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VERTEX COLORING EDGE WEIGHTINGS OF SOME SQUARE
GRAPHS

N. PARAMAGURU, §

ABSTRACT. A kedge-weighting w of a graph G is an assignment of integer weight,
w(e) € {1,2,...,k}, to each edge e. A kedge-weighting w induces a vertex coloring
¢ by defining c¢(u) = Y, w(e) for every u € V(G), where u ~ e denote that u is an

une

end-vertex of e. A kedge-weighting w of a graph G is a vertex coloring of G if the in-
duced coloring c is proper, i.e., c¢(u) # c¢(v) for any edge uv € E(G). In this paper, vertex
coloring edge weighting of square of Cartesian product of paths is considered.
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1. INTRODUCTION

For graph-theoretical terminology and notation, we in general follow [1]. In this paper,
we assume that the graphs G in discussion are finite, connected, undirected and simple
with order |V(G)| > 3. For a vertex v of a graph G = (V, E), Ng(v) denotes the set of
vertices which are adjacent to v in G. For v € V(G) and e € E(G), v ~ e denote that v
is an end-vertex of e. A k-vertex coloring c of G is an assignment of k integers, 1,2,...,k,
to the vertices of G, the color of a vertex v is denoted by ¢(v). The coloring is proper if
no two distinct adjacent vertices share the same color. A graph G is kcolorable if G has
a proper kvertex coloring. The chromatic number x(G) is the minimum number 7 such
that G is rcolorable.

A kedge-weighting w of a graph G is an assignment of an integer weight w(e) €
{1,2,...,k} to each edge e of G. An edge weighting induces a vertex coloring by defining
clu) = Y w(e) for every u € V(G). A kedge-weighting of G is a vertex-coloring if for

u~e
every edge e = wuv, c¢(u) # ¢(v) and then say G admitting a vertez-coloring k-edge weight-
ing. The minimum k for which G has a vertex-coloring k-edge weighting is denoted by
sd(G), called the sum distinguishing index of G.

The Cartesian product GOH of two graphs G and H has V(GOH) = V(G) x V(H),
and two vertices (u1,ug) and (v1,vs) of GUH are adjacent if and only if either u; = vy
and ugue € E(H) or ug = vg and uyv; € E(G).

Given any graph G, its square graph G? has the same vertex set G, with two vertices
adjacent in G? whenever they are at distance 1 or 2 in G.
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If a graph has an edge as a component, clearly it cannot have a vertex-coloring kedge-
weighting.

In [4], Karonski, Luczak and Thomason initiated the study of vertex-coloring kedge-
weighting and they brought forward a conjecture as following.
1-2-3-Conjecture. If G is a connected graph of order 3 or more, then sd(G) < 3.

Furthermore, they proved that the conjecture holds for 3-colorable graphs. For cubic
graphs, by Brooks’ theorem, if G # Ky, then x(G) < 3 and hence by the above result
sd(G) < 3. Recently, Kalkowski et al. [3] showed that every connected graph of order 3 or
more admits a vertex-coloring 5edge-weighting.

In this paper, we consider vertex coloring edge weighting of square of Cartesian product
of paths.

2. RESULTS
Theorem 2.1. If m >3 and n > 3, then sd((P,0OP,)?) = 3.

Proof:

First, we consider.

Case 1. m=n>8, m=2 mod 3.

Subcase 1.1. n =0 mod 3.

Let us define, w(e) = 2 if e € {vyjvy(j41) 1 J € {3,6,9,...,n =31} U {vam—1yvant U
{virvig 11 € {5,8,11,...,m=3}} U {vijvij41) 17 € {5,8,11,...,m=3},j € {2,5,8,... ,n—
4}} U {v(m,l)jv(m,l)(jﬂ) je {3 6,9,...,n— 3}} U {1)111) i+1)1 11 € {2 9,8, ...,m— 3}}
U {vizviir1)2 14 € {2,5,8,...,m— 3}} U {U (m—1)2Vm2} U {vm V(it1)j 1 1€ {2 5, 8 ;M —

3}, 7€{3,6,9,.. n—3}} U {UUU(Z_H NS {3 6,9,. —2} Jj€43,6,9,. n—3}}
U {vijv(iﬂ)j 11 € {2,5,8,. 3} Jj € {4,7, 10 Ln =2} U {vijv(ﬂ_l)j NS
{3 6 9 y M — 2}7] € {47 77 107 y I — 2}} U {Uln 1 (i+1)(n—1) S {2757877m_3}}
U {vim) vty 0 € {3,6,9,..., —2}}U{v Vg ¢ 0 € {4,7,10,...,m — 4} U

