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Introduction

The study of algebraic structures up to homotopy combines the fields of algebra
and homotopy theory. The objects of study are types of algebras and their invariance
properties with respect to certain homotopy operations on their underlying spaces. In
our setting, the underlying base category of spaces is a symmetric monoidal model
category C, and the algebraic structures considered are algebras over an operad 2 in C.
Operads model many input-single output operations and their composition and are
therefore suitable to describe many of the classical types of algebras, e.g., associative,
commutative, and Lie algebras (see [46,[51]).

In general, algebras over an operad are rigid structures, meaning they do not play
nice with homotopy operations on their underlying spaces. However, algebras over
some operads Q do have good homotopy properties; this is the case in particular over
those that are cofibrant in the model structure on operads in C (see [5[28,29]]). This
model structure exists under some assumptions on the underlying model category C
and some restrictions on the operads (see op. cit. for details). For such a cofibrant operad
Q, we can also equip its category Q-Alg of Q-algebras with a model structure, and in this
category a version of the Boardman-Vogt homotopy invariance property holds: given a
homotopy equivalence of cofibrant-fibrant spaces X, Yin C, a structure of Q-algebra on
either induces a homotopy equivalent Q-algebra structure on the other [5, Theorem 3.5].

We will often be interested in the homotopy category of Q-algebras, i.e., the local-
ization Ho Q-Alg = O-Alg[W ~!] with respect to the class W of weak equivalences. An
isomorphism A — A’ in the homotopy category is a zigzag of weak equivalences in the
category Q-Alg,

A . . A

Given cofibrant (resp. fibrant) replacement functors Q (resp. R) on the category Q-Alg, it
is a consequence of a general result on model categories (see, e.g., [32, Theorem 1.2.10])
that

Homy, o (4, A') 2 Homg pg(QA, RA') [~y ,

where the relation ~}, is homotopy of morphisms. We call a morphism QA — RA’ of
Q-algebras a homotopy morphism from A to A’ and denote it by A ~ A'.

In this thesis, we work in the differential graded framework. The category C will
be the category of chain complexes equipped with the standard projective model struc-
ture, i.e., weak equivalences are quasi-isomorphisms, fibrations are degreewise epi-
morphisms, and cofibrations are determined by the left lifting property with respect
to acyclic fibrations. This model structure can be transferred to give model structures
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on dg S-modules, dg operads, and dg algebras over a dg operad by defining the weak
equivalences (resp. fibrations) to be those maps that are weak equivalences (resp. fibra-
tions) on all underlying chain complexes. The cofibrations are then again determined
by their lifting property. Note that the lifting property defining cofibrations depends
on the structures, not just the underlying chain complexes. In particular, while it is
clear from the above definition that all operads in C are fibrant, cofibrancy is an entirely
different question.

On the category of augmented dg operads, we have functorial cofibrant resolutions
given by the counit QB% = P of the cobar-bar adjunction

Q : conil dg Coopd —— augdg Opd : B,

provided the operad 2 in question is already S-cofibrant, i.e., cofibrant in the under-
lying category of S-modules. When working with chain complexes over a field k of
characteristic 0, this S-cofibrancy condition is always satisfied. A downside of such
cobar-bar resolutions is that they are very large, and therefore algebras over them have
many generating operations. However, one of the main breakthroughs in the theory of
operads is the development of Koszul duality for operads [24} [25]], which provides us
with an explicit construction of a small cooperad 2 as a candidate to replace the bar
construction B in the cobar-bar resolution. The cooperad P! is given by a presenta-
tion dual to a choice of presentation for . The presentation is called Koszul if in fact
Pi < BPis a weak equivalence in a Hinich-type model structure on dg cooperads (see
[40]). In this case, the cobar construction on the Koszul dual cooperad P! provides us
with a small resolution
QP — QBP — P,

called a Koszul resolution, and algebras over this type of resolution are known as -
algebras.

For the classical types of associative, commutative, or Lie algebras, Koszul duality
provides us with the following co-analogues: For associative algebras, we recover the
A, -algebras introduced by Stasheff [65] and the bar construction of Eilenberg-MacLane
[14]. For commutative algebras, we obtain the definition of C-algebras introduced by
Kadeishvili [33]] and present in rational homotopy theory [60,66], along with the Harri-
son complex [27]. For Lie algebras, Koszul duality leads to the notion of L -algebras as
introduced by Hinich-Schechtman [30] (see also [[13]]) and crucial in deformation the-
ory [23}38], and to the Chevalley-Eilenberg complex [10]]. However, of these classical
operads Ass, Com, and Lie, only Ass is S-cofibrant over any commutative ring k, since
its structural operations satisfy no symmetries.

For commutative algebras, there is also the notion of E-algebras going back to
May [52]] and Boardman-Vogt [8]]. An E -operad is any S-cofibrant resolution of the
operad Com, such as the Barratt-Eccles operad £ in dg operads (see, e.g., [4]]). We may
use the Barratt-Eccles operad for our purposes of constructing cofibrant resolutions for
operads that are not S-cofibrant already: the tensor product of any dg operad P with &
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is S-cofibrant, and thus one obtains a cofibrant resolution
OB(PRE) —— PRE — P

over an arbitrary commutative ring k.

The reason for the S-cofibrancy condition is essentially that the cobar-bar resolution
of an operad 2 resolves only the operadic composition, not the symmetries of the
operations. This is a consequence of the classical treatment of operads as S-modules
equipped with composition structure. In|Chapter 3| we take a different perspective,
viewing both the symmetry and the composition as part of the structure of an operad.
Among other findings, we obtain a new cobar-bar adjunction whose counit resolves
both structures simultaneously.

One of our original goals in this thesis was to give an explicit definition of homotopy
Lie algebras over any commutative ring k, also known as EL -algebras. Unfortunately,
in the context of our new cobar-bar adjunction, a Koszul duality approach is not yet
available. In[Chapter 4] we use yet another technique to attempt to construct a resolution
of the Lie operad: we consider the classical Koszul dual cooperad Lie' of the Lie operad
and construct a small S-cofibrant resolution Lie® — Lie' on the cooperad side—at
least in low degrees. This allows us to explicitly define weak Lie 3-algebras, i.e., EL -
algebras on underlying 3-term complexes, and their homotopy morphisms. As 2-term
truncations, we recover Roytenberg’s weak Lie 2-algebras [63|], thereby providing a
more conceptual construction for them. Among other results, we prove the desired
homotopy invariance property for weak Lie 3-algebras. We end the chapter with some
initial applications of weak Lie 3-algebras in higher differential geometry.

Structure

We begin this thesis by presenting some preliminary material in[Chapter 1] fixing
notation, and introducing conventions followed throughout the rest of the work. In
we present the classical theory of operads and Koszul duality. We take great
care to introduce concepts and state results in such a way that they hold when working
with chain complexes over commutative rings. [Chapter 3|comprises our joint work with
Bruno Vallette [12] on Symmetric Homotopy Theory for Operads. Finally, in[Chapter 4]
we reproduce our work On Weak Lie 3-Algebras [11]].
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CHAPTER 1

Preliminaries

The aim of this chapter is to introduce notation and conventions used throughout
this thesis.

We denote by k an arbitrary commutative unital ring and by k-Mod its category of
modules. In practice, for any computations we will work over the integers k = Z. Since
Z is the initial object in the category of unital commutative rings, this ensures that our
results hold over any such ring k.

1. Chain Complexes

A Z-graded chain complex (V, d) in k-modules is a collection of k-modules {V/};c»
with k-linear maps d;: V, — V/._; satisfyingd;_; od; = 0 for all i € Z. The index i is
referred to as (homological) degree, and we use the notation |v| = i for elements v € V.
A morphism of chain complexes in k-modules f:(V,d") - (W,d") is a collection of
k-linear maps {f;: V = W}z, such thatd? o f; = fi_; o d! for all i € Z. The category
of chain complexes in k-Mod is denoted by k-Ch.

1.1. Abelian structure. It is a standard result that k-Ch is an abelian category
with biproduct the degreewise direct sum of k-modules (V @ W); := V. @ W, equipped
with the componentwise differential d”®% (v + w) = d"(v) + d¥(w). Kernels and

cokernels are computed degreewise, i.e., ker(f); = ker(f;) and coker(f); = coker(f;).

1.2. Symmetric monoidal structure. The category k-Ch can be equipped with
a monoidal product
O vewy=Pyew. ;. d"¥oew) =d"v)@w+(-" ved¥w).

jez

Slightly abusing notation, the chain complex given by k in degree 0 and 0 in all other
degrees is denoted again by k. It acts as the unit object with respect to the monoidal
product. The monoidal product satisfies a certain symmetry: we denote by 7 the natural
isomorphism with components given on homogeneous elementary tensors by

) VIV RW —SWRV, vuwr— (D .uweuv.

VW W,V _

Clearly """ o7 = id, and together with the above monoidal structure this turns

(k-Ch, ®, k) into a symmetric monoidal category.

REMARK 1.2.1. The sign in the differential of the tensor product in [Equation (1) is
necessary to ensure that d”®" squares to zero, and, as a consequence, the sign in the

symmetry isomorphism in[Equation (2)|is required such that the components of 7 are

5
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in fact morphisms of chain complexes. This is the basis for what is known as the Koszul
sign rule, often phrased somewhat vaguely as: “whenever symbols x, y of degree |x|
resp. |y| change their relative order, a factor (—1)*M is introduced.”

1.3. Closed monoidal structure. By definition, the morphisms in k-Ch preserve
degrees and commute with the differentials. In addition, there exists another notion of
so called internal homomorphisms, defined as follows. Let hom(V, W) be the complex
defined by

(3) hom(V, W); == [[ Hom(. Wy ), di" ™ (f) = a0 f—(-1) - f_y0d.
jez

The index i is referred to as the (homological) degree of the internal morphisms f €

hom(V, W); and we use the notation |f| = i. The differential is sometimes written as

0 or as the graded commutator [d, _]. It is easy to verify that the functor _ ® V' is left

adjoint to hom(V, _) for any V and, hence, (k-Ch, ®,K) is a closed symmetric monoidal

category. Explicitly, the adjunction is given by the bijections

Hom(U ® V, W) = Hom(U, hom(V, W))
0)) f (ur (fu®_ v fu®v)))
(u®vH gw)) ' g

REMARK 1.3.1. The homomorphisms of chain complexes are precisely the 0-cycles of
the internal homomorphism complex,

Hom(V, W) ={f € hom(V,W), | d(f) = 0} = Hom(k, hom(V, W)) .

1.4. Enriched structure. Like any closed symmetric monoidal category, k-Ch is
actually enriched over itself [35]]. The counit of the internal hom adjunction provides
us with evaluation maps for internal homomorphisms: the identity morphisms

id:hom(V, W) - hom(V, W)
correspond to morphisms
(5) ev.hom(V, W)@V - W, f®uvm ev(f,v),

which, for v € V, evaluate to ev(f,v) = fi(v). In particular, these allow us to define

composition maps
(6) (Lo _):hom(V,W)® hom(U,V) —— hom(U, W) ,

for internal homomorphisms, corresponding to the successive evaluations

7 hom(V, W) ® hom(U, V) ® U ~2%% hom(V, W)@ V —2s W .

Let f € hom(V,W), g € hom(V’, W’) be internal homomorphisms. Naturally,
f ® gisan element in hom(V, W) ® hom(V’, W'). We will however denote by f ® g €
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hom(V ® V', W ® W') the image corresponding to the evaluation map

10701
hom(V, V') ® hom(W, W) ® V ® W —2r, hom(V, V') ® V ® hom(W, W') @ W
ev®ev
— V' RW'.
Explicitly, this means (f ® g)(v ® w) = (—1)BI’!. f(v) ® g(w) on homogeneous simple
tensors in accordance with the Koszul sign rule.

REMARK 1.4.1. Using this notation we can write the differential for the tensor product
of chain complexes asd"®" =d" ® 1+ 1 @ d".

1.5. Suspension and desuspension functors. We denote by sk the chain com-
plex given by (sk); = k and (sk); = 0 for i # 1. Using this notation, we define the
suspension functor s := (sk ® _):k-Ch — k-Ch. Analogously, we denote by s~'k the
chain complex given by (s7'k)_; = k and (s7'k); = 0 for i # —1. We define the
desuspension functor s~! = (s7'k ® _):k-Ch — k-Ch.

In addition, we define the (internal) suspension isomorphism

WVivossv, tY)=s®v,
and the (internal) desuspension isomorphism
Vvosv, [Y)=s'®v.

Note that suspension and desuspension are 1-cycles and (—1)-cycles, respectively. By
abuse of notation, we will often denote the suspension and desuspension isomorphisms

by s resp. s7L.

2. Permutations

We denote by S,, the symmetric group on n elements, i.e., the group of bijections of
the set n = {1, ..., n}. An element o € S,, is usually denoted by its values [c(1), ..., o(n)]
or as a product of cycles (i, o(i), ..., a"(i)). Another way we depict symmetric group
elements and their multiplication is using a graphical notation as indicated in[Figure 1}
A permutation o is denoted by a diagram of strands connecting their i-th input to their

AL o5

FIGURE 1. Example of multiplication: [213] - [231] = [132].

o(i)-th output. Diagrams are read top to bottom, i.e., inputs are at the top, outputs are
at the bottom. Multiplication o - T can be computed graphically by placing the diagram
for 7 on top of the diagram for o.
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2.1. Composition. It will sometimes be convenient to view the groups S,, as one-
object categories and denote by S the symmetric groupoid S := [ S,,. In addition to the
groupoid multiplication, we may define a composition map on S as follows. Given a
permutation o € S, and an n-tuple (7, ..., 7,,) of permutations 5; € S kj» We define their
composition ¢ o (71, ..., T;) € S, 4...4k, DY

(8) (O’ o (Tl’ ey Tn))(i) = ‘[}(l . (kl + -+ kj—l)) + (ka—l(l) + -+ ka—l(o(j)—l)) ,
fOrk1+“‘+kj_1 <l§k1++kj

In terms of graphical notation, this composition can be constructed as indicated in
Figure 2| and described in the following. As the first step, for each j = 1,..,n, we
thicken the j-th strand of o to k; parallel strands. In this way, we obtain a permutation
of S, 4...+k, sometimes denoted o(ky, ..., k,). The second step is to apply 7 locally
to the corresponding k; strands. This amounts to multiplication of o(ky, ..., k,,) by
(T1s s Tn) € Siy X =+ X S, C Sy ety

FIGURE 2. Example of composition: [213] o ([231], [1],[21]) = [342165].

A special case we will often encounter is the composition where all but one per-
mutation 5 = 7 € Sy are the identity on a single strand id;, € S;. This composition is
called the j-th partial composition and denoted

g oj T:=0o (idl, eeey idl, T, idl, ceey ldl) S §n+k_1 .

In terms of graphical notation, it amounts to thickening the j-th strand of o to k parallel
strands and applying 7 there, extended by the identity on all other strands.

FIGURE 3. Example of partial composition: [21] o, [231] = [4231].

2.2. Shuffle permutations. Let n,,..., n,, be natural numbers such that n = n; +
-+ n,,. Wecallo € S, an (ny, ..., ny,)-shuffle, if o(i) < o(i+ 1) foralll1 <i < n



3. FORESTS AND TREES 9

except when i = N; := n; + --- + n; for some 1 < j < m. We denote by Sh(n,;,...,n,,) C
S,, the subset of these (ny,..., n,,)-shuffles. The shuffles Sh(n,, ..., n,,) form a set of

representatives for the cosets S,,/(S,, X -+ X S, ).

(A) Unreduced shuffle. (B) Reduced shuffle.

FIGURE 4. Examples of (3, 2, 2)-shuffle permutations.

We call an (ny, ..., ny,)-shuffle o reduced, if o(N;) < o(Nj;) forall 1 < j < m. The
set of these reduced shuffles is denoted as S_h(nl, .., Nyy,). The inverse of a (reduced)
shuffle is called a (reduced) unshuffle and the set of these is denoted by Sh_l(nl, o M)
resp. Sh=1(ny, ..., fpy).

2.3. Representations. We use the notation k[S,,] for the group algebra and the
(right) regular representation of S,,. We denote by k-sgn, the one-dimensional signature
represenation of S, i.e., its underlying module is k and the adjacent transpositions o; =
(ii+ 1) act by multiplication with —1. We implicitely extend the group representations
to representations of the group algebra by k-linearity and write e.g., x 91 = —x° + x".

3. Forests and Trees

A forest F = (X, p) consists of a finite set edge(F) := X of edges with a parent map
p:X — X, such that for some n > 0 the property p(p"(x)) = p"(x) holds for all edges
X € X. By definition, the set of edges comes with a partition X = ]_[i>0 X!, where

X0:={xeX|p(x)=x} and X':={xeX|p(p')=p@)I\X",

and the parent map p decomposes as ]_[i>0 p; with p;: X! - X'~1 and p, = id. Asa
result, a forest is equivalent to a diagram X° « --- « X" of finite sets where X" # @.
When the components p; of the parent map are all surjective, we call F an n-forest.

We call elements of root(F) := X° roots for F and edges in edge(F); := X' its i-th
generation edges. Elements of vert(F) := p(X \ X°) are referred to as vertices and those of
leaf(F) := X\ p(X\ X°) as leaves. For a vertex f, we call elements of in(f) := p~1(f)\ X°
its input edges and out(f) := f its output edge. A tree T = (X, p) is a particularly simple
forest with a unique root resp. a diagram 1 < X! « ... « X" of finite sets. When the
p; are all surjective, we call T an n-tree.

Note that in our terminology vertices appear only implicitly, and by definition
they have at least one input and exactly one output edge. As a result, the roots and
leaves-together called external edges or the boundary-of a forest are incident on fewer
than two vertices. The remaining edges are incident on two vertices and called internal
edges. A more general definition of rooted trees with boundary allowing for 0 input
vertices can be found in [37]. For our purposes, this simpler but more restrictive version
will suffice.
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Z1 22
N |2 V3
X

(A) Trivial tree. (B) Corolla. (C) Tree with inner edge.

FIGURE 5. Examples of trees

EXAMPLES. (i) The empty forest X = @ has no edges and thus no vertices. Since it
has no root, it is not a tree. (ii) The trivial tree X = 1 consists of a single edge and no
vertices (Figure 5a). Its only edge is both its root, as well as a leaf. (iii) The corolla
X = 1 U X! with p(x) = 1for all x € X has a single vertex whose set of input edges
is X! and whose output edge is the root . Note that X! # @ is assumed.
(iv) See The set of edges for this tree is edge(T) = {x, y1, 2, V3, 21, Z;} and
the parent map is given by p(x) = x, p(y;) = x, and p(z;) = y;. This makes x the root,
leaf(T) = {zy, 5, ¥,, y3} the leaves, and y, the only internal edge for T.

REMARK 3.0.1. By drawing a tree T in the plane such as we have done in [Figure 5|
we place a (total) order on the incoming edges in(f) at each vertex f € vert(T). Such
a choice is called a planar structure (see[Section 3.4 for details) and a tree with fixed
choice of planar structure is known as a planar tree. When working with nonplanar
trees, we disregard this additional structure.

3.1. Morphisms and subtrees. Let F = (X, p) and G = (Y, q) be forests. An
isomorphism of forests p: F — G is a bijection of edges ¢: X — Y compatible with the
parent maps: ¢ o p = q o . We denote by Forest (resp. Tree) the category of forests
(resp. trees) with isomorphisms as morphisms and by n-Forest (resp. n-Tree) their full
subcategories of n-forests (resp. n-trees).

In case S = F = (X, p) is actually a tree, we define another type of morphism. An
inclusion of a tree 1: S < G is an injective map : X < Y of edges, such that

(i) for x € edge(S) \ 1 a non-root edge: ((p(x)) = q(«(x)); and
(ii) for f € vert(S) any vertex: in(t(f)) C «(X).
Two inclusions ©:S & G and (': S’ & G are considered equivalent if there exists an
isomorphism ¢:S — S’ such that (' o ¢ = 1. A subtree S C G is an equivalence class of
inclusions S & G.
Let F = (X, p) be a forest and a € X a marked edge. The subset

Xlg={xeX|3In>0:p*(x)=a}
with induced parent map

a, ifx=a,
pla:X|a_)X|a’ X — .
p(x), otherwise,
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forms a subtree F|, C F. Given any collection { F, = (X, Pa) }aca Of trees, their disjoint
union is a forest X = [ X, with X° = A. In particular, for any forest F = (X, p), we
have a canonical isomorphism

Fx [] Fla.

aeX0
3.2. Grafting of trees. Given a tree S with a marked leaf | € leaf(S) and a second
tree T, the grafting of S with T at [ is denoted by S o; T and obtained by identifying the
marked leaf [ of S with the root of T as shown in[Figure 6] Formally, given S = (Xs, ps),

T = (X7, pr), and a choice of leaf | € leaf(S), we define the grafting S o; T of Swith T
at leaf [ as follows:

ps(x), ifxeXg,
Xsor = Xs UXp)/(I=17), psor([x]) :=1ps(l), ifx=1r,
pr(x), ifxeXr\1r,

where 17 denotes the root of T.

N ]

FIGURE 6. Grafting of trees.

3.3. Contraction of subtrees. Let T be a tree and let :: S & T represent a subtree
of S C T. A subtree is uniquely determined by its set of vertices vert(S) C vert(T).
The contraction of Sin T is denoted T/S and formed by identifying the vertices of S as
indicated in[Figure 7] In terms of edges, this amounts to removing the inner edges of S
and appropriately redefining the parent map on leaves of S as follows:

1(1g), if x € (leaf(S)),
Xrss == Xr \ ((inner edges of S), pr/s(x) := (1s) (leaf(5))

pr(x), otherwise.

FIGURE 7. Contraction of the marked subtree.

Since all of our morphisms are injective, we cannot expect to obtain a quotient map
S < T - T/S. This ad-hoc construction, however, will be enough for our purposes.
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3.4. Planar structure. Let T = (X, p) be a tree. A planar structure on T is a
collection of ordering bijections y(f):in(f) — nfor all f € vert(T). A tree T together
with a choice of planar structure is called a planar tree. Morphisms ¢: S — T of such
trees are assumed to respect the planar structure in the sense that yr(¢(f)) o ¢ = xs(f).

Equivalently, a planar tree is a diagram 1 < X! « .. « X" in the category FOrd
of finite ordered sets and order-preserving maps. Similarly, we define a planar forest as

a diagram X° « --- < X" in FOrd.

3.5. Coloring. Let F be a forest and C a fixed set whose elements we refer to as
colors. A C-coloring for F is a map c:edge(F) — C. A forest equipped with a C-coloring
is called a C-colored forest. Morphisms ¢: F — G of such colored forests are assumed to
be compatible with the colorings in the sense that cg o ¢ = c.

In the colored context, there exist trivial trees I. for each color ¢ € C and there are
no morphisms between trivial trees of different colors. The constructions on trees we
have seen earlier carry over to the colored case with the following caveat: we can only

graft trees when the colors of their relevant leaf and root match.



CHAPTER 2

Operads

In this chapter, we recall basic definitions and results of the theory of algebraic
operads. For a textbook introduction to algebraic operads we refer the reader to [46],
upon which large parts of this chapter are heavily based. The constructions here are
given in enough generality to obtain results for operads in chain complexes over a
commutative ring k.

This chapter is organized as follows. In[Section 1} we introduce various categories
of collections underlying different types of operads. In we give the basic
definitions of operads as well as their modules and algebras. We consider some construc-
tions, including that of free operads. In|Section 3| we introduce the dual concepts for
cooperads. In[Section 4} we recall the classical cobar-bar adjunction between cooperads
and operads and the resolutions it provides. In[Section 5| we define the cobar-bar ad-
junction for algebras over an operad. Its counit provides us with resolutions for operadic
algebras. In|Section 6 we give a treatment of the theory of homotopy algebras from
an operadic perspective. Finally, in[Section 7] we give a short overview of the classical
Koszul duality theory for quadratic operads and its curved Koszul duality extension for
quadratic-linear—constant operads.

1. Collections

We define categories of collections as modules over groupoids of 1-trees. Recall that
for a groupoid G, its category of left (resp. right) modules in C is the functor category
[G, €] (resp. [G°P, C]). We work in the differential graded framework, i.e. we take the
category C to be the category k-Ch of chain complexes.

The basic case we consider is the category of dg symmetric collections or simply dg
collections

dg Coll = [(1-Tree)°?, k-Ch] .

In addition, the categories
dg ns Coll = [(planar 1-Tree)°?,k-Ch]
of dg nonsymmetric or dg ns collections and
dg C-col Coll = [(C-colored 1-Tree)°P, k-Ch]

of dg C-colored collections play an important role. For now, we will give definitions and
introduce constructions only for basic dg collections in order to reduce repetition. In

13
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Section 1.4{(resp.|Section 1.5, we go over the necessary changes for dg ns collections

(resp. dg C-colored collections).

Since k-Ch is a monoidal category, we can equip the category of dg symmetric
collections with the pointwise abelian and symmetric monoidal structures, i.e. for dg
collections M, N we define

9) (M@ N)[1 <« X]:=M[1 « X]®N[1 < X],
(10) (M QN)[1 « X] = M[1 « X]® N[1 < X].

Given another dg collection K with a morphism (natural transformation) g:t M @ N — K,
its components satisfy

Hom((M ® N)[1 « X],K[1 « X]) £ Hom(M[1 « X] @ N[1 « X],K[1 < X])
=~ Hom(M[1 < X],hom(N[1 « X],K[1 < X])).
We define a dg collection hom(N, K) pointwise by,
(11) hom(N, K)[1 < X] := hom(N[1 « X],K[1 < X])
and on morphisms ¢%: (1 <« X) — (1 « X’) in 1-Tree®,
hom(N, K)[¢°P]: hom(N, K)[1 « X] — hom(N, K)[1 < X']

is given by conjugation:

hom(N, K)[¢°?](f) = K[¢®] o f o N[p~P].
With this definition, the components g[1 < X] correspond to

h[1l « X]:M[1 « X] — hom(N,K)[1 < X]
and these form a natural transformation h: M — hom(N, K). In fact, this isomorphism

Hom(M ® N, K) =~ Hom(M, hom(N, K))

is natural in M, N, and K, and thus hom(_, ) provides an internal hom functor with
respect to the pointwise tensor product _ ® _ on dg collections.

1.1. Composite product. We equip the category of dg collections with another
monoidal product called the composite product. To do so, we first extend the domain
category of a collection N from 1-Tree to 1-Forest® via
12) N[B « X] = c%limN[l < X1]® - ®N[1 « X,,,],

X:B-m
where the colimit is taken over bijections y: B — m. We denote here by b; the unique
element of B for which x(b;) = i, and write X; as shorthand for Xj, := p~l(b;) C X with
parent map p. The colimit can be computed as

(13) N[B<—X]:( a5 N[1<—X1]®---®N[1<—Xm]) ,
S

)(ZB—>m
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where the S,,-action is given by

- (X ® @) = £(0X V1) ® ** ® Vom1(m))

with the appropriate Koszul sign. For a morphism ¢°?:(B « X) — (B’ « X’)
of 1-Forest?, we define N[¢°P] to be the universal morphism mapping a component
X:B - mto y = ¢*y:B’ - mby application of

N[¢*] ® - @ N[gnt |,

where ¢; are the appropriate restrictions of ¢.

With this new notation in place, we define the composite product of dg collections
M, N by
(14) (MoN)[1 « X]:= 1(39%111}( M[1 « B]® N[B < X],

€2-Tree(X)?

where the category 2-Tree(X) consists of 2-trees with a given set X of leaves and mor-
phisms acting identically on the leaves. Note that this can be interpreted as a colimit
over the slice category 2-Tree®?/(1 « X).

‘We now provide a simple and explicit way of computing the colimit above. Consider
a partition P of X, i.e. a set of disjoint nonempty subsets covering X. Such a partition
defines a 2-tree 1 < P « X where the map from X to P sends each element to its
containing subset. On the other hand, any 2-tree 1 « B « X gives rise to a partition
P:={X, | b € B} of X, and any two isomorphic objects of 2-Tree(X) define the same
partition P. In other words, the discrete category Part(X) provides a skeleton for the
category 2-Tree(X). As a result, the composite product M o N of dg collections M, N can
be computed as

MoN)1<X]= € M1« PI®NIP < X]
PePart(X)

- &P M[l&P]@(@N[1<—H]®---®N[1<—Pm]) :
S

PePart(X) xP-m

where we used the notation B := y~1(i). A typical element of (M oN)[1 « X] is denoted
as U oy (Vs eees Vi)
We define a dg collection I by
k, ifX~1,
I[1<X]:=

0, otherwise.
This provides a unit for the composite product and turns (dg Coll, o,I) into a monoidal
category. The monoidal structure is nonsymmetric, and the associativity isomorphisms
(M oN)oK =M o (N oK) involve reordering elements (see[Figure 1)) and hence the
Koszul sign rule.
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FIGURE 1. Associativity of the composite product.

1.2. Infinitesimal composite product. Note that the composite product is not
linear in its right argument, i.e. in general

Mo(Nl @Nz)#MoNl @MONZ

for dg collections M, N;, N,. We introduce here the notation M o (N;; N,) for the sub
dg collection that is linear in N, i.e. that is spanned by elements y o, (11, ..., v,) Where
v; € N, for exactly one of v, ..., v, and ¥ € N, for j # i. More precisely, one might
define a functor (Np; N,) on 1-forests with a marked tree:

(Ni;No)[beB <« X]:==N;[B\ b« X\ Xp| ® N,[1 « Xp]
and extend it to give

(N N)[B < X] = @D MNB\ b« X\ X] @ Ny[1 < X;]

beB
E(@ @Nl[l <X|® QN1 <—Xi]®...®Nl[1(_Xn]) )
X:B-n i=1 s

n

The infinitesimal composite product can then be defined as

Mo (N;;No)[1 « X] == ffgf}f M[1 < B] ® (N;; N,)[B < X].
€2-Tree(X)P
As shorthand notation, we introduce M o1y N := M o (I; N) since it appears so frequently,
and we write u ®,,; v for w0, (1,...,1,,1,...,1) with v in i-th place.
On morphisms, we introduce two types of infinitesimal composite product. Given

fiM —> M, g;:N; - N, and g,: N, - N,, we define f o (g;;g,) as the composition

fo(g1:82)

Mo (Ny;Ny) —=-=-=~ > M’ o (N;N;)
I fo(g1982) ’ T/ ’
Mo(Ny®N,) —— M °(N1 EBNZ)

Consider now f:M — M’ and g:N — N’. We denote by f o(;) g the morphism f o (1;g),
ie. (fon) @) ®y,v) = (1B . f(u) ®,,;g(v). Given the same data, we also define
a morphism

fe)8
fo' @MoN — Mo(N;N) —2 M’ o (N;N),
and when N’ = N we implicitly postcompose with

M o(N;N) — M’ o (N®N) —» MoN,
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where the second map is just addition. In this way we obtain f o' giM o N — M’ o N.

REMARK 1.2.1. With the above notation, we can write the differential of the full com-
posite product as dM°N = dM o1 + 1o’ dV.

1.3. S-Modules. LetS:=[] _. S, be the symmetric groupoid and denote by

n>1

dg S-Mod = [S°, k-Ch]

the category of right S-modules in k-Ch or dg S-modules for short. Explicitly, a dg S-
module M is a collection of chain complexes M(n) equipped with right S,-actions for
each arity n > 1. A morphism of dg S-modules f: M — N is a collection of equivariant
morphisms f(n): M(n) - N(n) of chain complexes. We will often write a dg S-module
as a sequence (M(1), M(2), ...).

The symmetric groupoid S provides a skeleton for the category 1-Tree via the
obvious embedding functor mapping n € S to the 1-tree 1 < n. In the following, we use
this to equip dg S-Mod with extra structure in such a way that it becomes equivalent to
dg Coll in the sense of [Lemmas 1.3.1jand[1.3.2}

As for dg collections, the category of dg S-modules inherits the abelian and sym-

metric monoidal structure of k-Ch, i.e. for dg S-modules M, N we have
(15) (M @ N)(n) == M(n) ® N(n),
(16) (M @ N)(n) :=M(n) ® N(n),
with the diagonal S,-action. Given another dg S-module K, we define
17) hom(N, K)(n) := hom(N(n), K(n))
with S,-action given by
hom(N, K)(@®): f = f7 = K(6%P) o f o N(o~"P)
resp. f°(v) = f(v-o~!) - 0. This again gives an internal homomorphism adjunction
(18) Hom(M ® N, K) =~ Hom(M, hom(N, K)) .

Lemma 1.3.1. The categories dg S-Mod of dg S-modules and dg Coll of dg collections
are equivalent.

PROOF. Precomposition of dg collections with the embedding S® < 1-Tree®
defines a restriction functor and this functor admits a left adjoint

—~

(L) : dg S-Mod = [S°?,k-Ch] —— [1-Tree®®,k-Ch] = dg Coll : (L)|sor
defined as follows. For an S-module M, consider its left Kan extension M as in the
diagram

s M | kch

[/~

1-Tree®?
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Since S° is small and k-Ch is cocomplete, these Kan extensions exist for all S-modules
M, and they can be computed pointwise as

xXX—-n

19 M[1 « X] = colim M(n) = M ,
(19) [1 = X] = colim M(n) (@ (n))

Sh
where the colimit is taken over the comma category (S° | 1-Tree®®). The universal
property of the Kan extension gives a bijection

Nat(M, N) = Nat(M, N|so) ,

thereby proving the adjunction. Since S° < 1-Tree® is fully faithful, the components
N, are isomorphisms. This proves that the adjunction is in fact an equivalence of
categories. |

We now equip the category of dg S-modules with a composite product as we did for
dg collections. For dg S-modules M, N, we define
20)  (MoN)(n) = P Mm) ®s,, P Ind! s, (N(11) ® - @ N(npr))

m>1 n=ni+---+hnp,

where the (left) S,,-action on the right is given by transposing factors while honoring
the Koszul sign rule. The S-module I = (k, 0, ...) acts as a (two-sided) unit with respect
to the composite product. This turns the category of dg S-modules into a monoidal
category (dg S-Mod, o, I).

Note that, since the unshuffles Sh_l(nl, ..., N, form a set of representatives for the
right cosets S,,/(S,, X --- X S, ), the composite product admits an expansion
21) MoN)n) = P Mm) ®s,, P N) ® -+ @ N(ny) @ KISh™ (1o )]

m>1 n=ni+---+npy
and, since the S,,-action on the right is free,
(22) = P Mm) @ N(n) ® - ® N(1,) @ K[Sh~ (11, ., 1) |
n:nm—%%+nm

We denote an element 4 s, ¥ ® -+ @ v, ® 0 of (M o N)(n) by p 0 (v, .0 ,)°.
Lemma 1.3.2. The adjoint equivalence

(0) : dg S-Mod — dg Coll : ()]s
of| is an equivalence of monoidal categories.

