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Abstract

Let G be a connected reductive group over Q such that G = G/Q), is quasi-split, and let
Q C G be aparabolic subgroup. We introduce parahoric overconvergent cohomology groups
with respect to Q, and prove a classicality theorem showing that the small slope parts of these
groups coincide with those of classical cohomology. This allows the use of overconvergent
cohomology at parahoric, rather than Iwahoric, level, and provides flexible lifting theorems
that appear to be particularly well-adapted to arithmetic applications. When Q is a Borel, we
recover the usual theory of overconvergent cohomology, and our classicality theorem gives
a stronger slope bound than in the existing literature. We use our theory to construct Q-
parabolic eigenvarieties, which parametrise p-adic families of systems of Hecke eigenvalues
that are finite slope at Q, but that allow infinite slope away from Q.
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1 Introduction
1.1 Context

Hida and Coleman families describe the variation of automorphic representations as their
weight varies p-adic analytically. They have become ubiquitous in many areas of number
theory, and are vital tools in the study of the Langlands program and the Bloch—Kato conjec-
tures. Their behaviour is captured geometrically in the theory of eigenvarieties. To construct
and study an eigenvariety, one requires:

e arigid analytic weight space VW, encoding p-adic analytic variation of weights;

e for each A € W, a space M, that varies analytically in A, and which carries an action of
a suitable Hecke algebra;

e and a notion of ‘classical structure/classicality’, relating finite-slope systems of Hecke
eigenvalues appearing in M, to those arising from p-refinements of automorphic repre-
sentations of weight A.

The eigenvariety is then a rigid analytic space £, with a weight map w : £ — W, whose
points lying above a weight A parametrise finite-slope systems of Hecke eigenvalues that
appear in M, . Via the classical structure these relate to eigensystems attached to automorphic
representations.

Let G be a connected reductive group over Q, and suppose G := G/q, is quasi-split. In
this case Hansen [23] has constructed eigenvarieties for G by taking M, to be overconvergent
cohomology groups; his work generalises earlier constructions of Ash—Stevens and Urban
[1,42]. Cohomological automorphic representations of G(A) of weight A arise in the coho-
mology of locally symmetric spaces Sk for G, of level K, with coefficients in an algebraic
representation V}\v of weight 1. Overconvergent cohomology is defined by replacing V)\v with
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an (infinite-dimensional) module Df of p-adic distributions. The classical structure is then
furnished by a classicality theorem, which says that the ‘non-critical/small slope’ parts of
the overconvergent and classical cohomology coincide, so that non-critical slope systems of
Hecke eigenvalues in M), are classical. Here the slope of an eigensystem is the p-adic valua-
tion of the U eigenvalue (for an appropriate ‘controlling operator’ U). A slope 0 eigensystem
is ordinary.

This classicality theorem was first introduced in [40] for modular forms, and is a coho-
mological analogue of Coleman’s classicality criterion [11]. It has, in its own right, had
far-reaching arithmetic consequences: to give a brief flavour, it has been used to construct
p-adic L-functions [35], to study L-invariants [22], to construct Stark—Heegner points [14],
and to give conjectural analogues of class field theory over real quadratic fields [15].

1.2 Parabolic families and classicality

In the usual theory, p-adic families for G encode variation with respect to a Borel subgroup
B C G. In particular, U is a B-controlling operator in the sense of Sect. 2.5, the natural
generalisation of the U, operator for modular forms. Then the eigenvariety encodes U-
finite-slope eigensystems, and the non-critical slope bound depends on U'.

All of the above is defined using the Iwahori subgroup at p. When applying this to the
study of an automorphic representation i, this forces one to work at Iwahoric level, studying
“full’ p-refinements of . In practice, however, it is frequently more natural to work only at
parahoric level for a parabolic subgroup Q C G, corresponding to a weaker p-refinement.
In this setting, passing further to full Iwahoric level often requires stronger hypotheses and
a loss of information.

In this paper, we present a refined version of overconvergent cohomology which applies
to Q-parahoric level, and prove a classicality theorem for this refined theory. We vary this
in p-adic families and use it to construct ‘parabolic eigenvarieties’, parametrising parabolic
families of automorphic representations. This approach brings two further benefits:

e the criterion for non-critical slope is weaker, giving more control in the classicality
theorem;

e the resulting parabolic families parametrise Q-finite-slope eigensystems, without requir-
ing finite slope away from Q.

This is offset by the fact that these spaces vary over smaller-dimensional weight spaces.

A very special case of this is as follows. Suppose F is areal quadratic field in which p splits
as pp, and let G = Resr/q GL,. Then G = GL, x GLy, and U, = Uy, Uy is a B-controlling
operator. Let E/F be a modular elliptic curve with good ordinary reduction at p and bad
(additive) reduction at p. The attached system of Hecke eigenvalues has infinite slope for Uy
and hence U, and does not appear in the (2-dimensional) Hilbert eigenvariety. However, we
may take a parabolic Q = B; x GL; C G, where B, is the Borel in GL;; then Uy is a Q-
controlling operator, and the ordinary p-refinement of E satisfies the Q-classicality theorem,
giving a 1-dimensional ‘p-adic family’ through E. Moreover, this classicality yields a class
in the p-adic overconvergent cohomology attached to E, which has been used to construct
p-adic points on E [20].
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1.3 Methods and results

Our parahoric overconvergent cohomology groups are defined using parahoric' distribution
modules. Any weight X is naturally a character on the torus 7'(Z,); we are most interested in
those that are algebraic dominant, and call these classical. The typical coefficient modules
used in overconvergent cohomology are:

e overconvergent coefficients DY, dual to the locally analytic induction of A to the Iwahori
subgroup of G(Z)),
e and classical coefficients V)Lv, dual to the algebraic induction of A to G(Z,).

We consider a hybrid construction, defining spaces DAQ by taking the algebraic induction of A
to the Levi subgroup L g of Q, then (locally) analytically inducing to the parahoric subgroup
for Q, then taking the dual. These groups are naturally quotients of Df. Moreover if we take
Q = B to be the Borel, we recover DG and if we take Q = G the ‘trivial’ parabolic we
recover V)\V. All of this is described in Sect. 3, and summarised in Table 1.

In Sect. 4, we construct a parahoric version of Jones—Urban’s locally analytic BGG reso-
lution. This is an analytic version of the main result of [28], and provides a tool for our main
result, which is a Q-classicality theorem giving an isomorphism between the small-slope
parts of cohomology with Dg and VY coefficients. In particular, in Theorem 4.4 we prove:

TheoremA Let Q = Pp C Py C --- C Py, = G be a maximal chain of parabolics
containing Q, and let Ug be a Q-controlling operator which factorises as Ug = Uy - - - Up,
where each U; - - - Uy, is a P;_1-controlling operator. Let ¢ be a system of Hecke eigenvalues
and A a classical weight.

There exist precise bounds h; € Qq, depending on A, such that if v,(¢(U;)) < h; for
each i, then the ¢-parts of the weight A classical and Q-overconvergent cohomology are
isomorphic.

If v,(¢(U;)) < h; for each i, we say ¢ has Q-non-critical slope. The notion of being
a controlling operator, and the precise values of /;, are described in terms of root data and
Weyl groups, which we recap in Sect. 2. We describe this theorem in a number of explicit
cases in Examples 4.1.

Remark If Q is the Borel, the most general classicality theorems for (Iwahoric) over-
convergent cohomology that currently appear in the literature—for example, [42, Prop.
4.3.10]—require v, (¢ (Up)) < min; (h;), so even in this case we give a significant improve-
ment on the known range of non-critical slopes. Such improved ranges were known to exist
in other settings (for example, see [17, Sect. 4.4]), and we believe an analogue for overcon-
vergent cohomology was expected by experts. However, it does not appear in the literature,
which we aim to rectify here.

The parahoric overconvergent cohomology groups can be naturally varied analytically
in the weight, from which the construction of p-adic families and eigenvarieties—and their
basic properties—is fairly standard. In particular, we construct rigid analytic spaces whose
points parametrise Q-finite slope systems of eigenvalues, and coherent sheaves on these
spaces that interpolate Q-finite slope eigenspaces in classical cohomology. We describe this
in Sect. 5. In Sect. 5.4, we give sufficient conditions for the existence of parabolic families
of cuspidal automorphic representations.

1 Though we only consider parahoric subgroups attached to parabolics, we write ‘parahoric distribu-
tions/overconvergent cohomology’ to avoid conflict with the established definition of parabolic cohomology.
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1.4 A note on assumptions

We will use results from [23,42], which work in slightly different settings to us. In [42],
Urban’s main applications are in the case where G is quasi-split at p and satisfies the Harish—
Chandra condition at infinity (i.e. Gdr(R) admits discrete series). The Harish—-Chandra
condition is assumed only to control the geometry of the eigenvarieties he constructs. In
particular it is not used anywhere in Sect. 2,3 of [42], which covers the results we use; in
these sections Urban sets up the theory of (Iwahoric) overconvergent cohomology assuming
only G/, is quasi-split. (We indicate briefly where the Harish-Chandra condition is useful
in our setting. In the notation of Definition 5.11 below, it implies that at any Q-non-critical
slope cuspidal point x we have £y (x) = 0; and thus by Proposition 5.12, any irreducible
component of the parabolic eigenvariety through x has the same dimension as the weight
space. Without the Harish—Chandra condition this might not be true).

In [23], Hansen works under the assumption that G,q,, is split instead of quasi-split. This
appears to have been done only for convenience, since (as explained in [42, Sect. 3.1.1,Sect.
3.2]) the formalism of locally analytic distributions goes through equally well when G is quasi-
split, up to keeping track of a finite field extension (the field L for us). Moreover Hansen’s
main tools—the spectral sequences—require only formal properties of distributions that hold
in the quasi-split case.

In fact, as remarked on p.1712, footnote 16 of [42], it should be possible to drop the
quasi-split requirement altogether if one uses Bruhat-Tits buildings. One then replaces the
parahoric subgroup with any open compact subgroup with a Bruhat—Iwahori decomposition.
This approach is taken in [25,30], where there are no assumptions at all on G at p. We have
opted to stick to the notationally much simpler, but still very general, quasi-split setting.

Finally, we choose to use compactly supported cohomology throughout this paper as it
best suits our future applications, but all of the results go through identically replacing this
with singular cohomology (and, in Sect. 5, Borel-Moore homology with singular homology).

1.5 Comparison to the literature

Constructions of parabolic families/eigenvarieties have been previously given using methods
different to this paper. The theory was introduced for Hida families in [24], and other papers
on this subject include [30] (for unitary groups), [34] (Hida theory for Siegel modular forms),
andin particular [25], which treats a very general setting using Emerton’s completed cohomol-
ogy. They are also related to the p-ordinary setting of [16]. Parabolic families have important
applications in arithmetic: for example, in the case of G = GSpy, Siegel-parabolic families
are used in [32, Sect. 17], where new cases of the Bloch—Kato conjecture are proved; when
G is a definite unitary group, parabolic eigenvarieties were used in [10] to attach Galois rep-
resentations to certain regular, polarised automorphic representations of GL,;; and parabolic
Hida families are used in upcoming work of Caraiani-Newton to answer deep questions
about local-global compatibility for Galois representations.

In this spirit, the main motivation for giving a new version of this theory comes through
arithmetic applications, for which parahoric overconvergent cohomology appears particularly
well-suited; it adapts a very useful arithmetic tool (overconvergent cohomology) to a setting
of increasing arithmetic interest (parahoric level/families).

