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Abstract

We investigate the analogues, in [, [#], of highly composite numbers and the maximum
order of the divisor function, as studied by Ramanujan. In particular, we determine
a family of highly composite polynomials which is not too sparse, and we use it to
compute the logarithm of the maximum of the divisor function at every degree up to
an error of a constant, which is significantly smaller than in the case of the integers,
even assuming the Riemann Hypothesis.
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1 Introduction

In [4], Ramanujan investigated the divisor function d(n), the number of divisors of n.
Being interested in the maximum order of d (n), he defined highly composite integers n
to be those for which d(n) > d(n’) foralln > n’, sothat D(N) := max{d(n) |n < N}
is given by d(n’) for the largest highly composite n’ < N. He was able to com-
pute log D(N) up to an error of at most O (e~ “VI°¢1¢N Jo0 N') unconditionally and
0(%) assuming the Riemann Hypothesis. Ramanujan studied carefully the
prime factorisation of the highly composite integers, and his results were improved
by Alaoglu and Erd6s in [1], who determined the exponent of each prime in the fac-

torisation of a highly composite number up to an error of at most 1.
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We consider the question of maximising the divisor function in the function field
setting. Let IF, be a finite field, M = {f € F,[¢t] monic}, M, = {f e M :deg f =
n}, T = {f € Mirreducible}, Z, = {f € Z : deg f = n}, and 7(n) = |Z(n)| =
% Zd\n ;L(d)q”/d where w(d) is the Mobius function. For f € M, let 7(f) be the
number of monic divisors of f, and observe that a generic polynomial f in M is of
the form

f=]]p" with degf=> a,degp and z(f)=]]U+a, 1)

pel pel pel

where only finitely many a, are non-zero. We wish to understand the polynomials
which maximise the function t up to a given degree, defined thus:

Definition 1.1 We call f € M a highly composite polynomial of degree n if t(f) =
maX{T(g) | g € Umgn Mm}

Remark 1.2 Highly composite polynomials of a given degree are not necessarily
unique. For example, all linear polynomials in M are highly composite polynomials
of degree 1.

Remark 1.3 There is (at least) one new highly composite polynomial at each degree.
Indeed, let f be a highly composite polynomial of degree n and suppose otherwise,
so that deg f = m < n. Then pick some g € M,,_,,, so that fg € M, but t(fg) =
#lde M:d|fg) =#({d € M :d|f}U{fg}) > t(f), which is a contradiction.

Remark 1.4 1If f =[] pez P7 is ahighly composite polynomial, thendeg p; < deg p;

. . . ap.—ap. ap,—dp.
implies ap, > a,;. Indeed, suppose otherwise and set g = fp;”” "' p." '/, sothat

7(g) = t(f) but deg g = deg f — (ap; —ap)(pj — pi) < deg f, which contradicts
Remark 1.3.

Remark 1.5 See “Appendix” for an illustrative table of highly composite polynomials
in Fo[7].

We first investigate a family of highly composite polynomials {/(x)}~¢ (following
Ramanujan in [4]), which we define as follows:

Definition 1.6 Let x > 0. We say that 1 = h(x) € M is an x-superior highly
composite polynomial, or just x-SHC, if for all f € M we have

th) [z e if degh = deg f,

qlegh/x | > q;c(gj;)/x if degh < deg f,

@)

and we say that & is an x-semi-superior highly composite polynomial, or x-SSHC, if
for all f € M we have

) ()

qdegh/x - qdegf/x :

3)
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Highly composite polynomials and the maximum order...

A polynomial which is x-SHC or x-SSHC for some x > 0 is called superior highly
composite or semi-superior highly composite, respectively.

Remark 1.7 Clearly, if h € M is x-SHC, then itis x-SSHC. Moreover, any polynomial
h which is x-SSHC is highly composite, since if f € M with deg f < deg &, then by
Eq. (3) we have that

(<P ),
q(degh—degf)/x

After defining a particular set for the parameter x of an x-SSHC,

Definition 1.8 letting

S:Sq:Z Sloizs,rzl,
log(1 + 1/r)

we are able to determine the structure of the superior highly composite polynomials.

