj} =r, respectively, in OrSr}%ln |Z(t) - Zj| <r (3.2.5)
Note, that by formal definition the minimum distance on the left hand side can not be strictly larger
than r.

Given two finite pieces of mechanically r-consistent trajectories (Za(t) P Te0 <t < Tr and

a,na)
(Zb(t) T <t < le_nb), defined over non-overlapping time intervals: [74,0,Ta,n,] N [76,0, To,n,) = 0,
with 74, < 7,0, we will call them mechanically r-compatible or r-incompatible if
min min min |Z,(t) — Zj ; min min |Zy(t) = Z! |} > 7
{Ta,ogtsmna 0<j§nb| al?) bl T T,0<t<Th,ny, 0<j<ng |2(t) aslh =7 (3.2.6)
min min min |Z,(t) — Z} .|, min min |Z,(t) — Z! .|} <, o
{m,ogtgra,nu 0<j<mnp | a(t) b’J’ Ty, 0 <t <7y ny 0S5 <N ‘ o(t) @J }
respectively.
Given a mechanically r-consistent trajectory, any non-overlapping parts of it are pairwise mechan-
ically r-compatible, and given a finite number of non-overlapping mechanically r-consistent pieces of
trajectories which are also pair-wise mechanically r-compatible their concatenation (in the most natural

way) is mechanically r-consistent.

3.2.4 An Auxiliary Process

It will be convenient to introduce a third, auxiliary process t — Z(t) € R3, and consider the joint
realisation of all three processes ¢t — (Y'(¢), X (¢t), Z(t)) on the same probability space. This construction
will not be needed until Section 3.4.

The process t — Z(t) will be a forgetful (or short-sighted) version of the true physical process
t — X (t) in the sense that in its construction, only memory effects by the last seen scatterers are taken
into account. That is: only direct recollisions with the last seen scatterer and shadowings by the last
straight flight segment are incorporated, disregarding more complex memory effects. It will be shown
that
(a) up to times T = T'(r) = o(r~2|log 7| %) the trajectories of the forgetful process Z(t) and the true
physical process X (t) coincide, and
(b) the forgetful process Z(t) and the Markovian process Y (t) stay sufficiently close together with
probability tending to 1 (as 7 — 0). Thus, the invariance principle (3.1.6) can be transferred to the
true physical process X (t), thus yielding the invariance principle (3.1.9).

Define the following indicator variables:

~

N =0Yj-2,yj-1,9;) =1 {|yj1 < 1and 0<t<e)

Uj,1 — ’U,j

Yj—1 +r +tuj‘,2

<r},

- T} 7 (3.2.7)

luj—1 — uj]

Uj—1 — Uj—2

Yj—1+7 + tu;

ﬁj = ﬁ(yj—Qayj—lvyj) =1 {|y-7_1 <1and Ogg{é

i [uj—1 — uj—o|

n; = max{7;,7;}.
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Before constructing the auxiliary process t — Z(t) we prove the following

Lemma 3.2.1. There exists a constant C < co such that for any sequence of signatures € = (€;)j>1
the following bounds hold

E (n; |¢) <Cr, (3.2.8)
Cr?llogr| if |j—k|l=1,

E (njme | €) < c (3.2.9)
Cr? if 17—kl >1.

Proof of Lemma 3.2.1. Define the following auxiliary, and simpler, indicators:

2r - 2r
7/7\,]- =1 {4(—’(14]‘1711,]'2) < 4}, 77; =1 {4(—16]'1,”]') < } .
5]—1 5]—1

Here, and in the rest of the chapter we use the notation
/8% xS — 0,7, Z(u,v) = arccos(u - v).
Then, clearly,
n<n, 0 <0

It is straightforward that the indicators (7} : 1 < j < 00), and likewise, the indicators
(’ﬁ; 1< < oo), are independent among themselves and one-dependent across the two sequences.
This holds even if conditioned on the sequence of signatures e.

Therefore, the following simple computations prove Lemma 3.2.1

E (7’7\; ‘ g) < /0C>O e VP (4(—uj1,uj2) < 2;) dy
< Cr? /000 e ¥ min{in,rfz}dy <Cr
E (ﬁ; ‘ €) <Cr? /000 e Ymin{y~?,r*}dy < Cr,
E (017 | ¢) < Cr® /000 /000 e Ve Fmin{y 2,z 2 r 2}dydz < Cr?|logr|.

We omit the elementary computational details. O

Lemma 3.2.1 assures that, as r — 0, with probability tending to 1, up to time of order T'=T'(r) =
o(r—2 |10gr|71) it will not occur that two neighbouring or next-neighbouring n-s happen to take the
value 1 which would obscure the following construction.

The process ¢ — Z(t) is constructed on the successive intervals [r;_1,7;), j = 1,2,..., as follows:

o (No interference with the past.)
If n; = 0 then for 7,_1 <t < 7j, Z(t) = Z(1j-1) + {t}u,.

o (Direct shadowing.)
If ﬁj = 1, then for Tj—1 S t S Tj, Z(t) = Z(Tj_l) + {t}u]'_l.

o (Direct recollision with the last seen scatterer.)
If ; = 0 and 7; = 1 then, in the time interval 7;_; <t < 7; the trajectory ¢ — Z(t) is defined as
that of a mechanical particle starting with initial position Z(;_,), initial velocity Z (Tjtl) = u;
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and colliding elastically with two infinite-mass spherical scatterers of radius r centred at the
points

Uj—1 — Uj Uj—1 — Uj—2

Z(51) + respectively  Z(1j_2) —

7'77
[uj—1 — uj]

Consistently with the notations adopted for the processes Y'(t) and X (t), we denote Zj, := Z(73,)
for k > 0.

)

(a)

(o)

Figure 3.2: The above image shows a section of trajectory during which X, Y, and Z
would all three differ. On the left we see Y and Z remain together until point

(b), where a direct recollision is respected by Z. Note that Z ignores the mismatch
at (a) as it is indirect. On the right, the process X is coupled to Y on the

left. Note that X respects the indirect recollision at point (a) and the direct
recollision at (b).

3.3 No Mismatches up to T = o(r~1): Proof of Theorem 3.1.1

In this section we prove that the Markovian flight trajectory Y(¢), up to time scales of order T' =
T(r) = o(r~1), is mechanically r-consistent with probability 1—o(1), and therefore the coupling bound
of Theorem 3.1.1 holds. On the way we establish various bounds to be used in later sections. This
section uses only classical probabilistic tools. Moreover, presenting the proof in full will prepare the

ideas (and notation) for Section 3.5 where a similar argument is exploited in a more complex form.

3.3.1 Interferences

Let t — Y (t) and t — Y™*(t) be two independent Markovian flight processes. Think about Y (t) as
running forward and Y*(¢) as running backwards in time. (Note, that the Markovian flight process has

invariant law under time reversal.) Define the following events

W; = {min{|Y(t) = Y| : 0 <t <71} <7},

Wj ={min{|Y, -Y(#)]:0<k<j—-1 7_1<t<m}<r}
W= {min{|Y*(t) = Y{| : 0 <t < 7,1} <7},

W= {min{|Y' =Y () : 0<k<j—1, 0<t<m}<r}
W = {min{|[Y*(t) = Y{| : 0 < t < 00} < 1},

W2 = {min{|Y;" =Y (t)]: 0<k<oo, 0<t<m}<r}

In words /Wj is the event that the virtual collision at Y; is shadowed by the past path. While Wj is the
event that in the time interval (7;_1, 7;) there is a virtual recollision with a past scatterer.
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It is obvious that

P () =p () <P (77 <p (7).
P

- - - N (3.3.1)
P (1) = () <P (;.0) <P (7).
On the other hand, by union bound and independence
P (W) < D P({1<k<oo:Vy€Bua} 0P H0<t<E V() E Bapar} #0)
2€73
<> @) 'E({l<k<o0: Yy €Bua)E({0<t<E:Y(t) € Bapsr})
e (3.3.2)
P (WOO> <Y P{0<t<oo:Y*(t) € Buros} #0)P (Vi € Bray)
2€73
<> (@) 'E({0<t<o0:Y*(t) € Buse}|) P (Y1 € Bopay)
z€73

3.3.2 Occupation Measures (Green’s Functions)

Define the following occupation measures (Green’s functions): for A C R3

g(4) =P (Y1 € 4)

h(A) =E({0 <t <& :Y(t) € A}))
G(A):=E({l1 <k<oo0:Y, € A}
HA) =E({0<t<oo:Y(t) e A}]).

Since the different steps of the Y-process are independent, we can express G and H as covolutions:

G(A4) = 9(A) + [ | o(A—a)G(d)

(3.3.3)
H(A)=h(A) + (A —2)G(dx).
R3
3.3.3 Bounds
Lemma 3.3.1. The following identities and upper bounds hold:
h(dz) = g(dz) < L(dx) (3.3.4)
H(dx) = G(dz) < K(dx) + L(dz) (3.3.5)
where
K(dz) := Cmin{l, |z| "Ydz,  L(dz) := Ce "l |z|™* dux, (3.3.6)

with appropriately chosen C < oo and ¢ > 0.

Proof of Lemma 3.3.1. The identity h = g is a direct consequence of the flight length £ being EX P(1)-

distributed. In polar coordinates with r on the radial direction and ¢ the solid angle
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g(dx) = e "drdyp

= |z| e 1*lda,

where to go from the first line to the second we convert from polar to Cartesian coordinates. From
here the the upper bound (3.3.4) follows.
(3.3.5) then follows from (3.3.3) and the standard Green’s function estimate for a random walk with
step distribution g outlined in Chapter 2, Section 2.5.
O

For later use we introduce the conditional versions — conditioned on the sequence € (see (3.2.3)) —
of the bounds (3.3.4), (3.3.5). In this order we define the conditional versions of the Green’s functions,

given € € {0, 1}, respectively ¢ € {0, 1}:

ge(A) =P (Y1 €A|e¢)

he(A):=E ({0 <t <& :Y(t) € A} |¢)
G(A)=E ({1 <k <oo:Yi €A}l |e)
H(A)=E({0<t<oo:Y(t)€ A} |¢),

and state the conditional version of Lemma 3.3.1:
Lemma 3.3.2. The following upper bounds hold uniformly in € € {0,1}":
ge(dx) < L(dx), he(dz) < L(dx), (3.3.7)
Ge(dz) < K(dx) + L(dx), H,.(dz) < K(dz) + L(dz), (3.3.8)
with K(x) and L(x) as in (3.3.6), with appropriately chosen constants C' < 0o and ¢ > 0.

Proof of Lemma 3.3.2. Noting that
ge(dz) < Cla| e lde,  he(do) < C'lo| 72 e~ 7lda,

the proof of Lemma 3.3.2 follows very much the same lines as the proof of Lemma 3.3.1. We omit the
details. 0

3.3.4 Computation

According to (3.3.1), (3.3.2), for every j =1,2,...

P (W]) <P (W\;) < (2r)7! Z G(B.r2r)M(Bzr3r),

Z€7Z3

P (W) <P (W) < @)™ Y H(Burag(Barar).
z€Z3

Moreover, straightforward computations yield

Lemma 3.3.3. In dimension d = 3 the following bounds hold, with some C' < oo

Z K(BZT,BT‘)L(BZ’I‘,2’I‘) < CTS; Z L(BZT,3T)L(BZT72T) < 0702 (339)
z€Z3 Z2€Z3
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Proof of Lemma 3.3.3. The bounds (3.3.9) readily follow from explicit computations. First note

K(B.r3) < Cr?, (3.3.10)
L(B.yar) < 0.0Cr + (1 — 8.0)Cre= 12l || 72 (3.3.11)

Using (3.3.10) and (3.3.11) we can bound

Z K(B.y3:)L(B.,2,) < C?*r* + C*r® Z e~ (r|2]) 72

2€23 0#£2z€73
<t +C'r3/ el |y dy
R3
3
<",

where to go from the first line to the second we approximate the sum by a Riemann integral. This
then gives the left hand bound in (3.3.9).
Now, using (3.3.11)

Z L(B.y3)L(Baray) < C2r2 4 020 Z e—2cr\z\(r|z|)—4

z€Z3 0#£2€Z3
—4
< %2 + 0% E 2|
0#£2z€7Z3
S CH/TQ.

Note that, in dimension 3, the sum in the second line converges.
O

We conclude this section with the following consequence of the above arguments and computations.

Corollary 3.3.4. There exists a constant C < oo such that for any j > 1:
P(W;)<cr  P(W;)<cr (3.3.12)
3.3.5 No Mismatching — Up to T ~ o(r™1)
Define the stopping time
o :=min{j > 0: max{]lﬁ;j, ]le} =1},
and note that by construction
inf{t>0: X(t) Y ()} > 7o_1. (3.3.13)

Lemma 3.3.5. Let T = T(r) be such that lim, o T(r) = co and lim,_,qrT(r) = 0. Then

lim P (7y_1 < T) = 0. (3.3.14)
r—0
Proof of Lemma 3.5.5.
271
P(r,.1 <T)<P(c<20)+P | > &<T|<CrT+Ce 7, (3.3.15)
j=1
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where C' < oo and ¢ > 0. The first term in the middle expression of (3.3.15) is bounded by union
bound and (3.3.12) of Corollary 3.3.4. In bounding the second term we use a large deviation upper
bound for the sum of independent EX P(1)-distributed &;-s.

Finally, (3.3.14) readily follows from (3.3.15). O

(3.1.7) now follows directly from (3.3.13) and (3.3.14). Thus, this concludes the proof of Theorem
3.1.1. O

3.4 Beyond the Naive Coupling

The forthcoming sections rely on the joint realization (coupling) of the three processes t — (Y (t), X (t), Z(t))
as described in Section 3.2. In particular, recall the construction of the process ¢t — Z(t) from Subection
3.24.

3.4.1 Breaking Z into Legs

Let I'g:=0, ©®g =0 and for n > 1

Iy r=min{j > T, 1 + 2 :min{&;_1,&;,&41, 42} > 1}, Y =T —Tp1, (3.4.1)
®n =1r,, en = @n - anlv -
and denote
gn,j = grn—l“"j’ Un,j = UD,_1455 Yn,j ‘= YI'n_1+5> 1< <9,
Kl(t) = Y(@n—l + t) - Y(@n—l)a 0 S t S 9117
Zn(t) =Z(On_1+1t)— Z(On_1), 0<t<0,.
Then, it follows that the packs of random variables
@ = (Yo (Engrting) 1 1<j <), n>0, (3.42)

are fully independent (for n > 0), and also identically distributed for n > 1. (The zeroth pack is
deficient if min{&p, &1} < 1.) Moreover the legs of the Markovian flight process

(0n; Yo(t) :0<t<0,), n >0,

are fully independent, and identically distributed for n > 1.
A key observation is that due to the rules of construction of the process ¢ — Z(t) exposed in Section
3.2.4, the legs

(On: Zu(t) : 0<t < 0,), n>0, (3.4.3)

of the auxiliary process t — Z(t) are also independently constructed from the packs (3.4.2), following
the rules in Section 3.2.4. Note, that the restrictions |y;_1| < 1in (3.2.7) were imposed exactly in order
to ensure this independence of the legs (3.4.3). Therefore we will now construct the auxiliary process
t — Z(t) and its time reversal ¢ — Z*(t) from an infinite sequence of independent packs (3.4.2). In

order to reduce unnecessary complications of notation from now on we assume min{&y, &} > 1.
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Remark: In order to break up the auxiliary process t — Z(t) into independent legs the choice of

simpler stopping times
Il :=min{j > T, + 1 : min{&;, &40} > 1},

would work. However, we need the slightly more complicated stoppings I',,, given in (3.4.1), for some
other reasons which will become clear towards the end of Section 3.4.2 and in the statement and proof

of Lemma 3.5.1.

3.4.2 One Leg

Let &;, uj, j > 1, be fully independent random variables with the distributions (3.2.1), conditioned to
min{{y, &} > 1.
and y; as in (3.2.2). Let
vi=min{j > 2 :min{§;_1,&;,&41, 421 > 11 € {2} U {5,6,... }. (3.4.4)
Note that 4 can not assume the values {1, 3,4}. Call
w = (7 (& u) 1< j <) (3.4.5)

a pack, and keep the notation 7; := Zi:l &k, and 0 :=7,.
The forward leg

0;Z(t):0<t<0)
is constructed from the pack w according to the rules given in Section 3.2.4. We will also denote
Zj=27(1j), 0<j<w; Z:=7,=7(0).

These are the discrete steps, respectively, the terminal position of the leg.
It is easy to see that the distributions of v and 6 are exponentially tight: there exist constants
C < oo and ¢ > 0 such that for any s € [0, 00)

P(y>s) <Ce P(0>s) <Ce . (3.4.6)

The left inequality is a consequence of Markov’s inequality and moment generating functions (sometimes
called Chernoff’s inequality), while the second follows from the first and a large deviation principle for
exponential random variables.

The backwards leg

(0;Z7(t): 0<t <0
is constructed from the pack w as

Z*(t,w) = Z(0 —t,w*) — Z(w*),
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where the backwards pack
w" = (7? (5’y—j7 _uv—j) 0<5 < 7)

is the time reversal of the pack w. Note that the forward and backward packs, @ and @™, are identically
distributed but the forward and backward processes (t — Z(t):0<t< 0) and (t = Z5t):0<t< 9)
are not. The backwards process ¢t — Z*(t) could also be defined in stepwise terms, similar (but not
identical) to those in Section 3.2.4, but we will not rely on these step-wise rules and therefore omit
their explicit formulation.

Consistent with the previous notation, we denote

*

Z7 =Z"(1j), 0<j<wy 7 = Z;:Z*(H):ff.

Note, that due to the construction rules of the forward and backward legs, their beginning, middle and

ending parts

(r1; Z(t) : 0<t <),
(Tyo1—m3Z(m+t)—Z(m):0<t <7y 1 —T1), (3.4.7)

(Ty = Ty—1; Z(Ty—1 +t) = Z(Ty—1) : 0 <t <7y — Ty1),,

are independent, and likewise for the backwards process Z*,

(Tl;Z*(t) 10 S t S Tl),
(Tym1 =715 2" (11 +t) = Z" (1) : 0<t <7y — 1), (3.4.8)
(Ty = Ty—1; 2% (Ty—1 + 1) = Z%(17y21) 1 0 <t <7y —Ty_1) .

This fact will be of crucial importance in the proof of Proposition 3.4.2; Section 3.5.2 below. This is
the reason (alluded to in the remark at the end of Section 3.4.1) we chose the somewhat complicated

stopping time as defined in (3.4.4).

3.4.3 Multi-Leg Concatenation

Let @, = () (€nyrtny) 11 <7 <7,), n > 1, be a sequence of i.i.d packs (3.4.5), and denote 6,
(Zn(t) 10 <t <0,), (Zng 1< j <), (Z5(t) 1 0<t < 0), (Z:,;:1<j <), Zn, Z, the various
objects defined in Section 3.4.2, specified for the n-th independent leg.

In order to construct the concatenated forward and backward processes ¢t — Z(t), t — Z*(t),

0 <t < oo, we first define for n € Z,, respectively t € R

T, = Z'yk, vy = max{m : T';;, <n}, {n}:=n-T, ,
k=1

0, = Ok, vy := max{m : O,, < t}, {t} =t—0,,.
k=1

The concatenated (multi-leg) forward and backward Z-processes are

En = Zzlm L = Eun + Zun-i-l,{n}v Z(t> = EVt + ZVH-l({t})v
k=1
n (349)
En =Y Z Zy =5, T2 1y Z(t) =5, + Z;, .1 ({t}),
k=1
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Note that =, and Z¥ are random walks with independent steps; t — Z(¢), 0 < t < o0, is exactly the
Z-process constructed in Section 3.2.4, with Z,, = Z(7,,), 0 < n < co. Similarly, t — Z*(¢), 0 <t < o0,
is the time reversal of the Z-process and Z} = Z*(7,), 0 <n < oo.

Theorem 3.1.2 will follow from Propositions 3.4.1 and 3.4.2 of the next two sections.

3.4.4 Mismatches Within One Leg

Given a pack w = (v;(§,u;) 11 <j<7) (3.4.5), and arbitrary incoming and outgoing velocities
Ug, Uy+1 € S? et ((Y(2), X (t), Z(t)) : 0~ <t < 6T), be the triplet of Markovian flight process, Lorentz
exploration process and auxiliary Z-process jointly constructed with these data, as described in Sections
3.2.1, 3.2.2, respectively, 3.2.4. By 0~ < t < 7 we mean that the incoming velocities at 0~ are given
as Y(07) = X(07) = Z(07) = up and the outgoing velocities at 6% are Y(§1) = Z(0%) = w41,
while X'(6%) is determined by the construction from Section 3.2.2. That is, X(0%) = u, if this last
scattering is not shadowed by the trajectory (X(t):0 <t < 6) and X(0+) = X(07) if it is shadowed.

Proposition 3.4.1. There exists a constant C < oo such that for any ug,u,41 € S*
P (X(t) £ Z(t): 07 <t <) <COr?llogr|*. (3.4.10)

The proof of this Proposition relies on controlling the geometry of mismatchings, and is postponed

until Section 3.6.

3.4.5 Inter-Leg Mismatches

Let t — Z(t) be a forward Z-process built up as concatenation of legs, as described in Section 3.4.3

and define the following events

/W\j = {mln{|Z(t) —Z,;‘ D 0<t< @j_l, Fj_l <k< Fj} < ’/‘},

o (3.4.11)
Wj :{mm{|Z,'€fZ(t)\ 0§k<Fj_1, @j_1<t<@j}<7"}.

In words W\j is the event that a collision occuring in the j-th leg is shadowed by the past path. While
Wj is the event that within the j-th leg the Z-trajectory bumps into a scatterer placed in an earlier
leg. That is, Wj U /Wj is precisely the event that the concatenated first j — 1 legs and the j-th leg are
mechanically r-incompatible (see Section 3.2.3).

The following proposition indicates that on our time scales there are no “inter-leg mismatches”:

Proposition 3.4.2. There exists a constant C' < oo such that for all j > 1
P(W;)<c?, P (W) <o (3.4.12)

The proof of Proposition 3.4.2 is the content of Section 3.5.

3.5 Proof of Proposition 3.4.2

This section is purely probabilistic and is similar to Section 3.3. The notation used is also similar.
However, similar is not identical. The various Green’s functions used here, although denoted g, h, G, H,
as in Section 3.3, are similar in their role but not the same. The estimates that will follow are also
different.
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3.5.1 Occupation Measures (Green’s Functions)

Let now ¢ — Z*(t), 0 <t < 00, be a backward Z*-process and t — Z(t), 0 <t < 6, a forward one-leg
Z-process, assumed independent. In analogy with the events /Wj and Wj defined in (3.4.11) we define

Wi = {min{|Z*(t) - Z| : 0<t<O; 1, 0<k<n}<r}
W = {min{|Z} - Z(t)| : 0<k<T;_y, 0<t<@}<rl,
W2 = {min{|Z*(t) — Z}] : 0<t< oo, 0<k<n}<r}
W2 = {min{|Z;' — Z(t)| : 0<k < oo, 0<t<6}<r}

It follows from the definition that

P (W;) =P (W) <P (W) <P (W),

N - - . (3.5.1)
P (W;) =P (W) <P (W) <P (W),
On the other hand, by the union bound and independence we have
P (WOO) < S P{0<t<oo:Z(t) € Buar} #NP L <k <v:Zy € Bura} #0)
z€Z3
<> @) 'E({0<t<oo:Z*(t) € Bus })E({1 <k <v:Zk € Barar}l)
. (3.5.2)
P (W) <D P({1<k<oo:Zi€Bun} #0P{0<t<0:Z(t) € Bara} £0)
z€Z3
<> @) 'E({l<k<oo:Z; €Bayo)E({0<t<0:Z(t) € Bura )
z€Z3

Therefore, in view of (3.5.1) we have to control the mean occupation time measures appearing on the

right hand side of (3.5.2).
Define the following mean occupation measures (Green’s functions): for A C R? let

g(A) =B({1<k<vy:Z €A},
G(A) =B ({1 <k<~y:Z; € A}Y)),

h(A) =E({0<t<0:Z(t) € A}]),
R*(A) =E({0<t<0:2°(t) € A})),
R*(4):=E({l <n<oo: = € A})),
G'(A)=E({1<k<oc0:Z; A},
H(A)=E({0<t<oo:Z"(t) € A}|).

Since the different legs are independent, we can express G* and H* as convolutions

G*(A) = g7 (4) + / 6" (A — 2)R* (dx),
e (3.5.3)

H*(A) = h*(A)+ [ h*(A—2)R*(dz).

R3
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3.5.2 Bounds

Lemma 3.5.1. The following upper bounds hold:

max{g(dz), g*(dz)} < M(dz), max{h(dzx), h*(dz)} < L(dz), (3.5.4)
R*(dz) < K(dz), (3.5.5)
G*(dz) < K(dz), H*(dz) < K(dz) + L(dz), (3.5.6)
where
K(dz) := Cmin{1, |z| " }dz, L(dz) := Ce 1! 2|72 da, M(dz) = Ce~ "l dg;,

with appropriately chosen C < oco and ¢ > 0.

Proof of Lemma 3.5.1. The proof of the bounds (3.5.4) hinges on the decompositions (3.4.7) and (3.4.8)
of the forward and backward legs into independent parts.
Let

q1(A)=P(Z, € A) =P (Z] € A) :C/ 1(|z| >1)€_|m|daj,

A
MA =E({t<n:Zt) e A)=E({t<m:2*@t) e AY)) =C" [ |z| ?e max{blollgy
A
(3.5.7)

and

2(A) =B ({1 <k<7:Z— 2 € A},
g5(A) =E({L<k<v:2; - 2 € A})),
ho(A) = E({0<t<0—7:Z(n+1)— Z € A})),
hy(A) =E({0<t<0—r :Z"n +1t)— Z; € A})).

Due to the exponential tail of the distribution of v and 6, (3.4.6), there are constants C' < co and ¢ > 0

such that for any s < oo

max{ga({z : [x| > s}),g5({w : [2] > s})} < Ce™,

(3.5.8)
max{he({z : |x| > s}),h5({z : |z| > s})} < Ce™

and furthermore,

(3.5.9)
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From the independent decompositions (3.4.8) and (3.4.7) it follows that

9(4) = [ a4~ 2)an(do), 5= [ gi(A-hgi(da),
2 R (3.5.10)
W) = [ a4 = Dhon(dn) + (A, 1) = [ K4 = o) (dn) + (A,

The bounds (3.5.4) readily follow from the explicit expressions (3.5.7), the convolutions (3.5.10) and
the bounds (3.5.8) and (3.5.9).

The bound (3.5.5) is a straightforward Green’s function bound for the the random walk Z% defined
in (3.4.9), by noting that the distribution of the i.i.d. steps 72 of this random walk has bounded density
and exponential tail decay (this follows the same lines as the bounds on the random walk distribution
proved in Chapter 2, Section 2.5).

Finally, the bounds (3.5.6) follow from the convolutions (3.5.3) and the bounds (3.5.4), (3.5.5).

O

Remark: On the difference between Lemmas 3.3.1 and 3.5.1. Note the difference between the upper
bounds for g in (3.3.4), respectively, (3.5.4), and on G in (3.3.5), respectively, (3.5.6). These are
important and are due to the fact that the length of the first step in a Z- or Z*-leg is distributed as
(€|€>1) ~ EXP(1/|0) rather than £ ~ EXP(1).

3.5.3 Computation

According to (3.5.2)

P (W;) <P (W) < 20" > H (Barar)g(Barar),

_ _ < (3.5.11)
P(W;) <P (W) < @) > G (Bara)he(Barsy):
Z€Z3
Lemma 3.5.2. In dimension d = 3 the following bounds hold, with some C < oo
> K(B.psr)M(Bzrar) < Cr?, > M(Bursr)L(Barar) < Cr. (3.5.12)

2E€Z3 2€Z3

Proof of Lemma 3.5.2. The bounds (3.5.12) (similarly to the bounds (3.3.9)) readily follow from explicit

computations which we omit. O

Proof of Proposition 3./.2. Proposition 3.4.2 now follows by inserting the bounds (3.5.12) and one of
the bounds in (3.3.9) into equations (3.5.11).
O

3.6 Proof of Proposition 3.4.1

Given a pack @ = (7; (&, u;) : 1 < j <) (3.4.5), and arbitrary uo, u,+1 € SF, let (Y (t), X(t), Z(t)) :
0<t< 0) be the triplet of Markovian flight process, Lorentz exploration process and auxiliary Z-

process jointly constructed with these data. We will prove the following bounds, stated in increasing
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order of difficulty /complexity.

Pl{Xt)£Z(#) :0" <t<6t}n {i:nj >1} | < COr?|logr], (3.6.1)
j=1

Pl{Xt)£Z(#):0- <t<0t}n {i:nj =0} | <COr?llogr|, (3.6.2)
j=1

Pl{Xt)£Z(#):0- <t<6t}n {i:nj =1} | <Cr?flogr|?. (3.6.3)
j=1

Note that by construction 1, = 172 = 13 = 1, = 0, so the sums on the left hand side go actually from
4 toy—1. We stated and prove these bounds in their increasing order of complexity: (3.6.1) (proved
in Section 3.6.1) and (3.6.2) (proved in Section 3.6.2) are of purely probabilistic nature while (3.6.3)
(proved in Sections 3.6.3-3.6.7) also relies on the the finer geometric understanding of the mismatch

events 7; =1 and 7; = 1.

3.6.1 Proof of (3.6.1)

This follows directly from Lemma 3.2.1. Indeed, given v and € = (€;)1<;<~, due to (3.2.9),

2

2
P an>1‘§ S’Ym?XP(nj:nj+1:1|§)+l P(nj=n=1]¢)
j=1

max
2 jki|ji—k|>1

< Cvyr?|logr| + Cv*r2,

and hence, due to the exponential tail bound (3.4.6) we get

~y—1 ~y—1
P an>1 =E|P an>l}§ < Cr?logr|.
j=4 j=4
which concludes the proof of (3.6.1). O

3.6.2 Proof of (3.6.2)

First note that by construction of the processes ((X(t), Z(t)) : 07 < t < 67) the following identities
hold:

{x@) #2(@):0" Stim}ﬁ{i% =0} ={X(@®) #Y(): 0" Sté@*]’ﬂiﬁjzo}

j=1 j=1
N +1 : 1 . /
(o #y@i <<= U { i s = vl <rpof min v - v <rf

And, hence
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(X()Z£Z(t):0- <t<67}n {i n; =0} (3.6.4)

j=1
- U (L pra-vol<rfo{ mn pya-vol<e)) o>
0<j<y JVET 41 J—1SURTy
. / . /
U0<LJ< ({ijflértl<0 Y/, —Y(t)] < r} U {Oérggl Y/, —Y(t)] < r})
3<y
- U ({ min |Y;_1 =Y (t)] < 2r} u{ min |V —Y(t)] < 2r}> n{g > 1}
0<j<r T <t<Tj+1 Tj—1<t<T7;
U0<U< (Lm?%ltlse Vi = Y(#)] < 2T} J {o<?ii21 [Yjis1 =Y ()] < 27’})
3<y

By simple geometric inspection we see

{ min |Y;_1 = Y(t)| < 2r} N{¢ > 1} C {ZL(—uj_1,u;) < 4r},

TSt T+

{ min |Y;'+1 — Y(t)‘ < 27‘} N {fj > 1} C {L(—uj_,_l,uj) < 47’} .

T 1<t<T;

And therefore,

€ Tj§t§7j+1

max P ({ min [V =Y (t)| < 2r} n{g >1}| 6) < o2
mgaXP ({ min_[Yj1 =Y (t)] < 27“} Nn{& > 1} |6> <. (3.6.5)

7']'71 StST]

On the other hand, from the conditional Green’s function computations of section 3.3, in particular

from Lemma 3.3.2, we get

1 . — < g 3 < 2

méaxP (Tjﬁlértlge Vo1 = Y(t)| < 2r | e) < blipP (Tgrglgoo Y ()] < 2r| e) < Cr®|logr|,

€ (3.6.6)

max P ( min |V — Y(t)| <2r | e) <supP ( min [V (t)| < 2r | e) < Cr?|logr]|.
€ 1 €

0<t<Tj_ To<t<oo

Putting (3.6.4), (3.6.5) and (3.6.6) together yields
y—1
P {X(t)#2(t):0 <t<0T}n{d_ n=0}|e| <Cy?logr],
j=4

and hence, taking expectation over ¢, we get (3.6.2).

3.6.3 Proof of (3.6.3) — Preparations

Let v € {2} U {5,6,...}, and € = (¢)1<j<y € {0,1}7 compatible with the definition of a pack,
and 3 < k < v be fixed. Given a pack w with signature ¢ we define yet another auxiliary process
(ZM(t) : 0= <t < 6%) as follows:

o On 0~ <t< 71, ZW(t) = Y(t).

o Onm_1 <t<m, ZH) (t) is constructed according to the rules of the Z-process, given in Section
3.2.4.
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o Onr, <t<6t, ZW(t) = Z®) (1) + Y (1) — Y (73).

Note that on the event {n; = ;4 : 1 < j <~} we have Z®)(t) = Z(t), 0~ <t < 6F.
We will show that

max P ({X() # 20107 <t <" n{n; =015 <9} e

< maxP ({X(t) 2 2ZW(t): 0" <t <0ty {n =1} | g) (3.6.7)

and hence

max P ({X(t) 2200107 <1< 0 (Y 0= 1) |e>
- k=1
<ymaxP ({X() # Z(t): 07 <t <0730 {n; =6k :1<5 <7} [e)
< Cy%r? |logr|?.

Then, taking expectation over € we get (3.6.3).
In order to prove (3.6.7) first write

P({x()# 20107 <t< 0" n{n=du: 15 <9} |e)
<P ({X(t) £2W) 0" <t<otyn{m =1} |§)
=P ({x() £ 200" <t < 0"} N =1} ) +

P ({x(0) £ 2M(0): 07 <t <"} {fj = 110 {7 = 0} | ),
and note that the three parts

(Z(k) t):07 <t< Tk_3) = (Y(t) 0T <t < Tk_3),
(ZW (ri—s +1) — ZW)(123) 1 0 <t < 7 — Th3), (3.6.8)
(20 () +1) = Z2W (1) 10 <t <07 =) = (Y(m) +1) =Y (n) 1 0< £ < 0F =),

are independent — even if the events {7, = 1}, respectively, {7, = 1} N {f, = 0} are specified.

From the construction of the processes ((X(t), Z®)(t)) : 0~ < t < %) it follows that if (Z(*)(¢) :
0~ <t < 07F) is mechanically r-consistent then (X () = Z®(t): 0~ <t < 6%).

Denote by Ag]f()“ 1 < a < 3, the event that the a-th part of the decomposition (3.6.8) is mechanically
r-inconsistent, and by Agp = Apa, 1 < a,b <3, a # b, the event that the a-th and b-th parts of the
decomposition (3.6.8) are mechanically r-incompatible — in the sense of the definitions (3.2.5) and
(3.2.6) in Section 3.2.3. In order to prove (3.6.7) we will have to prove appropriate upper bounds on
the conditional probabilities

p ({ﬁk =1}nA%) §) ;

a,b=1,2,3. (3.6.9)
P ({i = 1} {iic = 0} n ALY | ¢)

These are altogether 12 bounds. However, some of them are formally very similar.
Aglfl), Aék?)) and A§’“§ do not involve the middle part and therefore do not rely on the geometric
arguments of the forthcoming Sections 3.6.4-3.6.6. Applying directly (3.2.8), (3.3.7), (3.3.9) and similar
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procedures as in Section 3.3.4, without any new effort we get

P ({7 =130 A%) | ) < Oy

b=1,3. 6.1
~ ~ (k) 2 92 a? 73 (36 0)
P({=1n{m=0}NA |e) <CyPr

We omit the repetition of these details.
The remaining six bounds rely on the geometric arguments of Sections 3.6.4-3.6.6 and, therefore,
are postponed to Section 3.6.7

3.6.4 Geometric Estimates

We analyse the middle segment of the process Z*), presented in (3.6.8), restricted to the events
{Mk = 1}, respectively, {fx = 1} N {Nx = 0}. Since everything done in this analysis is invariant under
time and space translations and also under rigid rotations of R? it will be notationally convenient
to place the origin of space-time at (7;_2, Z(7;—2)) and choose u;_o = e = (1,0,0), a fixed element
of S%. So, the ingredient random variables are (£_,u,&,v,£,), fully independent and distributed as
£ ~EXP(lley_2), ¢ ~ EXP(llex_1) = EXP(1|1), £, ~ EXP(1lex), u,v ~ UNI(S?).

It will be enlightening to group the ingredient variables as ({_, (u,&,v),&4), and accordingly write
the sample space of this reduced context as Ry x Dx R, where D := S? x R, x S?, with the probability
measure EX P(1|ex_2) X 1t X EXP(1|e;) where, on D,

w=UNI(S?) x EXP(1]1) x UNI(S%). (3.6.11)

For r <1, let 0,0, : D — Ry U{oo} be

or(u,&v) ;= inf{t : fu—i—r' | Y otte <r},
or(u,&v) ;= inf{t: fu-i-r' ] © tt <r},
(with the usual convention inf () = co), and
A, = {(u,&,v) €D: 5, < oo}, A, = {(u,&v) €D : 5, < oo}

We define the process (Z,(t) : —oo < t < 00) and (Z,(t) : —00 < t < 00) in terms of (u,&,v) € A,,
respectively, (u,&,v) € A, as follows. Strictly speaking, these are deficient processes, since ,u(&r) <1,
and p(A,) < 1.

o On —oo <t <0, Z.(t) = Z.(t) = te.
o On0<t<E Z(t) = Z(t) = tu,
o On ¢ <t < oo,
00 Z(t) = Z,(&) + (t = &)u,
0o ZT (t) is the trajectory of a mechanical particle, with initial position Zr(f) and initial velocity

Z (§+) = v, bouncing elastically between two infinite-mass spherical scatterers centred at

pE=u
le—

velocity.