{vijv (,+2)j c1€4{1,2,3,...,m — 2} j € {3,6,9,...,n — 3}}. Next, we assign w(e) = 3
if e € {vivy( J+1) ci € {3,6,9,...,m — 2}, j € {3,6,9,...,n—3}} U {vijvigs1) 14 €
{4,7,10, . — 4}, j € {4,7,10,...,n — 2}} U {0ign_1yvin : i € {5,8,11,...,m — 3}}
U {vljvz(jﬂ) 1] € {1,2,3,...,n — 1}} U {Uij’l)(H,Q)j NS {1,2,3,...,m — 2}, ] €
{4,7,10,...,n—2}}; w(e) = 1 otherwise. Consequently, for any edge e = uv, c(u) # c(v).
Next, we consider.

Subcase 1.2. n =1 mod 3.

Let us define, w(e) = 2 if e € {vojvo41)} : J € {3,6,9,...,n — 4} U {virvia 1 @ €
{5,8,11,...,m—3}} U {vijvi+ny + 1 € {5,8,11,...,m — 3}, j € {2,5,8,...,n — 2}}
U {U(m D Vm-1G+1) J € {3,6,9,....n = 1}} U {vmm-nyvmn} U {vavein =0 €
{27 5,8,...,m— 3}} U {UZQU i+1)2 HUAS {2 5 8,. m_3}} U {U(m71)2vm2} U {Uijv(iJrl)j RS
{2,5,8,...,m — 3}, j € {3 6 0.0 — 41} U {oiviany, ¢ i € {3,6,9,....m — 2},
je {3,6,9,...,n—4}} U {vijv(m)j i €{2,5,8,...,m—3}, j€{47,10,...,n — 3}}
U {Uijv(i—f—l)j S {3> 6,9,...,m— 2}7 J € {47 7,10,...,n — 3}} U {Ui(n—l)v(i-i—l)(n—l) NS
{3,6,9, — 2}} U {Uz(n 1 U(H—l)(n 1 1 € {4, 7,10,...,m — 4}} U {Uinv(z‘-}-l)n 11 €
{2,5,8,...,m—3}} U {v”v(lﬁ ii € {1 2,3,...,m—2},j€{3,6,9,...,n—1}}. Next,
we assign w( ) = 3 if e € {vivy ]H) : 1€ {3, 6 9,...,m—2},j € {3,6,9,...,n —4}}
U {Uijvi(j+1) S {4 7,10,. 4}, j € {4, 7,10,...,n — 3}} U {vi(n_l)vm NS
{4,7,10,...,m—4}} U {vi(n_l)vm i€ {5,8,11,...,m=3}} U {vijvuse); i € {1,2,3,...,m
2}, 7 € {4,7,10,...,n — 3}}; w(e) = 1 otherwise. Consequently, for any edge e = wwv,
c(u) # c(v).