Theorem 1 Let x > 0.

(1) There is one, and only one, x-SHC polynomial, namely

h=hx) = 1—[ 1_[ p% where a; = ay(x) = {;—IJ @

k/x
k=1 peT; q

Moreover; h is the unique highly composite polynomial of its degree.

(2) If x' < x” are two consecutive elements of S, then h(x) = h(x) forallx' <x <
x". So, there is a one-to-one correspondence between S and the set of superior
highly composite polynomials, given by x — ft(x),

and that of the semi-superior highly composite polynomials

Theorem 2 Let x > 0.

(1) If x ¢ S, then there is only one x-SSHC polynomial, namely the polynomial h(x)
defined in Eq. (4).

2) Ifx = 10;(110% € S, then there are 2™) x-SSHC polynomials of the form

h(x)
P - P

v

h(x) =

where }Az(x) is as in equation (4), 0 < v < n(s), P, ..., P;, € I distinct, and
degh(x) = deg h(x) — vs. Moreover; the unique polynomials h given by v = m(s)
and v = 0 are two (distinct) consecutive superior highly composite polynomials.

(3) If h(x) is x-SSHC and g € Mgegh(x) is a highly composite polynomial, then g is
also x-SSHC.
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This family of semi-superior highly composite polynomials is not too sparse, so we
can use it to construct polynomials at every degree which make the divisor function
close to its maximum. In particular, if we let T(N) := max{t(f) | f € My}, then
we are able to compute log 7' (N) within an error of at most log %:

Theorem 3 Letx = l%s(llo%m €S h= fz(x) and ay = ay(x) be defined as in Eq. (4),

and h be an x-SSHC polynomial of degree degﬁ(x) —vs with0 < v < 7(s). Then,
if N =degh —uwithO <u <s — 1, we have

log T (h) ifu=0

logT(N) =
ogT(N) {logr(h)—e(N) otherwise,

where

u 1 1
—log<1+—) < e(N) §log<1+—>.
S r ay

Moreover, the size of this range for € (N) is at most log(1 + m) <log %.

Remark 1.9 From the final sentence of part 2 of Theorem 2, we know that the (distinct)
superior highly composite polynomial ft(x/ ) immediately preceding ft(x) has degree
deg ft(x’ ) = deg ﬁ(x) —m(s)s. So, the form of N in Theorem 3 accounts for all integers
between the degrees of these two consecutive superior highly composite polynomials.
Therefore, for any N > 1, we can find x > 0 so as to express N in the form presented
in Theorem 3.

2 Superior highly composite polynomials
We begin by showing, contingent on some auxiliary lemmas proven subsequently, that

Proposition 2.1 For each x > 0, the function qdrei,% is maximised over all f € M by

(at least one) h = h(x) € M. Moreover, if we write h = l_[pEI pir = ]_[pEI pr ),
we have that

(1) Ifx ¢ S, thenap(x) = LWJ for each p € T and so h is unique.

. 1 1
(2) Else, ifx = % €S, sothatr = e then

LWJ lfdegp #S,

ap(x) =
! {rorr—l ifdegp =s

and so there are 2™®) such polynomials h.
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Proof From (1), we can write

apdeg plogg
X

T(f) l+ap
gdee f/x - l_[ g% 9z p/x = exp Zlog(l +ap) —
peZ pel

e () o ~ o
so that to maximise PNy for each p € 7 we must maximise the quantity ¢,, :=

log(1 +ap) — aa, with o = %2124

If x ¢ S, then o cannot be written as log(1 + %) for any integer j, so by Lemma 2.3
we have that ¢, is maximised if and only if a) = Lﬁj = queTl/)_lJ.

