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ON TOTAL VERTEX IRREGULARITY STRENGTH OF SOME
CLASSES OF TADPOLE CHAIN GRAPHS

I. ROSYIDA' AND D. INDRIATI?, §

ABSTRACT. A total k-labeling f that assigns V U E into {1,2,...,k} on graph G is
named vertex irregular if wty(u) # wty(v) for dissimilar vertices u,v in G with the
weights wts(u) = f(u) + X ,ep@ f(uz). We call the minimum number k utilized
in total labeling f as a total vertex irregularity strength of G, symbolized by tvs(G).
In this research, we focus on tadpole chain graphs that are chain graphs which con-
tain tadpole graphs in their blocks. We investigate tvs of some classes of tadpole chain
graphs,. i.e., T-(4,n) and T-(5,n) with length r. Some formulas are derived as follows:

tos(Ty (4, n)) = {Ww and tvs(T,(5,n)) = [%1
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AMS Subject Classification: 83-02, 99A00

1. INTRODUCTION

We assume that G(V, E) is a finite, undirected, and simple graph. A mapping f that
assigns V(G) U E(G) into a set of integers is named a total labeling. Further, the integers
used in f are called as labels [14]. In addition, the total k-labeling f is called a total
vertex irregular if the vertex weights wts(u) # wty(v) for distinct vertices u # v in G
with wty(u) = f(u) + X e p(q) f(uz). Baca et al. [5] initiated the notion of total vertex
irregularity strength of graph G, denoted by tvs(G), that is defined as the minimum
number k in such a way that G has a vertex irregular total k-labeling.

Baca et al. [5] proposed the lower bound in the following: HZJ:?)—‘ < tvs(G) < p+

A — 20 + 1 for any graph G(V, E) where p = |V(G)|, § = min{d(v)|Yv € V(G)}, and
A = max{d(v)|Vv € V(G)}, respectively. Whereas, Anholcer, et al. provided another
bounds in [3]. Another way to get the lower bound of tvs for any connected graph G was
given by Nurdin et al. [11]. Let G be a connected graph where the number of vertices of
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degrees i is n;, for i =6,0 + 1,0 +2,..., A.

iz [0 2| [1pn][10 )

Nowdays, Many scholars have found total vertex irregularity strength of some graph
classes such as in [5],[7], [10], [1], [2], [9], etc. Meanwhile, the results related to cactus
chain graphs has been invented in [4] and [12]. Recently, Rosyida et al. published a result
of tvs of T,.(4,1) tadpole chain graph [13]. To continue the result in [13], we investigate
tvs of some tadpole chain graphs in this paper, i.e. tvs(T.(4,n)) and tvs(1.(5,n)).

2. MAIN RESULTS

In this part, we present formulas of tvs of T,.(4,n) and 7,(5,n). Let us consider the
chain graph in Definition 2.1.

Definition 2.1. A graph which consists of a cycle graph C,, and a path graph P, connected
with a bridge is called as a tadpole graph, denoted by T(m,n). Given a connected graph
G. A bipartite graph (B,C), where B is a set of blocks in graph G and C consists of
cut vertices on each block in B, is named a block cut vertex of G. The edges of G join
cut vertices with those blocks to which they belong. Further, G is called as a chain graph
of length r if it contains r-blocks such that each pair of two blocks B; and B;i1 has one
common cut vertex for which the block cut vertex is a path ([8], [6]). Furthermore, tadpole
chain graphs T,(4,n) and T,(5,n) are chain graphs which their blocks are T'(4,n) and
T(5,n), respectively.

2.1. Total vertex irregularity strength of 7,.(5,n). The chain graph 7.(5,n) consists
of:

o {yl Yy, ...,yr}, i.e. aset of vertices with degrees 1
-1 -1 _ 2 _
.{yl 7y§L 7"'7y’:‘71 17y1 7y;l 7"'7y17} 27"'7y%7y%7"'7y1%7y:117y:2l7"'7y’l:’l:}U
{u,ug, ..., ugr, ugrs1,u2r42}, i.e. a set of vertices of degrees 2;
o {x1,x9,...,2,} that is a set of vertices with degrees 3; and
o {v1,va,...,v,_1} that is a set of vertices with degrees 4.