‘, respectively, éu + r =%, and, eventually, flying indefinitely with constant terminal

|u vl’

See Figure 3.3 for a reference to some of the labelling.
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The trapping time By, B, € Ry and escape (terminal) velocity @,,®, € S2 of the process Z(t),
respectively, Z,(t), are

ﬁ’r = 07 @’l‘ = u,
i B B L (3612)
B =sup{s <o0o: Z.(E+57) # Z,(E+57)}, Wy = Zp(E+ B).
Note that BT > 0.
The relation of the middle segment of (3.6.8) to Z, and Z, is the following;:
(1 =11, (20 (mha +0) = 20 (7r2) : —8h2 S < a +6) ) ~
(fe- >3 h (2o —e- <t<e+&),
(3.6.13)

(4 = 010 {7 = 1}, (202 +6) = 20 (m2) s ~€ea SE<G1 +6)) ~

({57 < 81“} N {§+ > ar}ﬂ (Zr(t) : —f, <t< S + £+)> )

where ~ stands for equality in distribution (in essence all we have done so far is isolate the middle
segment and relabel). So, in order to prove (3.6.7) we have to prove some subtle estimates for the

processes ZT amd ZT. The main estimates are collected in Proposition 3.6.1 below.

Proposition 3.6.1. There ezists a constant C < oo, such that for all r < 1 and s € (0,00), the
following bounds hold:

1] ((u, hov) € Ayt L(—e,@y) < s) < Crmin{s, 1}, (3.6.14)
] ((u, hov) € Ayt Z(—e,Wy) < s) < Crmin{s(|logs| Vv 1),1} (3.6.15)
1] ((u,h,v) €A, 1715 > s) < Crmin{s~!(|logs| v 1),1}. (3.6.16)

Remarks: The bound (3.6.14) is sharp in the sense that a lower bound of the same order can be
proved. In contrast, we think that the upper bound in (3.6.15) is not quite sharp. However, it is
sufficient for our purposes so we do not strive for a better estimate.

The following consequence of Proposition 3.6.1 will be used to prove (3.6.3).

Corollary 3.6.2. There exists a constant C < oo such that the following bounds hold:

P ({ﬁk =1}n {Tk—IZIlSi?STk z® () — z® (Tk,g,)‘ < s} ’ e) < Crs(|logs| V1), (3.6.17)
P ({ﬁk =1}n {TkiSISntingil ZW® (1) — Z<’“>(Tk)‘ <s}| e> < Crs(|logs| V1), (3.6.18)
P <{ﬁk =0tN{m =1}nN {Tk_glgi?ng Z® () - Z(k)(Tk—B)’ < s} e) (3.6.19)
< Crmax{s|logs|®,r|logr|’}
p <{ﬁk =0}N{m=1}Nn{  min ~‘ZW@) - Z(k)(m)‘ <s}| e> (3.6.20)
Tr—3<t<Tr_1+f

< Crmax{s|logs|®,r|logr|’}

Proposition 3.6.1 and its Corollary 3.6.2 are proved in Sections 3.6.5, respectively, 3.6.6.
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3.6.5 Geometric Estimates Ctd: Proof of Proposition 3.6.1
Preparations

Beside the probability measure u (see (3.6.11)) we will also need the flat Lebesgue measure on D,
A=UNI(S}) x LEB(R}) x UNI(S}),

so that

1-h

(&
du(u,h,v) = e—1

1{0 < h < 1}d\(u, h,v).
For r > 0 we define the dilation map D, : D — D as
D, (u, h,v) = (u,rh,v),
and note that
A, =D, A, A, =D,A,.

In the forthcoming steps all events in &T and &r will be mapped by the inverse dilation D! = D,
into &1, respectively, Al. Therefore, in order to simplify notation we will use A= 2&1 and A := &1.

The dilation D, transforms the measures p as follows. Given an event £ C D,

1—h 1—-rh
u(D,E) = / ©_1{0 < h < 1}dA(u, h,v) = r/ S {0<h<rd\uhv), (3.6.21)
p.re—1 pe—1
and hence, for any event £ C D and any h < oo
elfrﬁ _ e
(BN {h < RY) < u(DeE) < —SorA(B). (3.6.22)
e— e—

The following simple observation is of paramount importance in the forthcoming arguments:

Proposition 3.6.3. In dimension 3 (and more)
A(A) = A(A) < 0. (3.6.23)
Proof of Proposition 3.6.3. Note that, by some simple geometric inspection,

ACA :={(uhv)eD: L(—e,u) <2n'},
AcCA :={(uhv)eD: L(—u,v) < 2n"'}.

Since, in dimension 3,

[{(u,v) € 8% x 5% : Z(—e,u) < 2h™'}| =
[{(u,v) € 8% x 5% : Z(—u,v) < 2h~'}| < Cmin{h 2,1},

the claim follows by integrating over h € R,. O

Remark: In 2-dimension, the corresponding sets A&, A have infinite Lebesgue measure and, therefore,

a similar proof would fail.
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Due to (3.6.23) in 3-dimensions the following conditional probability measures make sense

~ A(NA) ~  A(NA)
M) =AGA) = — A()=A(A) = —,
OEPUDE 20 =20 =2
and, moreover, due to (3.6.22) and (3.6.23), for any event £ € D
lim pu( D, E | &T) = /\X(E)a lim p(D,E | 1&7“) = /\K(E)a
r—0 r—0

In a technical sense, we will only use the upper bound in (3.6.22), and (3.6.23).
In view of the upper bound in (3.6.22), in order to prove (3.6.14), (3.6.15) and (3.6.16) we need, in

turn,

A ((u, hov) €A : L(—e, @) < s) < C'min{s, 1}, (3.6.24)
A ((u7 hov) € A: L(—e, W) < s) < C'min{s(|logs| vV 1),1}, (3.6.25)
A ((u, h,v)€A: B> s) < Cmin{s™*(|logs| v 1), 1}. (3.6.26)

Here, and in the rest of this section, we use the simplified notation @ := w, w := wy, B := fB1.

Proof of (3.6.24)

Proof. This is straightforward. Recall (3.6.12): w(u, h,v) = u. For easing notation let
9= L(—e,u)
and note that for any t € Ry
[{u € 57:0<9 <t} <Cmin{t? 1},

with some explicit C' < oco.
Then,

A ((u,h,v) EA:L(—e D)) < s) <A ((u,h,v) €A 9 < s)
<A ((u,h,v) eh:9< min{s,Qh_l})

=A(u,h,v) €D {h <257 N{I < s}) + A ((w,hyv) €D {h>2s" 1N {Y <271}

< (Cs.

Proof of (3.6.25) and (3.6.26)

Figure 3 aides in understanding this subsection.
Let a and b be the vectors in R? pointing from the origin to the centre of the spherical scatterers

of radius 1, on which the first, respectively, the second collisions occur:

a= % b= hu+t+ ——2
le — ul lu — ]
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Figure 3.3: Above we show a 3 dimensional example of the geometric labelling used in
this section. The Z trajectory enters with velocity e from beneath the relevant
plane (the dotted line represents motion below the plane). After which the particle
remains above the plane.

and n the unit vector orthogonal to the plane determined by a and b, pointing so, that e -n > 0:

— axb
" al[b]sin(<(a, b))’
with
1 1 1 1
axb=(h+ J—— eXu— ———————— eXv+ —————— u X, (3.6.27)
|lu—wv|”|e — ul le — ul||u —v| le — u| |u —v|
la] =1, h—1<1b<h+1, 0 <sin(Z(a,b)) < 1. (3.6.28)

Assume there are altogether v > 3 collisions (which occur alternatively, on the first and second
scatterer) before escape. Let wo = e and w;, 1 < j < v, the outgoing velocity after the j-th scattering.
So, w1 = u,wa =, ...,w, = W.

The proof of (3.6.25) and (3.6.26) relies on the following observations:

(a) The n-projection of the velocity of the moving particle does not decrease. More precisely, for
1<j<v,0<wj_1-n < w;j-n. This is due to the choice of the plane determined by the centres
of the two scatterers and the first impact point.

mce e-n >0 and w; -n > 0, for a < 7 < v we have —e,wi) > 5 — ZL(n,w;).
b) Si 0 and wj 0, f 111 ] h ya j g y i

(c) The trapping time E is certainly not longer than the time the moving particle spends in the slab
{x € R3:0 < z-n < 1}. In particular, it follows that

B<h+lw-n" " <|u-n"t=le-nl". (3.6.29)

Proof of (3.6.25). Without loss of generality we may assume s < 7.
From the arguments (a) and (b) above it follows, in particular, that
L(—e,w) = L(—e,w,) >

—ZL(n,wy,) > = — Z(n,wse) = g — Z(n,v),

vl 3
e
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and hence
A ((u,h, v) €A L(—e,W) < s) <A ((u,h,v) €A :|n-wl < 25) . (3.6.30)
Note that due to (3.6.27) and (3.6.28)
|v-n| Zé\v-(exuﬂ7
and thus
A ((u,h,v) eA':|v-n|< 25) <A ((u,h,v) €A e (uxv)| < 45) . (3.6.31)

Next, if v and v are i.i.d. UNI(S?)-distributed then

= %7 and ¥ = |u x v| = sin(Z£(u,v))
u v

are independent and distributed as
w~ UNI(S?), 0~ Lgocpcny (1 — )71 24dt.

Therefore,

-, B ) min{2/h,1} a1z g
A (u,h,v) € Al s |e- (uxv)| <4ds) = dh | dw (1—-1t%) tdtl{le - w| < —}
0 52 0 t

) min{2/h,1}
= / dh/ (1 —*)Y2dt min{4s, t}
0 0

< C'min{s|logs| Vv 1),1}. (3.6.32)
The last step follows from explicit computations which we omit.

Finally, (3.6.30), (3.6.31) and (3.6.32) yield (3.6.25). m
Proof of (3.6.26). We proceed with the first (sharper) bound in (3.6.29) (the second (weaker) bound
would yield only upper bound of order s~/ on the right hand side of (3.6.25)):

- -, s -, P
A ((u,h,v) eA: 8> 3) <A ((u,h,v) eA":h> 5) + A (u,h,v) €A Jv-n| < 5 (3.6.33)

Bounding the first term on the right hand side of (3.6.33) is straightforward:

A ((u,h,v) cA h> g) :/ [{(u,v) € 5% x 8% Z(—u,v) < 2h*1}|dh
s/2

<C [ min{h 2 1}dh < Cmin{s™*1}. (3.6.34)
s/2

Concerning the second term on the right hand side of (3.6.33), this has exactly been done in the proof
of (3.6.25) above, ending in (3.6.32) — with the role of s and s~! swapped.
(3.6.33), (3.6.34) and (3.6.32) yield (3.6.16).

3.6.6 Geometric Estimates Ctd: Proof of Corollary 3.6.2

We start with the following straightforward geometric fact.
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Lemma 3.6.4. Let e,w € S? and z € R3. Then

4s
! : mi ! = |{t : mi ! < — .6.
’{t >0 rtlrlzlgl\x+tw+te|<s} ‘{t >0 rg(r)l|x+tw+te|<s} S Jew) (3.6.35)
Proof of Lemma 3.6.4. This is elementary 3-dimensional geometry. We omit the details. O
Proof of (3.6.17) and (3.6.18). On {f; =1}
i B) (4} — 7 (k) i
| min_ A EA (Tk—?))’ > rtIlZl(I)lltuk—l + Ep—2up—2|
(3.6.36)
min Z(k)(t) — Z(k) (Tk)’ > min{min |§k,1uk,1 + tug_o + Ekuk,ﬂ 7€k}
Tr—3<t<Tp_1 t>0

The bounds in (3.6.17) and (3.6.18) follow from applying (3.6.35) and (3.6.14), bearing in mind that
the distribution density of £x_o and & is bounded. Since these are very similar we will only prove
(3.6.17) here.

P (=10, mn

Tr—o<t<Tk

200 - 29| <5}
P ({ﬁk = 130 fmip g+ ez < s})
/ (g € {1 minfeu + ] < s}> dp(u, b, v)
<c / min{ s duu. h.v)

< Crs(|log s| Vv 1).

In the first step we used (3.6.36). The second step follows from the representation (3.6.13). The third
step relies on (3.6.35) and on uniform boundedness of the distribution density of {_ (which is either
EXP(1]1) or EXP(1|0), depending on the value of €;_2). Finally, the last calculation is based on
(3.6.14).

O
Proof of (3.6.19).
- (k) (4) — 7 (k) ‘
| in ZVWN(t) — Z'Y (1h—3) (3.6.37)

Th2 <t<T_1+5 Th—14+B<t<Ty

:min{ min ‘zw)(t)_z(@(m,g) ., min Z(k>(t)_z<k>(m3)‘}.

Here, and in the rest of this proof, 5 and w denote the trapping time and escape direction of the

recollision sequence:

3= max{s < & : 2 (r_1 +57) # ZF (1 + sT)} @:=Z® (1 + EJF)

To bound the first expression on the right hand side of (3.6.37) we first observe that by the triangle
inequality

min ~_[Z® () = ZF) (1_3)| > Ep_o — Epy — 47 (3.6.38)
Te—2<t<T)p_1+f
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Applying the representation and bounds developed in sections 3.6.4, 3.6.5,

P ({ﬁk —0N{H=1}n{ min N’Z(’“) (1) — z<k>(7k_3)( < s}>

Th—2<t<T)_1+0

<P =0 N {ne =1} N {&—2 < &1+ 4r+s})
=/~ P (&- < h+4r + s)du(u, h,v)
A,
< C/~ (min{h, 1} + 4r + s)du(u, h,v)
A,
< Cr? + Crs + Cr?|logr|. (3.6.39)

In the first step we used (3.6.38). The second step follows from the representation (3.6.13). The third
step relies on on uniform boundedness of the distribution density of £_ (which is either EX P(1]1) or
EXP(1|0), depending on the value of €;_5). Finally, the last step follows from explicit calculation,
using (3.6.22).

To bound the second term on the right hands side of (3.6.37) we proceed as in the proof of (3.6.17)
above. First note that

min |20 - Z<k>(7k,3)‘ > min ](Zw)(m,g) — ZW (5, + B)) + @ + Epsups| . (3.6.40)
Tho1+B<t<Th 0=t
Using in turn (3.6.40), (3.6.13), (3.6.35) and uniform boundedness of the distribution density of £_

(which is either EXP(1]|1) or EXP(1|0), depending on the value of €;_2), and finally (3.6.15), we
obtain:

p (Wk =0}n{m =1}n  min

Te—1+B<t<7y

Z®) () — z® (TH)‘ < s>

<P ({ﬁk =0}N{m =1}n {%12? ‘(Z(k) (Th—2) — Z®) (11 + B)) + two + fk—Quk—2‘ < 8})

/ (5 e{t': mln

Zr(B,) + tw, +t e‘ < s}) dp(u, h,v)

< C/ mln{ R , 1}dp(u, h,v)
< Crs(|logs|* v 1). (3.6.41)
From (3.6.37), (3.6.39) and (3.6.41) we obtain (3.6.19). O

Proof of (3.6.20). We proceed very similarly as in the proof of (3.6.19).

min ‘Z(’“) ZW(T,C)‘ (3.6.42)

T3 <t<T_1+8

Th—2<t<T) 1+ Th—3St<Th—2

> min{ min ‘Z(k)(t) —Z® ()|,  min AR AL (Tk)‘} .

To bound the first expression on the right hand side of (3.6.42) we first observe that by the triangle

inequality

min ZW () — 28 ()| > &, — 28 — 4r (3.6.43)

Th2<t<TR_1+B

Using in turn (3.6.43), (3.6.13), (3.6.16) and explicit computation based on uniform boundedness of
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the distribution density of £, (which is either EX P(1|1) or EX P(1]0), depending on the value of €)

we write
P <{77k =0}Nn{m=1}n{ <§Iiin +E’Z(k)(t) - Z(k)(m)’ < s}>
<P {ne =0} N {ne =1} N {& <8T+28})+P({ﬁk =0} N {m =1} N {& <45})

=P (& <8 +25) u(A) + E (u((w hovo) €A, : &4 < 4@))

<Cr(r+s)+CrE (min{ (i)l (‘logi Y% 1> ,1})

< Cr? 4 Crs+ Cr|logr|*. (3.6.44)

The second term on the right hand side of (3.6.42) is bounded in a very similar way as the analogous
second term on the right hand side of (3.6.37), see (3.6.40)-(3.6.41). Without repeating these details

we state that

Te—2<t<Tkp_1

P ({ﬁk =0}n{m=1}n  min |Z®@F) - 2z® (Tk)‘ < s> < Crs|logs|”. (3.6.45)

Eventually, from (3.6.42), (3.6.44) and (3.6.45) we obtain (3.6.20).

O
3.6.7 Proof of (3.6.3) — Concluded
Recall the events Ag’fg, a,b € {1,2,3} from the end of section 3.6.3.
The bounds (3.6.17), (3.6.18), respectively, (3.6.19), (3.6.20), with s = r, directly imply
P ({i =1} N4l | €) < Oy flogr],
. (3.6.46)
P ({ﬁk =1} N {f =0} N ASY | §) < Cyr? |logr|*.
It remains to prove
P ({ﬁk =1}n Al()]_;) g) < Cyr? |logr|,
b=1,3. (3.6.47)

P ({7 = 1} 0 {7 = 0} N A1) | ) < Cyr® [log [,

Since the cases b =1 and b = 3 are formally identical we will go through the steps of proof with b = 3
only. In order to do this we first define the necessary occupation time measures (Green’s functions).
For A C R3, define the following occupation time measures for the last part of (3.6.8)

GW(A)=E#{1<j<y—k:Y(r)) €A} | enyy 11 <<y —k)

=B (#{k+1<j<v:2W(r) - Z2W(r) € A} | en{h = 1})

=B (#{k+1<j <7: 29(;) = 2070 € A} | en {ij = 1} 0 {7k = 0})
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Similarly, define the following occupation time measures for the middle part of (3.6.8)
GIA) =B (#{1<j <3: 20 (n;) = 20 (n) € A} i | ¢)
]{Tk_?, <t<m:Z2®() - 20 (z) € A}‘ i | €)
) =

(#{1<]<3 Z® (1) = Z®)(7) € A} -7 - (1 — ) | )

(‘{Tk s <t < ZW(t) - ZW(my) EA}"W' 1—nk)\§>‘

Il
tljtdtthj
/N

Using the independence of the middle and last parts in the decomposition (3.6.8), similarly as (3.3.2)

or (3.5.2), following bounds are obtained

P ({ﬁk =1}n A g) <Cr ! / GW)(By o) H® (dx) + Cr~t | H®(B, 5,)GP (dx)
R3 R3
({nk = 1} N {7 = 0} N A 7) < (3.6.48)
<cr ! / GO (By o) H® (da) + Crt [ HO(By50)G® (da).
R3 - R3 -

Due to (3.3.8) of Lemma 3.3.2 by direct computations the following upper bounds hold
G (B, 2,) < CF(|2)), H®(B, 3,) < CF(|z]), (3.6.49)
where C' < oo is an appropriately chosen constant and F': R, — R,

3 3
F(u) ::r]l{0§u<r}+r—2]l{r§u<1}+T—]l{1§u<oo}.
u u

On the other hand, from (3.6.17), (3.6.18), (3.6.19), (3.6.20) of Corollary 3.6.2 follows that

G (Bo,s) < Crs(Jlog s| V1), H{(By,s) < Crs(flogs| v 1),
e , L, - , , (3.6.50)
Gék)(BQS) < Crmax{s |logs|”,r|logr|"} Hg(k)(Bg,s) < Crmax{s|logs|”,r|logr|"}.
Finally, we also have the global bounds
~ R k
GP(R®) = 3E (i | ¢) < O, HP®) =B - > &le| <Om
j=k—2
! (3.6.51)

égf>(R3) =3E (M- (1—1) | €) <Cr, ﬁé“(R?’) =E |- -(1—7)-
J

&lel <Cr
2

-

We will prove the upper bound (3.6.47) for the first term on the right hand side of the first line in
(3.6.48). The other four terms are done in very similar way.

First we split the integral as
GO(B, ) A (dx) = / G®(B, ) A (dz) + / GO(B, o) B () (3.6.52)
R3 lz|<1  — N lz|>1 N
and note that due to (3.6.49) and (3.6.51) the second term on the right hand side is bounded as

/ |>1G§’“)(B$72T)ﬁék)(da:) <o, (3.6.53)
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To bound the first term on the right hand side of (3.6.52) we proceed as follows

1
/ G (B 0, )H® (dz) < C / F(u)dH® (By.,)
|z|<1 0 N
1
— P E® (Byy) - C / A5 (By ) F (u)du
e | e

1
<Crt 4 C’)"4/ u ™2 [log u| du
T

< Crt +Cr?|logr|. (3.6.54)

In the first step we have used (3.6.49). The second step is an integration by parts. In the third step
we use (3.6.50), (3.6.51) and the explicit form of the function F. The last step is explicit integration.
Finally, (3.6.52), (3.6.53), (3.6.54) and identical comoputations for the second term on the right
hand side of the first line in (3.6.48) yield the first inequality in (3.6.47). The second line of (3.6.47)
for b = 3 is proved in an identical way, which we omit to repeat. The cases b = 1 is done in a formally
identical way.
Finally, (3.6.3) follows from (3.6.10), (3.6.46) and (3.6.47).

3.7 Proof of Theorem 3.1.2 — Concluded

As in section 3.4.3 let @, = (Yn; (§njstUn,j) 1 1 < j <7n), n > 1, be a sequence of i.i.d packs. Denote
Ony (Yo(t), Zn(t)) : 0 <t <6,) the pair of Y and (forward) Z-processes constructed from them and

Y1) =S Y0.)+ Yer (1)), 2(8) = 2(0,) + Zu 1 ({£)).
k=1 k=1

Beside these two we now define yet another auxiliary process t — X(t) as follows:
(X,(t): 0 <t <4,)is the Lorentz exploration process constructed with data from
(Y, (t) : 0 <t <#6,) and incoming velocity

U ifn:l,

Un,0 = .
anl(g,;il) if n>1.

5

Finally, from these legs concatenate

Vit

X(t) =) X(0n) + X1 ({t}).
k=1

Note that the auxiliary process (X (t) : 0 < t < 00) is not identical with the Lorentz exploration process
(X(t):0<t<o0), constructed with data from (Y'(¢):0 <t < co) and initial incoming velocity uy,
since the former one does not takes into account memory effects caused by earlier legs. However, based
on Propositions 3.4.1 and 3.4.2, we will prove that until time 7' = T'(r") = o(r~2 [log 7| *) the processes
t— X(t), t = X(t), and t — Z(t) coincide with high probability.

For this, we define the (discrete) stopping times

p:=min{n: X, (t) Z Z,(),0 <t <0,}

o :=min{n : max{1y , 1y >0} =1},
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and note that by construction
inf{t: Z(t) # X(t)} > Omin{p,o}—1-
Lemma 3.7.1. Let T =T(r) such that lim, o T(r) = oo and lim,_, r? [logr| T(r) = 0. Then
lim P (Oingp,03—1 < T) = 0. (3.7.1)

Lemma 3.7.2. Let T = T(r) such that lim, o, T(r) = co and lim,_,o, r?T(r) = 0. Then for any
0>0
lim P ( max Y (t) — Z(t)| > NT) =0. (3.7.2)
=0 \0<t<T
Remark: Actually, (3.7.2) holds under the much weaker condition lim,_, ., rloglogT = 0. This can
be achieved by applying the law of iterated logarithm rather than a weak law of large numbers type
of argument to bound maxg<;<7 |Y (t) — Z(¢)| in the proof of Lemma 3.7.2, below. However, since the

condition of Lemma 3.7.1 can not be much relaxed, in the end we would not gain much with the extra
effort.

Proof of Lemma 3.7.1.
2E(0)~'T
P (Onin(po}_1 <T) <P (p < 9E (9)*1T) 4P (0 < 2E(9)*1T) +P| > g <T
j=1

< Cr?|logr|T + Cr®T + Ce™ T, (3.7.3)

where C' < oo and ¢ > 0. The first term on the right hand side of (3.7.3) is bounded by union bound
and (3.4.10) from Proposition 3.4.1. Likewise, the second term is bounded by union bound and (3.4.12)
of Propositions 3.4.2. In bounding the third term we use a large deviation upper bound for the sum of
independent §;-s.

Finally, (3.7.1) readily follows from (3.7.3). O

Proof of Lemma 3.7.2. Note first that

vr+1
_ < N
00 = S
j=

with v and 7); defined in (3.2.4), respectively, (3.2.7). Hence,

2T
P (0?% Y (t) - Z(t)| > 5@) <P ;njgj > 6VT | + P (vp > 2T)

< COWTr+ e, (3.7.4)

with C' < oo and ¢ > 0. The first term on the right hand side of (3.7.4) is bounded by Markov’s
inequality and the straightforward bound

E (n;&;) < Cr.

The bound on the second term follows from a straightforward large deviation estimate on vy ~ POI(T).
Finally, (3.7.2) readily follows from (3.7.4).
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O

(3.1.8) is direct consequence of Lemmas 3.7.1 and 3.7.2 and this concludes the proof of Theorem
3.1.2. O
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Chapter 4

Random Wind-Tree

— Joint with Badlint Toth —

4.1 Introduction

In this chapter we return to the random wind-tree model discussed in Chapter 2 Section 2.3. That is,
we consider the motion of a point particle through an array of randomly placed, identically oriented
cubes in R3 [EE59]. In the previous chapter we showed that the random Lorentz gas satisfies an
invariance principle in a scaling limit intermediate between the kinetic and diffusive scalings. In this
chapter we will show that the wind-tree process satisfies a similar invariance principle in the same
intermediate regime. The proof follows the same strategy, and the central ideas are present in the
previous chapter (for completeness we will repeat some of the details). However there are two key
differences: in the Lorentz gas, after collision with a randomly placed scatterer (in 3 dimensions)
the velocity is redistributed independently of the initial velocity while for the wind-tree process the
velocities form a genuine Markov chain. On the other hand as the collisions are simpler in the wind-tree
setting the necessary geometric estimates follow with less effort.

Formally let P be a Poisson point process of intensity o > 0 in R3. Our results hold for general
dimension d > 3, however to reduce notation we restrict to d = 3. In dimension d = 2 because of the
recurrence of the random walk the proof does not directly apply. Let O, be a cube of side length r
oriented parallel with the axes and let P + Q, be an array of obstacles/scatterers. We consider the
trajectory of a point particle X™¢(t) starting at the origin (X"™2(0) = 0) with a fixed initial velocity
of unit length. The particle then flies in straight lines, reflecting elastically off of the obstacles. In this
setting the origin is in (P + Q,.)¢ with probability tending to 1, hence such a trajectory is well-defined
(see Chapter 2 Lemma 2.5.1).

A fundamental open problem for both the random wind-tree model and the random Lorentz gas is

to prove an invariance principle in the diffusive limit. That is, in the limit

X"e(Tt)
\/T )

does the scaled process converge weakly to a Wiener process? In this chapter we show that the wind-

T — o0, (4.1.1)

tree process satisfies an invariance principle in the limit (4.1.1) if we simultaneously take the low-density

limit in a particular scaling limit.

4.1.1 Scaling and Main Result

Fix a probability vector p = (p1,p2,p3) with p; > 0 for all 4, and let |p| = \/p? + p3 +p3. The
state-space of velocities for the wind-tree process is then
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Q.= {v I= 512 v = |pF:|} (4.1.2)

Fix the initial velocity X"2(0%) € Q. We study the process ¢ — X"2(t) on [0, T] in the joint Boltzmann-

Grad and diffusive scaling limit (as in the previous chapter):

r—0 , rlo—lp”t ,  T() oo
X(tT) (4.1.3)
VT '

t—

note that \p\_l is the cross-sectional area of the cube as viewed by the particle, and we have dropped
the dependence on r and p in the notation (thus X™¢(¢) = X (¢)). With that, the main result of this

chapter is the following invariance principle:

Theorem 4.1.1. Consider the intermediate scaling limit (4.1.3) such that lim, o T(r)r? = 0 then

{t — T*1/2X(tT)} — {t— W ()} (4.1.4)

as v — 0 in the averaged-quenched sense (with the initial velocity chosen from a finite set). Where

W (t) is a Wiener process with covariance matriz M = diag(v},v3,v3) in R3.

The proof follows from a joint construction of ¢ — X (¢) and a second Markovian process which we
introduce in Section 4.2.2. In Section 4.2.4 we state and outline the proof of the main technical theorem
of the chapter (Theorem 4.2.2). Theorem 4.1.1 is then a straightforward corollary of that theorem.

Remark. For the Lorentz gas we proved the same theorem with the asymptotic constraint

lim,_,0 T(r)r2 [log 7|> = 0 (see Chapter 3 Theorem 3.1.2). The reasons for this logarithmic correction
are those collisions for which the angle between incoming and outgoing velocities is small. In the wind-
tree model the velocity of the point particle is restricted to a fixed discrete set, hence the log factor

can be removed.

4.2 Coupling Construction

4.2.1 State-Space and Notation

Returning now to the random wind-tree model, for the rest of the chapter we assume the initial velocity
is fixed to be vg € . This will aid in the exposition but can be assumed without loss of generality,
since the time taken to reach this velocity is exponentially bounded.

At each collision one component of the velocity changes sign. Let 9; : R?> — R? be such that
¥;(v); = (=1)%iv; for j = 1,2,3. During a collision the probability P (v ~ 9;(v)) = p;. For any v € Q
let 2, denote the set of accessible velocities after one collision starting from v, namely

Oy, ={w e Q:w=19;(v) for some 1 <14 < 3}. (4.2.1)

Let m, denote the measure on 2, which selects 9;(v) with probability p;. Moreover, for v €  and
w € Q, let B(v,w) be the face of the cube 9, such that a particle travelling with velocity v colliding
with that face would adopt the velocity w. Formally, for v € Q and w = ¥ (v)

B(v,w) = {b €99, by = — -k } (4.2.2)

——r
||
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4.2.2 Markovian Flight Process

Let {u,}52 be a realisation of the following Markov chain on Q: u; = vg and then for all ¢ > 1, u; 41
are independently selected from §2,,, according to the measure m,,,. For later use let uy € Q,,. Let

{&nlnt ~ EXP(1) (4.2.3)

be i.i.d exponentially distributed flight times and let

Y, = Zyl s Yn = Eplin (4.2.4)
i=1

denote the discrete Markovian Flight Process. To define the continuous process, for ¢t € R let

Tp 1= Z& , ywi=max{n:7, <t} , {t}:=t—-7,, (4.2.5)
i=1

that is 7,, are the scattering times, v; is the label of the most recent scattering, and {t¢} is the time

since the previous scattering, at time ¢. Now define

Y(t) =Yy, + w411t} (4.2.6)

to be the (continuous) Markovian Flight Process. Note that the processes t — Y'(¢) and {V;,}22, do
not depend on 7.

For later use we introduce the following virtual scatterers:

Y=Y +Bk , Br~UNI—B(up,ups1)) , k>0 (4.2.7)
Sy ={V/eR3 0<k<n} n > 0.

In words Y} is the position of a scatterer if it had caused the kth collision (of course Y is independent
of any scatterers, thus the term virtual). Note also that we assume there is a virtual collision at time
0, this has no effect on the definition of the model however will ease the notation. One difference with
the random Lorentz gas is that the position of a scatterer associated to a velocity jump is not uniquely
determined. Therefore we select from among the possible virtual scatterers uniformly.

For later use we introduce the sequence of indicators €, = 1{{; < 1} and the corresponding
distributions EX P(1]1) := distrib(¢|]e = 1) and similarly EX P(1|0) = distrib({|e = 0). We refer to

€ := (€;) >0 as the signature of the sequence (§;);>0.

4.2.3 Joint Construction

Our goal for this section is to construct the physical wind-tree and Markovian processes on the same
probability space. We construct the wind-tree process as an exploration process: in that the process
explores its environment as time moves forward. For convenience for what follows we will also construct
a third auziliary process, {t — Z(t)}, coupled to the X and Y processes. The auxiliary process, which
we call either the forgetful or myopic process, is only used in Sections 4.4 - 4.6. Hence some readers
may wish to ignore it until later. Indeed if we only wanted to prove Theorem 4.1.1 for times of order
o(r~1) (we do this in Section 4.3) then this myopic process does not play a role and can be ignored.
The construction will proceed inductively on certain (as yet unspecified) time intervals. To simplify
the explanation, first we will explain how the processes X and Z are constructed on a given time

interval, given certain random data. Then, we will explain how the random data is generated to enable
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the coupling to {¢t — Y'(¢)} and we will explain on which time intervals these processes are defined.
Throughout the construction we label the velocity of X (t) =: V (), Y (t) =: U(t) and Z(t) = W (t).

Building X on [7,_1,7,)

We label the intervals of construction of X by [7,,—1,7,). In Subsection 4.2.3 we will make precise what
these T are.

To construct X on an interval [7,,_1,7,), given a position X (7,_1) = X,_1 € R3, a velocity
V(T ) € Qand S ; € R* 1 U {%} a finite set of points (where % is a fictitious point at infinity

with inf,cgs | — 9| = co which will aid in the exposition) perform the following steps:
Step 1: Mechanical flight on S;X | in [7,,_1,7,): The trajectory ¢ — X (t) on t € [T,_1,7,) is defined

Tt

1), and with reflective collisions

to be free motion, with initial position X,,_; and velocity V(
on Q, +8X .

Step 2: Attempt Fresh Collision: Suppose, we are given a velocity W,1 € QV(T;) and an impact
parameter 3, € —B(V (7, ), @Wny1)- Set
X" = X(7) + By (4.2.8)
Now

e If0<s<7,_1:X(s) € X"+ Q, then let X/, := %, and V(7)) =V (7,,).

e If not, then X/, := X", and V(7,7) = Wp41.
Now set SX =8X | U{X/}.

We say: on the interval [7,,_1,7;,) the process {t — X (¢)} attempts a fresh collision at 7,, with data
(@ns1, Bn).

We will make precise the distributions of @w,,+1 and §,, in the construction below. Note that if, given
a Wnp11 and a /JA’n, we build X on the interval [7,,_1,7,) then, after the construction we have sufficient

information to build X on the interval [7,,,7,+1) (provided we are given another pair @, 2, ,@LH).

Building Z on [T, _1,T,)

We call the process {t — Z(t)} forgetful in that the process only respects direct mismatches (see Figure
4.1 for a diagram). That is, recollisions with the immediately preceding scatterer, or shadowed events
where the scattering is shadowed by the immediately preceding path segment.

Suppose that we are given a time interval [7,_1,7,). Assume further, we are given a position
Z(Tp_1) = Zy_1, velocity W (7.1 |) € Q, and a pair SZ | ={Z/_,,Z!_,} CR3U {%}.

Step 1: Mechanical flight on SZ_; in [7,,_1,7,): The trajectory t — Z(t) ont € [T,_1,7y) is defined to
be free motion starting at position Z(7,,_1) and with velocity W (7;"_,) with reflective collisions
on Q, +87_,.

Step 2: Attempt Fresh Collision: Suppose that we are given a velocity w, 1 € QW(%—T) and an impact
parameter 3, € —B(W (77 ), Wn41). Set

Z" = Z(%n) + B (4.2.9)

Now
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Direct Indirect

Recollision

Shadowed Y
Collision '

Figure 4.1: In the above diagram we show examples of direct and indirect, recollisions
and shadowed events. 1In each case the path of the Markovian process is in dotted
line while the wind-tree process is in solid line. Additionally, virtual scatterers
are in dotted line while actual scatterers for the X process are in solid line.

o If there exists an s € (T,_2, Tn_1] : Z(s) € Z""+ Q, then let Z!, := %, and W(7,}) = W (7,,).
e If not, then Z) := Z" and Z(7,}) = Wp11.
Now set SZ = {Z!,Z! _,}.
Similarly we say that on the interval [7,,_1,7,) the process {t — Z(t)} attempts a fresh collision at
Tn with data (Wp41, Bn)-
Parity
Consider just the processes {t — Y (¢)} and {¢t — X(¢)}, the idea behind the coupling is the following:
o X(0) =Y(0) and the velocities are initially parallel.
o X and Y then run parallel until one of two possible mismatches occurs:

oo A recollision, which corresponds to a collision with a previously placed scatterer during Step
1: of Subsection 4.2.3.

oo A shadowed collision, which corresponds to X/ = ¥ in Step 2: of Subsection 4.2.3.
o After a mismatch the two velocity processes proceed independently.

o When the two velocities happen to coincide we recouple the two processes and they run parallel

until the next mismatch.

However there is a problem with this setup as we have described it. Note that there are two parity
classes: (v, (9;(9;(v)))ix;) and (—v, (9;(v))i=1,2,3). The Markov process (un)nen alternates between
these two classes. The problem is that if there is a parity mismatch between V'(¢) and U(t) at a given
time, then as long as the two processes experience fresh collisions at the same times, only another
mismatch can restore the parity. This is too long to wait. Therefore we need to alter the sequence of
collision times to restore parity. For this we will make use of Lemma 4.2.1. For future use, we define

. . p . . .
the equivalence relation u ~ v if u and v are in the same parity class.

Lemma 4.2.1. Let (75);>1 be the points of a Poisson point process of intensity 1 on Ry. Form a new
sequence as follows: sample &' ~ EXP(1), independently of the sequence (7;);>1. Let the new sequence

(T]{)jzl be as follows:
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o If§' <7 then =¢, and 7; = 7;—1 for j > 2.(That is: insert ' < 11 as the first point and
leave the rest as they are.)

o If &' > 1 then Tj/- = Tj41 for j > 1. (That is: delete the first point 7 and leave the rest as they

are.)

Proof. Consider the distribution of 7{

P(rf>t)=P(E>t E<m)+P (>t £€>1)
:e_tP(Tl>§|£>t)+P(§>7'1)P(Tg>t’§>7'1)

where we have used the definition of conditional probability and the fact that £ is exponentially distri-
bution. Now note that P (7'2 >t | &> 71) =P (5 >t ’ &> 7'1) since 75 and ¢ are both exponentially
distributed conditioned to be larger that 7. Therefore

P(ri>t)=e P (n>¢|>)+PE>m)P(E>t]E>m)
=e " P(m>E|E>t)+e P (E>m | E>0)
:eftP(Tl>§|£>t)+eft(1—P(7'1>§|§>t))

=et.