Subcase 1.3. n =2 mod 3.
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Let us define, w(e) = 2 if e € {vojvaj11)} 1 J € {3,6,9,...,n =2} U {vin—1vin : 7 €
{4,7,10,...,m—4}} U {virvie 13 € {5,8,11,...,m=3}} U {vijvi(j+1) 17 € {5,8,11,...,m—
3}, j e {2, 5,8,...,m — 3}} U {U(m—l)jv(m—l)(j—i-l) 1 j € {3, 6,9,...,n — 2}} U
{v(mfl)(nfl)v(mfl)n} U {vilv(i+l)1 S {27 57 87 s 7m_3}} U {viQU(i+l)2 S {27 57 87 )
-3 } U {v(m—l)vaQ} U {vijv(i-i-l)j S {275787 cees M — 3}7 j € {37 67 97 s — 2}}
U {,Ul'jv(’i-l—l)j 1 € {3,6,9,...,m — 2}, ] S {3,6, 9,...,n — 2}} U {Uijv(i+1)j 11 €
{2,5,8,...,m—3}, J€{4,7,10,...,n —4}} U {vijviq); 24 € {3,6,9,...,m =2}, j €
{4,7,10,...,n=4}} U{vin—1)vit1)(n-1) 17 € {2,5,8,...,m=3}} U {Ui(n—l)v(i+1)(n—1) i€
{3,6,9,...,m— 2}}U{v(m1 vmn}U{vw (i+2)] 16{123 ,m—2} 7 €{3,6,9,..
24U {Umv(HQ 21 €{1,4,7,...,m—4}}. Next we assign w(e ) =3if e € {vijvi(j11) :
(3,6,9,....m — 2}, j € {3,6,9,....n — 3}} U {viu_nyvin : i € {3,6.9,.. —2}}
U {vijvi(jH) cio€ {4,7,10,...,m — 4}, j € {4,7,10,...,n —4}} U {’Ulj’Uzj 1 j €
11,2,3,...,mn = 13} U {vijvape); =7 € {1,2,3,...,m — 2}, j € {4,7,10,...,n — 4}};
w(e) = 1 otherwise. Consequently, for any edge e = uv, c(u) # c(v).
Case 2. m=n>9, m=0 mod 3.
Subcase 2.1. n =0 mod 3.
Let us define, w(e) = 2 if e € {vova41)} : J € {3,6,9,...,n — 3} U {vain—1 U%)} U
{'UilvriQ 11 € {5,8, 11,.. .,m—4}} U {Uijvi(j+1) 11 € {5,8, 11,...,m— 4} j e {2 9,8, .
4}} U {U(m—l)jv(m—l)(j+1) 1] € {376797 RN (T 3}} U {Um]U (j+1) - 1J € {2 9,8,...,m —
4}y U Avmjvm+n) + 7 € {4,7,10,...,n = 2}} U {vavipiyn @ € {2,5,8,...,m — 4}
U {Uigv(i+1)2 S {2,5,8,...,777, — 4} U {vijv(i+1)j AN {2,5,8,...,m — 4}, ] €
{3,6,9,...,n — 3}} U {vijvirn; : ¢ € {3,6,9,...,m =3}, j € {3,6,9,...,n — 3}}
U {Uijv(i+1)j NS {2,5,8,... , M — 4}, ] S {4, 7, 10, L, — 2}} U {Uij?)(i+1)j NS
{3,6,9,...,m =3}, 7 € {4,7,10,...,n — 2}} U {vitn—1)V(+1)(n—1) * & € {2,5,8,...,m —
4} U {U(m—l)(n—l)vm(n—l)} U {vinv(i—l—l)n S {3,6,9,...,771 - 3} U {Uinv(i—l—l)n NS
{4,7,10,...,m — 2} U {vijvgsay i € {1,2,3,...,m — 2}, j €{3,6,9,...,n — 3}}.
Next, we assign w(e) =3 ife € {UU G+t 1 €1{3,6,9,...,m—3},7 €{3,6,9,...,n—3}}
U {vijvi(jﬂ) S {4 7,10,. 2} j € {4, 7,10,...,n — 2}} U {Ui(n—l)vin NS
{5,8,11,... ., m—4} | {vmjvm(j+1) 17 €43,6,9,...,n=3} U {vijv; : 5 € {1,2,3,...,n—
1}} U {/U(mfl)jvmj : j € {47 77 107 EEE L 2}} U {vij/v(i+2)j NS {172737 sy — 2})
j € {4,7,10,...,n — 2}}; w(e) = 1 otherwise. Consequently, for any edge e = uwv,
c(u) # c(v).
Subcase 2.2. n =1 mod 3.
Let us define, w(e) = 2 if e € {vig_1yvin} U {v2jv2(41) : J € {3,6,9,...,n — 4} U
{’Uﬂ’l)z'z 1€ {5, 8,11,..., m—4}} U {Uijvi(j+1) 11 € {5,8, 11,... ,m—4},j S {2, 9,8,...,n—
2}} U {U(m—l)jv(m—l)(j+1) 1] € {336797 sy — 4}} U {Umjvm(j—i-l) 1J € {275787 RN (2
2}y U Avmjvmg+y 23 € {4,7,10,...,n = 3}} U {viivgpn o7 € {2,5,8,...,m — 4}
U {Uigv(i+1)2 11 € {2,5,8,...,777, — 4} U {vijv(i+1)j NS {2,5,8,...,m — 4}, j €
{3,6,9,...,n — 43} U {vijogrn; ¢ ¢ € {3,6,9,...,m =3}, j € {3,6,9,...,n — 4}}
U {Uijv(i+1)j NS {2,5,8,...,m — 4}, j € {4, 7,10,...,n — 3}} U {Uijv(i+1)j NS
{3,6,9,...,m—3},j €{4,7,10,...,n—=3}} U {vitn—1)V(i+1)(n—1) : 7 € {3,6,9,...,m — 3}
U {Ui(n—l)v(i—i-l)(n—l) 11 € {4, 7,10,...,m — 2} U {Uinv(i—i-l)n NS {2, 5,8,...,m— 4} U
{’Uijv(i+2)j:7:€{1 2,3,...,m— 2} j€{3 6,9,...,n—1}}.
Next, we assign w(e ) = 3 1fe € {UU G+t 1 €1{3,6,9,...,m—3},7 €{3,6,9,...,n—4}}
U {Uijvi(j+1) NS {4 7,10,. 2} j € {4, 7,10,...,n — 3}} U {vi(n_l)vm AN
{4,7,10,...,m—2} {vi(n_l)vm : Z' € {5,811,...,m—4} U {vmjvmj+1) : J € {3,6,9,...,n
4} U {vjvey 2 j € {1,2,3,...,n — 1}} U {vgm-1);vm;j : j € {4,7,10,...,n — 2}} U
{'Ui(nfl)v(z#l)(nfl) S {2,5,8, oo, M — 4} U {Uijv(i+2)j 11 € {1,2,3, e, M — 2}, j €
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{4,7,10,...,n—3}}; w(e) = 1 otherwise. Consequently, for any edge e = uv, c(u) # c(v).