PROOF. It is enough to show that (_)|ser is strong monoidal, i.e. admits a natural
isomorphism
@: (Llsor © (L)]sor = (L0 Llsop -

For dg symmetric collections M, N, we have
(M]sop © N|sop)(1)

=P M« ml®s,, PInds] s, (N1 < m1®- @ NI < nyl).

m>1 n=ny+---+ny,



1. COLLECTIONS 19

(M ON)lgop(l’l)
= @MU <P ®( EB N[1 < R]® - ®NJ[1 <—Pm])
PePart(n) xX:P-m s

The main ingredients for the definition of the components ¢y, y are, for each element
po (Vs V)® € (Mlsop © Nlsop (), a partition P of n and bijections y: P — m and
Xit B — n;. From such data we then obtain morphisms

M[x°P]:M[1 < m] — M[1 < P],
N[x®1:N[1 < nj] — M[1 < B].
Consider the subsets B C n defined by
R =07 (n) = o7 ({L o)),
B=0"'m+n)=0"({nm+1..,n+n}), etc.
These B form a partition P = {R, B, ..., B,},i.e. n = Hi PB. Now denote by y the map
XP—-m, Rwi,

and by x;: B — n; the bijections preserving the induced order on B C n.

It remains to verify that the above construction leads to welldefined morphisms
qu,N(n), these morphisms are, in fact, isomorphisms, and the construction is natural
in n as well as M, N. We leave the rest of the proof to the reader. ||

The notation for the infinitesimal composite product of dg collections still makes
sense for dg S-modules and we adopt it in this context.

1.4. Nonsymmetric collections and N-modules. Consider now the category dg
ns Coll introduced earlier. It carries the same pointwise abelian and closed symmetric

monoidal structures as given in|[Equations (9)H(11)} The composite product is defined

as before via|[Equations (12)|and[(14)} with the colimits understood over corresponding

planar trees. We denote by OrdPart(X) the discrete category of ordered partitions, i.e.
of ordered sets P of disjoint nonempty subsets covering X such that the map P « X
mapping elements to their containing subset is order preserving. This category forms a
skeleton for the category of planar 2-trees with leaves X, and we obtain

23) MoN)1<X]= @ M1<Pl®N[1<RI® ®N[1< B,
PeOrdPart(X)
where P={B < --- < B,}.
Let N be the discrete groupoid of natural numbers n > 1 and denote by

dg N-Mod := [N°P, k-Ch]

the category of right N-modules resp. dg N-modules. Explicitly, a dg N-module M is
a collection of chain complexes M(n) for each arity n > 1 and a morphism of dg N-
modules f: M — Nis a collection of morphisms f(n): M(n) - N(n) of chain complexes.
The abelian and closed symmetric monoidal structure on dg N-modules is again given
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pointwise as in[Equations (15)H(17)|and the composite product of N-modules M and N
is defined by

(24) (M o N)() = D) M(m) ® D (N(m) ® -+ ® N(ny)) .

m>1 n=ni+---+ny,

The N-module I = (k,0, ...) acts as a unit with respect to the composite product, and
this turns (dg N-Mod, o, I) into a monoidal category. As is the case for dg collections
and dg S-modules, there is an adjoint equivalence

() : dg N-Mod —— dg ns Coll : (_)|or
between the categories of dg ns collections and dg N-modules, and it is an equivalence
of monoidal categories.

1.5. Colored collections and colored S-modules. We now turn our attention
to the category of dg C-colored collections for some fixed set C of colors. While planar
structures on trees simplify their category of modules, C-colorings add to the bookkeep-
ing involved. We define the same pointwise abelian and closed symmetric monoidal

structures as for dg collections using [Equations (9)H(11)} The composite product is

defined as before via[Equations (12)|and|(14)} with the colimit taken over appropriate

C-colored trees. We denote by C-col Part(X) the discrete category of C-colored partitions
of X, i.e. of partitions P of X with a coloring map P — C. This category is a skeleton for
C-col 2-Tree(X) and this gives us the following expansions for the composite product:

(MoN)[1 < X] =M1 < PI]®N[P « X]
PeC-col Part(X)

=Pmn <—P]®< P N1<RI® - ®N[1 <—Pm]>
S

PeC-col Part(X) x:P-m

m

Let S*/C denote the slice category for
S$*:S > Set, nent={0,..,n}

over the constant functor C. An object of ST/C is a tuple (n, ) consisting of an object
n € S with a coloring c:nt — C. The category S*/C is a skeleton for the category of
C-colored 1-trees via the embedding

S$*/C — C-col 1-Tree, (n,c0)— 1< nllnznt - C).

We denote by

dg C-col S-Mod := [(S*/C)°P,k-Ch]
the category of right S*/C-modules in k-complexes or dg C-colored S-modules. Explicitly,
a dg C-colored S-module M consists of, for each arity n > 1, a collection of chain
complexes M(cy; ¢y, ..., ¢,,) indexed by (n + 1)-tuples of colors ¢; € C equipped with right
S,-actions

(L)% M(cp; €15 s €1) —> M(Co5 Co(1)s -5 o)) -
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A morphism f: M — N is a collection of equivariant morphisms

f(€os €150 Cr): M(Co3 €1y wvr €) —> N(Cg3 C1s wer Cp)

of chain complexes. The abelian and closed symmetric monoidal structures on dg
C-colored S-modules are defined pointwise, i.e.

(M @® N)(cp; €15 s €) 3= M(C3 €15 oo Cp) D N(Cg; €15 oer C) »
(M @ N)(cp; €15 s C) 3= M(Cp3 €15 o C1p) @ N(Cg3 €15 er Cr) »
with the diagonal S,-actions, and
hom(M, N)(cy; 15 - C) 2= hom(M(cy; €15 .., C12)s N(Co3 €15 o5 Cpp)) -

The composite product for dg C-colored S-modules is given by

(M o N)(co; €15 s Cpp)

- @(@(M(co;dl,..., d) ® P A2 s, (N(diier,orCi,) ® ))) |
Sn’l

m>1\d;eC n=ni+--+ny

and the dg C-colored S-module I defined by I(c;c) = k for ¢ € C and zero otherwise
acts as a unit with respect to it, turning (dg C-col S-Mod, o,I) into a monoidal category.
As before, there is an adjoint equivalence

(L) : dg C-col S-Mod —— dg C-col Coll : (L)|(s+/cyer »

and it is an equivalence of monoidal categories.

1.6. Weightgraded collections. A weightgraded chain complex is a chain com-
plex V'with an additional decomposition V' = @w>0 v into its weight w components
V(@) The direct sum and tensor product of weightgraded chain complexes U and V are
again weightgraded with components

UeV®W =UW@V® resp. U™ =PUW@V®.

w=u+v
The category of weightgraded dg collections or wdg collections is the category of dg
collections taking values in weightgraded chain complexes. Given a wdg collection M,
we introduce its sub dg collection M®[1 « X] = M[1 <« X]® of weight w elements
and denote by wdeg(u) = w the weight of a weighthomogeneous element u € M),
Slightly abusing notation, we introduce the extension

NO[B « X] = @ N1« X,]® - @NV[1 < X, ]| .

){IB—»m
U=U1+---+V,
1 m Sm

and obtain for the composite product the components

o N)W) = ' (w) )
(MoN)Y®[1 < X]:= colim (EB M®[1 <« B]®N [B(—X])

€2-Tree(X)P \W=u+v
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= ( @ M® oN(U)>[1 «X].

w=u+v
Explicitly, this means that the weight of an element of the composite product M o N is
given by

wdeg(u o (0, ..., Vyy)) = wdeg(u) + wdeg(n) + -+ + wdeg(vy,) -

Analogous definitions can be made for decorated collections.

1.7. Schur functors. We consider the category
[0-Tree®®, k-Ch]

whose objects we think of as spaces. Given such a space V, we extend its domain to
0-Forest? via

(25) VIX]:=colmV[X;]|® --- ® V[X,]
)(ZX—»H
(26) = ( P vixile - ® V[Xn]) :
){:X—»ﬂ s

n

where X; :== y~1(i), and the S,-action is given by
o (01 @+ @ V) = (04, Vo-1(1) ® +* @ Ug-1(m))

with the appropriate Koszul sign. For a morphism f°P: X — X’ of 0-Forest®, we define
V[ f°P] to be the universal morphism mapping a component y: X — nto y' := f*y: X' —
n by application of
VIA?]® - @ V"],
where f; are the appropriate restrictions of f.
Using this notation, we associate to any dg collection M an endofunctor on spaces,
called its Schur functor, by
M(V)[1] == C?li}l(n M[1 « X|® V[X]
€1-Tree®

= @M1 < rl@ VI ® - Viin}l)

len Sn

Similarly, we define an endofunctor M of spaces for any dg collection M, called its
complete Schur functor, by

MW)(1] = (M1 < nl @ VI @ --Viin}])

l<n Sn

Note that the complete Schur functor M is not the dual of M since we still use coinvariants
(and not invariants). This is absolutely essential for the constructions in later sections
to work over a ring.

The definitions given above may seem unnecessarily complicated, however this
is because they are written in a general way to capture all three types of collections
we consider. In the case of undecorated trees, spaces are just chain complexes and the
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definitions collapse to the much simpler
~ ® i ~ ®
MV) = P Mm@ v "), Tesp. M(V)= [T @ Vv s, -
n>1 n>1
The construction above associates an endofunctor on spaces to each dg collection,
and is, in fact, itself functorial. In particular, we have

(MoN)(V) = M(N(V)) resp. MoN(V)=M(N(V)).

Note that these isomorphisms involve reordering elements and thus the Koszul sign
rule applies (see[Figure 1)).

Similar definitions can be made for the infinitesimal composite product. Assume
M is a dg collection and V, V5 denote spaces. We denote by M(1{; 5) the subfunctor of
the Schur functor M(V] @ 15) that is linear in V5 and by M(V;; ) the subfunctor of the
complete Schur functor M(V{ @ ;) that is linear in 15.

2. Operads
The category of dg operads is the category of monoids in dg collections,
dg Opd := Mon(dg Coll).

We make this definition explicit below, followed by some basic terminology and an
example that will play a key role in the theory of operads. Note that we could just as
well (and will in later sections) work with the category dg S-Mod instead of dg Coll by
the equivalence proven in the

Definition 2.0.1. A dgoperad (2, y,n) consists of a dg collection P with composition
map y: P o P — P and unit n: I — P satisfying the associativity and unitality axioms, i.e.
the following diagrams must commute:

Po(Po?) ~Ls pop Pol
= yonl R
(27) (PoP)oP v Pop LS p
lyo? 7)°9’T %
PoP 4 P IoP

El

A morphism of dg operads is a morphism of their underlying dg collections f: P — P’
commuting with the structure maps in the sense that the following diagrams commute:

pop LI, prog

I
(28) 7 ) | 1) x

PP, P — P

EXAMPLE 2.0.2. The trivial or identity operad I is given by I[1 « 1] = k - u with trivial
differential, unit » determined by (1) = u, and composition y by y(u o (1)) = u.
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An augmentation for P is a morphism of dg operads ¢: P — I satisfying en = L
For a morphism f:P — P’ of augmented operads, it is assumed that it respects the
augmentations, i.e. that ¢’ f = ¢ holds. We denote by P the augmentation ideal P := ker ¢
and the restriction of y to it by : PoP > P.

The category wdg Opd of weightgraded dg operads or wdg operads is the category
of monoids in wdg collections. Explicitly, a wdg operad (P, y,7) is an operad on an
underlying weightgraded dg collection ? whose operadic structure maps y and 7 preserve
the weight, and morphisms of wdg operads are assumed to preserve the weight as well.
A wdg operad is called connected, if ?(©) = I. Any connected wdg operad is augmented
with augmentation ideal ? = Sy P,

Given a dg operad (P, 7, ), we denote by y) its infinitesimal or partial composition
map defined as the composition in the following diagram:

7/(1):=<f]’o(1)fP=f})o(I;fp)M?0(f});?) PoP ! ?)

In fact, this infinitesimal composition determines the full composition map.

P P P
V- P — \<?/ Y- P — \¢,’P/

(A) Full composition. (B) Infinitesimal composition.

FIGURE 2. Comparison of operadic composition maps.

REMARK 2.0.3. We use the notation p o, ; v := y1y(4 ®,,; v) for partial compositions,
or i o; v = yq)(4 ®; v) in case we are working with dg S-modules.

The following example of the operad of concrete multilinear operations on a space
plays a fundamental role and is used to model other operads on. [Section 2.2|deals with
such representations ? — End, of operads, better known as P-algebras.

EXAMPLE 2.0.4. Given a space V:0-Tree®® — k-Ch, we define its endomorphism operad
as follows. The underlying collection is given—on objects—by

Endy[1 « X] = hom(V[X], V[1]),
which, by definition of V[X], expands to

= hom (GB V[X1]®---®V[Xn]) VIl
S

xX-n
n

Sn
= ( H hom(V[X;] ® -+ ® V[X,,], V[”)) :

xX-n
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An element u € Endy[1 « X]is a collection of maps

HPVIX @ - @ VX > VI o

satisfying the invariance condition 4 = u - o for o € S,,. More explicitly, this means

that its components satisfy (see[Section 1.7)

OOy, o X) = (1 VDX, o Xi) = HOD X1 Y1)
and, hence, that u € Endy{1 < X] is fully determined by any one its components. On
a morphism ¢°?: X — X', the collection End[¢°P] is given by precomposition with
VipTher]:

. x 2 x u ~ L VigTion) u
ndy| ", (V[X]—>V[1]>_ VIX'] VIX] v1]).
1

When ¢°P: X — X is an automorphism, we will denote End{¢°P](u) by u?. Explicitly,
it is given by components

(WP (v, ..., v,) = ,u(xqo‘l)(vl’ e Up)
= U D0(xy, . Xn) 5
where o0 = yp ¥~ 1; and, using the S,-invariance, we obtain
= “(X)(xo—l(l)’ xa—l(n)) :

We define the structure of an operad on End; as follows: the composition map
y:Endy o Endy, — Endy, is given by components

Endy[1 < P] ® Endy[P « X] — Endy[1 « X]
for a partition P of X. Given u € Endy[1 < P], §&:P — m, and v; € Endy[1 « B] with

Xi: B = n;, the map

n ®V—11V§Xi) m pu®
R, VIX] —— &, VIR —— V1]

defines the component y(u, ;)X for
xX-on, xxeX)=nm+--+n_+xx).

The unit for the operad Endy, is the identity map id: V[1] —» V[1] in Endy{1 « 1].

2.1. Modules over an operad. By definition of operads as monoids in dg Coll,
they come with notions of left and right modules as well as bimodules. We give explicit
definitions and consider some examples. Throughout this section, let (,y,7) and
(9,7,n) denote dg operads.

Definition 2.1.1. A left dg P-module (M, y) is a dg collection M with a left multiplication
map y:P o M — M. This structure map is required to be compatible with the operad
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multiplication and unit maps, i.e. the following diagrams must commute:

Po(PoM) -1 PoM

114

fPOML)M

29)  (PoP)oM v pm | %

lV°M IoM
PoM M

A morphism of left dg P-modules is a morphism of their underlying dg collections
f:M — M' compatible with the -module multiplication maps in the sense that the
following diagram commutes:

(30) ,
ly , ly

M—— M

We denote the category of left dg P-modules by dg P-Mod.

An analogous definition of right modules exists, which we give below. The relevant

diagrams are obtained from the diagrams of [Equations (29)|and[(30)|above by mirror

symmetry.

Definition 2.1.2. A right dg P-module (M, y) is a dg collection M with a right multiplica-
tion map y: M oP — M. This structure map is required to be compatible with the operad
multiplication and unit maps. A morphism of right dg P-modules is a morphism of their
underlying dg collections f: M — M’ compatible with the module multiplication maps.
We denote the category of right dg P-modules by dg Mod-2.

Definition 2.1.3. A dg (, Q)-bimodule (or dg (P, Q)-module) is a triple (M, y*, y®)
consisting of a dg collection M, a left multiplication map y*:? o M — M, and a right
multiplication map yR: M o Q — M, such that (M, ) is a left dg -module and (M, yX)
is a right dg Q-module. In addition, we require that the left and right multiplication
maps are compatible in the sense that the following diagram must commute:

?oyR
Po(MoQ) — PoM

R

(31) (_7) o M) 0 Q rE
o
},R
MoQ M

A morphism of dg (P, Q)-bimodules is a morphism of dg collections f: M — M’ which is
simultaneously a morphism of left dg ’-modules and of right dg O-modules. We denote
the category of dg (P, Q)-bimodules by dg (P, Q)-Mod.

EXAMPLE 2.1.4. The tuple (2, y) is both a left and a right -module. The triple (P, y,7)
isa (P, P)-bimodule and (P o Q,y 0 Q,P o y) is a (P, Q)-bimodule.



2. OPERADS 27

EXAMPLE 2.1.5. Given spaces V, V', we define End}f/ to be sub dg collection of maps
Endy/[1 « X] := hom(V[X], V'[1]) C Endygy[1 < X].
While End}f/ is not a sub dg operad, it does have an obvious (Endy, End;,)-bimodule

structure given by restriction of the composition map in Endy g.

EXAMPLE 2.1.6. Let M a dg collection. We equip the composite product P o M with a
composition map

y = (?o(?oM)i)(,’PO?)OMLM)?oM)

and call (2 o M, y) the free left dg P-module on M. Analogously we may define the free
right dg P-module on M as (M o P, y) with composition given as

y::((Mo?)o?i)Mo(?o?)ﬂMoy>.

Combining both structures gives a triple (? o M o Q,y%, y®) which we call the free dg
(2, Q)-bimodule on M.

The name free module is justified by the following result.

Lemma2.1.7. The forgetful functor U mapping a left dg P-module (M, y) to its underlying
dg collection M admits a left adjoint functor F as in

F : dg Coll — dg P-Mod : U,

which on objects is given by F(M) = P o M with the structure as defined in
The corresponding statements hold for right dg P-modules and dg (P, Q)-bimodules.

Let f: — P’ be a morphism of dg operads and M’ a dg P’'-module. The composi-
tion
pom L2 prom L
defines a dg P-module structure on M’ and this construction extends to a functor
f*:dg P'-Mod — dg P-Mod .

By symmetry one obtains a similiar functor for right modules, and given another mor-
phism g: Q — Q’ of dg operads we may define

(f,g)*:dg (#',Q")-Mod — dg (P, Q)-Mod .

Definition 2.1.8. We denote by dg Mod the category of all modules defined as follows.
Objects in dg Mod are triples (2, M, Q) consisting of dg operads 2 and Q and a (, Q)-
module M. A morphism (P,M,Q) — (P',M’,Q’) is a triple (f, h, g) consisting of
morphisms f:P — P’ and g: Q — Q' of dg operads and a morphism h: M — (f,g)*M’
of (P, Q)-modules.

2.2. Algebras over an operad. Let (2, y,n) denote a dg operad. An algebra over
P, or dg P-algebra for short, is a representation of P on a space in a sense made precise
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below. Note that here and in other parts of this thesis, we overload certain notation,
e.g. the symbol y is used for the operad, the coalgebra, the comodule, and the coalgebra
comodule composition maps. Which map is to be used is determined by its domain and
codomain.

Definition 2.2.1. A dg P-algebra (A, y) is a space A equipped with an operad action,
i.e. a morphism y: P(A) — A of spaces satisfying

PPA) 22 pa)

113

PA) — A
() @ePW ' w] A
[y I(A)

P(A)

A ’

A morphism f:A — A’ of dg P-algebras is a morphism of their underlying spaces
commuting with the structure in the sense that

24) 2L pan)

(33) '
[

A—— A

commutes.
By definition, a map y: P(A) — A is determined by its components
Y1 < X]:P[1 « X] @ A[X] — A[1],
which by currying correspond to
gll « X]:P[1 « X] — hom(A[X],A[1]) = Endy[1 « X].

In fact, one can show that a dg P-algebra (4, y) is equivalently determined by a morphism
of dg operads
g:? — End, .

The compatibility of a morphism f: A — A’ of spaces with the dg P-algebra structures
in these terms can be expressed as commutativity of the diagram

p L Endy
(34) ¢| |
Endy, RN Endﬁ/ ,
where f, resp. f* denote post- resp. pre-composition with f, i.e.
fiEndy — Endy, m— (fom:(xy,..) = f(m(xy,..)),
f*Endy — Endy, m' — (M o (fyes )i (x1,.) > ' (f(x1),...)) -

Consider a morphism h: ? — (g’, g)* Endﬁ, of dg (&, )-modules. Any such morphism
isuniquely determined by its value on the unitu € . Foru € P, uou = u = po(u, ..., u),
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and thus for m := g(u), m' := g'(u), and f := h(u) we obtain
h(u) = h(u) o g(u) = f om
=g'(w) o (h(w),...h(w)) =m' o (f,.... f).

Lemma 2.2.2. Let A be a dg space. A dg P-algebra structure y on A is equivalently
determined by a morphism of dg operads

g:P — Endy, .
Let A, A’ be dg spaces with dg P-algebra structures given by g: P — Endy, g': P — Endy,.
A morphism f:A — A’ of dg operads is equivalently determined by a morphism

h: P — End4,

of dg (P, P)-modules.

Let us finally look at some examples of operads and the types of algebras they
describe.

EXAMPLE 2.2.3. Consider the endomorphism operad End for the space V = k (see

Example 2.0.4). Its underlying dg collection is

Sn
Endy[1 « X] = ( ][ hom(k[X,]® - ®k[Xn],k[1])>

xXX—-n
=k-ux,

where uy is the map defined by /.tgg()(l, ..., 1) = 1. Operadic composition of

up og (p,s - Mp, ) € Endg[1 « P]o Endy[P « X]
for some partition P = { P} of X is given by
V(MP ot (I«‘PI’ ---,/lpm)) = Mpu...up,, = Mx -
Let now A be another space. An Endy-algebra structure on A is a morphism
g:Endy — Endy

of operads. By naturality of g, such a morphism is fully determined by its components
on a skeleton for the domain category, here e.g. by its components on S C 1-Tree®.
As a consequence, an Endy-algebra structure on A is defined by a choice of structure
maps

{8 = g[1 < nl(u,) € hom(A[n],A[1]), }

These maps are required to satisfy some conditions: (i) g; = id4, since a morphism of

n>1"

operads must preserve the unit; (ii) g5 = g,, by naturality of g and the fact that the

maps py as defined above satisfy u% = ux; and (iii) y(g, © (8ny> - 8np)) = &nytevdnyy-
Note that, in particular,

8nt1 = V(820(8n 81)) = 7(820(81,80)), forn>1,
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and hence any g, for n > 2 can be expressed inductively using just g, and the unit g;.
Thus an Endy-algebra structure on a space A is fully defined by its structure map

8 AQA— A,

and g, is commutative and associative. The operad Endy is known as the operad of
commutative algebras and usually denoted as Com.

EXAMPLE 2.2.4. We define an operad Ass as follows. Let Ass be the dg collection defined
on objects by
Ass[1 « X]:==k[y:X - n],
and on morphisms ¢°?: X — Y by
Ass[go"P](XL» g) =gp*y = (YL x X g) .
The operadic composition for

§ oz (X150 Xm) € AsS[1 < P] o Ass[P « X]

is defined to be the map
i-1

xX=][B—n x(xeB) =Y n+xx.
j=1

An Ass-algebra structure on a space A is a map
g:Ass — Endy

of operads. As was mentioned in[Example 2.2.3} such a morphism is fully determined by
its components g[1 « n] on a skeleton for the domain category, e.g. on S° C 1-Tree®®.
Thus, an Ass-algebra structure on A is defined by a choice of structure maps

{87 = gl1 < nl(0) € hom(A[n], A[1]), }

n>1,0€S,
As in the previous example, these structure maps are again required to satisfy some

conditions: (i) g; = idy, since g must preserve the unit; (i) (g5)* = g5°, by definition of

the action; and (iii) (g%, o (g1, . 1)) = gi"(ﬁ""’f’”)

,wheren = Y. n;and oo (1, ..., Ty,)

denotes composition of permutations as introduced in[Section 2.1of |[Chapter 1| Note
that

gn+1 = (@n41)7 = ¥(820(8n,81))° = ¥(g20(g1,80))°, forn>lando€S,,

and hence any g9 for n > 2 can be expressed inductively using just g, and the unit g;.
In this way, we see that an Ass-algebra structure on a space A is fully defined by its
structure map

8, AQRA - A,

and g, is associative. The operad Ass is known as the operad of associative algebras.

REMARK 2.2.5. In[Section 2.1|of [Chapter 1} we introduced the symmetric groupoid S

and equipped it with a composition map. The symmetric groupoid with this composition
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map is the fundamental example of a set-theoretic operad. The operad Ass defined
above is the k-linear version of S.

EXAMPLE 2.2.6. Let (P, y,n) be a dg operad and V a (dg) space. We equip P(V) with a
P-action
> v
r = (2@ > @02 1) L2 2)
and call (P(V), y) the free dg P-algebra on V. The name is justified by the following
result.

Lemma 2.2.7. The forgetful functor U mapping a dg P-algebra (A, y) to its underlying
dg space A admits a left adjoint functor F as in

F :dgSp — dg P-Alg : U,
which on objects is given by F(V) = P(V) with the structure as defined in|Example 2.2.6

2.3. Modules over an algebra. A dg P-algebra (A, y) over a dg operad (P,y,7)
admits a notion of module which we define here. Note that there is no distinction
between left and right modules in the definition below.

Definition 2.3.1. A dg A-module (M, y) is a space M with a module multiplication map
y:P(A;M) — M. This structure map is required to be compatible with the operad
multiplication and unit maps, i.e. the following diagrams must commute:

PPAY: PA M) 2L (A M)

11

PA:M) —L M

(35) (P oP)A;M) v n(A;M)T
ly(A;M) I(A; M)
P(A; M) r M

A morphism of dg A-modules is a morphism of the underlying spaces f:M — M’
commuting with the A-module multiplication maps in the sense that the following
diagram commutes:

pa: M) 240 poas vy

(36) ,
ly , ly

M——- M

We denote the category of dg A-modules by dg A-Mod.

EXAMPLE 2.3.2. Let A be an algebra over the operad Com introduced in|[Example 2.2.3
An A-module in the sense of [Definition 2.3.1|is equivalent to a left or right A-module in
the classical sense.

EXAMPLE 2.3.3. Let A be an algebra over the operad Ass introduced in|[Example 2.2.4
An A-module in the sense of [Definition 2.3.1|is precisely an (A, A)-bimodule.
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Consider the dg subcollection EndﬁM C Endjg4 of maps taking exactly one input
in M and with output in M. By reasoning similar to that for dg P-algebras, a map
y:P(A; M) — M corresponds to a morphism of dg collections

h:P — Endg™ .
Moreover, the map y defines an A-module structure on M iff.
g+ h:? — Endy @Endf,}M — Endpyga
defines a P-algebra structure on M @ A. In this case, we call M @ A the semidirect

product of A with M and denote it by M X A.

2.4. The Hadamard tensor product. Given operads P, P’, we can equip the
aritywise tensor product P ® P’ of their underlying collections with an operad structure

as follows. We define the operadic unit as the map

7= (1 = 11~ ?@?’)
and its composition map y is determined by components
P ®P)1 < Pl® X)(P PR < X
=P[1 < Pl@P'[1 < Pl® Q)(PIE < X)|® P'[R < X;])
= P[1 < Pl® Q) PIR < X1 @ P'[1 < P1® X) ?'[B < X|]
T P e X]@P[1 « X] = (PRP)L « X],
ie.foru®@u € (PQRP)1 « Plandv;, @ v, € (P ® P')[B « X;] we have
HH® ) ox (N @ Voo Vi ® Vi) = €+ V(1 0 (W11 V) ® ¥ (U 0 (Vv ) -

where ¢ denotes the appropriate Koszul sign. We call the resulting operad ? ® P’ the
Hadamard product of ? and 2’. Note that the operad Com provides a unit with respect
to the Hadamard tensor product.

Lemma 2.4.1. Let A be a dg P-algebra and A’ a dg P’'-algebra. The tensor product of
spaces A @ A’ is naturally a dg (P ® P')-algebra.

PROOF. We define a (P ® P’)-algebra structure on A ® A'. It’s components are
given by
(PRP)1 « X|®((AR®A)X] — P11« X]Q@P[1 « X]|RAX]®A[X]
P« X]QAX]® P'[1 « X] ® A[X]
rey'

— Al @A[1]=(A®A)1].

Explicitly, this means thatfor u @ u’ € (P ® P')[1 « X]and x; ® x; € (A ® A)[X;],
we define y by

Y ® LD ® X X ® Xp)) 1= € - YO X)) @ Y (WD (K] o Xi)



2. OPERADS 33

where ¢ denotes the appropriate Koszul sign. We omit the verification that this indeed
defines the structure of an algebra here (see e.g. [46} §5.3.2]). [ ]

EXAMPLE 2.4.2. Denote by 8 := Endg, resp. 8§~! := Endy1y the suspension resp. desus-
pension operad. Clearly, sk is naturally an S-algebra by

§= Endsk g Endsk .

and hence for any P-algebra A we find that by[Lemma 2.4.1} its suspension sA = sk ® A
is naturally an 8§ ® P-algebra. Similarly, the desuspension s~'A of a P-algebra A is
naturally an $~! ® P-algebra.

Definition 2.4.3. We call 8P := § ® Presp. 8~ := 87! @ P the operadic suspension

resp. desuspension of .

2.5. The free operad. In this section, we construct a left adjoint to the forgetful
functor U mapping a dg operad to its underlying dg S-module. By definition of operads
as monoids, one might consider using a construction similar to that of the tensor algebra.
While this is possible, as shown by Vallette [|68]], nonlinearity of the composite product
on the right makes this more complicated than necessary. In our situation, we can get
away with a simpler construction using the linearity of the composite product on the
left. For more details on this and other constructions, we refer once again to [46].

Let M be a dg collection. We define a sequence of dg collections

JoM =1, T M :=1®M o IM,
and inclusion maps

lO-TOM=I(_)I®M=:]IMs

I®dMoty,
T M=1@®MoT, ;M [@MoT,M=7,, M.

We denote by "M the colimit
I M := colim J,M
n

and call it the tree module on M.
We now equip this tree module with an operad structure. The operadic unit is given
by the inclusion
nl=zJM— TM,

and the composition y is defined inductively as follows:
Youn: ToM © TuM =10 Ty M —— Ty uM
Yo TeM 0 FuM = (I @ M 0 T, _\M) 0 ;M

——————— FuM @ Mo (J;_ 1M o J,,M)

me@M°yn—1,m
I, e M@ Mo Ty M ———— oy M.
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A straightforward verification shows that (i) the maps ,, , are compatible with the
inclusions and therefore they define a composition map y:IM o TM — I M, and
(i) this composition y satisfies the associativity and unitality axioms. This shows that
(I'M,y,n) constructed above is indeed an operad. The projection

eIM— JgM =1

defines an augmentation for 7M.

Lemma 2.5.1. The operad (TM,y,n) is the free dg operad on the dg collection M, i.e. the
above construction provides a left adjoint for the forgetful functor U mapping a dg operad
to its underlying dg collection

J :dg Coll —— dgOpd : U .

PROOF. We construct the unit 3 and counit ¢ for the adjunction as follows. We
define the component Y(P): P — TP to be the inclusion P & I @ P = K{P, and
construct ¢(P): TP — P inductively via

P(P): TP = —— P,

Pop(P)p—
PP P = 1@ P o, p LTL#InD,

We omit the necessary verifications here; they can be found in [46, §5.5.1]. [

The tree module "M on a dg collection M carries a canonical weightgrading in
which an element of M is assigned weight 1. More precisely, one may define a weight-
grading on J, M inductively by
I, forw=0,

Mo J,_M®D  forw>0.
The inclusion maps ¢,, preserve the weightgrading and thus this defines a weightgrading
on the colimit 7’M = colim,, J,M. The operadic structure defined on J°M is compatible

with the weightgrading and 7M® = I; in other words, the free operad 7M on a dg

collection is a connected wdg operad.

2.6. Derivations. Let (?,y,n) be a graded operad. By a derivation of P, we mean
a morphism of graded collections d: » — P of degree —1, satisfying

Pop L p N
do:l’+j’0’dl ld 10 ld
Pop L p ) N R

When 2 is augmented, we additionally assume commutativity of

oo

P51
P57
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for any derivation. The set of derivations for an operad  is denoted Der(P). A square-
zero derivation, i.e. a derivation d satisfying d? = 0, is called a differential. The set of
differentials on 2 is denoted Diff(P).

Consider now the free graded operad J°"M on a graded collection M. We call TM
equipped with a differential d a quasi-free dg operad on M. A derivation for J'M is
uniquely determined by its value on generators, i.e. by its restriction to M C M. In

fact, we have the following result.

Lemma 2.6.1. There is a one-to-one correspondence between derivations of the free grad-
ed operad JM and morphisms of graded collections M — T M of degree —1:

Der(J"M) = hom(M, TM)_, .

PROOF. Given amap f:M — TM of degree —1, we define a map d/: M — TM
inductively:

0
& IM=1—1=75M,

0@ folfm M+Mo'dl |
TMO j;l_lM®M° (j;l_lM,TM)

L ITMoeTM—" S TM.

Al TM=I®MoT,_M

Clearly, when we restrict this map df to M c M, we recover f- It remains to show
that d/ is indeed a derivation. ]

Let (P, y,7n)be adgoperad and A a graded P-algebra. A derivation of A isa degree —1
morphism d: A — A of graded collections such that the following diagram commutes,

PA) —— A
(37) d(A)+5>(d)’l ld

PA) —— A

We denote by Der(A) the set of derivations of A and by Diff(A) the subset of square-zero
derivations or differentials.

Consider now the free graded P-algebra (V') on a space V. We call (V) equipped
with a differential d a quasi-free dg P-algebra. Similarly as for operads, derivations of

P(V) are uniquely determined by their value on generators.

Lemma 2.6.2. There is a one-to-one correspondence between derivations of the free grad-
ed P-algebra P(V) and morphisms of graded spaces 0:V — P(V) of degree —1:

Der((V)) = hom(V, 5’(V))_1 .

PROOF. Given a map 0:V — P(V), we define dg: P(V) — P(V) as the sum of

()
(38) P(V) — P(V)
and

P(6) = Yo"
(39) PV) —— P(V;P(V)) = (P oy PYV) —— P(V).
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This is easily seen to define a derivation, i.e. dg € Der(?(V)). It remains to prove that
(i) dely = 6, and (ii) dg, = d. We omit these verifications since they are essentially

dual to those which we will give in the proof of |[Lemma 3.6.3 |

2.7. Presentations. Let (P,y,n) be a dg operad. A sub dg collection 7 C P is
called a (two-sided) operadic ideal if y(u o, (v, ..., Vy)) € I whenever any of u, vy, ..., v,
is. In this case, the quotient ?/J is naturally a dg operad. Note that any sub dg collection
J C P generates an operadic ideal (J), and that there is a bijection between morphisms
of operads P/(J) - Q and morphisms P — Q vanishing on J.

Given a dg collection E and a sub dg collection R C JE, we use the notation
P(E,R) for the operad TE/(R). We call the operad P(E, R) the operad generated by E
with relations R and the tuple (E, R) a presentation for P(E, R).

Let P be an operad with presentation (E, R), and let V be a space. By definition, a
P-algebra structure on V is a morphism JE/(R) — Endy, of operads. Equivalently, it
is a morphism JE — Endy, of operads vanishing on the sub dg collection R, and such
a morphism is uniquely determined by its restriction to generators E by[Lemma 2.5.1]
Hence, a P-algebra structure on V is given by generating operations indexed by E, and
subject to the relations of R.