Turning now to the distribution 75 — 7{ (all the other increments are clearly i.i.d exponentially
distributed)

P(g—m>t)=P(n—E>t,n > +P(m-—m>tn <
=e "P(n>8)+e ' P(r<é)=e.

Finally, we look at the joint distribution

P(rf>t,mh—1>8)=PE>t,n—E>8)+P(E>m,m>t713— 17 >5).

By construction 73 — 75 is exponentially distributed and independent of 71, 75, £, thus

P(ri>tmm—1>s8)=PE>t, 11 —E(>8)+P(E>T,mm>t)e®
=P(E>tn—¢>s|E<m)PE<n)+P(E>m,a>t)e .

Conditioned on & < 11, 71 — £ is exponentially distributed independently of £&. Thus

P(rf>t7mh—1 >s):e_SP<§>t’§<7'1)P(§<Tl)+P(§>Tl,Tg>t)e_s
=e'PE>t,é<n)+P(E>T,2>t)e®
=e P (1 > 1)

=e et
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Joint Coupling

Assume {t — Y(¢)} is constructed as in Subsection 4.2.2. We will construct the X and Z processes

inductively on the intervals [Ta;,, T2n12) as follows: First set

X0)=Xo=0 , V0N =u , X,=Bo=8 , S&={X}}

- . o (4.2.10)
Z(O) = Zo =0 5 W(O+) = U1 s WO = 60 = ﬁo 5 SO = {207Z71}

where Z' { = %. Let n € N and sample an exponential time (, ~ EXP(1) independent of the entire
history up to this point. In which case there are 7 possible situations arranged and labelled in the

following table:

Parity at time 75", Cn < &ont ‘ Cn > Eont1
URvAW A
UgVAW B C
URVEW D E
URWRV F G

For completeness of the construction we define all of these cases, however on our time scales we will
(w.h.p) only see situations A, B, and C.

On the interval [T2,, Ton42) the X and Z processes attempt fresh collisions at the following times:

Situation X Z

A T2n+1, T2n+2 T2n+1, T2n+2

B Ton + Cny T2nt1, T2nt2 Ton + Cny T2nt1, T2nt2
C Ton+2 T2n+42

D Ton+1, T2n+2 Ton + Cny T2nt1, T2nt2
E Ton+1, Tan+2 Ton+2

F Ton + Cns Ton+1, T2n+2 Ton+1, T2n+2

G Ton+2 Ton+1, T2n+2

In what follows the following coupling rule will dictate the random variables Bn, Wy, 5,1, w, used
in the attempted fresh collisions.

For the Z-process: If the Z-process is to attempt a fresh collision at time ¢,, sample w from Qw(t;)

according to the measure My -y and sample E from —B(W (t, ), w) both independent of the past. We
now attempt to couple W with U at t,:

e Couple W to U: If W(t,) = U(t,) and t, = 7, for some n, attempt a fresh collision at Z(t,)

using data (B, tn+1)-

e W is independent of U: Otherwise attempt a fresh collision at Z(t,) using data (3, @).

For the X-process: If the X-process is to attempt a fresh collision at time ¢,, sample @ from Qv o)

according to the measure my - and sample B from —B(V (t; ), w) both independent of the past. We
now couple V to either U and/or W if possible:

e Couple V to U: If V(t;) = U(t;) and t, = 7, for some n attempt a fresh collision at X (t,)

using (5, Un+1)-
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e Couple V to W:If V(t,) = W(t,) and the Z process also attempts a fresh collision independent
of U at time t,, attempt a fresh collision at X (t,) using (3, @).

e V is independent of U and W: Otherwise attempt a fresh collision at X (t,) using (3, ).

After this construction we have generated two processes. For the wind-tree exploration process {t —
X (t)}, the attempted fresh collision times are {7, } nen, by Lemma 4.2.1 these form a (temporal) Poisson
point process on R ; the scatterers are placed at positions { X/} C R3U{¥%}; and the impact parameters
are { Bn}neN. Moreover, the attempted velocities after collisions are {w,},en, these velocities are
attempted since, in Step 2: the attempted collision may be rejected (i.e X/, = %). Because of the
Poisson distribution of the scatterers in R? this process is distributed like the original wind-tree model
as described in the introduction.

For the process {t — Z(t)}, the attempted fresh collision times are {7, }nen, which by Lemma 4.2.1
form a (temporal) Poisson point process on R ; the scatterers are placed at positions {Z)} C R3U{%};

and the impact parameters are {Bn}nGN- The attempted velocities for the Z-process are {w, }nen-

4.2.4 Main Technical Result and Method Proof
The main result we prove is the following

Theorem 4.2.2. Let T = T(r) be such that lim,_,o T(r) = oo and lim,_,or?*T(r) = 0. Then for any
d>0
lim P ( sup | X(t) =Y (1) > NT) =0. (4.2.11)

r—0 0<t<T

From here Theorem 4.1.1 follows as a consequence of the classical Donsker’s invariance principle
(Chapter 2 Theorem 2.5.2): that is, the process ¢t — Y (¢) is a true Markov process, hence Donsker’s
original invariance principle does not apply directly, however in what follows we will show how to
separate Y into i.i.d mean 0 pieces with finite second moment. Thus Donsker’s principle will imply
that ¢ — X0
does as well. We omit the details of this final step and the rest of the chapter is devoted to proving
Theorem 4.2.2.

The strategy of proof is the same as in Chapter 3. We begin with the joint realization of the Marko-

converges to a Wiener process in the diffusive scaling. Therefore the process t — X ()

vian flight process and the wind-tree exploration process described above. During the two mismatch
events (recollisions and shadowed scatterings) the two velocity processes diverge. In either case the two
processes are decoupled until recoupling is possible. At which point the two processes are recoupled
and proceed parallel to each other until the next mismatch.

The proof then follows two steps. In Section 4.3 we show that such mismatches occur only on time

scales of order r— 1.

Hence until such times both process are (w.h.p) in the the same position and
Theorem 4.2.2 follows immediately for T = o(r~'). Note that this intermediate result is a statement
about the Markovian flight process. During the rest of the chapter we show that on time scales of order
o(r~2) only (geometrically) simple mismatches occur. During such mismatches the separation between
X and Y is of order O(1). Hence on the time scales of Theorem 4.2.2 there are o(T'r) mismatches.
During each mismatch the two processes separate by a distance of order O(1), hence up to T' = o(r~?),
w — 0, thus proving (4.2.11). Sections 4.4-4.6 are devoted to formalizing this argument.

The reason for introducing the forgetful process {t — Z(t)} is that the forgetful process will satisfy
additional independence properties exploited in the proof. Thus during the second stage of the prove,
we will in fact show that the forgetful and Markovian processes do not diverge too much. Then we
show that with high probability the wind-tree and forgetful processes are in fact the same on these
time scales (i.e we show that with probability tending to 1 as r — 0, the direct mismatches defining

the Z-process are the only ones seen by the X-process).
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Remark on dimension: As with the Lorentz gas, because of the recurrence of the random walk the
same proof does not yield the result in 2 dimensions. For the Lorentz gas the geometry of mismatches
imposed another reason that the proof cannot be extended to 2 dimensions. However for the wind-
tree model the mismatches have a far simpler geometry and thus this obstruction is not present in 2

dimensions.

4.2.5 r-consistency and r-compatibility

The proof will hinge on two definitions which we present now for a general process (i.e this could be a

segment of any of the above mentioned processes). Let
neN, 0 € R, Zy € R3, Upy oo s Ung1 €Q ty,... ty €ERY,

be given, such that either U, € Qp, or U;y1 = U; for all 0 < ¢ < n. Moreover fix a set of vectors
Bj € B(U;,Ujy1) (if U; = Uj41 we set B; = %) and define for j =0,...,n,

j J
Tj = T0+Ztk7 Zj = ZO+ZtkUk7 Z_; = ZJ+5]
k=1 k=1

and for ¢ € [1,7j41],7=0,...,n,
Z(t) = Zj + (t = 7)Ujp1-
We call the piece-wise linear trajectory (Z(t): 7y <t < 7,7') mechanically r-consistent if
Ate[rn,m], j€{0,...,n}: 2(t) - Z; € Q7 (4.2.12)

(Q¢ denotes the interior) and r-inconsistent if (4.2.12) fails.

Given two finite pieces of mechanically r-consistent trajectories (Z,(t) : Too <t < 7.

an.) and

(Z6(t) : 79 <t <7,,,), defined over non-overlapping time intervals: [7a.0,a,n,] N [75,0, To,n,] = @ with

Tane < Tp0, we will call them mechanically r-compatible if

At € [Ta0;Tana),J €10,...mp} 1 Z4(t) — 24 ; € 97,

(4.2.13)
and Ate [Tb,OaTb,nb]aj S {0, . ..TLa} : Zb(t) - Z;,j € Q9

mechanical trajectories are r-incompatible if (4.2.13) fails. Note that these definitions, while similar,

are not the same as those in Chapter 3 Section 3.2.3.

4.3 No Mismatches Till T = o(r!)

4.3.1 Excursions

Unlike in the 3-dimensional Lorentz gas case the directions of path segments of the Markovian flight
process are not independent. To decompose the process t — Y (t) into i.i.d segments we introduce

excursions. Let

vi=min{i > 1: uj41 =vo} (4.3.1)

and define a pack to be a collection
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w = (77 {u’b ?:p {Bz ?:17 {gl ;/:1) 5

Uy € Qy,, and for all 4 > 1, u; # vy and u;—q € Q,,. Given a pack we consider the process t — Y'(¢)
associated to it via the rules set forth in Section 4.2.2 - call the process built from such a pack, an

eTCUTSION.

4.3.2 Concatenation

For n =1,2,3,... consider infinitely many independent packs:

Wn = (’Ym {Un,i ?217 {6n,i 3217 {fn,z 721) -

For each pack define the associated flight process ¢ — Y, (t) together with the discrete process {Yy, ;}/"-

Denote
’Yn JE—
O = Zgn,ia Y, = Yn,'yn~
i=1
Define the following variables
I'p=0, In=Tn_14+v, forn>1
Vp = max{m : T, <n}, {n}:=n-T,,.
Likewise
Oy =0, 0, =06,_1+0,, forn>1
vy := max{m: ©, <t}, {t} =t—06,,.

Now define the following three processes: the end-point process with Zg = 0

n
Ep = § Yi,
k=1

the concatenated discrete Markovian flight process with Yy =0

Yn = Eu,,, + Yun-i-l,{n}a

and the continuous concatenated Markovian flight process with Y (0) =0

Y(t):=Z,, + Y, 1({t})

The advantage of this decomposition is that the different excursions making up the process Y are i.i.d
steps with exponentially decaying tails.

4.3.3 Occupation Measures

Define the following occupation measures for a set A C R3
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GA) =E({l1<k<oo:Vye A}, HA) =E({0<t<oo:Y(t) e A}]),
gA) =E({1<k<7y:Y:eAl]), h(A):=E({0<t<0,:Y(t) e A}]),
R(A) :=E({1 <k <oo:Zy € A})).

Lemma 4.3.1. The following upper bounds hold for any measurable set A C R3

R(A) < K(A) + Ly, (A), (4.3.2)
g(A) < M(A) + Ly, (A), h(A) < M(A) + Ly, (A), (4.3.3)
G(A) < K(A) + Ly, (A), H(A) < K(A) + Ly, (A), (4.3.4)

where

K(dz) := Cmin{l,|z| "}z , M(dz):= Ce "ldz
L, (A) = C/ 1{tvg € A}e “'dt
0
This Lemma is slightly different from the Lorentz gas case as L,,, takes into account the discrete
state-space of velocities. However the end result (Proposition 4.3.3) remains the same.

Proof. To bound g(A) let

G(A)=PYieA)=C [ 1{t,c Ae tdt.
0

We have fixed the initial velocity to be u; = vy, therefore the points {Y; — Y7}/, are independent of

the initial step Y. Therefore write

@A) =E({1<k<y: Y, -Y € A}),

and note that

o(4) = [ | (A=) (135)

Similarly we can write

hi(A) :=E({t <7 :Y(t) € A}]) = C/oo 1{tvy € Ae™ moxthtlqy,
0
ha(A) :=E({n <t <©,:Y(t) - Y; € A}))

W) = | ha(A = 2)g1(d) + I (A) (4.3.6)

Now the bounds (4.3.3) follow by inserting the bounds:

g2({x : |x| > s}) < Ce™*, he ({z : |z| > s}) < Ce™¢*

QQ(R?’) =E(71) < o0, hg(R3) —E(0—m) < (4.3.7)
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into (4.3.5) and (4.3.6). That is,

o)< [y 1ol > o +C [ gr(de) < M)+ Loy (4) (438)

and likewise for h(A).
Now, to achieve (4.3.2) note that since y; > 1

P(E cA)<E({2<k <Y e A)]) < g(A) (4.3.9)

Hence the density of distribution of Z; is bounded by the density of g. Moreover, because P (6; > s) <
Ce™¢® for some C < oo and ¢ > 0, we know that the density of distribution of =Z; has exponentially
decaying tails. Therefore = is a random walk, with i.i.d steps, and step distribution bounded by g with
exponentially decaying tails. Hence a standard random walk argument implies (4.3.2).

(4.3.4) then follows by writing (using the fact that the different excursions are i.i.d)

G(A) =g(A) + /lRa g(A — z)R(dx), H(A)=h(A)+ /R3 h(A — x)R(dx)
and inserting (4.3.2) and (4.3.3). O

4.3.4 Inter-Excursion Mismatches

Let t — Y*(t) denote a Markovian flight process with associated virtual scatterers Y* € S and
initial velocity uj € —,,. Let ¢ — Y (¢) be a second Markovian flight process with associated virtual
scatterers SY, and initial velocity vg.

We think of Y* as the process run backwards in time. Define the events

W, = {{Y(t) -V} : 0<t<O; 1, I, <k<T;}N0Q, #0},
W= {{Y,-Y(t): 0<k<Tj_y, ©;_1 <t<©;}NnQ, #0},
W= {{Y*(t) - Y] : 0<t<O;1, 0<k<}NQ, #0},
W= {{Y; —Y(1): 0<k<T,_1, 0<t<0}nQ, #0},
W = {{Y*(t) - Y{ : 0<t< oo, 0<k<a}INQ, #0},
W= {{V - Y(t): 0<k < oo, 0<t<6}nQ,#0}.

In words Wj is the event that during the (j — 1)*" excursion, a collision of Y is (virtually) shadowed by
a previous excursion. And WJ— is the event that during the (j — 1) excursion the process (virtually)
recollides with a scatterer from an earlier excursion.

It readily follows that

(4.3.10)

By the union bound
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P (W) <D PI<k<oo:Yy €Bua} #0PH0<t<0: V()€ Bopay} #0)

2€73
< Z 2 TE({l<k<oco:Y) € Borort]) E({0<t<0:Y(t) € Burar}l)
- el (4.3.11)
P (W) <D PHO<t<00: V' (1) € Bz} 0P ({1 <j<7: %) € Bupay} #0)
z€Z3
<Y @) TE({0<t<o00:Y*(t) € B }) - E({1 <j<v:Yj € Bera}l)
z€Z3
4.3.5 Computations
(4.3.11) implies that
P (W;o) S (2T)_1 Z H*(Bzr,3r)g(Bzr,2r>
N e (4.3.12)
P (W;) < @)Y G (Barsr)h(Barar)-
z€73

where G* is defined like G, except that in this instance the initial velocity is chosen from —§2,, rather
than fixed to be vg.

Lemma 4.3.2. The following bounds hold for some C < 0o and any v € )

> K(Burar)M(B.par) < Cr?, > Ly(Bargr)M(B.par) < Cr?
2€Z3 2€73
Z K(Bzr,37')Lv(Bzr,2r) S 07,3’ Z L'U(Bzr,l’»r)Lw(Bzr,Q'r') S OT2~
2€Z3 2€73

forv#weQ

Proof. The following bounds follow immediately from the definitions of K, M, and L,

K(Bzr,Sr) < 07‘3,
M(BZT,ST) S CT,Sefcr\z\v (4313)
Ly(B.rar) < Cr36y.. + Crl{3t > 0: vt N Buy3, }(1 — &g )e 1=,

From here

> K(B.psr)M(Bzrar) < Cr® Y~ el
z€73 2€73

< C’r3/ e ldz < o
RS

where we use a Riemann integral to go from the first line to the second. Likewise
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Z K(BZT‘,gT‘)LU(BZ’r’,QT‘) < Ccrb + ort Z {3t >0:vtN BZT73T}670T|Z|
z€Z3 z€(Z3)*

<Oty el (4.3.14)
z=1

o0
<Crf+ CTB/ e—clvtlqr < or?
0

where from the first line to the second we approximate the points zr € rZ? close to the line vt by the
points rvz for z € Z.

Similarly

> Ly(Bargr)M(Bepor) < Cré+Cr* Y 1{3t > 0: vt N Bay g fe >
ez 2€(2%)*

the bound then follows as it did in (4.3.14).
Finally,

> Ly(Barge)Luw(Berar) <Cr? > 1{Tt > 0: vt N Bapa, J1{3t > 0 wt N By g e 2]
z€Z3 2€(23)*

< Cr?e o < Cr2,

since v # w only finitely many z € Z contribute to the sum, from which the second line follows.
O

Note that Lemma 4.3.1 is stated for G and H and not G* and H*. However similar bounds hold for
the backwards excursions. Thus (omitting these details), we use Lemma 4.3.1 to insert Lemma 4.3.2
into (4.3.12) to get:

Proposition 4.3.3. There exists a constant C' > 0 such that for all j > 1
P (’W]) <cr, P (Wj) <Cr. (4.3.15)

4.3.6 Mismatches within one Excursion

Define the following indicator functions

M = 0(Yj—2,Yj-1,9;) == 1 {og?%iSQ (tuj—2 + yj—1 + fj-1) € Q,-}

- ~ . 4.3.16
n; =nYj—2,yj-1,y;) =1 {oglgngj (yj—1 +tuj — Bj_2) € Qr} ( )

n; = max{1;,7;}
In words, 7); is the event that the (j — 1)-labelled collision is shadowed by the immediately preceding
path (i.e a direct shadowing event). And 7; is the event that during the j'* path segment there is a

recollision with the immediately preceding obstacle (i.e a direct recollision) - see the left hand side of
Figure 4.1.
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Lemma 4.3.4. For any i,j <y with i # j there exists a C < 0o such that

E(n;) <Cr (4.3.17)
E (n;m:) < Cr? (4.3.18)

(4.3.18) is not needed to prove the result for T = o(r~!) however will be used to prove Theorem 4.2.2.

Proof of Lemma 4.3.4. Suppose u;_o = U. Then throughout the two subsequent collisions we know
for some i =1,2,3 - (uj_1); = (u;); = U; (i.e one coordinate of the velocity remains unchanged). Thus
to (directly) recollide with Y/ 5 + Q, we require {;_1 < Cr which implies (4.3.17). The same is true
for shadowing events, that is 7; = 1 implies £;_; > Cr for some constant.
(4.3.18) follows for the same reason. Suppose i # j, then for n;n; = 1, requires max{§;_1,&-1} < Cr
for some constant. As these are independent exponentials (4.3.18) is immediate.
O

Lemma 4.3.4 controls the probability of a direct mismatch. However we also need to control indirect

mismatches. To that end define

3=1{ 0010 <o)

0<t<7;-3
Y . . o (4.3.19)
n; =1 {Tj?g?STj (O Jnin(Y(?) Yk)) € Qr}

n; = max{n7,n7}.

In words 77 is the indicator that an indirect (virtual) shadowing event occurs and 77 is the event an
indirect (virtual) recollision occurs. That is a mismatch which involves more than the immediately

preceding obstacle or path.

Lemma 4.3.5. For any 3 < j <~ there exists a constant C' > 0 such that

E (n7) < Cy*r? (4.3.20)

Proof of Lemma 4.53.5. Under time reversal Markovian flight processes remain Markovian flight process
while recollisions become shadowed events. Hence recollisions and shadowing events happen with the
same probability and thus we may restrict to proving the statement for recollisions.

By the union bound

E@) < > P({ min (Y(t)—Yk’)eQT}) (4.3.21)

Ti—1<t<T;
k<j—3 ey

Write o, = {min,,_ <;<-, (Y(t) = Y}]) € Q,} - the event there is a indirect recollision after & — 1 fresh

collisions. To have an indirect recollision, requires at least three distinct velocities along the path, thus

P(,ngk):P(%kﬂ{Hze [k+1,j—2]2ui7éUj,Uj,1}).

Moreover at each collision exactly one of the velocity coordinates changes sign. Hence we know u;
and u;_; differ by a sign change in one coordinate therefore the event in the right hand side of (4.3.6)

implies there is a third velocity which is linearly independent of u; and u;_;. Therefore

(436)=P(AN{Iieck+1,j—2] : u,u;,u;—1 lin. ind.})
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Moreover note that if we fix ¢

A = {ogigngj (Gus + w1 +tuj —s;) € Qp}
where
j—2

si= Y wd.

I=k+1
1#i

Let B; denote the event w;,u;_1,u; are linearly independent. In this case

j—2
P(A4)< Y P(BiNAY

i=k+1

j—2
S Z E (P (Bz n {Oglﬁn@ (§zu1 +§j_1uj_1 + tuj — Sz) c QT} | Sl>> .

i=k+1

Lemma 4.3.6 (below) implies that the probability inside the expectation is bounded by Cr?. As
J — 2 — k <~ this implies
P (A) < Cyr?.

Inserting this into (4.3.21) then implies (4.3.20).
O

Lemma 4.3.6. Suppose Uy,Us,Us € Q are linearly independent and &1,&2,63 ~ EXP(1) are i.i.d

exponentials. Then there exists a constant C' < oo such that for any s € R3

P (()gtllgl63 (U161 4+ Usla + Ust — s) € QT) < Crl. (4.3.22)

Proof. We can assume

Uy = (v1,va,v3) , U= (-vi,10,13) , Us=(—vi,—10o,v3)

in which case for any ¢t < &3

Ui&y + Uy + Ust = ((&1 — &2 — t)v, (61 + & — t)va, (&1 + §2 + t)vs). (4.3.23)

Therefore the event on the left hand side of (4.3.22) is the event that there exists a t < &3 satisfying

the system of inequalities

r r
51~ 5 < (G —-&—-t < 5175
r r
523 < (G+&E -t < $2- 3
r r
3= 5 < (GH&E+ty < $3- 5
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solving these equations, we find that regardless of ¢ there exist ci, ¢, C1, Cs such that

& € e — Ciryen + Chrl, & € [ca — Car,co + Cor]

since &; and &3 are i.i.d exponentials (4.3.22) follows immediately. O

4.4 Beyond the Naive Coupling

In the following sections we extend the results of Section 4.3 to times on the order o(r~2). In order to
reduce the amount of notation we will use the same notation for the analogous objects and will give
the redefinitions explicitly. Recall the definition of the process {¢ — Z(t)} given in Subsection 4.2.3.
We will split the process {¢t — Z(t)} into legs (similar to the excursions of the previous section).

4.4.1 Legs

Similar to Subsection 4.3.1 we split ¢ — Z(t) into legs. However to ensure that the different legs are
independent we impose the restriction that each leg begins and ends with two path segments of length
greater than 1. Let &, =7, — 7,1 for all n > 1. Let

= IIllIl{Z >1: gi—l;givé-&-lagi—i-l >1, {Dz’-&-l =w; = ’Uo}. (441)

Note that the condition on &; implies that y € {2} U {5,...}. If we define 6 := > & then

P(y>s) <Ce ®, P(0>s) <Ce . (4.4.2)
The definition of a pack is then similar to Subsection 4.3.1: a pack is a collection

w = (73 {gz Z:l?{gi Z:lv{@i 3:1)7

Given a pack we consider the process ¢t — Z(t) associated to it via the rules set forth in Subsection
4.2.3 and call such a segment a leg. Note that, in order to have a direct mismatch at step n requires
that £,_1 < Cr for some constant C' < co. Hence the beginning and end of a leg are Markovian steps.

Furthermore given a pack @ a backwards leg is defined to be

(0;Z7(t);0 <t <0)

where

Z5(t) = Z(0 — t, ") — Z(w")

(we use the notation Z(t,w) to denote the forward forgetful process built from the pack @) where

w* = (7; {g'y—j};‘:ola {g"/—j}}lz_clh {aw—j};‘:ol)

As before denote

Z;=2'(%), 0<j<n, 7 =7,

Note the processes t — Z(t) and ¢t — Z*(t) do not have the same distribution.
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4.4.2 Concatenation

Let @, = (*yn; {gw}}gl{ﬁn,j}};l, {ﬁn,j};@l), n > 1, be a sequence of i.i.d packs and consider the
associated forwards legs (Z,(t) : 0 <t < 0,), (Zn,; : 1 < j < ~,) and backwards legs (Z;(t) : 0 <t <
On)s (Zy ;21 <5 < ).

To construct the concatenated forward and backward processes t — Z(t), t — Z*(t), 0 < t < o0,
define for n € Z; and t € Ry

n

r, = ka, vp i=max{m: T, <n}, {n}:=n-T,,
k=1

" (4.4.3)
0, = Z O, vi:=max{m:0,, <t}, {t}:=t—-0,,.
k=1
The concatenated (multi-leg) forward and backward Z-processes are
En = 27k7 Zn = Eun + Zun-i-l,{n}v Z(t) = EVt + ZVt,-‘rl({t})?
k=1
n (4.4.4)
== 7 Zn =8B, T2y sy Z(t) =5y, + 25, 1 ({th)
k=1

4.4.3 Mismatches in a Leg

Let w = (v; {Ej pany {BJ J—1,{w;}]—;) be a pack. Let u € Q,, a velocity and 8y € B(u,v) an impact
parameter.

Let t — 2 (t) be the wind-tree process coupled to the pack to. That is, given the processes t — Y (¢)
and ¢t — Z(t) follow the rules in Subsection 4.2.3 until time .

Consider the jointly realized triple ((Y(t), 2°(t), Z(t)) : 0~ < t < #T) - a Markovian flight process,
a wind-tree exploration process and a forgetful process all coupled to . The time interval 0~ < t < 8+
indicates that the velocity immediately prior to the position at 0 is u, there is a collision with a scatterer
at By, and at 0T the velocity of Y and Z is w.

Proposition 4.4.1. There exists a C < oo such that for all w € Q and u € Q,, and By € B(u,w)

P(Z(t)#£Z1):0" <t<)<r? (4.4.5)

This proposition will be proved in Section 4.6.

4.4.4 Inter-Leg Mismatches

Consider a forgetful process ¢ — Z(t) built from legs. Define the following events

/Wj ::{{Z(t)—Z,;: O<t<@j_1, Fj_1<k§I‘j}ﬂQr7£®},

o (4.4.6)
W, ={{Z, - Z(t): 0<k<T;_1, ©;1<t<6;}NQ, #0},

ie W]’ is the event a collision during the j** leg is (virtually) shadowed by a path segment in a previous
leg. Wj is the event that during the j** leg the process (virtually) collides with an obstacle placed

during a previous leg.

Proposition 4.4.2. There exists a C' < co such that for all 7 > 1,
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P (17;) < Cr?, P (W) < Cr2, (4.4.7)

The proof of this proposition is the content of Section 4.5.

4.5 Proof of Proposition 4.4.2

The proof of Proposition 4.4.2 follows the similar lines to that of Proposition 4.3.3. However as we
have redefined legs we shall go through the full proof. In this section we redefine the Green’s functions
g,h,G, and H.

4.5.1 Occupation Measures

Let t — Z(t) be a forward forgetful process with initial velocity vy and ¢ — Z*(t) a backward process

with initial velocity in Q_g, (distributed according to m_,,). Define the events

W= {{Z"(t) - Z} - 0<t<Oj 1, 0<k<~}NQ, #0},
W= {{Z} — Z(t) : 0<k<T;1, 0<t<0}nQ, #0},
W= {{Z*t) - 7 : 0<t< oo, 0<k<~}NQ, #0},
W= {{Zy - Z(t): 0<k < oo, 0<t<6}nQ,#0}.

The same calculation as (4.3.10), (4.3.11), and (4.3.12) implies

P (’MZ—) <P (W;) < @) HY(Bars)g(Barar),
z€7Z3

P (W;) <P (W) < @) > G (Burar)h(Barar),

z€Z3

(4.5.1)

where the right hand side is in terms of the following Green’s functions: for A C R3

g(A) =E({1 <k <vy:Zy € A}]), g (A)=E({1 <k <vy:Z; € A}]),

h(A):=E({0<t<0:Z(t) € A}]), R (A) :=E({0<t<0:2*(t) € A}]),

R*(A):=E({l1 <n<oo:E € A}]),

G*(A)=E({l1<k<oo:Z;c A}, H*(A):=E({0<t<oo:Z*(t) € A}]).
Note that

/Rg (4.5.2)
/

4.5.2 Bounds

Lemma 4.5.1. The following bounds hold for any Borel set A C R3
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g(A) < M(A) + Ly, (4), g*(A) < M(A) + Ly, (4), (4.5.3)
h(A) < M(A) + Ly, (A), h*(A) < M(A)+ L (A), (4.5.4)
R*(A) < K(A) + L. (A), (4.5.5)
G*(A) < K(A) + L (A), H*(A) < K(A) + LE (A), (4.5.6)
where K, L,,, and M are as defined in Lemma 4.53.1 and
€L O > W 67ct
Ly (A) = Cwe;uo /0 1{tw N A}e=°dt,
Loy (A):=C /Oo 1{tvy N Aletdt, Ly(A):=C Y /oo 1{tw N Aye~“dt.

WEN_y

Proof. The proof of this Lemma follows the same lines as the proof of Lemma 4.3.1 however the legs

in this section are conditioned to have the first step longer than 1. (4.5.5) follows from the fact that

*

the steps of = are i.i.d with exponentially decaying tails and the density of each step is bounded by

g*(dx).
To bound g(A) write:

o) = [ (A= )gs o)

g1(A) =P (Z1 € A) = C/ 1{tvg € A}e 'dt,
1

9(A) =E({1<k<m:Zy—Z € A}]).

This follows since Zy — Z; is independent of Z; for every k > 2. (4.5.3) then follows in the same way
as did (4.3.3) in Lemma 4.3.1 from the bounds

g2({z : [z] > s}) < Ce™, 92(R?) = E (y) < oo.

For g*(A) write

A =E({1<k<m:ZeA})
E({l<k<m:ZieAl|af=w)= > gi(4),

WEN _y WER _y

where @} := Z*(07). As for g(A) we now split

91w(A) =
92,(A) =

(Zf e A| o} =w)

5 ) = [ g4 = )giu(d0)
P
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Our bound for g*(A) now follows the same lines as for g(A). h*(A) is very similar.
The bounds on G* and H* follow by inserting the bounds for g*, h*, R* into (4.5.2).

O
4.5.3 Computations
Lemma 4.5.2. The following bounds hold for some C' < co and r small enough
Z L zr 37" v (Bzr,2r) = 0, Z L zr 3r v (Bzr,Qr) = 07
z€Z3 z€Z3
Z K<Bzr,3r)zvo (BZT,ZT) S C’l”3, Z L zr 3r (Bzr,Z'r‘) S C’I"3,
z€Z3 z€Z3
Z L zr 37" (BZT,QT) S CT3~
Z€Z3
Proof. These bounds follow by observing
Luyy(Barar) < C1{3t > 1: B.,3, Nvgt}re ",
ZELO(BZT’;;T) <C Z 1{3t>1: B, 3-N wt}re_cr‘z‘7
WEN_y, (457)
L (Bepar) < Cooor® +C Y 1{3t > 3r: Bupg, Nwtjre V7,
wEQ;uo
and (4.3.13). With that the first two bounds are trivial. The third bound follows from:
Z K(Bzr,Sr)zvo (Bzr,2r> < Cr6 + C7“4 Z Z ]]_{ﬂt > 3r: Bzr,?n" N wt}e—cr|z|
2€73 weEN_y, z€ (Z3)*
<Crf+cort Z Z e—crlvzl < Cr?,
WEQ .y, 2EL*
where in the last line we approximate the sum by an integral in the same way as we did in (4.3.14).
Note that by (4.5.7)
Z L zr 37’ zr 27’ Z Lq)o 2T, BT (BZT,QT)~
2€73 2€73
Moreover by (4.3.13) and (4.5.7)
Z L B.y3:)M(B.,2,) < Or® + Crt Z 1{3t > 3r: B,y 3, N wt}e™ 21l < o,
z€Z3 WEN _y
O

Proposition J.4.2. The proof of Proposition 4.4.2 follows by inserting the bounds in Lemma 4.5.1 into
(4.5.1) and then applying Lemma 4.5.2.
O
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4.6 Proof of Proposition 4.4.1

In the setting of Section 4.4.3 the proof of Proposition 4.4.1 will follow from considering the following

indicator functions

Bi=1{ mn_(Z0-7) <)

T 1<t<T;

nj =1 { min (Z(t) - Z(Tj-1) — @_1) c Qr} (4.6.1)

7~—j—3<t<;j—2

n; = max{n;,1;}

In particular, n; is the probability of a mismatch for the Z-process in immediately before the Gt leg.
It is important to note, the simple geometric fact (which follows simply from the fact that the collision
angles are bounded) that 77 = 1 implies gj_l < Cr for some constant C' < co. This fact will make the
geometric estimates vastly easier than for the Lorentz gas, where the equivalent statement is false.

The following statements will provide the proof of Proposition 4.4.1

Pl{x@®)£2Z1t) :0 <t<6"}n {i: n; > 1} | <Or?, (4.6.2)
Pl{x@®)£2t) :0- <t<6"}n {i =0} | <Cr?, (4.6.3)
P{Xt)£Z#):0" <t<0tIn {i =1} | <Cr? (4.6.4)

4.6.1 Proof of (4.6.2)

The simple geometric fact stated in the previous section implies

2 2
Y 2.2
) < 1 P < .
P Elm >1)| < 9 1SI;1<8‘]§§7P(77J771€ 1) < Cy°r
=

(4.6.2) now follows from the exponential tail bounds (4.4.2).

4.6.2 Proof of (4.6.3)

On {Z;Zl n; = 0}, the process {t — Z(t)} is distributed like a Markovian flight process. Hence the

event in (4.6.3) can be written

X2 20007 <=0 S =0} = (3355 g = {0 =0}
Jj=1 j=1

where 7? is the indicator of an indirect mismatch, as defined in (4.3.19). Therefore using Lemma 4.3.5
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P (v £20):07 <t<oyn (Y =1)| <P(E33<j<qn=1))

j=1
<vex Pl =1)
< C~3r2.

Thus (4.6.3) again follows from the exponential tail bounds (4.4.2).

4.6.3 Proof of (4.6.4)

Given a v € {2} U {5,...}, a signature € (recall the definition of a signature given at the end of
Subsection 4.2.2) compatible with the definition of a pack, and a fixed label 3 < k < . Let V1, V5 € Q
and let @ be a pack with signature ¢ and wy_o = V; and wr41 = Vi (we assume Vi and V5 are
compatible with this definition).
e On 0~ <t<Tp_q - Z(k)(t) =Y (¢), conditioned such that wy_o = V1.
e On 7y <t <7 - Z®(t) is constructed like the Z-process, conditioned such that the final
velocity is wy € Qy,
e On7y, <t <7, -Z®(t) =Y(t) a Markovian flight process starting at Z*)(7,), conditioned such
that w11 = Va.

On{nj=0r:1<j5<n~}- Z*) is distributed like Z. The reason for conditioning on Vi and V5 is to

ensure the following three parts are independent:

(Z®(t): 07 <t <Tpg) = (Y(t): 07 <t <TFp3),
(Z®) (Fs +t) — Z8) (Fass) 1 0 < t < Ty — Fams), (4.6.5)
(Z®) (T +t) = Z(F) :0<t <07 — 7).

Let Al(llf()l, 1 < a < 3 be the event that the a-th part of the trajectory is r-inconsistent. For

1 <a<b< 3 we denote Aflkg the event that the a and b-th parts are r-incompatible. Therefore to
prove (4.6.4) we will bound

max P ({7 =110 A% | €11,12),

&k, V1,V
a,b=1,2,3. (4.6.6)
max P <{ﬁk =1} n{n, =0} ﬂAflkg | §7V1,V2) )
&k,V1,Va ’

4.6.4 Bounds

First notice that Agkl),Agkg and Agkg involve only Markovian segments hence the following estimates

follow readily from Lemmas 4.3.1, 4.3.2, 4.3.4, and 4.3.5:

P(AzlmA(’“) VV)<C32
nax P ({7 =1} oy | 6V, V2) <Oy,

max P ({ﬁk =1 n{i=01nA% | ¢ V17V2) < C%r?,
€,k,V1,Vs ’

a,b=1,3. (4.6.7)
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Therefore there remain 6 bounds.
Note that during middle segment in (4.6.5) the velocity of Z(*)(t) is restricted to only three possible
velocities. Thus one component of the velocity remains unchanged throughout this segment. Therefore

the middle segment can only be r-inconsistent if two of the path segments are shorter than C'r for some

constant C' < co. Thus

P ({ﬁk =13nAY | e, V17V2> < Cr?,
(4.6.8)
P ({ﬁk =1 N {m=0nAY) | e Vl,Vz) <Cr.

It remains to prove

P ({in =1} N A | Vi, V2) < Cr?,

" b=1,3. (4.6.9)
P ({iie = 1N {7l = 0} N 4 | 13, 2) < O,

We will only prove (4.6.9) for b = 3 as the proof for b = 1 is the same. Given a set A C R? define the

following occupation measures for the third part of (4.6.5)

G (A E(#{l<]<’y ko z® >(Tj+k)—z<k>(%k)eA}|ek+j;1gjg7_k,v2),
E(#{1<j<y-k:V(FH) A} ey 1<y -k V),
HM(A E(‘{T <020 () - Z<k>(%k)eA}’ |ek+j:1§j§'y—k,V2),

E(’{OStST,Y_k:Y(t)GA}’ |ek+j:1§j§"y—k,V2),
where t — Y (t) is a Markovian flight process with initial velocity in €y,. Similarly

G =B (#1 < <3: 20 () - Z0F) € A} -7 | €14, V2) |
APA) = ([(Fes <t <7 20(0) - 20(F) € A} -7 | €A, 12)
)

GM(A) = E(#{1<J<3 ZM) (Fe_; ) € A} -k '(1—%)!9‘/1,‘/2),

!