Subcase 2.3. n =2 mod 3.
Let us define, w(e) = 2 if e € {vojvp(j41)} 4 € {3,6,9,...,n =2} U {vin—1)vin : @ €
{4,7,10,... ,m—2}} U {vivie : 7 € {5,8,11,...,m— 4}}U{v” iGj+1) + 1 € 15,8, 11 -
4}7 JE€ {275787 s 7n_3}} U {U(M*l)jv(mfl)(]+1 S {3 6,9,...,n— 2}} U {U (m— 1)(n 1)
U(mfl)n} U {vmjvm(j+1) 1] € {2, 9,8,...,n — 3}} U {vmjvm(jﬂ) 1] € {4, 7,10,...,n —
4}} U {vilv(i+l)l NS {2,5,8,...,7’77, — 4}} U {viQU(i—i-l)Z 11 € {2,5,8,...,m — 4}}
U {vijvisny; =@ € {2,5,8,...,m - 4}, j € 4{3,6,9,....,n —2}} U {UU’U(Z_H i1 €
{3,6,9,...,m — 3}, j € {3,6,9,....n — 2}} U {u”-v(m)j i€ {2,5,8,. 4},
G {4,710, ,n—4}} U {vijvgsny i € {3,6,9,...,m—3}, j € {4,7,10,...,n— 4}} U
{Ui(nq)v(iﬂ)(n ) :i€{2,5,8,...,m— 4}} U {vitn—1)vt1)n-1) : 7 € {3,8, 11 ,m—3}}
{Uijv(i_i_Q)j 11 € {1,2,3,...,77’1, — 2}, ] S {3,6,9,...,n — 2}} U {Uinv(i+2)n NS
{1,4,7,...,m —2}}.
Next, we assign w(e) = 3 if e € {vj;vi(j41) 14 € {3,6,9,...,m—3},j € {3,6,9,...,n—2}}
U {vijvig4y 13 € {4,7,10,...,m — 2}, j € {4,7,10,...,n — 4}} U {vin—1)vin : @ €
{3,6,9,...,m—3}U{vm]v (+1) j€{369 , N — 2}U{v1jv2j:j€{1,2,3,...,n—
1}} U {U(mfl)(nfl) m(n—1) U {UU (i42)j 11 € {1,2,3 m—2},j S {4,7, 10, .. .,n—4}};
w(e) = 1 otherwise. Consequently, for any edge e = uv, c(u) # c(v).
Case . m=n>7, m=1 mod 3.
Subcase 3.1. n =0 mod 3.
Let us define, w(e) = 2 if e € {vjva;j11)} 1 J € {3,6,9,...,n = 3} U {vom—nyv2n} U
{vijvigigry 11 € {5,8,11,...,m — 2} j € {2,5,8,...,n —4}} U {V(m—1)jVm—-1)G+1) : J €
{3,6,9, e, = 3}} U {U(mfl)(nfl)v(mfl)n} U {Uilv(i+1)1 S {2,5,8, cea,m = 2} U
{UiQU(i+1)2 NS {2,5,8,...,777, — 2} U {v(m,l)lvml,v(m,l)gvmg} U {UZJ z+1) NS
12,5,8,...,m — 2}, j € {3,6,9,...,n — 3}} U {vijvusr); =@ € {3,6,9,. — 4},
5 €1{3,6,9,...,n—3}} U {vijvgsny ¢ 1 € {2,5,8,...,m — 2}, j € {4,7,10,. n—2}}
U {v,-jv(i+1)j 11 € {3, 6,9,...,m — 4}, j e {4, 7,10,...,n— 2}} U {'Ui(n—l)v(z’—i-l)( 1) : 1€
12,5,8,....,m=2} J {vinv(it1yn 17 € {3,6,9,...,m—4} J {vinv(it1)n 17 € {4,7,10,...,m—
3} U {Uz‘lv(i+2)1 11 € {3,6,9,...,1’)7,—4}} U {vijv(i+2)j S {1,2,3,...,m— 2}, j €
(3,6,9,...,n — 3}}.
Next, we assign w(e) = 3 if e € {vjivie = 7 € {3,6,9,. — 4} U {vijvigipn) 10 €
(3,6,9,...,m — 4}, j € {3,6,9,...,n — 3}} U {UU a1 7; € {4,7,10,...,m — 3},
j € {4,7,10,...,n — 2}} U {vim—1)vin = @ € {5,8,11,...,m — 2} J {vijve; : j €
(1,2,3,...,n = 13} U {vijvray, : ¢ € {1,2,3,...,m — 2}, j € {4,7.10,....n — 2}};
w(e) = 1 otherwise. Consequently, for any edge e = uv, c(u) # c(v).
Subcase 3.2. n =1 mod 3.
Let us define, w(e) = 2 if e € {vgjvaj11)} 1 J € {3,6,9,...,n — 4} U {vipn—yv1n} U
{vijvigi41) 1 € {5,8,11,. —2}}j€ {2 5,8,...,n =2}t U {vem—1)j9m-1)G+1) 1 J €
{3,6,9,...,n—1}} U {'Ullll)(z_;'_l v €4{2,5,8,...,m=2}} U {vi2viiq1)2 17 € {2,5,8,...,m—
21+ U {vm D1Vm1, Vm—1)2Vm2} U {vijvegr); 11 €1{2,5,8,...,m—2},j € {3,6,9,...,n—
4}} U {Uijv(i+1)j S {3,6,9,...,m — 4}, j € {3,6,9,...,71 — 4}} U {?}Z‘jv(iJrl)j NS
{2,5,8,...,m—2}, j € {4,7,10,...,n—3}} U {Uz‘jv(i+1)j 11 € {3,6,9,...,7)1—4}, j €
{47 7,10,..., n_3}} U {Ui(n—l)v(i+l)(n—1) S {3 6,9,...,m— 4}} U {Uz(n 1)V(i4+1)(n—1) * S
{4,7,10,...,m— 3}} U {vinvisiym 7 € {2,5,8,...,m— 2}} U {vitvigo) i € {3,6,9,.
4}}U{UU (i42)] 16{123 m—2},j€{369 n—l}}
Next, we assign w(e) = 3 if e € {vj1vi2 : i € {3,6, 9 — 41} U {vijvigny 10 €
(3,6,9,....m — 4}, j € {3,6,9,....,n — 4}} U {vw o) i€ {4,7,10,...,m — 3},
j€1{4,7,10,...,n = 3}} U {vin—1yvin : i € {4,7,10,. -3}y U {vi(n_l)vm D€
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{5, 8 11,....m— 2}} U {vm(n_l)vmn, U(m—l)(n—l)vm(n—l)} U {UljUQj 1 j € {1, 2,3,...,n—
1} U Avi—1)vas1y -1y 1 1 € {2,5,8,...,m — 2}} U {vijvigay; 0 € {1,2,3,...,m — 2},
j € {4,7,10,...,n — 3}}; w(e) = 1 otherwise. Consequently, for any edge e = uwv,
c(u) # c(v).