This utility is illustrated in the example of GL; over a number field F', where special cases
of the above theory have appeared repeatedly:
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— In the case where F is totally real, partial p-adic families were used in [4,26], with
applications to the trivial zero and parity conjectures respectively.

— For more general F, versions of Theorem A have been proved and used to construct
Stark—Heegner points on elliptic curves [19,20,41], and when F is imaginary quadratic,
to construct conjectural Stark—Heegner cycles attached to Bianchi modular forms [43].
It was also used in [7] to construct p-adic £-invariants and prove an exceptional zero
conjecture for Bianchi modular forms.

— Moreover, versions of the refined slope conditions given by Theorem A were used in
[8,44] to construct p-adic L-functions attached to automorphic forms for GL.

In forthcoming work with Dimitrov, we use Theorem A in the setting of GL,,, over totally real
fields, using the parabolic Q with Levi GL, x GL,,, to construct p-adic L-functions attached
to Q-non-critical conjugate-symplectic automorphic representations of GL,,. We use the
results of the present paper to give stronger non-critical-slope and growth conditions than
could be achieved with Iwahoric overconvergent cohomology. We also vary this construction
in Q-families.

These methods also appear well-adapted to the study of the general automorphic £-
invariants defined in [18], in which parabolic subgroups arise very naturally. In addition to
the examples for GL, above, a combination of parahoric overconvergent cohomology with
recent work of Gehrmann and Rosso [21] should, in nice examples (such as the setting of
conjugate-symplectic GLy,) yield arithmetic interpretations of automorphic L-invariants.
For GL;, such interpretations are already crucial in the construction of the Stark—Heegner
points/cycles mentioned above.

Finally, we note the recent related work of Loeffler [29] on universal deformation spaces,
which can be described as ‘big’ parabolic eigenvarieties. The eigenvarieties we construct are
the ‘small’ automorphic eigenvarieties of Sect. 6.2 op. cit.; as yet there is no ‘big’ automorphic
analogue.

1.6 Acknowledgements

We are very grateful to Mladen Dimitrov, who helped us work out these definitions explicitly
for GLy,, and to David Loeffler, who gave valuable comments and suggestions on an earlier
draft. We are also indebted to the referee for their careful reading of the paper, and for
their valuable comments and corrections. D.B.S. was supported by the FONDECYT PAI
77180007. C.W. was funded by an EPSRC Postdoctoral Fellowship EP/T001615/1.

2 Preliminaries and structure theory
2.1 Global notation

Let F be a number field, and for each non-archimedean place v let F), denote its completion
at v, with ring of integers O, and uniformiser w,. Let G’ be a connected reductive group
over F, and G := Resp /Qg’ be the Weil restriction of scalars. We will be fundamentally
interested in the cohomology of locally symmetric spaces attached to G. Let K C G(A ) be
an open compact subgroup, where A ; denotes the finite adeles of Q, let C (resp. Zoo) be
the maximal compact subgroup (resp. centre) of G(R), and let Koo = CooZoo. Then let

Sk = G(Q\G(A)/KKS,
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be the locally symmetric space attached to K, where K3 is the identity component of K.
If M is a right K-module such that the centre Z(K N G(Q)) acts trivially, then we get an
associated local system on S given by the fibres of the projection

GQ\IGA) x M]/ KKS, — Sk, 2.0

with action y (g, m)uk = (y guk, m|u).

2.2 Local notation and root data at p

Let G = G/q,. We assume that G is quasi-split, and splits over a (fixed) finite Galois
extension E/Q,. As far as possible we will suppress E from notation. We take G’/ F, and
G to have (henceforth fixed) models over O, and Z, respectively. Let T be a maximal torus
in G, and B a Borel subgroup containing 7. Let B~ denote the opposite Borel, and N, N~
the unipotent radicals of B, B™. Attached to all of these groups we have corresponding Lie
algebras g, t, b, b™, n,n™ over Q). Let

X*(T) = Hom(T, Gn), Xo(T):=Hom(G,,, T)

be the lattices of algebraic characters and cocharacters of the torus, and (, ) the canonical
pairing on X°*(T) ® X4(T). Let R C X°*(T) denote the set of roots for (G, T'). For each
root a, let Hy € tand a¥ € X,(T) be the corresponding coroots, defined so that (o, ') =
o(Hy) = 2. We fix a basis X, of

g ={Xeg:adt)- X =a(r)X forallt € T}

normalised so that [Xy, X_,] = Hy in g. Our choice of Borel fixes a set of positive roots
RT C Randaset A C R of simple roots. We say a character A € X*(T) is dominant
(with respect to B) if (A, ) > O forall ¢ € A.

Let Wi denote the Weyl group of (G, T'), generated by reflections w, for o« € A, acting
on X*(T) by A% = A — A(Hy ). Also define the x-action of W on X*(T) by

wxi=x+p" —p, re X (T), we Wg,

where p = % Yoacrt @ € X(T)®z %Z is half the sum of the positive roots. One may check
(see e.g. the proof of [42, Prop. 3.2.11]) that this action is by

W kA=A —[(h, )+ 1]a. (2.2)

Example To anchor this general framework, we keep in mind the familiar example of GL,, /Q.
Here G is split, g = M, (Q), X*(T) =Ze; @ --- ® Zey, and Xo(T) = ZeY & --- @ Ze,) .
For B the upper-triangular Borel, A = {o] = e; —e2,...,0y—1 = ey—1 — €,}. We have
o = e’ — e |, Hy, is the n x n matrix with (i, ) entry 1, (i + 1,7 + 1) entry —1 and
all other entries 0, and X, is the n x n matrix with (i,i 4+ 1) entry 1 and all others 0.
The Weyl group is S, ; the standard action is by permutations of the ¢;, and the * action on
A=A, ..., y) =dier + -+ Ayep is

Wy, A= (A1, ooy Aoty Ajpr — 1, A+ 1, Ajgo, ooy Ap). 2.3)

The dominant weights are the A with A,, > X,,4 for all m. In particular, if A is dominant,
then wy, * A is never dominant for any i, as 4,41 — 1 < A; + 1.
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2.3 Parabolic subgroups

There is a well-known correspondence between the standard parabolic subgroups B C Q C
G and subsets of the simple roots: if q := Lie(Q), we let

Ap=laeA:X oeq) 2.4)

The correspondence Q <> Ay is inclusion-preserving: in particular, Ap = & and the
maximal standard parabolics correspond to excluding a single simple root. It is convenient
(if non-standard) to allow G to be the ‘trivial’ parabolic subgroup, equal to its Levi subgroup
and with Ag = A.

Let L denote the Levi group attached to Q, and N the unipotent radical of Q, so that
Q = LgNg. Note Ag can be identified with A ,. Also let O~ and Ng be the opposite
groups.

Define the parahoric subgroup at Q tobe Jg = Hvlp Jo,v, where

Jov =1{g €G'(Oy) : g(mod w) € Q(Fp))}.
We also define J, é =Jp NN é (Z). For non-trivial Q we have a parahoric decomposition
Jo=1J, - Lo(Zy) - No(Zp), (2.5)

and for g € Jg, we write this as ¢ = ny - 1o - ng. If the context is clear, we sometimes drop
the subscript g. Note that when Q = B is the Borel, Jp is the usual Iwahori subgroup and
we recover the Iwahori decomposition [33, Prop. 5.3.3].

2.4 The Hecke algebra

Fix a parabolic subgroup Q, and let K = Hv’[oo
We take K to be parahoric in that K, := []
parahoric) Hecke algebra at p, we define

K, C G(A ) be an open compact subgroup.

oip Kv C Jo C G(Zp). To define the (Q-

TH={(teT@Q)): 17" NZ, -t C NZp)}. (2.6)

Proposition 2.1 (i) An elementt € T(Q)) is in T if and only if vp(a(t)) < 0 for all
o € A.
(i) Ift € T, thent™! . Ng(Zy) -t C No(Zy) for any parabolic Q.
(i) Ift € TT, thent=' - B(Z,) -t C B(Z)).

Proof For (i), first suppose v,(a(t)) < O for all @. The Lie algebra of N is n =
Dper+QpXp C g, which has a basis indexed by the positive roots R™. We obtain co-
ordinates {xg(n) € Q, : B € RT} for any n € N(Qp), with the property that for any
B, B’ € RT, we have

1:p=p
0:B#p.

Let B; be the matrix of conjugation by 7 in this basis; it is diagonal with value 8~ (¢) at (8, B).
By the valuation condition, we have v, (8 ~1(#)) > 0 for all z. Now, the subgroup N(Z,) is
exactly the subspace of n such that xg(n) € Z, for all 8, and this is clearly preserved by B;.

Conversely, if there exists « € A with v, (a(t)) > 0, then we see that 1 exp(Xg)t ¢
N(Z,).

xp(exp(Xp)) = {
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To see (ii), observe that we have np(Q,) = @ﬁeR+\R§QPXﬁ C n(Zp), where

RE ={p e R :Bisarootof Lo} .7
Thus No(Z,) is the subgroup of N(Z,) characterised by xg(n) = 0 for g € RE. But this
space is preserved by the action of # € T by the arguments above. Finally (iii) is immediate
since B(Zy,) = T(Z,)N(Z;) and T+ commutes with T(Zp). ]

Definition2.2 e We define (K ) to be the commutative Q,-algebra generated by
U =I[KytK,l, teT™.

e Forthe (all but finitely many) places v of F at which K, is hyperspecial maximal compact
and G’/ F, is unramified, define the local Hecke algebra H, (K,) to be the commutative
Q) -algebra generated by the double coset operators T, (y):=[K,y K], for y € G (Fy).

e For all other v { poo, define H, (K,) = 1.

e We define the Hecke algebra to be H(K) := H,(K,) ® @ Ho(Ky).

v{poo

If S is a Q) -algebra, then a system of Hecke eigenvalues over S is a non-trivial algebra
homomorphism ¢ : H(K) — S.If M is an S-module upon which H(K) acts S-linearly, then
we write My for the localisation of M—as a H(K) ®q » S-module—at the ideal ker(¢) C

H(K)®q, S-1If S is afield and M a finite-dimensional S-vector space, this is the generalised
eigenspace where H(K) acts as ¢. We say ¢ occurs in M if My # 0.

Remark We could take other choices of ramified Hecke algebra, altering the local geometry
of the eigenvariety to suit particular arithmetic applications. The construction and results we
present here go through for any reasonable choice of ramified Hecke algebra.

2.5 Controlling operators

In the general theory, the role of U, operator for modular forms is played by controlling
operators. Let Q be a parabolic subgroup. For s > 0, let BS(Z,) = {b € B(Z,) : b =
1(mod p*)} and define NXQ = No(Zy) N B¥(Zy). If t € T, then by Proposition 2.1 we
know conjugation by ¢ preserves No(Z,). We define

Tgt={treT" 17" N} -t C NG Vs =0} = {t eT": ()t Not' :1}.
If P C Q are two parabolics and # € T, then t’leQt C No(Z,) N N,S,Jr] = NSQH, )
++ ++
(Pl pag
Proposition2.3 Lett € TT. Thent € TQ+Jr ifand only if v, (a(t)) < 0 foralla € A\Ayg.

Proof Suppose v, (a(t)) < Oforalla € A\Ag, andletn € Ny(Z,). In the notation of the
proof of Proposition 2.1, the set R +\RJQF is precisely the set of 8 € R™ whose decomposition
B = > «; into simple roots (in G) has at least one of the o; € A\Ag. Then v,(B()) < 0
for all B € RT\ R, and every entry of B; restricted to No(Z p) is divisible by p. Since N, é

is the subgroup of n with xg(n) = 0(mod p*) for all € R+\R+, we see that B, sends NSQ

to N‘Q'H.
Conversely, if « € A\Ap with v, (a(t)) = 0, then ! exp(Xq)t # I(mod p). Thus
17Ny -t ¢ Npsot ¢ T O
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Definition 2.4 Ifr € T5+, we call U, a Q-controlling operator.