EXAMPLE 2.7.1. Let E be the S-module determined by
E=EQ2) = pu,-K[S,],

and denote by R C E o) E the sub S;-module generated by the relation
F'=Hz01 My — Hz o2 M3 -

A P(E, R)-algebra structure on V is determined by a morphism g:E — Endj of S-
modules, i.e. by the image m, := g(u,): V ® V — V. This structure map is required to
satisfy the associativity relation

0 =g(r) = g(uy o1 My — M2 03 Up) = My 01 My — My 0, M, .

We see that the operad P(E, R) is isomorphic to the operad Ass of associative algebras

as defined in[Example 2.2.4

3. Cooperads
The category of dg cooperads is the category of comonoids in dg collections,
dg Coopd = Comon(dg Coll).

We make their definition explicit below, followed by some basic terminology.

Definition 3.0.1. A dg cooperad (C, A, ¢) consists of a dg collection € with decomposi-
tion map A: € — € o C and counit €: ¢ — I satisfying the coassociativity and counitality
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axioms, i.e. the following diagrams must commute:

e = Col Col

l@"A 7’ T(‘,’OE

(40) A Co(Col) e L, eoc
= N lgoe

Col 25, (@o@)oC , IoC

A morphism of dg cooperads is a morphism of the underlying dg collections f: € — C’
commuting with the structure maps in the sense that the following diagrams commute:

f f

e ———¢ e ¢

(41) ! €
b, b % A

Co@ — @' o ,

EXAMPLE 3.0.2. The dg collection I underlying the identity operad carries a cooperad
structure with counit € given by e(u) = 1 and decomposition A by A(u) = u o (u). This
cooperad is called the trivial or identity cooperad.

A coaugmentation for C is a morphism of dg cooperads n: I — € satisfyingen = 1. We
denote by C the coaugmentation coideal € := coker 7 and define a reduced decomposition
map A: € — E’O(i’byA =Con+A+7no0C,ie. for u € Cwe have

A) =po(1,.,1)+ AW + 1o ().
Consider also the map A: 1 @ € — € o € defined by
Al)=101, A) =AW +uo(,..,1),
and denote by A" its right iteration
A=¢, A=A, A"=(CoA)A™ !,
We define the coradical filtration ¥,C for a cooperad C via
FC=1,  F,€=ker(A" —(C"on)Ar1),

and call € conilpotent if its coradical filtration is exhaustive, i.e. if ¢ = colim, %,C.
Equivalently, this means that A" stabilizes for any element of €.

The category wdg Coopd of weightgraded dg cooperads or wdg cooperads is the
category of comonoids in wdg collections. Explicitly, a wdg cooperad (C, A, ¢) is a
cooperad on an underlying weightgraded dg collection € whose cooperadic structure
maps A and ¢ preserve the weight, and morphisms of wdg cooperads are assumed to
preserve the weight as well. A wdg cooperad is called connected, if @® = I. Any
connected wdg cooperad is coaugmented with coaugmentation coideal € = ®w>l ew)
and in fact conilpotent.
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Given a cooperad (C, A, €), we define its infinitesimal or partial decomposition map
by

A(1)==(6’ LENCE eo(e;e)%eo(z;e)=eo(l)e).

As for operads, this partial decomposition map already determines the full decomposi-
tion A.

3.1. Comodules over a cooperad. As comonoids in dg Coll, dg cooperads come
with a natural notion of left and right comodules as well as bi-comodules. We make
these notions explicit in this section. In the following, we denote by (C, A, ) and (D, A, €)
dg cooperads.

Definition 3.1.1. A left dg C-comodule (M, A) is a dg collection M with a left comulti-
plication map A: M — C o M. This structure map is required to be compatible with the
cooperad comultiplication and counit maps, i.e. the following diagrams must commute:

A

M CoM

l@"A M—25 CoM

(42) A Co(CoM) N oM
/ \ 1 OJ(M
AoM

oM 2M, (CoC)oM ,

A morphism of left dg C-comodules is a morphism of their underlying dg collections
f:M — M’ commuting with the G-comodule comultiplication maps in the sense that
the following diagram commutes:

f

M— M
(43) lA lA,
coM =L, eomr

We denote the category of left dg C-comodules by dg C-Comod.

An analogous definition of right comodules exists, which we give below. The

relevant diagrams are obtained from the diagrams of [Equations (42)|and|(43)|above by

mirror symmetry.

Definition 3.1.2. A right dg C-comodule (M, A) is a dg collection M with a right comul-
tiplication map A:M — M o C. This structure map is required to be compatible with the
cooperad comultiplication and counit maps. A morphism of right dg C-comodules is a
morphism of their underlying dg collections f: M — M’ compatible with the comodule
comultiplication maps. We denote the category of right dg C-comodules by dg Comod-C.

Definition 3.1.3. A dg (G, D)-bi-comodule (or simply dg (€, D)-comodule) is a triple
M, AL, AR) consisting of a dg collection M, a left comultiplication map AL:M > Co M,
and a right comultiplication map AR: M — Mo D such that (M, AL) is aleft dg C-comodule
and (M, AR) is a right dg D-comodule. In addition, we require that the left and right
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comultiplication maps are compatible in the sense that the following diagram must

commute:
M At CoM
l@oAR
(44) AR Co(Mo D)

|14

L
MoD LoD, (CoM)oD

A morphism of dg (C, D)-bi-comodules is a morphism of dg collections f:M — M’
which is both, a morphism of left dg €-comodules and of right dg D-comodules. We
denote the category of dg (€, D)-bi-comodules by dg (€, D)-Comod.

EXAMPLE 3.1.4. The tuple (G, A) is simultaneously a left and a right €-comodule. The
tuple (G, A, A)isa (€, €)-comodule and (€ o D,A o D, C o A)is a (€, D)-comodule.

EXAMPLE 3.1.5. Let M a dg collection. We equip the composite product € o M with a
structure map

A=(eoMﬂ»(eoe)oM—g»eo(eoM)>

and call (€ o M, A) the cofree left dg C-comodule on M. Analogously we may define the
cofree right dg C-comodule on M as (M o €, A) with decomposition given as

A=<M08MMO(COC’)i>(MOC’)O(L’>.

Combining both structures on € o M o D gives a triple (C o M o D, AL, AR) which we call
the cofree dg (C, D)-bi-comodule on M.

The name cofree comodule is justified by the following result.

Lemma 3.1.6. The forgetful functor U mapping a left dg C-comodule (M, A) to its under-
lying dg collection M admits a right adjoint functor F¢ as in

U : dg G-Comod —— dg Coll : F¢,

which on objects is given by F¢(M) = € o M with the structure as defined in[Example 3.1.5
The corresponding statements hold for right dg C-comodules and dg (C, D)-bi-comodules.

Let f:€ — €' be a morphism of dg cooperads and M a dg C-comodule. The
composition
A foM ,
M—— CoM — C'oM
defines a dg C’-comodule structure on M and this construction extends to a functor
f.:dg €-Comod — dg €’-Comod .

By symmetry one obtains a similiar functor for right comodules, and given another
morphism g: D — D’ of dg cooperads we may define

(f,8).:dg (P,9)-Comod — dg (P’,Q")-Comod .
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Definition 3.1.7. We denote by dg Comod the category of all comodules defined as
follows. Objects in dg Comod are triples (C, M, D) consisting of dg cooperads € and
D and a (€, D)-comodule M. A morphism (C,M, D) — (C',M',D’) is a triple (f, h, g)
consisting of morphisms f:C — €’ and g: D — D’ of dg cooperads and a morphism
h:(f,g).M — M’ of (€', D")-comodules.

3.2. Coalgebras over a cooperad. Let (C,A,¢) denote a dg cooperad. A dg C-
coalgebra is a corepresentation of C on a space in a sense made precise below. As
pointed out in[Section 2.2} we overload certain notation: the same symbol A as used for
the cooperad comultiplication is re-used in the definition below. Which map is to be
applied is determined by its domain and codomain.

Definition 3.2.1. A coalgebra (C, A) over C, or dg C-coalgebra for short, is a space C
equipped with a cooperad coaction A: C — €(C) satisfying

c A e
l@(A) c -2 @)
(45) A (E(®) R e
= ic)

écc) 29, e ,

A morphism of dg C-coalgebras f: C — C’ is a morphism of their underlying spaces
compatible with the structure in the sense that

c— ¢
(46) lA lA
ew

ec) =5 e
commutes. We denote the category of dg C-coalgebras by dg C-Coalg.

A dg C-coalgebra (C, A) is conilpotent if its decomposition map A: C — €(C) factors
through C(C). In this case, we will often implicitly view decomposition as a map
A:C — €(C). We denote the full subcategory of dg C-Coalg consisting of conilpotent
dg C-coalgebras by conil dg ©-Coalg.

EXAMPLE 3.2.2. Let (G, A, ¢€) be a dg cooperad and V a (dg) space. We equip C(V) with
a G-coaction map

A= ((:’(V) 2, eoeyv) = @(@(V)))

and call (C(V), A) the cofree conilpotent dg C-coalgebra on V. The name is justified by
the following lemma.

Lemma 3.2.3. The forgetful functor U mapping a conilpotent dg C-coalgebra to its un-
derlying dg space admits a right adjoint functor F€ as in

U : conil dg @-Coalg —— dg Sp : F¢,
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which on objects is given by F¢(V) = C(V) with the structure as defined in[Example 3.2.2]

PROOF. Given a dg space V, we show that the conilpotent dg C-coalgebra C(V)
with its canonical projection map

pi= ((:’(V) O vy = V)
satisfies the following universal property: given a conilpotent dg C-coalgebra C with
a morphism q: C — V of dg spaces, there is a unique morphism f:C — C(V) of dg
C-coalgebras such that pf = q. We define

fi= (c A ec) 2, (:’(V))

and show that (i) f is in fact a morphism of dg C-coalgebras, (ii) it satisfies pf = q, and
(iii) f is unique as such.

The first property holds by commutativity of the diagram

r

c—A e —22 e

A A(C) 1A=A(V)
ec) 2, ee) —2492, eevy) |

[ e ]

and the second follows immediatly from commutativity of

f

[ !

c -2, e0) 29 e

Solo b

C——V

Suppose now that g:C — C(V) is another morphism of dg C-coalgebras satisfying
pg = q. The diagram

( !

c—2 . e ‘@ ew)

Js Jew y E

e(v) -2 e(ew)) =W, &1(v))

L ew)

is commutative, proving the third property. [ |

3.3. Comodules over a coalgebra. Let (C, A, ¢) denote a dg cooperad and (C, A)
a dg C-coalgebra.
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Definition 3.3.1. A dg C-comodule (M, A) is a space M equipped with a comodule
comultiplication map A:M — @(C; M). This structure map is required to be compatible
with the cooperad comultiplication and counit maps, i.e. the following diagrams must

commute:
M = ec; M)
l@(Am M —2 @(C;M)
“n- e BEOreCM) N wean

113

Ic; M)
ec;m) XM e My ,

A morphism of dg C-comodules f:M — M’ is a morphism of their underlying spaces

compatible with the structure in the sense that the following diagram commutes:

S

M—s M
(48) lA lA
ey 290 eesmy
We denote the category of dg C-comodules by dg C-Comod.

A dg C-comodule (M, A) over a conilpotent dg C-coalgebra (C, A) is conilpotent, if
its comultiplication map A: M — €(C; M) factors through C(C; M). In this case we will
often implicitly view comultiplication as a map A:M — C(C; M). We denote the full
subcategory of dg C-Comod consisting of conilpotent dg C-comodules over a conilpotent
dg C-coalgebra C by conil dg C-Comod.

EXAMPLE 3.3.2. Any conilpotent dg C-coalgebra C can be viewed as a conilpotent dg
C-comodule with comultiplication defined by

A

A= (c e(C) e(c; C)) .

EXAMPLE 3.3.3. Let (G, A,¢) be a dg cooperad, V a (dg) space, and C(V) the cofree
conilpotent dg C-coalgebra on V. Given another space N, we equip the space C(V;N)
with a comultiplication map

A(V;N)
SN

A= (@(V;N) (€0 C)V;N) — e(e(V); G(V;N)))

and call (C(V; N), A) the cofree conilpotent dg C(V')-comodule on N. The name is justified
by the following lemma.

Lemma 3.3.4. The forgetful functor U mapping a conilpotent dg C(V')-comodule to its
underlying dg space admits a right adjoint functor F¢ as in

U : conil dg €(V)-Comod —— dg Sp : F° ,

which on objects is given by FC(N) = C(V; N) with the structure as defined in|Example 3.3.3
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PROOF. Given dg spaces V and N, we show that the dg C(V)-comodule C(V;N)
with its canonical projection map

p= (e(v; Ny ) povs Ny = N)
satisfies the following universal property: given a conilpotent dg €(V)-comodule M
with a morphism q: M — N of dg spaces, there is a unique morphism f: M — C(V;N)
of dg C€(V)-comodules such that pf = q. To this end, we define

[ <M 2 e(eym) 224 e(V;N)>
and show that (i) f is in fact a morphism of dg C(V')-comodules, (ii) it satisfies pf = g,
and (iii) f is unique as such.
The first property holds by commutativity of the diagram

!
f | !
M —2 . ee(Vy:M) ) C(V;N)
lA lA(@(V);M) 1A=A(V;N)

e(e):M) “4Y eeewy)eewym) “EXCCD oewy.eemin) |

L eV f) J

and the second follows immediatly from commutativity of

f
M 2 e(ew)m) X228 ew;N)
> ls(e(V);M) lp

M-————N

Suppose now that g: M — C(V;N) is another morphism of dg €(V)-comodules satisfy-
ing pg = q. The diagram

( |

M—2  eevy;M) ) C(V;N) —

lg l@(@(V);g) y Tg
e(ViN) —2—— e(e(vy;e(v;N)) WM L ei1opy; 1(v; N))

CoC(V;N) CoclViN) CoI(V:N)

e(V;N)

J

is commutative, proving the third and final property. [ |
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3.4. The Hadamard tensor product. Given cooperads €, C’, we can equip the
aritywise tensor product € ® €’ of their underlying collections with a cooperad structure
as follows. We define the cooperadic counit as the map

’
, E®€

s=<e®e IQI— I)

and its decomposition map A is determined by components

C®C)1«X]=C[l«X]®Cl«X]

A[1<X]|QA [1<X]
————— (CoO)[1 «X]®(C'oC)[1 « X]

=~ P(ef1 < Pl elp < X]) @ P(C1 < P1® C'[P' < X])
PePart(X) P’ePart(X)

~@Pel < PI®CP <X €1« P]®C[P «X]
P,P’ePart(X)

———— el <PlcP<X]®C[l < P|®C[P<X]
PePart(X)

=Peoe) ~rleEee)r <X

PePart(X)
=(e®e)e(e®e))ll «X].
We call the resulting cooperad € ® €’ the Hadamard product of C and C'.

Lemma 3.4.1. Let C be a dg C-coalgebra and C' a dg C'-coalgebra. The tensor product
of spaces C ® C’ is naturally a dg (C ® C')-coalgebra.

EXAMPLE 3.4.2. We denote by 8¢ := (§7!)* = End;-1 the linear dual of the desuspen-
sion operad and call it the suspension cooperad. Since (s~'k)* = sk, sk is naturally an
8¢-coalgebra. Hence, for any G-coalgebra C, by[Lemma 3.4.1]its suspension sC = sk® C
is naturally an 8 ® C-coalgebra. Similarly, we denote $~1¢ the linear dual of the sus-
pension operad and call it the desuspension cooperad. The desuspension s~'C of a
C-coalgebra C is naturally an $71:¢ ® C-coalgebra.

Definition 3.4.3. We call 8°C = 8° ® € resp. $71¢C = §~1¢ ® € the cooperadic
suspension resp. desuspension of C.

3.5. The cofree cooperad. Let M be a dg collection and J M its tree module as
defined in|Section 2.5} We equip J°M with a dg cooperad structure, see [46] for more
details. The counit is given by the projection

eIM— JM 1,
and the decomposition map A: M — I M o I M is the limit over

Ag:ToM =1 ——Tol=TFMoTM,
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Ay I M=1®MoJ,_M

InM@MoAy,_1
MO, T o M @ M o (T M 0 T, M)

[ RM@® (Mo Ty M)o M

—— I®MoF M)o M = IJyM o IM.
A straightforward verification shows that (i) A is welldefined since A,, commute with the
inclusions: A, 1, = (t,01,)A,; and (ii) this decomposition A satisfies the coassociativity
and counitality axioms. This shows that (7'M, A, €) is indeed a dg cooperad. We will
sometimes use the notation J°M for this cooperad to distinguish it from the free operad
on M. The inclusion

Nl = JM — T°M
defines a coaugmentation for 7M.
Note that the coaugmented dg cooperad 7°M = (T'M, A, ¢, ) is in fact conilpotent.
On J,M the map A is given by
Ry M =1 ——Tol=FMoJM,

A TM=I®MoZ, M2 1 1@ Mo (F,_ Mo, M)
T Tl ®MoT_ M)oT, M
— Mo T, M.
Thus, the right iteration of A gives a map

AT M — T,MoJ,_Mo--o0JgM

and hence J,M C #,(7°M). By definition of J7°M as colimit over J,M, this implies that
the coradical filtration is exhaustive.

Lemma 3.5.1. The cooperad T°M is the cofree conilpotent dg cooperad on the dg col-
lection M, i.e. the above construction provides a right adjoint for the forgetful functor U
mapping a dg cooperad to its coaugmentation coideal (viewed as a dg collection)

U : conil dg Coopd —— dg Coll : 7€ .

PROOF. We construct the counit ¢ and the unit 3 for the adjunction as follows. The
components of ¢: U7 = 1 are simply the projections (M): 7<M - J;°M = M, and
P(C): € — T(C) are constructed inductively via

(@) C > I = TCC,

I®CP(C)p1
—_—

DA — —_ — _
WE)C S [@CoC [®CoT,_,C=7C.

To show that (¢, %) form an adjunction, one must show that: (i) U o Uy = 1, and
(@) TpoypTc =1.
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The first statement follows immediatly from commutativity of the following dia-
gram:

¢ O] é

¥(e)
1—“ |
[®Coc —2% ° ge¢

CoC — = EoJ
The second holds by inductive commutativity of the diagram

ol
9
ol

113

)

TEM I®MoJ¢ M
ls@l lIGBMoAn_l
I1® JiMe I\ M I1® (Mo Tt M)o Tt M
YIEM), lz@Wow(%c_lM)n_l zea(Moa)o(f,f_l(;oM)ozp(fnc_lM))j

— —— Iep(M)TE (M) — —
1@ TM o T, (T M) — IO | oy 5o o 55 M

[ !

s @M M) FE(TM) = TeM

This concludes the proof. |

A canonical weightgrading on the tree module J°M, in which an element of the
generating dg collection M is assigned weight 1, was defined in[Section 2.5| The coop-
eradic structure of 7°M is compatible with the weightgrading and 7°M© = I; in other
words, the cofree cooperad 7°M on a dg collection is a connected wdg cooperad.

3.6. Coderivations. Let (G, A, ) be a graded cooperad. By a coderivation of C, we

€

mean a morphism of graded collections d: ¢ — C of degree —1, satisfying
e -2, coe N

¢ I
ld ldoe+eo’d ld lo

e L, ceoce e —t,1

When € is coaugmented, we additionally assume commutativity of

0 d

Q—— ™

N
—_
n
—_—

~ e~

for any coderivation. The set of coderivations for a cooperad € is denoted Coder(C). A
square-zero coderivation, i.e. a coderivation d satisfying d? = 0, is called a codifferential,
and the set of codifferentials on € is denoted Codiff(C).

Consider the cofree conilpotent graded cooperad J°M on a graded collection M.
We call 7¢M equipped with a codifferential d a quasi-cofree conilpotent dg cooperad
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on M. Note that any coderivation for 7°M is uniquely determined by its projection
TJ°M - M to cogenerators as per the following result.

Lemma 3.6.1. There is a one-to-one correspondence between coderivations of the cofree
conilpotent graded cooperad J°M and morphisms of graded collections TM - M of
degree —1:

Coder(7¢M) = hom(7<M,M)_, .

PROOF. Given a map f:7°M — M of degree —1, we define a coderivation d/ on
J°M inductively as follows:
0
& IM=1—T1=75M,
f 0€Bd_£
ApTM=1®dMoT, M —>I®MoT, M,

where di; is the sum of

MoA SfoIp 1M
MoZ, M ——" s MoT, ;Mo M -—""""" . Mog,_ M

and
Mo’ d{:—l
MoJy M — > MoJ, M.
The first of these two terms amounts to applying f to subtrees containing the root vertex,
the second amounts to inductively applying f to all other subtrees. |

Let @, D be dg cooperads and M a graded (€, D)-comodule. A coderivation of M is a
degree —1 morphism d: M — M of graded collections such that the following diagrams
commute:

CoM PN M A, MoD
(49) doM+eo'dl ld ldoD+Mo’d

CoM <2 M 25 MoD
We denote by Coder(M) the set of coderivations of M and by Codiff(M) the subset of

square-zero coderivations or codifferentials.
Consider the cofree graded (C, D)-comodule € o N o D on a collection N. We call
C o N o D equipped with a codifferential d a quasi-cofree dg (C, D)-comodule.

Lemma 3.6.2. There is a one-to-one correspondence between coderivations of the cofree
graded (C, D)-comodule C o N o D and morphisms of graded collections p: CoNoD — N
of degree —1:
Coder(€ o N o D) = hom(CoNoD,N)_ .
PROOF. The coderivation d corresponding to p is the sum of the following three
maps:

doNoD
CoNoD— 5 CoNoD,

GoNo'd
CoNoD——3CoNoD,
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and
A(l)ONOD
CoNoD ———— (Coq)C)oNoD = Co(NoD;CoNoD)

Co(NoD;CoNoA)
————— 5 Co(NoD;CoNoDoD)x2Co(N;CoNoD)oD

Co(N oD
(N+p) CoNoD. [ |

Let (G, A, €) be adg cooperad and C a conilpotent graded C-coalgebra. A coderivation
of Cis a degree —1 morphism d: C — C of graded collections such that the following
diagram commutes,

c -2 e
(50) ld ld(C)+e(d)’
c 25 e

We denote by Coder(C) the set of coderivations of C and by Codiff(C) the subset of
square-zero coderivations or codifferentials.

Consider now the cofree conilpotent graded C-coalgebra C(V) on a space V. We
call @(V) equipped with a codifferential d a quasi-cofree conilpotent dg C-coalgebra.
Similarly as for cooperads, coderivations of (V) are uniquely determined by their
projection to cogenerators.

Lemma 3.6.3. There is a one-to-one correspondence between coderivations of the cofree
conilpotent graded C-coalgebra C(V') and morphisms of graded spaces u: C(V) — V of
degree —1:

Coder(€(V)) = hom(e(V), V)_1 )

PROOF. Given a map u: C(V) — V, we define d,;: C(V) — €(V) as the sum of

(51) ev) 2, e
and
(52) C(V) fo®) (€ oy CNV) —— C(V;e(V)) co+) ecw) .

This is easily seen to define a coderivation, i.e. d, € Coder(€(V)). It remains to prove
that (i) u = pd,, and (i) d = d 4.

As in the proof of the projection p is given by e(V): C(V) - I(V) = V,
where € denotes the counit of €. By definition of a dg cooperad we have ed = 0, and
thus the composition

dv) (V)
CV)y— (V) — I(V)=2V
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vanishes. The fact that u = pd,, then follows from commutativity of the diagram
A(l)(V) ~ C(V+w
C(V) —— (€ oy O)NV) —— e(V;e(V))

— C(V)
(IoC)(V) —=— I(E(V)) LSRN I(V)
- v .
The second statement, d = d, 4, follows by commutativity of the diagram
e(V)®Aq)
e) —2— e(e(v)) — e(I(M) ® e(I(V);e(V)) = e(V) @ e(V;e(V))
dl d(@(V))+€(d)'l dI(V)+ed(V)+e(V)d) d(V)+€(V+pd)l
e(v) —2— ele(v) —ZX_ e1(v)) = ew)
L <) J
This proves the desired bijection.

Let € be adgcooperad, C a conilpotent dg C-coalgebra and M a conilpotent graded C-

comodule. A coderivation of M is a degree —1 morphism d: M — M of graded collections
such that the following diagram commutes,

M -2 e(c;M)
(53) ld ld(C;M)+c‘(d;d)'
M —25 e(c;M)

We denote by Coder(M) the set of coderivations of M and by Codiff(M) the subset of
square-zero coderivations or codifferentials.

Consider now the cofree conilpotent graded C(V)-comodule €(V;N) on a space N

over the cofree conilpotent dg C-coalgebra C(V') on a space V. Coderivations of C(V;N)
are uniquely determined by their projection to cogenerators.

Lemma 3.6.4. There is a one-to-one correspondence between coderivations of the cofree
conilpotent graded C(V)-comodule C(V; N) and degree —1 morphisms of graded spaces
p:C(V;N) - N:

Coder(€(V;N)) = hom(C(V; N),N)_1 .
PROOF. Given amap p: C(V;N) — V, we define d,: C(V;N) — C(V;N) as the sum
of

4) ev;N) N, o)
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and the composition

e(V;N) —2— e(e(v);e(v;N) e(V;N)
(55) e(e(v)® C(V;N)) C(V@N)

l T

e(eV) ® e(V:N: (V) @ e(ViN)) — 2P, oy g N;V @ N)
where the second term amounts to applying u or p to subtrees as indicated in[Figure 3}

and p denotes the projections as defined in the proofs of [Lemmas 3.2.3|and [3.3.4]

Vv Vv N v v N X/

H+

().

FIGURE 3. Coextension of p to a (C(V),d,)-comodule coderivation.

The map d,, is easily seen to define a coderivation on the C(V)-comodule C(V; N). It
remains to show that (i) p = pd,, and (ii) d = d, 4. Since the proofs of these statements

are analogous to those of [Lemma 3.6.3| they are omitted here. |

4. Resolutions of Operads

Let C be a conilpotent dg cooperad and P an augmented dg operad. We define the
chain complex

(56) Conv(C, P) := (}irr)l() hom(€, P)[1 « X]
€1-Tree?
and equip it with a binary product as follows: for a, 8 € Conv(C, ), we define
_ A _ _ aopB — 7 —_
(57 a*ﬁz(eﬁeo(l)(e&yom?&m).
The triple (Conv(C, P), x, 0) is a dg pre-Lie algebra, which we call the convolution pre-Lie
algebra.

Let now €, €' be conilpotent dg cooperads, P, P’ augmented dg operads, M a
(€', @)-comodule, and N a (', P)-module. We define the chain complex

(58) Conv(M,N) := (11251() hom(M, N)[1 « X]

€1-Tree?
and equip it with the following “actions”: for ¢ € Conv(M, N), a € Conv(C, ), and
a’ € Conv(C',2P"), let

A — oy — 7
(59 gp*a:<MLMO(UGLNW>LN),
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and
(60) a’®¢==<Mi>@oMﬂ>?70NL>N).

The first of these defines a left pre-Lie algebra action by Conv(C, ) on Conv(M, N), the
second can be viewed as a right nongraded associative algebra action by Conv(C’, ")
on Conv(M, N) (see [46l §10.2.3]). We call Conv(M, N) the convolution module.

4.1. Twisting morphisms. Let €, ¢’ be conilpotent dg cooperads, P, P’ aug-
mented dg operads, M a (€', C)-comodule, and N a (', P)-module. Given an element

a € Conv(C, P')_;, we define a map DE:M o N — M o N as the composition

A¢yoP ~
MoN—25 (M o) €) o N —=— Mo (N;C o N)

(61) DE:= l(Mo(l)oc)oN lMo(N;ocoN) )

(Mogy ) o N —= Mo (N; ' o N) = pro

and denote by dR := d + DR the sum of the usual differential on M o N with D, Similarly,
given an element &’ € Conv(C’, P)_,, we define DX:N oM — N o M as

NoM X2 No(M;€" o M) —= (Nogy €)oo M
(62)  Df:= lNo(M;oz’oM) l(No(l)a’)oM ,
~ V4 oM
No(M;PoM) —— (N o) .’P)OML»NOM

and denote by dL, := d — DZ, the difference of the usual differential on N o M with DZ,.

Consider for a moment M = C as a (€, €)-comodule and N = P as a (P, P)-module.
We call an element « € Conv(C, P)_; a twisting morphism if dR on € o 2 resp. d} on
P o € squares to zero. Note that these conditions are in fact equivalent, even though, by
nonlinearity of the composite product, € o ? and 2 o € are very different collections.

We denote the set of twisting morphisms by Tw(C, P).

Lemma 4.1.1. An element a € Conv(C, P)_, is a twisting morphisms iff. it satisfies the
(pre-Lie) Maurer-Cartan equation

(63) da+axa=0.

Returning to the general case where M is a (C’, €)-comodule and N is a (P’, P)-
module, we find that d€ on M o N (resp. dé, on N o M) squares to zero for twisting
morphisms a: € — P’ (resp. a’: €’ — P). We call d& (resp. d%,) the twisted differential
on M o N (resp. N o M) and use the notation M o, N (resp. N o, M) for the twisted
composite product, i.e. for the composite product with its twisted differential.

We now turn our attention to the convolution module. Given ¢ € Conv(M, N),,
we define maps FR:M o P — €' o Nand E[: P’ o M — N o C as follows:

o C'ogoP Clo
R = (Moyﬁ» CoMoP —25 @ oNop 5, e'oN),

F¢L::(?’oMﬂ)?’oMOGM?’oNOC’&NOC’)
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We call ¢ a twisting morphism with respect to a« and o’ if Ffff (resp. Fch) defines a morphism
of twisted complexes

Ff:Mog P — €' oy N (resp. Fj:P' oy M — Nogy C)

for given twisting morphisms a € Tw(C, P), a’ € Tw(C’, P"). Note that, as before, these
conditions are equivalent. We denote by Tw$, (M, N) the set of twisting morphism ¢ for
a, a', and by Tw(M, N) the set of triples (', ¢, &) where ¢ is a twisting morphism for «,

o

Lemma 4.1.2. An element ¢ € Conv(M, N), is a twisting morphism for a € Tw(C, P),
a' € Tw(C', P") iff. it satisfies the Maurer—Cartan equation

(64) dp—pxa+a @p=0.

PROOF. We must show that [d’;{ oy '] = 0iff. the Maurer-Cartan equation holds.
Note that F¢,L is a morphism of #’-modules and d%, d{;(, are derivations of ’-modules.
This means that the condition [d{;(,), F}] = 0 can be checked on generators, and we
obtain

[dhe Brl| = (d=-DE)E;| —Ei(d-Dp)|
= (dFf - F;d)|M - D§F¢,L|M +EDL

The first of these terms is easily seen to be Fj, |, ; the second evaluates to F},,|  as can

be seen from the following diagram:

— M A Mog@ Lt NoC .
lMO'A lNO’A
@o(C;CoC)
A Mo(C;Co@C) ———— No(C;Co0)
A(l)o@ l (§0°(1)€)0(‘3 l
MoC —————— Moy €)o€@ ———— (Nogy@) o€ |pL

(No¢pya)oC
(¢°(1)0c)0X; l @

(NopyP)eC

ly(l)o@
NoC(C /

FgIE*Ot|M
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The third and final term gives FO{7®¢| o 3s shown in this diagram:

(a'@p)eC

(a’op)oC
a’oM a’ oMo

?OMy—‘)A»IPOMOC’ﬂ»IPONOGy—OG-)NOG

L J

Thus we have shown that

at ,FL) =FL ,
[ a( §0]M [ qo.a+a’®§0M

which concludes the proof. |

4.2. The cobar-bar adjunction. Let C be a coaugmented dg cooperad. Its cobar
construction is the quasi-free augmented dg operad QC := (7(s7'€),d = d; — d,) with
d; given as the extension of

sle 4 s‘légﬂ"(s‘lé)(l) —— 7(s7'€) ,

and d, as extension of

-1, -1
— sTlopys

— —_ A — — — — —
518 =5 € 2 Boy @ — 2 5180y s e 2 7(5718)P o T(s71E) .

A straightforward verification shows that d = d; — d, satisfies d* = 0 since (i) A is coas-
sociative, and (ii) A is compatible with the codifferential of €. The cobar construction
defines a functor

Q: coaug dg Coopd —— aug dg Opd .

Let P be an augmented dg operad. Its bar construction is the quasi-cofree conilpotent
dg cooperad B2 := (7¢(sP),d = d, — d,) with d, given as coextension for
cf oD cf oD (1) D d D
T(sP) —> T(sP)  =sP —— sP
and d, coextending

sThqys™  — = T

T(sP) —> Tc(sﬂ_’)(z) > 5P o) §P ———— Pogy P —— P — 5P .

A simple verification using that (i) y is associative, and (ii) y is compatible with the
differential of P, shows that the coderivation d = d, — d, satisfies d*> = 0. The bar
construction defines a functor

B:aug dg Opd —— conil dg Coopd .

In plain english, the codifferential of the bar construction amounts to the sum of
applying d at each vertex and contracting each internal edge while composing its source
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and target vertex by the partial composition map y) (with appropriate signs), as shown
in|Figure 4

M3

Ma 4 Z

vertices inner edges

M1

FIGURE 4. Codifferential of the bar construction.

The cobar construction on a cooperad C is free as a graded operad and therefore
a morphism g: Q€ — 2 of graded operads is uniquely determined by its value on
generators s~1€. A simple computation shows that the shifted restriction

— —1 — —
o= (8 N (o — T(S_IC’) &, .’P>
satisfies the Maurer-Cartan equation if and only if g is compatible with the differentials.
The dual statement holds for the bar construction, and we obtain the following result.
Proposition 4.2.1. The cobar and bar functors represent the twisting morphism bifunctor
in the sense that

Homaug dg Opd(Qe!?) ('i) T\V(er?) ('i) I_Iornconil dg Coopd(e’B:P)
w w w
8a a Ja

Corollary 4.2.2. The cobar and bar constructions form a pair of adjoint functors

Q : conil dg Coopd —— aug dg Opd : B .

D U—

Under the bijections of [Proposition 4.2.1] the identity morphisms on Q€ and B?

correspond to twisting morphisms :€¢ — QC and 7:BP — P. We call these the
canonical twisting morphisms. Given any other twisting morphism a: ¢ — P, we obtain
factorizations as indicated in the following diagram:

BP

We obtain similar results for modules. Let €, €' be coaugmented dg cooperads and
M a (€', @)-comodule. The cobar construction for M is the quasi-free (QC’, QC)-module
Q&M = Q€' oy M o, QC. It provides a functor

Q¢ :dg (€, €)-Comod —— dg (QC’,QEC)-Mod .
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Let P, P’ be augmented dg operads and N a (', P)-module. The bar construction
for N is the quasi-cofree (B?’, B)-comodule B),N := BP’ o/ N o, BP. It defines a
functor
Bg,:dg (P, P)-Mod —— dg (BP?’,BP)-Comod .

The cobar and bar constructions for modules defined here readily extend to the full

(co)module categories dg Mod resp. dg Comod given in and[3.1] We obtain
the following analogue of |Proposition 4.2.1]

Proposition 4.2.3. The cobar and bar functors represent the twisting morphism bifunctor
in the sense that
Homyg pmoa(QM,N) <= Tw(M,N) <= Homg, comod(M, BN)
w v w
(8ar» 8p> 8s) — (@, p,a) — (fu, fcp’ Jo)

PROOF. Given (', p,a) € Tw(M, N), we define a triple (g4, g4, &) as follows: the

morphisms g,: QC — P and g,: QC’" — P’ are given by |Proposition 4.2.1/and g, is

defined as the composition
, 8q1°P°8a -, 14
8y = (Q(‘,’ oMo QC — P ONO?—>N).