Subcase 3.3. n =2 mod 3.

Let us define, w(e) = 2 if e € {vojvoj1ny} : J € {3,6,9,...,n — 2} U {vin—1)vin 1 @ €
{4,7,10,...,m — 3}} U {Uijvi(jJrl) 11 € {5,8,11,...,m — 2} j € {2,5,8,...,n — 3}}
U {vem-1)j0m-1)G+1) 7 € {3:6,9,...,n = 2}} U {vm—1)(n-1)Vm—1)ns Vm(n—1)Vmn} U
{Uil’l)(z‘+1)1 11 E {2, 5, 8, N 2} U {U’iQU(i-i—l)Q 11 € {2, 5, 8, ey, — 2} U {U(m_l)lvml,
Vim—1)2Vm2} U {vijvasn); 14 € {2,5,8,...,m=2},5 € {3,6,9,...,n—2}} U {vijvug); 10 €
{3,6,9,...,m — 4}, j € {3,6,9,...,n — 2}} U {vijveqr); + @ € {2,5,8,...,m — 2},
J€{4,7,10,...,n—4}} U {vijviq); 1 €1{3,6,9,...,m—4},j € {4,7,10,...,n—4}} U
{vi(n—l)v(i—‘rl)(n—l) RS {27 5,8,...,m — 2} U {Ui(n—l)v(i—f—l)(n—l) 11 € {37 6,9,...,m — 4}
U {Uilv(i+2)1 AN {3,6, 9,...,m — 4}} U {Uinv(i+2)n 1€ {1,4, T,...,m — 3}} U
{vijupey; 11 €{1,2,3,...,m -2}, j €{3,6,9,...,n — 2}}.