Example Consider the case of G = GL,,. For Q the parabolic with Levi GL,—, x GL,, the
element r = diag(1, ..., 1, p, ..., p), with p’s in the last r entries, defines a Q-controlling
operator, but not a B-controlling operator. The element + = diag(l, p, ..., p”’z, p”’l)
defines a B-controlling operator and hence a Q-controlling operator for any standard
parabolic Q.

3 Parahoric overconvergent cohomology

We now introduce the coefficient modules for overconvergent cohomology, using a more
flexible notion of ‘parahoric distributions’ defined relative to a parabolic Q. When Q = B
is the Borel, this specialises to the usual definition of locally analytic distributions; and
when QO = G, we recover classical coefficient modules. Cohomology with coefficients in
Q-parahoric distributions is more easily controlled (but varies over smaller weight spaces)
as Q gets larger.

3.1 Weight spaces

Let K C G(Ay) be an open compact subgroup such that K, C G(Z,), and let Z(K) denote
the p-adic closure of Zg(Q) N K in T'(Z)).

Definition 3.1 (Weights for T') Define the weight space of level K for G to be the Q,-rigid
analytic space whose L-points, for L C C,, any sufficiently large extension of Q,, are given
by

W (L) = Home (T (Z)/Z(K), L™).

This space has a natural group structure, and has dimension dim 7'(Z ) — dim Z(K).1tis
usually more convenient to identify a weight A € Wk (L) with the corresponding character
on T(Z,) that is trivial under Z(K), and we do this freely throughout. The condition that
characters be trivial on Z(K) ensures the local systems we define later are well-defined, as
discussed before (2.1). Since K will typically be fixed, we will henceforth mostly drop it
from the notation.

Definition 3.2 Each A € X*(T) induces a character on T (Z); let X*(T)k be the subspace
of such A trivial on Z(K). There is a natural inclusion X*(T)x C W(L), and we call this
the subspace of algebraic weights. Via Sect. 2.2, the algebraic weights carry the x-action of
the Weyl group and can be paired naturally, via (—, —), with X4(T"). A classical weight is a
dominant algebraic weight.

When using the standard notion of distributions with respect to the Borel subgroup, it is
possible to define distributions over arbitrary affinoids in W (see, for example, [23, Sect.
2.2]). The additional flexibility we obtain with parahoric distributions, i.e. weaker notions
of finite-slope families and non-criticality, come at the cost of less flexibility when defining
distributions in families. In particular, they vary only over the following smaller weight
spaces.

Definition 3.3 (Weights for Q) Let Q be a standard parabolic subgroup.
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(i) For K and L as above, let W2 (L) be the Q p-rigid analytic space with L-points
WO(L) = WE(L) = Homes (L o(Z,)/Z(K), L¥).

More precisely, W€ is the rigid generic fibre of Spf(Zp[[Lg’(Zp)/Z(K )11), where
the quotient is by the image of Z(K) in Laé’(Z,,). Precomposition with T(Z,) —

Lo(Z,) — L"g(Zp) realises W€ as a closed rigid subgroup of W.

(ii) For A9 € W(Q)) a fixed classical weight, define W/\% to be the coset AgW< inside W,
which hence obtains the structure of a Q,-rigid space. We have

WE(L) = {n e W(L) : 1rg' e WE(L)).

Again, we identify these weights with characters on L o (Z),) that are trivial under Z(K).
This space has dimension dim(L‘g’(Zp)) —dim(Z(K)), which is at most dim(Wg ). Whilst

we encode X in the notation, the space W)% evidently only depends on Ao up to translation
by We.

Example Let G = GL,,, and Q the standard parabolic with Levi Ly = GL, x GL,
embedded diagonally. Then W(L) comprises 2n-tuples A = (A1, ..., A2,) of characters
Z; — L (that are trivial on Z(K)), and W2 (L) is the subspace where A; = - -+ = A, and
Dt =+ = han.

3.2 Parahoric distributions

Locally analytic induction modules for a group G, as for example seen in [1,27,42], are
usually defined through p-adic analytic functions on the Iwahori subgroup, and are uniquely
defined by their restriction to N (Z ). For G = GL,,, for example, this translates into functions
that are locally analytic in n(n — 1)/2 variables, corresponding to the off-diagonal entries in
N(Z,).

We now define ‘partially overconvergent’ distribution modules, defined with respect to
the parabolic Q, where we only allow analytic variation in some subset of the variables in
N (Z ) and dictate algebraic variation in the others. For this, we first algebraically induce up
to the Levi L g, and then analytically induce to the parahoric Jo. This is explained in explicit
detail for GL3 /Q in [45, Sect. 4.3]; the concrete setting op. cit. simplifies the concepts whilst
retaining the key ideas.

We recap standard results on locally analytic induction. As G splits over E, all our coef-
ficient modules come from representations of g, . For the rest of the paper, fix L/Q,, finite
containing E, and an L-Banach algebra R.

3.2.1 Algebraic induction and highest weight representations

LetA € X*(T) C W(L) be a classical weight for the group G. We have a finite-dimensional
irreducible representation VAG of highest weight A, whose L-points can be realised as the
algebraic induction

G(Zp)
B~ (Zy)

={f :G(Zy) — L |f algebraic, f(n"tg) =A(t)f(g)Vn~ € N"(Z,),
teT(Zp), g e G(ZLy)}.

V(L) = Ind A
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(By an algebraic function f : G(Z,) — L, we mean a function on G(Z,) induced by a
global section f € L[G] of the structure sheaf of the (affine) group G 1..) The space VAG (L)is
aleft G(Z,)-module by right translation, and we denote this action by (-),. Any f € V)\G (L)
is determined by its restriction to the (open, dense) Iwahori subgroup Jp, and thus (by the
transformation property and (2.5)) by its restriction to N(Z,). Moreover, it is standard? that
any algebraic f : Jp — L with f(n"tg) = A(¢) f(g) has a unique algebraic extension to
G(Zp).

3.2.2 Analytic function spaces

Let X C Z;, be open compact and L and R be as above. A function f : X — R is analytic
if it can be written as a convergent power series

fOr,x) = Y i —a)" (= a)", an € R,

for some (ai, ..., a,) € X. We write the space of such functions as 4y (X, R); note that as
the a, converge to zero, Ag(X, R) = Ap(X, L)® R is the completed tensor product. We
say f is algebraic if ap, = 0 for all but finitely many n, and denote the subspace of such f as
V(X, R) C Ap(X, R).Forany integer s, wesay f : X — R is s-analytic (resp. s-algebraic)
if it is analytic (resp. algebraic) on each open disc of radius p~— in X (inside Z’p), and write
A (X, R) for the space of s-analytic functions. Note 0-analytic is the same as analytic, so the
notation is consistent. The spaces A (X, L) are Banach spaces under a suitable sup norm [42,
Sect. 3.2.1], and the inclusions A (X, L) C As4+1(X, L) are compact [42, Lem. 3.2.2]. The
spaces Ay (X, R) = A (X, L)®; R inherit a Banach R-module structure from the completed
tensor product, which can again be described in terms of sup norms (see e.g. [23, Sect. 2.2],
[1, Prop. 3.6.7]). The inclusions As(X, R) C As+1(X, R) are compact by [9, Cor. 2.9],
noting the potential ONability hypothesis follows from ONability of A, (X, L) (see below)
and Lem. 2.8 op. cit. We write A(X, R) = li_n)ls A (X, R).

If M is a finite Banach R-module, then we say a function f : X — M is s-analytic
if it is an element of A (X, R)®g M. We write A, (X, M) for the space of such functions,
which (by [39, Sect. 4]) inherits R-Banach module structure from the completed tensor
product. Again, the inclusion maps A (X, M) C Ag4+1(X, M) are compact, and we let
AX, M) =1lim Ay (X, M).

Recall the?ehnition of orthonormalisable (ONable) from [12, Sect. A1]. Any Banach
space over L is ONable [42, Lem. 2.1.5], so the spaces A;(X, L) and (when M is a finite-
dimensional L-vector space) A (X, M) are ONable. When R is a contractive L-algebra (for
example, if R is an L-affinoid algebra), then the completed tensor product of an ONable
L-Banach space with R is an ONable R-Banach module [12, Prop. A1.3], so for such R the
spaces A, (X, R) are ONable. If A and B are two ONable Banach R-modules with ON bases
{ei}, {fj}, then AQpg B is an ONable Banach R-module with ON basis {¢; ® fj}: hence when
R is contractive and M is a finite Banach R-module, the spaces A;(X, M) are ONable.

For a Banach R-module A, let Homg (A, R) denote the space of continuous R-module
maps A — R. This is a Banach space via [12, Sect. A1]. If R = L, and M is a finite-
dimensional (normed) L-vector space, then we write Dy(X, M) := Homp (As(X, M), L).
In this case the maps D41 (X, M) C Dy(X, M) are compact via the analogous statements
for As(X, M) and [38, Lem. 16.4], and (as it is an L-Banach space) D;(X, M) is ONable.
Similar statements for dual spaces over R are more subtle: see Sect. 3.2.7 below.

2 See e.g. [42, Sect. 3.2.9], where for ¢ = 1 this is implicit in the statement V) (¢, L) = V; (L) N A (I, L).
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3.2.3 Analytic induction modules

Let @ = LN be a parabolic. We may identify Jo with an open compact subset of Z, for
some r, and thus apply the above formalism of analytic functions on Jg. Let M be a finite
Banach R-module with a left-action of L (Z,). We extend this action to Q™ (Z,) N Jg =
(Jé Lg)(Z,) by dictating that Jé acts trivially.

Definition 3.4 Define the s-analytic induction of M to Jg, denoted LAgIndg M, to be the
space of functions f : Jo — M such that f € A;(Jp, M) and

fbg)=b- f(g) forallbe Q" (Z,)NJgand g € Jg. 3.D
We write LAInd g M for the space of such functions f such that f € A(Jg, M).

Note that any such function f is uniquely determined by its restriction to No(Z,) by
(3.1) and the parahoric decomposition (2.5). Recall from (2.7) we have an explicit realisation
of Ng(Z,) as an open compact subset of Z;, via the product decomposition Np(Z,) =
HﬁeRJr\Rg Z,Xg. Note then that a function on Ng(Z)) is s-analytic if and only if it is

analytic on each N, SQ (Z)-coset.

3.2.4 Locally analytic induction at single weights

We recap the usual locally analytic modules. Here we take Q to be the Borel B, with Levi
T.Let . € W(L) be a classical weight.

Definition 3.5 e Denote the s-analytic induction of A by
A§ (L) = LA,Indp,
realised as functions f : Jg — L with f(n"tg) = A(t) f(g) fort € T(Z,),n~ €
N=(Z).
o Let Af (L) == LAIndgA = li_r>nY AﬁS(L) be the module of locally analytic functions.
e We write Dﬁs (L) and Df (L) for the respective topological L-duals of the above spaces.

The module AAG’ 4(L) can be identified with A;(N(Z)), L) by restriction from Jp to
N(Z,), and inherits an L-Banach space structure from this space. Similarly the natural
inclusions Aﬁs (L) C Aﬁ s+1(L) are all compact. Note also that via the restriction to Jp

explained in Sect. 3.2.1, we may view V)\G (L) as the subspace of algebraic functions in
AF (L)
Now we work with a general Q, with Levi L. Let A be a classical weight; it is also a

weight for L o, and we have an algebraic L p-representation VXLQ (L) of highest weight X via
Sect. 3.2.1.