To check that g, as defined here is compatible with the differentials, it is sufficient to
verify that [d, g¢,] vanishes on generators M. Unravelling the definition of QM, we find
that the differential is given by

d®M = d%¢ o M o Q€ — D 0 QC + Q€' o' dM 0 QC + QC' o' DR + Q€' o M o' d2¢
and its restriction to M by
—_pL
d®M| = -Dj|, +d"+DF|, .
Using the fact that g,|, = ¢, we obtain
— 4N _ 5 oM
[d’grp”M =d ng|M 8pd ‘M
L
= dNp — pdM + g, D )M - g¢Df|M
which evaluates to

=dp—pxa+d ®p,
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as can be seen from the following diagram:

Dk Df|
UM M

( I, o |

QG,DM(-H.;M G,OM(-A—M—)MO(I)Gi)MD(l)Qe

ga’o(pl l(pog
a’op (PO(I)X\ @

8v P'eoN @ pra N o) P 8o
] w
N N

In fact, this proves that g, as defined above is compatible with the differentials iff. ¢
satisfies the Maurer—Cartan equation. Since for any morphism g: QM — N in dg Mod
gl = & this concludes the proof for the cobar construction. The proof for the bar

construction is omitted since it is dual to the above. [ |

Corollary 4.2.4. The cobar and bar constructions form a pair of adjoint functors

Q : dg Mod —— dg Comod : B .

Under the bijections of [Proposition 4.2.3] the identity morphisms on QM and

BN correspond to twisting morphisms : M — QM and 7:BN — N. We call these
the canonical twisting morphisms for modules. Given any other twisting morphism
@:M — N, we obtain factorizations as indicated in the following diagram:

N
L < &
N4
~N
N
N

M N

4.3. Koszul twisting morphisms. In this section, we introduce a subset of twist-
ing morphisms a: € — 2 which we call Koszul twisting morphisms. Koszul twisting
morphisms are of particular significance since, as we will see, they are related to resolu-
tions of operads and their algebras.

Definition 4.3.1. We call an element a € Tw(C, P) a Koszul twisting morphism (or
simply Koszul morphism), if the composition

PogCoyP L polopxpopr L p

is a quasi-isomorphism of (2, P)-bimodules. The subset of Koszul twisting morphisms
a:C — P is denoted by Kos(C, P) C Tw(C, P).

The main result of this section provides us with a number of equivalent formulations
of the Koszul property for twisting morphisms.
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Theorem 4.3.2 (Fundamental Theorem for Operadic Twisting Morphisms). Let P
resp. C be a k-projective connected wdg operad resp. cooperad and o: C — P a twisting
morphism. The following are equivalent:
(i) the twisting morphism a: C — P is Koszul, i.e. P o, C oy P 5 P;
(ii) the right twisted composite product C o, P is acyclic, i.e. Co, P > I
(iii) the left twisted composite product P o, C is acyclic, i.e. P o, C > I;
(iv) the morphism g,: QC — P is a quasi-isomorphism; and
(v) the morphism f,:C — B2 is a quasi-isomorphism.

Before we get to the proof of this result, we need to provide its main ingredient:
the operadic comparison lemma. We state here its version for right twisted composite
products since it is the most important for our purposes.

Lemma 4.3.3 (Operadic Comparison Lemma). Let f:C — C’ be a morphism of k-
projective connected wdg cooperads, g: P — P’ a morphism of kK-projective connected wdg
operads, and o: C — P and o’: ' — P’ twisting morphisms compatible with f and g, i.e.
satisfying go = &' f. If two out of the three morphisms f, g, and fog:C o, P — C' oy P’
are quasi-isomorphisms, then so is the third. The analogous statement holds for morphisms
of left twisted composite products.

PROOF. The proof can be found in [16, §2.5]. Unfortunately, it is given only for the
canonical weightgrading €™ = @(w + 1) resp. P*) = P(w +1). A version of the proof
allowing for general weightgradings, and hence a weaker connectedness assumption, is
given in [46, §6.7]. However, here a different simplification is used: the commutative
ring k is assumed to be a field of characteristic 0. The general case of the result stated
here can be obtained by considering the filtration

F(C oy j))(w) = @ (et(iu) o ?)(w)

d+u<s

as defined in [46]] and then proceeding with the proof as given in [16]. |

The operadic comparison lemma together with the following result on the canonical
twisting morphisms 1: ¢ - QC and 7: B — 2 is enough to prove the fundamental
theorem for operadic twisting morphisms.

Theorem 4.3.4. Let P resp. C be a k-projective connected wdg operad resp. cooperad. The
left twisted composite products C o, QC, BP o, P and the right twisted composite products
QC o, G, P o, BP are acyclic.

PROOF of [Theorem 4.3.2] For the proof of the equivalence of ()] and (iii)| we refer

the reader to [|53, Theorem 2.9]. Only a minor change is required: we have to replace
the characteristic 0 assumption by our k-projective requirement.
Consider now for some twisting morphism a: € — P with associated g,: QC — 2

the morphism € o g,: C o, QC — € o, P. Since € o, QC is acyclic by[Theorem 4.3.4} the
same is true for € o, P if and only if € o g, is a quasi-isomorphism. By the operadic
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comparison lemma, this is the case if and only if g, is a quasi-isomorphism. This proves
the equivalence of [(ii)] and The remaining equivalences follow along the same
lines. |

Applying[Theorem 4.3.2|to the canonical Koszul twisting morphism 7: B — 2
leads us to the following result.

Corollary 4.3.5. The counit of the cobar-bar adjunction provides functorial quasi-free
resolutions
g QBP —— P

of operads.

4.4. Semiaugmented operads. So far we have dealt only with resolutions of aug-
mented dg operads, despite the fact that the main operad O of interest to us in|Chapter 3
does not fall in this category. We may, however, equip it with a semiaugmentation. An ex-
tension of the cobar-bar resolution to this setting was developed by Hirsh-Millés in [31].
In this section, we give a short overview. Another approach was recently introduced by
Le Grignou [42].

Definition 4.4.1. A semiaugmented dg operad or sdg operad (P,y,n,¢) is a dg operad
(2, y,n) equipped with a morphism e: P — I of collections such that ez = I. The mor-
phism ¢ is called the semiaugmentation for . A morphism f: P — P’ of semiaugmented
dg operads is a morphism of dg operads preserving the semiaugmentation in the sense
that € f = e. We denote the category of semiaugmented dg operads by sdg Opd.

Note the difference between the definition of a semiaugmented operad and an
augmented operad: in the case of augmented operads, the map ¢ is required to be a
morphism of operads, while for semiaugmented operads, it is merely a morphism of
collections.

As for augmented operads, we define P := ker(¢) and obtain an isomorphism
P = 1@ P. We denote by d the composition

d

a=(5_>r P P 5)

and by
14

7=(PoP—por L)
Note that in general y is not associative and, as a result, if we apply the bar construction
as defined in|Section 4.2{to P naively, its derivation will not square to zero. To control

this defect, we introduce a (co)curvature term as follows.

Definition 4.4.2. A curved cooperad (C,d, 0) is a graded cooperad € equipped with a
coderivation d: ¢ — C of degree —1 and a morphism 6: ¢ — I of degree —2 called the
cocurvature. These maps are required to satisfy the conditions

(i) d* = =(8 ) € — € or) 6)Aqy) , and

(ii) 6d = 0.
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A morphism of curved cooperads f:C — €' is simply a morphism of graded operads
commuting with the coderivations and preserving the cocurvature in the sense that
@' f = 6. We denote the category of curved cooperads by curved Coopd.

Given a curved cooperad € and an sdg operad P, we define their convolution algebra
as before,

(65) Conv(C, P) := (}il’I}l{) hom(€G, P)[1 « X],
€1-Tree?

and equip it with the same binary product

_ A _ — ao)f — y
(66 a*;a::(ei,eomeﬁmo(l)yi)y).

In this setting, however, the convolution algebra is not a dg pre-Lie algebra. Instead, it
satisfies

(i) ?=(0O % _)—(_*0),and
(ii) 9@ =0,

where O is the degree —2 element given by the composition
® = (@ —)6 I _)77 .’P) .

Such a structure is known as a curved pre-Lie algebra and we call (Conv(C, ), d, x, ©)
the curved pre-Lie convolution algebra. The set of twisting morphisms in the curved
convolution algebra is defined as

Tw(C,P) ={a € Conv(C,P)_; |da+axa=0}.

Let C be a conilpotent curved cooperad. Its cobar construction is the quasi-free
semiaugmented dg operad

QC := (T(S_l(_?),d = —do + dl - d2’ E) s

where d is the extension of

N S 6

s7le C Ic T(s‘lé) ,

d, is the extension of

s1e 24, 18 s 7(s7te) ,

and d, extends

55,5 Mo 5 5 T 5 15 15
$STIC —— € — Co) € ————— 57 1€ oy s71€ —— I(s7'€C) .

The semiaugmentation for QC is given by the canonical projection &: J° (s‘lé) - I. The
cobar construction defines a functor

Q: coaug curved Coopd —— sdg Opd .
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Let P be a semiaugmented dg operad. Its bar construction is the quasi-cofree
conilpotent curved cooperad

BP = (7°(sP),d = d; +dy,0),

where d; is the coextension of

Tc(s5_>) — P S, P

d, coextends
— — — s logpys~! y — —
T(sP) —> sPogp)sP —— s Pogy P — P —0s 5P,
and the cocurvature is given by the composition

_ _ _ sleslogpyst — — _ d+
6: Tc(s?)—»s?@s?o(l)s?w?éB?O(l)? W,op .

The bar construction defines a functor
B:sdg Opd —— conil curved Coopd .

With the same construction as used to show [Proposition 4.2.1} we obtain its analo-
gous result for semiaugmented dg operads and conilpotent curved cooperads.

Proposition 4.4.3. The cobar and bar functors represent the twisting morphism bifunctor

in the sense that
Homsdg Opd(Qes ?) ('i) TVV(G, ?) ('i) Homconil curved Coopd(e’ B?)

w w w
8a o Ja

Corollary 4.4.4. The cobar and bar constructions form a pair of adjoint functors

Q : conil curved Coopd —— sdg Opd : B .

<~

We saw that the counit of the cobar-bar adjunction for dg operads provides func-
torial quasi-free resolutions of dg operads (Corollary 4.3.5). An analogous result was
shown for semiaugmented dg operads [31, Theorem 3.4.4], however the contracting
homotopy used in the proof requires k to be a field of characteristic 0. Since our operads
are by definition reduced (i.e. have no arity 0 operations), we may use the simpler con-
tracting homotopy as provided in [67, Lemma 4.14] instead. This leads to the following
result.

Theorem 4.4.5. Let P be a k-projective semiaugmented connected wdg operad. The
counit of the cobar-bar adjunction provides functorial quasi-free resolutions

g QBP —— P

of semiaugmented wdg operads.
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5. Resolutions of Algebras

Let C be a conilpotent dg cooperad and 2’ an augmented dg operad. For a conilpotent
dg C-coalgebra C and a dg P-algebra A, we define the complex

(67) Conv(C,A):= lim hom(C,A)[1],
0-Tree?

which simplifies to Conv(C,A) = hom(C, A) in the noncolored case. Given a twisting
morphism a: € —» P, we may equip Conv(C, A) with an operator *, defined by

a(B)

(68) we (B) = (c 2, e(c) 29, pay A).

We call a degree 0 element 8 € Conv(C,A), a twisting morphism if it satisfies the
Maurer-Cartan equation

(69) 9B + *(B) =0

and denote the set of such twisting morphisms by Tw,(C, A). As is the case for (co)op-
erads, the twisting morphisms for (co)algebras form a bifunctor and we may define a
pair of functors—the cobar and bar construction—representing it on either side.

REMARK 5.0.1. In recent work by Robert-Nicoud and Wierstra [61,70]], it was shown
that—given a twisting morphism a: ¢ — 2 as above—one can construct an L, -algebra
structure on Conv(C, A). Maurer-Cartan elements of this L -algebra Conv*(C, A) cor-
respond to twisting morphisms Tw,(C, A) as defined above. This provides an interesting
new perspective on these twisting morphisms, at least over a field of characteristic 0.

5.1. The cobar-bar adjunction. The cobar construction for a conilpotent dg C-
coalgebra C with respect to a twisting morphism a: € — 2 is the quasi-free dg P-algebra
Q,C = (P(C),d; — d,), where

d(C)+2(d)
—_—

d = (?(C) ?(C))

and

2(C) 22, P(C;C(C)) —Z—s (P ogyy €)(C)

d, = |ecacen RO
N ©
P(CiP(C) —E— (P o) P)C) —— P(C)

The cobar construction defines a functor
Q,: conil dg C-Coalg —— dg P-Alg .
The bar construction for a dg P-algebra A with respect to a twisting morphism
a: € — P is the quasi-cofree conilpotent dg C-coalgebra B, C := (C(A), d; + d,), where

dAa)+e(d)
—_—

d, = (C(A) C(A))
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and

e(4) —2s (€ o) €)(A) —E— €E(A; E(A))
dy = l(eo(l)oo(A) le(A;a(A»
(€ oy PYA) —=— €(4; P(A)) —1, e (a)
The bar construction defines a functor

B,:dg P-Alg —— conil dg €-Coalg .

Proposition 5.1.1. The cobar and bar functors represent the twisting morphism bifunctor
in the sense that

Homyg p a1g(QC,A) = Twy(C,A) <= Hom_y dg €-Coalg(Cs BgA)
w w w

g B fﬁ

Corollary 5.1.2. The cobar and bar constructions form a pair of adjoint functors

Q, : conil dg C-Coalg —— dg P-Alg : B, .

Under the bijections of [Proposition 5.1.1} the identity morphisms on Q,C and B, A
correspond to canonical twisting morphisms t:C — Q,C and m:B,A — A, and we

obtain factorizations for any § € Tw,(C, A) as indicated in the following diagram:

Q,C

Proposition 5.1.3. Let C be a k-projective connected wdg cooperad, P a k-projective
connected wdg operad, and a: C — P a weightgraded Koszul twisting morphism. For any
k-projective dg P-algebra A, the counit of the cobar-bar adjunction

Q.BA —> A

is a quasi-isomorphism.

5.2. Algebras over sdg operads. We present an extension of the results to the
case of algebras over sdg operads developed by Hirsh-Millés in [31]]. Let (P, d, €) be
an sdg operad, (€, d, 8) a conilpotent curved cooperad, and a: ¢ — P a curved twisting
morphism. A dg P-algebra over an sdg operad P is simply an algebra over P as a dg
operad. On the coalgebra side the definition is changed to take the cocurvature into

account.

Definition 5.2.1. A conilpotent curved C-coalgebra over a conilpotent curved cooperad
(€,d, ) is a conilpotent graded algebra (C, A) over the underlying graded cooperad,
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with a coderivation d: C — C satisfying

e(C)

a2 = (c 2, e0) 1(C) C) .

For a conilpotent curved C-coalgebra C and a dg P-algebra A, we define their
convolution algebra (Conv(C, A), %) as before by|Equations (67)|and [(68)] We define
twisting morphisms with respect to a again by

Tw,(C,A) = {B € Conv(C,A)y | 98 + *4(B) =0}.

The cobar construction Q,C for a conilpotent curved C-coalgebra C is defined exactly
as in|Section 5.1} and, in particular, (d; — d,)? = 0 still holds. The cobar construction
defines a functor

Qg conil curved C-Coalg —— dg P-Alg .

The bar construction B, A for a dg P-algebra A is also defined as in|Section 5.1, however,
the coderivation in this case does not square to zero. A simple calculation shows that

2
(d; +d,)* = (6(O)A,
and thus B, A is a curved C-coalgebra. In fact, the bar construction defines a functor

B,:dg P-Alg —— conil curved C-Coalg .

The obvious analogues of [Proposition 5.1.1|and [Corollary 5.1.2|hold, and we obtain

the same factorizations of twisting morphisms through the canonical twisting mor-

phisms ©: C - Q,C and m:B,A — A. Finally,[Proposition 5.1.3|extends to the setting

presented here.

Proposition 5.2.2. Let C be a k-projective connected weightgraded curved cooperad,
P a k-projective connected weightgraded semiaugmented dg operad, and a:C — P a
weightgraded curved Koszul twisting morphism. For any K-projective dg P-algebra A, the
counit of the cobar-bar adjunction

QB A —> A

is a quasi-isomorphism.

6. Homotopy Algebras

Let P be an augmented dg operad with a quasi-free resolution given by the cobar
construction on some conilpotent dg cooperad € and a morphism

84:QC =2

corresponding to a twisting morphism a: € — 2. This could be the cobar-bar resolution
QBP = P as introduced in the previous section, or any other choice of resolution. In
this section, we consider the algebras over such resolutions, their homotopy properties,
as well as their modules and some constructions. For further detail on the material in
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this section, we refer the reader to [46} §10.1-3]. While the statements in loc. cit. are
made only for € = P, they hold in the more general case presented here.

Recall that an QC-algebra structure on a space V' can be given as a morphism
84:QC — Endy or, equivalently, as a twisting morphism a: ¢ — End;.. An element
a € Conv(C, Endy,)_; corresponds to a degree —1 morphism p,: C(V) — V and this
morphism p, admits a unique coextension as a coderivation &, of the cofree conilpo-
tent graded C-coalgebra C(V) by|[Lemma 3.6.3] A simple calculation shows that the
Maurer-Cartan equation for « is equivalent to the condition (5,)? = 0. This proves the
following result.

Theorem 6.0.1 (Rosetta Stone, [46, Theorem 10.1.13]). The set of QC-algebra structures
on a space V is equivalently given by

I‘IOIndg aug Opd(Q@, EndV) = TVV(G, EndV) = Homdg conil Coopd(e, B EndV)
= Codiff(€(V)).

Now consider two dg QC-algebras V, V’. By|Lemma 2.2.2, a morphism f:V — V’
is equivalently determined by a morphism

Q€ — Endy

of dg (Q€, QC)-modules. We call this type of morphism a strict morphism of QC-
algebras. By contrast, we introduce the following notion using the cobar construction
for dg modules introduced in [Section 4.2

Definition 6.0.2. A homotopy morphism V ~ V' is a morphism
g,:Q¢C — Endy,

of dg (Q€, QC)-modules.

By|Proposition 4.2.3} a homotopy morphism of QC-algebras corresponds to a twist-
ing morphism ¢:C — Endgr. An element ¢ € Conv(C, Endgl)o corresponds to a

degree 0 morphism C(V) — V', and such a map admits a unique coextension to a
morphism F,: C(V) — €(V”) of cofree conilpotent graded C-coalgebras. A simple cal-
culation shows that F;, is compatible with the differentials &, 4/, i.e. is a morphism of
quasi-cofree conilpotent dg C-coalgebras, if and only if ¢ satisfies the Maurer-Cartan
equation

dp—pxa+a ®p=0.
Theorem 6.0.3 (Rosetta Stone for Morphisms). The set of homotopy QC-algebra mor-
phisms from V to V' is equivalently given by
v v
I‘IOIl’ldg (e, Q@)_Mod(ﬂg(:’, EIldV/) = ng/(@, El’ldV/)
End v
= HOMyg (Endy ., Bndy)-Comod(Cs BEEd:;, Endy)

= Homdg G—Coalg((e(v)’ 50()’ (G(V’)’ 505,)) :



6. HOMOTOPY ALGEBRAS 65

Given homotopy morphisms V' «~ V' and V' ~ V" in terms of twisting morphisms
p:C — Endgr and ¢:C— End% ,
we define their composition to be the morphism V -~ V" represented by the twisting
morphism

(70) Q= <e —2, eoe 2% End)) oEnd}, End}%) .

This composition corresponds to composition for morphisms of quasi-cofree dg C-
coalgebras: Fy Fy, = Fyro.

Definition 6.0.4. Let P be a dg operad with a quasi-free resolution QC = 2. A homo-
topy P-algebra is a dg QC-algebra, and we denote by hty P-Alg the category of homotopy
P-algebras with homotopy morphisms.

6.1. Homotopy transfer. Let W be a deformation retract of V, i.e. assume we are
given the following data:

p V—ip=|[d,h],
n(C V. —— W, suchthat p=ld.hl
i W—pi=0.

It is a result of Van der Laan [39]] that, using these data, one can construct a nontrivial
morphism
¥:BEnd;, — BEndy

of dg cooperads. As one of the ways to define an QC-algebra structure on a space V
is via a morphism f,: € — B End;, of dg cooperads, any such structure determines a
transferred QC-algebra structure on W by composition with ¥:

¥Yf,:C — BEnd, — BEndy .

More precisely, this provides a way to prove the following result.

Theorem 6.1.1 (Homotopy Transfer Theorem). Let C be a conilpotent dg cooperad and
W a deformation retract of a k-projective dg space V. Any QC-algebra structure on V
can be transferred to an QC-algebra structure on W such that i extends to a homotopy
quasi-isomorphism.

PROOF. We specify the morphism ¥ by defining its corresponding twisting mor-

phism 3: B End;, — Endy;, via

SH3

P SH2 SHe —s

SH1
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where the tree on the right-hand side is to be understood as composition of (multi-)linear
maps. More formally, we define a map of collections 3: B End;, — EndIP/V inductively

by
{ﬁ(o):l — EndIL,V, ur— (W -1YV),
¢(n): _ _
S 0 (Eyy eees b)) h#(l.b(n—l)(tl)a vees lpb(n—l)(tl)) 5

and—using it—define 1: B End;, — Endyy via

~ ’I @ sEndy o%,_1)(sEndy) — End}/ ,

I & sEndy oJ,_1)(sEndy) — Endyy,
St 0 (By5 wens b)) F— P#(‘Z(n—l)(ﬁ), - {nbu(n—l)(ﬁ)) .

A straightforward though tedious computation shows that (i) 0¥ + ¥ x ¢ = 0, and
(ii) 0 — P * ¥ + ¢ @ ¥ = 0. In other words, ¥ f, defines an QC-algebra structure on W
and ¢ fo @ homotopy morphism W ~ V extending i. [ |

Yy

6.2. Homotopy modules. Let 2 be a dg operad, QC = 2 a quasi-free resolution,
and let V' be a homotopy P-algebra with structure given by g,: QC — End;.. A homotopy
module or representation up to homotopy for V'is a dg space N with a morphism of dg
collections

g,:QC — EndY
such that
8o+ 80:QC — End, @ End/N — Endygy

defines a homotopy P-algebra structure on N @ V. Note that this is simply the definition

of a module over an operad algebra as given in[Section 2.3
In terms of twisting morphisms, the map g, corresponds to

p: € — Endy™

and defines a homotopy module structure on N if and only if a + p: € — Endygy
satisfies the Maurer-Cartan equation:

0=0(a+p)+(x+p)*x(ax+p)
=@a+axa)+(8p+p*(a+p)).

Since a is assumed to be a twisting morphism, this gives the following result.

Lemma 6.2.1. Let (V,g,) be a dg QC-algebra. A morphism p:C — End}\/,;N defines a
homotopy V-module structure on N iff. p satisfies the Maurer—Cartan equation

(71) Op+p*(ax+p)=0.

The map p:C — End}\/jN corresponds to py: €(V;N) — N, and this morphism
admits a unique coextension as C(V)-comodule coderivation §, € Coder(C(V;N)). A

simple calculation shows that (6,3)2 = 0 iff. p satisfies the Maurer-Cartan|Equation (71)
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Lemma 6.2.2. Let (V,g,) be a dg QC-algebra. A morphism p:C — EndKfN defines a
homotopy V-module structure on N iff. (C(V;N), 6,,) is a dg (C(V), §)-comodule.

6.3. Cohomology. Let  be a dg operad with quasi-free resolution QC = 2, let
(V, ) be a homotopy P-algebra, and let (N, p) be a homotopy V-module. Consider the
convolution algebra Conv(C, Endyg)-) and its subcomplex of maps

¢:€ — Endy C Endygy »
which we denote by CC(V; N).
Lemma 6.3.1. The map § defined on CC(V;N) by
(72) 8(8) =0 +p* ¢ = (-1)¢ *a
satisfies 52 = 0.

PROOF. From the fact that Conv(C, Endyg) is a pre-Lie algebra, one can easily
deduce the following identities:

@ px(Ex$)=(*p)*¢,
(i) (p* )k a—p* (¢ *a)=(—1)(p * &) * {, and
(iiity C*xa)*xa={x(axa).

For any ¢ € CC(V; N) we can calculate
8(8¢) = 8(8¢ + p x ¢ — (-1)°¢ % @)
+p* (05 +p* ¢ —(=1)5¢ x )
—(=18(8¢ +p *x ¢ — (-1)$¢ % a) x
=02 +0p k¢ —p* A —(=1)58¢ x a— ¢ % da

+p %0 +p K (px ) —(1fpx (¢ *x )

— (=15 xa— (1) Mo * ) ra— (¢ *xa)*a
and using the above identities this reduces to

=(@p+p*x(e+a)*{—¢x(Ba+axa)=0. [ |

Definition 6.3.2. We call CC*(V;N) := (CC(V;N)_.,8) the cochain complex for the
homotopy P-algebra (V, o) with coefficients in its homotopy module (N, p).

Lemma 6.3.3. Let ¢ be a degree 1 cocycle, i.e. { € CC(V;N)_; such that §({) = 0. Then
a+p+¢ e Conv(C, Endygy)_1

satisfies the Maurer-Cartan equation and thus defines a homotopy P-algebra structure
onNYV.

PROOF. This is shown by the following simple calculation:

da+p+O+(@+p+x(a+p+¢)

=0a+p+d+ax(@a+p++px(@+p++¢x(@+p+¢)
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of which ax p, ax ¢, ¢ xp, and ¢ x ¢ vanish since their input and output are mismatched,
leaving

=(@a+axa)+(@p+p*(a+p))+(8+p*x¢+¢ *a)

which vanishes by the Maurer—Cartan equations for « and p and since §({) =0. M

A cochain ¢: € — EndK, corresponds to a map C(V) — N, which coextends to a
morphism F: (V) — C(V;N) of graded C(V)-comodules. Under this correspondence,
6(¢) maps to 0F; = 6,F; — (—1)§F§5a and we obtain the following result.

Lemma 6.3.4. There is an isomorphism of cochain complexes

CC.(V, N) = homdg C(V)—Comod(e(v)’ @(V, N))_. .

7. Koszul Duality

In(Section 4] we saw that the counit of the cobar-bar adjunction provides us with
functorial quasi-free resolutions QB2 = P for k-projective connected wdg operads. In
this section, we consider operads given by presentation and show that this additional
information can sometimes be used to produce much smaller resolutions. Given an
operad P by presentation, we associate to it a cooperad P'. Under certain conditions, this
provides us with a resolution QP = P of operads, allowing us to apply the machinery
developed in the[Section 6] In this case, we often use the notation 2, := Q! and call
homotopy morphisms of 2 -algebras co-morphisms. We denote by R -Alg the category
of 2 -algebras with strict morphisms, and by co-2-Alg the category of 2 -algebras
with co-morphisms.

7.1. Quadratic presentations. Let? = P(E,R) be a dg operad with presentation
(E, R) satisfying R ¢ 77E®. Such a presentation is known as a quadratic presentation
or quadratic data and P(E, R) is called a quadratic operad. In we defined
P(E,R) to be the quotient of the free operad on E by the ideal generated by R, i.e.
P(E,R) = TE/(R). Here we formulate the definition slightly differently: P(E, R) is the
universal dg operad for which the composition R & JE — P(E,R) vanishes. Given
another dg operad Q with a morphism JE — Q for which the compositionR < JE — Q
vanishes, there is a unique morphism P(E,R) — Q such that the following diagram

commutes:
R<—— JE —— P(E,R)

\ |
131

v

Q .

This definition is easily dualizable, which allows us to associate a dg cooperad C(E, R)
to quadratic data (E, R). The quadratic cooperad C(E, R) is the couniversal dg cooperad
for which the composition €(E,R) — T°E » J°E®/R vanishes. Given another dg
cooperad D with a morphism D — J°E for which the composition D — T°E -
JE@/R vanishes, there is a unique morphism 2 — C(E, R) such that the following
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diagram commutes:

N

C’(E R) TE@/R

Since the subcollection R of relations is weightgraded, both the dg operad P(E, R) and
the dg cooperad C(E, R) defined from quadratic data are naturally weightgraded.

Definition 7.1.1. A finitely generated projective quadratic presentation is a quadratic
presentation (E, R) for which E is a (componentwise) finitely generated projective
collection, such that the short exact sequence

0 — R—— TOE) — 7OE)/R — 0

splits.

Using the notation S := 7 ?)(E)/R, the splitting condition means that 73 (E) ~
R @ S. Since E and therefore 7?)(E) is finitely generated projective, the same is true
for the direct summands R and S. In weight 3, we have a decomposition for the tree

module
E

E E E
on=N S /
E E
Its summands admit decompositions

E E E E

\E/ =R\®y =\R\/ @(\s/EnE@@/S)
\R\/E€B<\S\/EOE\/R/)@(\S\/EOE\/S/)
=(\R\/E+E\/R/)®(\S/EnEws/)

and, similarly,

/E //,/ // //

Note that

PE,R)® = TO(E)/(R o1y E + E o3y R)



=E\E/E/(\R/E+Ew1{)
/E E R/
« / /R/ +E/

E<\S\/E0E\/S/)® /S/ OE/S

is a direct summand in 7®)(E) and hence is finitely generated projective. Similar
decompositions can be constructed in higher weights, leading to the following result.

Lemma 7.1.2. Let (E, R) be a finitely generated projective quadratic presentation. The
operad P(E, R) is finitely generated k-projective.

With the notation S = 7®)(E)/R, we have C(E, S) = P(E, R) as collections and, as
a consequence, we obtain the following analogous result for cooperads.

Lemma 7.1.3. Let (E, R) be a finitely generated projective quadratic presentation. The
cooperad C(E, R) is finitely generated k-projective.

7.2. Quadratic Koszul duality. We follow the presentation in [25,46|. The the-
ory there is presented for operads in (graded) vector spaces, however the arguments
hold more generally for finitely generated k-projective modules over a commutative
ring.

Let (E, R) denote quadratic data defining a quadratic operad ? = P(E, R). Consider
the suspension sE of the collection of generators and denote by s?R the image of R
under
(73) TO(E) = Eogy E —— 2 sE oy sE = TO(SE) .

Definition 7.2.1. Let ? = P(E,R) be a quadratic operad. The quadratic cooperad
Pi = C(SE, s’R) is called the Koszul dual cooperad for P(E, R).

The Koszul dual cooperad P! is the key to the construction of a small quasi-free
resolution of its corresponding quadratic operad P = P(E, R). One may consider the

composition

x = (?i = C(SE, s*R) —— T(sE) sE L e P(E,R) = ?) ,
which is readily seen to be a twisting morphism.

Definition 7.2.2. A quadratic operad P(E, R) is called Koszul if the canonical twisting
morphism x: P — P is Koszul.
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At this point, all of the general theory introduced in[Sections 4H6| may be applied to
the twisting morphism x of a Koszul operad P(E, R).

To make any of this useful, however, we first need to be able to actually compute
the Koszul dual cooperad. One way to compute P! explicitly is via its (shifted) linear
dual.

Definition 7.2.3. Let ? = P(E, R) be a quadratic operad. The Koszul dual operad for
P is the operad P' := (8¢ ® P1)*.

By reflexivity of finitely generated projective modules, the following result is an
immediate consequence of this definition.

Lemma 7.2.4. Let P = P(E,R) be a finitely generated k-projective quadratic operad.
The Koszul dual cooperad and operad are related by the equation P = (8 @ P')*.

To make[Lemma 7.2.4|useful in computing the Koszul dual cooperad P!, we must
provide an independent characterizaton for the Koszul dual operad '. To this end, we
consider a cooperad € = C(E, R) with finitely generated k-projective binary quadratic
presentation (E, R), i.e. E = E(2) is concentrated in arity 2 and hence 7®(E) = TE(3).
Its linear dual is the operad C(E, R)* = P(E*, Rt), and its presentation (E*, R') is again
finitely generated k-projective binary quadratic. The generating collection E* is the
componentwise linear dual of E, and the subcollection R* C JE*(3) is constructed
below. We define a pairing (_, _): TE*(3) ® T E(3) — k by setting

(_1)\V*|Ia| -uF(aw*(B), ifo=r1,

0, otherwise .

(74) (U* og V', a0r f) =

This pairing provides us with an isomorphism
TE'(3) — TEQ)", W og V" —> (U og V", ),

and the preimage of S* = (7'E(3)/R)* under this isomorphism is denoted by R*. Equiv-
alently, we may define R* as the subcollection

(75) Rt:={xeTE*(3)|(x,R)=0}

annihilating R under the pairing.

Now let us return our attention to the Koszul dual operad ' of an operad P =
P(E, R) defined by a finitely generated k-projective binary quadratic presentation. In
P! is defined as the linear dual of 8¢ ® i, and this cooperad admits a

binary quadratic presentation 8¢ ® Pi = @(E, E) constructed as follows. Consider
(8°® P)(2) = Endy(2) ® Pi(2) =k - v, ® SE,
and note the isomorphism of S,-modules

(S°®PN2)— EQ®sgn,, mQOsur— u.
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Accordingly, we define E = E ® sgn,. In arity 3, we obtain
(8°® P)(3) = Endg(3) ® P'(3) =k - »; ® s’R = R ® sgn,,
where the isomorphism is the inverse of the one defined in[Equation (73)]and we define
R to be the image of R ® sgn, under the isomorphism of S3-modules
MoV oV,
(76) TE(BR)® sgn, — TE® sgnz)(3) R A
(U 03 1)3D — (u oy 1)1

Note that simply requiring y o; v — p o v fully determines this isomorphism.
This concludes the construction underlying the following result; for a detailed
proof we refer the reader to [25,46]]. Be aware that our conventions used here differ

slightly from those in loc. cit. In particular, the pairing of [Equation (74) contains no
signs—instead they appear naturally under the isomorphism of

Proposition 7.2.5. Let P = P(E,R) be a binary quadratic operad with finitely generated
k-projective presentation. The Koszul dual operad is the binary quadratic operad

P = P(E*,RY),
where E* = E* @ k - sgn, and R* c J(E*)(3) denotes the orthogonal space of relations

as constructed above.

A more general result for (nonbinary) quadratic operads is given in [46]. Its proof
follows roughly along the same lines but is a bit more involved.

Proposition 7.2.6. The Koszul dual operad for a finitely generated K-projective quadratic
operad P = P(E, R) admits a quadratic presentation

P = P(s18"1 @ E*,RY).

And finally, the following property justifies the name Koszul duality. Using the fact
that finitely generate projective modules are reflexive, it is an immediate consequence

of [Proposition 7.2.6|(resp.|Proposition 7.2.5).

Corollary 7.2.7. Let P = P(E, R) be a binary quadratic operad with finitely generated
k-projective presentation. The Koszul dual operad satisfies the relation

P =P.