Theorem 2.1. If T, (5,1) is a tadpole chain graph of length r(r > 2), then
tus(Tr(5,1)) =r+1.

Proof. Let y1,y2,...,y, be vertices of T,.(5,1) with degrees 1.

TABLE 1. Labels of vertices and edges of T,(5,1)

Labels of vertices Labels of edges

flur) =1, flugi- 1U2i)=i 1<i<nr,

flugic) =i—1,2<i <, UTUZy41) =
UQZ'):T1<7:<7" fu27~u2r+2)—7‘+1,

I

(

(ugvy) =r+1,1<i<r-—1,
(ugiy1vi) =r+1,1 <i<r—1,
(viz) =r+1,1<i<r-—1,
(vizig1) =r+1,1<i<r-—1,
(ur+1x1)—r+1 f(ur+2$r) _T+1
(i) =4,1 <i <

N
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According to Inequality (1), we obtain

m$axalnzrmm{[r;11w3r;31’Pw:SWjFr;Q}}:’3r;3wzr+ﬁ'(m

To proof that tvs(T,(5,1)) < r+1, we provide a total k-labeling f : VUE — {1,2,...,k}
with & = r + 1 and define labels of vertices and edges as in Table 1.

Under labeling f, we obtain that each vertex has the weight below:

wtp(y;) =i+ 1, 1<i<m,
wtp(ur) =r+2,
wtp(u)) =i+r+1, 1<4i< 2,
wtf(u27+1) =3r+ 2,
wif(urt2) = 3(r + 1),
wtp(v) =i+4r+3, 1<i<r—1,
wtp(x;) =i+ 3(r+1), 1<i<r

The minimum label of vertices and edges is 1 and the maximum label is r+ 1. Also, it is
shown that the vertex weights are all diverse. Hence, we get upper bound tvs(7,(5,1)) <
r + 1. Combining with Lower bound (2), it is proved that tvs(7,(5,1)) =r + 1. O

Theorem 2.2. If T,.(5,n) are tadpole chain graphs with length r(r > 2), n = 4 mod 3,

2
and n > 4, then tvs(T,(5,n)) = [W—‘

Proof. Based on (1), we acquire the lower bound

MMHH&M>>mm{{W;W’Wn+%¥+3w’Pn+?w+ﬂywn+?r+2l}:{@Aey;;]

We prove the upper bound through 3 cases.
Case 1. For n = 4.

TABLE 2. Labels of vertices and edges of T,.(5,4)

Labels of vertices Labels of edges
flugi1) =i+r—21<i<rm, fugicquy) =i+r+1,1<i<r,
flug) = (2r+1)=2=2r=1,1<i<r,  flurugr41) = 2r +1,
f(u2T+1)—2r+1—1—27“ f(UQTUQH_Q):QT’-i-l,
f(u2'r+2)—27'+1
floi)=11<i<r—1 Flugv)) =i+ r+1,1<i<r—1,
f(l’z)—QT—l—l,lSiST’, f(UQH.lv,)—Qr—i—l 1<i<r—1,
flyh)=2r—1,1<i<r—1, Floa) =2r—1,1<i<r—1,
f(y;) 2r + 1, f(vxz+1)f2r+1 1<i<r—1,
fp)=r+1,1<i<r, f(u2r+1x1) =2r + 1, f(ugriomy) = 2r + 1,
flyl)=r1<i<m f(fmyl)—l—l—21<z<r—1
f(yf)—z 1<i<r f(zyl) =

f@w%—rléiéh

fiy) =i fyly) =11<i<r
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We assume that f: VUE — {1,2,...,k} is a total k-labeling with k = {
2r 4+ 1. Vertex and edge labels are defined in Table 2

6r + 3 _
3 =

Under labeling f, we derive the weights of vertices below:

wtp(y}) =i+ 1, 1<i<r,
wtp(yd) =i+r+1, 1<i<mr,
wtp(y?) =i+ 2r+ 1, 1<i<m,
wtp(y}) =i+ 3r+ 1, 1<i<r,
wtp(u;) =1+ 4r + 1, 1<¢<2r,
’U)tf(u%q_l) —3(2T+1)—1—6T+2

wtp(ury2) = 3(2r + 1),

wtp(v) =i+22r+1)+3r+1=i+7r+3, 1<i<r-—1,

wtp(r;) =i+22r+1)+2r+1=i+6r+3, 1<i<r.
We observe that each vertex has a distinct weight. Also, vertex and edge labels used
are less than or equal to 2r + 1. Hence, tvs(7,(5,4)) < {67";3-‘ = 2r + 1. Combining with
the lower bound, we have tvs(7,(5,4)) = 2r + 1.