_ Z(k)(

HP(A) =B (|{s <t < Fs 200 - 20(R) € AY -7 - (L= 7) | €4, 12)

As the middle and last parts in (4.6.5) are independent the following bounds apply

P({mzl}mAé’B!e,vm)scfl( G (B o) HP (de) + Hé“(Bx,gr)@&“(dx)),
R3 N R3 -
P ({ =110 (il = 0} N A3 | €14, V2) <
<ot ([ 6B BO @) + [ HEB. )G w).
R3 - R3

By (4.3.4) there exists a constant C' < oo such that
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G®)(B,.9,) < CF(z), H®) (B,.2,) < CF(x) (4.6.11)

where F: R3 — R,

3 3
F(z) = r{lz| <1} + #{r <zl <1} + %{m > 1} + re= P13t > 0: Byoy NtVaH{|z] > r}.
X

For simplicity we will only treat the first term on the right hand side in the second line of (4.6.10) (this
is the most difficult), the other terms can be dealt with similarly.

Since during the middle section of (4.6.5) one component of the velocity does not change sign we
can conclude

GM) (B ), GM(By ) < Crs, HM(By), HP(Bys) < Crs, (4.6.12)

and

GP(R?),GWM(R®) < Or, HP(R®), HP (R?) < Cr. (4.6.13)

First note that by (4.6.12)

/ re=°11{3t > 0: By o, NtVa}H® (dz) < C’r2/ e™®I{3t > 0: B, o, NtVa}da
|z|>r B |z|>r

< C’r4/ e—cltValgr < Oop*
t>r

and

3~
/ H®)(B,,,) < Crt.
|

z|>1 m <
Finally let F(u) = r{u <1} + Z—Z{r < u < 1}, then by applying integration by parts
~ ~ 1 ~ ~
[ FeES) <0 [ Fujai® 5,
{lz|<1} B 0 B

1

=Cr*H® (By,) - C / H®(Byu)F' (u)du
e , e

1
<Crt+ Cr4/ uw2du
< Crt 4 Crd.

(4.6.9) follows by inserting these bounds into (4.6.10).
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4.6.5 Proof of Theorem 4.2.2 - concluded

The proof of Theorem 4.2.2 now follows the same lines as Chapter 3 Section 3.7 repeated here for
completeness.

Let {t — Y (t)} be a Markovian flight process. Let {¢t — Z(t)} be a coupled forgetful process.
We split {t — Z(t)} into ii.d legs (Z,(t) : 0 < ¢t < 6,), each associated to an ii.d pack w, =
(%;{Ew}}:l,{Bw};:l,{wn,j}}:l). In addition, to each leg (Z,(t) : 0 < t < 6,) we associate a
wind-tree process coupled to that leg (X, (t) : 0 < t < 6,,). From these components we construct the

concatenated auxilliary process

Vi

Xt =S X(0,) + X1 ({t)). (4.6.14)
k=1

Note that ¢ — X(t) is not a physical process. Each leg is independent of the others. Finally let
t — X (t) be the true wind-tree process, coupled to ¢ — Y (¢) and t — Z(¢) as in Section 4.2.3.

We will use Propositions 4.4.1 and 4.4.2 to prove that until time 7 = T(r) = o(r~2) the processes
t— X(t), t = X(t), and t — Z(t) coincide with high probability.

For this define the (discrete) stopping times

p:=min{n: X,(t) £ Z,(t),0 <t <0,}

o :=min{n : max{1y , Iy >0} =1},

WTL

and note that by construction

inf{t : Z(t) #* X(t)} > @min{p’g}_l.
Lemma 4.6.1. Let T = T(r) such that lim, o, T(r) = oo and lim, o, r*T(r) = 0. Then

lim P (©ninfpoy-1 < T) = 0. (4.6.15)

r—0

Lemma 4.6.2. Let T = T(r) such that lim, o, T(r) = co and lim,_,o 72T(r) = 0. Then for any
>0

lim P < max |Y(t) — Z(t)| > 6x/f) =0. (4.6.16)
r—0 0<t<T

Proof of Lemnma 4.6.1.
2E(0)"'T
P (Oninfpoy1 <T) <P (p < 2E (9)‘“[) +P (a < 2E ()" T) +P| Y <
j=1

< Cr*T 4 Or*T + Ce T, (4.6.17)

where C' < 0o and ¢ > 0. The first term on the right hand side of (4.6.17) is bounded by union bound
and (4.4.5) from Proposition 4.4.1. Likewise the second term is bounded by union bound Proposition
4.4.2. In bounding the third term we use a large deviation upper bound for the sum of independent
0;-s.

Finally (4.6.15) readily follows from (4.6.17). O
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Proof of Lemma 4.6.2. Note first that

vr+1

Yol
_ < . .
max V() = Z()] < ) 1: i |26
Jj= =j

with vr and 7; defined in (4.2.5), respectively, (4.3.16) and v} is v; from (4.4.3) (the label of the leg

containing j). Hence,

/

2T ’ij
P (Ogl% Y (t) — Z(t)| > NT) <P ;nj Zgi > 0VT | + P (vp > 27T)
Jj= =]

< COWTr +e T, (4.6.18)

with C' < oo and ¢ > 0. The first term on the right hand side of (4.6.18) is bounded by Markov’s
inequality and the bound

A
i=j

To see this recall the exponential tail bound for 4 (4.4.2). The bound on the second term follows from
a straightforward large deviation estimate on v ~ POI(T).
Finally (4.6.16) readily follows from (4.6.18).
O

(4.2.11) is a direct consequence of Lemmas 4.6.1 and 4.6.2 and this concludes the proof of Theorem
4.2.2. O
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Part 11
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Chapter 5

Hyperbolic Geometry

5.1 Hyperbolic Half-Plane

Herein we will give a broad overview of the background necessary to read Chapters 6 and 7. For
an excellent reference we suggest the book [EW10, Chapter 9] or [BM00]. We do not prove all the
statements in this section as most are classical and can be found in those and other texts.

5.1.1 Setup

Definition 5.1.1. Let
H={z=z+1iy:y >0} (5.1.1)
denote the hyperbolic half-plane, with boundary OH ~ R U {oo} endowed with the hyperbolic metric
B dz? + dy?
y: o

This hyperbolic metric induces an interesting non-Euclidean geometry. The real line at height y = 0

ds* (5.1.2)

is infinitely far away from a point in the interior and distances are stretched as one moves towards this
line. With this metric a pair of parallel lines will now always get infinitely close when approaching the
point at infinity. Moreover horizontal parallel lines meet in both directions at infinity while all other
pairs meet at infinity in one direction but diverge as they approach the real line.

At every point z € H we consider the tangent space at z, T, = {z} x C - the set of velocity vectors
associated to the point z. Then denote T(H) = H x C, the full tangent space and let T*(H) = H x S
denote the unit tangent space: all the points in H together with the unit length velocity vectors.

Recall that an isometry is a distance preserving map of a space. Let

b
G :=SL(2,R) := { (a d) ca,b,c,d € R, ad —be = 1} (5.1.3)
c
denote the special linear group and let
PSL(2,R) = SL(2,R)/{£I} (5.1.4)

denote the projective special linear group (where I denotes the identity). Both these groups act on the
half-plane via M6bius transformations: for z € H (the closure of H) and g = (¢ %) € G

az+b
cz+d

gz = (5.1.5)
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Proposition 5.1.1. The group PSL(2,R) is the group of orientation-preserving isometries of H. More-

dzdy - . .
over the volume measure du := Zzy 1s G-invariant.

The tangent space can then be represented T*(H) ~ PSL(2,R). That is for any two points w, z €
T*(H) there exists some g € PSL(2,R) such that gw = 2. In what follows we will sometimes write
g for a point in T1(H) in that case we are referring to the point gX; where X; is the vector pointing

towards oo based at i. Moreover for u € T (H) write 7(u) for the projection to H.

5.1.2 Lattices

Definition 5.1.2. Given a discrete subgroup I' < SL(2,R), a fundamental domain for the I'-action on
H is a subset F C H such that Uﬂ{‘EF ~F =H and for v # v2 € ', p(nF NyF).
A discrete subgroup I' < G is a lattice if y(F) < oo for any fundamental domain of the I'-action.

In words the subgroup I' is the symmetry
group of a tiling of H, each fundamental domain
is a tile in one of these tilings. If the fundamen-
tal domains for this action have finite hyperbolic
area then I' is a lattice.

As an example PSL(2,Z) is a lattice in
PSL(2,R). One fundamental domain for this
group is 7,

(zeH: |2 >1, —%S%(z)ﬁ 3

DO =

see Figure 5.1. Note that this fundamental

domain (and thus all fundamental domains for

A
\/

DN | —
N —

PSL(2,Z)) is not compact as it includes a cusp
at infinity. However due to the hyperbolic met-
ric this region does have finite area and thus

PSL(2,Z) is a lattice (although not a co-compact Figure 5.1: A fundamental domain (shaded

lattice). region) for PSL(2,Z). The left and right

sides are glued together and the arc is
5.1.3 Geodesics and Horospheres ;1404 to itself.

Using the hyperbolic metric the geodesics in H
(i.e the shortest path between two points) are
given by half-circles with centre on the boundary OH, therefore to every point in T'(H) we asso-
ciate a geodesic. For u € T'(H) we denote the forward geodesic endpoint u™ and the backwards
geodesic endpoint v~ . In addition to its geodesic we can also associate to u, contracting and expanding

manifolds:

HE(w) = {v e THH) : vF = uT} (5.1.6)

(H' denotes the expanding manifold). We say that the contracting/expanding horospheres are the
subset of these manifolds that form a ball containing wu. These horospheres are then tangent to OH
at u® (ut for the contracting and u~ for the expanding). See Figure 5.2. As such we can think of
horospheres in H or 7" (H).

There are several subgroups which will be useful later on. Denote
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U ut

Figure 5.2: On the left, we show the point u € T!(H). The black half-circle represents
the geodesic. The blue circle with arrows pointing inwards is the contracting
horosphere and the red circle the expanding horosphere. 0On the right we repeat this
diagram for the point X; € T'(H). The dotted lines represent geodesics and show that
the points on the stable/unstable horospheres share the forwards/backwards geodesic
endpoints.

o K = Stabg(i), hence H = G/K.

o A= {at = (eto/2 879/2) it > O}, the geodesic flow.

1
o N_:= {n_(x) = ( f ) (T € R}, the contracting horosphere for a;.

10
o Ny := {n+(x) = ( ) ) (X € R}, the expanding horosphere for a;.

x
We have identified points in G with points in T (H) via the map g — gX;, we can also identify points
in G/K with points in H via the map g — gi. If we consider a point gX; then multiplying ga;X;
corresponds to a point a distance ¢ further along the geodesic. gn_(z)X; is a point a distance x along

the contracting horosphere and gn (x)X; is a point on the expanding horosphere.

5.1.4 Classifying Isometries

There are three different ways in which elements of G act on H. Namely given a matrix M # I the

group element can be classified as follows:

e Elliptic: If Tr(M) < 2 then M corresponds to a rotation about a point, thus M has one fixed
point in H.

e Parabolic: If Tr(M) = 2 then M has one degenerate fixed point on 0H. For example n_(x)

and n, (z) are parabolic for all x.

e Hyperbolic: If Tr(M) > 2 then M has two fixed points on OH, one attracting and one repelling.

For example a; is hyperbolic for all .

To see examples of each of these classifications see Figure 5.3.
Note that parabolic elements correspond to a finite area cusp (for example the region in Figure 5.1

has a parabolic element at co) while hyperbolic elements correspond to infinite area funnels.
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Elliptic Parabolic Hyperbolic

Figure 5.3: Above we show the three types of isometry of the half-plane. The elliptic
element corresponds to a fixed rotation around a point in H. For the parabolic each
region inside the circle is taken to its right neighbour. Likewise a hyperbolic
element shifts each region in the third diagram to the right.

5.1.5 Poincaré Disk

Definition 5.1.3. Let D = {z € C: |z| < 1} be the unit disk with metric

g2 — A"+ ") (5.1.7)
1—2%2 -
We call this model the Poincaré disk.

Closely related to the upper half plane the Poincaré disk is another model of hyperbolic geometry
(for excellent sources on the different hyperbolic models see [BV86] or [BKS91]). For example it can
be shown that geodesics are again circular arcs perpendicular to the boundary.

Given a matrix M = (¢ }) € mat(C) we define the same Mdbius map

az+b
cz+d

These M&bius maps can be shown to be conformal (angle preserving)

Proposition 5.1.2. The set of automorphisms of the Poincaré disk, Aut(D) is SU(1,1) where

where @ denotes the complex conjugate.
To connect the Poincaré disk to the upper half-plane we note that the Cayley map

zZ—1

C:z— -
z4+1

(5.1.8)

is a conformal automorphism of H — .

5.2 Homogeneous Dynamics

A Euclidean lattice in R? is defined to be the Z-span of d linearly independent vectors in R?. If one

connects neighbouring points in this span the result is a tiling of R and the volume of each of these
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polyhedra is the covolume of the lattice. We denote the space of covolume 1, Euclidean lattices in R?,
Lg. With that definition in mind it is clear that

L4 = SL(d,R)/SL(d, Z). (5.2.1)

Therefore dynamics on the space of lattices is equivalent to dynamics on the homogeneous space
SL(d,R)/SL(d,Z) - sometimes called the modular group.

The connection between the modular group and the space of lattices has many far-reaching appli-
cations, in particular to number theory. While it would be near impossible to give a full account of
these applications a few of these connections are highlighted below.

5.2.1 Diophantine Approximation

One area to which homogeneous dynamics has been applied is Diophantine approximation. Diophan-
tine approximation concerns the question of how 'well’ an irrational number can be approximated by

rationals. For example

Theorem 5.2.1 (Dirichlet’s Theorem (see [KleO1, Theorem 3.1]). For all o € R and all R > 1 there
evists p € Z and g € N such that g < R and

g [ g 5.2.2
q| — Rq ( )

In words this theorem states that for any irrational there are infinitely many good approximants. Start-

i<z
(0%

ing from here the field of Diophantine approximation seeks to refine these approximation properties.
The approximation properties of irrationals can be linked to the properties of particular orbits in

PSL(2,R)/PSL(2,Z). In particular a number « is called badly approzimable if Dirichlet’s theorem is

the best possible bound. Formally if there exists a ¢ > 0 such that for all p € Z and ¢ € N,

p

a-Ps < (5.2.3)

q’ 7

On the other hand a number « is singular if for all ¢ > 0 there exists an Ry > 0 such that for all

R > Ry the inequality

z— p’ <& (5.2.4)

q| ~ qR
has infinitely many solutions with p € Z and ¢ € N with ¢ < R. If we let A, = n,(z)Z? then the

following theorem due to Dani is central to Diophantine Approximation (it can also be stated in higher

dimensions):
Theorem 5.2.2 (Dani’s Theorem [Dan95]). Let x € R:
1. If {Agai}i>0 is bounded then x is badly approzimable.
2. If {Azai}i>0 is divergent (eventually leaves every compact set forever) then x is singular.

In addition to this connection there have been many advances in Diophantine approximation thanks

to homogeneous dynamics. We list a few examples here and direct the interested reader to the surveys
[Kle01, Mar02]:

e Given a non-increasing function v : Z* — RT a number « is 1-approximable if

(5.2.5)




for infinitely many ¢ and some p. Khintchin’s theorem states that if > . ¥(q) diverges then al-
most every real « is 1) approximable. One proof (albeit not the only one and not the simplest)
of this statement uses exponential mixing of the geodesic flow on the space of lattices. There
are numerous refinements of this statement (see [Kle01]). There have been numerous refine-
ments of Khintchin’s theorem: recently Koukoulopoulos and Maynard [KM19] (using number
theoretic methods) proved the celebrated Duffin-Schaeffer conjecture which allows one to remove

the condition that v be non-increasing.

Another problem to which homogeneous dynamics has been applied is Littlewood’s conjecture
which states that given o, f € R

lirginf [lnal|||np] = 0, (5.2.6)

where ||a|| = min,cz | — n| is the distance to the nearest integer. While this conjecture remains
open Einsiedler, Katok, and Lindenstrauss [EKL06], by classifying the invariant and ergodic
measures on SL(k,R)/SL(k,Z) (where k > 3) for a particular group were able to show that the

set of exceptions to Littlewood’s conjecture has 0 Hausdorff dimension.

5.2.2 Continued Fractions

As it will be useful in Chapter 7 we note that there is a fascinating relationship between flows on

the modular surface and continued fraction expansions of real numbers. This relationship is described

formally in great detail in [Ser85].

Let £ € [0,1] with continued fraction expan-

sion
A A
§=[0;a1,az,...] (’
_ 1
ay + ﬁ.
az+ |
[
Moreover define the Gauss map
S0 i3 oel 2
T :0;a1,a9,...] = [0;as,...]
1 (5.2.7) .
£ {5}’ Figure 5.4: We show the image of the ideal

triangle (0,1,00) (the shaded region) by

where {-} denotes the fractional part of a the modular group. Moreover we show the
number. Given the modular group SL(2,Z) con- first few terms in the cutting sequence
sider the image of the ideal triangle connecting for { which will be rlll...
0,1 and oo € OH. In Figure 5.4 we show some of
the orbit of this ideal triangle by SL(2,Z). The

resulting tessellation is called the Farey tessella-

tion. Note that the cusps of the Farey tessellation

are exactly the image of 0 by the modular group and generate the rationals Q.

Now consider a geodesic, v connecting (—o0,0) to £ € (0,1). This geodesic will cut each domain in

the Farey tessellation as it passes through. In doing so it will separate one of the three cusps from the

other two. We construct a sequence as follows: move along v towards £ and record whether the cusp
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which is separated is on the left or the right with an [ or an r. This gives a sequence r™'[™2r"s .. ..
The cutting sequence for a number ¢ is shown in Figure 5.4.
If the cutting sequence ends then £ € Q (i.e ¢ lies at the end of a cusp) and we have the relation

é’: [0;711,712,...,nk,1]

and if the cutting sequence is infinite then we have the relation

§= [0;%1,%27...].

Since the cutting sequence is unique to the number &, as is the continued fraction expansion, there is
a one-to-one correspondence between cutting sequences and continued fraction expansions.

The Gauss map represents a shift operator on the continued fraction expansion of £. Therefore it
can be translated into a sort of shift on the cutting sequence. Formally, Series [Ser85] showed that the
Gauss map is equivalent to the return time map for the geodesic flow to a particular cross-section of
T (H).

Now if we consider the Haar measure on 7T (H) = H x S} parameterised by

dzd
dp(u) = ;yde).

We can identify a point u € T*(H) by its geodesic end points u~,u" and the arc length along the
geodesic, t. Then the measure p can be reparamaeterised

dutdu~
dp(u) = ————dt
[ut —u|
If we project this measure onto OH x JH we are left with %. Now integrate the left end point

of [0,1] and we are left with #ﬁﬁ) a measure on (1,00). Therefore, after changing variables and

normalising we end up with the measure on [0, 1]:

1 dg
log21+ 8

(5.2.8)

which is the Gauss measure, - i.e invariant and ergodic for the Gauss map. Therefore what this train
of reasoning tells us is that the Gauss measure is a projection of the Haar measure onto one of its
geodesic endpoints. Moreover, the fact that this measure is ergodic and invariant for the Gauss map
is a consequence of the fact that the Haar measure is invariant and ergodic for the geodesic flow.
Thus there is a deep connection between dynamics on the modular surface and continued fractions

and the symbolic dynamics resulting from the Gauss map.

5.2.3 Local-Statistics of Point Processes

The last area to which homogeneous dynamics has applications which we discuss in this introduction
is the study of local statistics of point processes.

Since the time of Mark Kac [Kac59] a fundamental question in modern probability theory is how
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to characterise independence or 'randomness’? Indeed when considering point processes there are a
number of ways to characterise independence. Firstly, we can ask if the sequence is uniformly distributed
with respect to a given measure. That is, does the proportion of points in a small set converge to the
measure of that set, as would be the case for independently distributed points?

While this is a very interesting question, it is sometimes too coarse a measure of independence.
One of the next questions typically asked is: what can be said about local statistics? That is, what
does the presence of points tell one about the likelihood of finding another point nearby? Concretely
one example of local statistics is the gap distribution which measures the distribution of the distances
between neighbouring points. Thus one can ask if the local statistics (e.g gap distribution) of a sequence
converge to those of an independently distributed sequence.

Homogeneous dynamics is well equipped to tackle many examples of these questions, in particular
when the points are generated using some sort of periodic procedure. One example which we study
in Chapter 6 is the local-statistics of hyperbolic groups. Roughly speaking, the idea is to place an
observer in hyperbolic space or it’s boundary and consider the orbit of another point by a discrete
subgroup. Then we can generate a point set by considering the direction of the orbit points as viewed
by the observer ordered by the distance from the observer. This is a fundamental way to study the
orbit of a group. Moreover if the group can be connected to another object in mathematics then it may
be possible to move from the local statistics of the group orbit to those of the object. We will return
to the relevant literature in Chapters 6 and 7 but for now suffice it to say that the problem has been
extensively studied for lattices [BPZ14, KK15, RS17, MV 18], for some thin groups [Zhal7, Zhal9] and
even for surfaces of variable curvature [Pol17]. In Chapter 6 we will study this problem for a wide class
of (possibly thin) groups.

Another example of such a system which is still very relevant to modern mathematics (although
not so much this thesis) is the system {ay/n mod 1},cn. Elkies and McMullen [EM04] showed using
homogeneous dynamics methods (i.e equidistirbution of expanding horospherical subgroups) that if
a? € Q then these points obey a particular explicit limiting distribution, as do their gaps. It is
conjectured that for o? irrational that these points are Poisson distributed.

As a last aside, characterising the limiting local-statistics is an important and interesting question
which is asked in numerous contexts. For example the famous Berry-Tabor conjecture [BT77] states
that for typical Riemannian surfaces, if the dynamics on the surface are integrable (i.e not chaotic), this
implies that the eigenvalues of the Laplacian have Poisson distributed gaps (and it is conjectured that
if the dynamics are chaotic then the gap distribution (typically) will be related to a random matrix

ensemble).

5.3 Thin Groups

Thin groups have become a hot topic recently owing in part to two major developments which have
made them significantly more accessible. For some detailed references we suggest the survey articles
[Kon16, KLLR19], or the conference proceedings [BO14]. For what follows we will need to introduce a
small amount of algebraic geometry.

Definition 5.3.1. An algebraic variety, over a field k is the common 0-set of a finite collection of

polynomials over k. That is,

Xi={x€k": Fi(x)=0,V1 <i<n} (5.3.1)
where F; € k[x1,...x,]. An algebraic group is a group which is also an algebraic variety.
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For example SL(n, -) defined over a field k together with matrix multiplication is an algebraic group
where the polynomial preserved is the determinant minus 1. Note that given two polynomials f; and
f2 defined over the same field, if we denote the varieties associated to each by V(f1) and V(f2) note
that

V(f1) N V(f2) = V({ f1, f2})
V(f1) UV(f2) = V(f1- f2)-

Therefore varieties induce a topology on k™, where varieties form the closed sets. We call this topology
the Zariski Topology. Therefore we say a subgroup is Zariski dense if it does not belong to the 0-set
of any additional polynomials.

Given an algebraic group defined over Q, G, we say that a subgroup of G(Z) is an arithmetic group
if it has finite index and we say a subgroup G(Z) is a thin group if it has infinite index. This part of
the thesis is concerned with infinite volume hyperbolic subgroups, a subset of which are thin. However,
since thin groups have been the source of a great deal of modern mathematical research lately we
highlight this application here by giving a brief explanation as to why thin groups have been promoted
from the side-lines of mathematical research.

In essence there are two reasons for which thin groups have become a hot topic recently: super-
strong approximation and Patterson-Sullivan theory. We discuss Patterson-Sullivan theory in Section
5.5 as it will be crucial to our results and proofs. However to illustrate the importance of thin groups
we will also briefly discuss some of the applications of strong and super-strong approximation.

5.3.1 Strong and Super-Strong Approximation

For a detailed exposition on super-strong approximation we recommend the notes by Emmanuel Breuil-
lard [Breld]. Strong approximation proved independently by [Nor87] and [Wei84] is the following
theorem, for simplicity we state it for SL(n,Z), however the result holds for all simply connected,

semi-simple algebraic groups defined over Q.

Theorem 5.3.1. [Strong-approzimation for SL(n,Z) [Brel}]] Let T < SL(n,Z) be a Zariski dense
subgroup. Then T, (the reduction of T' modulo p) is equal T, = SL(2,Z/pZ) for all p large enough.

In 2008 Bourgain and Gamburd [BGO08] established super-strong approximation for thin subgroups
I' < SL(2,Z). In words their statement is the following, given a generating set for I, we consider the
reduction of these generators mod p. Super strong approximation is the statement that these gener-
ators 'fill out’ SL(2,Z/pZ) rapidly (specifically the family of Cayley graphs associated to SL(2,Z/pZ)
is an expander family). Strong approximation has also been generalised (see [SGV12]).

The power of Strong approximation is that rather than study the properties of a thin group, one can
instead consider finitely many reductions modulo primes. Super strong approximation is a statement
about the spectral gap of the Cayley graphs which can be translated into a statement about the mixing
properties of a random walk on the graph. Without entering into the details, it will suffice to say that
this statement has been tremendously powerful in allowing mathematicians to approach thin groups.
Two frequently cited applications of strong and super-strong approximation are the affine sieve and
local-global principles.

While sieving techniques have been around for many years, the affine sieve is a new variation
developed by Bourgain, Gamburd and Sarnak [BGS11] and Salehi Golsefidy and Sarnak [SGS13]. The
idea is the following, given a suitable thin group I', the orbit of a point I'v, and a suitable function
f- The affine sieve is the statement that there is a constant R such that there exist infinitely many
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R-almost primes (i.e integers with fewer than R prime factors) in f evaluated on the group orbit. As
an example the affine sieve has been applied to Apollonian circle packings [Oh14] and Pythagorean
triples [KO12].

A local-global principle states that given a sequence of numbers, every integer outside of finitely
many congruence conditions appears in the sequence. Strong approximation has important applications
for proving local-global principles. As one example we note that strong approximation played a role in
Bourgain and Kontorovich’s proof that Zaremba’s conjecture holds, outside possibly a set of density 0
[BK14]. The conjecture states the following: For A € N let

Ca:= {5 =[0;a1,...an]: (p,q) =1& a; < A for all 1 gign} (5.3.2)

Then let Dy := {q: p/q € Ca}. Zaremba’s conjecture states that all sufficiently large natural numbers
belong to D4 for some A > 1. Bourgain and Kontorovich showed that a set of asymptotic density 1 in

the natural numbers appears in Dy (this result was subsequently improved to D5 by Huang [Hual5]).

5.4 Higher Dimensional Hyperbolic Space

In the next sections we will discuss Patterson-Sullivan theory, however in Chapter 6 we will require
this theory in higher dimensions. Therefore to avoid repetition we will present the setup now for the
higher dimensional case.

Let

H" := {($17.-.,xn,y):y>0}

with the hyperbolic metric

dzt + -+ da? + dy?

2 _
ds® = "

As in the two dimensional setting we consider the unit tangent space T (H").

For convenience we introduce the notion of Clifford numbers. This notation will be useful in
describing the isometry group G using an extension of complex numbers and quaternions to higher
dimensions and will help with some of the calculations. What follows is a condensed introduction to
the concept. For a more in-depth introduction we suggest the paper by Waterman [Wat93].

Define the Clifford Algebra, C,, to be the real associative algebra generated by iy, ...,1,, such that
i? = —1 and ijiy = —ixi; for all k£ # j. Thus for all a € ),

a=>» al (5.4.1)
I

where I ranges over the products of the i; and a; € R. C,, forms a 2™-dimensional vector space over
R, which we endow with the norm |a|? = >~ af.

Consider the following three involutions on Cp,

e a+— a’ - replaces all i; with —i; for all [

e ara” -replaces all T =1i,,,...,1,, with i,,,...,1,,
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e a—a:=a*

Define Clifford vectors to be vectors x = xg + x1i1 + ... + T 1, With the corresponding vector space
denoted V,,, (which we identify with R™ in the natural way). We write A,, for the Clifford group, i.e
the group generated by non-zero Clifford vectors.

Furthermore we define several matrix groups

b

4 ab*,cd*,c*a,d*beV,, ;,

) a,b,c,d € A,,, U{0}
ad® —bc* € R\ {0}

GL(2,C,,) = ( &

SL(2,C,) = {( a b ) € GL(2,C,) : ad* — be* = 1}, (5.4.2)
c d
SU(2,C,n) ::{( _‘1, : ) c SL(Z,Cm)}.
We can then represent hyperbolic half-space by
H" ={x+iy:x€V,_1, y € Ryp} (5.4.3)

with i:=1i,_1 (and with the usual hyperbolic metric on H"). Moreover the action of SL(2,C,,) on H"

defined via Mobius transformations

z s ( ‘;‘ Z >z = (az + b)(cz + d)~! (5.4.4)

is isometric and orientation-preserving. Therefore

G = PSL(2,Cp_1) = SL(2, Cp_1)/{£1} (5.4.5)

is isomorphic to the group of orientation-preserving isometries of H". The boundary of H™ can be
identified

OH" := V,,_, U {oo}. (5.4.6)

Now, as was done for the two dimensional case, consider a point i € H", a vector based at that

point X; € T (H") and the following relevant subgroups:

e The stabiliser of i is given by
K 2 PSU(2,C,,—1) = SU(2,C,—2)/{£1}. (5.4.7)

Hence we identify H” = G/K.
1 ny o~ a 0
o M := Stabg(Xj), hence T (H") = G/M. Thus M = {(0 (a—l)*) s lal = 1}.

o A:={a, : r € R} - one-parameter subgroup in the centraliser of M such that r — a,X is the unit
speed geodesic flow for any X € T (H"). For X pointed in the vertical direction this subgroup is

given by the matrices (ero/z ef,{ /2 ) For other vectors A is conjugate to this group.

o N, :={ny € G:lim_oa_ynia; = I} - the expanding horocycle subgroup, thus N* is conju-

gate to upper triangular matrices.
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e N_ := {n_ €G:lim,ocam_a_s = I} - contracting horocycle subgroup (conjugate to lower

triangular matrices).

Note that N and N_ are defined for the left a, action. Alternatively, given g € G one can define
the right a,. action by right multiplication g — ga,. Thus a point u = g,X; € T*(H") is sent to gya, X;.
In this case Ny and N_ are contracting and expanding respectively (i.e their roles are reversed).

Notation: In Chapter 6 we will work with H" for general n > 2. Therefore, in that chapter, we
will use the bold-face notation for points in H" and 7" (H") which we established here. In Chapter 7
we only work in H therefore, in keeping with standard practice, we will not use this bold-face notation.

5.5 Measure Theory of Infinite Volume Manifolds

The homogeneous dynamics described in Section 5.2 is restricted to the finite co-volume setting (and
thus does not apply, for example, to thin groups). This is because the Haar measure, which is the
invariant measure under the action of SL(d,R) has infinite volume in the infinite co-volume setting.
As a result many of the ergodic properties exploited in ’classical’ homogeneous dynamics do not apply.
Fortunately in the 1970s, the measure theory needed to construct nice ergodic measures for infinite
covolume subgroups was formulated.

In preparation for what follows we introduce the notion of Hausdorff dimension (however we remain
brief as we will not need many details). For an extensive treatment of this subject we suggest Falconer’s
book [Fal05]. Given a set X, let Y = {U;}; € Z be an open cover of X (i.e X € ;.7 U;). For ,6 >0
we define the e-Hausdorff measure of X to be

H? = inf { > diam(U;)° }

i€l

where the infimum is taken over all open covers U such that for all ¢, the diameter diam(U;) < e. Now
we define the Hausdorff measure to be the limit H°(X) := limjo H(X). With that the Hausdorff

dimension is

dimy (X) :=inf{d > 0 : H*(X) = 0}. (5.5.1)

For our purposes it suffices to know that the Hausdorff is a measure of how large a set is. It coincides

with the standard definition of integer dimension. But also gives a measure to the size of fractal sets.

5.5.1 Patterson-Sullivan Theory

We now give an introduction to measure theory on infinite volume hyperbolic manifolds. For a more
in-depth introduction in 2 dimensions we recommend the opening sections of the book by Borthwick
[Bor07] or the book [BKS91]. To begin with, let I' be a discrete subgroup of G = Isom™ (H").

For u € T*(H") define the geodesic endpoints in terms of the right a; action for u = g, X;

+_ .
ut = t_l}gloo Juar X;. (5.5.2)

Let or denote the critical (or Poincaré) exponent of the subgroup T'. That is, for arbitrary x,y € H"”
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dp:=inf{s>0: Z e s d%Y) < o0 ) (5.5.3)
yel’
Let £(T") denote the limit set of T (i.e the set of accumulation points of the orbit of any point in H",
say i). For the I'" we are considering £(I') C JH"™. Moreover it is well-known ([Sul79]) that or is the
Hausdorff dimension of £(T").

In this thesis rather than work with general discrete subgroups we will work with geometrically
finite, Zariski dense, non-elementary subgroups (which includes a large class of relevant thin groups,
as well as lattices). A group T is non-elementary if the limit set £(I") contains more than 2 points
(and thus is uncountable - see [BKS91]). Consider the set of geodesics connecting any two points in
L(T') together, the convex core of I" is the projection to I'\H" of the minimal convex set containing
all these geodesics. A group I is geometrically finite if the unit neighbourhood of the convex core has
finite Riemannian volume. As noted in [OS13] any group admitting a finite sided polyhedron as its
fundamental domain is geometrically finite.

For £ € OH" and x,y € H" denote the Busemann function, 5 : 0H™ x H* x H" — R

ﬂﬁ(xa y) = }g& d(X7 st) - d(y7 St) (554)

where &, lie on any geodesic ray such that as lim;_, . &, = & (the limiting value is independent of the
choice of ray). In words B¢ (x,y) is the signed geodesic distance between two horospheres each based
at £ containing x and y respectively.

With that, let {ux : x € H"} denote a family of measures on OH"™. We call such a family a I'-
invariant conformal density of dimension 6, > 0 if: for each x € H", uy is a finite Borel measure such
that

Vattse () = pixc(Y () = prgx ()

5.5.5
%(5) — eéuﬁg (Y7x)’ ( )

dyty
for ally € H", £ € OH", and v € T.
Patterson in dimension 2 [Pat76] and Sullivan [Sul79] for general dimension, proved the existence
of a I-invariant conformal density of dimension dr, the critical exponent, supported on A(I') which
we will denote {vyx : x € H"} - the Patterson-Sullivan density. In particular, for s > dr define the

probability measures

-1

MS:) — Z e—sd(i,'yi) Z C_Sd(x”yi)dvi

yel’ yel’

where dy, is the point measure supported at w € H™. In which case we define v, to be the weak star
limit as s — dr from above. Moreover let the Lebesque density, {my : x € H"} denote the G-invariant
conformal density of dimension (n — 1), unique up to homothety.

From here we can define several measures on T (H") which will be essential to what follows. For
u € TH(H"), let m(u) be the projection to H", s := B,- (i,7(u)) and define

e The Bowen-Margulis-Sullivan measure, given by

dmPMS (u) = orhut (W) orBy= G (W) g (ut) du; (u™ ) ds. (5.5.6)
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This measure is supported on {u € TH(H") : ut,u= € A(I')} and is finite on T (I'\H") for
geometrically finite I' [Sul79].

e The Burger-Roblin measure

dmPE(u) = ¢rPu- Gr() o(n=DB+ G (W) gy (0™ ) dm; (u™)ds. (5.5.7)
This measure is supported on {u € T'(H") : u~ € A(T')} and is, in general, not finite on
THT\H").

These are both measures on T (H") = G/M. We extend them to measures on G. That is, let i be
either mBf or mPMS defined on T (H"), for ¢ € C.(G)

/G ?(g)dp(g) = /T ) /M d(um)dp i (m)dp(u) (5.5.8)

where 111997 (m) is the normalised probability Haar measure on M. Thus we simply average out the

extra dependence. To avoid too much notation we denote the BR-measures on G and T (H") both by
mP® and likewise for the BM S-measure.

Furthermore, let H < G be an expanding horosperical subgroup for the right a,-action (i.e a
subgroup of N_). Let H := H/(M N H) be the projection to T'(H"). For a fixed g € G, define

ﬁghxi* (i,ghi)

&
dulS(gh) == e dvs(ghX;h). (5.5.9)

In what follows in the next two chapters, it will be useful to consider the push-forward of these measures
via parameterisations. Given a horospherical subgroup H, H is isomorphic with a horosphere in

T*(H"™). Hence there exists a group isomorphism

hor : R"™' - H (5.5.10)

such that the push-forward of the Haar measure is equal to the Lebesgue measure

Ao (hor ™ (x)) = dx. (5.5.11)
Define the measure on R*~!
duy’s 77(X) = dpug pr (ghor ™ (x)). (5.5.12)

Lastly for what follows we would also like to define spherical Patterson-Sullivan measures. That is,
a measure supported on the rotation group K/M. Since the Patterson-Sullivan measure is supported
on the limit set which lives on the boundary OH" and since the boundary is isomorphic to S7"~! (the
unit circle) this can be done. However the parameterisation is more delicate than for horospheres since
there is not a single natural parameterisation of the rotation group.

Let K = K/M and define the spherical Patterson-Sullivan measure to be

. 1.
du?ff(gk) — OrBgrx; (i,gke l)dVi(gkXi)~ (5.5.13)

& i,gke™ i) .
rhoix,y. (g ) is constant.

