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Abstract6

When shear horizontal ultrasonic guided waves interact with thickness discontinuities in7

plates, the reflected and transmitted wavefields can be composed of several modes due8

to mode conversion. It is known that in a plate with a symmetric discontinuity, with9

respect to the plate’s mid-plane, mode conversion is restricted to modes that share the10

same symmetry as the incident mode. In this paper, we use an analytical model based on11

the reciprocity principle and finite element analysis to investigate mode conversion due12

to the interaction with different types of discontinuity, namely, non-symmetric, symmetric13

and geometrically symmetric but with opposite boundary conditions, that is one side of14

the discontinuity free and the other rigidly fixed. We show that the reflected field due15

to interaction with the latter is virtually restricted to modes with the opposite symmetry16

of the incident one, acting as a symmetry inverter discontinuity. Unlike fully symmetric17

discontinuities, the effectiveness of a symmetry inverter discontinuity depends on the18

frequency. This was proved with aid of the analytical model for a full-depth discontinuity19

and verified for partial depth discontinuities. Finally, symmetry inversion of SH waves20

was experimentally verified in acrylic plates which were symmetrically machined and21

filled with steel in one side to mimic a fixed boundary condition.22

Keywords: SH guided waves, mode conversion, reciprocity principle, discontinuity,23

symmetry.24

1. Introduction25

Investigation of the interaction of Shear horizontal (SH) ultrasonic guided waves with26

discontinuities attracts attention since thickness discontinuities are commonly used to27
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model defects such as corrosion and cracks [1–3] and thus are relevant for non-destructive28

evaluation of plates and pipes [4, 5]. Depending on some parameters, such as the operating29

frequency-thickness product or the discontinuity shape, the interaction of SH waves with30

a discontinuity can be quite complex [6, 7]. Above the cut-off frequency of the first-order31

mode, the SH1 mode, when any SH guided wave mode impinges upon a discontinuity,32

the scattered field is potentially composed of several guided wave modes due to mode33

conversion [6–9], what renders interpretation of signals complicated.34

The effect of a discontinuity on guided waves can be studied either experimentally35

[4, 6, 7, 10], numerically, using for instance finite element analysis [3, 8, 9], or analytically36

[1, 11–15]. The reciprocity theorem of elastodynamics relates the elastic solutions in two37

states within the same body [16] and can be used to analytically calculate the scattered38

field. This is accomplished by considering that one state consists of the response field39

in the presence of the discontinuity, whereas the other consists of a single-mode in the40

absence of the discontinuity. Pau et al. [11] used the reciprocity principle to calculate41

the reflected and transmitted field from discontinuities in a rod waveguide considering42

mode conversion. Recently, Lee et al. [12] used it to calculated the scattered field of the43

fundamental torsional mode in pipes from a more complex geometry, namely a tapered44

wall thinning, without, however, considering mode conversion. A similar analytical45

approach was used by Poddar and Giurgiutiu [13] to calculate the scattering coefficients46

of Lamb waves from thickness discontinuities by projecting the stress or displacement47

boundary conditions onto the, respectively, displacement or stress vector spaces of the48

guided wave modes, thus addressing projection in terms of the averaged power flow.49

SH guided wave modes are classified between symmetric and antisymmetric according50

to their displacement profile across the plate’s thickness. In principle, due to the incidence51

of a single SH mode upon a thickness discontinuity, any mode can arise due to mode52

conversion. However, if the discontinuity is symmetric with respect to the plate’s centre,53

then only modes that share the same symmetry of the incident mode are reflected back54

or transmitted into the discontinuity. The reason for this lies in the symmetry of the55

boundary conditions that causes the solution to completely decouple between symmetric56

and antisymmetric modes. This phenomenon has been already verified either numerically57
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[8, 9, 17] or experimentally [17].58

For a non-symmetric wall thinning, the values of the reflection coefficients depend on59

the thinning depth and edge angle. It has been observed that the reflection of a mode that60

has opposite symmetry as the incident one can be more intense than the reflection of the61

incident mode itself [6]. However, a complete symmetry inversion, that is, the reflected62

field being composed uniquely by modes with opposite symmetry as the incident mode,63

is a phenomenon that has not been observed.64

This paper investigates whether, and under which conditions, an effective symmetry65

inversion arises. A previous preliminary study carried out with finite element analysis in-66

dicated that a geometrically symmetric discontinuity with opposite boundary conditions,67

meaning free on one side and rigidly fixed on the other, behaves as a symmetry inverter68

discontinuity [18]. Here, this phenomenon is verified and the study is comprehensively69

extended: the problem is analytically modelled by means of the reciprocity principle and70

also using commercial finite element software, the effectiveness of the symmetry inverter71

discontinuity as a function of the frequency is analysed and finally experimentally verified.72

The rest of the paper is organized as follows. Section 2 derives the equations for the73

mode profiles and dispersion curves for SH waves in free-surface plates as well as in plates74

where one surface is free and the other is fixed. Section 3 exploits the reciprocity principle75

to solve the reflected and transmitted modes due to the interaction of an SH wave mode76

with discontinuities on either one or both surfaces of a plate where each side may be77

considered as free or fixed. Section 4 describes the finite element simulation setup. Section78

5 shows the numerical and analytical results. Section 6 describe the experimental setup79

used to verify symmetry inversion and its results. Finally, section 7 concludes the work.80

2. SH guided waves in plates81

Shear horizontal (SH) guided waves [19] present only one non-null displacement com-82

ponent, in the z direction, perpendicular to the propagation direction, x, and to the coor-83

dinate of the plate thickness, y. The displacement field for an incident mode of order n is84

given by:85

uz(x, y, t) = AnUn(y)e j(ωt−κnx), (1)
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where ω is the angular frequency, κn, An and Un(y) are the wavenumber, amplitude and

displacement profile of mode n, respectively. The non-null stress components are:

σxz = µ
∂uz

∂x
= − jµκnAnUn(y)e j(ωt−κnx) , (2a)