Definition3.6 o Let A2 (L) = LA;Indo[V,  (L)].
0y ._ L i AQ
o LetA?(L) = LAIndo[V, °(L)] = lim AP (L).

o Let DY (L) =Hom, (A2 (L), L) and D (L) = Hom (A2 (L), L).
As above, all the spaces with subscript s’s are Banach spaces over L. The spaces Ag(L)

and D)? (L) are Fréchet spaces, and D? (L) is compact Fréchet in the sense of [42, Sect.
2.3.12].
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Remark 3.7 As above, for any Q, the subspace of algebraic functions in ASO(L) is VAG (L),
and hence VAG’V(L) is a quotient of DgO(L). At the extreme end, where we take Q = G,
then from the definition AgO(L) = V)\G (L) and DSO(L) = V)\G’V(L).

3.2.5 Integral structures

All of the above Banach spaces have natural integral structures, where we replace L with
Op; in particular, as in [42, 3.2.13] we define

AZ (O1) = AZ (L) N A5, On), AL (01) =AL (L) N As(Jg. V, 2(OD)).

The dual modules V/\G‘V((’)L), DAG’ ,(OL) and Dg ;(OL) are then all defined via Op -duals.
3.2.6 Analytic functions in families

We now vary these spaces in families. Fix a classical weight .o € W(L), and let i/ C VV)\QO
be an affinoid (which we always take to be admissible in the sense of [13, Def. 2.2.6], so that
it is open in the Tate topology on Wg). If A € U(L), then by definition Mgl eW2(L)isa
character of Ly(Z)).

Lemma 3.8 If A € U(L) is classical, then we have an isomorphism of L g (Z))-modules
L ~ L _
V, 9(L) =V, (L) @ My

Proof The character Ay ' can itself, as an irreducible representation of L ¢, be viewed as
. . . L L L . .
the highest weight representation VMQ,I. Then V, 2= VA frl is a subrepresentation of the
047

0
tensor product; but the tensor product of an irreducible representation with a character is
irreducible. O

Crucial for variation is the fact that the underlying spaces of V/\LQ (L) and VALOQ (L) are the
same: only the L g(Z,)-action is different. We now vary the action analytically.

As W is a rigid analytic group, translation by Ag defines a rigid analytic automorphism
of W. LetUp = A, U c W2: this translation identifies U isomorphically with U, so it is
an affinoid defined over L. Attached to such an affinoid, there exists a tautological/universal
character xy, : Lo(Zp) —> O(Up)™ with the property that for each weight AA, I e
Up(L), composing xy4, with evaluation O(Uy) — L at Ak, ! recovers the corresponding
map Lo(Z,) — L*. Necessarily such a character must factor through the abelianisation
Lg(Z p),and Lg’ (as a commutative reductive group) is a torus. Any character of L"E’(Z p)is
then locally analytic by [9, Prop. 8.3]. We deduce g4, is the composition of a locally analytic
map with the analytic (even algebraic) map Ly — Lg’, hence it is s-analytic for all s greater
than some (minimal) integer s[/].

Definition 3.9 Define a finite free O (Up)-module Vljg = VALOQ (L) ®1, O(Up), and a map

Chu Lo@y) — Aut (V2 (L) @ 0™ < Aut (V)
L— () ® Xuty (0)-

This makes VJ 2 into an L o (Z,)-representation. From the definition of x;4,, we deduce:
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Proposition 3.10 For any classical . € U(L), evaluation OUy) — L at k)»al € Uy induces
a surjective map

L L L
spy Vi — V2L @ g = V%L
of Lo(Z)-representations. Thus VZ/I,‘ ¢ interpolates the representations VALQ (L) as X varies
inlU.
Here sp, is surjective since O(Up) — L (evaluation at AL, ]) is surjective and VA];Q (L) is

L-flat.

Remark 3.11 The choice of ¢ fixes an identification of ¢/ and Uy, and hence of O () and
O(Up), which is compatible with our normalisation of specialisation maps. Henceforth we
work only with ¢/, and implicitly the transfer of structure is with respect to this choice of
identification.

Definition 3.12 For any s > s[U], define?

AZ,=LAdndgV, %, and A2 =limAf .
N
Lemma3.13 Ag’s = As(No(Zy), VAI;)Q (L)®LOW) is an ONable OU)-Banach module.
If {e;i}ien is an ON basis of A;(Ng(Z)), VXLOQ (L)), then {e; ® 1};eN is an ON basis ong’s.

Proof By (3.1), restriction to Np(Z,) gives Ag,s = A;(Ng(Zp), V;Q), which from the

definitions is isomorphic to As (N (Z)), VALOQ (L)®1OU). The rest now follows from [12,
Prop. A1.3]. O

3.2.7 Distributions in families

Since O(U)-duals are not as well-behaved as L-duals, we have to work harder to study the
distributions in this setting. See e.g. [2, Rem. 3.1] or [23, Sect. 2.2] for analogous discussions.
The first natural space to study is the Banach/continuous dual

DS | = Homouy (AZ . OW)).

The natural restriction maps Dg sil = Dg , are injective (as in [23, Sect. 2.2]). However

this is not obviously ONable. Since we require this for slope decompositions, we also define
~ L —~
DS, =Di(No(Z)), V,,° (1)) BLOW).

Since O(U) is a contractive Banach L-algebra, this space is an ONable Banach R-module
[12, Prop. A1.3]; and the restriction maps Dg,s+1 — Dg,s are compact by [9, Cor. 2.9]. By
formalism of duals/tensor products there is a natural inclusion

re: DG = DF . (3.2)

defined on pure tensors by 4 @ @ — [(f ® B) — w(f)aB] (using Lemma 3.13). Then (cf.
[23, Sect. 2.2]):

3 Note this is only well-defined for s > 5[] since otherwise the action of L o (Z ) is not s-analytic.
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Lemma 3.14 For all s, there is a compact injective map js : Dg P ﬁgv making the
following diagram commute:

DS, —=—=DJ, (3.3)

Q res Q
DL{,S-H DL{ s

Proof If the map exists, it is compact (by considering the top triangle) and injective
(by considering the bottom triangle). To prove existence, let {e;};cN be an ON basis of

Ay(No(Z,), V,-° (L)). For i € N define distributions
. o
v € Di(Nop). Vi 2(). ke = {02

extended continuously. Then given p € < we define

Uu,s+1°

Js) =Y vi®ule; ®1) e DY . (3.4)
ieN

To see this is well-defined, note {¢; ® 1} is an ON basis of Ag ; by Lemma 3.13. As the

inclusion Ag ;s C Au S+1 is compact, the sequence ¢; ® 1 tends to zero in Au sp1-and u(e; ®
1) — 0; hence the sum in (3.4) converges in the completed tensor product. Commutativity
of (3.3) follows easily from the definitions. O

Definition 3.15 Define the space of parahoric locally analytic distributions over U to be
Dg = Hom@(u) (Ag, O(U))
Lemma 3.16 The space Dg = lim Dg = lim l~)g s Is a compact Fréchet O(U)-module.

Proof The first isomorphism is standard, and the second 1s0m0rphlsrn (between inverse lim-
its) follows from Lemma 3.14. We conclude since 11m D , is compact Fréchet by definition.
O

Remark 3.17 If 1 € WAQO is any (possibly non-classical) weight, then we may still define an
Lo(Zy)-module V, %(L) := V,.°(L) ® i, . Hence we can define DZ (L) and DZ (L)

identically to Definition 3.6. Note VALQ (L) is independent of the choice of base weight Aq,
since if A{, is another choice, by Lemma 3.8 (in the first isomorphism) we have

L 1~ _ L _
Vo) = Vo) @ g = A,Q(L) ®L () 1@ Mgt =V, A (L) @L A0
Hence Dg ;(L) and Dg (L) are also independent of the choice of Aq.

Remark 3.18 1f U’ C U is a closed affinoid subspace, then (by definition of ]N)g ;) we have

Dg Qow) OU') = Dg,. If A € U(L) corresponds to the maximal ideal m, C OWU), we
thus have

D ®ow) OW)/m: = DP(L),
and a specialisation map sp;_ : Dg —» D/\Q(L). Thus DLQ, interpolates D/\Q(L) as A varies in
U(L).
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Table 1 Modules of coefficients

Module On unipotent Extension Dual Nomenclature
vG - - VG’\/ Algebraic on G
A A g
AT As(N(Zp), L) f:lp—1L DY s-analytic on N
./4)? A(N (Zp), L) f:Jp—L ’Df locally analytic on N
L L
A)?S As (NQ(Z,,), v, Q) fido—V, 0 Dsz s-an. on Ng, s-alg.on L
L L
A)? A (NQ(ZP), v, Q) fiJo—V, 0 Dg loc.an. on N, loc.alg. on Lo
L L
Ag A (NQ(ZP), VuQ> f: Jo — VuQ Dg loc.an. on Ng, loc.alg. on Lo

3.3 Summary of notation

The notation in the above is heavy. To ease notation, henceforth we will fix a coefficient
field L/Q, containing the fixed splitting field E of G, and drop it from the notation, writing
AL =A2 (1), VS = V(L) et

In Table 1 we give a brief key of our notation in the language of Sect. 3.2.2. Note that
all of the analytic function spaces can be characteristed uniquely by their restrictions to a
unipotent subgroup, valued in some Banach module, and then extended uniquely to Jg or Jo
using the weight action. For a classical weight A and any s > 0, we get the chain of modules

(Banach) Ve = AJ) c AL c AP = AZ, (3.5)
N n N
0 _ 4G

(Frechet) A7 C Af = AY.

The notation we maintain is that A2 means Q-parabolic induction and A® means full induc-
tion. Modules with subscripts s are Banach modules, and s denotes the degree of analyticity;
those without a subscript s are Fréchet modules. Despite the equality Af = Aﬁs, we choose

L . . L
to maintain the separate notation A and A both for clarity and because the modules A, % play
a crucial role in the sequel.

3.4 The action of 2 and local systems
Definition 3.19 Let X denote the monoid in G(Q,,) generated by Jo and T+.

Let ¢ denote either a single classical weight A or an affinoid ¢/ in W)% for a fixed classical
Ao- The parahoric Jg acts on itself by right multiplication, which then give rise to left actions
of Jp on Ag s and Ag and dual right actions on Dg s and Dg .

The action of T is more subtle; we note that any function f € Ag s is uniquely determined
by its restriction to B(Z,), upon which ¢ € T+ acts by b — t~1br (by Proposition 2.1(iii)).
In itself, this is not compatible with the action of Jy above due to the left multiplication by
¢~ 1. To rectify this, note that our choice of uniformisers defines a splitting

T(Qp) = T(Zp) xTQp)/T(Zp), 1t (a(1),(1)). (3.6)
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Also write ¢ for the composition 7(Q) i) T(Qp)/T(Z,) — T(Qp). Then T acts on
B(Z),) by
bt =) bt = o)t br. 3.7

Nowift € T(Z,) =T(Qp)NJg,theno ()t~! = 1and (3.7) coincides with right translation
byt.If f € AOQ,S, define t * f on B(Z)) by (t * f)(b) = f(b*t), and extend to Jg via (3.1).
A simple check shows ¢ * f € Ag ; is well-defined, giving a left action of 7" on Ag gsanda
right action on Dg 5

Notation 3.20 If g € X, denote the action of g on f € Ags by gx f,andon pu € Dgs by
g

Lemma 3.21 The image of the map r : ﬁgs > Dg,s from (3.2) is preserved by X ¢.