Otherwise, if x € S, then by Lemma 2.4 there is a unique pair (s, 7) such that
x = ]Ogs(llo%/r). Therefore, if deg p # s, then o cannot be written as log(1 + %)
for any integer j, so by Lemma 2.3 we have that ¢,, is maximised if and only if
ap = |+l = LWJ. Else, if deg p = s, then @ = log(l + 1) and so by
Lemma 2.3 we have that ¢, is maximised if and only if a, = r orr — 1. O

Remark 2.2 Notice in both cases that a,(x) is zero for deg p > %, so that the

lo
factorisation of 4 is in fact a finite product.
This leads us first to the proof of Theorem 1:

Proofof Theorem 1 For x > 0, let h = h(x) = [Tis1 [Tpez, P™ with a(x) =
I‘q"/‘+*lj ,and for x = logs(llo% € §,let E = E(x) be the set of polynomials defined
in part 2 of Proposition 2.1.

1. If x ¢ S, then from part 1 of Proposition 2.1, we know that for all f € M, we
have

t(h) t(f)

qdegﬁ/x = qdeg flx

and so A is the unique x-SHC. Moreover, if deg f < degfz then
w(h) > T(f)g LD > 1 (f)

and so /1 is the unique highly composite polynomial of its degree.
Otherwise, if x = mgs(lf%/r) e S, sothat r = qs/(+71, we observe that h =

[lyez pir with

1 .
i =&(x):L—l Jz |Gt it deep s
P gdeer/x —1 r if degp=s
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so that /1(x) € E. Therefore, by part 2 of Proposition 2.1, we have that

> - iff¢E,

qdeg f/x

o) [= g iffeE,
qdeg h/x

and that for all f € E \ {h}, we have deg f < degjz IS degfz. Therefore / is
the unique x-SHC, and moreover, if deg f < degh then

T@)zrqm@ﬂﬂ%WX>uﬁ iffekE,
> T(f)geh=e NI > 1(f) if f ¢ E,

and so / is the unique highly composite polynomial of its degree. .

2. Let x" < x” be two consecutive elements of S, and let ¥ = min{x > x'h(x) #
h(x")}. There are some k such that ag X)=m > ag (x"). Therefore we must have
that

, Iglogq - Izlogq
< ——— S < ———~
log (1 + Z) log (1 + H;m)

and by the minimality of X we must have that

klog g

— € S.
log(l +%)

X =

So, by the minimality of X and the definition of x”, we conclude that ¥ = x”,
and therefore that (x) = h(x) for all x' < x < x”. It follows that there is a
one-to-one correspondence between S and the set of superior highly composite
polynomials, given by x — h(x).

Then we move to the proof of Theorem 2:

Proofof Theorem2 For x > 0, let h = h(x) = [Tis1 I—[peIk p with ar(x) =

Lﬁj ,and for x = logs(llo% € S, let E = E(x) be the set of polynomials defined
in part 2 of Proposition 2.1.

(1) If x ¢ S, then the result follows from part 1 of Proposition 2.1.

2) Ifx = IOS& € S, then from part 2 of Proposition 2.1, we have that the x-

g(1+1/r)
SSHC polynomials are precisely the 27 ) polynomials in the set £, which we can
rewrite as
h(x) .
E=1h(x)= PP :0<v<mn(s)and P, ..., P;, € I distinct ¢ .
i Py
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When v = 0, h(x) = ﬁ(x) is superior highly composite. When v = m(s),
h(x) = [Ij>1 [1ez, p™ where

- a(x) ifk #s,
W= =0 k=

Now, let y = max{x’ € § : x’ < x} so that, by the definition of x and y, we have

slogg slogg
—1 S y<x= —1
log(l + m) log (1 + 7)

and so ak (y) = r — 1. When k # s, by Lemma 2.4, we cannot have that x =

klog
m € S, and so
kloi <x < kloi
. .
log (1 + ak(x)) log (1 + m)

This means that, by the definition of y, we have for k # s that

kloggqg klogg
— <y <x< 1
log (1 + ak(x)) log (1 + —1+ak(x)>

and so ag(y) = ax(x). Therefore, we have that fz(y) = h(x) and so, by part 2 of
Theorem 1, h(x) is the (distinct) superior highly composite polynomial immedi-
ately preceding h(x).