For a fixed g € G, the prefactor e
As mentioned, unlike for horospheres there is not a single natural way to parameterise spheres.
Therefore we add a Jacobian to ensure the parameterised Patterson-Sullivan measure is invariant for

different parameterisations. Specifically we use the following polar coordinate change of variables.
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Lemma 5.5.1. For k € K let w = k~'0. Writing k = (_"L/ ;’/) we have the following change of
variables
du = |a|"~dk. (5.5.14)

Proof. While this is classical we present a proof using conformal densities for completeness. First note

S8, (e (o ()

du = dm;i(ny (—u)Xj). (5.5.15)

Since u = —ba~! we can write

b a0 (2EEEE 0 1 0
(k) ——n(—u)< 0 a|>< 0 - e lp 1 (5.5.16)

where 'k denotes the transpose. Note that the rightmost matrix is in N_, the second from the right is
in M and the third is in A. Therefore

ny(—u)X; ="%"1X; . (5.5.17)

i =

Moreover

er(—u)x; (i,n4(—u)i) =Inla| + ﬂ(%)—lx; (i, (k) 7) = Infa| + B(tk)—lx; (i,i) =1Inlal. (5.5.18)

Thus

du = |a|"Ydm;(("k)71X;). (5.5.19)

The measure dm;((*k)~'X;) = d(*k)~! = dk. Proving Lemma (5.5.14).
O

Now fix ¢ € G and a parameterisation x — R(x) € K with x ranging in a non-empty open set
U C R 1. Let x = R(x)0 and |g—§| the standard Jacobian on R"~1. Define the parameterised spherical

Patterson-Sullivan measure for U to be

ox

—1
I la|" " dpug e (g R(x)).- (5.5.20)

s
dwﬁgf(x) =

5.5.2 Some Properties

We mention here a few of the properties of the BMS and BR measures. There are numerous results
(e.g [Rob03] or [FS90]) therefore we will only present the theorems which are necessary in what follows.

With regards ergodictiy we have that
Theorem 5.5.2 ([Winl5]). Let mP% and mBM5 be as above, normalised to be a probability measures.
1. The Burger-Roblin measure is ergodic with respect to the flow N (the ezpanding horosphere flow).

2. The Bowen-Margulis-Sullivan measure is mizing on T\G with respect to the frame flow {a;}: for

any 1,99 € C.(T\G)

BMS BMS
tlgglo G ¢1(gat)¢2(9)deMS == ﬁﬁj}gg\?ﬂ (%)' (5.5.21)
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We note that there are effective versions of the mixing theorem in various contexts which we will not
need.

The other property of these measure we will make use of is the following decomposition (due to
[OS13, Proposition 7.3]) which generalises the so-called Iwasawa decomposition [Iwa49] for the Burger-

Roblin measure:

Proposition 5.5.3 (|OS13, Proposition 7.3]). For any ¢ € C.(T*(H"))

mPE(¢) = / / / p(kapny)e o dn, drdvy(kX;). (5.5.22)
keK JreR JnpeNL

For a more in-depth account of properties of the BMS and BR measures see either [Moh13] or
[MO11].

5.6 Horospherical Equidistribution

Classically horospherical equidistribution is one of the powerhouse tools of homogeneous dynamics. To
the author’s knowledge, the idea goes back to Margulis’ thesis [Mar04]. More recently there have been
effective versions of this equidistribution result by Strombergsson [Str04] and Sarnak [Sar81] which
have countless important implications. These theorems (and similar ones) have proved tremendously
useful, as a few examples we note that the main theorem of [Str04] plays a role in Venkatesh’s proof
of an important step towards a conjecture in sparse equidsitribution [Ven10]. Moreover horospherical
equidsitribution theorems were used in [MS11] wherein Marklof and Strombergsson studied the periodic
Lorentz gas in the Boltzmann-Grad limit (see Chapter 2 Section 2.2.2). Complimenting these results
for the equidistribution of expanding horospheres, Dani and Smillie [DS84] showed that for any finite
volume hyperbolic surface, all horocyclic orbits are either periodic or equidistribute.

The above mentioned results are concerned with how horospheres equidistribute when acted on by
the geodesic flow in finite volume manifolds (e.g the modular surface). For our purposes we will make
use of the analogous results for infinite volume manifolds. What follows are several equidistribution
results converging to the result we will need, starting from a theorem of Oh and Shah.

Our goal is to start with an equidistribution theorem of Oh and Shah [0S13, Theorem 3.6]. However
their theorem applies only to M-invariant functions whereas we need an equidistribution theorem for
functions on G. A similar equidistribution theorem for functions of G was proved by Mohammadi and
Oh [MO15, Theorem 5.3] - however they use spectral methods and hence assume a lower bound on the
critical exponent (thus giving them an exponential rate), which does not suffice for our purposes.

Fortunately the exact proof of [0S13, Theorem 3.6] can be used to prove the necessary theorem
(without the exponential rate). Let H be an unstable horospherical subgroup for right multiplication by
ay, therefore H < N_. Again, let T be a geometrically finite, non-elementary, Zariski dense subgroup.

Theorem 5.6.1. For any g € G, any ¥ € C.(I'\G) and ¢ € C.(gH)

lim_e("=1=00)t /7 / V(L ghmar)¢(ghm)dpg ™" (h)dpgity; (m)
HJHAM

t—o0
1

= [mBS| U (a)(gh)dmP R (a)dpf sy (gh).  (5.6.1)

HxT\G

The proof of this theorem is omitted as it is identical to the proof of [0S13, Theorem 3.6] with one
exception: rather than use the mixing theorem of Rudolph, Roblin and Babillot on T (I'"\H"), (which
appears as [OS13, Theorem 3.2]) use the mixing theorem for the BM.S measure under the frame flow
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on G proved by Winter - Theorem 5.5.2. Namely, write g € G as g = um for u € T*(H) and m € M.
From there, using Winter’s mixing theorem and the fact that the frame flow is in the centraliser of M,
the same proof will give the above theorem.

Theorem 5.6.1 then leads to the following corollary:

Corollary 5.6.2. Under the assumptions of Theorem 5.6.1, let A be a Borel probability measure on
R~ with density ' € C.(R"~1). Then for any g € G

lim e(n—1-s0)1 / / (g hor(x)may )dA(x)dp 2% (m)
R»—1 JMNH

t—o0
1

ZW )\’(x)\I/(a)deR(a)deR(a)dwl{DS (x). (5.6.2)

R"—1xT\G 9.1
Proof. Tnserting the definition of A’ and then applying Theorem 5.6.1 with ¢(-) = X o hor™!(g~*(-) M)

gives

t—o0

lim e(”flf‘sr)t/ / U (T g hor(x)may)dpiaar (m)dA(x)
Rt JMNH

t—o0

_ 1
|mBMS]|

= lim e(”*lf‘sf)t/i/ \I/(thmat))\’(hor_l(gfl(ghm)M))duZ%‘}Q(m)du%‘“"’(h)
T JanM

[ V()X (hor™ ' ())dm (@) dpg 7 (h)
HxT\G

Now inserting the parameterisation hor ™' : H — R"~! gives (5.6.2).
O

From here, the proof of [MS10, Theorem 5.3] allows us to extend to functions of R4~! x T'\G and

to sequences of functions

Theorem 5.6.3. Let \ be as in Corollary 5.6.2. Let f : R"1 x '\G — R be compactly supported and
continuous. Let f; : R"™! x T\G — R be a family of continuous functions all supported on a compact

set such that fr — f uniformly. Then for any g € G
i e (3, T hor(x)may ) dyutfas (m)aA(x)
oo R"—1x HNM

1

= W )x'(x)f(x,a)deR(a)deS (x) (5.6.3)

TgH
Rr-1x\G g

Proof. Let S CT\G :={a € '\G : 3t > 0,x € R""! 5.t fi(x, ) # 0} (which is compact as the support
of the entire family f; is compact) and let {(«) be a smooth compactly supported bump function equal
to 1 on §. As f; converges to f uniformly and all functions are uniformly continuous, for all € > 0
there exist 6 = 6(¢) > 0 and tq > 0 such that for all xo € R"~!

f(x0,9) —dC(9) < f(x,9) < f(x0,9) +¢(g)

(5.6.4)
f(x0,9) —6¢(g9) < fi(x,9) < f(x0,9) +¢(g)

for all x € xg + [0,€)" ! and t > ty. We fix § > 0 and let € = €(d) to be adjusted later in the proof,

and decompose R"~! as follows
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/ f2(%, T hor(x)ma,)dA(x)dpt1as, (m)
HNM JRn—1

>/ / (, Tg hor(x)may)dA(x)dp 5o (m) (5.6.5)
kezm1 JHOAM Jek+[0,e)n

< / / f(ek, g hor(x)may) + 8¢ (Tg hor(x)maz)dA(x) du 32 (m)
kezmo1 JHOM Jelct[0,e)n 1

For each k and & = ek + [0,¢)"~! we can apply Corollary 5.6.2 to the r.h.s of (5.6.5), and then use
that the ¢ has compact support to conclude:

lim e("_l_ér)t/ ft(ek, Tg hor(x)may ) d\(x)dp 2 e (m)
HNM J&Ey

t—o0
]‘ /
< ] Jy N PG00 + 8 @) @)l S5 (x) (560
1 /
~ [mBM5| ser\c/\(x)f(x’a>deR(o‘)d wiss (%) + Cicd.

Since 0 [gu-1,m @ )\’(x)((a)deR(a)dwﬁiﬁ(x) < oo we know that Y, ;.1 Ck < oo. Putting this
all together we get, that there exists a C < oo such that for any § > 0,

lim sup e(”*lf‘sr)t/ fi(x, g hor(x)may)dpttaar (m)d(x)
Rn—1x HOM

t—o0

1
Sm - F\G)\/(X)f(x,a)deR(a)dwij (x) +Co
n—ix
+ élimsupe 1 ‘5F)t/ / ¢(Pghor(x)may)dA(x)duEaar (m).
t—o0 HNM JR?—1

(5.6.7)

Since ¢ does not depend on t we may replace the lim sup on the right hand side by a lim. Then, since

¢ is bounded and compactly supported we may apply Corollary 5.6.2 to bound the last term

§limsup e 1~ ‘Sr)t/ / ¢(Tg hor(x)may )dA(x)dpaar (m)
HAM JRn—1

t—o0
)

= [mBMS] C(a)dmPR(a)dwl® (x) < C'6, (5.6.8)

Tg,H
R"—1xT\G 9

for some C’ < oo. Therefore there exists a C" < oo such that

lim sup e(" 100t / fi(x,Dg hor(x)may )du B (m)dA(x)
Rr—1x HNM

t—o0
1

S (bS] N (x) f(x, a)dmPE(a)dwls —(x) + C"5. (5.6.9)

rg.H
Rr—1xT\G g

A similar lower bound can be achieved for the lim inf from which the Theorem follows.
O

For a given ty > 0, let {&;};>¢, be bounded subsets of R"~! xT'\G all with boundary of wff‘; 7 xmPBL-

Y9

measure 0, and define
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lim (inf &)° = |J ()& (5.6.10)

t>tg \ s>t

limsup &, = ﬂ Uc‘,’s (5.6.11)
>t s>t

limsup&, = [ (Jé& (5.6.12)
t>to s>t

In which case it is possible to prove a similar corollary to [MS10, Theorem 5.6] (with the exception
that, as the m®® is not finite on I'"\G' we require our sets to be uniformly bounded):

Corollary 5.6.4. Let )\ be a Borel probability measure on R"~1 as in Corollary 5.6.2. Then for any
bounded family of subsets & C R"~' x T\G all with boundary of w{fiﬁ x mP-measure 0, for any
ge\G

lim fnf ¢(n—1-0r)¢ / / Xe. (x, Tghor(x)may)dA(x)dptiees (m)
Rn—=1 JMNH

t—o0
1

> TnBS] N (%) Xtim(int )2 (%, a)dmPF(@)dwf> 7(x)  (5.6.13)

r.g.H
Rr—1xT\G g

lim sup e("*lf‘sf)t/ / xe, (x,T'g hor(x)mat)d/\(x)duﬁ%aﬁ (m)
Ro—1 JMNH

t—o0
1 / BR PS
< W ]R"*lxl‘\G)\ (X)thm(x, a)dm (a)dwngﬁ(x) (5.6.14)
Moreover, if limsup & \ lim(inf &;)° has wffsﬁ x mP-measure 0 then

29

fim e [ [ e (x Py hor(xman) dAGx)dudi ()
Rr=1 JMNH

t—o0
1

= W N (%) Xlim sup &, (X, oz)deR(a)deS—(x) (5.6.15)

T,g,H
Rn—1xT\G 9

Proof. This Corollary follows from Theorem 5.6.3 in exactly the same way as [MS10, Theorem 5.6],
with one exception. Addressing only (5.6.14) (as the other results follow similarly). Let

& =&, (5.6.16)

thus & C & C gtl for t > t1. Hence

t—o0

lim sup ¢~ 140" / / xe, (%, Tg hor(x)maz)dA(x) du 3297 (1)
Rr—1 JMNH

§limsuplimsupe("—1—5f)t/ 1/ thl(x,Fghor(x)mat)d)\(x)dug%‘}\}(m). (5.6.17)
Rr—1 S MOH

t1—00 t—00

From here we apply Theorem 5.6.3 for a fixed f = f; = xg, by approximating compactly supported

characteristic functions with bounded, compactly supported, continuous functions. That is, consider

113



limsupe(”flf‘sr)t/ / Xz (x, thor(x)mat)d)\duﬁ%“ﬁ
HAM JrR-1 1

t—o0

1

BV N (x)xg,, (x @)dm®F(a)dwls 2(x)| . (5.6.18)

r.g.H
Rr-1x[\G g

Fix € > 0 and let ¢ be a bounded, compactly supported function such that ¢ = Xé,, outside of a
d-neighborhood of the boundary of &,. § = d(€) > 0 will be fixed later in the proof. Write

(5.6.18) =

lim sup (e(”*lfﬁr)t/ / Xz (x,Tghor(x)may)
HAM Jro-1 71

t—o0
+é(x,Tghor(x)may) — ¢(x, Tg hor(x)may)) d)\dpﬁ%“ﬁ

1
© B N bxe,, (x @) @) 7 (x)

Rr—1xT\G
(5.6.19)

Applying Theorem 5.6.3 to the second term in the second line then gives that (5.6.18) is less than or

equal

(5.6.18) < limsup e(”*lf‘sr)t/ / Xz (x,Tghor(x)ma;) — ¢(x, ['g hor(x)may) | dAdpii; (m)
t—00 HAM Jre—1 1777

1

+ [mBMS| N(x) ‘th (x,a) — ¢(x, )| dnPF(a)dwl® —(x). (5.6.20)

Rn—1xT\G Lo H
Now let q~5 be a continuous, bounded, function supported on the d-neighbourhood of gtl such that

¢ > ‘thl - (;5‘ everywhere. Hence

(5.6.18) < limsupe("flfér)t/H M/R QE(X7 thor(x)mat)d)\duﬁ%aﬁ(m)
N n—1

t—o0
1

+ [mBAS| N(x) ‘Xétl (x,a) — ¢(x, )| dnPl(a)dwl® —(x). (5.6.21)

T,g,H
RP—1xT\G 9

Now we may apply Theorem 5.6.3 once again to é to conclude

(5.6.18) N (x) (gs(x, ) + |X€ (x, @) — $(x, a)D dmPR()dwl 1 (x). (5.6.22)

S [mBVS]| 9

R —1xT\G
Now note that by assumption the Patterson-Sullivan measure is finite and the Burger-Roblin measure
is finite on bounded subsets. Since both terms in the integrand are bounded and supported on the
d-neighbourhood of (‘:’tl, we may choose 0 small enough such that the right hand side of (5.6.22) is less
than e. (5.6.14) then follows from (5.6.17) from which it follows that (5.6.20) is less than Ce for some
C < 0.

The rest of the Theorem follows similarly.
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Chapter 6

Directions in Thin Orbits

6.1 Introduction

Patterson-Sullivan theory describes the asymptotic density of points near the boundary of hyperbolic
space. Hence a very natural question one can ask is 'what about higher order spatial statistics?’ For
example what can one say about the gap (or nearest neighbour) distribution? Herein we will answer
these questions and give a full characterisation of the spatial statistics of such a point set as viewed from
a fixed observer in hyperbolic space or its boundary. These questions have been addressed previously
for lattices [BPZ14, KK15, RS17, MV 18], and for certain thin groups [Zhal7, Zhal9]. However we will
treat a much more general class of subgroups in arbitrary dimension.

Our main results are in general dimension n > 2. For the purpose of this introduction we restrict
our attention to dimension 2 and gap statistics. The main theorem in all dimensions will follow in
Section 6.2. Let G := PSL(2,R) = Isom™ (H?) and consider the left action on an element z € H? via
Mobius transformations. Let I' < G be a Zariski dense, non-elementary, geometrically finite subgroup
(see Chapter 5, Section 5.5.1) and consider the orbit of a point w € H?, W = I'w.

For a given t € R> consider the radial projection to the boundary of all the points in W a distance
less than t from i. As we can identify OH? =2 S} this generates a point set on Si. Formally, let
&(z) C H? be the geodesic connecting i to z and let £5(z) C H? be the point along said geodesic a

distance s from i in the direction of z. Define

(W) == {Sllrgofs('yw) iy €T/Ty, d(yw,i) < t} c St (6.1.1)
where d(-,-) denotes the hyperbolic distance and T'y, := Stabp(w). Let N; = #0,(W) and label
the points in Q;(W) sequentially as {x;}*; C S}. Asymptotically the points z; will be distributed
according to the Patterson-Sullivan density (see Chapter 5 Section 5.5). That is, a consequence of
[OS13, Theorem 1.2] is that for a subset F' C S

#Q,(W) N F ~ Cuy(F)e’rt (6.1.2)

where 14 is the conformal density of dimension dr (the critical exponent of I'). (6.1.2) is a consequence
of Theorem 6.2.1 below.
Denote the j** scaled gap

S5 = {$j+1 - xj}et, (613)

where {-} denotes the distance to the nearest integer and let S(¢) denote all the scaled gaps coming
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from Q. Define the cumulative gap distribution to be

A
v

Figure 6.1: On top we show a schematic diagram of the setting in 2 dimensions. The bold lines cut the
half-plane H into fundamental domains. Then we consider a point w € H and the orbit w = I'w - the
black dots. The dotted lines represent the geodesics connecting the points of W to i. We consider the
intersection of the geodesics with the unit hyperbolic sphere centred at i (this is equivalent to projection
to the boundary OH). Giving a projected point set on Si (illustrated below the upper half-plane). If
we include all points in W such that d(yw,i) < ¢ then this point set corresponds to Q;(W).

Theorem 6.1.1. The limiting function F : [0,00) — R defined F(L) = lim;_,o Fi(L) exists, is
monotone decreasing and continuous. Moreover if the fundamental domain for T' is made of a finite

number of non-intersecting half circles then there exists some Lo > 0 such that

F(L)y=1 (6.1.5)
for all L < Ly.

Remark. The proof of this Theorem will come in Section 6.7. This theorem generalises a theorem
by Zhang [Zhal7] in the case of certain Schottky groups to the general geometrically finite case. In
fact, we will (in Subsection 6.7.3) express explicitly and prove convergence of the nearest neighbour

distribution in all dimensions.

Moreover the gap distribution satisfies the following formula

F@ =0 [ [T (1 xe(:0) da(O)ar (6.0.6)
0 0 Y€l /Ty
v#lw

where Cy, is an explicit constant, £(y) is an explicit set depending on the choice of 7, and here and
throughout x 4 is the characteristic function of the set A. In the lattice case dr = 1 and v5(0) = df. To
the best of the author’s knowledge this formula was not known previously. The proof of this formula
is the content of Subsection 6.7.5 (where we will also take a derivative to arrive at the density). More
explicit formula than this for the gap distribution are known only in the Euclidean case due to Marklof
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and Strombergsson [MS14] and in the hyperbolic lattice case for certain circle packing examples due
to Rudnick and Zhang [RZ17].

In this Chapter we will extend Theorem 6.1.1 to more general statistics and arbitrary dimension
n > 2. Similar results are known only for more restricted contexts. Using number theoretic methods
Boca, Popa and Zaharescu [BPZ14] proved a theorem about the pair correlations of angles between
directions in the modular group. They posed a conjecture later proved by Kelmer and Kontorovich
[KK15] who proved a limiting distribution for the pair correlation of angles between directions in
more general hyperbolic lattices. More recently Risager and Sodergren [RS17] extended these results to
arbitrary dimension in the lattice case, giving effective results with explicit rates.

Marklof and Vinogradov [MV18] then characterised the full limiting behaviour of such projected
point sets for hyperbolic lattices. Their result is a special case of Theorem 6.2.2, our main theorem,
restricted to the lattice case. Zhang then proved a limiting theorem for the gap distribution of directions
for certain Schottky groups [Zhal7] (hence this was the first treatment of the infinite volume case, in
2 dimensions). Following that, Zhang proved a limiting distribution for the directions of centres of
Apollonian circle packings [Zhal9] (another non-lattice example, this time in 3 dimensions). As an
application of one of our main theorems (Theorem 6.3.2), in Subsection 6.2.2 we will discuss how our
methods apply to a general class of sphere packings. That is, any sphere packing (possibly overlapping)
invariant under the action of a suitable subgroup. Theorem 6.3.2 allows us to characterise the statistical
regularity of the centers of the spheres in such a packing.

The general strategy to prove the results in this Chapter is the same as that used in [MV18]. They
use an argument of Margulis’ [Mar04] to prove equidistribution of large horospheres and spheres. Then
they use those equidistribution theorems to establish the limiting distribution. Our work will follow the
same plan but will instead use the equidistribution theorems stated in Chapter 5 Section 5.6. As the
limiting measure is no longer the invariant Haar measure there are a number of added complications.

Plan of the Chapter: In Section 6.2 we setup and state our main result in general dimensions.
Then we explain how our result applies to a general class of sphere packings.

In Sections 6.3 and 6.4 we prove a theorem analogous to the main theorem with the observer on
the boundary, JH", rather than the interior, H". Moreover we show how this limiting theorem can be
used to prove convergence of the moment generating function.

In Sections 6.5 and 6.6 we prove our main theorem, Theorem 6.2.2 for an observer in H".

In Section 6.7 we present several applications: we prove the convergence of higher moments in
both the boundary and interior cases, prove existence and express the limiting two-point correlation
function, prove existence and express the limiting nearest neighbour distribution. Then, in dimension
n = 2, we explain how to prove Theorem 6.1.1 for gap statistics as a consequence of Theorem 6.2.2

and arrive at the explicit formula described.

6.2 Statement of Main Result

Our main result is in general dimension n > 2.

6.2.1 Main Theorem

Given two points w,z € H" define the direction function, ¢,(w), to be the intersection of the geodesic
connecting z to w with the hyperbolic unit sphere centered at z (i.e Ke'i+z). Thus ¢ : H® x H* —
Sn—l
.
FixI' < G a Zariski dense, non-elementary, geometrically finite subgroup. Given the orbit w = I'w
and s <t € R>( define
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P (W) = {pa(yw) : v €T/Ty, 5 < d(yw,z) < t}, (6.2.1)

Thus P7 (W) represents the set of directions of orbit points of w within an annulus (of inner radius s
and outer radius ¢) around the observer at z.
Without loss of generality we can use the left-invariance of the metric d to move w and set z to be

i (keeping I" the same). Set

Prs(W) 1= P} (W). (6.2.2)
The first order statistics of this projected point set are characterised by a result of Oh and Shah [OS13]

Theorem 6.2.1. Let F C K = S?_l with v;(OF) = 0. Then the following asymptotic formula holds

as t — oo

[
LK i (F)ert. (6.2.3)

#(Pt,o(w) NE)~ W i

This theorem follows from [OS13, Theorem 7.16].
Turning now to our main object of study: the higher order spatial statistics. Let w denote the solid

angle measure on S{L_l normalised to be a probability measure. Hence, for a subset A C S{‘_l,

o) = s ol (6.2.4)
~ volgn-1(S77H)’ o

For 0 > 0 let Dy ,(0,v,gW) C ST~ be the (shrinking with ) open disk centred at v € S7~! of volume

.9
#P1,s(gW) %

the scaling in the exponent is chosen in such a way that D scales like in the lattice-case (we will discuss

w(Dy,s(o,v,gW)) = , (6.2.5)

this scaling after the statement of Theorem 6.2.2). Let

M s(0,v,gW) := #(Prs(gW) N Dy s(0, v, gW)). (6.2.6)

Finally define the cuspidal cone:

Zo(s,0) == {z € H" : Re(z) € 9"/"'B,, 1 < Im(z) < e°}, (6.2.7)

where ¥ = % and B, is a ball (in R"~!) of volume o centred at the origin. With that, the main

theorem is:
Theorem 6.2.2. Let \ be a Borel probability measure on S?‘l absolutely continuous with respect to
Lebesgue with continuous density. Then for every g € G, r € Zsq, s € [0,00] and o € (0,00)
Ey(r,0;gW) := lim eMTI=N (v € ST N (o, v gW) = 1)) (6.2.8)
—00
exists and is given by:

C

Wm“&a ET\G : #(a'WN Z(s,0)) =1}) (6.2.9)

Ey(r,o;9W) =

where C\ = Cx(g,T) = [& )\’(k)d,ullfgs?. Moreover the limit distribution Eq(-,0;gW) is continuous in
5 € (0,00] and o € (0,00) and satisfies:
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lim Eq(r,o,w) =0 (6.2.10)
o—0

Remark. In Section 6.7 we will show several consequences of the above theorem. Namely we show how
to prove convergence of moments and prove existence and write explicitly the two-point correlation

and gap statistics.

Remark. The above theorem is not true in general for r = 0, unlike the case for lattices. When
considering lattices, Marklof and Vinogradov also have a theorem of the same form with » > 0. The
reason for this discrepancy is that the scaling of the set D; s(o, v, gW), (6.2.5) is the same scaling as one
would expect for lattices. Hence, when we consider orbit-point-free sets the scaling factor e(®~1=9r)t jg
too large and causes the integral to blow up. In other words, there are two scales to this problem. For
the two dimensional problem this translates to the fact that most gaps between neighbouring directions

—ort

are of size e~! but there are very big gaps of size e . This dichotomy was pointed out by Zhang

[ZhalT7].

6.2.2 Sphere Packings

In Section 6.3 we will replicate Theorem 6.2.2, with the observer moved to co and rather than consider
a ball centred at the observer, we will consider an expanding horosphere based at the point co. This
will induce a similar point set to (6.2.1) which we will denote PfS(W). In which case Theorem 6.3.2
below, implies the analogous result as Theorem 6.2.2 for this point set. Using that, we can describe
the spatial regularity of general sphere packings. For a general discussion of such packings see [Oh14,
Section 7]. We include here a brief discussion of this application as a motivating example.

For n > 3, by a sphere packing, we mean the union of a collection of (possibly intersecting) (n —2)-
spheres. Let P be a sphere packing in R"~! invariant under the right action of a Zariski dense,
non-elementary, geometrically finite subgroup. When n = 3 the canonical example of such a sphere
packing is the Apollonian circle packing, however many other examples exist. Another nice example
is considered in [Kon17], wherein Kontorovich considers so-called Soddy packings which generalise the
Apollonian case to dimension n = 4 (our discussion here holds for more general packings as well).

A natural problem is to understand the asymptotic characteristics of such a collection as one restricts
the set of spheres to those of radius larger than a certain cut off. Asymptotic counting formula for these
packings are given in [Ohl4, Theorem 7.5]. And, in the Apollonian case for n = 3, [Zhal9] studied
the spatial statistics of the centres of these packings. In fact, a special case of Theorem 6.3.2 (below)
characterises the spatial statistics of these packings. To see this, we simply point out a well known
relationship.

Let P be a I'-invariant sphere packing in R"~! = 9H". Now let P be the collection of hemispheres
supported on P (i.e whose intersection with OH" is P). In this case P is also I' invariant.

Let w € H™ denote the apex of one of the spheres in P. Then W = I'w denotes the collection of

apices of the spheres in P. Hence, using the notation of Section 4, the set

Prs(W) = {Re(yw) : 7 € Too\I'/Ty, €7 <Tm(yw) < 7'}, (6.2.11)

is equivalent to

Pre(w) :={c(S): SeP, et <r(9) < e, (6.2.12)

where ¢(S) is the location of the centre of the sphere S € P and r(S) is the radius of S. In particular

P2, (W) denotes the centres of all of the spheres with radius larger than e~*. Hence Theorem 6.3.2
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describes the asymptotic spatial characteristics of this point set for any sphere packing (invariant under

the action of non-elementary, Zariski dense subgroups).

6.3 Observer at Infinity

Our goal is to consider observers inside hyperbolic half-space but it will be more convenient to first
consider an observer on the boundary (w.l.o.g at co) as this will allow us to use the horospherical
equidistribution theorem stated above directly. Consider the projection of I'w onto a horosphere
centered at oo. Hence there are two situations, either oo is the location of a cusp in a fundamental
domain of I, or it is in a funnel. We will treat these two situations together.

Consider the cusp with rank 0 <! <n —1 at co (a rank 0 cusp is trivial and hence describes the

situation with no cusp). T' contains the (possibly trivial) subgroup I'oe. We may furthermore write
loo ={n4y(m):me L}, (6.3.1)
where L is a (possibly trivial) discrete subgroup of R"~! of rank I.
Define
P (W) :={Re(yw) mod L : v € Too\I'/T'w, et <Im(yw) < e '} (6.3.2)

P2 (W) can be identified with a subset of the horospherical subgroup H by identifying H with R™~!
via group isomorphism hor.

The first order statistics for a boundary observer are given by:

Theorem 6.3.1. In the present context. Let F C H be a Borel subset of the horospherical subgroup,
H, with /L%S(F) < oo and u%s(ﬁF) = 0. Then the following asymptotic formula holds as t — oo

#(P2 (W) N F) ~ Iuls (F)ert (6.3.3)

for ¥ defined below (6.2.7) depending only on T.

Remark. Asymptotic formulas for the number of lattice points in balls and sectors have been studied
previous, for example by Good [Goo83]. Bourgain-Kontorovich-Sarnak [BKS10] described the asymp-
totics of orbit points in growing balls when the critical exponent is less than 1/2 in dimension n = 2.
Oh and Shah [OS13] then extended these results to full generality, including the sector case. Theorem
6.3.1 concerns horospherical sectors which is also covered by Oh and Shah [OS13, Theorem 7.16].

Consider the following rescaled test sets in T! x R" =1~ (scaled to match the scaling in (6.2.5))

Bio(A,x) = N (W) Y A—x+ LT x R (6.3.4)

where Ny (W) := #Pg2(W) and A C R is bounded. The base point x will be chosen with law .
Let

N2 (A, x; W) = #(PE(W) N By o (A, x)). (6.3.5)

Let A, ..., A, be bounded test sets with boundary of Lebesgue measure 0. Given a compactly

supported density X on T! x R* 1= write

Ay = / X () el (x) (6.3.6)
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(wllf% = w?iﬁ with g = Id the identity).

Theorem 6.3.2. Let \ be a compactly supported Borel probability measure on T' x R*~ 1~ absolutely
continuous with respect to Lebesgue measure, with continuous density. Then for any r = (r1,...,7m) €
2%, s € (0,00] and A= Ay x ... x Ay,

Ey(r, A;W) := lim eI {x € T x R N2 (A, W) = 1, V5 }) (6.3.7)
exists and is given by
. A BR —1— .
Ei(r, A;w) = mm {a eT\G: #(a” ' WNZ(s, Aj)) =1;Vj5}), (6.3.8)
with
Z(s,A;):=={z € H" : Rez € 97" 4;,1 < Tmz < e°}. (6.3.9)

Moreover, Es(r, A; W) is continuous in s and A.

Borrowing notation from [MV18], by continuous in the set A we mean that there exists a constant
C < oo such that

|Es(r, A; W) — Eg(r, B;W)| < Cvolgmm-1)(B\ A) (6.3.10)

for any two sets A € B c R™"1 as in Theorem 6.3.2.

With the exception of the proof of Proposition 6.3.3 and some other details, the proof of Theorem
6.3.2 follows similar lines as proof of [MV18, Theorem 4].

For a set A C H" with boundary of BR-measure 0 (i.e m?%(7=1(A)) = 0) and r € Z~( define the

following sets

A<, = {aeD\G:0<#ANa ‘W) <r} (6.3.11)
[Als, = {aeD\G:#(AN a'w) >r} (6.3.12)
Al_, = {aeDl\G:#ANna 'w)=r}. (6.3.13)

Finally let w = gwi, then

Proposition 6.3.3. Consider a measurable set with finite volume and boundary of BR-measure 0,
B C H" such that inf{t : nya_,i € g,'B} =:ty > —o0 and A C B (also with boundary of BR-measure
0). In that case, with r € N5

mPF([A]L,) < #Cli volgn (A), (6.3.14)
(A, ~ mP(B])| < o volun (B A), (6:315)

and
0< mBR([A]Sr) N mBR([B}Sr) < % volpgn (B \ .A), (6316)

with Cy, < 0o depending on to and w.

Proof. The proof of this Lemma will follow from a Siegel type estimate. Consider

121



/ xala tw)dmPE(a) (6.3.17)
G

Now write W = gwi. By making the change of variables o — gylagw we can then consider the

Burger-Roblin measure associated to the group I'V := gi,'T'gw. Thus

/XA(oflw)deR(a)z/XA(gwofli)dmgf(a). (6.3.18)
G G

The decomposition of the Burger-Roblin measure from Chapter 5, Proposition 5.5.3 together with the
fact x4 € C(T*(H") give

/ xala 'w)dmPE(a) = / Xg;le((katn+)_li)e_‘srtd,u%i‘”'(n+)dtd1/iw(kXi_), (6.3.19)
G KAN,

v¥ (kX ) is the conformal density of dimension dr = drw supported on A(T'™). Applying the inverse
inside the bracket and recalling that K is the stabiliser of i gives

/ xa(a tw)dmPE(a) = |1/lw\/ )(gf1A(n;1a_ti)ef‘srtdu%‘jar(n+)dt. (6.3.20)
G AN, Y

As the integral on N, is with respect to Haar measure we can change variables giving

/ xala™'w)dmPE(a) < C’to/ Xg‘;lA(n+a,ti)dpgz‘”(n+)dt, (6.3.21)
G ANy

with Cy, = |[v¥| e~°rto. Now, changing variables gives

=< éto / e(nil)tngl_A(atn+(X)i)dth (6'3'22)
R7—1xR v
< Oy, volagn (gt A) = Cy, volgn (A),

with Cy, = [1}] e(n—1=dr)to_
The proof of Proposition 6.3.3 now follows from (6.3.22), Chebyshev’s inequality and some simple
set manipulations (see [MV18, Lemma 5]) and is simply a consequence of the following

F\G#(Aﬂale)deR(a) = /F\G Z xala tyw)dmPE(a) (6.3.23)
yer/r
_ #%w /G xala™ w)dmBE(q). (6.3.24)

O

Lemma 6.3.4. Under the hypothesis of Theorem 6.3.2, given an € > 0 there exists a to € R and
bounded sets A;,Aj C R*! with boundary of Lebesgue measure 0 such that

A7 CAj C AT, (6.3.25)

volgn-1 (A \ A7) <€ (6.3.26)
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and for all t > tg

#lamy (X)W N Z(s, A7) S NS (A, W) < F(amy (X)W N Z(s, Aj)) (6.3.27)
Proof. Write
NE (A, x;W) = #(any (x)W N Z(s, "7 N, (W) 710 A;)) (6.3.28)

and note that e*9/°r N, ((W)~1/%c — 1 from which the lemma follows (see [MV18, Lemma 6] for more
details).
O

Furthermore the analogue of [MV18, Lemma 7] applies in this context as well.

Lemma 6.3.5. Under the hypothesis of Theorem 6.3.2, for all s > 0 we have

lim sup e( 100t |)\({x €T x R0 0 < #(ayny (x)W N Z(00, 4;)) < 1), V5})

t—o0
—A{x e T x R" 71 0 < #(any (X)W N Z(s, Aj)) < 7;¥5 1] < Ce /2 (volgn—1 A)Y/2,  (6.3.29)
where A = U; Aj and C > 0 is some constant.

Proof. Suppose —0o < a < b < oo and A C R"!, define

Z(a,b,A):={z c H" : Rez € 97/T A, e <Imz < ¢}. (6.3.30)

The left hand side of (6.3.29) without the lim sup is less than or equal to

e(n—1—5r)t)\({x e T x RP1-1. #(atn+ (X)Wﬂ Z(S, OO,A)) > 1}) (6331)

1/6p

7191/‘5;:;’; —last— oo

and #(am., ()W 1 Z(s,00,4) = N2, o (n—se'~* A, x;W), where 1, =

Chebyshev’s inequality then implies

(6.3.31) < en=1-60)t / N, o (et A, 3 W)AA () (6.3.32)
Tl xRn—1—1

Note further, by Theorem 6.3.1

lim e(n—1=0r)t / N2 (A, x; W)d vol(x) = volgn—1 A. (6.3.33)
T!xRn—1-1

t—o0

Hence, for any R > ¢ for some constant ¢ > 0

p(n=1=60)t / N2, (e A, % W) dA(x)
Tl xRn—1-1

< Reln=1=on)t /l ZA/to—os,oo(nt—setisjlv X; W) Xsupp(x) (X)d vol(x)
T!xRn—1—

(=13 yolgn-1 A,

(6.3.34)

— Re

as t — oco. Choosing

(=153 (volg,—1 A)~1/2

R:=C ors/2

(6.3.35)
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proves the theorem (the constant C' is there to ensure R > c).
O

Proof of Theorem 6.3.2. This proof is similar to [MV18, Proof of Theorem 4]. It suffices to show that
for all r = (ry,...,7m) € ZZ; and all sets A = A; x ... x A, with A; C R"! bounded with boundary
of Lebesgue measure 0 the following limit holds as t — oo

eMTIHIN({x € T x R* 1110 < N2 (A, x; W) < 7j, Y5}

A
— mmlﬂz({a eEN\G:0< #(a'Wwn Z(s,A;) <7, Vi}). (6.3.36)
The left hand side is equal
etr-t-ane [ ve,. (a4 () )dA(x) (6.3.37)
TZXRnflfl
with
Eio:={a €T\G:0 < #(a 1N Z(s,e!VV0 N, (W) V0 A;)) < rj, Vi) (6.3.38)

Assume s < oo: Fix € > 0. By Lemma 6.3.4 there exist sets A% with volgn-1(A*\ A7) < €. Such
that if we write

EF ={a eD\G:0<#(a'WNZ(s, A7) <rj, Vj}, (6.3.39)

then £F C & C & for all t > t,. Since Z(s,e!9/°m N, ((W)~1/°r A;) is bounded, we know that & ¢
is compact as are £F. Hence (because A is compactly supported, and is absolutely continuous with
respect to Lebesgue measure) we can apply Chapter 5, Corollary 5.6.4. Giving

A -
lim sup e(n_l_ér)t/ Xeo, (ny (=x)a_)dA(x) < —gr=mPR(ED),
T!xRn—1-1 |m |

e ) (6.3.40)
.. n—1—6p)t A BR//c+\o
hglolgfe( r) /Elan_l_L th,s(n+(—x)a,t)d)\(x) 2 Wm ((gs ) )

Finally Proposition 6.3.3, Lemma 6.3.4 and the fact Z(s, A;t) is bounded for s < oo imply that

lim mPE(ES\ (E5)°) =0 (6.3.41)
which proves Theorem 6.3.2 for s < oco.
Assume s = co: The equidistribution theorems stated in Chapter 5, Section 5.6 hold only for com-
pactly supported functions x. Hence an approximation argument is needed to get around this.