σyz = µ
∂uz

∂y
= µAn

dUn(y)
dy

e j(ωt−κnx) , (2b)

whereµ is the second Lamé constant of the medium. For SH waves, the equation of motion86

is:87

c2
T∇

2uz = üz , (3)

where the dot over a field means its time derivative, cT =
√
µ/ρ is the shear speed of the88

medium, with ρ as the mass density. Applying Eq. 1 in Eq .3 yields89

d2Un(y)
d2y

= −s2Un(y) (4)

where90

s2 =
(
Ω2
− ξ2

n

)
π2/h2 , (5)

with Ω and ξn being the adimensional frequency and wavenumber, given by

Ω =
ωh
πcT

, (6a)

ξn =
κnh
π

, (6b)

and h is the plate thickness. The general solution of Eq.4 is91

Un(y) = Cne+ jsy + Dne− jsy , (7)

where Cn and Dn are constants. The final expression for Un(y) and s are obtained by92

applying the boundary condition at the plate’s surfaces.93

2.1. SH guided waves in plates with free surfaces94

The most common boundary conditions are both surfaces as free, i.e.:95

σyz

∣∣∣
y=±h/2

= 0 , (8)

where the y coordinate is located at the middle of the plate. Using Eq.2(b) into Eq. 8 yields96

97

Cne± jsh/2
−Dne∓ jsh/2 = 0 , (9)
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whose solution is98

sh = nπ , (10)

and99

Cn = Dne jsh , (11)

where n is an integer. Eq. 10 yields to the well-known dispersion relationship100 √
Ω2 − ξ2

n = n . (12)

Solution is often expressed in terms of the phase speed, cn = ω/κn; the adimensional phase101

speed is102

ηn =
Ω

ξn
=

cn

cT
=

Ω
√

Ω2 − n2
. (13)

Eq. 11 yields the modes’ displacement profile:103

Un(y) = cos(nπy/h + nπ/2) . (14)

Figure 1(a) shows the displacement profile and Fig. 2 shows the phase speed dispersion104

curves for SH waves in a free-surface plate.105
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Figure 1: Displacement profile for SH guided wave modes in (a) free-surfaces plate, (b) free-fixed surfaces

plate.

2.2. SH guided waves in plates with free-fixed surfaces106

It is considered now that one of the surfaces is free and the opposite is fixed, for instance,107

the upper surface is fixed and the lower one is free. Then, the boundary conditions are:108

σyz

∣∣∣
y=−h/2

= 0 and uz|y=+h/2 = 0 . (15)
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Figure 2: Phase speed of integer-order, continuous lines, and half-integer order, dashed line, SH guided

wave modes. Half-integer modes propagate in a free-fixed plate.

Using Eq.2(b) and Eq.1 into Eq. 15 yields109 
Cne− jsh/2

−Dne+ jsh/2 = 0

Cne+ jsh/2 + Dne− jsh/2 = 0
. (16)

The solution of Eq. 16 is110

sh =
2m + 1

2
π , (17)

where m is an integer. Setting n = (2m + 1)/2, the same expression for the phase speed, Eq.111

13, can be used but only half-integer order modes exits, i.e., n = 0.5, 1.5, 2.5, 3.5... . Eq. 11112

and the expression for the modes’ displacement profile, Eq.14, still hold with half-integer113

values for n. Figure 1(b) shows the displacement profile and Fig. 2 shows the phase114

speed dispersion curves for SH waves with half-integer order modes that propagate in a115

free-fixed surface plate.116

SH modes in a free-surface plate are classified as symmetric and antisymmetric accord-117

ing to their displacement profile. Even-order modes are symmetric and odd-order modes118

antisymmetric. On the other hand, if the boundary conditions are free on one surface119

and fixed on the opposite surface, then modes are neither symmetric nor antisymmetric.120

Observing Eq.12 one can see that the mode n is propagating only if the Ω is above a cut-off121

value given by Ωcut-off = n, otherwise ξn is imaginary and mode n is evanescent, this is122

valid for either integer or half-integer modes.123
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2.3. Scattered field from a discontinuity124

In this paper, it is considered a propagating SH wave mode in a free-surface plate that

impinges upon a thickness discontinuity. This produces a reflected and transmitted fields

that can be composed of several modes, due to mode-conversion, as follows:

ur(x, y, t) =
∑

q

RpqApUl
q(y)e j(ωt+κqx), x < xd and (18a)

ut(x, y, t) =
∑

q

TpqApUr
q(y)e j(ωt−κqx), x > xd (18b)

where Rpq and Tpq are the reflection and transmission coefficients from incident mode p to125

scattered mode q and xd is the longitudinal position of the discontinuity. The superscripts126

l and r mean that the mode’s profile is taken at the left and right of the discontinuity,127

respectively. It is worth noting that for Ur
q(y), the proper thickness at the right of the128

discontinuity has to be considered in Eq.14. Besides, depending on the boundary condi-129

tions at the right side of the discontinuity, one should assume integer or half-integer order130

transmitted modes.131

The relevant stress component for calculating the scattered fields is σxz, given by Eq.2(a).

The incident, reflected and transmitted σxz stress fields are, respectively:

σi(x, y, t) = − jµlκpApUl
p(y)e j(ωt−κpx), x < xd (19a)

σr(x, y, t) = jµlAp

∑
q

RpqκqUl
q(y)e j(ωt+κqx), x < xd (19b)

σt(x, y, t) = − jµrAp

∑
q

TpqκqUr
q(y)e j(ωt−κqx), x > xd . (19c)

Therefore, the whole displacement and stress fields are, respectively:132

uz(x, y, t) =


ui(x, y, t) + ur(x, y, t) , x < xd

ut(x, y, t) , x > xd

, (20)

133

σxz(x, y, t) =


σi(x, y, t) + σr(x, y, t) , x < xd

σt(x, y, t) , x > xd

. (21)
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3. Analytical calculation of scattered modes134

The reciprocity principle relates the elastodynamics of a body in two different states,135

namely A and B. Following Pau et al. [11] it can be written as:136 	
S

(
σB

iju
A
j − σ

A
iju

B
j

)
nidS = 0 (22)

where, σi j is the stress tensor and u j the displacement vector, superscripts A and B cor-137

respond to the state in which the fields are referred, S is a closed surface that encloses138

the volume of interest and ni is the normal unit vector pointing outward S . Implicit sum139

is considered for repeated indexes. In order to calculate the scattered field due to the140

interaction with a discontinuity, one should consider states A and B as the waveguide in141

the presence and absence of the discontinuity, respectively. Fig.3 illustrates both states142

and the surrounding surface S .