Proof We can argue exactly as in [2, Rem. 3.1]. Alternatively, we can directly write down an
action on D gletjeldg,te TTand p®a € on S(L)®LO(U0), which we identify with

ﬁgb via restrlctlon to No(Z,). Write j = j~£;n; under (2.5). On pure tensors, define

M®a)*j=(u*j)& xuy(lj)a, (U®a)*t=(uxt)® xuy(o())e,

extended by continuity. One may check explicitly that (3.2) is equivariant for the x-actions.
O

Suppose K C G(A r) is open compact with K, C Jg. Via projection to K ,, these spaces
of locally analytic distributions are K-modules which then, via (2.1), give local systems
over the locally symmetric space, which in a slight abuse of notation we denote by the same
symbols.

Definition 3.22 The parahoric overconvergent cohomology groups (with respect to the
parabolic Q) are the groups H’ (Sk,Dg, Y) H’ (Sg,Dg ) and H’ (Skg,D Q )

The action of t € T then allows us to define Hecke operators U, on the parahoric
overconvergent cohomology groups, exactly as in [23, Sect. 2.1]. We extend this to an action
of H(K) by letting G'(F,) act trivially on Dgs forall v 1 p.

Remark 3.23 (i) Note that more or less by definition, the x-action of X defined here pre-
serves the integral subspaces DAQS (Op) of Sect. 3.2.5.

(ii) The x-action also preserves alget;raic subspaces. In particular, we get a *-action of X on
VXG (L) which preserves V)LG (Or).Butany f € VAG (L) extends uniquely from G(Z,) to
G(Qp), from which we get a natural ‘algebraic’ action of G(Q),) defined by (¢ - f)(g) =
f(gt). From the definition, we find that for f € VAG andr € T™, we have

(% ) (@) = flomr gn = 1o ) )g) (3.8)

(compare [42, (15)]). The --action does not preserve V)LG (OL), and the *-action can be
viewed as an ‘optimal’ integral normalisation of it.
(iii) For GL,, it is easy to write down the --action on V/\G’v explicitly, and one easily sees
that this explicit action extends to distributions; this is done, for example, in [2,8,35].
We warn the reader, however, that this does not give the *-action of 7" on distributions
defined here: in particular, it does not preserve integrality (see [8, Sect. 9.1]).
For the remainder of this paper, unless explicitly stated, all actions will be the *-actions.
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3.5 Compact operators and slope decompositions

We now recap the (standard) arguments that show the parahoric overconvergent cohomology
groups admit slope decompositions with respect to Q-controlling operators.

Lemma3.24 Ift € T5+, then t acts compactly on D)\Q’S and D?, and on ﬁgs and Dg.

Proof At a single weight A, we follow [42, Lemma 3.2.8]. Firstly, since by definition of
Tér+ we have t_lNSQ(Zp)t - Ngl(Zp), we see that 7 - A$S+1(L) C ASS(L). Hence on
distributions, we have D)? (L)t C D)g s+1(L) (that is, r improves the analyticity). Thus the
action of ¢ factors through the (compact) inclusion map D/g st (L) =D xQ,s (L). This ensures
that it acts compactly on DAQ’S (L), and also the limit Dg (L) by definition. The statements for

U then follow combining this with [9, Lem. 2.9], the definition of ]N)g’s (from Sect. 3.2.7),
and Lemma 3.16. O

If M is a module admitting a slope < & decomposition with respect to an operator U (see,
for example, [23, Definition 2.3.1]), we write it as

M= MY=" g MU, (3.9)

Let H? denote compactly supported (Betti) cohomology, dual to the Borel-Moore homol-
ogy. The following adaptation of [1, Sect. 4] is the main reason we introduced the (ONable)
spaces Dy; (.

Proposition 3.25 Let K be an open compact subgroup of G(A ) with K, C Jg, letUd C W)%
be an open affinoid, let h > 0, and let t € Tg *. Then, possibly up to replacing U with a

smaller affinoid neighbourhood of \:

(1) The spaces HZ (Sk, D)\Q’S) and HZ (Sk, ﬁg,x) admit slope U; < h decompositions for all
s. ~
(ii) The small slope parts H (S, DgS)U’Sh and HZ (Sk, Dg S)U’Sh are independent of s.

(iii) Both HZ(Sk, D/\Q) and HZ (Sk, Dg ) admit slope U; < h decompositions, and for any s
H(Sk, DOV = H (S, DZ OV, HI(Sk, DYV=" = H (S, DG )V =".

Proof These results are all standard, so we only give analogous references. The mod-
ules we have defined give rise to compactly supported chain complexes C2 (K, Dg ) and
CK, f)g 4)» as at the end of [23, Sect. 3], and the compactness of  on distributions lifts to
compactness of ¢ on the complex. The cohomology of this complex gives rise to the com-
pactly supported cohomology groups in which we are primarily interested. Since the Dg s and
f)g  are ONable, Propositions 2.3.3-2.3.5 of [23] then show part (). Part (ii) is the parahoric
analogue of Proposition 3.1.5 op. cit., arguing identically using instead the parahoric chain
complexes. Part (iii) follows in the inverse limit (using Lemma 3.16 for distributions over
Uu). O

Note that, directly from the definitions, if M is a Q,-module that admits a slope decom-
position with respect to an operator U, and 8 € Q,, then

MBU=h ~ pU<lh—v,(B)] (3.10)
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4 Parahoric classicality theorems

We now prove our central result, a relative classicality theorem for parahoric overconvergent
cohomology. This encompasses the analogous theorem for lifting from fully algebraic to
fully analytic coefficients, and indeed we expect that it gives a numerically optimal slope
bound for such a result. Our main tool is a parahoric version of Jones and Urban’s locally
analytic Bernstein—Gelfand—Gelfand (BGG) resolution for classical weights A (Corollary
4.16), which we develop in Sects. 4.2—4.4. This can also be considered as a locally analytic
version of the main result of [28].

As in Sect. 3.3, we fix a coefficient field L/Q),,, containing E splitting G, and drop it from
notation.

4.1 The parahoric classicality theorem

Fix throughout this section a parabolic Q C G, an open compact K C G(A ) with K, C Jg
and a classical weight A. Dualising the natural inclusion V)\G C AAQ’O C Ags yields a map

Dg s VAG’V, and a corresponding map on cohomology:
px 1 HY(Sk. DY) — H2(Sx. V). A.1)

Definition 4.1 Let¢ be asystem of Hecke eigenvalues (for H(K)) occurringin HS (Sk , V)LG’v ).
We say ¢ is Q-non-critical if the map p restricts to an isomorphism of ¢-generalised
eigenspaces

He(Sk.DE,), = He(Sk. V&)

¢ Ch

Such systems ¢ naturally arise from ‘p-refined’ automorphic representations 7 ; see Sect.
4.6. We say such a 77 is Q-non-critical if the associated ¢ is. We observe that for finite slope
systems, this definition has no dependence on the radius of analyticity s, so is well-defined;
and in fact we may pass to distributions that are fully locally analytic in Q:

Lemma 4.2 Let ¢ be a Q-non-critical system of Hecke eigenvalues, and assume ¢ has Q-
finite slope (i.e. ¢ (U;) % O for some t € Tér+). Then for any s > 0, we have

HI(Sk. DY), = HI(Sk. DY), =HI(Sk. V),
Proof This follows from Proposition 3.25 applied with some & > v, (¢ (U;)). ]
Definition 4.3 For A a classical weight,r € T+ and o € A, let
Rt e, 1) = vy, (£ )
=—[(h, @) + 1] - vp(a@).
Here 1* := A(z), and the equality is (2.2).

This provides a numerical criterion for Q-non-criticality. Define a maximal chain of
parabolics

Q=P CPiC---CP,=G

containing Q, so that Ap, = Ap._, U {«;} for some simple root ¢;. Foreachi = 1,...,m,
let; € TT such that v p(ai(t;)) < 0, and let U; = Uy,. The rest of Sect. 4 will be dedicated
to proving:
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Theorem 4.4 Let ¢ be as in Definition 4.1. Suppose ¢ is Q-non-critical slope in the sense
that

hi = vp[UN] < B (1, 0, )
foralli =1, ..., m. Then ¢ is Q-non-critical.

Example e Let G = GL,,, with root system A,_; and simple roots A = {oy, ..., 01}

We get a chain of parabolics P; correspondingto @ C {o1} C --- C{ay, ..., 0p—1} = A
: precisely, Pp = B and if i > 0, then P; is the parabolic with Levi GL;41 X GL’l’_i -1
We may take t; = diag(1,...,1, p,..., p), with p’s in the last n — i entries; then for
A= (AL, ..., An), wehave h(t;, o, &) = A; —A; 41 + 1. Thus a p-refined automorphic
representation 7 of GL, (A) with U;-eigenvalues A; is B-non-critical if v,(A;) < A; —
Aiv1 + 1 fori = 1,...,n — 1. If we just use the usual U ,-operator corresponding to
diag(1, p, ..., p”’z, p”’l), with eigenvalue A, then the small slope criterion is (the
much more restrictive) v,(A) < min; (A; — A;41 + 1).

o In the same set-up, if Q; is the maximal standard parabolic with Ag, = A\{a;}, then
7 is Q j-non-critical slope if v, (A ;) < hcm(tj, aj,A) =Xrj —Ajp1+ L

e Let G = GSp,, with root system a generalised form of C, (with an additional basis
vector e3 for the character space; see [37, Sect. 2.3] for more details). Let F be a Siegel
eigenform with weight A = (k1 + 3, k2 + 3) with k; > k> > 0; then F is cohomological.
This corresponds to the character kje1 + kaez + Oe3. The simple roots are oy = e — e
and ay = 2ey — e3, with coroots &y = e — ey and oy = e;. There are thus two
non-minimal parabolics:

— The Siegel parabolic corresponds to {«;}. Letting Sie = 63V (p) € T(Qp), we see
vp(otl(tSie)) = 0 and vp(ag(tSie)) = —1, and we get a Siegel-controlling operator
Ugie = U,sie. Let Aiie be the UpSie-eigenvalue. Then F is Siegel-non-critical slope if
vp(AS) < —(h,ay) - =1 =ky + L.

— The Klingen parabolic corresponds to {a»}. Letting X1 := (e5 +2¢5)(p) € T(Qp), we
get vp(om(tK“)) = —1 and v,,(az(tK“)) = 0; define U}f” = U,ki, with F-eigenvalue
AE“. Then F is Klingen-non-critical slope if vp(AIIEH) < —(A, alv) —1=k;—ky+ 1.

We may identify the torus in G with a subgroup of the diagonal matrices in GL4, after which
151 is the matrix diag(1, 1, p, p) and X! is diag(1, p, p, p?).

Remark 4.5 Our definition of Q-non-critical uses cohomology with compact support H?; to
be more precise, we could call this Q-non-critical for H?. It is also common to use Betti
cohomology (without support) H®, as in for example [23,42], giving a (directly analogous)
notion of Q-non-critical for H®. It seems natural to expect that the two notions are equivalent,
but it does not a priori appear obvious that this is the case. However, Theorem 4.4 applies
equally well to both cases: so Q-non-critical slope implies both flavours of Q-non-criticality.
Henceforth, unless specified otherwise, our notion of non-critical should be clear from the
underlying setting.