Next, we assign w(e) = 3 if e € {viiviz : 7 € {3,6,9,...,m — 4}} U {vijviq1) 1 7 €
{3,6,9,...,m—4}, j € {3,6,9,...,7@—2}} U {vijvi(jJrl) 11 € {4,7,10,...,m—3}, j €
{4,7, 10,...,n—4}} U {Ui(n—l)vin 11 € {3,6,9,...,m—4} U {’Uljvgj 1 € {1,2,3,...,71—
1}} U {v(m_l)(n_l)vm(n_l)} U {Uijv(i-l,-Q)j NS {1, 2,3,...,m— 2}, j € {4, 7,10,...,n —
4}}; w(e) = 1 otherwise. Consequently, for any edge e = wwv, c¢(u) # c(v). Thus
sd((P,0P,)?) = 3.

Theorem 2.2. Ifn > 6, then sd((Ps0P,)?) = 3.

Proof:

Case 1. n =0 mod 3.

Let us define, w(e) = 2 if e € {vyv41)} 1§ € {3,6,9,...,n = 3} U {van-1)v2n}
U {vsjosgiey 2 7 € {3,6,9,...,m = 3}} U {vejvsj+1y + J € {2,5,8,...,n — 4}} U
{vejvs(j1) 1 7 €14,7,10,...,n—=2}} J {vojvs; : j € {1,2} U {vojvs; 1 7 € {3,6,9,...,n—
3}} U {1)3j1)4j 1 j € {3,6,9, ce ,n—3}} U {'UQj'U3j 1] € {4,7, 10, .. .,n—2}} U {03j1)4j 1 j €
{47 7,10,...,n — 2}} U {UQ(nfl)US(nfl)} U {U5(n71)v6(n71)} U {U3nv4n} U {U4nv5n} U
{vijuagey; + 1 € {1,2,3,4}, j € {3,6,9,...,n — 3}}; Next, we assign w(e) = 3 if e €
{vsjva(ipn) 17 €43,6,9,...,n=3}} U {vajvagipry 1 J € {4,7,10,...,n—2}} U {vejv6(j41) :
J€13,6,9,....n=3}} U {vijve; : j € {1,2,3,...,n—1}} U {vs;v65 : j € {4,7,10,...,n—
21} U {vijvige); s i € {1,2,3,4}, j € {4,7,10,...,n — 2}}; w(e) = 1 otherwise. Conse-
quently, for any edge e = uv, c(u) # c(v).

Case 2. n=1 mod 3.

Let us define, w(e) = 2 if e € {vip_1)vin} U {v2jvogr) + J € {3,6,9,...,n — 4}
U {U5j1]5(j+1) : ] € {3,6,9,. o, — 4}} U {UﬁjUG(j+1) : ] € {2,5,8,. o, — 2}} U
{'UGj'UG(j+1) 1] € {4, 7,10,... ,n—3}} U {’Ugj’Ugj 1] € {1,2} U {’Ugj’Ugj 1] € {3, 6,9,...,n—
44y U {vsjvaj 0 j € {3,6,9,...,n—4}} U {vojus; : 5 € {4,7,10,...,n—=3}} U {vsjv45 : j €
{4,7,10,...,n = 3}} U {v3(n-1)vam-1)} U {vagm-1)v5-1)} U {vanvan} U {vijvgis); 1 i €
11,2,3,4}, j € {3,6,9,...,n — 1}}; Next, we assign w(e) = 3 if e € {vsjv3(j41) 1 J €
{3, 6,9,... ,n—4}} U {v4jv4(j+1) 1j € {4, 7,10, ... ,n—3}} U {v4(n,1)v4n} U {Uﬁjvﬁ(jJrl) 1j €
{3,6,9,...,n—4}} U {vijve; : 5 € {1,2,3,...,n = 1}} U {v2n—1)v3(n—1)} U {vsjv6; : J €
{4,7,10,...,n = 3}} U {vijvuse), 1 € {1,2,3,4}, j € {4,7,10,...,n — 3}}; w(e) = 1
otherwise. Consequently, for any edge e = uwv, c(u) # ¢(v).