7.3. Example: Koszul duality for the operad of commutative algebras. The
operad Com of commutative algebras can be defined as the binary quadratic operad
Com = P(E,R) where the generating S,-module is the free k-module on a single
generator with trivial S,-action,

E=EQ)=k-u, u’=upu,
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and R C JE(3) is the S3-module generated by
F=Hop—Hoi.
Note that

12 = oy — ( oy )12

and
r123) = (u oy 1)129) — (1 0 )12
= (1 oy 1) = (uoy ) = =12,

hence R is k-linearly spanned by r and r'?. Letting S ¢ 7°E(3) be the sub k-module
generated by

r=—poy + poy pu+ (uoy )12,
it is easy to see that 7E(3) = R @ S and the presentation (E, R) is finitely generated
projective binary quadratic.

By |Definition 7.2.1} the Koszul dual cooperad for Com is Com' = C(sE, s*R), with

SE=sk-u, su°=su,

and s2R the image of R under the isomorphism of [Equation (73)} Since u is of degree
|4| = 0, the signs remain the same and s?R is simply k-linearly spanned by

s7r=spoysp—spoy s, s = spop su— (s oy sp) 1

To give a more explicit description of the Koszul dual cooperad Com', we take the

detour via the Koszul dual operad Com'. By [Proposition 7.2.5} it has a presentation
Com' = P(E*,R*) constructed as follows. First, define E = E ® sgn, = k- u ®sgn,
and denote by R the image of R under the isomorphism of Constructed
in this way, R is k-linearly spanned by

F=pou+puoyu, ,7(12)=_#01M+w02#)(12)'

This provides a presentation (E, E) for 8¢ ® Com'. Next, we consider the linear dual
Com' = C(E,R)* = P(E*,R}), where
E* =E*Qsgn,, Rt={xeT(E")3)|(x,R)y=0}.
A simple computation verifies that the orthogonal space of relations R* is k-linearly
spanned by

Pha= oy pt =t op i+ (U oy )2
Using the notation A := u*, we may characterize the Koszul dual operad Com' as
follows: it is the operad defined by a single skewsymmetric binary generator A of degree
0 satisfying the relation

Aogd=20,1— (Lo, )12,

This leads to the following result.
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Lemma 7.3.1. The Koszul dual operad of the commutative operad is the Lie operad and
vice versa,

Com' & Lie, and Lie' ~ Com .

7.4. Curved Koszul duality. Quadratic Koszul duality as described in|Section 7.2
is the basic case underlying a number of extensions, one of which is curved Koszul
duality. Curved Koszul duality was first introduced by Positselski for algebras [58],
see also [57]. The extension to operads was developed by Hirsh-Milleés in [31]]. In this
section, we give a very brief overview.

Let (E, R) be a quadratic-linear-constant (or qlc) presentation, i.e. let E be a graded
collection of generators and let R be a subcollection R C J° (52)(E) =I®E®ITPE)of
(inhomogeneous) relations of weight at most 2. We denote by P = P(E,R) = TE/(R)
the associated quadratic-linear—constant (or glc) operad.

Given a glc operad P(E, R), assume that the following conditions are satisfied:

() RN{IBE}=0,

(i) IN{I®ES TPE)} =R.
These conditions are known as minimality of generators and maximality
of relations (Condition (ii)).

Denote by q: TE - 7 (J)(E) the projection onto weight 2, and by gR ¢ 7@ (E) the
image of the relations R under this projection. We call the operad q := P(E, qR) the
quadratic analogue for P = P(E, R) and denote by

qP! == C(sE, s’qR) C T¢(sE)

its Koszul dual cooperad, which we also refer to as the quadratic analogue for .

By[Condition (i)} there are maps ¢;:qR — E and ¢,: qR — I such that the subcol-
lection of relations can be written in the following way:

R={x+¢1(x)+po(x) | x € qR}.
Using these maps, we may define a coderivation d; as the coextension of

-1
q_’Pi _ SZqR S—®¢1) SE "

and a map

-2,
0= (q?i sqR — 890 I).

A straightforward computation shows that the triple (g1, d, 6) defines a curved coop-
erad.

Definition 7.4.1. The Koszul dual curved cooperad for a qlc operad P = P(E, R) satis-

fying[Conditions (i)|and ii)]is the curved cooperad P := (¢, dy;, 6).

With this definition, we may define the canonical twisting morphism x: P — 2 in
the same way as in the quadratic case:

x = (?‘ = C(SE, s*qR) —— T(sE) SE L Ee P(E,R) = gJ) .
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A simple verification shows that «x is indeed a curved twisting morphism in the sense of
the definition given in

Definition 7.4.2. A quadratic-linear-constant operad P = P(E,R) is Koszul if its

quadratic analogue g = P(E, qR) is Koszul and [Conditions (i)|and [(ii)| hold.

An issue with this definition is that|Condition (ii)|is hard to check in general. It
can be shown, however, that it is enough to check it in low weights only:

Proposition 7.4.3. A qlc operad P = P(E,R) is Koszul if and only if its quadratic
analogue q = P(E, qR) is Koszul and

i) RN{IDE} =0,

(i) {RoqyE+E oy RIN{E®TPE} CR.

As in the quadratic case, the cobar construction provides functorial quasi-free
resolutions for Koszul operads.

Theorem 7.4.4. Let P = P(E,R) be a qlc operad. If P is Koszul, the (curved) cobar
construction on Pi provides us with a quasi-free resolution

8 QP —— P,






CHAPTER 3

Symmetric Homotopy Theory for Operads

This chapter consists essentially of our joint work with Bruno Vallette [12]. Minor
changes have been made to the presentation, and references to other parts of this thesis
were added.

Introduction

There are two philosophically different ways of viewing the notion of an operad. The
first and classical way is to start from an S-module and consider composition maps acting
on it. In this case, the symmetries of the operations are given as part of the underlying S-
module and only their compositions are modeled. The second way of viewing an operad
is as an N-module, i.e., as a module graded by the arity number, with composition maps
and symmetric group actions as the defining structure. This second way is the point
of view taken in this chapter. We work over the ground category of differential graded
N-modules, which has better homological properties than the category of differential
graded S-modules. For instance, the projectivity property is easier to satisfy there. We
will then develop a theory similar to that of Ginzburg-Kapranov and Getzler-Jones but
in this second context.

To produce such a theory, we do not simply work by hand but instead we use the
following conceptual approach: we consider the colored operad O whose category of
algebras over N-modules is the category of nonunital (or, equivalently, augmented)
operads. It turns out that this colored operad admits a natural inhomogenous presenta-
tion. Therefore, it fits into the framework of curved Koszul duality theory for (colored)
operads recently developed by Hirsh-Millés [31]]. The first result of this chapter says
that O is actually a Koszul colored operad.

Theorem The colored operad O is an inhomogeneous curved Koszul operad.

This theorem is the key point in the following theory: the Koszul property ensures
that all of the subsequent constructions are well behaved with respect to homological
properties. We describe the general constructions associated to Koszul colored operads
in the case of the operad O, see[Chapter 2|(in particular its[Section 5)) and [46, Chapter 11]
for more details. This will produce the following notions. First, coalgebras over the
Koszul dual colored cooperad O give rise to a new category of higher cooperads. Then,
there is a new adjunction, called the higher cobar-bar adjunction,

Q : conil higher Coopd — nu Opd : B ,

77
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between (nonunital) operads and (conilpotent) higher cooperads. As expected, the
counit of this adjunction induces a cofibrant resolution functor.

Theorem The augmentation of the higher cobar-bar counit
16 OBP = p

is a functorial resolution of dg augmented operads, which is cofibrant when the underlying
chain complex of P is nonnegatively graded and consists of projective k-modules.

Let us compare this higher cobar-bar construction with the classical cobar-bar
adjunction. First, the intermediate category of the higher cobar-bar resolution is made
up of higher cooperads, which is more involved than the category of cooperads. The
conceptual reason is quite natural: the higher bar construction B2 needs to resolve
the symmetric group actions of the operad 2 up to homotopy in a functorial way. As a
result, while the classical cobar-bar construction was cofibrant in characteristic 0 or
when the underlying S-module of 2 is projective, the higher cobar-bar construction is
always cofibrant over any ring providing that the underlying N-module is projective,
which is a much weaker assumption.

Let us recall the existence of a particularly well behaved E_ -operad whose compo-
nents are defined by the bar resolutions of the symmetric groups: the Barratt-Eccles
operad &, see [4]]. This operad allows us to relate the cobar-bar construction and the
higher cobar-bar construction in the following precise way: there exists a natural
isomorphism

I®OBP = OB(PQE),

where P ® & stands for the aritywise tensor product (see|Section 2.4{of [Chapter 2 and

where [ is the identity operad (Proposition 2.5.4). It was already known that the latter

construction gives a cofibrant replacement functor [|6]. On the bright side, one can
interpret this result as a new universal property satisfied by the Barratt-Eccles operad.

Applied to the operad encoding commutative algebras, the higher cobar-bar res-
olution automatically produces a cofibrant E -operad over any ring, which is also a
Hopf operad resolution. Under the above isomorphism, this result is not that new—it
gives an operad isomorphic to the cobar-bar construction of the Barratt-Eccles operad.
On a basic level, having a Hopf operad resolution provides the associated category
of algebras with a monoidal structure given by the underlying tensor product. On a
more advanced level, the existence of a cofibrant Hopf E -operad plays a crucial role
in Fresse’s works on the iterated bar construction of E_ -algebras [19,/20]] and on the
rational homotopy theory of operads with application to the Grothendieck-Teichmiiller
group [22]. However, the actual description of the associated category of algebras does
not seem to be present in the literature, for instance in loc. cit. Since we believe that it
could be useful to have an explicit description of an E-algebra by means of generating
operations and relations, e.g., in order to perform computations of homology groups in
algebraic topology along the lines of [20], we include it in this chapter. The advantage
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of our model is that it relies on simple combinatorics of planar trees and permutations.

This provides us with a “simple” explicit notion of an E-algebra (Proposition 2.6.3).

The Koszul property of gives a cofibrant resolution of the colored
operad O. As a result, algebras over this resolution provide us with a new notion of

higher homotopy operads, for which the relations for both, the partial composition
products and the symmetric group actions, are relaxed coherently up to homotopy. This
very general notion includes many of the existing homotopy algebraic notions as special
cases: A -algebras, A -modules, and homotopy nonsymmetric operads, to name some
examples. It comes naturally equipped with a more general notion of co-morphism,
which is proven to be an efficient tool to describe the homotopy properties of differential
graded operads. For instance, the following homotopy transfer theorem shows how to
transfer operadic structures through homotopy equivalences of dg N-modules (which
need not be homotopy equivalences of dg S-modules).

Theorem (Homotopy Transfer Theorem). Let {# (1), ds;(n)}nen be a homotopy
retract of {P(n), dp(n)Inen in the category of dg N-modules:
D idp —ip = [dp, h],
hC (P(),dp) == (), dy) , suchthar 17 P L. 1]
and i is a quasi-isomorphism. Any (higher homotopy) operad structure on P can be
transferred into a higher homotopy operad structure on I such that the quasi-isomorphism
i extends to an oo-quasi-isomorphism.

The methods developed and used in this chapter to solve the above-mentioned
operadic issues also allow us to define a suitable notion of group representation up to
homotopy. This is treated separately in an appendix.

A few remarks are in order to conclude this introduction. We tried to provide
the reader with as many figures of trees as possible to render the exposition more
readable. Particular care has been applied to the treatment of the signs; unlike in some
articles in this domain (including some written by the second author), all the signs
are made explicit. We hope that, in this way, the reader will be able to perform actual
computations with the various notions introduced here. Furthermore, one can apply
the same methods used here to the categories of cyclic operads, modular operads and
unital operads. In this last case, this would help develop the homotopy properties of
the partial compositions, symmetric group actions and the unit at the same time. The
colored operad which encodes unital operads still admits a natural inhomogeneous
presentation, though it is more involved than that of O. It is very likely to be curved
Koszul too. The present chapter should represent about two-thirds of the relevant
computations to treat this case. Since we were only interested in applying our theory to
augmented operads (or, equivalently, to nonunital operads) we focused on this particular
case.

We chose to develop the theory presented in this article because we had the ex-
ample of the operad encoding Lie algebras in mind. Our ultimate goal is to be able to
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produce a suitable version of weak L, -algebras where both the Jacobi identity and the
skewsymmetry of the Lie bracket are relaxed up to higher coherent homotopies. There
already exists a notion of weak Lie 2-algebras due to Roytenberg [56} 63, which is made
up of just a first stratum of homotopies. If not the most general relaxed notion, it already
admits applications in symplectic geometry and in mathematical physics. Producing a
definition including an infinite sequence of coherent higher homotopies by hands is
out of reach (at least for us), but the present conceptual theory is the right tool to solve
this issue. First computations already show that we can recover Roytenberg’s notion of
weak Lie 2-algebras and produce, as a next step, a definition of weak Lie 3-algebras (see
Chapter 4).

Finally, the present chapter, with these new higher bar and cobar constructions, is
the first step toward a new higher Koszul duality theory for operads taking the symmetric
group actions faithfully into account. The general pattern for the Koszul duality theory
of algebras over a colored operad as detailed by Millés in [53]] can be applied to algebras
over the operad O, that is to operads. In this way, one should be able to simplify the
cofibrant resolutions produced by the higher cobar-bar resolution of
The case of the operad encoding commutative algebras is of particular interest since it
should give an operad related to the cofibrant E_ -operad given in [21]] and to the chain
complex of the Fox-Neuwirth cells of the Fulton-MacPherson operad of [24, 50]].

This chapter is organised as follows. In we introduce the colored op-
erad which encodes nonunital operads, and we prove that its natural inhomogeneous
quadratic presentation is curved Koszul. InSection 2, we introduce a new category
of higher cooperads and we define a higher cobar-bar adjunction with the category
of nonunital differential graded operads. The resulting higher cobar-bar adjunction
is shown to give rise to a cofibrant replacement functor, which, applied to the operad
encoding commutative algebras, gives a cofibrant E_,-operad. In[Section 3| we introduce
a new notion of higher homotopy operad where the action of the symmetric groups
is also relaxed up to homotopy. This gives rise to new tools to study the homotopy
properties of operads over any ring. Finally, the appendix deals with the notion of group
representation up to homotopy.

1. The Colored Operad which Encodes Operads

In this section, we begin by recalling the definitions of the various types of operads
used throughout the text. For further details, we refer the reader to or the
book [46]. We introduce the colored operad which encodes the category of operads
with their symmetric groups actions viewed as structure maps. We show that it admits
an inhomogeneous quadratic presentation, which is Koszul in the sense of the curved
Koszul duality theory of Hirsh-Millés [31]].

1.1. Nonunital operads and colored operads. The definition of an operad we
give here is sometimes called the “partial definition.” It is equivalent to the definition

as a monoid given in|Chapter 2
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Definition 1.1.1. An operad P is an N-module {P(n)}, oy equipped with structure
maps

e P — P(n), forces,,

Lo ):PM)@P(k) — P(n+k—-1), for1<i<n,

n(L) k— PQ).

These are required to satisfy the axioms of a right group action
(Opd-1) (u°)" = u°%, and
(Opd-2) w9 = uforally € P(n)and o, 7 € S,,,
the parallel composition and the sequential composition axioms
(Opd-3) (Aojp)o;v=(Ao;v)oj k1 4, Wheni < j,and
(Opd-4) Ao; (uojv) = (Ao;u)ojyi_y v, forall A € P(m), u € P(n),and v € P(k),
the compatibility axioms
(0Opd-5) wo; v° = (uo; v)'4n®i% forall u € P(n),v € P(k),and o € Sy,
(Opd-6) u°o;v = (uoy v)°eildk for all u € P(n),v € P(k),and o € S,,,
and, finally, the unit axioms for u := 5(1),
(Opd-7) uoy u = ufor u € O(n), and
(Opd-8) poju=puforue O(n)and1 <i<n.
An nu operad or nonunital operad P is an N-module equipped with structure maps
(L)° and (_ o; _) as above, subject to[Axioms (Opd-1)H(Opd-6)}
An ns operad or nonsymmetric operad P is an N-module equipped with structure
maps (_o;._) and 7(_) as above, subject to[Axioms (Opd-3),(Opd-4),[(Opd-7)|and (Opd-8)}
An ns nu operad or nonsymmetric nonunital operad P is an N-module equipped
with partial composition structure maps (_ o; _) as above, subject to

and (0pd7)

Since this definition is set-theoretical, it applies to any symmetric (closed) monoidal

category, for instance to topological spaces or differential graded vector spaces. In this
chapter, we will only work with differential graded nonunital operads. A morphism
of dg nonunital operads is a morphism of dg N-modules which respects the structures
maps; the associated category is denoted by nu Opd.

Let us consider the identity operad I made up of only the identity operation: I(1) =
k - id and I(n) = 0, for n # 1. The usual notion of an operad is defined with a unit
n:I — P for the partial composition products: u o; u = u and u o; u = u, where
u :=n(1) € P(1). However, many operads come equipped with an augmentation, i.e., a
morphism of operads e:  — I. Such an augmented operad splits into ? = I & P, where
the augmentation ideal P := ker ¢ is a nonunital operad. In the other way round, one
can freely add a unit to a nonunital operad P: P+ := I @ P. These two constructions
extend to functors in the obvious way, and provide us with an equivalence of categories
between nonunital operads and augmented operads:

nu Opd = aug Opd .
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EXAMPLE 1.1.2. Given a dg k-module V, we consider the collection of all multilinear
maps from V'to V:

Endy(n) := hom(V®", V).
The permutation of the inputs, respecting the Koszul sign rule in the graded case, and
the classical composition of functions endow it with a nonunital operad structure (see
[Section 2.2]of [Chapter 2]for details).

Definition 1.1.3. A P-algebra structure on a dg k-module V'is a morphism of operads
P - EndV.

An operad can act on a single k-module. To model operations acting on various
k-modules at the same time, we consider the following colored version of operads.

Definition 1.1.4. Let X be a set; its elements are referred to as colors. An X-colored
operad O, or colored operad for short, consists of an underlying collection of k-modules
{O(x0; %1, s X)) | X0y er Xy € X},

equipped with symmetric group actions, partial composition maps and a unit map
(L7 1 0(xg; X150 X5) = O(X05 X5(1)s s X(m)) 5 forces,,
(205 L)1 O(X035 X150y Xpp) @ OCXs5 Y100y Vi) = O(X05 X5 e00s Xi 15 V15 wv0s Vios Xig 15 0005 X 5
for1 <i < nand for xy, X, e, Xpps Y1 s Y € X s

(L) k— O0(x;x), for any x € X.

They should satisfy the aforementioned [Axioms (Opd-1)H(Opd-6)|colorwise. The data
of the unit maps is equivalent to unit elements u,, € O(x;x). These are required to

satisfy the unit axioms

(Opd-7°) uy, oy u = p for u € O(xg; Xy, ..., Xp,), and
(Opd-8) pojuy, = uforu € O(xg; Xy, ..., Xp) and 1 < i < n.

EXAMPLE 1.1.5. Given a collection {V;} of k-modules V; indexed by colors x € X, we
consider the collection of all multilinear maps from the V; to themselves:

Endy(xo; X1, ..., X,,) == hom(V;, @ - @V , ;).

The permutation of the inputs, the classical composition of functions and the identity

functions endow it with a colored operad structure (see again|Section 2.2|of [Chapter 2|
for details).

Definition 1.1.6. An O-algebra structure on a family of k-modules {V, },cx is a mor-
phism of colored operads © — Endy.

One can extend the aforementioned definitions to the differential graded setting
as usual by replacing k-modules by dg k-modules and requiring all morphisms to be
compatible with the differential.
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1.2. Nonunital operads as algebras over a colored operad. In this section, we
introduce a particular colored operad @ whose algebras are nonunital operads.

Definition 1.2.1. We define the N-colored operad O = JE/(R) by generators

n

E(n;n) : oloeS,\{id,} ), forn>1,

n

1 2 2 1
n k k n
, 1<i<nl1<j<k), forn,k>0,
n+k-1 n+k-1

with regular S,-action, that is the action of the transposition (12) maps

and

Em+k—-1;nk):

1 2 (12 2 1
n k n k
—> ,
n+k-1 n+k-1
and relations
n n
o o
n n
-1
(O-1) o1 (2™ or, (0-2) 9071 =|id,, ,

(0-3)

2 3 1 2
n k m n
1 3
m o 0 k
ce G = JHi-D,
2 1 2 1 1 2
k n k n n k
1 2
(0-5) = a (0-6) = ",

where ¢’ = id,, o; 0 and ¢” = 7 o; idy.
Lemma 1.2.2. The algebras over the colored operad O are the nonunital operads.

PROOF. This is straightforward from |Definition 1.1.1} The unary generators corre-
spond to the application of symmetric group elements; the binary generators correspond

to the o;-composition of their right-hand branch with the i-th input of their left-hand
branch. |
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We consider the following two suboperads of O. The operad O, is generated by
the binary generators E(n + k — 1; n, k) with [Relations (O-3)|and [(O-4)} Algebras over
the operad O,,; are nonunital nonsymmetric operads. It was shown by Van der Laan

in [39, Proposition 4.2] that one basis for O, is made up of planar rooted trees with
vertices indexed bijectively by 1, ..., k. The partial compositions then correspond to the
substitution of trees.

The colored operad K[S] is generated by the unary generators E(n; n) with Rela]
[tions (O-1)|and|[(O-2)] This is the trivial presentation of the group algebras k[S,,]. So

the colored operad k[S] is a colored operad concentrated in arity 1 equal to the colored
group algebra of symmetric groups {K[S,|},en-

The full colored operad O can be constructed from its two suboperads O,; and k[S]
by means of a distributive law (see [46, §8.6]) as follows. Recall that the notation _ o _
stands for the composite product of (N-colored) S-modules.

Proposition 1.2.3. The rewriting rule defined by|Relations (0-5)and|(O0-6)} read from
left to right, induces a distributive law O; o K[S] — K[S] o O,. Therefore, the underlying
colored S-module of O is isomorphic to K[S] o O,;.

PROOF. One has to check that the surjection k[S] o O, » O is injective. It is well
known that the free nonunital operad on an S-module M is given by the module of
nontrivial trees with vertices labeled by the elements of M and with the leaves labeled
by a permutation of S,, [[46, §5.6]. Together with [39, Proposition 4.2], this proves that
the colored operad O is isomorphic to k[S] e O;. |

REMARKS.

« This proposition proves that the colored operad O defined here by generators
and relations is the reduced version, i.e., without anything in arity 0, of the
colored operad S of Berger-Moerdijk [7, §1.5.6] defined by labeled trees and
encoding operads.

» The colored operad @ is made up of regular representations of the symmetric
groups, however it is not a regular operad. This means that the colored op-
erad O is not obtained from a nonsymmetric operad by tensoring it with the

regular representation of the symmetric goups since Relation (O-3)/contains a
nontrivial permutation of the inputs.

« |Proposition 1.2.3|is actually equivalent to the commutativity of the following

diagram of forgetful functors

nu Opd —— nu ns Opd

! |

S-Mod ——— N-Mod ,

where ns Opd stands for the category of nonsymmetric operads. The induced
commutative diagram of left adjoint functors shows that the free O-algebra
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on an N-module 2 is isomorphic to
O(P) = T(P ®KIS]),

where 7 stands for the nonunital free operad functor of an S-module, see [46)
§5.5].

1.3. Trees, bases, orders and signs. The presentation of the colored operad O
given in suggests we consider the following type of trees. We call
composite trees the planar trees with only unary and binary vertices labeled respectively
by elements of the symmetric groups and by positive integers. Composite trees form
a basis for the free colored operad JE. Composite trees which are left combs with
nondecreasing binary vertices from top to bottom, are called standard composite trees.
They provide us with a basis for the colored operad O as follows.

Proposition 1.3.1. A k-linear basis for the colored operad O is given by the left combs
with nondecreasing binary vertices, seen top to bottom, at most one unary vertex labeled
by a permutation at the bottom and a labeling of the leaves with a permutation on the

number of them.

This is a corollary of [Proposition 1.2.3f the permutations labeling the root of a

composite tree form a basis of k[S] and we claim that the left combs with nondecreasing
binary vertices from top to bottom form a basis of O,,;. In order to prove this last point,
we consider planar trees, without any restriction on the valence of the vertices, which

can be equal to 0; we call them operadic trees.

Proposition 1.3.2. The set of planar trees labeled with one permutation on the number
of leaves and one permutation on the number of vertices forms a k-linear basis of the
colored operad O.
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PROOF. This is a direct corollary of [Proposition 1.2.3| since planar trees form a

basis of the colored operad O,,. The permutation labeling the leaves comes from the
suboperad k[S]. [ |

In the rest of this chapter, we will consider the following total order on the set of
vertices of operadic trees.

left-recursive/depth-first: Starting at the root, we recursively order child vertices
from left to right.

PROOF of [Proposition 1.3.1] The key point lies in the bijection induced by the

correspondence between the binary generators of the colored operad O and trees with
two vertices:

=~

n+k-1

The labels of the vertices of any operadic tree given by the left-recursive order coincide
with the labels of the leaves of the associated standard composition tree: if we traverse
the operadic tree in a left-recursive manner, the inner edges found in this order are
encoded as binary vertices in the composition tree. In the other way round, any standard
composition tree corresponds to the canonical way of creating an operadic tree by
grafting the corollas in the left-recursive way, i.e., from bottom to top and from left to
right. In this way, we get a bijection between standard composite trees and operadic
trees.

[14823567]

In order to treat the signs, we consider the following total order on the set of vertices
of composite trees.
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left-levelwise/breadth-first: Starting at the root, order child vertices left to right
before proceeding to the next level/generation.

We follow the Koszul sign rule for trees, see [46, Chapter 6]. This means that we
equip composite trees with the left-levelwise ordering on the vertices, i.e., we have
vertices 1, ..., ¥,. We then identify the space of labelings of a given tree by elements
of graded k-modules ¥} at v; with the tensor product  ® --- ® V. A relabeling of the
vertices corresponds to a permutation of the factors / and the isomorphism honors the

classical Koszul sign rule: x ® y = (—=1)*P . y ® x (see|Remark 1.2.1|of |Chapter 1)).

1.4. Quadratic analogue. Recall the presentation (E, R) for O of |Definition 1.2.1
We consider the projection q: 7E » TE® onto the weight 2 part of the free operad.

The quadratic analogue of the colored operad O is the quadratic colored operad
qO :== TE/(qR) .

In the case of the colored operad O, the space of relations gR differs from R only in its

unary part: the right-hand sides of the|Relations (O-1)|and|(O-2)|project to 0, i.e.,

REMARK 1.4.1. The quadratic analogue qO is just a technical step in the curved Koszul
duality theory for the operad ©. Though we will never work with them, we give the
definition of a qO-algebra for the interested reader: roughly, this is an “operad” where
the action of two consecutive nontrivial elements of the symmetric group vanishes.

The first step in the curved Koszul duality theory is to show that the homogenous

quadratic colored operad q@ is Koszul (see(Section 7.4|of [Chapter 2)). To this extent,

we consider the nilpotent quadratic unital colored algebra k{S} generated by all the
elements of S except for the identities and with the maximal set of relations, i.e., any
product is equal to zero. Its underlying module is the same as the colored algebra k[S].

Proposition 1.4.2.
(i) The rewriting rule defined by the|Relations (O-5)and|(O-6)| read from left to right,
induces a distributive law O,,; o K{S} — K{S} o O,5. Therefore, the underlying

colored S-module of qO is isomorphic to K{S} o O,y;.
(ii) The homogenous quadratic colored operad qO is Koszul.
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PROOF. These two points are actually proven at once by the Diamond Lemma for
distributive laws [46, Theorem 8.6.5]. Both quadratic colored operads k{S} and O,
are Koszul; the first one is nilpotent with maximal set of relations, and the second one
was shown to be Koszul in [39, Theorem 4.3]. Strictly speaking, Van der Laan’s Koszul
duality theory for colored operads was proven over a field of characteristic zero. One can
extend it over a commutative ring using the methods of Fresse [16], see[Chapter 2] This
applies to the colored operad qO since it is made up of free finitely generated k-modules
and free kK[S,,]-modules.

It remains to prove that the natural map (k{S} o 0,,,)® — qO is injective in weight
3. Since the left-hand term is concentrated in weight 1 (except for its unit), it is enough to
prove that @ o (9%) imbeds into qO0. We use the relations of qO, read from left to right,
as rewriting rules. In this way, one can always pull down the symmetric group elements.
So if a tree presents at least two such elements, it vanishes in the colored operad qO.
Let us now restrict to the summand generated by trees with one element coming from
the symmetric group; it is a set-theoretical summand, that is linearly spanned by trees

subject to the[Relations (O-3)H(O-6)] For our purpose, it is now enough to prove that

in each equivalence class of trees with two binary vertices and one unary vertex, there
exists a unique standard composition tree with the unary vertex at the bottom. This is
shown by checking that the ambiguities are all confluent; these ambiguities are given

by the left-hand terms of [Relations (0-3)|and [(O-4)|with a symmetric group element

labeling one leaf. Let us give one such verification below; the other ones follow the
same pattern.

(O.I)// — (0//)/

The second step in the curved Koszul duality theory is to calculate the Koszul dual
operad and cooperad of the quadratic analogue qO.
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Proposition 1.4.3. The Koszul dual operad q©' of the quadratic analogue qO is gener-
ated by

n
sTIE(n;n)* = ( ¢s71o* o € S, \ {id,,} ),

n

1 2 2 1
n k k n

E(n+k—1nk) ®sgng = \QP/ \@/ 1<i<nl<j<k),
n+k-1 n+k-1

with the following quadratic relations:

1 o*
2 n
" k , ifr=0,
(qO0*-3) =
l:fT — O'” ,
0, otherwise .

PROOF. The method of computing the Koszul dual of an operad recalled in[Section 7]
of [Chapter 2|(based on [46, Chapter 7]) still holds mutatis mutandis for colored operads,
see also [39]]. The only new point here is to manage the nonbinary parts. Notice that
the operad qO is colorwise finitely generated k-projective.

The Koszul dual cooperad qO' is the quadratic (colored) cooperad with suspended
presentation

qO' := C(sE, s*qR)
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The piecewise and colorwise linear dual (qO")* is a quadratic colored operad. By the
same arguments as for [[46, Proposition 7.2.1], its operadic suspension

q0' = (qO0) ® 87!
is still a quadratic operad, where 81, in the colored setting, is defined by the endomor-
phism operad of the k-module @neN ks;; !, where the index n stands for the color. Its
quadratic presentation is given by

qo' = T(s‘lE(l)* DEQ);® sgn§2>/(qu) ’

where the orthogonal space is obtained by the scalar product {_, ) defined on the arity
3 part in [46, Section 7.6.3]. Using this, one proves the two first relations. By the
same arguments as for [46, Theorem 7.6.2], the extension of the scalar product (_, _) to
T(s'EQ)* ® E2)* ® sgnsz)(z)@) ® TE®(2) given by

(a* oy 0%, oy T) i= +a"(u)o™*(7)

(a* 0y 0%, oy 7) := +a*(u)o™(7),

(0" oy &, T oy p) = 0" (D" (W)
for a* € EQ2)*, u € E(2), 0* € E(1)*, and 7 € E(1), allows one to compute the Koszul
dual operad. This gives the last 3 relations and concludes the proof. |

Lemma 1.4.4. The underlying colored S-module of the operad qO" is isomorphic to
q0' = 00 T(s7'S),

where T(s_lg*) is the free colored algebra generated by { sTlo* |oe S, \{id,},neN }

PROOF. This is a straightforward consequence of the Diamond Lemma for dis-
tributive laws [46, Theorem 8.6.5] and [Proposition 1.4.2]since the colored operad O, is
Koszul auto-dual [39, Theorem 4.3], i.e., O}, & O,,, and since the Koszul dual of the
quadratic nilpotent algebra k{S} is the free algebra T(s‘lg*). [ |

Proposition 1.4.5. A k[S]-linear basis for the colored operad q©' is given by the left
combs with nondecreasing binary vertices, seen top to bottom, and strings of symmetric
group elements labeling the leaves as in
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Since the context is obvious, we do not use the linear dual star notation for the basis
of qO' anymore. In addition, we will often omit inessential labels such as those for the
symmetric group elements above.

PROOF. This is a direct corollary of [Lemma 1.4.4|since standard composition trees
form a basis of the colored operad O,;. [ |

On this basis, the partial composition of the colored operad q©' is given by the
grafting of trees as usual. Then one has to rewrite the result in terms of standard
composition trees keeping track of the order on generators and sticking to the Koszul
sign rule as in the examples below. From now on, we order the vertices of composition
trees with leaves labeled by strings of permutations by, first, ordering all the binary
vertices left-levelwise and then ordering the strings of permutations left-levelwise.

EXAMPLE 1.4.6 (Partial composition in gO©").

(Assuming the permutation at 2 is [1342] and at 3 it is [4123].) In this example, we
reorder the labeling permutations bottom to top in leaf order. Following the Koszul
sign rule, the sign is that of the permutation [135642], i.e., +1.

Proposition 1.4.7. The set of planar trees with vertices labeled by (possibly empty) strings
of permutations on the number of leaves of the vertex forms another K[S]-linear basis of
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the colored operad qO'.

1 52
03,035

PROOF. The proof is a consequence of |[Proposition 1.3.2|for the “tree” part and
[Proposition 1.4.5|for the “permutations” part: strings of symmetric group elements on

top of composition trees correspond to strings of symmetric group elements labeling
the vertices of operadic trees as follows:

n
o

where the sign comes from the reordering of [ degree —1 terms. |

The vertices of the operadic trees are ordered by the left-recursive order. Hence
we denote such a labeled tree by (0, ..., 5,), Where ¢ stands for the underlying planar
tree and where each 5; = (', .., cg-lj ) is a (possibly empty) string of permutations. The
above example is t((0}), (03, 0%), D).

The bijection mentioned in [Section 1.3|between standard composition trees and
operadic trees induces a bijection between the two above bases of the colored operad q©*:
we add the strings of symmetric group elements found at the corresponding vertices of
the operadic tree to the leaves of the standard composition tree. Note that the change of

order for the strings permutations induces a sign, e.g.,

3 4 2
1
of ) s
o3

Under this bijection, the partial composition of the colored operad q©' can also be
described on the operadic trees basis. Since the leaves of composition trees correspond
to the vertices of operadic trees, and since the binary generators correspond to the
internal edges, the partial composition amounts to the substitution of operadic trees.
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EXAMPLE 1.4.8.

.."‘.‘[1342], [4123]

.\,

{1342],[4123]

L) [21],[21] =

[21], [21],[21]

This example depicts the same partial composition as in|[Example 1.4.6|but this time in
terms of operadic trees.

The main advantage here of operadic trees over composition trees lies in the fact
that in the colored operad qO' the former have no relations, unlike the latter: they are
related by[Relations (qO'-1)|and[(qO'-2)|

1.5. Koszul dual cooperad of the quadratic analogue. The Koszul dual coop-
erad qO' is the linear dual of the operad q©' ® 8, as explained above in the proof of

[Proposition 1.4.3| This latter operad admits the same presentation as the operad q©'

except that all the generators are now in degree —1 and that all the relations hold up to
a minus sign. So the degree of the underlying planar tree ¢ of an operadic tree depicting
a basis element of the cooperad qO' is equal to the number of its internal edges; we
denote it by [¢].