4.2 Analytic BGG for the Borel

We recap the usual locally analytic BGG resolution (Theorem 4.6). Recall A(Jp, L) is the
space of locally L-analytic functions on the Iwahori Jp, and A)CL; C A(Jp, L). We have a
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left action of Jg on A(Jp, L) by I(h) - f(g) = f(h’lg). This action is L-analytic, and thus
induces an analytic action of g. Explicitly, X € g acts by

1X)- £(8) = & ([iexp(—X)) - £1@) |,

This extends in a natural way to an action of the universal enveloping algebra $4(g).

By [42, Prop. 3.2.11], for each simple root o« € A, the map f +— [(Xy) - f induces a map
Af — Af_a. By (2.2), wg * A = A — [(A, ") + 1]a for a classical weight A, and we have
a map

O : A —> Aga*x
fi— Z(Xo((x,ozv)+l) - f.
This is Jp-equivariant and (recalling ¢ from (3.6)) transforms under ¢ € T as
O (14 f) = ac ()™ 15 Ou(N)]: 4.2)

The following describes the first few terms of the locally analytic BGG resolution. Let

VAG]OC - Af be the subspace of functions that are locally L-algebraic on Jp, that is, the

union of the subspaces of s-algebraic functions over all s > 0.
Theorem 4.6 [27, Thm. 26], [42, Prop. 3.2.12] Let A be a classical weight. There is an exact
sequence
O
0— VAC,;IOC - 'AG 2 @‘Awa*x
acA

The action of g on A(Jp, L) preserves Ag(Jp, L) (as we can define it on this space
directly). Hence we have maps X, : Af,o — AAGme and O : Af\;,o — Aga*x,o-

Corollary 4.7 Let A be a classical weight. There is an exact sequence

G G 99« G
0>V — Ay — @Awa*A,O'

aEA

Proof Since VG C VA loc’ itis a subset of ker(@®, ). Conversely, if f € ker(@®,), then by
Theorem 4.6 it lies in Vk,loc N Ago = VXG (see [42, Sect. 3.2.9]). O

4.3 Theta operators on parahoric distributions

We now describe A)?,o as a canonical subspace of A)?,O' If fe A)?,O andn € Ng(Z,), then

by definition [ f(n) : Lo(Z,) — L] € V,"©

Proposition 4.8 There is an injective X g-equivariant map Lo : A)\Q,O — A)?,O defined by
to(f):Jg — L, t(f)(8) = f(&)dLy).

Proof Note 1o (f) is analytic since f is.Lett € T(Z,)andn™ € Jg,and writen™ = néﬁ_

with né IS JQ_ and £~ € Lg(Zy) N Jg . Using (3.1) for f and the L p-action on VALQ, we
have

Lo(N(n~1g) = flnytT1e)(dry) = [(€71): f ()] (idry)
= f@U 1) =x0)f(g)idLy) = Ao (f)(8),
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so Lo (f) has the right transformation property and ¢¢ is well-defined. Since f is uniquely
determined by its restrictionto N (Z,) C Jp, the mapisinjective. The mapis Jp-equivariant
since if j € Jp, then to(j * f)(g) = f(g/)({dr,) = to(f)(g)) = j*1o(f). It € TF,
for b € B(Zp) similarly 1o(t * f)(b) = f(a(t)t_lbt)(idLQ) = LQ(f)(O’([)t_lbt) =
(t xto(f))(D),sotp is also T*-equivariant and hence ¥ g-equivariant. ]

From now on, we freely identify Ag o With its image LQ(A)?O) in Ago. We can give an

intrinsic criterion for an element of Afo to be in this subset.

Definition 4.9 Letn € Np(Z,). Define a map
L
Rl‘l N A}?,O —> .A)\.%,

where R, (f) : Lo(Z,) N Jp — L is defined by £ — f({n) (noting that Ly (Z,) N Jp
is the Iwahori subgroup in Ly(Z,)). Alternatively, R, (f) is the restriction of (n * f) to
Lo(Zy) N Jp.

Proposition 4.10 Let f € A)?,o- Then f € ASO if and only if R,,(f) € VALQ foralln €
No(Zp), that is, for all n we have

G o G
vy C AA,0 - A,\,0

P

Proof 1f f' € A2, € Lo(Zy)andn € Ng(Z,),then f'(€n)(idp,) = [(£): f/(m)](idLy) =
f'm)(©).

Thus if f = 1o (f’) for some [’ € A}\Q’O,then Ralto(f) = f'(n) € VALQ. Conversely if
Ra(f) € V,"2 forall n, then the function f' : No(Z,) — V, 2 defined by f'(n) = Ry (f)
defines an element of ASO and satisfies o (f') = f. O

Remark 4.11 If P C Q are two parabolics, as Lp C Lg and Ng C Np there is an injective
extension-by-zero map VALP — VALQ. We deduce that A)?,o - Af\),o~

By definition of Ag, if @ € Ag then X, € [p = Lie(Lg), so « is a simple root of Lo and
Lo

we get a well-defined map Oy : Ai"% = A, a0

Lemma4.12 Letn € No(Z)). Foralla € Ag, we have a commutative diagram

®,
G o G
"A}t,o Awa*A,O

LQ [OM LQ
e o
Ax,o Awa*A,O'

Proof Tt suffices to prove that R, commutes with the action of X, on Ag(Jp, L). But if
f € Ao(Jp, L), thenforall £ € Lo(Z,) N Jp, we have

[[(Xa) - Ra (1O = LR, (f)(exp(—1Xe)€)li=o
— 4 f(exp(—1Xo)tn)lio = [[(Xa) - £1(n) = R, (1(Xo) - )(O).

[m}

@ Springer



D. Barrera Salazar, C. Williams

Lemma4.13 Suppose a € Ag. Then A)?,O C ker(©®y).
Proof If f € Ago, then R, (f) € V)\LQ for alln € No(Z,) by Proposition 4.10; thus

Ru(@u(f)) = Ou(Ru(f)) € V.2,

is also algebraic, the equality being Lemma 4.12. Then 4.10 again says O (f) € Az%a*/\,O'
As ais aroot for L g, the weight wg, * A is not dominant for L o. It follows that Vufﬂg*)\ =0,
which forces A = 0 by definition. It follows that A2 ) C ker(©y). =

W kA,

We saw if @ € A, then O (A)?,o) - Az%a*x,o' We want to prove this for o ¢ Agp. Such
an « is not a root of L, so we cannot follow the same strategy. Instead, we argue directly:

Proposition 4.14 Fora € A\Ag, we have ©,(A2) C AZ

Wy *A,0°

Proof Choose a set of co-ordinates y; on Lo (Z,) N Jp that identify it as a subset of Z;.
We also have a set of co-ordinates z; on Ng(Z), indexed by j € RﬂL\RJQr as in (2.7). Let

fe AxQ,o- If g € Q(Zp) N Jp, write it as
g =1tgng, tg€Lo(Zp)NJp,ng e No(Zp).

We may write f(g) = f(yi(£,), zj(ng)) in the co-ordinates above; then by definition, f is
algebraic in the y; and analytic in the z;.

To show the proposition, by Proposition 4.10 we must show that R, (®4 (f)) is algebraic
onLg(Z,)NJpgforalln € No(Zy).If ¢ € Lo(Z,) N Jp, then

Ru(Oa (/)W) = (n % Og (f))(£) = O (n * [)(£),

the last equality since ®,, respects the * action of Jp. Replacing f with n * f, it then suffices
to prove that the restriction of @4 (f) to L (Z,) N Jp lies in VALQ. By definition, this is the

function

C— L f(exp(—tXa)l)]|,_,-

Since o ¢ Ay, a sufficiently small neighbourhood U of 0 in Q,X, C n is contained in
ng(Zp). For t in such a U, we have exp(—tXy) € No(Z)). This is a normal subgroup in
G(Z,)), so in particular, for any £ € Lo(Z,) N Jp we have exp(—tXy)l = Le(f, t) with
e(t,t) =€ -exp(—tXy) - € € No(Z,). Then we have

O = 4 fet.n)],_,
= L £(3;(0); zj (e, )))]i=o-
The co-ordinates z(e(£, t)), which are linear functions in ¢, are algebraic in the y; (£) (since
inverse and multiplication operations are algebraic on a reductive group). We know f is
algebraic in the y;(£), and analytic in the z;(e({, )); and by above the coefficient of the

linear term in ¢ is algebraic in the y; (£). We deduce that O (f)(€) = %f(@e(@, t))|¢=0 is
algebraic in the y; (£), as required. O
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4.4 The parahoric analytic BGG resolution

Proposition 4.15 For a classical weight A, there is an exact sequence

G GB()D,
0— A)\Q,O @ Awa*x 0

a€Ag

Proof That Ago C (N ker(®,) is an immediate consequence of Lemma 4.13. To see the
converse, suppose f € ker := [\ ker(®). Then for all n € No(Z,), by Lemma 4.12 we
have O (R, (f)) = Ru(Og(f)) = 0 for any o € Ap. Thus we have a diagram

G @@)u
0 ker Ao @ Awa*x 0
a€Ap
Rll Rn ¢Rﬂ
0 A -A)Lyo @ Awa*x 0’
a€lAg

where exactness of the bottom row is Corollary 4.7 for the group L, noting that Ag is
precisely the set of simple roots for Lo corresponding to the Borel B N L. But then

Ra(f) € VALQ for any n; thus by Proposition 4.10 we have f € A/\Q,o’ as required. O
Corollary 4.16 Let P C Q be two standard parabolics, with Ap U {B} = A (that is, there
is no parabolic P' with P C P’ C Q). There is an exact sequence

Op

O_)A)\QO—>A)LO_>Awﬂ*XO

Proof We restrict the map @0, of 4.15 from .A oto AA o- Itis clear that the kernel of this
restriction is A)L,o N Afo = AA o- the equality following by Remark 4.11. If &« € Ag is
not equal to B, then ¢ € Ap, so A 5.0 C ker(©q) by Lemma 4.13. In particular, the direct
sum @gen,Oq collapses, with ©g the only non-zero term. The image lands in Aw %0 DY
Proposition 4.14, giving the claimed exact sequence. O

4.5 Proof of Theorem 4.4

We can finally prove our main result. Recall from Theorem4.4that Q = Py C --- C P, = G
1s a maximal phain ofparabolics, Ap_Ulai} = Ap,ti € T+ with V(e () <0,U; :==Uy
and h; < h?m = hcm(ti, o, A).

Proof (Theorem 4.4). First we make sense of taking U;-slope decompositions on D%i-

cohomology. Note that tg = 1 -+ -1, is in T5+ C T;,:Jr by Proposition 2.3, hence it acts

compactly on each foo by Lemma 3.24; we get a Q-controlling operator Uyx = Uy, on

H? (SK, foo) for each i, and we can take slope decompositions. Let /1aux > vp (¢ (Uaux)),
so that for each i, we have

HE(Sk. DJy), € HE(Sk. DY) =", (4.3)

By the theory of slope decompositions, the right-hand side is Hecke-stable and finite-
dimensional over L; thus we may take further slope decompositions for U;, as they always
exist on finite-dimensional spaces.
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Lemma 4.17 The map p,, induces an isomorphism
P‘ X =/aux Uizh; l aux =/Taux Ui<h;
[HI (S Dy ")V Shan | =0 =, THT (S, Dy ) Vo ha ] 2150

Proof Consider Corollary 4.16 applied to the pair (P;_1, P;). Dualising gives an exact
sequence

O,
Pi_; i P P;
Dy w0 Do —> Do~ 0.
Let DPi-1 = D:’; 4.0/ ker(Oy,). We get an induced long exact sequence of cohomology
e

H!(Sx. DPi=1) — HI(Sk. D}’y") — HI(Sk.Df) — HI*! (s, DF1).