Case 8. n =2 mod 3.

Let us define, w(e) = 2 if e € {vyjva(41) : J € {3,6,9,...,n — 2} U {van-1)van U
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{’U5j’U5(j+1) 1] € {3, 6,9,...,n— 2}} U {U5(n_1)U5n} U {U6jv6(j+1) 1] € {2, 9,8,...,m— 3}}
U {U6jv6(j+1) 1] € {4,7, 10,...,n — 4}} U {UQjUgj 1] € {1,2}} U {Ugjvgj 1] €
{3,6,9,...,n—=2}} U {vsjve5 : 5 € {3,6,9,...,n—2}} U {voju3; : 5 € {4,7,10,...,n—4}}
U {vsjvg; + j € {4,7,10,....,n — 4}} U {UQ(nfl)v3(n71)7U3(n71)v4(n71)aUlnv?mvvélnvﬁn}
U {vijvite); @@ € {1,2,3,4}, j € {3,6,9,...,n — 2}}; Next, we assign w(e) = 3 if
e c {1}3j1}3(j+1) 1j € {3, 6,9,..., n—2}} U {Ug(n_l)vgn} U {’U4j’l)4(j+1) 1j € {4, 7,10,...,n—
4}} U {Uﬁjv(;(j+1) 1 j € {3,6,9,...,n - 2}} U {Ulj'UQj 1 J € {1,2,3,...,n - 1}} U
{vsjuej 7 € {4,7,10,...,n — 4}} U {vs(-1)V6(n—1)} U {vijvise); 1 € {1,2,3,4},
j € {4,7,10,...,n — 4}}; w(e) = 1 otherwise. Consequently, for any edge e = uwv,
c(u) # c(v). Thus sd((Ps0P,)?) = 3.

Theorem 2.3. Ifn > 5, then sd((Ps0P,)?) = 3.

Proof:
First, we consider.
Case 1. n = 5.

Let us define, w(e) = 2 if e € {v23v24, V43044, V44045, Us4Vs55, V21031, U22V32, V23033, V24V34,
V33043, U34V44, V45U55, V1333, V23043, U33V53, V14U34, U24V4d, U34VU54, V15035 15 Next, we assign
w(e) = 3 if e € {v33v34, V34035, V11021, V12022, V13V23, V14024, Vaa¥sa }; w(e) = 1 otherwise.
Consequently, for any edge e = uv, c(u) # ¢(v).

Case 2. n =0 mod 3.

Let us define, w(e) = 2 if e € {vgva(41) : J € {3,6,9,...,n — 3}} U {van-1)v2n}
U {U4jv4(j+1) 1J € {376797"'7“ - 3}} U {Uzj?}:;j 1] € {172777’}} U {’Ugj’l)gj 1 J €
{3,6,9...,n = 3}} U {vojvs; 1 j € {4,7,10...,n = 2}} U {vo(—1)v3(n—1)} U {v3nvan}
U {vijvese); 4 € {1,2,3} § € {3,6,9...,n — 3}}; Next, we assign w(e) = 3 if e €
{Ugjvg(j+1) 17 €43,6,9,...,n—3}} U {vijvej 1 j € {1,2,3,...,n}} U {/Uij/u(/l:JrQ)j 11 €
{1,2,3} j € {4,7,10,...,n—2}}; w(e) = 1 otherwise. Consequently, for any edge e = uwv,
c(u) # c(v).

Case 3. n =1 mod 3.

Let us define, w(e) = 2 if e € {vgjvaj11) + J € {3,6,9,...,n —4}} U {vipn—yv1n} U
{vajva1) 27 € 43,6,9, ... ,m— 13} U {vsgo1yvsn} U {vzjvs; : j € {1,2}} U {vzjvs; 1 j €
{3,6,9...,n—4}} U {vojv3j : 5 € {4,7,10...,n—3}} U {v3jvs4; : j € {3,6,9...,n—4}}
U {vgjva; = J € {4,7,10...,n = 3}} U {vsp-1yvam-1} U {vijvarey; @ € {1,2,3}
J€13,6,9...,n—1}}; Next, we assign w(e) = 3 if e € {v3jv3(j41) : J € {3,6,9,...,n—4}}
U {Uljvgj 1 j € {1,2,3, e, n— 1}} U {’UQj'Ugj 1 j € {n — l,n}} U {Uijv(iJrQ)j 11 € {1,2,3}
j € {4,7,10,...,n — 3}}; w(e) = 1 otherwise. Consequently, for any edge e = wuwv,
c(u) # c(v).