(3) Let h(x) be x-SSHC and g € Mgegn(x) be a highly composite polynomial. If
x ¢ S, then by part 1 of Theorem 2, h(x) = h(x), and by part 1 of Theorem 1,
h(x)is the unique highly composite polynomial of its degree, so g = h(x) = h(x).
Else, if x € S, then by part 2 of Proposition 2.1, we have that 4 € E and

7(h) =qdfcfg% if feE,
qleshx | > b i f ¢ E.

Therefore t(g) = v (h) if, and only if, g € E which means that g is also x-SSHC.

O

Finally we conclude by proving the auxiliary lemmas used in the proof of Propo-
sition 2.1, namely

Lemma 2.3 Let o > 0 and consider the sequence (¢n)n>0 defined by ¢, = log(1l +
n) — an. We have that
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(1) Iflog(1+ j%) <o <log(l+ %)for some integer j, then ¢, is maximised if and
onlyifn=j= |—e“_1—1J'

(2) Else, if « = log(1 + %) for some integer j, then ¢, is maximised if and only if
n=jorj—1.

Proof Let A, = ¢, — ¢pp—1 = log(1 + %) — «a for n > 1. Then we have that

(1) Iflog(1 + j‘?) <o <log(l+ }), then A, > Owhenn < j,and A, < 0 when

2) %1;,]&& = log(1l + %), then A, > O whenn < j, Aj =0and A, < 0 when
n>j.
O
and
Lemma 2.4 Let x € S. Then there is a unique pair (s, r) such that x = logs(ll(’%.
Proof Suppose otherwise, so that x = —1%€4__ — _ 51084 __ \with (4 ) and (R, S)

o = log(I+1/r) — Tog(I+I/R) " >
distinct. If s = S then r = R, so it must be that s # § and in particular we may

assume without loss of generality that S > s so that % > 1.

implies (1 + %)' = (1 + 1)” and therefore (£1" =

slogg _ Slogg

g(1+1/r) — log(1+1/R)
R+1)* +1)S
(R’ 4pg (-t

Now T
(r+1)%
S

. However, are irreducible fractions, so we must have that
RE=rSand R+ 1) = (r+15 So, 1+ =1+ R =1+ r5 but
(14+x)*>1+x%forx > 0and a > 1, which is a contradiction. O

3 The maximum value of the divisor function at each degree

Since the family of semi-superior highly composite polynomials is not too sparse, we
can use it to construct polynomials at every degree which make the divisor function
close to its maximum, and thus prove Theorem 3:

Proof of Theorem 3 1f u = 0, then N = degh, and by Theorem 2, & is highly com-
posite, so T(N) = t(h). Otherwise, if | < u < s — 1, we have by Remark 1.4 that
ay(x) > as(x) =r > 1. So, if we pick P € 7, and let g = %, then g € M with
deg g = degh — u = N and therefore

a,  t(h)
Itay 1421

T'(N) = t(g) = t(h)

On the other hand, by Theorem 2, 4 is x-SSHC, and so for any f € My, we have
T(f) < T(h)q e/ WX = ¢ (pyg= 7
and therefore

s

T(N) < t(h)g~""* = t(h) (1 L ;)
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Overall, this gives us that

log " = “1og (142 - L
gq/* =—log(1+ <logt(h) —logT(N) <log |1+ . Q)
s r

day

Now, since

we have that

u/x>1
1 - +1~|—au

and so the size of the range in equation (5) is at most

4

1 1 1
log|1+— ) —log| 1+ =log|l4+ ——— ) <log-—.
g( au) g( 1+au> g( au(au+2)> £3
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Appendix: Table of highly composite polynomials in F;[t]

We conclude with a table of highly composite polynomials in F»[¢], in which SSHC
polynomials are additionally marked with % and SHC polynomials are addition-
ally marked with xx. We denote the monic irreducible polynomials in F;[f] by
P1(t), P2(), ... in ascending order of the value which they take on r = 2 (so that, if
deg P; > deg Pj, theni > j), and we write f € M in the form f = P{"" P} --- in
order to shorten the printing. We have listed the explicit values of P (¢), ..., P14(t),
which are all of the irreducible polynomials which appear in the factorisations of
polynomials in our table of highly composite polynomials, in Table 1, along with the
values which they take on ¢t = 2.