 

Figure 3: States A and B of a plate waveguide and coordinate system. State A represents the waveguide in

the presence of a discontinuity, uniform along z with upper depth dT and lower depth dB. State B represents

the waveguide in the absence of any discontinuity.

143

It is handy to consider that the input, Si, and output, So, surfaces are both located at144

the discontinuity position. More precisely, at the left- and right-hand side limits of the145

discontinuity position, which, without loss of generality, can be chosen as xd = 0. Thus,146

Eq. 22 reduces to:147

−

"
Si

(
σB

xju
A
j − σ

A
xju

B
j

)
dS +

"
So

(
σB

xju
A
j − σ

A
xju

B
j

)
dS = 0 , (23)
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where the minus sign at the first term appears since the normal vector of Si points148

leftwards. It is considered here that the discontinuity can be located at either the top,149

bottom or both sides, at the same longitudinal position. Then, So = Si = SB ∪SM ∪ST ,150

where SB and ST are free or fixed surfaces at the lower and upper parts of the discontinuity,151

respectively, and SM is the middle surface, as illustrated in Fig.3. Thus, Eq.23 becomes152

−

"
Si

(
σB

xju
A,l
j − σ

A,l
xj uB

j

)
dS +

"
SB

(
σB

xju
A,l
j − σ

A,l
xj uB

j

)
dS +

"
ST

(
σB

xju
A,l
j − σ

A,l
xj uB

j

)
dS+

"
SM

(
σB

xju
A,r
j − σ

A,r
xj uB

j

)
dS = 0 ,

(24)

where the second superscript, l or r, means to which part of the discontinuity state A is153

referred, either left or right-hand sides, respectively.154

Here, σA
xj = 0 or uA

j = 0 at SB or ST , since each side of the discontinuity can be

either free or fixed, respectively. Thus, letting IB =
!
SB

(
σB

xju
A,l
j − σ

A,l
xj uB

j

)
dS and IT =!

ST

(
σB

xju
A,l
j − σ

A,l
xj uB

j

)
dS, then

IT ,B =



"
ST ,B

σB
xju

A,l
j dS , ST ,B is free (25a)

−

"
ST ,B

σA,l
xj uB

j dS , ST ,B is fixed . (25b)

In order to evaluate Eq. 24, the displacement and stress fields at the left and righ-hand155

sides of the discontinuity, should be used for state A (given, for SH waves, by Eq.20 and156

Eq.21), whereas state B is composed by just one virtual mode, say m, that propagates in157

the waveguide in the absence of discontinuities. Evaluating Eq. 24 for incident mode p,158

considering N scattered modes and N modes as virtual waves, i.e., 0 ≤ q,m ≤ N−1, yields:159

160

ΓRp +ΛTp = f , (26)

where Rp and Tp are column vectors of N elements containing the reflection and transmis-161

sion coefficients, respectively, from mode p to each mode q, Γ and Λ are N × N matrices162

containing all terms related to the reflection and transmission, respectively and f is a col-163

umn vector of N elements related only to the incident mode. Another set of equations164
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can be obtained by evaluating Eq.26 for the virtual mode m propagating in the negative165

direction. Organizing all equations in one single matrix leads to166  Γ+ Λ+

Γ− Λ−


 Rp

Tp

 =

 f+

f−

 , (27)

where, the superscripts + and − means that the virtual mode m is propagating forwards167

or backwards, respectively. The reflection and transmission coefficients for the incident168

mode p is then obtained by solving Eq.27.169

3.1. Free discontinuity170

Consider, initially, the case in which both ST and SB are free. In this case, Eq. 24 is171

simplified by Eq. 25a as follows:172

−

"
SM

σB
xju

A,l
j dS +

"
Si

σA,l
xj uB

j dS +

"
SM

(
σB

xju
A,r
j − σ

A,r
xj uB

j

)
dS = 0 , (28)

further applying Eqs.20 and 21 at x = 0 into Eq.28, dropping constants common to all terms173

and isolating terms that multiply the reflected, transmitted and incident modes, yields174

∑
q

Rpq

±κmµ
l

h/2−dT∫
−h/2+dB

UB
m(y)UA,l

q (y)dy + κqµ
l

h/2∫
−h/2

UA,l
q (y)UB

m(y)dy

+

∑
q

Tpq

∓κmµ
l

h/2−dT∫
−h/2+dB

UB
m(y)UA,r

q (y)dy + κqµ
r

h/2−dT∫
−h/2+dB

UA,r
q (y)UB

m(y)dy

 =

∓ κmµ
l

h/2−dT∫
−h/2+dB

UB
m(y)UA,l

p (y)dy + κpµ
l

h/2∫
−h/2

UA,l
p (y)UB

m(y)dy ,

(29)

where the plus-minus symbol, ±, means the sign which has to be taken when the virtual175

wave at state B is propagating forwards, upper symbol, and backwards, lower symbol.176

The integrals over Si and SM were replaced by integrals over y since the discontinuities177

are uniform along the width dimension, z, (see Fig.3).178

The first bracket in Eq. 29 is Γ±qm, the second bracket is Λ±qm, and the right-hand side is179

f ±m , being, respectively, the entries of the matrices Γ±, Λ± and the vector f±. Eq.27 can be180

then evaluated and the reflection and transmission coefficients calculated.181
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3.2. Free-fixed discontinuity182

If one of the discontinuity’s surfaces is free and the opposite surface is fixed, for instance,183