Dualizing the aforementioned partial composition of the operad qO', we get the
infinitesimal decomposition map Ayy of the cooperad qO' as follows. Let (a7, ...,5,) €
qO' be an operadic tree basis element. Let s C t be any subtree, which can be just a
corolla. It is completely characterized by the associated subset {s, ..., sx} C {1, ..., n} of
vertices of t. The infinitesimal coproduct of qO' extracts any such subtree s of ¢ and
produces the tree t/s obtained by contracting s inside ¢, i.e., replacing the subset s by a
corolla of same arity.

The strings of permutations {0 , ..., 0y, } labeling the vertices of s splits into two
parts, in all possible ways, even empty. For this, we use the notation

G =(5,0),

where the left-hand parts & remain in s. (It can be empty only when the subtree s is not
a corolla). The right-hand parts & leave s one by one in all possible orders, change its

shape according to|Relation (qO’-3)|and label the new corolla in the contracted tree

t/s. We denote the new string of permutations by Lu(c?sl, vees 5sk) because all the shuffles
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of the k strings appear in the formula. (We should use here notation ¢’ and ¢” for
these induced permutations.) We denote by 3, the new subtree s. The other vertices of
t remain labeled by the same strings of permutations. The overall sign is denoted by

Es,t,m‘
Proposition 1.5.1. The infinitesimal decomposition map of the cooperad qO' is equal to

Ay (t@1r e Tn)) = D Egpus * 1/S(T1serer WGy s Ty s oor T) @ 8(Tysoms G ) -
SCt,w

PROOF. This formula is the linear dual of the partial composition map of the operad

q0'. [ |

Let us explain this procedure on an example and give the computation of the
associated signs at the same time. Recall that the signs all come from the left-recursive
order on composition trees.

EXAMPLE 1.5.2 (Infinitesimal decomposition map of qO'). We consider the operadic
trees

, S§= , t/s=

We ommited the symmetric group elements in the above pictures. See the composition
tree pictures below.

Step 1. We associate to the operadic tree t(c, ..., 3,,) its standard composition tree.
The reversal of order in the strings of permutations induces the sign

(_1)|51\(\Zu—1)+m+ |5n\(|§n|—1)
Step 2. We isolate the subtree s inside t as follows. The label s, is the smallest index
of a vertex of s viewed inside ¢. We relabel the vertices of ¢ by, first, keeping
the labels 1, ..., s; — 1, then, labeling only the vertices of s by s;, s + 1, ..., 51 +
k — 1, and, finally, by labeling the rest of the vertices of ¢t. This implies
a permutation of vertices, denoted by v, and an induced permutation of
strings of symmetric group elements, which all have degree 1. The induced
sign is the signature of v times the sign produces by the Koszul sign rule.

We denote this sign by sgn(v(|7,], ..., |T,]))-
On the level of the equivalent standard composition tree, we rewrite it
as a left-comb but isolating the subtree s. The signature of the permutation

v comes from the use of the (signed)

Step 3. We extract the subtree s out of the tree . On the level of the left-comb
composition tree, this amounts to using|Relations (qO0'-1)|and [(qO*-2)|to

write the tree ¢ with a first left-comb giving t/s and an attached parallel



Step 4.

Step 5.
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left-comb giving the subtree s. Then, we pull the left-comb representing s
above the one representing ¢/s with its strings of permutations. The sign
for the underlying trees is (—1)1¥/1=1; it should be multiplied with the sign
coming from the change of order of the strings of permutations.

For each choice of sub-strings labeling the vertices of s and for each shuffle
of them, we pull them down and we change them into ¢’ or ” at each step.
And we push down these elements inside the bottom tree representing ¢/s.
The sign is two-fold: each use of (signed)creates asign and
the permutations of the order of the symmetric group elements produce a
sign.

By pulling down the symmetric group elements using the

labels of the binary vertices of the standard left-comb giving s might be

changed (second case of [Relation (qO'-3)). So we might have to rewrite

this left-comb into a standard form, i.e., with nondecreasing binary vertices
from top to bottom, using this gives a sign similar to the
sign in Step 1.

In our example, assume that p; = [321], p, = p3 = [21]. In the
pictures we then use the (1, 0, 2, 0)-shuffle [213] to pull down the symmetric

group elements. This induces permutations (in this order) g, = [132456],
6, = [456312] and g5 = [123465].
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Step 6. We write the operadic tree §(5S1, - 5Sk) corresponding to the top standard
composition tree on the right of t/s(gy, ..., (G, .., 8Sk), ...,0p) — the op-
eradic tree corresponding to the bottom standard composition tree. There
is a sign coming from the bijection between operadic trees and standard
composition trees with strings of permutations.

Step 6

e - t/S(('), @, Q’ (/539ﬁl9 i52)s (')) ® §((')’ (')’ (" °)’ Q) .

1.6. Curved Koszul dual cooperad. To apply the curved Koszul duality theory to
the colored operad O, one has to check first the following conditions on the presentation
of this operad, according to [31] Section 4.1], see also our summary in of
Chapter 2

Lemma 1.6.1. The following conditions hold:

() Minimality of generators: RN{I@® E} =0,
(II) Maximality of relations: (R)N{I®E@® TE®}=R.

PROOF. The first condition is obviously satisfied. Regarding the second condition,
since the operad O is the free k-linear version of a set-theoretical operad, any element
of (R)N{I ® E & T7EP} s a linear combination of elements of the form x; — x,, where
X1, X, are set-theoretical elements of I @ E @ 7 E® which give the same element in
0. If they are of arity 1, then one is made up of two elements o and 7 of a symmetric
group S,,. So, the other one is either the identity if 7 = o~! or made up by the element

ot. In both cases, x; — x; lives in R by|Relations (O-1)and [(O-2)} If they are of arity 2,

they are both made up of one binary generator of E and one element of the symmetric

group. The three possible cases are covered by Relations (O0-5)and|(O-6)| If they are

of arity 3, they are both made up of two binary generators of E and [Relations (O-3
and|[(O-4) express all the possible ways to write such elements. Thus, we have shown

that (R) N {I ® E @ 7E@} c R, which concludes the proof. |

Under and[(II)] one can endow the quadratic Koszul dual cooperad

qO'! with a curved cooperad structure
0= (q0,dw:;, 6) ,

defining the Koszul dual curved cooperad. Such a structure amounts to a cocurvature
0:qO" — I, which is a degree —2 map satisfying 6 o d»; = 0 and controlling the defect

for the degree —1 coderivation d; to square to zero:

ensures that there exists a map ¢:qR — E @ I such that the space
of relations R is the graph of ¢, i.e.,, R = {X — p(X) | X € qR}. Let us denote the two

summands of this map by ¢ = ¢; + ¢y, where ¢;:qR — E and ¢,: qR — I are defined
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o g

-1

@1: T +—> ¢0T, forotr #id, and Po: o0 —> |u,

and 0 otherwise.
There exists a unique coderivation qO' — J°(sE) which extends the map

-1
qO ——» s2qgR — 2 SE .

Condition (IT)| implies that its image lies in the subcooperad qO' C T€(sE), see [31}
Lemma 4.1.1]. This defines the coderivation d«;: qO' - qO'.

Proposition 1.6.2. The coderivation d«;: qO' — qO' is equal to

k ij—l y
doi(t(31, - T%)) = zl IZ‘{ + 451, 0r5jo1, (6100 G0, . 7). G 10 B)
]: = M

#id
where the sign is equal to
(_1)|f|+\31\+“'+|5j—1|+l .

PROOF. This a direct consequence of [46, Proposition 6.3.7], i.e., one applies the
map ¢; everywhere one can. The sign is given by the Koszul sign rule with the left-
recursive order on composition trees. |

EXAMPLE 1.6.3. Assume po # id and o7 # id. We compute

P
p X po X
g X oT T
T
dOi = - + )

or, equivalently,
dei(t((p, 0,7), 1)) = t(p, 07), x) = t((pT, T), X) -

The cocurvature 6 is the map defined by the composition

-2
6=(q(9i s2qR — ©%o I).

Proposition 1.6.4. The cocurvature 6: qO" — I is equal to zero, except for

PROOF. Straightforward from the definition. [ |
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Theorem 1.6.5. The colored operad O, with its presentation given in|Definition 1.2.1
is an inhomogeneous Koszul operad. The cobar construction of the curved Koszul dual
cooperad O'is a cofibrant resolution of the operad O:

QO —= 0.

PROOF. and [(IT)] of [31] are satisfied by[Lemma 1.6.1} The homo-

geneous quadratic colored operad qO is Koszul by the distributive law method, see

[Proposition 1.4.2] Hence the colored operad O is Koszul. The second statement is a

consequence of the first one by [31, Theorem 4.3.1]. Again, the proofs of [31f] are only
given over a field of characteristic 0. One can extend them over a commutative ring
along the lines of [16]], provided that the components of the colored operad O are finitely
generated projective k-modules and projective k[S,,]-modules. This is the case here
since the components of the colored operad O are free finitely generated k-modules
and free kK[S,,]-modules. |

2. Homotopy Theory of Symmetric Operads

We now apply this new Koszul model to the study of the homotopy properties of dg
operads with the required properties for the symmetric group action over any ring. This
gives rise to a new category of cooperads, dual to the category of nu operads, to a new
bar construction, and to a new cobar construction, which properly take into account
the symmetric group actions. These notions turn out to be enriched generalisations of
the classical notions. Again, this is produced automatically and conceptually by the
Koszul duality theory applied to the colored operad O.

In the end, the iteration of these new bar and cobar constructions provides us with
a functorial cofibrant resolution for augmented dg operads over any ring. We relate it to
the classical cobar-bar construction of the Barratt-Eccles operad. These results, applied
to the operad encoding commutative algebras, give rise to a cofibrant E -operad and to
an explicit notion of E_ -algebra by means of generators and relations.

2.1. Higher cooperads. In this section, we give some basic definitions related
to resolutions of algebras over the colored operad O. For a recollection of the general

approach, seeSection 5|of [Chapter 2|

Definition 2.1.1. A higher cooperad C is an Oi-coalgebra over the curved colored
cooperad O'.

Let us now make this definition explicit.

Proposition 2.1.2. A higher cooperad is a graded N-module {C(n)},,cn equipped with
symmetric group “coactions” and partial decomposition maps:

85:C(n) — C(n), foroe S, \{id,},
Ai:C(n+k—-1)— Cm)®Ck), forl<i<n,

both of degree |6,| = |A;| = —1. These are required to satisfy the signed parallel and the
signed sequential decomposition axioms
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() (& @ id)A; = —(23)(&; ® id)Aj 4, when i < J,
(i) (id ® AA; = —(A; @ id)Aj4i_1,

and the compatibility axiom

_(ld ® 50)Ai ’ ifT =d,
(iii) A;6; = —(6, ® id)Aa—l(i) , ift=d",
0, otherwise .

A higher cooperad is also endowed with a degree —1 map of N-modules de:C — C
satisfying the coderivation property, i.e.,

and
(78) Sode =—deSo+ D) 8.5,

T,weS, \{id}
Tw=0
and the curved differential property
(79) de== D 8,851, onC(n).
oeSp\{idn}

PROOF. By definition, an Oi-coalgebra over the curved colored cooperad O =
(qO1,d i, 0) is a triple (C, Ae, de) consisting of a qOi-coalgebra and a degree —1 coder-
ivation satisfying

(de)z = (=6oide)A¢ .
From the results of [Section 1.4, we see that a qO'-coalgebra is a graded N-module
{€(n)},en equipped with a structure map

Ae: € — qOI(@) = | [(q0i(n) ® e®™)sn

compatible with the decomposition map A e; of the cooperad qO'. Therefore the data of
this structure map A is completely determined by its image on the space of cogenerators
SE of qO'. The part made up of the unary generators so in SE(C) produces the maps
8, and the part consisting of the binary generators corresponding to the o;-products
in sE(C) produces the maps A;. The corelations s*qR of qO' give the
Note that there are no relations among the coactions of the symmetric
groups S,,.
The coderivation property of the map de amounts to the commutativity of the

following diagram:

e - q0i(e)

ld@ ldc);oid+ido’d@

e — qoi(e)
Since the structure map Ae of a higher cooperad is compatible with the decomposition
map Age; of the cooperad qO7, it is enough to check the commutativity of the above
diagram on the part of the image which lands on the space of cogenerators sE of qO'.
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The part which gives the binary generator corresponding to the o;-product in sE(C)

produces the coderivation property with respect to A; (Equation (77)), and the part
which gives the unary generators so in sE(C) produces the coderivation property with

respect to §,, (Equation (78)). Note that in the first case, the coderivation d; plays no
role and that, in the second case, it is responsible for the term

5,5, -
T,weS, \{id},Tw=0

Finally, the cocurvature relation (de)? = (=6 o ide)Ae gives the (co)curved differential

property (Equation (79)). u

REMARK 2.1.3. As usual, the underlying suspension sC of a qOi-coalgebra C gives
a notion with fewer signs, see [46, §11.1.3]. For instance, the category made up of
suspensions of higher cooperads s€ with trivial symmetric group coactions is isomorphic
to the category made up of suspensions of dg ns cooperads without counits. In general,
the suspension of a higher cooperad amounts to an ns cooperad without counit equipped
with compatible free coactions of the symmetric groups, i.e., without
sign, equipped with a curved “differential”. Note that a cooperad is not an example
of a higher cooperad, due to the discrepancy between symmetric group actions in the
former and symmetric group coactions is the latter.

By definition, a coalgebra over a cooperad is a coalgebra over the associated co-
monad, which is
¢ — q0i(©) = [ [(q0'(m) ® =)
n

here. Since the cooperad qO' is weight graded, so is the induced comonad, that is
C - Hr qu(r)((:’). One can introduce the following coradical filtration to detect which
part of a coalgebra is decomposed in each weight component. We consider

F={ce€|Af(c)=0andb,(c) =0, foranyiandanyo}.

More generally, the space , is made up of elements ¢ € € which vanish under the

composition of r maps among A; or J,.

Definition 2.1.4. A conilpotent higher cooperad is a higher cooperad whose coradical
filtration is exhaustive.

Equivalently, this means that its structure map factors through the direct sum of
the weight components, thatis ¢ — P, qu(')((:’). From now on, the notation qOi(_)
will always mean . qoi().

EXAMPLE 2.1.5. Let us give the most important example of a qO'-coalgebra used in this
chapter, which is cofree among conilpotent qOi-coalgebras. For any graded N-module
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P, we consider the graded N-module

qO(P)m) = P

Operadic trees
with 7 leaves

where the underlying operadic trees with vertices labeled by strings ojl, ojz, cjlj of

permutations correspond to the basis given in[Proposition 1.4.7} If an operadic tree can
be obtained by grafting a subtree with k leaves on a subtree with n leaves at the i-th leaf,

then its image under the map
Ai:qO(P)(n + k — 1) — qOI(P)(n) ® qO(P)(k)

is the pair of these two subtrees; otherwise, it is 0. The image of an operadic tree under &,
is the sum of several contributions. For each vertex j, one considers the last permutation
o= ajlj of the string and pulls it out of the operadic tree step by step changing it into o’
or o”. (This process is similar to Step 4 of [Section 1.5). If the final permutation is equal
to 7, the remaining operadic tree contributes to &;.

The subcategory of conilpotent higher cooperads provides us with the correct target
(resp. source) category for the forthcoming new bar (resp. cobar) construction.

2.2. Higher bar construction. Recall from the general theory described in[Sec}
[tion 5|of |[Chapter 2|(or see [46, Chapter 11] and [31} §5.2] for details), that any curved
twisting morphism x: O" — O gives rise to a pair of adjoint functors

Q,. : conil Oi-coalg ——= O-alg : B, .

We consider here the canonical Koszul morphism x: O — O which desuspends the

generators

n+k-1

and which is equal to zero otherwise. This gives rise to the following higher cobar-bar

pair of adjoint functors:

Q : conil higher Coopd —— nu Opd : B .
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Proposition 2.2.1. The higher bar construction
B? := B, = (qO(P),d, +d;)
of a nonunital operad P is the Oi-coalgebra defined on the cofree qOi-coalgebra qO'(P)

by the curved codifferential d, + d,, where d, is the coderivation

di(P 0i(dyp)’
4,:q0/(?) 2T, o),

and where d, is the unique coderivation extending the action of x

) Ay(®) ) ) ~ ) )
qO(P) ——— (@O o1y QO)(P) ———— qO(P;qO(P))

d, = | @0 lqom:ﬁ;x(?))

(qO' o1y O)(P) — qOiI(P; O(P)) —)qu(?ﬂ/) qoi(P)

REMARK 2.2.2. Since the category of nonunital operads is equivalent to the category
of augmented operads, one can define the higher bar construction of an augmented
operad by B? := (qOI(P), d, + d,).

The higher bar construction B of a dg nu operad 2 is given by the sum of operadic
trees with vertices labeled by the elements of P and by strings of permutations that we
denote by

t(a-l’ oo a'k;,ul, ...,,L{k) =

The coderivation d, is equal to the sum

k -1 .
Gil+-+ITjo1l+l (= = I+1 by = = .
> Y (—D)lHoF gl (G, Gj-1,(5", s cjlofr eees G5 ) T 1 woes O3 H1s woes i)
N——

j=11=1 2id

k
+ Z(_1)It(a)\+lml+-~+|/vtj_1| £(T s eoer Ths U1 oos drp(/lj)’ s MK -
j=1

The coderivation d, is equal to

k 1

Z(—l)'”*'"”*’ oGy, ..., (ajz,...,c§-’),...,ok;,ul,...,,uk’,...,,uk)
=

+ Z =+ t/e(c_fl, s LLI(a'], T1)s wes O1—1> O 15 oo Ofs M1 vees (i O M5 ees 115 M4 15 ...,,L{k) ,
internal edges
j—e-l

where the internal edge e joins the vertex j to the vertex I at the i"-place, where m =

ojl - -cglj (i) and where the sign = is given by the same procedure as in(Section 1.5

2.3. Higher cobar construction. Below, we make the left adjoint Q of the higher
bar construction B explicit.
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Proposition 2.3.1. The higher cobar construction
Qe =, =(0(e),d, —d,)

of a higher cooperad (C, A, de) is the dg nu operad defined on O(C) by the differential
d; — d,, where d, is the underlying derivation

d !
d:0e) 22 oee),

and where d, is the unique derivation extending the action of x

0©) 22 0(e:qoi(e)) —=— (0 oy qO))(E)

d, = lo(@;x(@)) 1(00(1)70(@)
~ ©
0(C; 0(€)) —=— (0 oy, O)(E) ~25 0(e)

The cobar construction Q€ of a higher cooperad € is given by the sum of operadic
trees with the vertices labeled by the elements of € and with the leaves globally labeled
by a permutation, that we denote by

t(Vyy e Vi3 0) 3=

The derivation d; is equal to

k

D (=P Fiali(yy, L de(B),s e Vi 0) -
j=1

The derivation d, is equal to

k nj

Z Z(—l)"’l‘+“‘+|”j—l‘t u e}(vl, s AJ (1), AT (1), ov0s Vi3 0)

j=1i=1

k
+ Z Z (=)l Haly, 8:(¥), ..., Ui T0)

J=17€Sp;\lidn }

where n; is the arity of vertex j, where ¢ L eji represents the tree t with an extra edge at
vertex j and where A;(1) = Aj(1) ® A ().

2.4. Higher cobar-bar adjunction. Let C be a higher cooperad and let 2 be a
dg nu operad. We consider the mapping space

Hom(C, P) := [ [ Hom(C(n), P(n))

neN
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endowed with the derivation d(f) := dy o f — (=1)/! - f o d. and the following two
degree —1 operations:
A i,
f*g:=z<e—> coecl® ?®?—>?>
i

and

ap= Y (em = em I 2m =5 pm).

oeSp\{idn}

Proposition 2.4.1. These operations satisfy the following relations:

(80) (—D(axB) sy +as(Bxy)+(—DEIM((=D)Plaxy)*B+ax(y=p))=0,
(81) Al p)+(DFl(Aa)« B+ ax(AB)=0.

PROOF. These relations are checked in a straightforward way using the axioms
defining the notions of an nu operad and a higher cooperad. The “shifted” pre-Lie
relation is proven using[Axioms (Opd-3) and[(Opd-4)|of the definition of
an nu operad and[Axioms (i) and|[(ii)]in the definition of a higher cooperad. The “shifted”
derivation relation is proven using[Axioms (Opd-5) and [(Opd-6)|in the
definition of an nu operad and[Axiom (iii)|in the definition of a higher cooperad. ~®

REMARK 2.4.2. In the classical case, the convolution algebra made up of maps from a
cooperad to an operad forms a pre-Lie algebra, see [46, §6.4.2]. Because of the slightly
different sign convention chosen here, the *-product satisfies the relation of a “shifted”
pre-Lie algebra. Since C is a higher cooperad, this enrichment gives rise to the operator
A which is a “shifted” derivation with respect to the x-product.

We call a degree 0 morphism of N-modules a: € — P satisfying the Maurer-Cartan
equation
(82) da+axa+Aa=0
a twisting morphism with respect to x, or simply a twisting morphism when the context is

obvious. The associated set of solutions is denoted by Tw(C, P).

Proposition 2.4.3. The higher cobar and bar constructions Q and B form a pair of
adjoint functors

Q : conil higher Coopd —— nu Opd : B

and are represented by the set of twisting morphisms:

Homdg nu Opd(ﬁei?) = TVV(G’?) = Homconil higher Coop(e’g-lp) .
PROOF. The arguments and computations are similar to the ones of [46, §11.1]. W

2.5. Higher cobar-bar resolution. In this section, we show that the counit of
the higher cobar-bar adjunction provides us with a resolution for augmented operads
with nice homotopy properties.
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Proposition 2.5.1. Let C be a nonnegatively graded conilpotent higher cooperad C made
up of projective k-modules. The augmentation I @ QC of its cobar construction is a
cofibrant dg operad.

PROOF. Let us first mention that we are working with the semimodel category
structure defined on dg operads in [64], where weak equivalences are aritywise quasi-
isomorphisms and where fibrations are aritywise epimorphisms. Let f and b be two
morphisms of dg operads

a 7
/// lf
re0e 2 o
where f is an acyclic fibration. And let us look for a morphism a of dg operads which

factors b through f. The augmentation I @ Q€ of a dg nu operad gives an augmented
operad. And the data of a morphism of dg operads I @ Q€ — Q is equivalent to the

data of a morphism Q€ — Q of dg nu operads. So, according to[Proposition 2.4.3} the

data of a morphism of dg operads b:1 @ Q€ — Q is equivalent to the data of a twisting
morphism with respect to x, i.e., a degree 0 map 3: ¢ — Q satisfying the Maurer—Cartan

Equation (82

We first set a(id) := id, and the rest of the morphism a is completely determined
by its restriction a := a|e on €, which has to satisfy the Maurer-Cartan|[Equation (82)|
We construct a by induction on the homological degree; we use the notation «y for
the restriction of a to €4. The Maurer-Cartan[Equation (82)|for an element ¢ € €4 of
degree d reads

dp(a(e)) = a(de(c)) — (a* a)(c) — Ala)(c)
where |de(c)| = d — 1, |Ai(c)] = d — 1 and |6,(c)| = d — 1. Therefore, the right-hand
term amounts to applying the map «a to elements of degree at most d — 1. Since C is
nonnegatively graded, we define « to be trivial on Gy, for d < 0. We suppose now that
a is known up to degree d — 1 and that is satisfies

dpae = ae_1de — Z ag *ap | — Al@e_1)
k+l=e—1
k,l<e—1

for e < d — 1. Let us now construct ay; we consider the following diagram

L
IS [aan
Cq Bardo—ara—@) Qq XZle_l ZR_ - VA
lfd—l
d
Q 2 ZQ4_,

where Z%#,_, and ZQ,_, stand for the set of cycles in %_; and Q4_,. As explained above,
the map ade — o * o — A(«) has already been defined on C;. We still have to prove that
the image of (B, ade — a * a — A(a)) lands in Qg Xzo, , Z%_,. We first compute the
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composition with d, of the right-hand term. By the induction hypothesis, since d is a
derivation of the operad  and by the definition of € being a higher cooperad, we have

dpl agide —| D) axxay | —Alag_y)
kti=d—1
k,l<d-1
=dpagde—), D, dpo; (o ®@a)A;— D) dp(L)’ag_16,
i k+l=d-1 o€s,
k,l<d—1
=dpatg_ide— ), Y, eildpar @a)Ai—D, D, oo ® dpapA,
T kti=d-1 T ktl=d—1
kl<d—1 kl<d—1
- Z (L%dpag-165
oeS,

=dpagide—Y, D, of|akade— DL @, — Al |® o [A;
T k+l=d—1 j+m=k—1
k,l<d-1 jom<k—1

=20 > ol ®|ade— D) g o — Al | [A

i k+l=d-1 Jj+m=Il-1
k,l<d-1 j,m<l-1

= DO agade— D) agxay—Alag-y) |65

5 k+l=d—2
oESn kl<d—2
=dpag_,de + Z (o * ap)de + Alag_p)de
k+l=d—2
k,l<d—1

+ Z (Cog 3 o) s oy + oty s (e * @)
j+kHl=d—2
J.k,l<d-2

+ Z Z (Aerk) * ap + ag = Alay) + Alay = ap)) + A% (ag_)
i k+l=d—2
k,l

-3 > OP() @268, -

o€Sy, T,weS,
Tw=0

Since a is of degree 0, the shifted pre-Lie relation (Equation (80))) implies

(axa)xa+ax(axa)=0

and the shifted derivation relation (Equation (81)) of [Proposition 2.4.1/implies

Alaxa)+(Aa)xa+a*x(Ax)=0.

The only remaining terms are the first three ones and the last two ones, whose sum is

equal to

dpetg—y + Z (ai * o) | + Aletg—) |de + A%(ag—) — z (L ag—26:6,

k+i=d—2 5
kl<d—1 TTsn
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= ag_rdede + A%(ag_,) — Z (L) ag—26:6,

0,7,wESy,
TWw=0
== D @288, + , (P88, — ) ()28,
T,wESy, T,wESy, 0,T,weSy,
Tw=id, Tw=0

=0,

by the induction hypothesis and the defining relation (Equation (79)) of a higher coop-
erad. Thus we conclude that

dpl agde —| D) axxar|—Alag-y) | =0.
k+i=d—1
k,l<d—1

We now prove that

doBy = fa—1| da—rde —| D, ar*ay |- Alag_y)
k+i=d—1
kl<d—1

Since the map f satisfies the Maurer-Cartan|Equation (82), the left-hand term is equal
to

doBg=Ba—1de—| D) Be*Bi|—ABa1).

k+l=d-1
kl<d—1
Since f is a morphism of operads and by the induction hypothesis, the right-hand term
is equal to
Jaa| ag—1de — Z ap oy | — Alag-1)
k+l=d-1
kl<d-1

= Ba-1de — ( (frar) * (fian) | = A(fg—1%tq-1)

which proves the above claim.

To conclude, we use a lemma which asserts that a morphism f: ? — Qisasurjective
quasi-isomorphism if and only if every map (fy,d»): %y » Qg Xzo, , Z%—1 is surjective.
In fact, we need just the “only if” direction of this lemma, which is proven by the
following diagram chasing. Suppose that f is a surjective quasi-isomorphism and let
(@, p) € Q4 Xz0, , ZR_1, thatis do(q) = fag—1(p). Since fy is surjective, there exists
X € % such that f;(x) = q. The element p — dp(x) € Z%_, is a cycle, so it represents a
homology class in P, which is sent to the trivial homology class in Q under f since

Ja—1(p — dp(x)) = fa—1(p) — do(fa(x)) = fa—1(p) —do(q) = 0.
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Since f is a quasi-isomorphism, there exists an element y € % such that d,(y) =
p — dp(x). The element f;(y) € ZQ, is a cycle of Q since do(fz(¥)) = fi_1(d»(y)) = 0.
The map f being a quasi-isomorphism, there exists an element z € Z% and an element
& € Q4,4 such that f(z) = f(y) + do(&). Since the map f;,; is surjective, there exists
t € B, such that f;,,(t) = &. In the end, we have

(fadp)(x +y =2z —dyp(t)) = (¢, P) -

Finally, the k-modules C;4(n) are projective for any n € N, so there exists a map
of N-modules a4: C; — %, which fills the above diagram. By construction, this map
satisfies both B = fyag and dpay = ade — o ¢ — A(«x), which concludes the proof. W

REMARK 2.5.2. The higher cobar construction Q€ of a higher cooperad is a quasi-free
O-algebra. So, forgetting the differential, it is isomorphic to the free operad on the
free S-module generated by the N-module €. However since this latter one is not a
free k-module, but only a projective one, we cannot apply (easily) the usual results,
like [[18| Proposition 12.2.3], which give the form of cofibrant dg operads: retracts of
quasi-free dg operads generated by free S-modules endowed with a filtration lowered
by the differential. Instead, we prove directly the lifting property with respect to acyclic
fibrations using the Maurer—Cartan equation.

Theorem 2.5.3. The augmentation of the higher cobar-bar counit
16 QBP =~ »

is a functorial resolution of dg augmented operads, which is cofibrant when the underlying
chain complex of P is nonnegatively graded and made up of projective k-modules.

PROOF. As a graded N-module, the higher cobar-bar construction is isomorphic to
OBP =~ 0o qOio P. So its underyling space is made up partitioned planar rooted trees
with vertices labeled by the elements of 2 and by strings of (nontrivial) permutations
and with the leaves globally labeled by a permutation.

The differential d on QB2 is a sum of several parts. Summing up all the components
of the differential maps of the higher bar construction and the higher cobar construction
from and 2.3} we obtain 6 components for the differential d. First, there
are four terms d; = dJ + d$P + d} + d™, coming from the higher bar construction,
which apply only inside each partition. The term d comes from the differential of the
operad . The term dS" contracts inner edges, composes the two elements of the operad
P labeling the associated two vertices, and shuffles the two strings of permutations
labeling the two associated vertices. The term d} removes the first element of each
string of permutations and makes it act on the element of P labeling the vertex. The
term di" is equal to the sum of the products of two consecutive elements of a string
labeling a vertex, provided that it is not the identity, in which case it gives 0. Then,

there are two terms d, = dszpm + d}, coming from the higher cobar construction, which

apply to each partition. The term dszplit splits each of the partitions into two along an

inner edge. The term d} extracts the right most external term of each string labeling the
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vertex of the tree inside the partition, pulls it out of the partition and makes it act on the
permutation labeling the leaves of the global tree. The total differential is then the sum

d=d;—dy = (d] +df" +d} +d) - (@ +dy).

We consider the following bounded below and exhaustive filtration on the higher
cobar-bar construction: the component frﬁﬁi’ consists of elements such that the sum
of their degree and the number of their partitions is at most r 4 1. All the above terms
of the differential send %, to #,_,, except for dszpm: #, — . On the right-hand side, we
consider the filtration on P defined by the homological degree. The morphism of dg nu

operads QB? - Pis equal to the composition
QBP ~ OquIOH_’—» 005_’—>9_3,

where the first map comes from the augmentation projection qO' - I and where the
second map is given by the composition map in the operad . Thus, this morphism
preserves the respective filtrations, and therefore it induces a morphism between the
two associated spectral sequences.

The underlying space of the first page of the spectral sequence associated to frﬁﬁi’
is isomorphic to the chain complex consisting of the same partitioned labeled planar
trees with differential equal only to dszp“t. This chain complex decomposes as a direct
sum of the sub-chain complexes consisting of partitioned labeled planar trees with the
same underlying planar tree. When the number of inner edges is greater than 1, this
chain complex is acyclic, since it is isomorphic to the k™-tensor power of the acyclic
chain complex

0—k—k—0,

where k is the number of internal edges. Hence, the second page of this spectral
sequence is isomorphic to P(n) ® T(sS,,), with differential equal to the one of 2 and
the differential of the normalized bar construction of the symmetric groups, see next
paragraph and next proof for more details. Since % consists of projective k-modules
and since the normalized bar complex of the symmetric groups is a resolution of k, the
third page of this spectral sequence is isomorphic to the underlying homology of P, that
is H,(,d,). This is also the case for the other spectral sequence, the one associated to
the operad . In the end, the morphism QB2 — 2 induces an isomorphism between
the third pages of the two spectral sequences. So the convergence theorem for spectral
sequences implies that QOBP — Pisa quasi-isomorphism.

Recall that the underlying graded colored S-module of the cooperad qO' is nonneg-
atively graded. So, when the underlying graded N-module of the operad % is nonnega-
tively graded, this is also the case for the underlying graded N-module of its higher bar
construction since B = qu(ﬂ_’). By definition, one can see that the k-module compo-
nents qO(P)4(n) of the higher bar construction are isomorphic to tensor products of
k-modules of the form P,(m). Since these latter ones are all projective, the k-module

components of the higher bar construction are projective. Finally, [Proposition 2.5.1]

applies and proves the cofibrancy property. [ |
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It turns out that this functorial resolution for augmented operads is actually iso-
morphic to the classical cobar-bar resolution of the Hadamard tensor product of 2 with
the Barratt-Eccles operad &:

PR EMN) =P En).

Recall that the Barratt-Eccles operad € is defined as follows, see [4] for more details.
The underlying graded S-module is defined by

E(M)g = ((01, > 04+41) | 61 € Sy 0; # G111 )

in arity n and degree d. The symmetric group acts diagonally on the right:

(01, 0y 0441)° = (010, ..., G4 410) -

(Note that this convention differs from [4]].)

The partial composition maps in the Barratt-Eccles operad are given as follows. First
recall that the set-theoretical operad Ass(n) = S,,, made up of the symmetric groups,
carries partial composition maps. For o € S,, and t € Sy, the partial composition o o; T
is equal to

go; 7= [f(a(1))-- f(a(i = D)(x(1) + o(i) — 1)--+(z(k) + (i) — Df (a(i + 1))--- f(a(m))] ,

where f denotes the function defined by f(x) = x, for x < o(i), and by f(x) = x+k—1,
for x > o(i). Put more plainly, this amounts to inserting the permutation 7 at the i"
place of the permutation o. Note that we have

(83)  ooy7=(00id)(idy 0 7) = 0"7' = (idy o0y Do o idy) = 70",

with the notations introduced in [Definition 1.1.1] Now the partial composition map in
the Barratt—Eccles operad is equal to

(015 s O 41) 03 (T wees Teq1) = Z i("-"x(,+1 % Tyg4+15 """ Ox g, o+1 ©i Tyd+e+1) )
(x.,.)

where the sum is taken over the nondecreasing paths (x.,y.) = {(x;, i)}o<i<d+e from
(0,0) to (d, e) on the grid N X N.

0 e o :
1 b .
ST T Lo

@ = 3 oo X~y

Such a path is made up of d horizontal segments and e vertical segments. Let us number
the segments from 0 to d + e, beginning with (xg, yy) — (X1, y1) and following the path.
We consider the shuffle permutation reordering the segments, such that the d horizontal
segments appear first and the e vertical segments appear after. In the above example,
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we get [1247356]. The sign in the formula defining the above partial composition map
is the signature of this shuffle permutation.

Since the components of the Barratt-Eccles operad are defined by the normalized
bar complex of the symmetric groups S,,, the differential map is equal to

d+1
dg(al, ceey 0d+1) = Z (_1)1_1 . (0'1, ceey 6’i, ceey Ud+1) N
i=1

where a summand of the right-hand side is zero when 0;_; = 0j,1.