Case 2. Forn =1.

We construct a function f : VUFE — {1,2,...,k} which is a total k-labeling with
b [97“ +3

-‘ = 3r + 1. We establish labels of vertices and edges as in Table 3.

TABLE 3. Labels of vertices and edges of T, (5,7)

Labels of vertices Labels of edges
f(u2z 1):i+2T—2,1§i§T, f(UQZ 1U2i):i+27“+1,1§i§7‘,
flugi)) =Br+1)—2=3r—1,1<i<r,  f(uugr41)=3r+1,
f(u2r+1) =3r+1—-1=23r, f(UQTU2r+2) =3r+1,
flugrya) =3r +1, flugivy)) =i+2r+1,1<i<r—1,
flui))=11<i<r-1, flugiiv) =3r+1,1<i<r—1,
flz)) =3r+1,1<i<r, flogz) =2r—1,1<i<r—1,
flyh)y=2r—1,1<i<r—1, Flviwi) =3r+1,1<i<r—1,
flyp) =3r+1,
fW?)=2r+1,1<i<r, f(ugry1my) = 3r + 1,
f@)=3r+1,1<i<r, Fugyiowy) = 3r + 1,
flyh)=2r+1,1<i <, Jlwl) =itre21<i<r—1,
fy?)=2r1<i<r, Flzyl) =r; f(yly?) =3r1<i <,
flyp)=r1<i<r flyiy?) =1,
fyh)=1,1<i<r flyl) =,
Fluly) =i, Fyid) =1,
fpy)=i,1<i<r
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By means of labeling f, we have the weights of vertices as follows:

wty(ui) =i+ 7r+1, 1<i<2r,
wip(ugr41) = 3(3r +1) — 1,

wtf(urs2) = 3(3r + 1),

wtp(v;) = z+2(3r+1)+4r+1—z+10r+3 1<i<r-—1,
wty(x;) = +2(37’+1)+37’+1—z+9r+3 1<i<m,
wtp(yh) =i+ (7= r+1, 1<i<m1<I<T.

The vertex weights are all distinct and the labels used are at most {97“;3—‘ =3r + 1.

Thus, tvs(1,(5,7)) = 3r + 1.

Case 3. For n = 35 4+ 10 with j > 0.

We construct a total k-labeling f: VUE — {1,2,...

create vertex labels in the following:
flugioq) =i+ (%5)r—2, 1<i<r,
ﬂwwz[mf?% —2, 1<i<m

(n+2)r4+3

f(u27”+1) = 3 - 17

(n+2)r+3
3
1< <r—1,

I

Meanwhile, each edge label is constructed below:

2
¢}mmk_[m+5”+ﬂ.we
1<i<r—1,
1< <r—1,

I<i<mrj=>1,

1<i<r;j=>0,

1<i<r;5 >0,

1<e<r;5>0,

1<i<r;y=>0,

1<i<r;j=>0,

1<i<r;5>0,
1<i<r6<1<(2+2)5>0,
1<i<rl="2435>0,

1 <7 <r;nis even,

1 <i<r;nisodd.
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flugicqugy) =i+ ("54)r +1, 1<i<r,
flurugry1) = ’7(+23)r+3 , f(ugrugrio) = [W-‘,

flugivy) =i+ (%) r +1, 1<i<r-—1,
Flugiproy) = |23 ) 1<i<r-—1,
fuiz;) = 2r — 1, 1<i<r—1,
fvizip) = [Ww 1<i<r—1,