SB is free and ST is fixed, then Eq. 24 becomes184

−

"
SM∪ST

σB
xju

A,l
j dS +

"
SB∪SM

σA,l
xj uB

j dS +

"
SM

(
σB

xju
A,r
j − σ

A,r
xj uB

j

)
dS = 0 , (30)

and then,

Γ±qm = ±κmµ
l

h/2∫
−h/2+dB

UB
m(y)UA,l

q (y)dy + κqµ
l

h/2−dT∫
−h/2

UA,l
q (y)UB

m(y)dy (31a)

Λ±qm = ∓κmµ
l

h/2−dT∫
−h/2+dB

UB
m(y)UA,r

q (y)dy + κqµ
r

h/2−dT∫
−h/2+dB

UA,r
q (y)UB

m(y)dy (31b)

f ±m = ∓κmµ
l

h/2∫
−h/2+dB

UB
m(y)UA,l

p (y)dy + κpµ
l

h/2−dT∫
−h/2

UA,l
p (y)UB

m(y)dy , (31c)

185

It should be noticed that in this case, the discontinuity itself can be considered in186

two different ways. Namely, where just the vertical wall of the upper section of the187

discontinuity, ST , is fixed or if the upper horizontal surface within the right-hand side188

of the discontinuity, namely {y = h/2 − dT, x > 0}, is also fixed. Both types of fixed189

discontinuities are addressed by Eq.31. The difference lies in the type of the possible190

propagating modes at the right-hand side of the discontinuity. If only the upper vertical191

wall is fixed, then one should consider integer-order modes for UA,r
q (y), whereas if it has192

fixed boundaries all along the upper horizontal surface, then half-integer order should be193

used for UA,r
q (y).194

3.3. Symmetric discontinuities195

In this subsection it is discussed the particular case of geometrically symmetrical dis-196

continuities, that is, when dT = dB = d/2. Two conditions are analyzed namely, both halves197

of the discontinuity are free, and when one half is free and the opposite is fixed.198

11



For the former, a quick inspection of Eq. 29 reveals that, since all integrals have199

symmetric limits, then Γ±qm and Λ±qm nullify if mode m and q have the opposite symmetry,200

i.e., m is symmetric (even-order) and q is antisymmetric (odd-order) or vice versa. The201

same holds for f ±m with q replaced by p. Therefore, the system in Eq.27 is completely202

decoupled between symmetric and antisymmetric modes, and thus an incident symmetric203

(resp. antisymmetric) converts only to symmetric (resp. antisymmetric) modes. This was204

verified either numerically [8, 9] or experimentally [17].205

For opposite boundary conditions, i.e. free-fixed, the analysis is far more complicated.

First of all, if the fixed boundary condition extends along the right-hand side of the

horizontal surface of the discontinuity, then transmitted modes are neither symmetric

nor antisymmetric. Observing Eq.31 with dT = dB = d/2 there is no evident symmetry

relationship that can be drawn. However, the particular case of an end reflection, i.e.

dT = dB = h/2 is useful for gaining insight about how opposite boundary conditions act

over a symmetric discontinuity. In this case, all transmitted coefficients vanish since there

is no medium at the right of the discontinuity and only the forward propagating virtual

wave at state B may be considered. Eq.27 is then simplified to ΓRp = f, where

Γqm = κmµ
l

h/2∫
0

UB
m(y)UA,l

q (y)dy + κqµ
l

0∫
−h/2

UA,l
q (y)UB

m(y)dy (32a)

fm = −κmµ
l

h/2∫
0

UB
m(y)UA,l

p (y)dy + κpµ
l

0∫
−h/2

UA,l
p (y)UB

m(y)dy . (32b)

Note that, if modes m and q in Eq.32a are both symmetric or both antisymmetric, then the206

argument of the integrals are even functions of y which implies207

0∫
−h/2

UA,l
q (y)UB

m(y)dy =

h/2∫
0

UA,l
q (y)UB

m(y)dy =
1
2

h/2∫
−h/2

UA,l
q (y)UB

m(y)dy . (33)

Due to modes orthogonality, the last term is non-zero only if m=q. If mode m is symmetric208

and q antisymmetric or vice versa, then the arguments of the integrals are odd functions209
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of y, consequently210

0∫
−h/2

UA,l
q (y)UB

m(y)dy = −

h/2∫
0

UA,l
q (y)UB

m(y)dy . (34)

Applying Eqs.33 and 34 into Eq.32, leads to211

Γqm =



µlκq

h/2∫
−h/2

U2
q(y)dy , m = q

0, , m, q are both even or odd

µl(κm − κq)

h/2∫
0

UA,l
q (y)UB

m(y)dy , otherwise

, (35)

212

fm =


0, , m, p are both even or odd

−µl(κm + κp)

h/2∫
0

UA,l
p (y)UB

m(y)dy , otherwise
, (36)

The latter shows that f has non-zero entries only corresponding to modes with opposite213

symmetry to the incident mode p. This condition applied to ΓRp = f does not suffice to214

force the coefficient vector, Rp, having non-zero entries uniquely to modes of the opposite215

symmetry as p, that is, a symmetry inverter discontinuity. Nevertheless, if (κm − κq) → 0216

then Γ is a diagonal matrix, and a symmetry inverter is achieved. Note that, the aforemen-217

tioned condition occurs if Ω→ ∞. This proves that a symmetric full-depth discontinuity218

with opposite boundary conditions inverts the symmetry of the incident mode at high-219

frequency. Partial-depth symmetric discontinuities with opposite boundary conditions220

are investigated in the next sections.221

Here, three types of symmetric discontinuities are analysed plus a non-symmetric one.222

Fig.4 illustrates them, namely, (i) non-symmetric, (ii) symmetric, (iii) symmetric with one223

surface free and only the vertical wall of the opposite fixed, and (iv) symmetric with224

one surface free and the opposite fixed all along the right-hand side of the discontinuity.225