Proposition 2.5.4. There exists a natural isomorphism of augmented dg operads
I®OBP =~ QB(P® &)

between the augmentation of the higher cobar-bar construction of P and the cobar-bar
construction of the Hadamard tensor product of the operad P with the Barratt—Eccles
operad.

PROOF. We consider first the case when ? = Com and we note that Com ® & = &.
We define an isomorphism of dg operads ¥: 1@ QBCom — QBE. Such a map is uniquely
determined by its restriction to the space of generators BCom. As a graded N-module,

BCom = qOi o Com = O} 0 T*(sS) o Com, as shown in We first define a
morphism of graded N-modules 1: T(sS) o Com — & by

W(s0y, ..., STg) 1= (07 +-Tg, Ty **Tgs - g5 1dy,) »

in arity n and degree d. Note that the image of 3 is indeed nondegenerate, since o; # id
for all i. This map ¥ extends to

¥|seoem: BCom —— s7!BE «—— QBE

as follows. Since O};5 has a basis made up of planar rooted trees, there exists a basis
of BCom = Ol 0 Tc(s§) o Com made up of planar rooted trees such that each vertex
has arity n > 2 and is labeled by a finite sequence of permutations of S,,. The image of
such an element under ¥|4 is the same underling tree, forgetting its planar structure,
where we apply 1 at each vertex. Each vertex of the resulting tree is suspended and
the global tree is desuspended, resulting in an element of s™'BE = s~17(T(s&)). Since
the degree of a planar tree representing an element of O} is given by the number of
internal edges, the map ¥|gz. has degree 0.

The map ¥:I @ QBCom — QBE is by definition a morphism of operads. The
underlying space of the bar construction of an operad is made up of rooted trees (in
space, i.e., nonplanar) with leaves labeled by {1, ..., n} and with vertices labeled by the
elements of the operad together with an identification of the inputs with the action
of the symmetric group, see [46, §5.6.1]. Therefore, the underlying space of the bar
construction BE of the Barratt-Eccles operad &£ admits a basis made up of planar rooted
trees where each vertex has arity n > 2 and is labeled by a sequence of permutations
of the form (o7, ..., 94,1id,,). (One can use the last element of the strings to provide the
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rooted tree with a planar structure.) Since the map 1 is an isomorphism, this shows
that the map ¥ is an isomorphisms of graded operads.

It remains to show, that the morphism of graded operads W respects the differentials.
This again can be checked on the space of generators BCom. Recall from the previous
proof that the higher cobar-bar construction is made up of partitioned planar rooted
trees with vertices of arity n > 2 labeled by strings of nontrivial permutations of S,,.
The differential d on QBCom is a sum of several parts. First, there are three terms
d; = d§" + d} + di™, coming from the higher bar construction, which apply only inside
each partition. The term d§" contracts inner edges and shuffles the two strings of
permutations labeling the two associated vertices. The term d} drops the first element
of each string of permutations. (This corresponds to the trivial action of this element
on the corolla viewed as an element of Com). The term di™ is equal to the sum of the
products of two consecutive elements of a string labeling a vertex, provided that it is
not the identity (in which case it gives 0). Then, there are two terms d, = dszpm +d5,
coming from the higher cobar construction, which apply to each partition. The term
dszplit splits each part of the partition into two along an inner edge. The term d} extracts
the right most external term of each string labeling the vertex of the tree inside the
partition, pulls it out of the partition and make it act on the permutation labeling the
leaves of the global tree. The total differential is then the sum

d=d; —d, = (d" +d! +dnt) — (@™ + dy).

On the cobar-bar construction of the Barratt-Eccles operad QBE, the differential is
equal to the sum of the following three parts. First, there is the internal differential d,,
induced by the differential d¢ on €. Second, there is the differential d,, coming from
the differential on the bar construction BE which is produced by the partial composition
maps in €. And finally, there is the differential d.,,, coming from the differential of the
cobar construction, which splits each partition into two by cutting along any internal
edge inside each part of the partition.

The sum d} + di™ — d} of the three parts of the differential on QBCom involving
the strings of symmetric group elements is sent to the internal differential d;, of the
Barratt-Eccles operad under the morphism W¥:

P((d} +dP* = d5) (o1, . 0a))
d

= zp((az, e 0g) + (Z(—l)i_l(al, eery G107 eury ad)) — (=14 Yoy, ..., Ud_1|od)>

i=2

d

Z(—l)i_l(ol---ad, eeey G 0G5 wer O idn)) + (=1D%oy+-04_1 e 041, id,,)%d
i=1

and

dint(l;b(o-l [ O'd))

= din(01+-0g, s 03, id)
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d
= (Z(—l)i‘l(al---od, eees 77 Oy wees O'd,idn)) + (=D%0y--0g4y ..y 0g) -
i=1

Note that in the first case, the last term amounts to splitting apart o; and making it act
on the underlying tree. In the tree module underlying QB¢&, this action on rooted trees
is identified with the symmetric group action on the strings labeling the vertices.

The next term —dszplit of the differential on QBCom amounts to cutting each partition
into two along any inner edge. It is sent to —d qp,, in QBE, which does the same things
on partitioned rooted trees and with the same minus sign, see [46} §6.5.2] where the
sign is creating by the formula Ay(s™!) = —s71 @ s71.

The last part d" contracts inner edges inside partions and shuffles the two strings
of permutations labeling the two associated vertices. Let t((0y, ..., 03), (Og4 15 - Og1e)) bE
a planar rooted subtree with two vertices of arity n and k and labeled respectively by two
strings (03, ..., 0g) € S¢ and (04415 - Ogre) € S§. Since each element of the symmetric
group in the higher bar construction comes in degree 1, for each shuffle permutation
there is a sign, which is equal to the signature of the permutation.

The image under the composition % o d$" of the above labeled tree is equal to

P(dS(E((O1 v Ta)s (Tgp1s s Tae))))
= zp( Z sgn(oc)(&a_l(l), - &a—l(d+e))>
aeSh(d,e)

= > sgn(@)(Ga-1(1) * Ga-1(dere) - Oa-1(d+ey inrmo1)
aeshid,e)

where we use the overall notation §; = ¢ for j < dand §; = ¢ for j > d. Note

that the (d, e)-shuffles are in one-to-one correspondence with nondecreasing paths
(x.,».) = {(x;, ¥)}o<i<dse from (0, 0) to (d, e) on the grid N X N. On the other hand, we
have
yar (B, s T0)s (Tg1.  Oty)))

= Apar(((W(015 - 2), P(Tg 415 -3 Td 1))

= 110(0'1’ e c-d) 9 I)b(o-d+1’ e O-d+e)

= (01°++0g, -, 9g, 1dp) 03 (g 11T ves s Tdpes 1)

= Z i((C"xo+1 ++-0g) o (O'y0+d+l “"Odye)s

(x.,3.) . .
) (de+e+1 +++0g) ©; (Gyd+e+d+1 “*Ode)s idp 0 ldk) )
where i is the leaf of the root corolla of the tree t where the second corolla is attached
to. It remains to show that
(ij+1“‘0d) % (ij+d+1"'od+e) = 5a—1(j+1)"'5'oc—1(d+e) .

First, it is straightforward to prove a=!([j,d + e]) = [xj + L,d]Uu[y+d+1,d+e],
for instance by induction on j. Then, using [Equation (83)| with (c7)’ = o¢'t’ and
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(o1)" = d"1", we get

~ ~ . "t ’
Ga-1(j+1)" " "Oa-1(d+e) = Ix;+1"""9d Oy, +d+1"""Od+e
—_ 4 ’
= (O'xj+1"’°'d) (O'yj+d+1"'o'd+e)
= (o'xj+1"'o'd) %; (Gyj+d+1"'ad+e) .

This completes the proof for ? = Com.
The general case of any augmented dg operad 2 is treated in the same way. We
consider now the following morphism of graded N-modules : T¢(sS) o 2 — & by

P(U; 8015 ...y $g) 1= (U195 Gy -+ Ty, Ty + Ty ooes O id,) -

and the induced morphism of operads ¥:1 & QB? — QB(? ® &).

The vertices of the partitioned planar rooted trees of QB2 are now labeled by
elements of 2 and strings of permutation and the vertices of the partitioned rooted trees
of QB(P ® &) are labelled by elements of P ® E. Therefore, the same arguments apply
to prove that ¥ is an isomorphism.

Then, one has to deal with the internal differential d,, of the dg operad . It is easy
to see that the extra term induced by d, on the differentials of QB? and QB(P ® &)
respectively are sent to one another under the map W. The term d} now incorporates
the action of the symmetric group on P:

di(u; 01, . 0g) = (UOL; 03, ...y Tg)

And the terms d} + diP* — d} are still sent to d;,, under the map ¥ since

P((d} + dP — d5)(w; 01, ..., 09))

= dind(P(t; 01, - )
d

= Z(—l)i_l(,u"l'“od;01---od, wres O 0y wevy O 1d;,)
i=1

+ (=1)4(uCr%4; 0y---0y, ..., Og) -

Since they do not involve the operad 2, the two terms —dS2plit and —dy,, still correspond
to each other under W.

The component d§" now also includes the partial composition o; of the two elements
of P labeling the two vertices located on both sides of internal edges. This is also the

case for the component dy,,. They actually satisfy

YA (E((3 01 v Ta)s (VG415 O 1))

= Z(—l)“ . ((# o; V)Go‘_l(l).naa_l(me); 5'oc—1(1)' : '5'a—1(d+e)’ ) 5'a—1(d+e)’ id'n+m—1)
aeSh(d,e)

and
ar (P15 015 .02 Oa), (V3 G415 -0 T )
— Z i(’udl...o’d o; Y9d+1"Odee; (Gx0+1"'gd) o; (Uy0+d+l"'ad+e)’

(x.,3.) . .
we (Gxd+e+1' *+04) o (Uyd+e+d+l “*Oye), 1dp o ldk) .
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It remains to notice that

(1 o v)aa—1(1)~-5a—1(d+e) = (i o; V)(Ul---Ud)”(ﬂd+1---°d+e)’ = (91794 o; YTd+1' Td+e

to conclude the proof. [ ]

2.6. E-operad. Recall that an E-operad is an operad quasi-isomorphic to the
operad Com and whose components are free (or projective) k[S,,]-modules. By [|5,
Proposition 4.3], any cofibrant resolution of the operad Com is an E_-operad. In
applications, however, for instance in algebraic topology (e.g., [19,20]), it is sometimes
necessary to work with a cofibrant E -operad and not only an E_ -operad.

We made the higher cobar-bar construction of the operad » = Com of commutative

algebras explicit in the core of the proof of [Proposition 2.5.4] This construction provides
us with a cofibrant E,-operad over any ring.

Theorem 2.6.1. The augmentation of the higher cobar-bar counit
& =1@® OBCom = Com
is a cofibrant E . -operad over any ring, which is moreover a Hopf operad resolution.

PROOF. The operad Com is nonnegatively graded and the components of its under-
lying S-module are the ground ring Com(n) = k for any n > 1, so they are projective

k-modules. Therefore[Theorem 2.5.3|applies and gives the result.

[Proposition 2.5.4|shows that the operad &£,, = QBE is isomorphic to the cobar-bar

construction of the Barratt-Eccles operad. Since the Barratt-Eccles operad is a Hopf
operad, this is also the case for its cobar-bar construction by [17, Theorem §2.A(c)].
Finally, the composition £, = QBE > & 5 Com is a quasi-isomorphism of Hopf
operads. |

REMARK 2.6.2. Let us emphasize that, by|Proposition 2.5.4} this theorem was already

known in the following form: the present cofibrant E_ -operad is isomorphic to the
classical cobar-bar construction of the Barratt-Eccles operad, which is a cofibrant
E-operad over any ring by [7, Theorem 5.1].

The operad &, is given by partitioned planar rooted trees with vertices of valence
at least 2, labeled by strings of nontrivial permutations and with the leaves globally
labeled by a permutation

it is equipped with a differential given by the sum of three types of terms:
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(i) ateach vertex, one deletes the left-most permutation ajl, one composes pairs of
permutations when they are not inverse to each other, and one removes the last
permutation ajlj of the string, pulls it out of the underlying tree (action which
may modify this tree) and rearranges the labels of the leaves accordingly;

(ii) inside each subtree, one contracts every edge and shuffles the two strings of
permutations in all possible ways;
(iii) for each subtree, one splits it into two subtrees in all possible ways, the number

of which is equal to the number of internal edges.

By definition, an E,-algebra is an algebra over an E -operad. This definition offers
an interesting degree of freedom. But it is sometimes useful to have at hand an explicit
definition by means of generators and relations. The form of the present E.,-operad &,
allows us to give such a definition. Moreover, this definition carries canonical properties
since the resolution &, that we use is a cofibrant and Hopf operad.

Proposition 2.6.3. Let (A, d,) be a chain complex equipped with operations
{2 A®" — A}

indexed by planar rooted trees t with n leaves and vertices of valence m; > 2 labeled by
strings 0 j of nontrivial permutations of Sy The operations are supposed to be of degree

|t(o)| = number of internal edges + number of permutations

and to satisfy the relations

aA:ut(U)_ Z 51'Mt/e(al,...,Lu(aj,a,),,..,ak)+ Z €2 * Ht,(51,.) Ci Mty(5y,.)

internal edges internal edges
j—e—=l t=tyojty
k k ij—l
Y N
= 2 J = = 1 1 1+1 J =
=t 1(8151(T7 120 )5esOkc) im1im £(015++(034Gj0 " 1010 )50 k)
#id

Jj

k g;
+ €5+ i =0,
]Zzl ; <“ UG 10} 5] 1>,...,6k)>

J

where the sign €, comes from the permutations of the d’s, as described in the
sign €, comes from the reordering of the tree into the two parts, the sign e is equal to
(=D)l*orl++10jl the sign ¢, is equal to (—1)!1+1OU++10j-11+L g d the sign e is equal
5 &yl +Ho 4o
to (—1)|t|+|a1|+'"J"CVJ‘IH'WJ'|+ 9% 1 Such a data (A,da, {u)}) is an E,-algebra.
PROOF. An & -algebra structure on the chain complex (4,d,) is a morphism
of dg operads £,, — Endy; data which is equivalent to a morphism of N-modules
u:BCom — End, satisfying the Maurer—Cartan [Equation (82)f du + u * u + Au = 0,
by|Proposition 2.4.3] Since u is concentrated in degree 0, all the signs are directly given
by the ones of the higher bar construction BCom described in [Section 2.2 |

REMARK 2.6.4. As mentioned before, an equivalent explicit definition can be obtained
using the cobar-bar construction of the Barratt-Eccles operad. The existence of a
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cofibrant Hopf E,-operad plays a crucial role, for instance in B. Fresse’s works [19, 20].
But the actual description of the category of algebras over it does not seem to be present
in the existing literature. We believe that it could be useful to have such an explicit
description at hand. Moreover, the operad which emerges from the higher cobar-bar
construction seems to provide us with a “simple” model since it is made up of planar

trees and easy combinatorics of permutations.

In characteristic 0, one can use the Koszul model of the operad Com to get a suitable
notion of an E.-algebra. This only amounts to resolving the associative relation of
commutative algebras. Over any ring, the first operadic syzygies can be found by
hand, see [49, Example 4.8]. In the above definition, there are strings of permutations
whose role is to resolve, in a coherent way, the trivial symmetric group actions on the
components of the operad Com over any ring. Let us unravel the above definition a
little bit.

An E -algebra, in the above sense, is equipped with a degree 0 operation
Uy:A®? - A

The above relation applied to the tree Y is equivalent to the fact that d 4 is a derivation
with respect to uy. It is also equipped with a degree 1 operation

IuY(IZ) :A®2 - A )

which satisfies
aA:"‘Y(lz) =My — (/"Y)(lz) .
S0 py12) is @ homotopy for the commutativity relation of uy. It also comes equipped
with a degree 0 operation
Usg A — AL
and two degree 1 operations
u\Q:A®3 > A and ,uQ/:A®3 > A,
satisfying respectively

OAMN, = —Hyorpy  and  Oaly = Uy — Ky o py -

So B RN is a homotopy for the associativity relation of uy. The higher operations
coming from more elaborate labeled planar trees provide us with coherent higher
homotopies for these relations.

2.7. Higher Koszul duality theory. The higher cobar-bar construction of
shares nice properties: functorial, cofibrant over any ring. However, the
underlying N-module is quite huge. Given a particular operad 2P with some description,
like a presentation by means of generators and relations, one might want to describe a
smaller cofibrant resolution of 2. This is precisely what the Koszul duality theory for
operads performs, see [46, Chapter 7]. However, the original Koszul duality theory for
operads of [24,25]] works well over a field of characterstic 0.
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REMARK (Further study). The general pattern of the Koszul duality theory of algebras
over an (colored) operad © was given by Millés in [|53]]. One should be able to apply
it to the present case and thus obtain minimal models for operads generated by free
S-modules. In this way, the present chapter already settles the first step of this tentative
higher Koszul duality theory with the definitions of the higher bar and the higher cobar
constructions. It remains to define the Koszul dual higher cooperad of an operad. This
issue is more subtle in the present case since the underlying space of the higher bar
construction is not a differential graded module but a curved one. So one cannot define
the Koszul dual directly by the homology groups of the bar construction.

The case of the operad Com is particularly interesting since this would simplify the
above E-operad. This should give an operad related to the cofibrant E-operad given
in [21] or to the chain complex of the Fox-Neuwirth cells of the Fulton-MacPherson
operad and solve the issues raised by the presence of “bad cells” in [24].

3. Higher Homotopy Operads

The main result of allows us to define a new notion of an operad up to
homotopy. Since we take into account the action of the symmetric groups on the same
footing as the partial composition maps, the upshot is a higher notion of a homotopy
operad where all the defining relations of an nu operad are relaxed. Such a higher
notion includes all the previously known cases like A -algebras, A -modules, and
homotopy nonsymmetric operads, for instance.

Since this new notion is conceptually produced by the curved Koszul duality theory,
we can endow it with a suitable notion of co-morphisms, which are shown to satisfy
the required interesting homotopy properties. For instance, this allows us to describe
the homotopy theory of dg augmented operads, like the homotopy transfer theorem,

over any ring.

3.1. Definition. The cofibrant resolution O, = QO' of the colored operad O
allows us to define a notion of operads up to homotopy with the required homotopy
properties over any ring.

Definition 3.1.1. A higher homotopy operad, also called a higher operad _, is an O,-
algebra.

Using our computation of the Koszul dual curved cooperad O! = (qO1,d:, 6), we
can make the definition of higher homotopy operads explicit. Let {(P(n), d?("))}neN be
a differential graded N-module. We consider the space of maps from the Koszul dual

curved cooperad O' to the endomorphism operad End:

Homg (0!, End,) :=

Sk
H( H Hom(@i(n; ny, ... ng), Hom(P(n)) ® --- @ P(ny), ?(n)))) ,

keN
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where n = ny + -+ + n, — k + 1. This mapping space is endowed with a convolution
pre-Lie product f % g defined by the following composition

A ® VEn
Frg0 =2 01 0f L% Bnd, ® Endy 2o End, .

As usual, the antisymmetrized bracket gives rise to a convolution Lie algebra structure
[f.8]=fxg—(-DVlelgx f.

Let us denote by d, the differential of the endomorphism operad End,. We consider
the classical derivation

3(f)=08po f —(=DVI- fody

on the mapping space Homg(0O!, End,). Finally, the cocurvature 6 of the Koszul dual
curved cooperad O' induces the following curvature

-6
0:0' — I < End, .

Lemma 3.1.2 ([31} §3.2.3]). The quadruple (Homg(O', Endy), *, d, ®) forms a curved
pre-Lie algebra, i.e.,

(@) =0 and P)=CL*x0)—(O*_).
The quadruple (Homg(O', Endy), [_, _], 3, ®) forms a curved Lie algebra, i.e.,
4(®)=0 and () =[_0].

Proposition 3.1.3. A higher homotopy operad structure on a dg N-module P is equivalent
to a degree —1 solution to the curved Maurer-Cartan equation

(84) oy+y*y=0
in the curved convolution algebra Homg(O', End.») which vanishes on I C O'.
PROOF. This is a direct application of [31, Theorem 3.4.1]. [ |

Theorem 3.1.4. A higher homotopy operad structure on a dg N-module {P(n), dp(n)}nen
amounts to a collection of maps

.

1 %) P() @ -+ @ P(ny) — P(n) — Yio) (M V5 X)

labeled by the set of planar rooted trees t(c) = t(oy,...,0x) With each vertex of arity
n; > 0 labeled by a possibly empty string o; = (a, ... crjlj ) of nontrivial permutations
Ujl € Sy, \ {idnj}, and with at least one internal edge or one permutation. These structure

maps have degree equal to

Vo)l = It + 01| + - +ou| = 1,
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and they satisfy the relations

k ij—l
a?(%(a)) + Z Z(_1)\t|+|a1|+-..+|crj_1|+l Y, o1, olotl ,-j)_ _ )
— 10150050 -1,(T 50,0305 sy 0 )T 4150k
Jj=ll=1 J J %Jd_/ J oI
1

+ Z (‘DWS(U)lEs,t,u *Vi/5(5) sy V5(5)
(85) SCt,w

n

o
—idpny, whent(o)=| -1,

0, otherwise .

PROOF. The map y is completely characterized by its image on the operadic tree
basis: ¥(s) := 7(t(0)). These structure maps have to satisfy the curved Maurer-Cartan

Equation (84), which, when evaluated on the operadic tree (o), gives|[Equation (85)} Its

second term, equal to (y x y)(t(0)) in Endy, is given by the infinitesimal decomposition

map of the Koszul dual cooperad described in [Proposition 1.5.1|as follows. One first

considers the image of ¢(c) under Ay, which produces pairs (t/5(a), 5(5)) of operadic
trees. Then, we compose the associated structure map y,/4) at the entry s, of the

structure map ys).

M4
Vss) (M2s U3

yf(&) U;)”,(O’%)’

Vt/s(3)
- Vt/s(a-)(ﬂh Vs*(&)(ﬂz, M3)s M) -

The second term of [Equation (85)} equal to y o d(¢t(0)), is given by the formula for the
coderivation of the Koszul dual cooperad described in|Proposition 1.6.2} Finally, the

right-hand side of [Equation (85)|is the cocurvature described in|Proposition 1.6.4], W

A morphism of higher homotopy operads is a morphism of dg N-modules which
respects the structure maps. The associated category is denoted by Opd .

Since the Koszul dual colored cooperad qO' is homogenous quadratic, it admits
a weight grading given by the numbers of generators. So the structure maps ;¢ are
stratified by the weight, greater or equal than [, of the operadic trees (o), which is equal
to the number of internal edges plus the total number of permutations.

Proposition 3.1.5. There is a canonical embedding of categories
nu Opd — Opd__,

given by the higher homotopy operads with trivial structure maps of weight greater than or
equal to 2.
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PROOF. In the case at hand, the weight one structure maps ¥, labeled by operadic
trees with one internal edge and no permutation correspond to the partial compositions
_°; _, and the weight one operations () labeled by corollas with only one permutation
correspond to the symmetric group actions. Since y vanishes on operadic trees with 2

internal edges and no permutation,|[Equation (85)|for these types of trees corresponds to
the defining[Axioms (Opd-3)|and (Opd-4)| In the same way,[Equation (85)|for corollas

with 2 permutations corresponds to the defining|Axiom (Opd-1)| and for trees with 1
internal edge and 1 permutation it corresponds to the defining[Axioms (Opd-5)|and[(Opd}

n

The structure maps ;) of weight 2 are the first homotopies for these relations.

And then, each higher stratum corresponds to a higher level of coherent homotopies
for the defining relations of the notion of an nu operad.

REMARK (Further study). In the very same way as explained above, since the colored
operad O which encodes nu operads is set-theoretical, one can look for a topological
colored operad whose chain complex would give the resolution O. In this case, one
would be able to define a suitable notion of a higher homotopy topological operad.

3.2. Comparison with other similar notions. The Koszul dual colored coop-
erad O actually admits several gradings, for instance by arity, number of internal edges,
or total number of permutations. Using them, one can get many full subcategories
of the category of higher homotopy operads by requiring that the Maurer-Cartan ele-
ments vanish outside some degree. This shows that the above definition of homotopy
operads generalizes the following well-known notions, see[Figure 1] One can go from
one category to another by forgetting some structure. In the other way round, one can
consider some trivial structure, or, in the case of symmetric groups action, the regular
representations.

Proposition 3.2.1. The following categories are canonical full subcategories of the cate-
gory Opd _ of higher homotopy operads.

(i) When y vanishes on operadic trees of arity not equal to 1, we get the notions of
an A -algebra of [65] and, respectively, an associative algebra, when moreover,
it vanishes on operadic trees with more than 2 vertices.

(ii) When y vanishes on operadic trees of arity not equal to 0 or 1, we get the notion
of a homotopy associative algebra together with a homotopy left module over it.
When, moreover, it vanishes on operadic trees with more than 2 vertices, we get
the strict notion of an associative algebra together with a left module over it.

(iii) When y vanishes outside corollas of arity n, we get a new notion of a homotopy
Sp-module, see[Section Alfor more details.

(iv) When y vanishes everywhere except on the 2-vertex operadic trees with no per-
mutation, we recover the notion of a nonsymmetric operad. When y vanishes
outside operadic trees labeled with no permutation, we recover the notion of a
homotopy nonsymmetric operad of Van der Laan [39, §4.4].
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(v) When y vanishes on operadic trees labeled by at least 2 permutations, we recover
the notion of a symmetric homotopy operad of Van der Laan [39, §4.5], where
the partial operadic composition is relaxed up to homotopy, but not the action of
the symmetric groups.

(vi) When y vanishes on operadic trees with at least 2 internal edges, we get a new
notion of an operad in the category of homotopy S-modules.

PROOF. This is directly checked. [ |

Brinkmeier defined in [9] a notion called lax operad by applying the topological
W-construction of Boardman-Vogt [8]] to the set-theoretical colored operad which
encodes operads (with unit). In this way, he obtains a notion of homotopy operad where
everything, the partial composition, the symmetric group actions, and the unit, are
relaxed up to homotopy. Let us consider the same method applied to the set-theoretical
colored operad O encoding nonunital operads and satisfying kO = O. Applying the
chain complex functor to WO, one gets the cobar-bar construction QBO of the associated
linear colored operad O, according to [6]. So such “lax operads” are made up of more
structure maps, which are labeled by trees with vertices labeled by operadic trees with

one permutation (the ones of [Proposition 1.3.2)). The natural colored operad map

Q0! - QBO induces a functor from lax operads to our notion of homotopy operads,
which amounts to defining maps ¥,y by sums of the above structure maps over some
set of trees of trees. So, finally, the notion of lax operad of [9] is more complex than our
homotopy operads in two directions: the unit is encoded and relaxed up to homotopy
and there are many more homotopies for the partial compositions and the symmetric
group actions.

There are also two (homotopically equivalent) notions of co-operads introduced
respectively by Moerdijk-Weiss and Lurie [47,|55], which are colored set-theoretical
operads in co-categories. These notions are different from the differential graded notion
of higher homotopy operad developed here. However, one can relate them precisely as
follows. Recently, Le Grignou built a homotopy coherent nerve functor from the cate-
gory of homotopy operads a la Van der Laan, which relaxes only the partial composition
products up to homotopy, to the category of co-operads, see [41]. (Le Grignou’s con-
struction is actually an operadic generalization of the homotopy coherent nerve functor
of Lurie and Faonte [15}/47]] between dg categories or A, -categories to co-categories.)
By considering the slightly extended version with strict units of the present notion of
higher homotopy operads and the suitable notion of co-morphism introduced in the
next section, one can define a homotopy coherent nerve functor by the same kind of
formula as Le Grignou or Faonte. Such a functor is expected to share the same nice
homotopy properties as the one of Le Grignou.

3.3. Infinity-morphisms. As usual, the strict notion of morphisms of higher ho-
motopy operads does not share the suitable homotopy properties. Instead, we consider
a more general version called co-morphism and defined as follows.
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The curved Koszul duality theory provides us with a third equivalent definition of
a higher homotopy operad structure on a dg N-module P, see [46, §10.1.8]. It amounts
to the data of a curved codifferential on the cofree qOi-coalgebra qO'():

(P, dp,y) —— (qO(P),dy = doipy +d}) -

Recall that a morphism of Oi-coalgebras is a morphism of qOi-coalgebras which pre-
serves the curved codifferentials.

Definition 3.3.1. An co-morphism P ~ Q between two higher homotopy operads
(P,dp,y) and (Q, dg, 4) is a morphism of quasi-cofree Oi-coalgebras from (qO‘(ﬂ’), dy)
to (qOI(Q),d;).

By definition, co-morphisms are composable; they form a new category denoted
00-Opd_ which includes the category Opd __, but which is better behaved with respect
to homotopy properties of higher homotopy operads. Note that the subcategories of

Opd_, given in|Proposition 3.2.1|correspond to full subcategories of co-Opd__ consisting

of the same object, but considered with their respective notions of co-morphisms.

Definition 3.3.2. An co-morphism P = Q is called an co-isomorphism (resp. an co-
quasi-isomorphism) when its first component P — Q is an isomorphism (resp. a quasi-
isomorphism).

Proposition 3.3.3. The class of co-isomorphisms is the class of the isomorphisms of the
category co-Opd .

PROOF. The arguments of [46| §10.4] apply mutatis mutandis. [

Theorem 3.3.4 (Homotopy Transfer Theorem). Let {F{(n), dgc(n)}nen be a homotopy
retract of {P(n), dp(n)tnen in the category of dg N-modules:
P idp —ip = [dy, k],
W (PO, dy) —= () ) s suchthar 022 = Ao hl
and i is a quasi-isomorphism. Any (higher homotopy) operad structure on P can be
transferred into a higher homotopy operad structure on I such that the quasi-isomorphism
i extends to an co-quasi-isomorphism.

PROOF. The arguments of [46| §10.3] apply mutatis mutandis. [

Corollary 3.3.5. For any co-quasi-isomorphism P = Q of higher homotopy operads,
there exists co-quasi-isomorphism Q = P which is the inverse of H(P) =~ H(Q) on the
level of homology.

PROOF. The arguments of [46} §10.4] apply mutatis mutandis. [ |

3.4. Symmetric homotopy theory of operads. The general theory of 31} §5.2]
and [46, §11.4] allows us to use the Koszul duality for the colored operad O to provide
new tools to study the homotopy properties of operads over any ring.
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We first consider the cobar-bar adjunction

Q, : conil higher Coopd —— Opd_ : B,

(&)

associated to the universal twisting morphism t: O' — QO?'. The image B,P of a higher
homotopy operad is the equivalent definition mentioned at the end of [Section 2.1/in
terms of quasi-free O'-coalgebras. By definition of co-morphisms, the functor B, extends

to an isomorphism of categories
ﬁl:oo—Opd00 —= > quasi-free higher Coopd .

All these constructions can be summed up in the following diagram:

nu Opd 2 aug Opd

B
Q
Bl

Opdoo OB,

|

quasi-free higher Coopd ¢«———— c0-Opd

conil higher Coopd

1

11

The right column is made up of a pair of adjoint functors
OB, : c0-Opd, —— nu Opd : i

which satisfy the following property.

Theorem 3.4.1 (Rectification). Any higher homotopy operad (P, dp, y) is naturally oo-
quasi-isomorphic to the dg nu operad OB, P,

P 2> QBP .
PROOF. The arguments of [31}46] apply mutatis mutandis. [
Rectification is unique up to unique co-isomorphism, see [46, Proposition 11.4.6].

Proposition 3.4.2 (Homotopy properties).
« For any pair of dg augmented operads P and Q, there exists a zigzag of quasi-

isomorphisms

:P i L] g e ind L] il Q

if and only if there exists an co-quasi-isomorphism
P ~Rs Q.

« The homotopy category of dg augmented operads and the homotopy category of

homotopy operads are equivalent:
Ho(dg aug Opd) = Ho(co-Opd ).

PROOF. The arguments of [31}46] apply mutatis mutandis. [
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REMARK (Further study). At this stage, one would like to go one step further, that is to
write these two localized categories as an “honest” category. Following [43}/69], one
should be able to prove an equivalence like

Ho(dg aug Opd) = 00-Opd /Nh

with a good notion of homotopy equivalence of co-morphisms. There are two main
conceptual difficulties here since one would have to endow the category of conilpotent
Oi-coalgebras with a suitable model category structure: the underlying objects are not
chain complexes, the “differential” map does not square to 0, and one will have to deal
with the general homotopy properties of modules over a ring, not a field. The first point
is manageable, for instance by using the methods of Le Grignou [40].

A. Homotopy Group Representation

The methods used in this chapter allow us to treat an interesting question: how
can one define a notion of a module over a group relaxed up to homotopy with good
properties. Let (G, -, e) be a group; a representation of G is a k[G]-module. So one
can use the Koszul duality theory to find resolutions of the group algebra k[G]. Any
presentation of the group G gives a presentation of the group algebra k[G] that one
can use to get “small” resolutions. Without any particular presentation, one can only
consider the trivial presentation where the set of generators is the full group itself. At
that point, there are two ways to apply the Koszul duality theory; we show that they are
equivalent.

First, one can consider the presentation where the set of generators G is the group
without the unit, that is

k[G]=2T(G) /(g®g '-1.g®@h—gh|gh#e).

This presentation is semiaugmented according to the terminology of [31} §3.3.1], this
means that the augmentation map is not required to be an algebra morphism. Then,
the curved Koszul duality theory of loc. cit. applies; that is what we did in the case of
the symmetric groups G = S,, in the arity 1 part of the colored operad O.

Lemma A.0.1. The group algebra k|G| with this quadratic-linear-constant presentation
is curved Koszul.

PROOF. Since the above quadratic-linear—constant presentation forms a Grébner

basis of the group algebra, [Conditions (I)|and [(II)| (already mentioned in[Lemma 1.6.1))
hold and the algebra is Koszul. |

In this case, the Koszul dual curved coalgebra is given by the cofree coalgebra
(T(sG), d, 6), where

n—-1
dg @ ®g) =2 (D" 8 ®  ®gigi ® ®gn
i=1 +e

and0(g®g 1) =1.
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Proposition A.0.2. The cobar construction of the Koszul dual curved coalgebra forms a

cofibrant resolution of the group algebra
Q, = (T(s"'T(sG)), d, + d; —do) —— k[G] .

On the other hand, one can consider the augmentation
ek[G] —k, g+—1,

which induces the splitting k| G] =~ kdker €. The augmentation ideal admits{g := 1—g |
g € G} as basis; we can use it to provide the group algebra k[G] with a quadratic-linear
presentation:

K[G|=T(G)/(§®g ' —-g-g,g®@h—g—h+gh|gh#e).
Such formulas using g instead of group elements g can be interpreted as some kind
of “linearization” of the group G. The first presentation of the group algebra is set-
theoretical, this second one is not.

Lemma A.0.3. The group algebra K[G] with this quadratic-linear presentation is inho-
mogeneous Koszul.

PROOF. Again this presentation provides the group algebra with a Groébner basis.