Case 4. n =2 mod 3.

Let us define, w(e) = 2 if e € {vojva(j41) : J € {3,6,9,...,n — 2}} U {vajvagirr) 1 J €
{376797'-"” - 2}} U {U4(n—1)v4n} U {v2jv3j 1] € {1’2’71’ - 1}} U {U2jv3j 1 J €
{3,6,9...,n—2}} U {vgjuzj: j € {4,7,10...,n—4}} U {vzjve : 5 € {3,6,9...,n—2}}
U {vsjvay 15 €{4,7,10...,n = 4}} U {v2(-1yv3(n-1)} U {v3—1)0a—1)} U {vanvsn} U
{v1nv3n U {vijvge); 11 € {1,2,3} j € {3,6,9...,n — 2}}; Next, we assign w(e) = 3 if
e c {’1}3j1}3(j+1) 1 € {3, 6,9,...,n— 2}} U {vg(n_l)vgn U {Uljvgj 1 j € {1, 2,3,...,n— 1}}
U {vijvite); : 4 € {1,2,3} j € {4,7,10,...,n — 4}}; w(e) = 1 otherwise. Consequently,
for any edge e = uv, c(u) # c(v). Thus sd((Ps0P,)?) = 3.

Theorem 2.4. If n > 4, then sd((P,0P,)?) = 3.

Proof:
First we consider.
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Case 1. n = 4.

Let us deﬁne, w(e) =2ifec {’U23’U24,’U43U44,’L)13’U33,’023’U43} U {UQjU3j tJ € {1, 2, 3,4}} U
{vsjvg; © j € {1,2}}; Next, define w(e) = 3 if e € {vzivsa} U {vijv25 : j € {1,2,3,4}};
w(e) = 1 otherwise. Consequently, for any edge e = wv, c(u) # c(v).

Case 2. n =2 mod 3.

Let us define, w(e) = 2 if e € {vjvg(j41) : J € {3,6,9,...,n —2}} U {v3jv3(41) 1 J €
{3,6,9,...,n—2}} U {vojus; : 5 € {1,2,n—1}} U {wzjvg - 5 € {1,2,n}} U {vojus : j €
13,6,9...,n—=2}} U {vojvg; : J €{4,7,10...,n—4}} U {vinvsn U {vijvte); i € {1,2}
j € 1{3,6,9...,n — 2}}; Next, we assign w(e) = 3 if e € {vi(n—1yv1n U {van—1)van U
{vrjue; = j € {1,2,3,...,n — 1}} U {vijvaqey; i € {1,2} j € {4,7,10,...,n — 4} };
w(e) = 1 otherwise. Consequently, for any edge e = uv, c(u) # c(v).

Case 3. n=0 mod 3.

Let us define, w(e) = 2 if e € {vijv;j41) 17 € {2,3},7 € {3,6,9,...,n=3}} U {vojvs; 1 j €
{1,2,n — 1}} U {voju3; : j € {3,6,9...,n —3}} U {vojuv3; : j € {4,7,10...,n — 2}}
U {vsjvay = 7 € {1,2,n}} U {vijvige); 1@ € {1,2} § € {3,6,9...,n — 3}}; Next, we
assign w(e) =3ife € {U1j112j 1] € {1,2,3,...,77, - 1}} U {/Uijv(l'+2)j S {1,2} J €
{4,7,10,...,n—2}}; w(e) = 1 otherwise. Consequently, for any edge e = uv, c(u) # c(v).
Case 4. n=1 mod 3, n # 4.

Let us define, w(e) = 2 if e € {vi(—1)v1n} U vijvii+1) 1 1 €{2,3}, 5 € {3,6,9,...,n—4}}
U {Uzjvggj 1 j € {1,2}} U {Ugjvggj 1 j € {3,6,9...,77,—4}} U {UQjU3j 1 j € {4,7,10...,n—
3}} U {U3jU4j : ] € {1727n - 17”}} U {vijv(i—}—Q)j NS {172} j € {37679"'7n - 1}}a
Next, we assign w(e) = 3 if e € {vyjvg; 1 j € {1,2,3,...,n — 1}} U {v2(n-1)v3(n—1) U
{vijvige); i € 11,2} j € {4,7,10,...,n—3}}; w(e) = 1 otherwise. Consequently, for any
edge e = uv, c(u) # c¢(v). Thus sd((P4OP,)?) = 3.

3. CONCLUSION

In this paper, we have determined the vertex coloring edge weighings of square of
Cartesian product of paths, except (Ps0P,)2.
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