Discontinuity type (iii) has a less evident practical meaning. That is, when fixedly con-226

straining the discontinuity, the most natural way of conceiving it, is by type (iv), namely,227
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on the vertical wall and along its extension than somehow restricting the fix boundary228

condition only to the vertical wall, like type (iii). Nevertheless, both types, (iii) and (iv),229

are considered here in order to allow comparison of the effect of integer and half-integer230

order modes propagating within the right-hand side of the discontinuity on the reflection231

and transmission coefficients, as shown in the next sections. Recall that either type (iii) or232

(iv) are solved by Eq.31, the difference being on which type of modes are considered for233

UA,r
q (y) in Eq.31b.234

 

h

y

d

h

d/2
(ii)

(i)

 h
(iii)

d/2

(iv)

x

(1) (2)

 h

d/2

Figure 4: Types of discontinuities studied: (i) Non-symmetric, (ii) symmetric with both free surfaces, (iii)

symmetric with one surface free and only the vertical wall of the opposite fixed (hatched area), and (iv)

symmetric with one surface free and the opposite fixed (hatched area) all along thinner section. Within

the numerical simulation, the origin is the position were generation occurs and (1) and (2) are receiving

positions.

4. Finite Element Simulation of SH waves and discontinuities235

Numerical analysis was also performed using a commercial time-domain Finite Ele-236

ment Method (FEM) solver, PZFlex©, which allows simulation of SH waves in a two-237

dimensional model. The four types of discontinuities shown in Fig.4 were modelled. In238

all cases, generation was imposed in the origin, at the left of the discontinuities. Receiving239

positions were set at the left and right of the discontinuity, represented by the vertical240

dotted lines (1) and (2) in Fig.4, in order to acquire reflected and transmitted waves. The241

material was modelled with shear wave speed cT = 3111 m/s and plate thickness h = 8mm.242
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Generation was performed by imposing a force in the z-direction, modulated in time by243

an 8-cycle tone burst at 1000 kHz, thus, according to Eq.(6a), resulting in an adimensional244

frequency of Ω = 5.14. The time-modulated force was applied to all nodes along the245

cross-section of the mesh, i.e. y-axis, following the displacement profile given by Eq. (14),246

according to the intended mode to be generated. Since modes’ profiles form an orthogonal247

basis [17], this procedure ensures that only the mode that matches the applied profile is248

generated even at a high frequency-thickness.249

Reception was performed by acquiring the response field along all nodes in the y-250

axis at either position (1) or (2). Also due to the modes’ orthogonality, each SH mode n251

that composes the response field in Eq.(20) was extracted by integrating the product of252

the response field with Un(y), along the plate’s thickness [20–22], through the following253

projection [17]:254

un(x, t) =
1

Cn

h/2∫
−h/2

u(x, y, t)Un(y)dy , (37)

such that un(x, t) is the displacement field of mode n as a function of the longitudinal255

coordinate x and time and Cn is a constant defined by256

Cn =

h/2∫
−h/2

Un(y)Un(y)dy . (38)

It is worth noticing that Eqs.(37) and (38) hold for the left-hand side of the discontinuity. At257

the right-hand side of the discontinuity, one must change their integration limits to consider258

the thinner thickness. Also, for separating the modes transmitted to discontinuity type259

(iv), one has to consider the proper modes’ profile of a free-fixed plate, i.e., Un(y) is given260

by Eq.14 with only half-integer order modes being allowed.261

After the reflected and transmitted modes were separated, the peak-to-peak amplitude

of the incident, reflected and transmitted modes were extracted in order to calculate the

reflection and transmission coefficients:

Rpq =
A(1)−

q

A(1)+
p

, (39a)

Tpq =
A(2)+

q

A(1)+
p

√
h − d

h
, (39b)
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where A(1)+
p , A(1)−

q and A(2)+
q are the peak-to-peak amplitude of the incident mode p, reflected262

mode q and transmitted mode q, respectively. Both incident and reflected waves were263

acquired at position (1) and were distinguished by their different times of arrival, whereas264

the transmitted wave was acquired at position (2). The square root in Eq.39b is included265

to compensate for the natural amplitude increase of a wave when it is transmitted into a266

thinner region of the plate.267

5. Analytical and numerical results268

The analytical model and numerical simulation were performed to investigate the269

interaction of SH guided wave with discontinuities types (i) to (iv), shown in Fig.4. In order270

to work in the high frequency-thickness regime, the operating adimensional frequency was271

set to Ω = 5.14, both for finite element simulation and with the analytical model, so that272

modes SH0 to SH3 propagate with relatively low dispersion (see Fig.2) and thus the273

amplitude ratio of the simulated model can be straightly compared with the analytical274

coefficients. Fig.5 shows the reflection coefficients from each kind of discontinuity, where275

the discontinuity depth is d/h = 0.5 and the SH0 to SH3 modes were used as incident276

modes. Either analytical and numerical results are shown, where at each cell, the upper277

and lower triangles stand for numerical and analytical values, respectively.278
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Figure 5: Reflection coefficients due to the interaction of SH guided wave modes with discontinuities types

(i), (ii), (iii) and (iv), (a)-(d), respectively. The colourmap represents the intensity of the reflection coefficient.

The numerical values of the reflection coefficients are shown in each cell. Upper and lower triangles represent

numerical and analytical values, respectively.