Consider

t—o0

lim sup e~ 190t / Xer oo (N4 (=X)a_s)dA(x). (6.3.42)
Tl XRnfl—l

Fix € > 0, by Lemma 6.3.5, there exists an s < oo such that
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limsup 150 | Xer e (14 (~X)a—)dA(X)
'H‘I, XRn—l—l

t—o0

< lim sup e("flf‘sr)t/ Xér.. (N (—X)a_t)d\(x) +e. (6.3.43)
T xRn—1—1

t—o0

By Lemma 6.3.4 for any p = p(e) > 0 there exist sets AL

Se,p?

. + — .
with vol(A7. ,\ A5, ,) < p and associated

Er,={aeN\G:0<#(a'WNZ(s., AL ) <r; Vj}, (6.3.44)

such that the right hand side of (6.3.43) is less than

(6.3.43) < limsup e("_l_‘sr)t/ Xe+ (ng(—=x)a_;)dA(x) + €. (6.3.45)
T xRP—1-1

t—o0 seop

Therefore, applying Chapter 5, Corollary 5.6.4 to (6.3.45) we can bound

A
: . n—1-4r)t A BR(c+
hgﬁpe( 5) /T o X (1 (X)) S P EL ) e (6.3.46)
and similarly
lim inf ¢("—1=0r)? dA(x) < —>_BR((e ye 6.3.47
mumt e o Xt o (N (—X)a—t)dA(x) < Wm ((€s.,0)°) — €. (6.3.47)
Tl xRn—1-1
Therefore it remains to use p = p(€) to control
tim w7 (E )\ (€5,,)°) (6.3.48)
by Proposition 6.3.3 we have
BReT \ (e oy < 1: 2T\ (4— Yo
lg%m (6567/1 \ (gsg,p) ) S !I—I}(l] CSE,P VOI(ASaP \ (Ase,p) ) (6349)

where c,_, is the constant Cy, defined below (6.3.22), here ¢, depends on the set £ ,.

to =1inf(f: 0 < #((nya_;)~'WN Z(c0, AL ) <1y, Vj) (6.3.50)

For fixed €, Z(s., AS: ,) is a cuspidal cone of fixed height. Therefore ¢, is bounded below, independent
of p > 0. Thus there exists a constant C?,_depending only on s, such that

lim m” (&L, \ (€, ,)%) < lim Cl p(e) =0 (6.3.51)
, G,

e—0

for p(e) suitably chosen. Hence

lgx(l)mBR(gstp(e)) = lim mPr (€] o)) =mPi({a e T\G : 0 < #(a”'W N Z(c0, A)) < 75, Vi}),
(6.3.52)
proving the Theorem 6.3.2.
O
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6.4 Moment Generating Function for Cuspidal Observer

Continuing to follow the example set by [MV18], for test sets Aj, ..., A, C R"~! with boundary of

Lesbesgue measure 0 and for complex 7; € C, define the moment generating function

GE (1) ey T A) ::/ LN (Aj, x, W) # 0,V5) exp ZTjij(Aj,x,W) d\(x) (6.4.1)

Tl xRn—1—1 J=1

and similarly for the limit distribution let

Go(rt, s Tms A) = > exp [ > mry | Eo(r, A W). (6.4.2)
Tl Tm=1 j=1

Where E; is defined as in Theorem 6.3.2 and r = (rq, ..., 7). Let Rey 7 := max(Re(7), 0).

Theorem 6.4.1. Let A be a Borel probability measure on T x R* 1! as in Theorem 6.3.2, and
{A}L, C R~ bounded with boundary of Lesbegue measure 0. Then there exists a constant co > 0
such that for Rey 1 + ... + Req 7, < o, s € (0, 00]

1. Gs(11, ey T3 A) is analytic
2. im0 e(”’1*5f)tG§§(Tl,...,Tm;A) = m;gii}s‘Gs(le ey T3 A).

Suppose —00 < a < b < co and A C R*L. For b < oo, Z(a,b,A) (see (6.3.30)) is bounded. Now
note that there exists a lattice I' such that I’ < f‘, hence

#(aw N Z(a,b, A)) < #(al'w N Z(a,b, A))

(6.4.3)
< Cvolyn (aZ(a, b, A))

which, by the left invariance of the volume is uniformly bounded from above in . Thus #(aw N
Z(a,b, A)) is bounded from above uniformly in a € G. This implies that all moments converge.
Therefore we are concerned with the case b = oc.

For that, let

0(aw) := min_d(ayw,ayw). (6.4.4)
Y1,72€L
Y1€7v2lw
Note, because « is an isometry and because G acts properly discontinuously
d(aw) = min d(w,yw)=§(W) > 0. (6.4.5)
’YeF/Fw

In order to prove Theorem 6.4.1 we first require three lemmas.

Lemma 6.4.2. Fiz a € R and a bounded subset A C R"™1. There exist positive constant (,n such
that for all a € G, r € N

[#(ow N Z(a,00,A)) >r] = [#(aw N Z(¢r —n,00,A)) > 1] (6.4.6)

Lemma 6.4.2 is a statement about the definition of Z. As the definition of Z is the same as in
[MV18] we do not include the proof (see [MV18, Lemma 10]).
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Lemma 6.4.3. Fiz a bounded subset A C R"' and (,n as in Lemma 6.4.2. Then

(n—=¢r)9(n—1)/ér "
(01 0 Z(0r 7,00, A))dm () < o (A

- < T D) (6.4.7)

Proof. This statement follows quite straightfowardly from Proposition 6.3.3 and specifically (6.3.22).

To see this note

#(a~'W N Z(Cr —n, 00, A))dm” () = i / XZ(¢r—n.so.) (@ W)dmP(a) (6.4.8)
e #l'w Ja o

Now if we apply (6.3.22) and then insert the volume of Z(¢r —n, 00, A):

(—nt1=6r) (Cr—n)

#(a7W N Z(Cr — 0,00, A))dmF(a) < voli: (g5 Z(Cr = 1,00, 4)) (6.49)

\G o #Fw
Sr(n=¢r)y(n=1)/6r ol
=¢ volan (A) (6.4.10)
#lw(n—1)
O

Lemma 6.4.4. Fiz a bounded subset A C R"™! and (,n as in Lemma 6.4.2. Let \ be a probability

measure on T' x R*~'! gs in Theorem 6.3.2. Then, there exists a constant C such that

sup e(n1=or)t / #(arny (X)W N Z(Cr — 1,00, A))dA\(x) < Ce™¢mr, (6.4.11)
t>0 Tl xRn—1-1

Proof. The proof is the same as the proof of [MV18, Lemma 12]. Firstly by taking C > 0 large we may

assume ) is the Lesbegue measure on the support of A. Then

A, S #(atn+(X)Wm Z(C'r’ -, OO’A))XSupp(A)(X)dX
= / #(ng (X)W N Z(¢r —n —t, 00, eit.A))Xsupp()\) (x)dx (6.4.12)
Tt xRr—1-1
< Cvolgn-1(e P A)#{y € Do \I' /T, Im(yw) > e~ tH¢7=1},

By (6.3.3) there exists a constant such that

#{7 € To\I'/Tyw, Im(yw) > e 17" < ¢ max{1, e~ r¢=¢MY (6.4.13)

from which (6.4.11) follows.
O

Proof of Theorem 6.4.1. To begin with we once more note that for s < co, Ni%(Aj, x; W) is uniformly
bounded and thus F4(r, A;w) = 0 for |r| := max; r; large enough. From here Theorem 6.4.1 follows

from Theorem 6.3.2. Thus we set s = oo for the remainder of the proof.

Set, jl: UjAj
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[r|>R r'=R
mfgﬂxm BR(f{o € T\G : #(a~'W N Z(0, 00, A) > R}) (6.4.14)
= m§§45| PR{a e T\G : #(a "W N Z(¢CR — 1,00, 4) > 1})

where we have used Lemma 6.4.2. Now by Chebyshev’s inequality,

Z E,(r, A;W) m/ #(a W N Z(CR — 1,00, A))dmPE(a). (6.4.15)

[r|>R

We can then use Lemma 6.4.3 to say

> Ey(r, A;w) < Cre e (6.4.16)
Ir[>R
from which analyticity follows.
Theorem 6.3.2 implies
Tim (1o /T o 1(0 < N2(Aj, % W) < R) exp(Tj N2 (A}, x; W))dA(x)
X n ]:1
Ay R—1
= W Z exp ZT]T'J T A W) (6417)
T1yeeny ’I“m:

Therefore it remains to show

m
lim lim sup e~ 1=or) / H T(max N2 (Aj,x; W) > R, min N3 (Aj, x; W) > 0)-
R—00 ¢ 300 T!xRr=1-1 5 J ’ J ’

exp(TiN7S(Aj, x;W))dA(x)| = 0. (6.4.18)

Note that

o(n—1-30)t / | lH]l(mJax 2(Aj, %, W) > R) exp(TN(Aj, x; W))dA(x)
T R 1 1
< en=1-60)t / LNZ (A 3 %) > R) exp(PNS (A, i W))dA (), (6.4.19)
Tl xRn—1—1

where A = Uj Aj and 7 = Zj Rey 7;. From there, performing the same decomposition as [MV18,
proof of Theorem 8] we get that the right hand side of (6.4.19) is less than or equal

(6.4.19) < e(n—1—or)t Z ”/ (NZ(A X W) > 7)dA(x). (6.4.20)

Rnll
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Now using Lemma 6.4.2 and Lemma 6.4.4 we can bound (6.4.20) (uniformly in ¢ > 0) by

o0
(6.4.20) < Y CeTmerer, (6.4.21)
r=R

Thus, for 7 < or¢

oo

lim eTre(n—1=on)t / LN (A, x; W) > 7)dA(x) =0 (6.4.22)
R"OOT:R Tl xRn—1-1 ’

uniformly in ¢. Taking ¢y = ép( proves Theorem 6.4.1.

6.5 Spherical Averages

We now present a theorem analogous to Chapter 5, Theorem 5.6.3 however we will replace the horo-
spherical average with a spherical average. This will allow us to move the observer to the interior and
replace the shrinking horospherical subset with a shrinking subset of the sphere centred on the observer.
Fix ¢ € G and recall the definition of the spherical Patterson-Sullivan measure, ullf 95? — Chapter 5,

(5.5.13). Moreover, given a subset / C R"~! and parameterisation R : x — K from U, as in Chapter

PS_

5, Section 5.5, recall the definition of W R

s

Theorem 6.5.1. Let U be a nonempty open subset and let R : U — K such that the map U > x —
ORY(x) € OH"™ has nonsingular differential at almost all x € U. Let \ be a compactly supported
Borel probability measure on U with continuous density. Then for any compactly supported, right
M -invariant, continuous f : U x T\G — R, and any family of right M-invariant, continuous f; :

U x T\G — R all supported on a single compact set, with fi — f as t — co uniformly, for any g € G

tllglo e(n—1-0r)t /M fi(x, TgR(x)at)dA(x) = m e /\'(x)f(x,a)deR(a)dwl{)’*;R(x). (6.5.1)
Proof. The proof is similar to [MS10, Corollary 5.4] but requires some significant additions since we are
no longer working with the Haar measure, but rather fractal measures and the invariance properties
are not so nice.

Let xo be a point where the map x + R~!(x)0 has non-singular differential. We first show that
(6.5.1) holds for any Borel subset of an open set Uy C U containing xo. As R(x) € K we can write

_( ax) b
R(x) = ( Wi ao ) (6.5.2)
where a(x),b(x) € A, _s.

Case 1: Assume a(xp) # 0. In that case we write

< a(x)  b(x) )
—b'(x)
_ ( 1 0 ) < a(x) b(x) )
-b'(x)a(x)"! 1 0 b'(x)a(x)"'b(x) +a’(x)
10 X) b(x)

[ )

a(
X 0 —xb(x)+a'(x)
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with % := —b’(x)a~!(x) = R(x)~!0. Note further that

B 10 a(x) e~ 'b(x)

R(x)a; = ( % 1 ) ag ( 0 —xb(x)+a'(x) ) (6.5.3)
o (#)a a(x) e~ 'b(x)
= n-(x) t< 0 _&b@0+axx)>. (6.5.4)

As the map x > X has nonsingular differential at x( there exists an open set V 3 xq such that V C U
and x — xg is a diffeomorphism on V. We call the image under this map y (and adopt this notation
for all subsets of V).

Let Uy be an open neighbourhood of xy such that Uy C V. For any Borel subset B C Uy we have

BclycV. (6.5.5)

Assume A\(B) > 0 and let X be the push-forward measure on R*~! of ﬁ)\ |p by the map x — X.
Note A has compact support and continuous density.
Let u be a continuous function with x;; < u < xy,. With that let ft,f :R*"! x T'\G — R be the

continuous and compactly support functions

f(&,a)=uX)f <X,a ( a 0 >>  xev (6.5.6)

With that, we can apply Chapter 5, Theorem 5.6.3 to ft,

lim e("_l_‘sr)t/ u(X) ft(x, TgR(x)a)dA(x) = lim e("_l_‘sr)t/ fe(%,Tgn_(X)a,)dA(X)
Rn—1 Rr—1

t—o00 t—o00

1

= TmBTE] N (%) f (%, @)dm P (a)dwl —(%).(6.5.7)

rg.H
Rr—1xT\G g

To complete the proof we have the following claim.

Claim:

/ N (%) f(%, @)dm "R (a)dw? 5 (%) = / u(Z)N (%) f (x, @)dm P (a)dwi® 2(x)  (6.5.8)
Rr—1xT\G UXT\G

Accepting the claim for the moment, we have proved the Theorem 6.5.1 for a Borel subset B C Uj.
The full Theorem 6.5.1 follows in this case by a covering argument which is the same as the one
presented in [MS10, Corollary 5.4].

Case 2: If a(xq) = 0, then we can write

a b 0 1 b —a 0 1
w=( 3 0) (4 (% )= ae e
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0

1
where b(xg) # 0. Thus we can replace g in (6.5.7) with g ( 0 ) From here the proof follows

the same lines as Case 1.
Proof of Claim:
Step 1:

Expanding the left hand side of (6.5.8)

/ N (®)f(%, a)dmPF(a)dwl (%)
R7—1xT\G 9

_/ N £, 0 (3 s ))dmP R (0)do?S £ (X). (65.10)
R*—1xT\G

We may write (§ 7i£+a/) = (Ia(OX)I \a(xo)rl)M(X) where M(x) € M. Since f is right M-invariant,

M (x) can be ignored. Now note that the Burger-Roblin measure is ’quasi-invariant’ for the geodesic
flow (see [Moh13, (2)]) thus

/ N (%) f(%, a)dmPF (a)dw (%)
R*—1xT\G

g,

_ / ()| "X (R)u(%) £ (x, @)dm R (0)duwfS (%), (6.5.11)
Rr—1xI\G

Step 2:
First we note that since R(x) € K, aa + bb = 1 and thus

(6.5.12)

where we have defined A(x) :

a(x) 0
n+(b(x)a*(x))(‘a(0x)‘ Ia(xo)l_l) < =091 )~ 1 ) Note that the last

O JaeoT
matrix is in M. As we are working on K this last matrix can be ignored.

Now observe that by using (6.5.12)

gR(x)X = tli>nolo gR(x)a:X;
= gn_ (X)X

Therefore using the definition of w*

2>

5 (5.5.12) we can write
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dwp 7(%) = dpg 7z (gn— (%))
1) _ i,gn_ (X)i

=e Fﬁgn(x)x?( 9 ( ) )dl/i(gni(i)x;r) (6.5-13)

orB (1,gR(x)A(x) ')

—e gR(x)X:’

dvi(gR(x)X;").

Note that the Busemann function is both M and N, invariant (via right multiplication). Hence

: : a0 ),
/BgR(x)Xi*(l’gR(X)A(X) 1) = BgR(x)Xi* l,gR(x) i

0 I
= Infal+f puox (1 gR(X)i) (6.5.14)
Therefore
4 i, x)i
dwlS (%) = [a(x)|re "By rox; (b9 >>dui(gR(x)Xi+) (6.5.15)
Step 3:

Inserting \'(X) = ’g—irl N (x) into (6.5.11) gives

/ N (®)f(%, a)dmPF(a)dwl (%)
R»—1xI\G »95
~1—1
_ /R - F\G\a(x)|(n*175r) g% N (x)u(R) £ (x, )R () deofS (%), (6.5.16)

Now if we insert (6.5.15) into (6.5.16) we obtain

/ N (%) f(%, a)dmPF (a)dw (%)
Rn—1xT\G 9

—1

ox

_ / N (x)u(R) f (x, a)dm PR (a) ( .
Rr—1xI\G

ja(x) [t Pamooxt (i’gR(x)i)dui(QR(X)X?O .
(6.5.17)

Note that the final measure in the brackets is exactly the definition of dwf‘g?(x), (5.5.20). Proving

'Y

the claim.

O

We can extend Theorem 6.5.1 to sequences of characteristic functions in much the same way as for
Chapter 5, Corollary 5.6.4

Corollary 6.5.2. Under the assumptions of Theorem 6.5.1, for any g € T\G and any bounded family

of subsets & C U x I'\G with boundary of wl{ji? x mBE-measure 0
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t—o0

lim inf e("*lfér)t/ Xe, (x, TgR(x)ar)dA(x) >
u

1

T BATS| N (X) Xtim (inf £,)e (X, a)deR(a)dwﬁi,?(x) (6.5.18)

UXT\G

and

fimsupe® 15 | e, (x, T Rlx)ar)iAx) <
1z

t—o0

1

TmBATS| /\'(x)thm(x,a)deR(a)deS—(x) (6.5.19)

r,gK
UXT\G g

If furthermore A\ x mB% gives zero measure to lim sup &\ lim(inf &)°
Jim €130 [ e (e DgR(x)a0)dA) =
> u
1

TmBATS| N (%) Xlim sup &, (X, ) dmPF(a)dwl® —(x)  (6.5.20)

UXT\G
6.6 Projection Statistics for Observers in H"

Define the coordinate chart of a neighbourhood of the south pole of S{L_l in H™ given by the map

x = B(x) 7 (e ) (6.6.1)

E(x) = <exp< _(; ’; )) (6.6.2)

Note that by [MV18, (6.3)] the map x — x = F(x)~10 has a nonsingular differential for all |x| < m/2
hence we can apply Corollary 6.5.2.
Define the shrinking test set

where

B: (A, 0) :={E(x) (e 1) x € p s A} (6.6.3)
where A C R"7! is a set wih fixed boundary of Lesbegue measure 0 and p; s > 0 is chosen such that

VOan—l ./4
(#P.(gw))

thus, for large ¢, pt s ~ 9~ 1/9re=t, Now we replace the random translations which we considered for

w(By,s(A,0)) = (6.6.4)

the cuspidal observer with random rotations on the sphere. Recall the map from Theorem 6.5.1 for an
open U C R"7! x+ R(x) and let

Bio(A,x) := R(x) " (B:.s(A,0)). (6.6.5)

From which we define the random variable
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Nis(A x, gW) := #(Prs(gW) N Be s (A, x)). (6.6.6)

Finally, let

Cout = /u X ()l 1 (x) (6.6.7)
With that we can describe the joint distribution for several test sets: Aq, ..., An,:

Theorem 6.6.1. LetU{ C R"! be a nonempty open subset and let R : U — K be a map as in Theorem
6.5.1. Let \ be a compactly supported Borel probability measure on U, absolutely continuous with respect
to Lebesque and with continuous density. Then for every g € G, s € [0,00], © = (11, ...T:,) € ZZ and
A=A x ... x Ay, with A; C R"™! bounded of Lesbegue measure 0:

lim eI ({x € U 2 Nos(Ag, x5 gW) = 155)) = Es(r, A; gw) (6.6.8)

where E(r, A; gW) is as in Theorem 6.5.2 with Ay replaced by C .

The proof of this theorem follows the same steps as Theorem 6.3.2 replacing the horospherical
averages with the spherical ones proved in the previous section and Lemma 6.3.4 replaced with the

following:

Lemma 6.6.2. Under the hypotheses of Theorem 6.6.1, given € > 0 there ezists a to < oo and bounded
subsets A C .Aj C R™1 with boundary of measure 0, such that:

volgn—1 (A7 \ AJ) <€ (6.6.9)

and for all t > ty:

#(arR(x)a:w N Z(e, 57, A7) < N o(Aj, x5 9W) < #(arR(x)a;w N Z(—€, 5 + €, AT)) (6.6.10)
with
s = (6.6.11)
el (s=00).

The proof of this Lemma is identical to that of [MV18, Lemma 16]. The one exception is the scaling
in the definition of p; s in (6.6.3). We therefore omit it.

Proof of Theorem 6.2.2. The proof is essentially an application of Theorem 6.6.1. Choose m = 1 and
A C R"! to be a Euclidean ball of volume . Then set

B s(A,0) = {E(X)*l(efli) (X Ep AL = Dt,s(a,efli,gW) (6.6.12)

Define the coordinate chart

U— syt

(6.6.13)
x v =R(x)"'(e )

for appropriate Y and R(x). Consider
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E(r,o;gW) = lim e 170\({v € S771: N (0, v; gW) = 1})
t=o0 ’ (6.6.14)
= lim e("flfér)t)\({k € K : Ny s(0, ke i gw) =r})

t—o00

Applying the parameterisation R : U — K (and thus restricting the measure A so that the new density

is M'Xr)) and using Lemma 5.5.1

ox

I la(x)|~ (" Vdx (6.6.15)

t—o0

Boarooig) = Jim 70 [ (N (RG0)a(RO)

Now applying Theorem 6.6.1 with N (x) = xz (%) N (R(x)) ’%| la(x)|~ (™Y implies

Esuy(r,o;9w) = C’;\,MmBR({oz € GIT : #(a 'wn Zy(s,0)) =71}) (6.6.16)

With

0%

| Ja0) D ol ()

Lg,K

qﬂ_Axm@»

(6.6.17)
:/?XR(U)(k))‘/(k)dﬂlljf?(k)-

By choosing suitable U/, partitioning S{L_l we have thus proved Theorem 6.2.2. The continuity in s

and o and (6.2.10) follow from (6.3.10).

O

6.6.1 Moment Generating Function

Much like in Section 6.4 the convergence result Theorem 6.5.1 gives rise to a convergence result for the

moment generating function for a non-cuspidal observer:

Gt s(T1y ooy Ty A) ::/ L(Nis(Aj, v; gW) # 0;Y5) exp ZT]‘N}’S(A]‘,V;QW) d\(v). (6.6.18)

Sn—1 Jj=1

Theorem 6.6.3. Let A be a probability measure on S{L*l absolutely continuous with respect to Lebesgue
and with continuous density. Then there exists a co > 0 such that for all Rey(11) + ... + Rey (Tm) < o
and s € (0, 00]:

. —1— C)\
Jim "Gy (7 T A) = [mBMS]|

Gs(11, ooy T3 A). (6.6.19)

The proof of Theorem 6.6.3 is very similar to the proof Theorem 6.4.1. The only difference is
that Lemma 6.4.2 and Lemma 6.4.4 are replaced with Lemma 6.6.4 and Lemma 6.6.5 respectively.
Recall the definition of the direction function ;(z) from the top of Section 6.2.1. For B ¢ S ! and
—00 < a < b < oo define the cone

C(a,b,B) :={z e H" \ {i}, pi(z) : a < d(i, z) < b}. (6.6.20)
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Lemma 6.6.4. Fiz a € R and a bounded A C R"~!. Then there exist positive constants C,n,ty such
that for all g € G, r € N5g, t > tg

[#(gW N C(0,1, B100(A,0))) = 7] = [#(gW N C(0,t — (r + 1, Br00 (A, 0))) = 1], (6.6.21)

As with Lemma 6.4.2; this theorem is stated identically to [MV18, Lemma 19], as the statement
concerns only the definition of the spherical cone C and this is the same in both papers we omit the
details.

Lemma 6.6.5. Fiz a bounded set A C R" ! and ¢ and 1 as in Lemma 6.6.4. Let \ be a Borel
probability measure on U as in Theorem 6.6.1. Then there exists a C such that for all ™ >0

sup e(n—1-0r)t / #(a;R(x)gW N C(0,t — Cr 4+ 1, Br.oo (A, 0)))dA(x) < Ce™or¢T. (6.6.22)
t>0 u

Proof. The proof of this lemma is identical to that of [MV18, Lemma 20] with the one exception that
we use (6.3.3) rather than the analogous asymptotics.

Replace B; (A, 0) with the ball D; ¢ S~ contianing it of volume w(D;) = ope "~ D* for all
t > 0 and some og. We can bound this by

/u #(a R(x)gW NC(0,t — Cr + 0, By oo (A, 0)))dA(x)
< Cy / #(atkgw N C(0,t — Cr +n, Dy))dutteor (k).  (6.6.23)
K

Using the definition of C(-, -, ),

Cy / #(arkgw NC(0,t — (r+1,Dy))dp (k) < gge™ " DVigt{y € T/Tyy, : d(gyw) < e~ <"H7}.
K
(6.6.24)
By (6.3.3) we conclude that

/ #(a: R(x)gW N C(0,t — ¢+ 1, By oo (A, 0)))dA(x) < Coge™ "Vt max(1,er =), (6.6.25)
u

Lemma 6.6.5 follows from here.

6.7 Applications to Moments, Two Point Correlation Function
and Gap Statistics

6.7.1 Convergence of Moments

Once again analogous to [MV18], we note that Theorem 6.4.1 and Theorem 6.6.3 each gives rise to a
corollary concerning the convergence of moments (we state them here as one):

For an observer on the boundary observer consider the mixed-moment:
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m

M2, (B, oy B A) = / TV Ay x:7)% () (6.7.1)

Tn—1 J:l
for all 8; € R>o with limit moment:

|mBMS| o

Ms(ﬁl,...,ﬁm;A)::T ool B, Aw). (6.7.2)

Tl Tm=1

For a non-cuspidal observer we define:

M (815 s Brmi A) = /Sn_l H(M,S(Aj,x;w))ﬁjdx(x) (6.7.3)
1 j=1

for all B; € R>¢ (the limit moment is the same). Hence the following corollary follows from Theorem
6.4.1 and Theorem 6.6.3.

Corollary 6.7.1. Let A be a probability measure on T" ! absolutely continuous with respect to Lebesque
and with bounded continuous density, and A = Ay x ... x A, with A; C R~ bounded with boundary

of Lebesgue measure zero. Then for all B1, ..., Bm € R>g, s € [0, 00]:

M (B1, e Bmi A) < 00 (6.7.4)
lim e~ 17Om)M> (8 B A) = LM (B Bn; A) (6.7.5)
P t,s\P1s -y Pmys |mBMS‘ s(O1y 45 Pms . .

For an observer in H™ (6.7.5) is replaced with
tlirglo eMTITIMY, (B, oy By A) = WMS(BM wees B A). (6.7.6)

With that, there is an explicit formula for each of these moments. For example, if we take 5, =
-+ =By, =1, then

BMS o

R Z r1. . Es(r, A;W)

— 1 ofl ‘W S ; mBROé.
/G/F S T ue yw € 2(s,4)dmP R (a)

Y1, Ym €L /Ty J=1

M,(1,...,1; A) = ‘m

(6.7.7)

6.7.2 Two-Point Correlation Function

We will work in the case of an observer on the boundary (thus w.l.o.g at 0o), note that this then applies
to the sphere packing case. The case of an observer in the interior can be treated similarly however
working on S{L_l rather than T” ! makes the problem more complex. Furthermore we will work in
the special case of T"~! rather than T! x R®~'~! however that case follows similarly. As we will use
it throughout recall that B,.(x) C T"~! denotes the ball of size r around x.

Consider the points in PP (W) and label them {x;}*; C T"~! where N; = #Pf°(W) ~ cg e (in
the notation of Theorem 6.3.1 ¢y = Ot gsﬁ ). We consider first the two-point correlation function,
for f € Co(T™ 1),

N
Ba(D)(0) 1= 5 D F(e'(xi =), (6.7.8)
i



As explained in [EBMV 15, Appendix A], we can approximate f from above and below by a finite linear
combination of functions of the form

Z Tk / XRl,k (z + X)XRz,k (X)) dx (6.7.9)

x€Tn—1

where R; j; are rectangular boxes. That is, in dimension 2 we can approximate the function by a Rie-
mann sum, in higher dimensions we approximate f by a linear combination of step functions supported
on boxes. In other words, for any e, there exists a p < 0o, a set of boxes {R;x},_;, and bounded

constants {vi'}r_,, {7L}5_, such that

o1 JxeTn—t P x€Tn~1
(6.7.10)
and
P
S0k [ (miaet xm, (0) dx < e (6.1.11)
k=1 xeTn—t
Hence we can approximate Ry (f)(t) by functions of the form
p Ny
ol ™S o [ | S et =)+ v () [ ax
k=1 xeTr=t | ;i y,
i#]
p Ny
= coe(n17on)t Z vk/ Z Xe—tRy 4 (Xi +X)Xe—tR,, (X5 +X) | dx (6.7.12)
k=1 JxETTE A=,
i#]
—  cpeln1- 6p)tz,yk/ o0 (R, X WINTS (Ra i, X3 W) — NS (R ﬂRQ,k,X;W)) dx.
xeTn— 1

Using Corollary 6.7.1 we know

P
: (n—1-6r)t o =5
tli>Holo cpe ,;:1 Vi [{E’H‘"l (N2 (R % W)NTS (Ra e, X3 W) — NS (Rak N Ry, X3 W) dx

Ayxe
= mB)\J\/IOS| Z ("Moo (1, 1, R1 ke X Rok) = Moo (1, R1x N R2k))) . (6.7.13)

If the sets A have finite area, then for any S1,...5,, M (B1,...,Bn, A) is finite. Therefore for any
0 > 0 there exist p, {Ri }o_;, {7¥}r_1. {7} }i—, such that

P
> (= ) (Moo (1, 1Ry g X Rak) — Moo (1, Ry k N R2x))) < 0 (6.7.14)
k=1

Hence the approximations from above and below converge in the limit ¢ — co as well. Hence the limit

lims—, oo Ro(f)(t) exists. By an approximation argument if f is an indicator function lim;_,o Ra(f)(t)
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also exists. Thus
Ny

Ro(6) = lim —2 S 1(x € Beoe(x1)) (6.7.15)

t—oo efrt -
i,J=1, i#£]

has a limit for every fixed . Thus, as in [MV18] (for lattices), we have
Ra(€) = lim == Mo (1,1 Be(0) x Be(0)) — Moc (15 B.(0))] (6.7.16)
e—0 € :

where we have again used Corollary 6.7.1 and set ¢ = coﬁ.

Moreover, using (6.7.7), we can write

1

Mo (1, 1 B¢(0) % Be(0)) = Mao(L;Be(0)) = 5= D Fre(@ ') (6.7.17)
"t
where
F,(071¢) = /G]l(a_lfyw € Z(00, B¢ (0)))1(a " w € Z(00, B.(0)))dm®%(a), (6.7.18)

here B,.(0) is the ball of radius r around 0 in OH".
Applying the same Iwasawa decomposition and change of coordinates as was done in the proof of

Proposition 6.3.3 gives

B0 = [ Lgwalgytow € 2(00 B 0):
KAN,
1(gwnia_rki € Z(00,Bc(0)))e T dun " drdny” (kX;), (6.7.19)

recall ¥% is the conformal density associated to the subgroup I' (see the proof of Proposition 6.3.3).
Note that gw € G/K = AN, which we write as a,,n(xw). Hence

gwhi(X)a_pki= gwa_i+e "™x. (6.7.20)

Hence

F,(071¢) = / L(gwa—rgy' YW € Z(00, B¢(0)) — xe™"™):-
K AR7—1

1(gwa_i € Z(00, B:(0)) — xe™ ™ )e T dxdrdv¥ (kX; ), (6.7.21)

Hence in the limit as € — 0:

lim %Fy (071 = c/ L(apy, —rkgy yw € Z(c0, Be(0))):
e—0 €™ ’ KA

1(ry — 7 > 0)e"=Drw=0rrgrgy™ (EX7),  (6.7.22)

Simplifying then gives

lim LFﬂy,e(ﬁ‘_lf) = c/ 1(a_ kgytyw € Z(o0, Be(0)))e~1=0mme=0rm grgy® (1X7).  (6.7.23)

e—0 en—1 KR-o
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Hence

Ry (¢

E / (a_rkgy'yw € Z(00, Be(0)))em 1700w =00 gredy¥ (kX 7).  (6.7.24)
W yer Ty, KR>o
77w

Now, to evaluate whether Rs is continuous in &, take £ > £’ and consider the difference

Ra(€) — Ra(€) 3 /K 1(a_kgglyw € Z(c0, Be(0) \ Ber(0))):

WY yer/r,, Y KR>o
7#Tw

(PO O g gy (X 7). (6.7.25)

Suppose we are working in dimension n = 2. In that case Z(oo, Be(0) \ Be/(0)) converges to 2 vertical
line segments. Hence in the limit as £’ — & for fixed r there are at most 4 rotations such that the point
hits these four line segments. However since the measure v; is non-atomic (see [Sul84]), the measure of
these four rotations must be 0 mass. Hence the difference in the left hand side of (6.7.25) converges to
0 and the two-point correlation function is continuous.

A similar argument implies, in general dimension n > 2, if dp > n — 2 then the difference in (6.7.25)
also goes to 0 and the two-point correlation function is continuous. The argument is essentially the
same: the projection of the set Z(oco, B¢(0) \ Be/(0)) to the boundary will be an (n — 2)-sphere. Hence
since the dimension of the limit set is larger than n — 2 and the conformal density v; is supported on
the limit set (and finite), the above difference must go to 0.

However, if §p < n — 2 the continuity of Ry will depend on the geometry of the limit set.

6.7.3 Nearest Neighbour Statistics

We will now use a similar method as for the two-point correlation function to write down an explicit
formula for the nearest neighbour statistics of the point set P (W). In Subsection 6.7.4 we will use a
trick which works ounly in 2 dimensions to say something more about the gap statistics (i.e about the
nearest neighbour to the right statistics) however here we continue to work in general dimension n.

Define the limiting cumulative nearest neighbour distribution to be

Ny
T(L) = Jim J(L) = Jim D LB ) 1 PF () = 1), (6.7.26)

t contains no

that is, we want to calculate the proportion of points x; such that a ball of radius Le™
other points of P2°(W).
To determine the limiting behaviour we will perform a similar trick as was used for the two-point

correlation function. Again, writing N; ~ ¢y et

C

i Ji(L) = Jim limy s LGB N PE() = DLGHBLe-« () 1 P (W) = 1)

t—00 t—o00 e—0 et‘;l“ en—1

| B (0 N PER() = DG (BLe () 0 PER() = D
xeTn—1

(6.7.27)
Using the fact that our test set Bo-:p(x) and B.-:.(x) have the same scaling as B; s (6.3.4) together

140



with the asymptotic #Pf° (W) ~ ¢, "¢ we can apply Theorem 6.3.2 to take the limit ¢ — oo (and as
above, using the linearity in € to exchange the limits), giving

(L) = lim —2 B ((1,1), B.(0) x B (0): W), (6.7.28)
which is then equal
JL) = lim Wm” ({a € I\G : #(a™'WN 2(00,B:(0)) = 1, #(a”'WN Z(c0, BL(0))) = 1})
= 213(1) W/ 1(a"'w € Z(00, B.(0))) H (1-1(a"'yw € Z(c0, B.(0)))) dm®F(a)
G 'yGi{ﬂFw
vy w

Hence, using the same trick as we used to prove (6.7.19) we can write this

)

I(L) = 1 opwrs) (1 - L(a—rkgg yw € Z(00,B,(0)))) e~ =)™l drduy® (X)),

KR>07€F/FW
¥#Tw
(6.7.29)

6.7.4 Gap Statistics

In this last section we prove, for the discrete subgroups considered here, the same result as is found in
[Zhal7] for Schottky groups. That is, we prove Theorem 6.1.1 from the introduction. In the notation
of the introduction define the gap distribution to be

1 &
Py(s) := N, Z d(s—s5) (6.7.30)

where 0 denotes a Dirac mass at the origin.