The algorithm which we use to compute highly composite polynomials is an adap-
tion of the algorithm used to compute highly composite numbers in [2]. Though we
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Table 1 Table of ordered monic

irreducible polynomials in F;[7] P e deg Py hi@
1 t 1 2
2 41 1 3
3 24+ 2 7
4 B rr+1 3 11
5 B +241 3 13
6 M+ 4 19
7 B 4 25
8 A2+ 4 31
9 P21 5 37
10 P43+ 5 41
11 P+ +241+1 5 47
12 P+t 24141 5 55
13 P+t 4141 5 59
14 S+t +3 41241 5 61

take g = 2, it works in the same way for any I, [¢], and we give a brief description as
follows.

We first define the set M® C M of polynomials whose prime factors are in
(Pi,..., P}, and we call f € M® a k-highly composite polynomial if T(f) =
max{t(g) | g € M% and degg < deg f}. Then we let HC(k,n) € M® be the
set of k-highly composite polynomials of degree exactly n, and make the following
observations:

o If f = P"P}?-.. P} P/* € HC(k,n), then g = P{" P}* .- P*}' € HC(k —
1, n — ay deg Py). Otherwise, if we had some 7 € HC(k — 1, n — ay deg Py) with
t(h) > t(g) then we would have t(hP;*) > t(f) even though hP* € M®
with deg hP,f ¥ = n, which would be a contradiction.

e If f € HC(k, n), and Pl.ai P;lj divides f with deg P; > deg P;, then a; > a;. The
proof of this is identical to that presented in Remark 1.4.

The first observation allows us to iteratively compute HC(k, n), as long as we know
HC(k — 1, m) for all m < n. In particular, for each j > 0 withn — jdeg P, > 0,
we pick any (one) g; € HC(k — 1,n — jdeg Px), and determine which values of j
maximise 7(g; Pk’ ). Once we have determined such a set J = {ji,..., j-} we can
conclude that

HC(k,n) = {fj P : j € J, f; € HC(k — 1,n — j deg Py)}.
It is trivial to observe that the base case HC(1,n) = {P}'} for all n > 0, and we
proceed inductively from there.

The second observation allows to note that, if {Py, ..., Pt} = Uz<pZ, for some
b > 1,anddeg P; - - - Py > n,thenthe set HC(k, n) isin fact the set of highly composite
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Table 2 Table of highly
composite polynomials in Fp[7]

feMm deg f (f)
1
P 1 2
1
“P) 1 2
*ok Pll P21 2 4
*Pip) 3 6
“Pl P} 3 6
2p2
P2 p3 4 9
3p2
P} P3 5 12
2p3
P2 P; 5 12
2plpl
P2P} P 5 12
1 p2pl
pl P} p)] 5 12
“plp2 P} 6 18
“P} P} P) 7 24
2p3pl
*P2P; P) 7 24
“pd 3 P} 8 32
4p3pl
P} P3Pl 9 40
3p4pl
P} PP 9 40
4 p4pl
P} P} P) 10 50
3p3plpl
“P} PSPl P) 11 64
3p3plpl
“p} P3Pl P 11 64
4p3plpl
pipipip) 12 80
3p4plpl
piptprip) 12 80
4p3plpl
PP Pl P! 12 80
3p4plpl
pip}Plp] 12 80
4pdplpl
piptplp) 13 100
piPtPIP) 13 100
3p3plplpl
“ P3PS Py PP 14 128
4p3plplpl
“pipsPlp) Pl 15 160
“P Py PIP} Pl 15 160
“ppsPip) Pl 16 200
Py PSP P} P 17 240
PP PP} P! 17 240
piP3 PP} P 17 240
P} Py PP P 17 240
4pdp2plpl
“ptpPip) P 18 300
Sp4p2plpl
“P) Py P2 P} Pl 19 360
*PpPy PP} Pl 19 360
SpSp2plpl
“ PP PIP)P] 20 432
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Table 2 continued