With discontinuity type (i), a non-symmetric discontinuity, all modes can be converted279

due to the incidence of any mode. In a symmetric discontinuity, type (ii), the checkerboard280
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pattern in Fig.5(b) shows that there is conversion only to modes that share the same281

symmetry as the incident one, i.e., from an even (resp. odd) order mode, only even (resp.282

odd) order modes are created, as previously reported [17]. Fig.5(c) and (d) show the283

reflection coefficients for discontinuities types (iii) and (iv). Due to the opposite boundary284

condition on both surfaces of the plate (fixed and free), discontinuity type (iii) behaves285

virtually as a symmetry inverter. That is, when the incident mode is symmetric (resp.286

antisymmetric), the reflected modes are antisymmetric (resp. symmetric), as it can be seen287

from the reverse checkerboard pattern of Fig.5(c) and (d). It should be noticed that the288

values of converted modes with the same symmetry as the incident mode are very low,289

but are not zero. Also, reflection from discontinuities (iii) and (iv) are quite similar. In all290

cases, numerical and analytical results show very good agreement.291

The reflection coefficients as a function of the discontinuity depth for discontinuities292

(i), (ii), (iii) and (iv) are shown in Fig.6(a) to (d), (e) to (h), (i) to (l) and (m) to (p),293

respectively. As it can be seen, from discontinuity (i) both symmetric and antisymmetric294

modes are converted, whereas with discontinuity type (ii), mode symmetry is preserved295

for any defect depth. Discontinuities with free-fixed surfaces, (iii) and (iv), strongly reflect296

modes with opposite symmetry, showing low-amplitude, same-symmetry modes for all297

depths. Interestingly, discontinuity (iii) and (iv) show very similar behaviour, except for298

very shallow discontinuities. This happens because, a zero-depth discontinuity of type299

(iv) means that at the right of the discontinuity the plate has the same thickness, but one of300

the surfaces is fixed. Thus, there is a change on the boundary conditions forcing reflection,301

as can be seen in Fig.6(i) to (l). On the other hand, a zero-depth type (iii) discontinuity302

means absolutely no change and, therefore, there is no reflected mode whatsoever, as is303

for discontinuity (ii).304

Fig.7 shows the transmission coefficients from discontinuities of type (i), (ii), (iii) and305

(iv) for d/h = 0.5. Conversion to transmitted mode SH3 is not shown since it is evanescent306

at the discontinuity depth. The square root term in the transmission coefficient, see Eq.39b,307

is included in either numerical and analytical coefficients. As it can be seen, all modes308

are possible to be converted in case (i). Case (ii) shows the same checkerboard patters309

as observed with the reflection coefficient. Unlike for the reflection coefficient, cases310

17



0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(a) R

0-0

R
0-1

R
0-2

R
0-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(b) R

1-0

R
1-1

R
1-2

R
1-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(c) R

2-0

R
2-1

R
2-2

R
2-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(d) R

3-0

R
3-1

R
3-2

R
3-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(e) R

0-0

R
0-1

R
0-2

R
0-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(f)

R
1-0

R
1-1

R
1-2

R
1-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(g) R

2-0

R
2-1

R
2-2

R
2-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
(h) R

3-0

R
3-1

R
3-2

R
3-3

0 0.2 0.4 0.6 0.8 1

0

0.5

1

(i) R
0-0

R
0-1

R
0-2

R
0-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6 (j)

R
1-0

R
1-1

R
1-2

R
1-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8 (k) R
2-0

R
2-1

R
2-2

R
2-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

(l) R
3-0

R
3-1

R
3-2

R
3-3

0 0.2 0.4 0.6 0.8 1

0

0.5

1

(m) R
0-0

R
0-1

R
0-2

R
0-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6 (n)

R
1-0

R
1-1

R
1-2

R
1-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8 (o) R
2-0

R
2-1

R
2-2

R
2-3

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

(p) R
3-0

R
3-1

R
3-2

R
3-3

Figure 6: Analytically calculated reflection coefficients as a function of the discontinuity depth for disconti-

nuities types (i), (a)-(d), (ii), (e)-(f), (iii), (i)-(l), and (iv), (m)-(p).

(iii) and (iv) behave differently, since case (iv) supports only half-integer order modes311

as transmitted modes. Conversion to higher-order, that is, SH2 and SH2.5, show lower312

agreement between numerical and analytical coefficients. This is because, these modes at313

half of the plate’s thickness, i.e., at Ω = 2.57, are very dispersive, mainly SH2.5, as can be314

seen in Fig.2. Thus, the pulse is significantly spread, altering its amplitude.315

Fig.8 shows the transmission coefficient as a function of the discontinuity depth. Dis-316

continuity type (ii) restricts mode conversion preserving symmetry, as happens for the317

reflection coefficient. Unlike for the reflection coefficient, symmetry inversion does not318
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happen for transmission to discontinuity (iii) and it makes no sense in discontinuity (iv)319

since symmetry classification for transmitted modes does not hold.320

5.1. Frequency analysis321

As discussed in section 3.3, a symmetric discontinuity with both free surfaces restricts322

mode conversion, preserving the symmetry of incident modes, whereas a symmetric323

discontinuity with opposite free-fixed surfaces tends to reflect modes with the inverse324

symmetry to the incident mode for high-frequencies. This is assessed here with the aid325

of the analytical model. Fig.9 shows the reflection coefficient for the first four SH modes326

for several adimensional frequencies. As it can be seen, the higher Ω, the more clear the327

inverse checkerboard pattern is.328

Further quantitative analysis was carried out by calculating the same to opposite sym-329

metry ratio (SOSR). This is defined as the sum of the squared reflection coefficients of330

modes with the same symmetry as the incident one per the sum of the squared reflection331

coefficients of modes with opposite symmetry as the incident one:332

SOSR =

∑
p,q even
∪

p,q odd

|Rpq|
2

∑
p even, q odd

∪
p odd, q even

|Rpq|
2 . (40)
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Figure 7: Transmission coefficients due to the interaction of SH guided wave modes with discontinuities

types (i), (ii), (iii) and (iv), (a)-(d), respectively. The colourmap represents the intensity of the reflection

coefficient. The numerical values of the reflection coefficients are shown in each cell. Upper and lower

triangles represent numerical and analytical values, respectively.
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Figure 8: Analytically calculated transmission coefficients due to the interaction of SH guided wave modes

with discontinuities types (i), (a)-(d), (ii), (e)-(f), (iii), (i)-(l), and (iv), (m)-(p). Crosses mean that the mode is

evanescent at the discontinuity thickness.