Using the same argument we used above for the nearest neighbour distribution we can write

F(L):= /LOO P(s)ds
Ny

= lim iZu#([xi,xi + Le') NP (W) = 1)

t—o0 t —

o (6.7.31)

= lim *Eoo ((17 ]-)7 [07 6) X [01 L),W)
e—0 €

0

] (La-rkgy'yw & 2(00, [0, 1)))) €00 ed drdug (kX))

YET/Tw
Y#lw

KR>o

A classical argument (explained in some detail in [Mar07]) shows that the gap distribution is the

derivative of the E;(r,o,W) for r = 0. As we have not treated the case r = 0 let

E(L,w):= iEs(r,L;W). (6.7.32)

Thus the following lemma is a direct consequence of the argument in [Mar07], where we write E(0, L; W) =
1—-E(L,w)

Lemma 6.7.2. In the present setting, for any L > 0
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F(L) := /LOO P(s)ds = —%E(L,W). (6.7.33)

With that we prove Theorem 6.1.1 restated here for convenience.

Theorem 6.1.1 . The limiting function F'(L) exists, is monotone decreasing and continuous (including
at 0). Moreover if the fundamental domain of T is bounded by non-intersecting half-circles and the
boundary OH? then there exists an Lo > 0 such that

F(L)=1 (6.7.34)
for all L < Lo (i.e 1 — F is supported away from the origin).

Proof. The calculation above Lemma 6.7.2 establishes the existence of ' and the fact that it is monotone
decreasing follows from Lemma 6.7.2.

Moreover the argument for continuity follows from the comment at the end of Section 6.7.2 for the
two point correlation function. I.e for L > L’ we consider the difference

)

= [ BAS| (L(a—rkgy'yw € Z(o0,[L', L)))) e 0w e drdy® (KX ).

ve€l/Tw
Y#lw

KRxo

(6.7.35)
Again, as L — L' the indicator function inside the integral becomes the indicator function that the
point a_,kg, yw lies on a line segment. Since the line segment is transversal to the rotation, for a,.
fixed this can only happen for (at most) 2 rotations. Since v; is non-atomic this event has measure 0.
Suppose the fundamental domain for I" is composed of non-intersecting half-circles. To prove that
the cumulative gap distribution is supported as described we use the argument in [Zhal9]. Namely:
suppose x1(t) and xo(t) are neighbours at ¢ and that each x; is associated to a point in HZ, y;w.
For large t we can assume the associated vy;w and 7yo,w belong to adjacent half-circles. Because these
half-circles have finite radius, the distance between x1(t) and z3(t) is of the order e=*. Which gives a
constant order with our scaling.
O

6.7.5 Explicit Calculations for the Gap Distribution

In (6.7.31) we used the Iwasawa decomposition and w = gy i. In fact, since iis K invariant, we had a

choice of gy € G. Thus in the equation

9

F(L) = |mBM5|

1(a_ kgg'yi & Z(o0, [0, L)))e et 0w drdu®™ (EX).  (6.7.36)
KR>o ~ET /Ty
Y#lw

choose g;' such that, in polar coordinates gy, 'vi = x(7)(e!i) where I(y) = d(w,yw) and k(v) is a

rotation. In which case (6.7.36) becomes

)

F(L) = |mBMS|

1(a_ kr(7) (1) ¢ Z(00, [0, L)))erm et =00 drdy (kX[). (6.7.37)
VGF/FW
Y#lw

KR~o
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Unfortunately we cannot remove the factor x(v), while the conformal density is invariant under the
action of I" the terms in the product inside the integral are not independent. However, given the group
element, () and I(7y) are explicit. We can now use a change of variables as in the appendix of [MV18]
with

sinf  cosf

0 —siné
k= k(0) = ( cosvr s ) . (6.7.38)
With that, and writing x(v) = k(6(y)), the constraint

D(y) = {(r,0) : a_ k(6 + 0(7)) (1) € Z(00,[0, L))} (6.7.39)
is equal

-Tr

E) = {(T’ 6): sinh /() cos 2(8 4- 6()) — cosh ()
e " sinhl(vy)sin2(0 + 6(y))
~ coshl(vy) — sinh(7) cos 2(8 + 0(v))

> 1,

< 191/5FL} . (6.7.40)

In which case we have the following theorem

Theorem 6.7.3. For L > 0, the cumulative gap distribution can be written

e(l (5[‘ ’I‘w
F(L) = S / / [T (1= xew)(r6) iy (0)dr (6.7.41)
€T/Ty
77761“

Given v one can compute () explicitly, however the conformal density 14 is defined as the weak

limit of a sequence of measures. When T is a lattice, (6.7.41) can be written

P = s | ¢ [ TT (0 xeo) 0) asr (6.7.42)

vET /Ty
Y#lw
To our knowledge, even in the lattice case, this is the first general explicit formula for the gap
distribution. The gap distribution has been calculated explicitly for specific examples (notably [RZ17]
who study the problem in certain circle packings). (6.7.42) can be derived from [MV18], where the
authors perform a similar calculation for the pair correlation.

Finally one can ask about the derivative of the cumulative gap distribution. Given ~, L, and 6 let
o0y, 07/ Lcosh(i(y)) — sinh(1(3))) cos(2(60 + (7))
sinh(I(7)) sin(2(0 + 6(v))) ’

let rmin(L,0) = minyep,pr,, 21, 7(7, L, 0) and let ymax(L, 6) be the v maximising that equation. In
this case, recall that P(L) = —F'(L), then

(6.7.43)

19 (175F)Tw ™
P(L) = eBW/ L(7min(L, 0) < 0)e~0rmmin(L:0) II (1 = Xe(y) (rmin (L, ), 0)) ™ (0).
|m | 0 YET /Ty
Ymax (L,0)#v#w
(6.7.44)

The conditions on # are now equivalent to
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e*Tmin(L,@) }
- : <1, ron(L.0) <0 6.7.45
10)= {0 00 Eriee e ey ey < b ) (6:7.45)
In which case
196(1_6F)rw ™ 5
_ — rmin(Lve) W
P(L) = "oy /0 ¢~or I xi @ o) (6.7.46)

Y€l /Tw
Ymax (L,0)#v#'w
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Chapter 7

Generalised Farey Sequences

7.1 Introduction

Consider the classical Farey sequence of height Q:

Fo = {26[0,1) : (p,q)EZQ,0<q<Q}7 (7.1.1)

where Z? denotes the set of primitive vectors in Z2. Naturally this sequence is a fundamental object
in number theory dating back to 1802 with its introduction by Haros and subsequent work by Farey
and Cauchy. For example, this sequence has connections to the Riemann hypothesis (see for example
[LM17, Yos98]) and plays a fundamental role in Diophantine approximation.

In this chapter we generalise the Farey sequence. For concreteness, one example of such a generalised

Farey sequence is given by the following: throughout this chapter we use the standard continued fraction

notation
1
lao; a1, ...a,n) = ag + ——5— (7.1.2)
a1+ ag+ =
(see for example [Khi03]) then denote
Q4 = {[0;&1,...ak] IkGN, a; 642750 VZ}, (713)

that is, rationals whose continued fraction expansions involve only multiples (possibly negative) of 4.
The generalised Farey sequence in this context is

Fo= {g €Q4:0<qg<Q, ged(p,q) =1} (7.1.4)

Thus, p € Z and ¢ € N. We return to this example in Section 7.1.1 where we give a geometric
interpretation of these sets. To see some of the points of Q4 see Figure 7.1 on page 146.

There is a geometric interpretation of the classical Farey sequence which will play an integral role
in this paper. Let G := PSL(2,R) and A := PSL(2,Z) < G. Consider the action of G on H via Mdbius
transformations (see Chapter 5, Section 5.1.1). As A is a lattice, the A-action on H tessellates H into
disjoint fundamental domains. These fundamental domains are not compact as each one contains a

point on the boundary OH = R U {co}, at the end of a cusp. The set of such cuspidal points is exactly

(A/Aoo)oo = Q (7.1.5)
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Figure 7.1: Above we show some of the points in Q4. The graph was generated as
follows: we generated all words of length 10 (with respect to the two generators
given in (7.1.7) applied to oco). Then separated the interval [0,1) into bins of size
107°. The above is a bar chart showing the number of points in each bin. Note

that the sequence is supported on a fractal subset of the interval. This does not
show Fg (as the cut-off is with respect to word length), however will suffice for a
qualitative picture.

(we use G, to denote the stabiliser of = in a group G). That is, the set of cuspidal points can be
written as the A-orbit of the point at oo € OH - this orbit corresponds to the rationals. Thus the Farey

sequence of height @) can be written

Fo= {Zq) € (A/As)oo: (p,q) € Z%,0 < g < Q} (7.1.6)

i.e the points in the A-orbit of the point at co € OH with denominator less than ). The goal of this
chapter is to consider a generalisation of this setup, where we replace A by a general (possibly infinite

covolume) discrete subgroup. For our example (7.1.4) the corresponding subgroup is the Hecke group

()

Most of our theorems hold for general subgroups. Hence, let I' < PSL(2,R) be a general non-
elementary, finitely generated subgroup in G with critical exponent dr (see Chapter 5, Section 5.5). In
our context 1/2 < or < 1. Furthermore assume I" has a cusp at oo and let ' = (I'/T'w)oo C OH
denote the orbit of co. Hence, '™ is the set of the cusps located at points on the boundary, isomorphic
to co. Finally we assume that I'ss = ((§1)). Le that the fundamental domain is periodic with period
1 along the real line. Note that T has period 4. A scaling could be applied to give it period 1 (in order
to preserve the continued fraction description - and since it serves only as an example - we refrain from
doing so).

Let

Z:={(p,q) € (0,1)I'} C R?, (7.1.8)
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denote the analogue of primitive vectors and define

Fq = {p €l0,1):(pge2,0<qg< Q}
7 (7.1.9)

{ZEFW:O§p<q<Q}.

Fq is the primary object of study for this chapter, which we call a generalised Farey sequence (or gFs).

In Subsection 7.2.1 we show that asymptotically there exists a constant 0 < c¢p < oo such that

|Fo| ~ er@Q*r. (7.1.10)

The goal of the chapter is to establish the Theorems in Sections 7.3 - 7.8 which we describe briefly
here. Section 7.2 presents some preliminary theorems which we make use of later. Subsequently the

main results of the chapter are:

e Counting primitive points: In Section 7.3 we show how the equidistribution result of Oh-Shah
[0S13] stated in Chapter 5 Section 5.6 can be used to prove a technical theorem about counting
primitive points in a sheared set (Theorem 7.3.3) and another technical theorem about counting
primitive points in a rotated set (Theorem 7.3.5). These theorems generalise the analogous result
for lattices in [MS10].

e Diophantine approximation by parabolics: We prove two theorems in metric Diophantine
approximation in Fuchsian groups. These are the analogues of the Erdds-Sztisz-Turan and Kesten
problems in the infinite volume setting. In the classical setting, these problems were solved using
homogeneous dynamics by Marklof in [Mar00, Theorem 4.4] and Athreya and Ghosh [AG18].
Moreover Xiong and Zaharescu [XZ06] and Boca [Boc08] solved the problem using number the-
oretic methods (by applying the BCZ map). Extending classical results in metric Diophantine
approximation to the setting of Fuchsian groups is not new and was done by Patterson [Pat76]
who proved Dirichlet and Khintchine type theorems for such parabolic points. More recently, for

example Beresnevich et. al. [BGSV18] studied the equivalent problems for Kleinian groups.

In the same section we show that Theorem 7.3.5 allows us to prove that there is a limiting
distribution for the direction of primitive points, Z, as viewed from the origin. This problem has

not been addressed in the Euclidean setting except for lattices ([MS10]).

e Equidistribution of gFs: Theorem 7.5.1 states that the gFs equidistributes over a horospher-
ical section. In a series of papers ([Marl0], [Mar13]), Marklof showed that the (classical) Farey
sequence, when embedded into a horosphere equidistributes on a particular section. This equidis-
tribution theorem was then used to show that the spatial statistics of the Farey sequence converge.
This was followed by work of Athreya and Cheung [AC14] who (in dimension d = 2) were able
to construct a Poincaré section for the horocycle flow such that the return time map generates
Farey points. We restrict our attention to proving the equidistribution result in this more general
setting. Heersink [Heel9] generalised [Mar10] to certain congruence subgroups of A (still in the
finite covolume setting). Furthermore, the method of [AC14] has been generalised to more general
subgroups such as Hecke triangle groups (e.g [Tah19]). However we will not discuss this approach

here.

e Convergence of local statistics: Theorem 7.6.1, as a consequence of Theorem 7.3.3 and

Theorem 7.5.1, states that two sorts of local statistics converge. A corollary of one of these is
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that the limiting gap distribution exists. This distribution in the classical setting was originally
calculated by Hall [Hal70] (and is known as the Hall distribution) and has been studied by many
people since. The Hall distribution was originally put into the context of ergodic theory in
[BCZ01].

e An explicit formula for the gap distribution: In Section 7.7 we restrict to the example
T. For this example we show that the limiting gap distribution can be explicitly written as an
integral over a compact region. While the integral involves a fractal measure this is the first time
such an explicit formula has been calculated in the infinite volume setting. There is much interest
in finding explicit formula for limiting gap distributions for projected lattice point sets and the
infinite covolume analogue. The only instance (to our knowledge) of such explicit examples are
those covered in [RZ17]. In that paper Rudnick and Zhang used the relation between Farey points
and Ford circles to produce examples for which they could express the limiting gap distribution
explicitly (recovering, in one instance, the Hall distribution). In Section 7.1.1 we show that the
Farey sequence for T can also be used to generate a (sparse) Ford Configuration which leads to

our result.

e Ergodicity of a new Gauss-like measure: Continuing to work with the example f, we show
that a new fractal measure takes on the role of the Gauss measure (Theorem 7.8.2). That is,
this measure is ergodic for the Gauss map. As an application, using this ergodicity we show that
the Gauss-Kuzmin statistics converge to an explicit function. This section takes inspiration from
[Ser85] where Series showed how the Gauss measure can be viewed as a projection of the Haar

measure on a particular cross-section.

7.1.1 Ford Configurations for r

To give some further intuition for generalised Farey sequences, in this section we show that the gFs for
[ admits a simple geometric interpretation which we shall return to in Section 7.7. Returning to our
example Fq — (7.1.4), note that

' =9, (7.1.11)

To see this, simply note that the two generators in (7.1.7) correspond to the maps f(z) = x + 4 and
g(z) = =% which generate these continued fractions.

Consider the action of T' on an initial configuration of circles in the closure H:

Ko := (Co,C1,C2,C3)

(7.1.12)
Co=R , Ci=R+1i , CQZC(i/Q,l/Q) , C3:C(i/2+4,1/2)

where C(z,7) is a circle located at z € H of radius r. We are interested in the resulting sparse Ford
configuration, K := fICO, shown in Figure 7.2. Any group element in T can be decomposed into a
composition of circle inversions through vertical lines at 0 and 4 and C(0,1) and C(4,1) (these are also
shown in Figure 7.2).

Let Ar denote the set of tangencies with Cp in [0, 1] such that the circle tangent to Cy has diameter
larger than T~'. The way we have constructed the packing /C, these tangencies are exactly the cuspidal
points of the group (i.e the tangencies are located on the orbit foo) Moreover one can easily show
if a circle in this packing is tangent to Cy at p/q in reduced form then the diameter is given by 1/¢.

Hence Ag> = ]?Q, i.e the set of tangencies of circles with diameter greater than ? is exactly the gFs
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Figure 7.2: Diagram of a portion of K. The dotted lines represent the circle
inversions corresponding to the subgroup T. The white circles (including the z-axis
and horizontal line above) represent the initial configuration K9 = (Co,(1,C2,C3).
The filled-in circles represent some of the images.

of height Q.
Given an interval Z C [0, 1], let Ay 7 = Ap NZ. We label the elements of Ay = {xTI}#AT T such
that xTI < xTI for all j. The gap distribution is then
_ #{i e L #ArD) : T(@h — ol g) < s}
Frz(s):= (7.1.13)

Tr
for s > 0.

In Section 7.7 we show that the limiting gap distribution can be explicitly calculated as a sum of
integrals over compact regions involving a fractal measure presented below. This allows us to show

that all gaps have size bigger than s < 2 (not just in the limiting case), and to say something more

about the regularity of F' and the growth of the derivative.

Remark. Of course different subgroups generate different sparse Ford configurations and have other
interesting relations to continued fractions (and hence Diophantine approximation). We only address
this (simplest) example here. That said, our methods generalise without additional effort to any Hecke
subgroup of the form I', = <(8 ), ((1) _01 )> for ¢ € R+ (the corresponding continued fraction description

will involve ¢ rather than 4 and this loses some elegance for non-integer c).

7.2 Preliminary Results

7.2.1 Proof of (7.1.10)

Proof of (7.1.10). A rational § belongs to Fq if and only if there exists a v = (1) € I'/T'w and

0 <a<b< Q. Using the standard Iwasawa decomposition one can write

cosf —sinf yt/? 0
= 7.2.1
7 ( sinf  cosf ) < 0y 1/2 ( )

1/2 and b = sin fy'/2. Therefore the problem is equivalent to counting

where a = cos 6y

#{veT/Tx:(0,y) € O}, (7.2.2)

where Q := {(6,y) : 0 < y'/?cosf < y'/?sinf < Q}. Counting the asymptotic number of points in
such a sector is the content of [BKS10] (see Theorem 7.7.5 below).
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Below, to prove Proposition 7.7.6 we perform this calculation more carefully (and will calculate the
constant in that context, thus we leave the details till then). O

7.2.2 Gauss-Type Decomposition

Let My := (% ©) fory € R2. In what follows we will need the following decomposition of 7" (H).
Y Y1 Y2

For the remainder of the chapter, to simplify notation we let du”®(z) := duly® (n_(z)).

Proposition 7.2.1. For any ¢ € C.(T*(H)) and any set o/ C R?

/ ¢(hMy)dm" T (hMy) = 2 / $(n— () My )y3’r 2 dysdydp” (x), (7.2.3)

N_{My:yca} Rx .o/

Proof. The goal is to understand the forwards and backwards orbits of u = hM, X;. First we note that
u” = (hMyX;)” = hX, (7.2.4)

(this follows from the definition of the stable and unstable directions of the geodesic flow). Hence we

can write:

(7.2.5)

Inserting the definition of the Busemann function and using its invariance properties then gives

s = lim d(h™ Y, a_i) — d(Myi,a_;i)

t—o00

(7.2.6)
= lim d(i,a_i) — d(Myi,a_i) + d(h™Yi,a_4i) — d(i,a_4).
— 00
Now setting ro(h) = B3, x - (i, hi) gives
. —1 . .
5= t]ggot — d((yz(‘J yoz)z,a_tz) + ro(h)
= lim t — ¢+ 2Inys + 79(h) (7.2.7)
t— o0
= 2lny2 + 'I’(](h).
Thus
2d,
ds = 292, (7.2.8)
Y2
Note also, by definition
o=@y (n_ () X;) = du’(z). (7.2.9)
Now consider the measure
drg(2) = ey xot MM g (D X)), (7.2.10)

with g = h( yzgl ;2) and z = n (y5 'y1). Using the G-invariance of m we can write d\,(z) as
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= ePosxot 0920 g (92X )

o (7.2.11)
= Mot 0 dm, (X))
and then using the invariance properties of conformal densities (Chapter 5, (5.5.5)):
= Bozxpyt (0970 H0x+ (0970 g, XY F)
(7.2.12)

— eﬁ(zxi)Jr (Z’Zz)dmz((ZX1)+)

Hence dA\; = d). and in particular A is NT-invariant. Hence it is the Haar measure on Ny. Thus we

have (for y, fixed)

dg(2) = dz = y; *dy,. (7.2.13)

Inserting (7.2.4), (7.2.7), (7.2.8), (7.2.9), and (7.2.13) into the definition of the BR-measure we get
7.2.3.
O

7.2.3 Global Measure Formula

The last theorem from the literature we require is the so-called global measure formula, stated in
[SV95, Theorem 2], which requires some set up. In actuality we only use the simpler Corollary 7.2.3.
As stated in [SV95], there exists a disjoint, I-invariant collection of horoballs . such that (Cr \ 5¢)/T
is compact, where Cr is the convex hull of £(T").

We let n € L(T') be a parabolic limit point. Define 7, to be the unique point along the geodesic

connecting 7 to 17 whose hyperbolic distance from 4 is ¢. And define

0 ifzeH\#
b(x) = ) (7.2.14)
d(z,0H,) ifxeH,ecH

where H,, is the horoball at 7.
Theorem 7.2.2 ([SV95, Theorem 2|). There exists a constant 0 < C' < oo such that for any n € L(T)
- a parabolic cusp and for any t > 0,

O~ te0rtebm)(1=0r) < i (B(n, e7t)) < Ceortbln)(1=0r) (7.2.15)
where B(n,e™") C OH is the ball centered at n of radius e™*

Corollary 7.2.3. Assume n € L(T') is a parabolic cusp, in a small ball around n we can approxzimate
the measure:
dvi(n+ h) < h?°r=2dh. (7.2.16)

This corollary follows by differentiating (7.2.15) with h = e~ and by noting b(n;) < t.

7.3 Horospherical Equidistribution

Consider an unstable horosphere for the geodesic flow a;, Ny. We parameterise the projection by
ny : T — TN N\I'N;. Recall, Chapter 5, Theorem 5.6.3, we state a simplified restriction (which will
suffice for this chapter) here to aid the reader:
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Theorem 7.3.1. Let A be a Borel probability measure on T absolutely continuous with respect to

Lebesgue and with continuous density. Then for every f : T x T\G — R compactly supported and

continuous
1
. <176r)t/ S '(2)dulS BR(y). 3.1
Jim 07 [ fne@a)iN) = gy [ TN @ @dn ). (3.)

Furthermore this theorem can be applied to characteristic functions as with Chapter 5, Corollary

5.6.4 (again, we present a restriction here which will suffice).

Corollary 7.3.2. Let A be a Borel probability measure on T absolutely continuous with respect to
Lebesgue and with continuous density. Let £ C TXT'\G be a compact set with boundary of (pﬁf xmBR)-

measure 0. Then

1
li “-W/ d\(z) = —— N (2)duRs (2)dm P (o). 7.3.2
Jim e TXs(w,m(:v)at) () B Jo g xe (@, )N (v)dpy; (x)dm” (a).  (7.3.2)

7.3.1 Counting Primitive Points in Sheared Sets

As a straightforward consequence of Corollary 7.3.2 we have the following theorem, which (in Sections

7.4 and 7.6) we show has a number of important consequences.

Theorem 7.3.3. Let A be a Borel probability measure on T absolutely continuous with respect to
Lebesgue and with continuous density. Let A C R? be a compact set with boundary of Lebesque measure
0. Then for every k > 1:

Cy

Jim 1N [z eT: |Zny(x)aNA =k}) = mmBR({a eET\G:|ZanAl=k}), (7.3.3)

where Cy = uﬁf (A).

Theorem 7.3.3 is an infinite covolume version of [MS10, Theorem 6.7]. The proof is a straightforward
consequence of Corollary 7.3.2 and the fact that if A is compact and has boundary of Lebesgue measure
0, then

{geT\G: ZgnNn A=k} (7.3.4)

is compact and has boundary of volume 0, and the Burger-Roblin measure of a 0 volume set is 0.
Using [MO15, Theorem 6.10] in the same way we used [OS13, Theorem 3.6] to derive Theorem
7.3.1, we have

Theorem 7.3.4. Let A C R? be a compact set with boundary of Lebesgue measure 0. Then for every
k>1:

I

: PS ) _ _ + BMS . —

tlglgo pn, {z € T:|Zny(z)ar N Al =k}) = mm {ae\G: |Zan Al =k}). (7.3.5)
In words each of these two theorems is asking for the limiting probability that a randomly sheared

set contains k points. In one instance (Theorem 7.3.3) we randomly shear the set with measure A\ and

in the other (Theorem 7.3.4) we use the measure p?.
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7.3.2 Counting Primitive Points in Rotated Sets

Similarly to Section 7.3.1 one can ask about the probability of finding k primitive points in a randomly
rotated set (as oppose to a randomly sheared one). In Chapter 6, Section 6.5 we show that similar
equidistribution results to Theorem 7.3.1 and Corollary 7.3.2 also hold when the horospherical subgroup
N, is replaced with the rotational subgroup, K. In keeping with the notation of Chapter 6, Section
6.5 let © — R(x) be the standard parameterisation of the rotation group:

Rlz) = < cosr sinz > . (7.3.6)

—sinz cosx

Then the rotational Patterson-Sullivan measure (see (5.5.20) is

Note uL* is supported on £(T'). Hence, the analogous theorem to Theorem 7.3.3 follows from Chapter
6, Corollary 6.5.2 (in the same way that Theorem 7.3.3 follows from Corollary 7.3.2):

Theorem 7.3.5. Let A\ be a Borel probability measure on T absolutely continuous with respect to
Lebesgue and with continuous density. Let A C R? be a compact subset with boundary of Lebesgue

measure 0. Then for every k > 1

D,

Jim eI [z e T: |ZR(z)a; N Al =k}) = mmBR({a eET\G:|ZanAl=k}) (7.3.8)

where Dy = pukS(\).

7.4 Consequences of Theorems 7.3.3 and 7.3.5

7.4.1 Diophantine Approximation in Fuchsian Groups

Theorem 7.3.3 can be used to prove several statements about the set of numbers which can be ap-
proximated by parabolic points in the limit set of the Fuchsian groups studied here. For example, as
discussed in [AG18], Erdés-Sziisz-Turan (henceforth abbreviated EST) introduced the following prob-
lem in Diophantine approximation: what is the probability that a uniformly chosen point, z € [0, 1],
satisfies

T — p‘ < %

q q

for % € Q with g € [0Q, Q] for a fixed triple (4,0, Q) € R+ x(0,1)xR+o? Hence if we let EST(A, 6, Q)
be the random variable: the number of solutions to (7.4.1), the EST problem is to prove the existence
of

(7.4.1)

Jim P(BST(A,6.Q) > 0). (7.4.2)

The limiting distribution for this random variable is given in [AG18] in great generality. Our goal in
this section is to understand the same problem with the rationals replaced by I'*°.

Given a triple (A4,60,Q) as above and a number z, define (the analogue of the random variable
EST), E(A,0,Q) to be the number of solutions, (p,q) € Z, to
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A
p—qz| < . (7.4.3)

Theorem 7.4.1. Given (A,0) € Ruo x (0,1). Let X be a Borel probability measure on [0,1), absolutely

continuous with respect to Lebesque with continuous density. Then

. - C
Jim QUM \({z €[0,1): E(4,0,Q) = k}) = ‘mBZ)“/[S|mBR({oz eN\G: |ZanNCay| =k}), (7.4.4)
where
Cap:={(z1,22) ERXxR:|z1]ze <A: 6 <z <1} (7.4.5)
Moreover,
. 1
ngnocuﬁf({z e L(T)N[0,1): E(A,0,Q) =k}) = mmBMS({a eD\G: |ZanC€y4| =k}).
(7.4.6)

Proof. Write the left-hand-side of (7.4.4) as (with Q = ¢*/?)

Jim el1=ort) ({w €0,1]: # {(p, DeZ:(pa( L) (‘3 qu) = Q:A,O} = k})
= tgrgoe“—&rm ({z €[0,1]: # (Zny(—x)a; NCap) = k}). (7.4.7)

To which we apply Theorem 7.3.3 to get (7.4.4).
(7.4.6) follows in the same way except, in the last step, we apply Theorem 7.3.4 instead of Theorem
7.3.3.
O

Moreover, the same proof allows one to prove the Kesten problem in our context, stated as follows:
for A > 0 and Q fixed let K (A4, Q) denote the number of solutions to

A
Iaq*pléé , 1<g¢<Q. (7.4.8)
In this case the following theorem holds:

Theorem 7.4.2. Given A > 0 Theorem 7.4.1 holds with E(A,0,Q) replaced by K(A,Q) and €49
replaced by

Ra={(z,y) eR*:|2[ < A0<y <1} (7.4.9)

7.4.2 Directions of Primitive Points

Given a point in R? (taken here to be the origin, however this is not necessary), one can ask how
the directions of primitive points Z distribute for an observer at that point, this is in some sense the
Euclidean version of the main theorem in Chapter 6. The corollary of Theorem 7.3.5 below answers
this question.

Let D;(0,v) C S{ be the interval in the unit sphere with centre v and length oe™?, and set
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Ni(o,v; 2) :=#{y € Z, : |ly| 'y € Dio,v)}, (7.4.10)
where Z, = {z € Z: ||z]| < €'}.

Corollary 7.4.3. Let A be a probability measure on T, absolutely continuous with respect to Lebesgue

and with continuous density. For k € Nsg we have

D
o (1=dp)t . Lz _ A R . _
thm e A{veT: Ny(o,v; 2) =k}) = | BMS|m {aeT\G: |ZanC,|=k}) (7.4.11)
where, in polar coordinates
¢ ={x=(r0)cR:r <1,/ <on}. (7.4.12)

This corollary follows directly from Theorem 7.3.5.

7.5 Equidistribution of gFs

7.5.1 Statement

In addition to Theorem 7.3.3 another important consequence of the equidistribution statements in
Section 7.3, is the following theorem, stating that the gFs equidistributes on a horospherical section.

This is a generalisation of [Marl0, Theorem 6], to the infinite covolume setting.

Theorem 7.5.1. Let 0 € R and Q = e*=9)/2, Let f : T x NG — R be bounded continuous and
supported on a set with finite volume. Then

(61‘ 1)o
lim e~ °r* Z flr,n_(r)a—, BMS‘/ / fz,n_(w)a_ ,«)earrdrdups(w)duﬁi(a:) (7.5.1)
TXT

t—o0 reFq
where f(z,a) = f(z, o).

Remark. [Marl0] and [Marl3] treat Farey sequences in general dimension. However in the infinite
covolume setting equidistribution results for SL(d, R) have not yet been proved (to our knowledge).

7.5.2 Proof

Proof of Theorem 7.5.1. The proof will follow the same lines as [Marl0, Proof of Theorem 6] with
several exceptions as we are not working with Haar measure. In particular, since the Patterson-Sullivan
measure does not satisfy the same invariance properties as the Haar measure, some care is needed when
approximating f by compactly supported functions (step 1), and we will make use of the Gauss type
decomposition of the Burger Roblin measure (Proposition 7.2.1).

Note first that by setting f(z,a) = fo(z, aa_,) for fo bounded and continuous we may assume that
o=0.

Step 1 First we show that we can reduce the theorem to f compactly supported via a standard
approximation argument. Assume for the sake of notation that f is z-invariant. Assume further the
theorem holds for compactly supported functions. Now consider a bounded, continuous function, f

supported on a finite-volume set. Fix € > 0 and consider (for some t) the difference
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_ 1 oo .
e Y S (Da) — T L[ fowaeraaSw|. (@52
reFq m TJ0
Now decompose f = fi + fo such that f; is supported on a compact set and f5 is supported on a set of
volume ¢ > 0 (as supp(f) has finite volume p can be chosen arbitrarily small) and both are bounded
and continuous. Hence the difference (7.5.2) is bounded above by

¢S fin-(r)a-1) = T / /OOO Fi(n- (w)a_)e™ drdu” (w)

reFq

0 3 0 010-0) = oy [ [ Bl (). (153

reFq

Applying Theorem 7.5.1 for compact functions implies we can take t large enough that the first term
is less than €/2.

We may assume that f, is supported on the cusp at infinity, i.e supp(f2) = {z € H: S(z) > o7}
With that, using the bounded property of f, there exists a C' < oo such that

r S (m (no(r)a_y -1
Fol ™' D fa(n_(r)a_y)| < C#lr € Fo (|]_EQ (a-i) > o'} (7.5.4)

reFq

where 71 denotes the projection to the fundamental domain above i extending to infinity. This pro-
portion can be upper bounded by C‘l%é‘@l = C'p*’r for some constant C' < co. Thus by choosing o large

enough the summation in the right hand term in (7.5.3) can be bounded by €/4.

Lastly, consider the term

//00 fa(n_(w)a_,)e’T " drdp”® (w))| < co. (7.5.5)
T Jo

As T has a cusp, 0p > 1/2. Thus the Patterson-Sullivan measure of supp(fz) N £(T') goes to 0 as
vol(supp(f2)) goes to 0. Hence we can choose g such that (7.5.2) is bounded by e. Thus Theorem 7.5.1

for compactly supported f implies the theorem for f with finite volume support.

Henceforth take f to be compactly supported.

Step 2 Note that because f is continuous and has compact support it is uniformly continuous. Hence
for every o > 0 there exists a € > 0 such that for all (z,«), (2'e’) e Rx G
|z —2'| <e d(a,d)<e (7.5.6)

imply |f(z,a) — f(2',a')| < 0.

Step 3 For 0 <6 <1 and € > 0 define

FQ.o {ZG[O,l)t(p,q)E& 9Q<q<Q}

FoH = U {zeR:|z—r| <e'}.
reFq,o+7Z

The latter we can write as
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0= U {z eR: (ar,a2)ny(x)ar € €.},
aczZ

where

Coi={(y1,y2) ER?t 1] <epn, O <yo<1}.

Our goal is to write the characteristic function for F¢, as a sum over simpler characteristic functions.
Thus, let

H = U He(a), He(a) ={a € G:(a1,a2)a € € }.

By considering the bijection

FN_\F—>Z7 FN_’}/'—)(O,].)’}/

we can write

(7.5.7)
= U
vyelN_\T'
where
HL =M ((0,1)) = H{My :y € €.}
—1
0
with My := & .
Yy Y2
Step 4
Claim: Given C C G compact there exists an €y > 0 such that for all € < ¢g
YHINHINTC =0, (7.5.8)

forally e T/Tn_ #1
Proof of Claim.(7.5.8) is equivalent to

He((p,@) NHINTC =0,  VY(p,q)#(0,1) € Z

Consider an « € G such that (p, ¢)a € €. We can write any such « as
1 b ;10
o= &
0 1 y1 yg

Therefore if we assume for the sake of contradiction that (p,q)a € €, and (0,1)a € €, we have the

for b€ R and y; € R.

following 4 inequalities
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lyy "2+ (pb+ Q1| < eya(pb + q) (7.5.9)

0 <ya(pb+q) <1 (7.5.10)
ly1] < eya (7.5.11)
0 <y2 <1 (7.5.12)

Using (7.5.10) and (7.5.11) gives

|(pb + @)y1| < €

which, plugging into (7.5.9) gives

lys 'pl < 2e.

Hence

Ip| < 2e.

Thus p = 0. Therefore (0,¢) = (0,1)7 for some v € I'. However since I'ns = ((§ 1)), ¢ = 1. Which is a

contradiction proving the statement. O

Step 5 The claim implies that for C C G compact there is an ¢y > 0 such that for all € < ¢y such that

H.nTC= |J (yH!nre) (7.5.13)
~yel'/T'n_

is a disjoint union. Thus let x. and x! denote the characteristic functions of H. and H! respectively,
then

=% ¥ow

YELN_\T

for all @ € TC. Moreover all of the sets we consider have boundary of BR-measure 0. Set x.(«) :=

Xe(*a™!) and note that x.(ni(z)a;) = Xc(n—(—z)a_;) is the characteristic function for Fg,.

Therefore we write

[ fen-@aide = [ fen- @i (~o)e)ds
Fo/L T

(7.5.14)
= [ Fwn (o (~a)ar)da.
to which we can apply Theorem 7.3.1 giving:
1 _
lim e(lf‘mt/ fle,n_(x)a_y)de = —< f(z, a)xe(@)dmBE(a)duX® (z).  (7.5.15)
t—oo Fo /L ( (#)a) |mBMS| [\ gyt N+

Which we write as
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1

=~ @, a)xi (@)dmPa)duy (x),
ImBMS| Jr -\ axr N+
. (7.5.16)
S F(z, a)dmPR(a)du5S ().
ImBMS| & \N_{ayiyee xT N
Step 6
Using Proposition 7.2.1 we write (7.5.16) as (noting that (0,1)n_ = (0,1))
S (1=dr)t _
tlggloe / p flz,n_(x)a_;)dz
2
T BMS y§5f 2f(sc, n,(w)My)dygdyld,uPS(w)duf,f (x). (7.5.17)
Im | Tx{y€€ }xT
Which we can write
s || / [ )My g ) ). (75.18)
|m ‘ TxT Bey, (0)
vz 0
Next we write D(yq) := 2 and note
0 ¥
d(My, D(y2)) = d(n(y5 1), 1d) < € (7.5.19)

for y € €. (this is the same calculation as [Mar10, (3.42)]). Therefore, using uniform continuity

1 ~
X €Y2

4e L B
= ‘(75-16) - W/wr/e fla,n_(w)D(y2))y3""~ dyadp® (w)dpys (x) (7.5.20)
49€\ﬂps|2 26r—1
S B[, Yy ' dys.

Evaluating this integral then gives that the right hand side of the inequality in (7.5.20) is equal to
2¢0|p”%|? 26
—a— (1 —07°). 7.5.21
[ BIS| 5o ¢ ) ( )

r/2

Finally reinserting the right hand side of (7.5.15) and applying the change of variables yo = €"/2, we

conclude that
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t—o00

lim e(l_‘sf)t/ flz,n_(x)a_i)dx
Fo/T

%% 2| 1In 0| 5 )
" [mBVS| /11‘x1r/0 f(z,n_(w)a_,)er drd,uPS(w)d,u]I\J,f(a?)

20€|uF5 |2 26
< 28 1 (1 92y, (7.5.22
|mBMS|6F( ). ( )

Step 7

To conclude consider

: —ort
tlggloe Z flryn_(r)a_s) (7.5.23)
reFq,o
taking the asymptotic formula (7.1.10) and using a volume estimate together with uniform continuity

we can write this as

e(lfép)t
= lim lim
e—0t—00 2€

/ s flz,n_(z)a_y)dx. (7.5.24)

r€Fo,Q
Now using the disjoint union in (7.5.13) we can say
e(l—(Sr)t

= lim lim
e—0t—00 2e

/ f(z,n_(z)a_;)dz (7.5.25)
F\Z

and using (7.5.22) we thus conclude after taking e — 0 (and therefore ¢ — 0) this is equal

1 2|ln0| _ .
= T BIS| /qur/o flz,n_(w)a_,)er drduPS(w)duﬁf (x) (7.5.26)

Taking the limit as # — 0 is then possible as

Fe\Faol _ .