By (4.2), this sequence is equivariant for the operators «; (;(tQ))’(’\’H“i =1 Uyux (for DPi-1-

coefficients), and U,y (for Df‘ol, DPi0 coefficients); let A, = haux — hcm(tQ ai, A),
which is still 3> v, (¢ (Uaux)). As taking slope decompositions is exact [42, Cor. 2.3.5], after
renormalising with (3.10), for each i we obtain an exact sequence

Hé (SK» DPi—l)Uaux<h|ux N H (SK, o )Uaux<haux
(SK, P; )Uauxﬁhaux — Hg+l(SK, DP[—I)U““XSh:/\ux'

This sequence in turn is equivariant for the operators «; (¢ (1))~ M Ha) =1y, and U; respec-
tively, and taking further (renormalised) slope decompositions we obtain

[Hé (SK; l)Pi—l)UﬂUXShz/lux:IUifhifhiC [ (SK’DP:OI)Uauxﬁhaux]UiShi
[ (SK,D i )Uauxfhaux]uifhi — [Hg+l (SK5 DP,',l)UduxShaux]Uifhi_hicril.

using that v, (@; (¢ (;))) = vp(a; (¢;)). From Sect. 3.2.5 and Remark 3.23, all of the coefficient
spaces admit natural ¥ p,-stable integral structures which give natural U;-stable integral
structures on the cohomology (and their small slope parts for Uaux). As h; — h§™ < 0 by
assumption, it follows that the first and last terms of the exact sequence vanish by [8, Lem.
9.1]. m}
We return to the proof of Theorem 4.4. For M as above and h = (hy, ..., h;,), define
Ui<hi
th — mznzl (MUauxfhaux) .
Since ¢ (U;) has p-adic valuation h;, we know U; acts with slope < h; on My for any space
M so for each i, combining with (4.3), we immediately obtain
o P . P \<h
HS (Sk, DA’0)¢ C HZ(Sk, Dy o)~ 4.4)
Thus it suffices to prove that the slope criteria forces
. <h (e v\ <h
H (k. D2o) =" = H(Sk., v,&Y) ="
For each i, using the slope assumption and restricting Lemma 4.17 we obtain isomorphisms
5k D/'5") ™ = Hi(s¢. DIl "
Chaining this together fori =1, ..., m, we obtained the claimed isomorphism

<h

HS(Sx, D2y)™" = H(Sk. DY) ™" = ...
”H'(SK,DP’")— = H2(Sk, v, Y)="
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4.6 Hecke normalisations and connections to automorphic representations

We conclude this section with some remarks on applying these results in the context of
automorphic representations. Recall from Remark 3.23 that there are two natural actions
of Xp on VAG’V: a x-action induced by considering V/\G’v as a stable quotient of D/\G,O’
well-adapted for p-adic computations; and a --action coming from the algebraic action, well-
adapted to automorphic computations. As explained in Remark 3.23 these actions agree on
K, so give the same local system on S ; but they differ on T T, giving different Hecke actions
on the resulting cohomology. Thus attached to t € T we get two Hecke operators U;* and
U, on HZ(Sk, VXG’V), and by (3.8), we have

U =ro ) x U,.

Now, let = be a cuspidal cohomological automorphic representation of G(A) admitting
K -invariant vectors, and fix an eigenform F € 7K. We call the pair (7w, F) a p-refinement
of m and denote it 77, with associated eigensysterh ¢7'~T : Hg — C. In favourable situations,
one may use Lie algebra cohomology and complex periods to construct a (typically non-
canonical) Hecke eigenclass ¥z € H2 (Sk, VAG’V) which for the --action has the same Hecke
eigenvalues as 7. In particular, if we view 7 as a class in the cohomology with the -
action—as we have done throughout this paper—we must instead consider slope conditions
for qb;; (Uy) = Ao O Hx @ (Uy). We summarise this in the following corollary of Theorem
44.

Corollary 4.18 Let 7w be as above. Let Q = Py C --- C Py, = G be a maximal chain of
parabolics, and fori = 1, ..., m, let U; be as in Theorem 4.4. Let a; = ¢~ (U;) denote the

U; eigenvalue of F, and let a} == Mo (t)ti_l)a,-, an ‘integral normalisation’ of a;. If
vp(a) = v (W 1)) + vp(ai) < h (G, 0, )
foralli =1,...,m, then 7w is Q-non-critical.

(Note the modification factor is only vp(k_](t,-)) as vp(A(o(#;))) = 0). Sometimes the
operator A(o (t)t’l)U,' is denoted U/, and (in light of Remark 3.23) is called the ‘optimal
integral normalisation’ of the classical automorphic Hecke operator U, . In other places—e.g.
[23]—the specialisation map is defined using the x-action on distributions and --action on
algebraic coefficients, and is then referred to as an ‘intertwining’ of U;* and A (o (t)t’l)U,‘ .

Remark 4.19 We remark finally that it there are two common sets of conventions when
defining local systems. We have taken all of our modules to be right K-modules, as this is
natural/standard in the p-adic setting. For automorphic computations is is frequently more
natural to consider only /eft K-modules. This then flips every convention in this paper, so
that for example the < and < of Propositions 2.1 and 2.3 become > and >, the action of K is
induced by right-translation by the inverse, and the %-action is induced by g > o (1)~ 'zgr ™.
In particular, a controlling operator for GL, would be given by (p | ) rather than ( ! » ) Let
wo be the longest Weyl element for G, and let AY = —A"0 denote the contragredient weight.
Since V)\G’v = VKGv when equipped with the left --actions, by mimicking the calculation of
Remark 3.23, we see that in this set-up we have instead that U;* = 1Y (o "~y x U;, and
we would define a? = 1Y (o (1)~ 't;)a;.
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5 Parabolic eigenvarieties

We now construct a theory of parabolic families of automorphic representations. There are two
approaches to constructing eigenvarieties from overconvergent cohomology, with differing
benefits and drawbacks. We could use fotal cohomology, as in [23,42], giving more accessible
general results; or a single degree of cohomology, which is often of more arithmetic use (see,
for example, the ‘middle degree’ eigenvariety of [3], or the ‘parallel weight’ eigenvariety of
[6]). This, however, requires the pinning down of Hecke eigenpackets in the specified degree,
so typically requires more refined arguments to study. In the below, a *x will denote either
total cohomology e or a specific degree d € Zxy.

Fix throughout a parabolic subgroup Q, and a level group K with K, C Jp; all our
eigenvarieties will depend on this K, but since it is fixed we drop it from all notation. Fix
also a ‘base-weight’ 1o € WV, giving a subspace Wﬁ C W asin Sect. 3.1. All other notation
will be as above.

5.1 Local pieces of the eigenvariety

The eigenvarieties we consider are defined using the parahoric overconvergent cohomology
groups for Q. The local pieces are defined as the rigid analytic spectra of Hecke algebras
acting on these spaces.

Fix for the rest of this section a controlling operator U; (for¢ € Tg *); all slope decomposi-

tions will be with respectto U,. LetU C W)% be an affinoid. The pair (U, h) is a slope-adapted

pair if the cohomology Hf (Sk, DS) admits a slope < i decomposition. Recall H(K) from
Definition 2.2.

Definition 5.1 For a slope-adapted pair (U, h), let
TS = image of H(K) ®q, OX) in Endouy (H: (S, DZ)™").
Define the local piece of the eigenvariety at (U, h) to be the rigid analytic space
&0 = Sp(Tirh)-
The natural structure map OU) — Tg Z gives rise to a map w : 53 ;; — U, which we
call the weight map. We get the following key property essentially by definition.

Proposition 5.2 There is a bijection between:

e L-points x = x(¢) of the rigid space Sg; with w(x) = X, and
o systems of Hecke eigenvalues ¢ : H(K) — L that occur in the localisation

h h
H! (Sx. D) = H:(Sk. DE)™" ®ow) OUm, .
where m;. C OU) is the maximal ideal corresponding to A.

Proof Such a point x corresponds to a maximal ideal inm, C Tg Z with residue field L, and
we obtain a surjective algebra homomorphism

by H(K) — T3 ) — TG /my =L,

which by definition occurs in H¥ (Sg, Dg )= To say that w(x) = A means that the contraction
m, N OWU) = my, and thus ¢, occurs in the stated localisation. O
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5.2 The global eigenvariety

These local pieces glue into a ‘global’ eigenvariety over the weight space W/\QO This is
straightforward using the ‘eigenvariety machine’ of [23, Sect. 4.2]; although non-minimal
parabolics do not feature in Hansen’s paper, the formalism of this machine carries over to
this case with little (and often no) modification. As such, our treatment of the material will be
terse. The key will be to identify an eigenvariety datum, from which we may apply Theorem
4.2.2 op. cit. to obtain our global eigenvariety.

5.2.1 Fredholm power series and hypersurfaces

The modules of analytic functions from previous sections give rise to Borel-Moore chain
complexes CEM(K, Ag ;) (dual to the compactly supported complex with distributions
defined previously). The broofs of Propositions 3.1.2-3.1.5 of [23] hold in our setting with no
modification, showing that the (small slope) homology and cohomology of these complexes
is compatible with changing the affinoid /.

For each affinoid open U C WAQO, and s > s[U/], we define a Fredholm series

F2 (X) = det (1 — U, X|CBM(K, Ag,s)) c OWHIIX]L.

This is independent of the choice of s > s[U{] (as in [23, Proposition 3.1.1]), so we simply
denote it FL? (X). By Tate’s acyclity theorem, there exists a unique

F2(X) e OWR)IIX]]

such that F2 (X Nu = FL? (X), and this is a Fredholm series over all of W)% . In particular,
this defines a Fredholm hypersurface 2°¢ C W/\QO x A!, where A! is affine 1-space. There

is a natural map w : ¢ — W/\QO given by projection to the first factor, and this has open
image (see [23, Proposition 4.1.3]).

Proposition 5.3 [23, Prop. 4.1.4 and preceding discussion], or [9, Sect. 4] Let
2%, = Sp(0w) (p"X)/(FF (X)) c 22.
The natural map fqu,h — U is finite flat if and only if (U, h) is a slope-adapted pair; we

call such ng ; @ slope-adapted affinoid. The set of slope-adapted affinoids is an admissible
cover of Z 9.

5.2.2 The eigenvariety datum

We use the above to define an eigenvariety datum giving rise to the parabolic eigenvarieties.
Indeed, the proof of [23, Proposition 4.3.1] (and the following paragraph) shows that there
is a unique coherent analytic sheaf .#* on 22 such that
<h
AN Z2,) =HE(Sk, D).
We then let ¥ : H(K) — Endp »0 (#*) be the obvious map giving the Hecke action on

cohomology. Then (W/\QO, 22 4*, H(K), V) is an eigenvariety datum, and [23, Theorem
4.2.2] then allows us to glue the local pieces of Proposition 5.2 into the following:
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Theorem 5.4 There exists a separated rigid analytic space 5)%’*, together with a morphism

w: 5}%* — W)% , such that for every finite extension L of Qp, there is a bijection between:

e the L-points x = x(¢) off,')%* lying above a weight A, and
e systems of Hecke eigenvalues ¢ : H(K) — L with ¢ (U;) # O that occur in the locali-
sation H (S K, Dg) ,» where U is any sufficiently small open affinoid containing .

Remark 5.5 Additionally, during the construction one obtains a canonical coherent sheaf .#
on 5,\Q0 "* that interpolates Q-finite slope eigenspaces in the spaces H} (S, Dg).