Flugrsoz,) = |23
flawyi) =i+ ("57)r +2, 1<i<r-—1,
f(@ryz) = (%57 )r — 1,
FP ) = (2 - =1)r +1, 1<i<r1<I<j+1;j>0,
Flfyi™) =i+ (52 =+ 1)r -1, 1<i<ml<I<jij>1,
F@T 2700y = s fy7 oy = 3, 1<i<r;j>0,
) = fy ) <, 1<i<rj>0,
FP Oy = ) — 1, 1<i<rj>0,
P2 Sy O) = i fy O = 1, 1<i<r;j>0,
f(yzn ymy =1, 1 <i<r;nis even,
fly™ 1yf)—i, 1 <i<r;nis odd.
Under labeling f, we derive the vertex weights in the following:

wtp(u;) =i+nr+1, 1 <4< 2r,

wtf(ugH_l) =3 W — 1,

wtp(vg) =i+ 2| WS (B 1 1< <1,

wt (x;) =i+2{("+23)’"+3 + (M) r+1, 1<i<r,
wtp(yl) =i+ (n—1r+1, 1<i<rml<l<n.
It is obvious that each vertex has a different weight and the labels used are not more

than [W-‘ Therefore, tvs(T-(5,n)) < [W-‘ Combining with Lower bound

(3), we get tvs(T.(5,n)) = {W-‘
O
Figure 1 describes the pattern of vertex and edge labels to get tvs(T5(5,4)) = 11.
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FIGURE 1. The pattern of vertex irregular total 11-labeling of T5(5,4)

2.2. Total vertex irregularity strength of 7,.(4,n). The graph 7,(4,n) contains:

e a set of vertices with degrees 1, i.e. {y],95,...,y"};

e aset of vertices with degrees 2, i.e. {y?*l, ygfl, R Vi y?*Z, yg*Q, 7/ .
y%y%a s ayzay%vy%’ cee 7?/7%} U{ur, ug, oo Upy Up g1, Up g2}

e a set of vertices with degrees 3, i.e. {x1,x2,...,2,}; and

e a set of vertices with degrees 14, i.e. {vy,va,...,v,—1}.

Lemma 2.1. If T,(4,2) is a tadpole chain graph with length r (r > 2), then
tvs(T,(4,2)) =r+ 1.

Proof. Based on (1), we get the lower bound as follows:

twuu&m)me{[w;ﬂ’Fw;sw{yzew{w;aw}_[wgaw_T+L(@

To establish that tvs(7,(4,2)) < r+ 1, we define a function f from V' U E into a set of
3r+3
integers {1,2,...,k} which is a total k-labeling with k = [ 7“;— —‘ =r+1.

We construct labels of vertices and edges as in Table 4.

We have the weights of vertices under the labeling f as follows:

wtp(y?) =i+1, 1<i<r,
wtp(y}) =i+r+1, 1<i<m,
wtp(u;) =1+ 2r+1, 1<i<r+2,
wtp(v)) =1 +3(r+1)+r, 1<i<r—1,
wtp(z;) =i+ 3(r+1), 1<i<r
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TABLE 4. Labels of vertices and edges on T).(4,2)

Labels of vertices Labels of edges
flu) =r—1L1<i<mr furprur) =r+1,
Flurgr) =, Uryour) =1+ 1,

v)=i+1,1<i<r—1,
wipvy) =r+ 1,1 <i<r-—1,

I
flurg2) =741, fE
(viz;) =r+1; f(vl$l+1)—r+1 1<i<r-—1
(
(z

T flo)=r—1,1<i<r-—1, f
fla)=r+1,1<i<r, f
fly} r,l1<i<r, f

/

5) Ur121) =1+ 1; f(upgozy) =7+ 1,
(%)—21<z§n

Zyl)_zf(yzy@)_l 1§Z§7"

We observe that each vertex has distinct label. Also, vertex and edge labels are less
than or equal to F’??’w = r + 1. Hence, we get upper bound tvs(7,(4,2)) <r+ 1. Thus,
tvs(T,(4,2)) =r+ 1. O

Theorem 2.3. IfT,(4,n) are tadpole chain graphs of length r wherer > 2, n =5 mod 3,

1
and n > 5, then tvs (T,.(4,n)) = {W—‘

Proof. According to (1), we obtain the lower bound as follows:

tvS(TT(47n))>maXH ;1} {n—i—l r+3)-"’7(n+24)r+3-"’7<n+35)r+2-‘}: {(n—i—l?))r(—;j-‘.