. (7.5.27)

lim sup
t—o00

7.6 Local Statistics

Theorem 7.3.3 and Theorem 7.5.1 can also be used to study the local statistics of Fg when viewed as

a point process on [0, 1] (note once more we are assuming for notation, that I'*° is periodic on [0, 1]).

7.6.1 Statement

For Q = e'/2. Let o/ C R be bounded interval and set <7, = «7e~*. For a bounded D C T, define

elvol{z € D: |z + o +ZN Fg| =k})

PQ(Da o, k) = ﬂﬁs (D)eépt
+

(7.6.1)

and
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_HreFonND:r+ o+ 20 Fq| = k})

Poo(D, o k) = 7.6.2
O,Q( ) ’ ) Nﬁf (D)e‘;Ft ( )
Theorem 7.6.1. Given an interval o C R and D C T then for all k > 0
Qlim Po(k,D, o) = P(k, o) (7.6.3)
—00
Qlim Poo(D, 4 k) = Py(k, ) (7.6.4)
— 00

where P(k, o) and Py(k, o) are given explicitly.

Remark. In particular (7.6.4) implies that the limiting gap distribution exists everywhere.

Remark. Note that the above theorem is restricted to & > 0. The reason for this is that the scaling in
Pg and Py g is incorrect for the case £ = 0. For geometrically finite subgroups the boundary points
cluster close together in far apart cluster. This phenomenon was noticed by Zhang [Zhal7] and again
in [Lut18] (see Chapter 6, remark below Theorem 6.2.2).

To give a qualitative example, we have graphed the gap distribution for [ in Figure 7.3.

200
150
100
20
0 -.-I.F.l-.l.l‘.-_l.l._l.,.-l.-l_uJ..-,-.._ =
4x 1077 8x1077 12x 1077 16x 1077 20 x 1077 24 x 10~
Figure 7.3: Above we have shown the gaps in the point set . The point set is

exactly the one shown in Figure 7.1 on page 146. We have cut off the image at 240
(thus the first three bars do not have the same height) and the bin size here is
4x107%. Hence the bars represent the number of gaps lying in a particular bin.

7.6.2 Proof

Proof of Theorem 7.6.1. Theorem 7.6.1 is a straightforward consequence of Theorem 7.3.3 and Theo-
rem 7.5.1. We begin by addressing (7.6.3), define

() = {(z,y) ERx (0,1] : x € Fy} C R? (7.6.5)
and note that
§€$+=Q{t . 0<q<Q (7.6.6)
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is equivalent to

= (p,q)n4(x)ar € €(A). (7.6.7)
Therefore for a given x € D
o(1—dr)t
Po(D, o k) = 5 (D) vol{z € D : |Zny(x)ar NC(H)| = k}). (7.6.8)
Ny

Applying Theorem 7.3.3 then implies

1

BE(Sy).- (7.6.9)

where S, = {a €e T\G : |ZanN &()| = k}.
Turning now to (7.6.4). Write

lim Hre FoND:|Zny(r)a, NE()| =k}

Po(e k) = Jim St BS (D)
i (7.6.10)
. ZT'E.FQ XSk (Ta ny (r)at)
= lim PS ort
t—o0 KN, (D)e r

Applying Theorem 7.5.1 (after extending it to characteristic functions using the methodology of Chapter

6, Section 5.6) gives

1 ~ r
Py(o k) = T ETS| o) Xs. (n—(w)a_,)er " drdu®S (w). (7.6.11)

Note that the quantity in (7.6.9) is finite for £ > 0. This follows from Chapter 6, Proposition 6.3.3.
However finiteness does not hold for £ = 0, which is the reason for that restriction in the Theorem.
The integral on the right hand side of (7.6.11) is finite whenever the Burger-Roblin measure is finite.
Hence the same Chapter 6, Proposition 6.3.3 also implies finiteness of (7.6.11).

O

7.7 Explicit Gap Distribution for r

We now return to the example, f, discussed in Section 7.1. First note that Theorem 7.6.1 implies that,
in the limit T — oo, the gap distribution in (7.1.13) exists for all s > 0. Our goal is to prove the
following theorem which gives a far more explicit formula for the limiting gap distribution:

Theorem 7.7.1. For s < so =7, and Z a closed interval in [0, 1], the limiting gap distribution can be

written

lim Frz(s) =: Fr(s) = Fr2(s) + F22(s) (7.7.1)

T—o0

where F;*(s) and F2*(s) are eaplicit integrals (see (7.7.35)) over compact regions involving the
Patterson-Sullivan density v; (defined below (5.5.5)).

The proof follows the methodology of [RZ17], however there are significant differences. In [RZ17]
Rudnick and Zhang looked at Ford configurations associated to lattices. Thus our analysis represents
one example of the infinite covolume analogue of their chapter. The plan is to break up the gap
distribution into a sum, with each term coming from a pair of circles in the initial configuration KCy.
Then, using the following elementary lemma (proved in [RZ17]) we can express each term in this sum

as an integral over a compact area.
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Lemma 7.7.2 ([RZ17, Lemma 3.5]). Let M = (}4) € SL(2,R).

(i) If ¢ # 0 then under the Mdbius transform M, a circle C(x + yi,y) is mapped to

ax +b yi Y
7.2
C(cx+d+(cx+d)2’(cz+d)2> (772)

if ct +d #0, and to the line Sz = 1/2c%y if cx +d = 0. When ¢ = 0, the image circle is

ar+b y
(=2 1Y, 013

(ii) If ¢ # 0 then the line C' = R + yi is mapped to

a 1 1
Cl-—+—1 5 774
(c * 2c2y " 262y> ’ ( )

and to the line R + ayi if c = 0.

7.7.1 Breaking the Gap Distribution Up

In [RZ17] a fundamental observation is that a pair of neighbouring tangencies at a given height T,
are the image of a pair of circles in the initial configuration by exactly one or two group elements in
I'. That is not true here, however the following proposition states that this is the case in the interval
[0, 50) .

Proposition 7.7.3. For any T and I, suppose C and C' are the circles tangent to Cy at ach’I and
:vJTJrIl If T(SEJTE1 — :EJTI) < s for s < sq then there exists a v € T such that C = vC; and C' = +C,, for
C; # Cp, € Ko and neither equal Cy. Moreover if C and C' are not tangent then v is unique and if they

are tangent then there exist exactly two such .

Remark. The reason we consider s < so in Theorem 7.7.1 is that Proposition 7.7.3 fails for larger s. In
words, for larger s some of the gaps considered are not the image of a pair in the initial configuration.
To get around this, one could consider a larger initial configuration (i.e consider K together with the
circles tangent at 1/4 and 4 — 1/4). This would allow Proposition 7.7.3 to hold for slightly larger so.
Therefore as one considered larger and larger gaps, one would need to consider larger and larger initial
configurations and more and more terms in the decomposition below. In this chapter we will stick to
the case s = 7 as it will simplify the following proofs.

For ease of notation, we restrict our attention to circles tangent to Cp in [0, 2] (i.e beneath C3) and

adopt the following notation shown in Figure 7.4: first label Co = C° and

e The tangencies are labelled by their continued fraction expansions a,(fl)w,ki = [0;4ky, ... 4k;].

e The associated circles are labelled Cl(:l),...,k,-'

o The diameter of each circle is similarly labelled h{” .

Thus, each circle C,(jl) k, is the child of the circle C,(jl_l)kil (to which it is tangent) and the parent of

Z4o children - C](;H)kl ki, (0 which it is also tangent).

Define a rectangle to be any collection of circles

% 7 1—1
R = (Clgil),...,k‘i_l,k‘i’Cl(Cl),...,ki_l,ki:‘:17Cl(él,...),ki_l7CO) I (kjl 7é O) (7'75)
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c® et el e, e e

—2b1 1,1

Figure 7.4: The labelling used in this section. For clarity, we only show a portion of
the interval and a few circles in K. The red section is what we call the rectangle

(ERRISNION/E

where k; £1 # 0 (see for example the rectangle in Figure 7.4). A rectangle is thus a pair of neighbours
in a generation, the shared parent, and the real line. Let Ry denote the rectangle (Cy,C1,Co,C3) of the
initial configuration. The following simple observation is the basis of the proof of Proposition 7.7.3.

Fact 7.7.1. For any rectangle R there exists a unique v € r
R =vRyo. (7.7.6)

The configuration K = I'KCy where Ky is the initial configuration. Since circle inversions send circles
to circles preserving tangencies there must be a v € r sending Ry to R. Moreover the uniqueness

follows as we are working in PSL(2, Z).

Proof of Proposition 7.7.3. In this proof, given two circles with tangencies a; and as and diameters hy
and hy we refer to |y — ap| as the gap associated to them and to min{hy, ho} = |a; — | as the scaled
gap associated to them. Note that if a scaled gap is larger than sg, then the gap will never contribute
to F\T,z(s) for any T. Thus that gap can be ignored. Fact 7.7.1 implies that Proposition 7.7.3 follows
if we show that all scaled gaps associated to pairs of circles not in rectangles are larger than sg.

Step 1 The scaled gap associated to a pair of non-tangent circles in a rectangle has the form

. (i) i —1| @) (2)
mln{hk1,~~7kz" h/(€1)7-~;’€ii1} Oeryoks — Py ki1 (7'7'7)

(again k; £ 1 # 0).

Step 2 We now use some theory of continued fractions to show that (7.7.7) is bounded below by 4.
I.e the gap associated to mon-tangent pairs in a rectangle is bounded below by 4. Given a tangency

a,(jl)w’ki = [0;a1,...a;], let

Z—n =1[0;aq,...,a,] (7.7.8)

for n < i where b,, and d,, share no common factors. It is a classical exercise to show (see [Khi03]):
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bp = anbyp_1 + by_o, b_o =0, b_1=1 (779)
dy = andy 1+ dyy o, do=1, d1=0 (7.7.10)

and

dpbp_1 — dy_1by = (—1)". (7.7.11)

Hence, if we let b; and d; be respectively the numerator and denominator of oz,(;l) .k, and b; and d}, the

numerator and denominator of a(z) ) then:
[ TS L)

min{hl(c?,...,k,;’ ,gcll),...,ki:tl}_l al(czl),...,ki - al(gll),...,ki:tl‘
= max{d}, d;}*|[1;a1,...a;] — [1;a1,...a; £4]|
aib;_1+b;_o (a; =4)bi—1 + bi—o (7.7.12)

a;idi—1+di—o (@, £4)di1 +di—o

= max{d}, d;}*

4
ma,X{d;, dz}zﬁ Z 4,

Step 3 Suppose Cy(,fb)l

..........

height larger than T between Dy and Ds) and do not belong to the same rectangle. For notation we
(4) (9)

assume Qon;,..m; < Qiy,..n;-

o By construction there is a ’youngest’ shared ancestor of D; and Ds, Cﬁ,fl) m, = Bi1

.....

o At the k + 1-st generation D; is the descendent of Cri,...,myn = B3 and Dy is the descendent of
CT(LITH)MH = By (see Figure 7.5) and (By, Ba, B3, Cy) must form a rectangle (otherwise D; and Dy

are clearly not adjacent at any times).
o Lastly it is evident that D; must be the right-most descendent of B3 of its generation. Thus

|my| =1 for all I > k + 1. Moreover Dy must be the left-most descendent of Bs in its generation.

Motivated by these three geometric facts we adopt the following notation (see Figure 7.5). In each
generation [, we label the left-most descendent of By by By;_j). Moreover we label the right-most
descendent of B3 by Ba;_j)+1. With that notation, all non-tangent adjacent pairs of circles at a given

time are of the form B,, B, for some z.

Label the tangency associated to B;, «;. Label the diameter of B;, h;. We assume (w.l.0.g) h; > hy >
hs. Label the gap between B; and B;y1, ¢; = |a; — civq].

We show that h__ _:1 gi (the scaled gap) is larger than 7 for all ¢ > 2. This will prove the proposition as
all gaps associated to non-tangent pairs are of this form. We assume h3 = 1 (this is w.l.o.g by a simple

scaling argument).

Now we collect two facts:

o By (7.7.10) hpqo < 22

o By (7.7.9)(7.7.10)(7.7.11) gi1 > gi — hi3hi15

First by (7.7.10) it is fairly easy to see that hy < 9. Suppose 4 < hy < 9, then by (7.7.12) we know
that hz'gs > 8, thus
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! 94

Figure 7.5: Above we show the relevant rectangle, circles and labelling for Step 3. We
are only concerned with the ’innermost circles’ in the rectangle. The circles are
labelled in decreasing order of size.

hy'lge > 8
9

-1

hitgs 2581 >T (7.7.13)
9 1

hilgy>-—(8—-1-—=)=60

5 94_h3( 3)

and so forth (a messy recursive inequality shows that this quantity is bounded by 7). Now assume

ho < 4. Hence, using the two facts listed above we may conclude:

h3'ge >4
2

2\ /3
g >(4-2) (2
iz (-2)2)'>

2 2 (7.7.14)
hilgs>(4—2—-2)32
594( 3 9>3

_ 2 2 2\ /9)\°
h61952(4_3_9_81)(2>

and so forth. Hence the gap arising from circles which do not form the boundary of a rectangle is at
least 7.

This proves the proposition with sg = 7 (this may not be sharp).
O

Now that we have established this proposition, the argument to prove Theorem 7.7.1 follows similar
lines to Rudnick and Zhang. Note that Proposition 7.7.3, implies we can write the gap distribution for

s < Sp as

Frz(s) = Fy3(s) + Fii(s) (7.7.15)
oo #{ el € Tlan )| Tl - b g) < 5
Frl(s) = T : (7.7.16)
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where «; are the tangencies associated to C; in the initial configuration (the contribution from the tan-
gent pair (1, 3) has already been counted from the (1,2) pair because of the overcounting in Proposition

7.7.3 for gaps associated with tangent pairs).

7.7.2 Geometric Description of the Gap Distribution

Lemma 7.7.2 and the Proposition 7.7.4 play a crucial role in what follows. As these theorems are taken
from [RZ17] and are not specific to the subgroup considered, in what follows we will omit some of the
technical details which are the same.

We use Lemma 7.7.2 to provide conditions under which the image of C; and C; are adjacent at time
T. Indeed it follows from [RZ17, Proposition 4.6] that there exist two regions Q%Q and Q%?’ such that,
for M = (2%), the image M (o, ;) is an adjacent pair at time T if and only if (c,d) € Q% (where
(i,4) = (1,2) or (2,3)).

We define these two regions as subsets of the cd-plane {(c, d)|c > 0}:

(a) We define Q5% to be those {(c, d)|c > 0} such that

T T
2 < = <= 7.1
<35 , <3 (7.7.17)
o T
(4c+1|d])* > 3 (7.7.18)
(b) We define Q%* to be those {(c,d)|c > 0} such that
T T
d* < 5 (4c+d)* < 3 (7.7.19)
T
If d(4c +d) < 0 then ¢* > 3 (7.7.20)
Note that QlTJ is in both cases a union of convex sets and
QL = VT (7.7.21)

Hence we have the following restatement of [RZ17, Proposition 4.6] restricted to our context
Proposition 7.7.4 ([RZ17, Proposition 4.6]). For v = (Z: 21) el:
(a) the circles y(Cy) and (Cy) are neighbours in Ar if and only if (c,,d,) € VT,
(b) the circles v(Ca) and (C3) are neighbours in Az if and only if (c,,d,) € VTQTP.
The relative gap condition in (7.7.16) can now be written (again following [RZ17, (18) - (20)]):

(a) Fori=1and j =2

(7.7.22)

(b) Fori=2and j =3

dide+d) = — (7.7.23)

Thus we come to the same conclusion as Rudnick and Zhang that
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y 1 o b, iy

F:H,JI(S) = ﬁ# {7 = (C7 dv) el | ya;,va; €L, (cy,dy) € QT](S)} (7.7.24)
for (i,7) = (1,2), (2,3), where Q7 (s) is defined to be those elements (¢, d) € Q% satisfying (7.7.22) for
(1,2) and (7.7.23) for (2, 3).

Note that QZTJ (s) are unions of convex, compact sets, and
Q% (s) = VTQY (s) (7.7.25)

7.7.3 Limiting Behaviour

To ease notation and remain consistent with [RZ17] we reparameterise the geodesic flow

A= {(y; yo >y > 0} (7.7.26)

Ap = {(yo o >|o <y< T} . (7.7.27)
y2

Note that this is the backwards geodesic flow. The following theorem of Bourgain, Kontorovich and

=

and set

Sarnak concerns counting points in the orbits of general discrete subgroups (i.e as considered in Section
7.1), T', in bisectors.

Theorem 7.7.5 ([BKS10]). Consider bounded Borel subsets 0y C N_ and Qs C K such that u”°(0(Q,(X;)) =
vi(0(QH (X)) = 0, then
AT N O ArQy) 1

. _ PS N (O=1( ¥~
Tlgnoo T§F - 61" ) |n/1}3]\/[5’|:u (Ql(Xl))yl(QQ (X’L )) (7728)

Now for a given v € I" use the Iwasawa decomposition to write

-z 0 f —sinf
Yy cos sin
=n_(x 7.7.29
7 ( W”( 0 yl/? > ( sinf cosf > ( )

Theorem 7.7.5 then allows us to prove

Proposition 7.7.6. Let T be an interval, and let Q C {(c,d) | ¢ > 0} be a bounded, convez, compact
subset with piecewise smooth boundary. Moreover suppose that in polar coordinates the region ) is

bounded by two piecewise smooth curves r1(0) < ro(0) for 0 € [01,02]. Then

#{7=(2d) €T\l | 2() €T, (e,dy) € VT

op 0
~ WHPS(I(XJ)/G (7'351“ (9) — r%ﬁr (9)) dul(e) (7730)

as T — oo, where dv;(0) = dv;(k(0)X;) and we have written v in N_AK coordinates as x(y)a(y)k(7).

Proof. The proof is the same as [RZ17, Proof of Proposition 5.3], with the exception that we use
Theorem 7.7.5 rather than a more classical counting theorem (due to Good).

First note that using the Iwasawa decomposition of v, we have d, = y*/?cosf, ¢, = y*/?sin6.
Therefore (y'/2,0) give a polar coordinate decomposition of the plane. The rest of the argument

follows from a Riemann sum approximation which works equally well when working with v;.
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Split the interval I = [f;,62] into separate equally spaced intervals {I;} ,. Take 0;“)2», and 07 ; to
be the points in ; where ry is maximised (resp. minimised) and 65, and 6, to be the points at which

ro is maximised (resp. minimised). Now define

O, = J L x [r(05,), 72(65,)]

i=1

Q= LnJ I x [ro (67 ), r2(05,))-

i=1

(7.7.31)

Thus Q,;, C Q C QF and

n—oQ

tim 3 [ (3705 — 17 (07) di0)
i=171i

For the truncated regions " and €2 the proposition follows readily with the observation that in
(7.7.28), the fact that the conformal density is evaluated at Q' simply means that the bounds of
integration would be [—65,—6;]. However since our group is symmetric this is equal the integral over
[01, 62]. From, since (7.7.30) satisfies finite additivity, the proposition follows.

O
Summarising: provided s < sy = 7 the gap distribution at time 7" can be written
Frz(s) = Fp3(s) + Fp(s). (7.7.33)
Moreover we can take the limit as T'— oo and (7.7.16) becomes
Fr(s) = FF2(s) + F23(s) (7.7.34)
where, for (i,7) = (1,2),(2,3)
i.j 1 Ps S S P
P2 () = s I [ (757 (9,9)%%% =117 (0, 5)2°0 ) di(0), (7.7.35)
where 757 (6, 5)  and rH(e, s)’ ~are the curves in polar coordinates forming
0€[077 (5),057 ()] 0€[077(5),057 (s)]
the boundary of Q%7 (s).
For convenience define the constant
1
K : PS(7(X,)) (7.7.36)

= 5F|mBMS|pJ

7.7.4 Properties of the Limiting Gap Distribution

In order to extract some properties of the limiting gap distribution we first consider Qi’Q defined by
(7.7.17), (7.7.18) and (7.7.22), however since s < sg = 7, (7.7.18) can be ignored. Hence we have the

region (in (¢, d)-coordinates):
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Q12 (s) = ([0, %1 v [—%, \}5]) n {<c, d):e> S|1d|} (7.7.37)

This region is symmetric under reflection across the y axis and since the conformal density in (7.7.35)

is invariant under this reflection we can consider

Q12 (s) = <[o, %} « [0, \}5]) n {(c, d):e> s|1d|} (7.7.38)

instead, and the only difference will be a factor of 2.
Regarding Q2(s), from (7.7.19) we know that Q7 is a subset of the triangle

1 1 1
o <d<— . 0<c<———d 7.7.39
N WG (7.7.:39)

Moreover (7.7.20) implies that when d < 0, if ¢ > —% then ¢ > %, thus 9%3 =T}, UTy where

1
lez{(c,d):c,dzo,c<m—d} (7.7.40)
Ty =4 (e,d):¢>0 —i<d<0 <_§ (7.7.41)
9 = C, .C =~ 5 \/é_ S , CS 4 . .

Now looking at the condition imposed by (7.7.23), it is straightforawd to see that, for s < 7, Qf?’(s)

does not intersect Ty. Hence, for s < sq < 7:

1 d
O23(s) = Ty :e<——=%. 7.7.42
o ={egen e -4} (7.7.42)
So far we have established that
F(s) = rn(@2%(s)) + 20p(12(s) (7.7.43)

where, for a general set A = {(rcosf,rsinf) : r € [r{!(0),74(0)],6 € [67,64']},

03

w(A) = / (T?(G)Qéf - 1"14(9)25?) dv; (0). (7.7.44)
o1

Thus 13(5) is explicitly calculated in terms of the Patterson Sullivan density v; (5.5.5). Unfortunately

this measure is not itself explicit (in that it is defined as the weak limit of a sequence of measures).

However it does lend itself to simulations (which we will not do here) and analysis:
Proposition 7.7.7. 131(.9) =0 for all s < 2 for any Z. Moreover, all gaps are larger than 2.

This is a form of level repulsion and follows from the definitions of Q}'*(s) and Q3%(s) and (7.7.43).
Indeed Q772(s) is empty for s < 2 and Q2%(s) is empty for s < 4.
v; is a fractal measure supported on the limit set. Hence, looking at (7.7.44), if neither 6;* nor 6

is in £(T") (the support of v;). Then the derivative of F will be easy to calculate:

Proposition 7.7.8. Suppose S C (2,50) is a connected subset such that for all s € S, 913(3) and
057 (s) & LT) for (i,5) = (1,2) or (2,3), then

Cs

Pls) = F'(s) = 5.

(7.7.45)

where 0 < Cg < oo depends on the region S but not on s € S and is explicit.
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Proof. Let s; = inf {s € S}, in which case, for s € S we separate the integral in (7.7.43) and write

R 023 (s) ) 012 (s)
Pls) = 5/223 (7’5’3(6‘, 8)2(51: _ 7’3’3(9, 3)251:) dvi(6) + 2k /122 (r;’Q(G, 5)26f — r;’2(9, 8)251:) dvi(0)
07 (s) 0,7(s)
05 (s1) 2,3/ 7\ 264 2,3 254 0% (1) 1,2/ \264 1,2 264
_ H/23 (TQ’ (0)%F — 239, 5) F)dyi(0)+2[-{/12 (7’2’ (0)%F —r12(0, s) r) dv;(0)
07%(s1) 70
+R(s,S)

where we have noted that (by (7.7.38) and (7.7.42)), 7o is independent of s . In fact, since on S,
027 (s) and 057 (s) are outside £(T'), R(s,S) is 0 (as the measure is supported away from the range of
integration). Hence, taking a derivative:

9;’3(81) d 2,3 9 20 9;’2(81) d 1,2 9 26
P(s) = —ﬁ/ , a7 0 6) —2n/ 0,97 4 0). (7.7.46)
63 (s1) s 012 (s1) ds

Moreover, for s < sg we have that

1,2 1 1 2,3 1 1
“(0 — / (0 = — . 74
"1 ( ’ 5) \/g cos 6 sin 6 ’ 1 ( ’ 5) \/g (SiDHCOS 0 + c012 0) (7 7 7)

Therefore, for s € S

K 03% (1) 1 o 927%(s1) 1\
( ) gop+1 /0?’3(31) (Sin9C089+ cof@) ( ) 9},2(51) cosfsin ( )

(7.7.48)
O
The final analytic property we calculate for F is the following Lipschitz condition:
Proposition 7.7.9. Fis Lipschitz in a neighbourhood of s whenever s € [0,4)
F(s)— F(s+z)| < Cyx (7.7.49)

for some constant Cy < oo.

Proof. F is 0 on [0,2). Moreover Proposition 7.7.8 implies the F is differentiable when both 6% and
05* are outside E(f) Hence we only need to worry about when 6]%(s) or 63%(s) is a parabolic fixed
point (since parabolic points are dense in the limit set).

For any 2 < s < 4 such that 0;%(s) or 63*(s) is a parabolic fixed point:

. . 0% (s +)
F(s)— F(s+ x)‘ <C / (r;f"(e)%f — 2o, 5)25f) dvi ()
0

017(s)
+ /9 (T%’Z(Q)z‘sffr%’2(97s)25f)dz/i(0) (7.7.50)

172 (s+2)

Plugging in the formula for r%’Z and ri 2 and using Corollary 7.2.3 gives that the first term on the right
hand side of (7.7.50) is less than
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05 (s+a) 1/4/2 20p 1 op
< C, /2 620r =2 i —( : ) df (7.7.51)
012 (s) sin 0 (s+ ) cosfsind

in the range with which we are concerned we can bound this integral (by adjusting the constant) by

0% (s+a)
< C, 6290240, (7.7.52)
05%(s)

Evaluating the integral and performing the same analysis on the other term in (7.7.50) gives

[F(s) = Fls +a)| < € (65%(s 4 2)™5 7 = 637(9)5 7 ) + € (017(9)75 7 = 012 (s + )57
(7.7.53)
Inserting the definition of #y® and 6} then gives

‘F\(s) — F(s+ x)’ < C; (tan™ (s + x)20 =1 t:em*l(s)%ffl)JrCS (Cotfl(s)%f*1 —cot ™! (s + x)%f*l) .

(7.7.54)
From here, Taylor expanding gives
~ ~ T oy 26a—1 N 265 —1 N 265 —1 o\ 20a—1
- <cl(=+= - (= Z (=== . 7.
’F(S) F(s+x)‘cl<4+4) (4) +C‘(4) (4 4) (7.7.55)
Here, expanding again gives us that Fis Lipschitz.
O

7.8 Gauss-Like Measure

As in the previous section this section is restricted to the example T. The goal for this section is to

derive and study the probability measure

2
m®(E) = 00/ / Mdﬂps(y). (7.8.1)
BJ-2 |xy — 1|77

where E is a Borel set in E(f) N (—2,2), and Cp is a normalising constant. In particular we show that
this measure is invariant and ergodic for the Gauss map. Then, as a corollary of this ergodicity, we are
able to show that the Gauss-Kuzmin statistics on Q4 converge to an explicit function.

Note that m® is equivalent to the Patterson-Sullivan measure (and thus the Hausdorff measure for
the fractal) up to a bounded density. It should also be noted that the density in (7.8.1) is a normalised
eigenfunction for the transfer operator associated to the Gauss map. We shall avoid this transfer

operator approach here, however it is a promising avenue for later research.

7.8.1 Setup

In [Ser85] Series, for the modular group, shows that one can encode the endpoints of geodesics by a
‘cutting sequence’ which generates the continued fraction expansions of the endpoints. Moreover she
identifies a cross-section of the unit tangent bundle such that the return map to this cross-section
corresponds to the (classical) Gauss map on the end point. As an application of this, she shows that

the Gauss measure is simply a projection of the Haar measure onto these end points. Thus, because
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the Haar measure is ergodic for the geodesic flow, the Gauss measure is ergodic for the Gauss map.
The goal for this subsection is to construct the analogous measure in our context (for f) To do this we
will project the BMS measure in the same way and show that the resulting measure is ergodic for the
Gauss map (for f) In the end we will only be working with this measure, however for those interested,
in the Appendix, we show how to construct the analogous cutting sequences and cross-section in our
context (we omit the formal proofs concerning the commuting diagrams as we do not use them and
the details are the same as [Ser85]).

Throughout this section let (—2,2)* = (—2,2) \ {0}. Consider the restriction of Gauss map to the
limit set, C(f) = Q4 (where Q4 denotes the closure):

T :£(T) = £(T)

(7.8.2)
[O;CLl,CLQ,...] — [0;(12,...]
and its inverse
T ([0sa1,...,an1]) = | J [05k,a1,... an_]. (7.8.3)
ke4z+

The o-algebra associated to this Gauss map is now the Borel o-algebra on R intersected with E(f) The
goal is now to take the Bowen-Margulis-Sullivan measure and project it to a measure on (—2,2). We
choose the BMS measure as it is invariant and ergodic under the geodesic flow. Thus after projecting
we are left with a measure invariant and ergodic under the Gauss map. The following lemma gives a

parameterisation of the BMS measure used in Sullivan’s work [Sul79].

Lemma 7.8.1. For u € T'(H) let z denote the Euclidean midpoint of the geodesic containing u and
t:= Bu-(z,u) (thus t is the arclength from z to u). Then

1
lut —u= 7"

Remark. Note this Lemma is not specific to the subgroup T and holds for any Bowen-Margulis-Sullivan

measure associated to a subgroup considered in this paper.

Proof. First (recall s from the definition of m#% - Chapter 5, (5.5.6)) note

s = By-(i,u)
= Bu-(i,2) + Bu-(2,u)
= Bu-(,2)+t
= Bu-(hitu )+ B,-(I+u",2)+t (7.8.5)

Now using the definition of the Busemann function, we note that 8,-(i + u~,2), is the hyperbolic
distance (along the vertical geodesic at u~) between the horoball of height 1 based at u~ and the
horoball of height |u™ — u~|. Thus

s=t+B,-(ii+u )+ Injut —u|. (7.8.6)

Similarly
Byt (i,u) = —t + B+ (3,0 +u') —|—1n‘u+ —u . (7.8.7)
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Therefore, writing out the definition of the Burger Roblin measure and inserting (7.8.6) and (7.8.7):

mPMS (y) := 30t Put (0 qu (w7 Y dy; (uh)ds

_ 1 or B, — (i,i+u~ orp +(Li+u+) +
P (e dvi(u”))(e )i (u™))dt (7.8.8)
1 _
= 7|u+ s dpS (u™)dp (ut)dt
where in the last line we insert the definition of uf°
O

To derive the Gauss-type measure (similarly to [Ser85] for the classical Gauss measure) we restrict

the BMS measure to the u~ coordinate. Integrating over the u* coordinate in (—2,2) gives

2 PS(,+
dp”> (u™)
) 7.8.9
/—2 lut — u~|*F ( )

Thus, for a set E C (—o0,—2) U (00, 2)

/ / 2& duPS () (7.8.10)

is a measure. Changing coordinates and using that du®(1/y) = y=2cdu’(y) (this follows from

Chapter 5, (5.5.5) and a calculation using the Busemann function) gives, for any set E C (—2,2)*

// |xy—1|25A du®S (y), (7.8.11)

where Cj is a normalising constant. In the next section we show that this measure is T-invariant and
ergodic.

7.8.2 Invariance and Ergodicity

Theorem 7.8.2. On (—2,2)*, m® is T-invariant and ergodic.

Proof. To prove invariance, let E C (—2,2)* and consider the measure of its preimage

mO(T~ CO/ E)/ — 1|25A dp (y)

Plugging in the definition of 77'(E) and changing variables (du?®(1/y) = y~ 2%t du?(y)) together
with the fact that the Patterson-Sullivan measure is invariant under translation by 4n gives

_ 2 dMPS(l“) PS
—ay [ (/_ﬂyx'%f)du ®

nez*

) Ps
_ co/ /_ <|y_x 4n|2&> duPS (y). (7.8.12)

nez*

If we now change the x variable to x + 4n this gives

du®
= Co/ / s (25{ du" (y).
00,—2)U(2,00) |y — x|T
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Hence applying the change of variables z — ! gives

2 PS T
— Gy /E / 2 AT@) s () — mO(E).

|y — 1[*F

This new measure is ergodic for the Gauss map because the BMS is ergodic for the geodesic flow.

However to see this directly note first that the density

2 PS(,
() :/ _dp(x)

o |zy — 1/

is bounded on E(f) Given ay,...,a, and writing 2’—? = [0;ay,...,qa;], define the cylinder sets for
Pn )
o © Qu:
4p,, n—1t
Ay = Qb (t) = PntPooil gy g | (7.8.13)
4Qn + Qn—lt

Note that the sets A, N E(f) generate the Borel o-algebra on E(f)
First we note that the measure % is 0 if and only if v; is 0, hence for what follows we can work

with ; instead of 1FS. Hence note that for any n > 0, for s < ¢ € [0, 1], there exists a v € I such that

(7.8.14)

Therefore, as the density for m" with respect to the PS measure is bounded above and below, for any
A C £(T)N(—2,2)* measurable
1
amO(A) < mO(T_"(A)| A,) < CmP(A). (7.8.15)
To conclude, assume A is T-invariant, then £m°(A) < m°(A|A,). If m°(A) > 0, then Fm°(A,) <
m®(A,|A). Therefore, since the cylinders A,, generate the Borel o-algebra of measurable sets, we have
that

1
S (B) < m(Bl4)
for all B measurable. Setting B = A€ implies that m°(A¢) = 0 and m°(A) = 1. Hence m? is ergodic.
O
7.8.3 Gauss-Kuzmin Statistics
Given a point = [0;a1,as,...] € R (a; € N), Gauss considered the following problem (further studied

by Kuzmin in 1928): let ﬁnk(x) = w where #(k,n) is the number of a; = k with ¢ < n. Does
there exist a limiting distribution for ﬁnk(xﬁ Using the ergodicity of the Gauss measure it is fairly

simple to show that for Lebesgue-almost every z

lim. P, i(z) = ) In (1 + k(k1+2)> . (7.8.16)



This distribution is now known as Gauss-Kuzmin statistics. For a detailed description of the original
problem and history see [Khi03, Section 15]. The problem has an analogue in our setting.

For [0;a1,asz,...] =z € Q4N (—2,2) define ﬁnk(x) = w where #(k, n) is the number of a; equal

k for i < n. For simplicity of notation we assume k > 0. In that case, writing

Poy(z) = % 2) X(rip.2(T°) (7.8.17)
and applying the Birkhoff ergodic theorem for m® imply:
Theorem 7.8.3. For every positive integer k and 'S -almost every x = [0;a1,...] € Q4N (—2,2)
Py(z) = lim ﬁnk(m) =m° ((1, 1}) . (7.8.18)
n—o0 k+4"k

Once more, we note that, given a set A C £(T), it can be shown that m®(A4) = uPS(A) =< Hor(A)
where H°t denotes the Hausdorff measure on C(f) Hence Theorem 7.8.3 gives a rather fundamental

property of the fractal E(f) in terms of the Hausdorff measure.

Appendix to Chapter 7- Cutting Sequences for r

Working with T the goal of this section is to show that, given a geodesic with right end point in
(—2,2) ﬁﬁ(f) (and left end point in (—oo, —2)) there is a correspondence between the way this geodesic
cuts the boundaries of fundamental domains and the continued fraction expansion of the end point.
This section is analogous to the Bowen-Series coding for geodesics in PSL(2,R)/ PSL(2,Z).

Let £ € (—=2,2)N E(f) and let v be any geodesic whose right endpoint is £ and which intersects the
line z = —2. As this geodesic moves from left to right, it will cut (bisect) each fundamental domain.
Each fundamental domain has two funnels and a cusp. Thus the geodesic will separate one of the three
from the others. If the geodesic separates a cusp we write a c. If it separates a funnel we write an [ or
an r depending on whether the funnel is to the left or right of the geodesic. See Figure 7.6.

It is easy to see that the first term in the sequence will always be r and the next term will be I/r
after that there will be a sequence of ¢’s followed by the same [/r. Thus we end up with a sequence of

the form

5 =, q0, Cao»QOa QbCalaCh,(D, CQQ,(]2 .. (7819)

(the sequence is finite if the geodesic ends in a cusp) where ¢; = [, or r and a; > 0. With that it is

fairly easy to see that

E=10;(—1)™4(ag + 1), (-1)"4(cs + 1),...] (7.8.20)
where
0 if q; = l
i = . (7.8.21)
1 ifg=r

Thus there is a correspondence between such sequences and geodesics with end points in (—2,2).
To understand how the Gauss map acts on a point, we need to identify a particular cross-section in
TH(T\H). Consider the fundamental domain above i and the semi-circular arc centred at 0 of radius

1, which we call S - this arc forms part of the boundary of the fundamental domain. Given a geodesic

176



&2

Figure 7.6: In this diagram we show the cutting sequence for 3 different points
£1,89,€3. For &, first a funnel is cut off to the right of the geodesic, then again
a funnel is cut off to the right, then a cusp is cut off and then another cusp.

Thus the first 4 terms in the cutting sequence are r,71,¢,cC.

—1

N
2

~ whose left end point is in (—oo, —2) N £(T') and whose right endpoint is in (—2, 2) ﬂﬁ(f) and a point
x € yN S, we insert x into the cutting sequence of v, at its position in the sequence of fundamental

domains, resulting in a sequence of the form for example:

L L1, e L, x,r, ™2, .. (7.8.22)

We say a cutting sequence changes type at x if x lies between a ¢; and ¢;11. Note that « must lie before
an/oranr

With that, the cross-section C C T*(I'\H) are those points, based at = € S pointed along geodesics
whose cutting sequence changes type at . In that case, the return map for the geodesic flow to this
cross-section corresponds to the Gauss map acting on the end point. For a more formal discussion for

the modular group (however the same details apply here) see [Ser85].
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Figure 7.7: 1In this diagram we show a geodesic and a point z € S N « such that the
cutting sequence for 7 changes type at . This is because the cutting sequence with
x inserted will read ...,7,z,1,....
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