Remark5.6 1If K = K’ K, with K C G (A;p ), then the eigenvariety of level K depends
only on the ‘tame level at Q’, that is, K” and K, N Lo (Z,). Indeed, let ¢ € T5+ such
that v, (a(#)) = 0 for all « € Ag. This condition ensures conjugation by ! preserves
Lo(Z,), whilst by Proposition 2.3, it increases (resp. decreases) the p-adic valuation of
all non-trivial entries of n~ € Né(Z,,) (resp. n € No(Zp)). Thus if K;, C K, with
K ;, NLo(Zy) = K, N Lo(Zp), then necessarily there exists an integer 7 such that

"Kpt™"NK, C K;, 5.1

Let K’ = KPK p» and resf, denote restriction from level K to K’ on cohomology. Then
(5.1) ensures that U/ = [Kt"K] = [K't"K] o resllg,, and (U))" = [K't"K'] = resllg, o
[K't"K]. In particular, the Q-finite slope eigensystems at level K and K’ are the same, and
the eigenvarieties at level K and K’ are the same. (In fact, this is further true if K and K’
have the same intersection with G (A(f7 )) x Lo(Z p)der, since the centre acts trivially on the
coefficient modules).

5.3 Hansen'’s spectral sequences

To study the geometry of these local pieces, we use spectral sequences introduced by Hansen
in [23, Sect. 3.3]. From the construction, it can be seen that the only input required to define
these spectral sequences is a theory of distributions that behaves well with respect to base-
change of the weight. But all of the foundational results for fully overconvergent distributions
given and used in [23] hold for parahoric distributions via exactly the same proofs, so the
construction of the spectral sequences also carries over, and we conclude:

Proposition 5.7 Fix a slope adapted pair (U, h) with U C Wﬁ, and let ¥ C U be an

arbitrary Zariski-closed subspace. Then HZ(Sk, Dg ) admits a slope < h decomposition,
and there is a convergent first quadrant spectral sequence

i , <h i+ <h
Ey) = Exthq, (HM (55, AG) ™, 0(®)) = HIH(sx. DE)™",
and a convergent second quadrant spectral sequence
Ey) = Tor%™ ((sx. D)™, 0(%)) = HI(sx,DE)™".

There are analogous spectral sequences replacing compactly supported cohomology and
Borel-Moore homology with singular cohomology and singular homology, and considering
the Borel-Serre compactification of Sx—with boundary cohomology and boundary homol-
0gy. These spectral sequences are all equivariant for the action of H(K) on their Ey pages
and abutments.
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Many of the general consequences Hansen and Newton obtain from studying these spectral
sequences also carry over, with identical proofs, to the context of parabolic eigenvarieties.
We highlight some of these, referencing only the relevant equivalent statement in [23].

5.3.1 Points in eigenvarieties and classical eigensystems

Proposition 5.8 [23, Thm. 4.3.3] For total cohomology * = e, there is a bijection between:
e L-points x = x(¢) off,')%' lying above a weight A € WQO, and
e systems of Hecke eigenvalues ¢ : H(K) — L with ¢(U;) # O that occur in
HE (S, DZ(L)).
Thus if T is a Q-non-critical p-refined automorphic representation of weight A € W)% , with

Hecke eigensystem ¢z with ¢z (U;) < h, then there is a point xz in 5)%' corresponding to

TT.

In particular, the coherent sheaf .# of Remark 5.5 actually interpolates Q-finite slope
eigenspaces in H? (Sk, D}?), and hence—via Theorem 4.4—(Q-non-critical eigenspaces in
classical cohomology. We also have a partial analogue of this when we work in a single
degree * = d € Z>¢:

Proposition5.9 If x = x(¢) € Eg)’d(L) lies above )\ € W/\QO, then ¢ occurs in
HY (Sk, D (L))

Proof Let U be a neighbourhood of A. By Proposition 5.2, ¢ occurs in Hg(S K> DS ). We
localise the Tor spectral sequence (with ¥ = A) at ¢. Since ¢ (U;) # 0, reducing modulo m;,
we see ¢ occurs in Eg’d = H‘CI(SK, DLQ,) ®owy OMU)/m,.. Hence it occurs in the abutment
EY = He(Sk, DE(L)). o
Remark 5.10 The converse to Proposition 5.9 is false. For example, let G = GL, /Q, Q = B,

and K = Ky(p). Then as explz_lined in [36, Thm. 7.1] and [2, Thm. 3.30], there is a weight
2 critical Eisenstein series ES™ whose eigensystem € occurs in H!(Sk, D(% o)) but not in

M; (K), hence not in the Coleman—Mazur eigencurve (denoted 8(%’ (1)) here). In particular €

does not occur in Hé (Sk, Dg). It does appear in HE(S K> Dg) and hence 6(%:(')), consistent
with Proposition 5.8.

5.3.2 The dimension of components

Let 7 be a p-refined automorphic representation and suppose there is an attached point
Xz € 8)% ™. A p-adic family through 7 is a positive-dimensional component of Sg "* through
xz. It is not obvious that such a component exists. In the case of total cohomology, however,
we can exhibit lower bounds on the dimensions of components.

Definition 5.11 Letx = x(¢) be a point of 8/%', andletzg (x) (resp. b (x)) denote the supre-
mum (resp. infemum) of the set {i € Z : Hé(S K Dg (L)) # 0}. Define the overconvergent
defectat Qtobe Lo(x) =tg(x) —bo(x).

The following proposition is proved exactly as in Newton’s proof of [23, Prop. B.1].

Proposition 5.12 Any irreducible component ofé')%' containing a given point x has dimen-

sion at least dim W/\% — Lo (x).
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5.4 Parabolic families of cuspidal automorphic representations

‘We now consider the construction of p-adic families of cuspidal automorphic representations.
Letx = x(¢) € Sg) *(L)bea point of classical (dominant) weight A = w(x), corresponding
to a system of eigenvalues ¢ : H(K) — L. We require some further technical conditions:

Definition 5.13 1. We say ¢ is interior if H}(Sk, VAV(L))¢ = 0 (boundary cohomology for
the Borel-Serre compactification of Sk ), and Q-strongly interior if Hj(Sk, DAQ L)y =
0.

2. We say A is regular if (A, @) > 0 for all simple roots « of G. (For GL,,, this means that
A= (A1, ..., Ay) with A; > ;4 forall 7).

3. We say x is a classical cuspidal point if there exists a cuspidal automorphic representation
7, such that ¢ occurs in 7 X (after appropriate renormalisations as in Sect. 4.6).

Lemma 5.14 If ¢ is Q-non-critical slope, then it is Q-strongly interior if and only if it is
interior. This is true more generally if ¢ is Q-non-critical for both HE and H® (Remark 4.5).

Proof That the second statement is a generalisation of the first is Remark 4.5. To prove the
second, combining specialisation p; with the excision exact sequence, we have acommutative
and Hecke-equivariant diagram with exact rows, which we localise at ¢:

o —— H(Sk, DZ(L)y —> H*(Sk, DL(L))y — H(Sk, DL(L))y — - --

\LPA \LPA lpx
- ——=H2(Sk, VY (L))g —2 > H*(Sk, V/(L)y —=Hj(Sk, V) (L)p — -~

Being Q-strongly interior (resp. interior) is equivalent to ¢; (resp. ¢») being an isomorphism
in every degree. By Q-non-criticality, the first and second vertical maps are isomorphisms;
thus ¢ is an isomorphism in every degree if and only if ¢; is, from which we conclude. 0O

Letx = x(¢) € Sﬁ’*(L) be as above, of weight A = w(x), and suppose that:
(C1) x is a classical cuspidal point,
(C2) ¢ is Q-non-critical for H? and H®,
(C3) and thatevery neighbourhood of A in VV)% contains a Zariski-dense set of regular weights.
(Note this is automatic if A itself is a regular weight).

Proposition 5.15 Let V be an irreducible component ofg)%* passing through x. If dimV =

dim W)% . then V contains a Zariski-dense set V' of classical cuspidal (cohomological)
points.

Proof If an open neighbourhood of x in V contains a Zariski-dense set of such points, then V
does. Thus we work locally, and assume V is a component of a local piece Sg: containing
X.

By (C3), we may always pick a Zariski-dense subset /' C 2/ of classical (regular)
weights A’ for which & is a Q-non-critical slope. Let V! denote the set of y € 53; with
Ay =w(y) € UL this set is necessarily Zariski-dense in V as dim(/) = dim(V). If y € yel,
then by Propositions 5.8 (for *+ = e) or 5.9 (for x = d) it corresponds to a system of
eigenvalues ¢, occurring in

H: (S, D (L) = Hy (Sk, VY (L),
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isomorphic since £ is a Q-non-critical slope for A,. Hence ¢, is a system of eigenvalues
in the classical cohomology. It remains to show ¢, is cuspidal (i.e. occurs in the cuspidal
cohomology).

Since 7 is cuspidal, then by a theorem of Borel (see for example [31, Sect. 0]) the associated
eigensystem ¢ is interior; thus it is Q-strongly interior by Lemma 5.14. Analogously to [23,
Theorem 4.5.1(ii)], from the boundary Tor spectral sequence (Proposition 5.7) we deduce that
H3 (Sk, Dg)(p = 0. The boundary cohomology yields a coherent sheaf on the eigenvariety,
and we see that the rigid localisation of this sheaf at x—which is a faithfully flat extension of
the algebraic localisation—must be zero. Thus, perhaps after shrinking the neighbourhoods
U and V, this vanishing lifts to V. Thus for any y € V, we have Hj(Sk, D3)¢y = 0; and

localising the boundary spectral sequence at y, we deduce that Hj (Sk, D)% (L))g, = 0 and
¢y is strongly interior. )

Now suppose y € V°!. Since ¢y is Q-non-critical slope, by Lemma 5.14 it is interior. But
for regular weights, a class is interior if and only if it is cuspidal [31, Prop. 5.2, Sect. 5.3], so
¢y appears in the cuspidal cohomology, as required. O

As a special case where the dimension hypothesis on V will always be satisfied, we have:

Corollary 5.16 Suppose G4 (R) admits discrete series, and let x € ES)’* satisfy (CI1-3). Every

irreducible component of Sﬁ " through x contains a Zariski-dense set of classical cuspidal
points.

Proof The conditions on G and x = x(¢) ensure that ¢ appears in only one degree of classical
cohomology (e.g. [31, Sect. 4-5]); and then Proposition 5.12 ensures that any such irreducible
component has dimension dim W)g) . We conclude by Proposition 5.15. O

Remark 5.17 The assumptions on regular weights ensure control over the classical coho-
mology, and in situations where we have a more complete understanding of the classical
cohomology—for example, the case of GLo—we may relax these conditions.

For B-families, every affinoid neighbourhood of a classical weight Ao contains a Zariski-
dense set of regular classical weights. If A¢ is not regular, this is not necessarily true in the
parahoric case. For example, consider G = GL4, and Ao = (0, 0, 0, 0), and Q with Levi
GL; x GL;. Then every weight A = (A1, ..., X4) € W)\QO has A; = A and A3 = A4, so this
space contains no regular weights.

Remark 5.18 Suppose G%'(R) does not admit discrete series. Then if a point x is cuspidal
Q-non-critical, then £o(x) > 1. When Q = B, [23, Thm. 4.5.1] says that irreducible
components through such x never have maximal dimension (that is, dimension equal to
dim W), and conjecturally the inequality of Proposition 5.12 is an equality. This conjecture
is false in the general parahoric setting. Indeed, in [5] examples are given of Q-parabolic
families of dimension dimVV)\Q0 in the setting of G = Resr ;@ GL2,, even though £ (x) =
n — 1. Conceptually these families arise through transfer from GSpin,, , | (where we do have
discrete series).
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