1
We create a total k-labeling f from V U E into {1,2,...,k} with k = {W—‘

Further, we prove the upper bound by means of 2 cases.
Case 1. For n =5 and n = 8.

Firstly, we define Labels of vertices as follows:

Flug) = 2r—1, 1<i<r,n=>,
YT 3r—1, 1<i<rn=S8.

Fltpg) = WﬂTHW—L n=538

f(urs2) = 37},}”’-‘, n=>5,8
flv) =1, 1<i<r—1,n=5,8
f(:ci):[“b“;””’w, 1<i<rn=58,

Fyh) = 2r—1, 1<:<r—1,n=>5,
Yi)=Y 2r—2, 1<i<r—1,n=S5.

2r, n =25,
f(y%):{ 3r, n=2_8.

2\ __ T, 1§i§7a7n:57
f@)_{w,1<wwm:&
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2r 1<:<r,n=>5
3\ ) =0t =1 9
ﬂ%)_{3r+L 1<i<rmn=S8.

4 T, 1<1<r,n=25,
f@)—{%+L 1<i<rmn=S8.
1 1<:<r,n=5
5\ 9 =6t =1 9
f@)_{w,lghgm:&
fW® =2rflyl)=rif(yd) =i, 1<i<rn=S38.

Secondly, we construct labels of edges as follows:

f(ur+1ul) = W-‘ ;f(ur+2ur) = ’V(n+13)r+3—" n=25,8

Flugpao) = | CFE8 g < <1, n=>5,8,
flojmi)=2r—1,1<i<r-—1, n=>538
fuiziyr) = {W I1<i<r—1, n=>5,8,

): ’7(n+13)r+3 ;f(ur+237r) _ ’7(71-&-1?))?4-3—"
t+r+1, 1<i:<r—1,n=>5,
1+2r+1, 1<:<r—1,n=_8.

14 2, 1<i1<r—1,n=235,
1+2r+2, 1<:<r—1n=_8.
r, m=2>,,
=1 5, 223
2r+1, 1<i<r,n=2>5,
Ir+2, 1<i:<r,n=_8.
fiv}) =i flyiv)) =i, 1<i<rn=5,38,

1, 1<i:<r,n=235,
f(y;?’yf)Z{ 2r, 1 <1 <r,n=_8.

F@PyS) =L Syl =i f(ylyd) =1, 1<i<rn=8.

We have the vertex weights below:

2| (1), 1<i<r+2,n=05,
wtg(u;) = { s ]
2| EEES L (0r 1), 1<i<r+2,n=8
i 2| (3 41), 1<i<r—1,n=05
wty(vi) = { ]
i 2| S 4 1), 1<i<r—1,n=28
P42 WS (9 4 1), 1<i<rn=5,
wiy(zi) = { )
i 2| DS 3 41), 1<i<rn=8.

3



142 TWMS J. APP. AND ENG. MATH. V.11, SPECIAL ISSUE, 2021

wtp(y) =i+ n—-Dr+1, 1<i<nr1<l<nmn=5,8.
It is obvious that each vertex has a different weight. Also, the labels are not more than

{W-‘ . Hence, we establish the upper bound tvs(T,(4,n)) < ’VW’-‘ . According

to Lower bound (5), we have tvs(T)(4,n)) = [W-‘

Case 2. For n > 11.
Analog to the proof of Theorem 2.2 in Case 3, wet tvs(T(4,n)) = [W-‘ : O

Figure 2 shows the pattern of vertex and edge labels to obtain tvs(T5(4,5)) = 11.

FIGURE 2. The pattern of vertex irregular total 11-labeling of T5(4, 5)

3. CONCLUSIONS

We have verified tvs of T;.(4,n) and T;.(5,n) in this paper. The patterns to get tvs of
the graphs were presented in the theorems. We have proved the upper bounds and got

tus(Tr(4,n)) = [W’—‘ and tvs(T,(5,n)) = W . In further research, we are

going to investigate tvs of general tadpole chain graph T, (m,n) for m > 6. Also, we will
verify the formulas using algorithmic approaches.
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