@ Springer

feM deg f (f)
PePyPIP) Pl 21 S04
P PYPIP) P! 21 S04
p}PiP}PPIP] 22 600
piriPIpPIP] 22 600
p}PiP}PPIP] 2 600
P P§P}P)PIP] 23 720
PP PP} PIP] 23 720
P PiPIp}PIP] 23 720
PP PP} PIP] 23 720
P} Py P2P} Pl P] 23 720
p}p; PP} PlP] 23 720
S5pSp2plplpl
Py Py Py Py Ps 24 864
Sp3Sp2plplpl
*PY Py PPy P Py 24 864
SpSp2plplpl
Py Py Py Py Ps Py 24 864
POPPIPIPIP] 25 1008
PP PSPIP}PIP] 25 1008
PEPI PP} PIP] 25 1008
Py PSP} P} PP 25 1008
PPy PP} PP 25 1008
PPy PP} PP 25 1008
piripPipPipPlp] 26 1200
iririrl AR 2 1200
piriPipPiPlP] 26 1200
PP pyP2p}PIPlP] 27 1440
PPy P2} PIPLP] 27 1440
Piririrl PR 2 140
Piririrlrl R 7 10
Piririrl PPl 2 10
PPy PP PIPI P 27 1440
SpSp2plplplpl
“pPy P PP} PlpPLP] 28 1728
SpSp2plplplpl
“PyP3 PP} PlPLP] 28 1728
SpSp2plplplpl
“p)P3 PP} PlP}P]) 28 1728
PPy P2P}PIPLP] 29 2016
PP PSP2pP}PIPlP] 29 2016
PorirErl PR 2 s
Pirgrirlrir 2 s
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Table 2 continued feM deg f T(f)
6 pSp2plplplpl
PP PIP}PIPIP] 29 2016
Sp6p2plplplpl
Py PSP P} PIP]P] 29 2016
4p4p2plplplplpl
piptr?p}PiplPlP] 30 2400
5p4p2plplplplpl
Py ptpP?p}PipPlPIP] 31 2880
4pSp2plplplplpl
pipPI PP} PIPLP] P 31 2880
SpSp2plplplplpl
“pSpsPIPipPlPLPIP] 32 3456
PSR pLpr] 5 1032
S5p6p2plplplplpl
“pPyPS PP} PlPL PP 33 4032
PSP R L . 4704
Tp6p2plplplplpl
Pl PS PP} PIP!P]P] 35 5376
PoP]P?P} PIPlPIP] 35 5376
6 pSp3plplplplpl
PP Pi P} PIPLP] P 35 5376
P PSPip}PIPLP] P! 35 5376
* p6p6p3pl pl plplpl
“pSpS PPl PlPLP]P] 36 6272
7p6p3plplplplpl
p/ PSP P} PIPLP]P] 37 7168
6 p7p3plplplplpl
poP] PP} PiPl PP 37 7168
7p7p3plplplplpl
P/ P} PP} PIPlP] P 38 8192
6 p6 p3 p2 pl pl pl pl
POPS P P2 PPl PIP] 39 9408
6 p6 p3 pl p2plplpl
PP PSP P} P2PLP] P 39 9408
6 p6p2plplplplplpl
PoPS PP} PIPL PPl P 39 9408
6 p6p2plplplplplpl
Py Py P3Py Ps Po P Pg Py 39 9408
poPSPIP)PIPLPI Pl P 39 9408
PP PZP} PIPLPIPIP) 39 9408
6 p6p2plplplplplpl
poPSPIP}PIPLPIPIPL 39 9408
6 p6p2plplplplplpl
Py Py Py Py Ps Po Py Py Py 39 9408

polynomials of degree n. Thus, once we have HC(k, n), by taking k sufficiently large,
we are able to compute the highly composite polynomials of degree n (Table 2).

Remark A.1 In [F»[¢], there are certain degrees at which there is a unique highly com-
posite polynomial of that degree, but where that polynomial is neither SHC nor SSHC
(see degrees 10, 30 and 38 in the table of highly composite polynomials, for example).
We leave for further investigation the question of whether there are infinitely many
degrees with this property.
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