SOSR as a function of Ω is shown in Fig.10 for a half-thickness and full-thickness discon-333

tinuities. As it can be seen, the higher the frequency, the lower SOSR. Therefore, further334

confirming that a symmetric discontinuity with opposite free-fixed boundary conditions335

behaves as a symmetry inverter discontinuity at high-frequency even from non-full depth336

discontinuities.337
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Figure 9: Reflection coefficients from discontinuities types (iv) with d/h = 0.5 at Ω equal to 3.1 (a), 3.6 (b),

5.1 (c) and 10.3 (d) obtained with analytic model.
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Figure 10: Same to opposite symmetry ratio, SOSR, of converted modes from discontinuities types (iii) and

(iv) as a function of frequency. Types (iii) at d/h = 0.5, dot markers and black lines, types (iv) at d/h = 0.5,

dot markers and grey lines, and d/h = 1, cross markers.

6. Experimental validation338

6.1. Experimental setup339

It has been shown previously [18] that a fixed boundary condition can be effectively340

approximated by an interface with a high acoustic impedance material. Accordingly, an ex-341

perimental setup has been designed to verify mode conversion with symmetry inversion.342

Acrylic plates were used in which symmetric discontinuities were machined. In order to343

simulate a fixed boundary condition on the symmetric discontinuity, a steel plate was used344

to fill all the machined depth. Considering the nominal density and transverse wave speed345

of acrylic as ρ = 1180 kg/m3 and cT = 1373 m/s, and of steel as 7800kg/m3 and 3200 m/s, the346

respective shear acoustic impedances are Z = 1.62 MRayl and Zd = 25.0 MRayl, thus 15.4347

times higher than acrylic and enough to efficiently emulate a fixed boundary condition348

21



[18].349

The acrylic samples are 8 mm thick and 250 mm wide and long enough so that end350

reflections do not affect measurements. Wall thinning was machined into two samples351

with dT = dB = 2 mm, across the width of the sample. One sample was left with two352

machined surfaces free, creating discontinuity type (ii) shown in Fig.4(ii). In order to353

make a free-fixed discontinuity, type (iv), a 2 mm thick steel plate was prepared to fit one354

of the sides of the discontinuity void space. To ensure proper coupling, the steel plate was355

bonded with cyanoacrylate adhesive.356

SH waves were generated and received using Periodic Permanent Magnet (PPM) Elec-357

tromagnetic Acoustic Transducers (EMAT) from Sonemat Ltd with 10 mm nominal wave-358

length and 3 cycles of magnets. Thin aluminium foil self-adhesive tapes were applied at359

the generating and receiving positions to allow EMATs to generate and receive ultrasonic360

waves on a non-metallic sample. A RITEC® RPR-4000 Pulser/Receiver was used to gen-361

erate and receive the signals from PPM EMATs. The received signal was acquired by an362

oscilloscope that was connected to a PC to automate data acquisition. The discontinuity363

position is at x = 100 mm, being the origin defined at the position of the generating trans-364

ducer. Receiving position is at x = −172 mm, at the left of the transmitter and discontinuity.365

Since EMATs generate waves that propagate both forwards and backwards, this position366

allows reception of both incident and reflected waves. The excitation pulse was set to367

an 8 cycle tone burst at 137.3 kHz, the optimum operating frequency for generating the368

SH0 mode at 10 mm wavelength, considering the transverse wave speed of acrylic. This369

frequency corresponds to Ω = 1.6, then 1 < Ω < 2 allowing mode conversion to the prop-370

agating SH1 mode (see Fig.2). Fig.11(a) shows the dimensional phase speed dispersion371

curves for an 8 mm thick acrylic plate. The nominal transducer wavelength line is shown372

by a dashed line, where one can see that it crosses the SH0 mode dispersion curve at the373

operating frequency. The spatial distribution of the EMAT and the exciting pulse define374

the transducer operating region [6, 17]. The operating region is also shown in Fig.11(a),375

where one can see that it is centred at the SH0 mode dispersion curve but is wide enough so376

it intersects the SH1 mode. Thus, the reflected SH1 mode due to mode conversion can also377

be detected. In order to ensure single-mode generation and separation of the converted378
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modes in reception, the dual excitation and reception on the upper and lower surfaces379

was adopted, following the procedure described in [23]. Fig.11(b) shows the experimental380

setup. This procedure ensures that symmetric and antisymmetric modes are separated.381

Since at the operating region there exist only the SH0 and SH1 modes, separation between382

symmetric and antisymmetric modes equals separation between these two SH modes.383

Figure 11: Experimental operating region (a) and setup (b). In (a), the phase speed dispersion curves of an

8 mm acrylic plate are shown together with the transducer nominal wavelength, dashed line, and operating

region, behind the curves. In (b), the signal inside the illustrative pulser/receiver display is the driving

current of 8 cycle tone-burst at 137.3 kHz.

Additional FEM simulations were performed to allow comparison with experimental384

signals. In this case, excitation was modelled differently than in the previous section,385

since it aims at approximately reproducing the experimental setup and the effect of the386

transducer. Therefore, generation was performed by imposing a 3 cycle spatial force387

distribution function with a period of 10 mm, similar to the spatial profile of the PPM388
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EMAT, on the surface nodes of the model, using a time history that was the same as the389

excitation current used in the experiment. This approach mimics the signal generated390

by a PPM EMAT without the need of including the EMAT coupling mechanism in the391

model, as validated previously elsewhere [6, 17, 23–25]. Similar to the experimental setup,392

numerical signals were mode-separated using the dual transduction procedure [23]. In393

order to consider the effect of the finite-size receiver, the numerical response field was394

further convolved with a 3 cycle spatial tone burst with 10 mm period to simulate the effect395

of the receiving transducer spatial profile on the acquired signals [6, 17].396

It is worth highlighting that acrylic material imposes a much higher attenuation as397

usually found in metals, for instance. This requires extra attention when conducting398

the experiment since the amplitude of the received signal considerably reduces as the399

propagation distance increases. In order to overcome this, higher gain had to be used400

for detecting the reflected echoes, whose propagating path was longer. Besides, in order401

to calculate meaningful values for the reflection coefficients obtained in experiments and402

fairly compare them with numerical ones, in which damping was not included, attenuation403

has to be compensated in the experimental signals. This was performed by experimentally404

calculating the amplitude decay rate per propagated length measured at several positions405

in a non-machined plate. This attenuation coefficient is then used to post-compensate the406

amplitude of the experimental signals, considering the whole propagated distance at the407

receiving point. This procedure has been previously validated elsewhere [6, 17].408

6.2. Experimental results409

Fig.12(a) and (c) show the experimental and numerical received signals, respectively, for410

symmetric and antisymmetric modes when interacting with the symmetric discontinuity411

with both free surfaces, type (ii). Amplitude was normalized with respect to the received412

experimental direct pulse. The signal at around 150µs corresponds to the generated pulse413

and the signals around 300µs to the reflected wave from the discontinuity. As can be414

seen, there is a low-amplitude antisymmetric component around the generating signal,415

due to the inherent imprecision of the experimental mode selectivity procedure, which416

is higher for selecting modes with opposite symmetry to the generated one [23], and417

is also possibly due to slight differences in the boundaries where the aluminium tape418
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was applied in both plate’s surfaces. The experimental reflected wave around 300µs has419

a much lower amplitude than the numerically generated reflected wave result, due to420

the aforementioned high attenuation of acrylic. In order to obtain a higher signal level421

for the reflected mode, signals were reacquired with 20 dB more receiver gain, shown422

in Fig.12(b), whilst numerical signals, Fig.12(d), were normalized with respect to the423

experimental reflected pulse, so both show the same amplitude. It is worth noticing424

that this normalization is merely a graphical representation for easing comparison of425

the signals’ shape; quantitative evaluation of the reflection magnitude was assessed by426

calculating the reflection coefficients, reported at the end of the section. As it can be427

seen, the symmetric discontinuity with both free boundary conditions produces uniquely428

symmetric reflected modes, due to the incident SH0 mode, as observed previously [17].429

One can notice, however, a low-amplitude antisymmetric experimental signal due to mode430

separation imprecision and possibly, non-perfect symmetric machining.431
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Figure 12: Experimental (a) and (b) and numerical (c) and (d) signals obtained due to the reflection of an

incident SH0 mode at a symmetric discontinuity with both free surfaces, type (ii). Generated SH0 mode

and reflected SH0 and SH1 modes, (a) and (c), normalized per incident wave. Detail of normalized reflected

SH0 and SH1 modes acquired with 20 dB more gain, (b), and numerical signal normalized with respect to

experimental one, (d).

Fig.13 shows the corresponding signals due to the interaction with symmetric discon-432

tinuity with opposite boundary condition. One can clearly see that the behaviour of the433
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reflected pulse is the opposite, i.e., the SH1 reflected mode is much more intense than the434

reflected SH0 mode. Experimental and numerical signals present a slight difference in435

their shapes. Some factors may contribute to it, such as, wavelength shift of converted436

modes [7] which mismatches the transducer nominal wavelength. As shown in Fig.11(a),437

at the operating frequency the SH1 mode does not cross the nominal wavelength line.438

This can cause some distortion on the converted-mode signal [23]. Others possible factors439

are imprecision on the transducers positioning on both surfaces of the plate or differences440

of adhesiveness of the applied aluminium foil on both surfaces, which introduces higher441

errors for separating converted modes than non-converted ones [23]; and also the effect of442

material attenuation, which introduces a frequency-dependent amplitude reduction fac-443

tor for the travelling waves being an additional source for pulse distortion. Nevertheless,444

good agreement between simulation and experiment was achieved and the symmetry445

inversion behaviour was effectively observed experimentally.446
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Figure 13: Experimental (a) and (b) and numerical (c) and (d) signals obtained due to the reflection of an

incident SH0 mode at a symmetric discontinuity with opposite free and fixed boundary conditions, type

(iv). Generated SH0 mode and reflected SH0 and SH1 modes, (a) and (c), normalized per incident wave.

Detail of normalized reflected SH0 and SH1 modes acquired with 20 dB more gain, (b), and numerical signal

normalized with respect to experimental one, (d).

Experimental reflection coefficients for converted and non-converted modes were cal-447

culated following Eq.39a, in which the peak-to-peak amplitudes were prior compensated448
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for attenuation, as explained above. The reflection coefficient is shown in Table 1 for exper-449

imental and corresponding numerical signals. As it can be seen, the symmetry inversion450

when interacting with a symmetric discontinuity with opposite boundary condition is ex-451

perimentally proved. Good agreement between experimental and numerical coefficients452

was obtained.453

Table 1: Experimental and numerical reflection coefficient due to the interaction of the SH0 with symmetric

discontinuities types (ii) and (iv).

Disc. Type (ii) (iv)

Conv. Mode SH0 SH1 SH0 SH1

Exp. 0.426 0.084 0.077 0.573

Sim. 0.442 0.000 0.053 0.675

7. Conclusion454

An analytical model to obtain the reflection and transmission coefficients due to the455

interaction of SH guided waves with discontinuities was devised based on the reciprocity456

principle. The model is able to solve discontinuities placed on one or both surfaces of the457

plate, being each side either free or fixed. It was used to investigate the interaction of guided458

SH wave modes with non-symmetric, symmetric and symmetric with opposite free-fixed459

boundary conditions, whose results agreed with numerical finite element analysis.460

A symmetric discontinuity with the same boundary conditions on both surfaces re-461

stricts mode-conversion, preserving the incident mode symmetry, whereas it has been462

proved, for the first time, that when the boundary conditions are opposite it virtually re-463

stricts mode-conversion to modes with opposite symmetry as the incident one, behaving464

as a symmetry inverter discontinuity. This phenomenon depends on the frequency of the465

incident SH wave; the higher the frequency, the more effective symmetry inversion is.466

Similar reflection coefficients occur whether the fixed discontinuity is modelled only at its467

vertical wall or is completely fixed all along the discontinuity length.468

The symmetry inversion phenomenon was experimentally verified by bonding a steel469

layer as a high acoustic impedance material in an acrylic plate which was symmetrically470
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machined.471
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