Hence it proves|Conditions (I)and [(ID)| (already mentioned in[Lemma 1.6.1)) and that

this presentation is inhomogeneous Koszul. [

In this case, the Koszul dual is the dg coalgebra (Tc(s(_-ﬁ), d¢), where

n—1

dp@ ®  ®8)=D,(-D 5 ® @@+ 81— &%) ®  ®&n -
i=1

Proposition A.0.4. The cobar construction of the Koszul dual dg coalgebra forms a
cofibrant resolution of the group algebra

Q, = (T(s7'T%(sG)), d; + d}) —— k[G] .

So both Q;-algebras and Q,-algebras define a notion of homotopy G-module with
the required homotopy properties: co-morphisms, Homotopy Transfer Theorem, de-
scription of the homotopy category of G-modules, for instance. By abstract nonsense,
the two cofibrant resolutions Q; and Q, are quasi-isomorphic so these two notions of
homotopy G-modules are homotopy equivalent. But, in this case, one can prove the
following stronger result.

Theorem A.0.5. The two resolutions Q, and Q, of the group algebra K[ G] areisomorphic,

which makes the two associated notions of homotopy G-modules isomorphic.

PROOF. One can consider the isomorphism Q, — Q; defined on the generators by

g — 1-g,
sTUs8 ® - ®s8,) — (—D)"'-s7i(sg; ® - ®sg,) forn>2,
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with the reverse isomorphism Q; — Q, given by

g — 1-g,
sTisg ® - ®sg,) — (D' -s7(sg; @ - ®sg,) forn>2.

We choose the first resolution to define the homotopy notion of G-module

Definition A.0.6. A homotopy G-module, or G-module, is a chain complex (V,d)
equipped with degree n — 1 maps

Y& 8n):V =V

for any n-tuples (g, ... g,) € G" satisfying

n—1 n—1
Z (_1)i_1 . J/(gl’ ey gl) ° y(gi+1’ ooy gn) - Z (_1)i_1 . J/(gl’ - 8i8i+1> gn)
i=1 i=1 +e

gy = 11OV WRen (€rg) = (8 g,
0, otherwise .

A notion of “representation up to homotopy” was introduced in [1] as follows.
Instead of considering algebra morphisms k[G] - Hom(V, V), one can consider the
wider class of A -morphisms. Such a data is actually equivalent to an algebra morphism
from the bar-cobar construction of k[G], as explained in [46, §10.5.5]. Notice that
the Koszul resolution obtained from the trivial presentation with all the elements for
generators is the bar-cobar construction. Hence the formulas in loc. cit. are similar to
the one given here, except that the specific role of the group unit is not taken into account
there. One obtains the definition of [1]] by applying the bar-cobar construction to the
group algebra after forgetting its unit. The interpretation in terms of Maurer—Cartan
elements of [1, §3] then follows directly from the general theory [46, Chapter 2].

REMARK A.0.7. In this chapter, we could have chosen to work with the linearized

presentation of the symmetric group algebras. Only|Relations (O-1)|and |(O-2)|of [Defi}
would change, not[Relations (O-5) and[(0-6), which would remain exactly
the same with & instead of 0. So all the results would still hold with nearly the same

formulas and we would get a cofibrant resolution isomorphic to the one given in[Theo}
With that approach, we would get a Koszul dual dg colored cooperad instead
of a curved colored cooperad but the underlying colored cooperad would be the same,
the Maurer-Cartan equation encoding homotopy operads would have no curvature
terms and only the third term on the left-hand side of [Equation (85)|would be modified
using the above formula for d,. However, the (homotopy) action of the symmetric
groups would be less transparent and not set-theoretical: it is the linearized action that
would be relaxed up to homotopy.



CHAPTER 4

On Weak Lie 3-Algebras

This chapter consists of our article [[11]. Minor modifications were made to the

structure and references were added to earlier parts of this thesis.

Introduction

Our interest in this article lies in finding a small cofibrant replacement EL,, = Lie
for the Lie operad over any commutative unital ring k. Since the operad Lie is not
S-cofibrant, we cannot use the classical Koszul duality methods. Within the context of
the new cobar-bar adjunction Q 4 B we introduced in [Chapter 3} however, a Koszul
duality approach is not yet available. We will therefore resort to a more ad hoc approach
to build our resolution: we start from the usual Koszul dual cooperad Lie' and build
an S-free resolution step by step. Assume for a moment that we had completed this
process, i.e., we have an S-free resolution 3: Lie® = Lie' of dg cooperads. Since Lie® is
S-free, QLie® is then a cofibrant operad. To show that the composition

g, o QP: QLie® — QLie! — Lie

forms a cofibrant resolution, we need to verify that Qi is a quasi-isomorphism or,
equivalently, that the twisted composite product Lie® oxoy Lie is acyclic. In this case,
we can apply the standard machinery of algebraic operads to obtain a category of EL,-
algebras with homotopy morphisms, satisfying a version of the homotopy transfer
theorem. We recall the relevant background material in|Chapter 2

While we do not have a complete S-free resolution of dg cooperads as described
above, in[Section 1|we do construct such a resolution in low degrees and show that at
least truncated versions of the relevant statements hold. As a first step, we introduce
an explicit S-free resolution : Lie; — Lie' of dg S-modules in low degrees, i.e., such
that H,(3) are isomorphisms for r < 3. In the second step, we equip Lie® with a
decomposition map turning it into a dg cooperad. Since Leibniz algebras are essentially
nonsymmetric Lie algebras, it makes sense to use their S-free Koszul dual cooperad
Leib' as a starting point for both steps. The higher degrees of Lie® can be viewed as
a coherent system of higher homotopies for the (missing) skewsymmetry. We extend
the decomposition map of Leib' to the higher degrees in a way that is compatible with
the differential by solving systems of linear diophantine equations, and verify that it
is actually coassociative. Finally we prove the following result, which—while of no
immediate consequences—is a necessary condition if we intend to extend our low

degree resolution to a full cofibrant resolution.

129
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Proposition The twisted composite product Lie3 o,y Lie satisfies
H,((Lie3 oy Lie)(n)) = 0,
forallr < 3in all arities n.

In we use the resolution Liej to define weak Lie 3-algebras as QLiej-
algebras on a 3-term complex, and we introduce the corresponding notion of weak
morphisms. Since we used Leib' as a starting point for our resolution, weak Lie 3-algebras
and their weak morphisms consist of extra structure on top of Leibniz 3-algebras and
homotopy morphisms of such. We make the definitions explicit in terms of structure
maps and equations. We proceed to show explicitly that, given a deformation retract of
3-term chain complexes, i.e., chain maps p and i and a chain homotopy 4 as in
id, —iop=|[d,n],

p
n(C (L,d) —— (I,d’) , such that
i idLl — D oi=0 ,

the following homotopy transfer property holds.

Proposition[2.4.1] Let (L,d, 1) be a weak Lie 3-algebra and let (L', d’) be a deformation
retract of (L,d). Then (L',d") can be equipped with a transferred weak Lie 3-algebra
structure in such a way, that the map i admits an extension to a weak morphism of weak

Lie 3-algebras.

In [2]] the notion of a Lie 2-algebra is introduced using a very different approach
known as categorification. It is then shown that the definition is equivalent to that of a
2-term L -algebra, i.e., a 2-term chain complex with a binary graded skewsymmetric
bracket satisfying the Jacobi identity up to homotopy. In [63], the definition of a
weak Lie 2-algebra is introduced, again as a categorification of Lie algebras, this time
with the skewsymmetry of the Lie bracket relaxed up to homotopy in addition to the
Jacobi identity. Truncating the complexes underlying our weak Lie 3-algebras to 2-term
complexes, we recover Roytenberg’s definitions of weak Lie 2-algebras and their weak
morphisms. Similarly, we recover his homotopy transfer theorem [63, Theorem 4.1] for

weak Lie 2-algebras as a truncation of [Proposition 2.4.1}

By construction of Lie3, we have morphisms of dg cooperads
Leiby —— Lie —» Lie}
and therefore functors
Leibniz 3-algebras «—— Weak Lie 3-algebras «—— Lie 3-algebras .

While (homotopy) Lie algebras are precisely (homotopy) Leibniz algebras with skew-
symmetric structure maps, in general skewsymmetrizing the bracket(s) of a (homotopy)
Leibniz algebra does not give a (homotopy) Lie algebra. Operadically speaking, this
means that there is no simple nontrivial morphism of cooperads Lie! — Leib'. Using
the higher degree terms in Lie§ we can, however, construct a morphism Liej - Leib} of
dg cooperads up to homotopy. Precisely, we will prove the following result in[Section 3]
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Lemma The morphism Qi admits a right inverse, i.e., a morphism ® of dg operads
Qy : QLie; —— QLie; : ® , suchthat Qpo®=id.

This leads to a skewsymmetrization construction producing for each weak Lie 3-
algebra (L,d, 1) a (semistrict) Lie 3-algebra (L, d,1). We then introduce an ad hoc
definition of skewsymmetrization for weak morphisms of weak Lie 3-algebras and
proceed to show that this construction—while not strictly functorial—is in some sense
functorial up to homotopy.

We end this article with a discussion of applications of our results in higher differ-
ential geometry. In [3,|62] the concept of n-plectic manifolds is introduced as a higher
analogue for symplectic manifolds. To any n-plectic manifold (M, ), two algebraic struc-
tures on an n-term truncation of the de Rham complex are associated: an L -algebra
L., (M, ) and a dg Leibniz algebra Leib(M, w) with a certain hidden skewsymmetry. In
the case of 3-plectic manifolds, both are examples of weak Lie 3-algebras. We show that
L. (M, w) and Leib(M, ) are isomorphic as such. The analogous result for 2-plectic
manifolds is due to Rogers [62, Appendix A].

In recent work of Liu-Sheng [44], the notion of a CLWX 2-algebroid is introduced
as a higher Courant algebroid, and it is shown that a Lie 3-algebra can be assigned to
any CLWX 2-algebroid. We refine the construction to give a weak Lie 3-algebra and
show that the Lie 3-algebra constructed in op. cit. is in fact the skewsymmetrization of
our weak Lie 3-algebra, thereby giving a new proof for [44, Theorem 3.10].

1. An S-Free Resolution of the Koszul Dual Cooperad of the Lie Operad

In this section, we attempt to construct an S-free resolution : Lie® = Lie' of dg
cooperads over Z for the Koszul dual cooperad of the Lie operad. Assume for a moment
that we have such a resolution. If we can show that 1 is in fact a weak equivalence, i.e.,
Qy is a quasi-isomorphism, then this gives us a small cofibrant resolution

EL,, = QLie®
gxo¢
Q¢l~ N
L, =QLie — 2 Lie

of the Lie operad over Z, and therefore over any unital commutative ring k. Unfor-
tunately, we do not yet have a general method to obtain such an S-free resolution.
Instead, we proceed degreewise to construct a dg cooperad Lie3 that satisfies the desired
conditions in low degrees (see the following sections for the precise meaning of “in low
degrees.”)

REMARK. While our notation below may suggest that we are working with truncations
of a dg cooperad Lie®, this is not a proven result. We do not have a complete resolution
Lie® = Lie, nor do we have a proof that our Lie$ extends to such a resolution.

The remainder of this section is organized as follows. In|Section 1.1] we recall the
Koszul dual cooperads Lie' and Leib' of the Lie and Leibniz operads, respectively. In
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we construct an explicit S-free resolution : Liel — Lie' as a dg S-module
in low degrees. In we equip Lie§ with a decomposition map and show that
our definition turns it into a dg cooperad. Finally, in we prove that the
homology of the twisted composite product Lie§ oxop Li€ vanishes in low degrees.

1.1. The Koszul dual cooperads of the Lie and Leibniz operads. In|Section 7
of |IChapter 2| we saw that the Koszul dual cooperad for Lie is

Lie' = (§ ® Lie')" = 8*.
Explicitly, this means the S-module underlying Lie' is given by
Lie'(0)=0 and  Liel(n) = (I, k- sgn )[n—1] forn>1,

and its decomposition map is given by

Ay = R ()00 () Tp=rCED 5 el o (]

_ 1sjsn oeSh—1(iy,..i})
11 +~-~+lj=l’l

(86)
From this we obtain, by projection to Lie' o(;y Lie!, the partial decomposition map
B Agyy) = (=DUDED ()@= DE=D R (el (1 ®, 1)

i+j=n+1 p=1 oeSh~1(p—1,i)
Using the skewsymmetry of the I,,, it can be rewritten as
(88) Ay(ln) = D (=DUDED R 1)l (1 @, 1)°
i+j=n+1 oesh™1(i,j—1)

The Koszul dual operad Leib' = Zinb for Leib was first introduced by Loday in [45]).
Algebras over Leib' were originally referred to as dual Leibniz algebras, but are now
more commonly known as Zinbiel algebras. As before, the Koszul dual cooperad Leib'
can be computed as Leib' = (8 ® Zinb)*. Explicitly, it is given by

Leib'(0)=0  and  Leibi(n) = (l,, - K[S,])[n—1] forn>1,

and with (partial) decomposition map given as in|Equations (86) and|(87)} substituting

I, for Zn. Note however, that|Equations (87)| and |(88)| are not equivalent in this case,

since the [,, are not skewsymmetric.
There is an obvious morphism of dg cooperads,

(89) P:Leibl — Liel, (19) = (=1)° - 1, .

Since Leib' is S-free and this morphism is surjective, this provides us with a good starting

point for our resolution of Lie'.

1.2. The resolution as an S-free dg S-module. In this section, we fix an S-free
resolution of Lie' as an S-module in low degrees. We describe, in general, a way to
obtain an S-free S-module Liej, with a morphism : Lie; — Lie' satisfying H,(3) = 0
for r < k. We make such an S-module explicit for k = 3.
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We construct, for each arity n > 1, an exact augmented complex
0 « Liei(n),_, < Liey(n).
in k[S,,]-modules up to degree k + 1. As indicated in [Section 1.1, we may choose
Liep(n),_; = Leib'(n),_, and the augmentation map to be ¥ as defined by
i.e., our complexes are of the following shape:

. =d,_ o dy, . dn
0 «—— Liei(n),_; Aot Leibi(n),_; «—— Liey(n), «————— ..

(90)

d
W Lief () -

Our general approach to determining the higher degrees of Liey(n) is to construct a
resolution of syzygies as follows. For r = n—1, ..., k, successively, we extend the complex
using the following steps:

(i) compute ker(d,),
(it) choose generators {x;};c; for ker(d,) as a k[S,,]-module, and
(iii) define Liey(n),,1 = (X;)icr to be the free K[S,,]-module generated by symbols
{%;};cr and the differential by d, . ,(%;) = x;.

Obviously, any complex Liey(n) constructed in this way will be exact. We describe the
beginning of these computations explicitly for general n.

Degreer = n — 1: Since
dpoi(ln — (D 18) = (L, — (=D 15) = 1, = (DT (=)l - Ig = 0
and dim, (im(d,,_,)) = 1, we obtain
ker(d,_;) = span, {I, — (DI - I7 | s € S, \ id }.

As a k[S,]-module, the kernel is generated by the set {ln + lii}:‘:‘f for the adjacent

transpositions o; = (i i + 1). We define
Liep(n), = (l,; [1<i<n), with du(l,)=—1,— .

Degree r = n: Clearly, the following hold

by = i) = (<la = I1) = (=l = 12)7 = 0
Qg = gy + 1 = Ly + 0+ 0

= (=l = I7)) = (=1y = )7 4 (=1, — 1517
— (=l — 5 o (=L — 157 = (=1, — 15#41)7°# =0,
and, for |i — j| > 1,
i == by + 1) = (=l = ) = (b = ) = (= = 1) + (= = 1) =0,
In fact, these elements generate the kernel of d,, under the k[S,]-action. We omit the

general proof here, since we will only need this result in arity 3 where it is a trivial
computation of the rank of a 12 x 18 matrix over k.



134 4. ON WEAK LIE 3-ALGEBRAS

‘We define

Lieg(Mp41 =Ly j |1 <P j<n),

and
Oj . .
_ln;i + lVl,ll ) fOI‘ J =1,
. G110 o; 0;0; . .
d"+1(ln;i,j) = i = lz;li+1 + ln;li+1 Pl ln;li+1 + ln;liﬁl , forj=i+1,
. aj . .
ln;i—lg;'j—ln;jﬂnfw forj>i+1.

The above computations are already enough for our purpose. In summary, we
obtain the explicit dg S-module Lie3 as presented in[Figure 1} Note that we included
the results of computations for one additional degree. So far, we left out arity 1. We
will need to define Lie5(1) := Lie;(1) = k for the counit of the cooperad structure
introduced in the following section.

1.3. The resolution as a dg cooperad. In this section, we describe how to equip
a dg S-module Liey, as obtained in the previous section, with a decomposition map A
in such a way that

(i) (Lieg,d,A) becomes a dg cooperad, and
(ii) ¢:Liey — Lie becomes a morphism of dg cooperads.

As before, we begin by explaining the general approach and then proceed to make such
a structure explicit for the case k = 3, i.e., on the dg S-module Lie3 of the previous
section.

Since we started our resolution of dg S-modules by ¥: Lieg(n),_, = Leibi(n) —
Lie'(n), and this is in fact a morphism of dg cooperads, we define the decomposition
map A on Liey(n),_; in the same way as on Leib(n), i.., by It remains
to extend the definition of the decomposition map to the higher degree terms of Liey(n).
Clearly, any such extension will satisfy [Condition (ii)}

Consider now[Condition (i)} Note that it implies, in particular, that the decomposi-
tion map be a map of dg S-modules, i.e., A has to commute with the differential as in

the diagram

Lief(n)41 —~=> (Lie}, o Lie})(n)r4;
(o1 | |a
Liey(n), —=— (Lie}, o Lie},)(n),
We use this condition to define A as follows: In each arity n, proceed degreewise for
r = n-—1,.,k + 1. Given a K[S,]-basis {x;};; for Liey(n),,;, solve the equations
d(y;) = A(dx;) for y; and define A by A(x;) := y; and k[S,,]-linearity. Finally, it remains
to check that our decomposition map A satisfies the coassociativity condition.

The remainder of this section consists of the explicit computations for the case of
Liej. As mentioned in we work over the integers Z. Finding a decomposition
map as described above amounts to solving systems of linear diophantine equations.
For Liej these are still manageable by hand; for Liey, for k > 4, a computer can be used
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FIGURE 1. The S-free dg S-module Lie®.
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to solve them. To save a bit of space, we work with the reduced decomposition map A
instead of the full decomposition A below.

Arity n = 2: The (reduced) decomposition A vanishes for degree reasons, i.e., we have

(92) Al = Z(lz;l) = Z(12;1,1) = Z(12;1,1,1) =0.
Arity n = 3: For l;, we have defined A by ie.,
(93) Aly) = —lLo (L, D)+ Lo(1,L)— o (1,1,)1,

as in Leib'(3). To extend the decomposition map A to the next degree, we compute for
L3,
A(dlyy) = A(=ly — ') = —A(l3) — A5
=—(=Lo(l,1)+LoQ,1)—10(1,1)12)
(Lo () + Lo (1,L) — Lo (1,L)12)
=Lo (L) +Leo?,1),
then solve for a preimage under d,
=—lo(dly,1) = d(lz ° (L 1)) .
We proceed for I3, in the same way,
A(dlyy) = A(=ly = I§Y) = =A(l5) — A1)
= (oL D)+ o (L L) = Lo (1LL))
—(~ho () + Lo (1) — Lo (1,1)02) ™
=Lo(lL,1)—Lo(L,L) +10(1,1,,)3?
+18% 0 (1,1) — 1, 0 (L) + 1§17 o (1,,1)
= d(_lz;l o(lp )= Lo ly) —byo(1, 12)(12)) .

This gives us candidates for the definition of A for which the diagram commutes.
We define

(94) A(lz1) =L (lpy, 1),
(95) A(lyy) = —lyy 0 (I, 1) — Ly o (1, 1) — Ly 0 (1,1,)12) .
Using these definitions, we continue in the next degree and find
A(dlyyy) = ALy + 7)) = =A(lsy) + A1)
= — Lo (L 1)+ Lo (L, 1O = —L o (I, 1) + Lo (157,1)
=10 (dlz;1,1’ 1) = d(—lz ° (12;1,1, 1)) s

Adlyy ) = Allsy + 153 + 1557 — Ly — 155 — 155”7
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=1L o (L, 1) + b o (L, D@ + 1 0 (L, DI = (=l 0 (1, 1) = L o (1, 1)
— by o (L)) = (=l 0 (1, 1) = L 0 (1, 1) — Ly 0 (1,1,)?)
— (=L 0 (1 1) = Ly 0 (1 1) = by o (1,1,)12)4

=1Lo (L, 1)+ 157 0 (1,1,) + 187 0 (1, 1)) + Ly 0 (L, 1) + Ly 0 (1, L)

(12)

by o (LL) + by o (52,1) + 1 0 (1 1)12 + Ly 0 (L 1)
17 0 (L ED)D + 157 0 (1, 1) 4 by 0 (L)
= - (dlz;l) ° (12;1, 1) - (dlz;l) o(1, 12;1)(12) - (dlz;l) o (1, lZ;l) - lz;l ° (dlz;l’ 1)
=Ly o(1, dlz;l)(lz) =Ly o(1,dlyy) + (dly; 1) o (1, 1,)(132)
=d(=ly 0 (g1, 1) — Ly 0 (1, 1) — Ly 0 (1, 1,)3D + Iy 1 0 (1,1,)132))
A(dlyp ) = Al=lss +155)) = =A(ls2) + Alls) ™
= - (_12;1 ° (lz’ 1) - lz o (1, 12;1) - lZ;l o (1, 12)(12))
+ (<l 0 (1) = L o (1, Ly) = by o (1, 1))
=Ly o (1) + Lo (1, L) + by o (1,11 — 1P e (1,1,)12 — 1,0 (1, 15P)
(12) o (12’ 1)
— (dlyy1) 0 (1 1) = L o (1,dlyy 1) — (dlyy ) 0 (1,1,)32
= d(_lz;l,1 o(lp, )+ Lo,y 1) =Ly 0, 12)(12)) .

This again gives us candidates for the definition of A and we define

(96) Z(13;1,1) = —lyo0 (lz;l,h 1),

97) Z(13;1,2) = =l 0 (1, 1) — Ly o (1, 14) — by o (1, 12;1)(12) + a0, 1L,)132)

(98) Z(13;2,2) = —ly10(l D)+ Lol ,)—lyo(, L)1)

Arity n = 4: For l, we have

Ally) =Lo (3, 1)+ Lo (1,1) — Lo (1,1)12 + 1,0 (1,1)1%) — 1, 0 (I, 1)

(99) + 10 (L, L) — 1o (L, L) + 10 (1, 1,1) = Iy 0 (1,15, 1)

+130(L, L, D)3 +10(1,1,5) =130 (1,1,,)% + 1;0(1,1,1,)132,

and analogous to the arity 3 computations, we obtain (indicating by the ellipses --- terms
that cancel on the nose)

A(dly,) = A(=1, — I§?) = —A(l,) — A1)
= — (LoD +Lo (L1 —Lo(b L) + o (L, L)+ 0 (1,1,1)
o) = (Lo (B, D)+ Lo (LY — Lo (152, 1) + 1,0 (151,1,1)
+1§9061,1,1) +- )
=lLo(dly, 1) +10(1, dl3;1)(123) —Lo(dly, L) + 3 0(dly4,1,1)
+(dl3,1) 0 (1,1,1)
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=d(—Lo (s, D) = Lo (1,150 + Lo (L, 1) + by 0 (L, 1,1)

+13;0(1,1, lz)) ,

A(dlyp) = A=, = 1) = —A(ly) — A

= - (lz o(l3; 1)+ Lo(1,l) =L o(l, 12)032) +ho(l,1,1)=130(1,1,1)
+ Lo (1L, D)W + 10 (1,1,L)32 + ) = (Lo (8,1) + Lo (1,6)
— Lo (8, 1)1 + 1% 0 (1,1, 1) — 1o (1L, 1) + £ 0 (1,,1,1)
+ lglz) o (1,1,1,)132 4 )
Lo (dlyp, 1) + L o (1,dlyy) = L o (dlyyy, ) + (dlsy ) © (1, 1,1)
+(dlg) 0 (1,1, 1) — Iy 0 (1,dlyq, 1) + (dlsy) 0 (1,1, 1,)132)

= d(—lz o (L3 1) = Lo (1,137) + L o (L, )32 + Ly 0 (I, 1,1)

Ly 0 (11, )02 = Ly o (1, Ly, 1) + Iy 0 (1,1,1)32),
A(dl) = A(=l, — I$Y) = —A(l,) — A(l,)®9

= — (LoD + Lo (L) = Lo (LE) + 1o (1,11 — Lo (1, 1)
+ 10 (L, L) — Lo (L, L) + 10 (1, 1,1) — Iy 0 (1,1, 1)
+ Lo (L5, 1) + 1o (1,1,1) = Lo (1,1, ) + L o (1,1, )3 + ..
(20 L)) 4 1o (LI = 1 o (LIFHD + 52 o (1, 1)
— b0 (b 5) = 57 0 (L L)1 + 157 0 (1, L) + 187 0 (1, 1,1)
170 (1,1, 1)@ + 17 0 (1,1,1,)13D + 1o (1, 1,15) — 1§ 0 (1,1, 1)
+17V 0 (1,1,1)02 + )

= (dly) o (1, 1)) + 1, 0 (1,dL3p) — L 0 (1,dL3) M + (dly) © (5, 1)
— Lo (I, dlyy) — (dlyy) © (1, )32 + (dlyy) o (1, 1)@ + (dlz5) 0 (15,1,1)
—(dl3,) 0 (1,1, L)@ + (dl3,) 0 (1,1, L)1 4+ 150 (1,1, dby)
— (dl3p) © (1,1, 1) + (dlsz) o (1, L, DT

= d(l1 0 (1,11 = Lo (1,Lp) + o (1,112 + Ly 0 (I, 1) = Ly 0 (. )
—lyo(l, 12)(132) + o (ly, 12)(23) +hp0(l1,1) =0 (1,1, lz)(23)
L0 (1LL1)BD 4 o (1,1, Ly) = g 0 (1,1, 1) + Iy 0 (1,1, )0)

As before, this gives us candidates for the definition of A. We define
Algy) = =l o (L1, 1) = L o (1, 15) " + L 0 (I, ) + L 0 (I, 1, 1)
+Lh,0(1,1LL),
Z(14;2) ==l o (L3, 1) = Lo (1, 15) + L 0 (Iyy, L)1) 4+ Ly o(l,1,1)
+ 13 0 (1,1, DD — I3 0 (1,1, 1) + I 0 (1,1,1,)132)

(100)

(101)
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Allys) =Ly 0 (1, 1)12) — 10 (1, 135) + 1 0 (1,13)3? + L,y 0 (13, 1)
—Lo(lhbhy) =Ly o, 1,)132) 4 Ly o (s 1)@
(102 + 135051, 1) — Ly 0 (1,1,1)®) + I35 0 (1,1, 1,)132
+130(1,1,1) —lyo(1,h,1) + Lyo (1,5, 1)1,

Arity n = 5: We have already defined the decomposition map for I5. Explicitly, it is
given by

A(ls) = =L o (L D) + Lo (L, 1) — L o (3, 1) + 1 0 (I3, L)) — 1 0 (15, 1) 1432

— Lol ly) + 1 0 (1, 1)) — 1 0 (1, )3 — 1 0 (I, 15) 13
+ 1,0 (1, )13 — 1 0 (1, 1) 41 0 (1,1,) — 1 0 (1, 1)1
+ 10 (L,1)3%) — 10 (1,1)05 + 10 (I3,1,1) — Iy 0 (I, 1, 1)
+ 130 (L, 1, 1)) =10 (1, L, DI + 0 (1, 1,1) + Ly 0 (1, 1,1,)*)
— Lo (L, L)Y +130(1,13,1) — 0 (1,15, 1) + [ 0 (1, 13, 1)129)

(103)  —Lio (L L) + 130 (1,1, L)Y — 50 (1,1, 1)) + 1y 0 (1,1, 1,)3?
— 30 (1,1, L)DGY 1 [0 (1,1, )24 — I3 0 (1, L, 1))
+ 10 (1,5, L)1 4 o (1,1,1) — ;o (1,1,1)®) + 1,0 (1,1,15)3%
+10(1,1,1)12 — Lo (1,1,1)13*D + 150 (1,1,1) 1D — 1, 0 (1,,1,1,1)
+l0(1,L,1,1) =1, 0(1,1,1,1)32 -1, 0(1,1,1, 1) + 1, 0 (1,1, 1, 1)
— Lo (11,1, 1) +1,0(1,1,1,1) — 1,0 (1,1,1,1,)%
+1,0(1,1,1,15)%) —1,0(1,1,1,1,)14D

Since there are no higher degree terms in Lie3(5), we are done here.

Lemma 1.3.1. The triple (Lie3, d, A) consisting of the dg S-module (Lie5, d) defined in
[Figure 1|and the decomposition map as defined by[Equations (92)H(103)|is a dg cooperad.

The decomposition structure map we defined is compatible with the differential by
its construction. What is left to do, in order to show that it defines a dg cooperad structure
on the dg S-module Lie3 defined in the previous section, is to check that it satisfies the
coassociativity condition (A o id)A = (id o A)A. Note that coassociativity is automatic in
arities n < 3 and we already know that it holds for I,, € Lie3(n),_, = Leib!(n). Thus, it
is sufficient to check it for the elements Iy, I, and I, 3. See[Section A.T|for this long
and tedious computation.

1.4. The twisted composite product. As explained in the introduction to this
section, if we could show that for an S-free resolution 3: Lie* — Lie' of dg cooperads
the map Qu is a quasi-isomorphism, this would give us a cofibrant resolution of the
Lie operad over Z. One way to do this would be to show, that the twisted composite
product Lie® oz Lie is acyclic for ® = x o ¢. Since we do not have the full dg cooperad
Lie®, we will show the following truncated statement. This is of course a neccessary
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condition for our dg cooperad Lie3 to be a truncation of an S-free resolution Lie® with
the desired properties.

Proposition 1.4.1. The twisted composite product Lie5 oz Lie satisfies
H,((Lie3 oz Lie)(n)) = 0,

forallr < 3in all arities n.

PROOF. Since the result actually holds for any Liey constructed as in the previous
sections, we phrase the proof for arbitrary k instead of just k = 3.

Consider the bigrading on the composite product Liej, o Lie given by
(104) (Lie} o Lie)(n), 4 = (Lie;(p +1) ®s,,, (Lie®p+1)(n))p+q '
The differential of this composite product, dli¢k°lie = dlick o 1, is of bidegree (0, —1).
On the twisted composite product Liey, oz Lie, the differential has another term, dg,
defined as in[Equation (61)] Note that dz is of bidegree (—1, 0), since & := x o ¢ vanishes
everywhere except on Liey(2);. Thus, with the above bigrading, the twisted composite
product becomes a first quadrant bicomplex. Below, we consider its spectral sequence
E(n) for each arity n.

®p+

Since Lie(0) = 0, the action of S, on Lie 1(n) is free and hence E(n)g,q admits

the following expansion (see[Section 1.3|of [Chapter 2J):

E(n)j o = (Lie} o Lie)(n), 4

(Lie;(p +1) ®s,,, (Lie®"“)(n))

p+q

( Priei(p+1) ®s,,, (Indizlx‘..xgkw Lie(k;) ® -+ ® Lie(kp+1)))

n:k1+~'+kp+1

p+q

= ( @ Lieg(p +1) ® Lie(k])) ® -+ ® Lie(kp41) ® k[Sh(k;, ..., ka)])

n=kj+--+kpy p+q

Since Lie is k-projective, i.e., Lie(n) are projective k-modules for all arities n, this implies
that the first page E(n)}, 4 is given by

E(n), = HM(Lie;(p +1) ®s,,, (Lie®P)(m), d¥ek o 1)
= Hpq(Liek(p + 1), dLiez) ®sy.. (Lie®”*)(n).
By the construction of we have forn <k + 1:
Liel(n),, ifr<k,
H,(Liey(n)) = {kerd,, ifr=k+1,

0, otherwise .
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Hence, for p + q < k we obtain

i Liel o Lie)(n),, ifg=0,
(105) B(m)}hq = (Lie(p+1)®s,,, (Lie®*!)(n)) = ( )y, ifq
pta (0, otherwise .
Since 9 is a morphism of dg cooperads and & = x o 3, it follows from the definition of

the twisted differential in[Equation (61)} that the following diagram commutes:

. . da* . .
Liey o Lie —— Liey, o Lie

lz[)oid lzpoid
; dy TR
Lie' o Lie —— Lie' o Lie
Since 3 is a quasi-isomorphism, this shows that d},,o = (dy)p for p < k + 1. Thus we
obtain Eg,q = 0 for p + q < k, since the operad Lie is Koszul.
The proof for n > k + 1 is essentially the same, except for the computation of

E(n); o- We have

Liep(k + 2 , ifr=k+1,
H,(Liej(k + 2)) = Lieg(k + 2), = K+ D
0, otherwise ,

and hence dj, , ; # (d,)k+1. However, we do find

1
dk+1,0

oid)d
im(E(n)iH’0 — E(n),lc,o) = im((Liei o Lie)(n)y41 e,

(Lie' o Lie)(n)k>

] dy 0 .
= im<(Lie‘ o Lie)(n)g4; —— (Lie' o Lle)(n)k> ;
since 1 is surjective. Thus we obtain Eg,q = 0 for p + q < k again. [ |

2. The Category of Weak Lie 3-Algebras

Assume again that we had an S-free resolution ¥: Lie® — Lie' of dg cooperads, and
in addition that Lie® o,y Lie is acyclic and therefore EL,, = QLie® = Lie is a cofibrant
resolution. Now consider a 3-term complex

(L,d) = <L0 DT S L2>,

and note that its endomorphism operad End; vanishes in degrees r > 2. Since the
Maurer-Cartan equation for a twisting morphism A: Lie® — End} is of degree —2, only
degrees < 4 of Lie® play a role in the definition of 3-term EL -algebras. A homotopy
transfer theorem for such 3-term EL -algebras holds as a special case of the general HTT
for algebras over a cofibrant operad. For our resolution Lie3, however, we do not know
that it is the truncation of such a dg cooperad Lie®. Nonetheless, we show constructively

that our weak Lie 3-algebras satisfy a homotopy transfer theorem (Proposition 2.4.1)).
This section is organized as follows. In(Section 2.1} we recall the definition of a
homotopy Leibniz algebra and of its homotopy morphisms. We spell out the details

for the case of a homotopy Leibniz algebra on a 3-term complex or Leibniz 3-algebra,
and for homotopy morphisms between such. In[Section 2.2} we introduce the notion
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of a weak Lie 3-algebra as extra structure on a Leibniz 3-algebra. In|Section 2.3| the
accompanying notion of weak morphisms is made explicit. Finally, in|Section 2.4} we
prove a version of the homotopy transfer theorem for weak Lie 3-algebras.

2.1. Homotopy Leibniz algebras. From the description of the Koszul dual co-
operad Leib' in[Section 1.1} we obtain the following explicit definitions of algebras and

homotopy morphisms over Leib,, = QLeib' via the Maurer-Cartan [Equations (63)
and[(64)} For a more thorough exposition, we refer the reader to [36].

Definition 2.1.1. A homotopy Leibniz algebra or Leib,,-algebra (L, d, 1) consists of a

chain complex (L, d) with structure maps
(106) A I®" - LIn—2], forn>2,

satisfying the following generalized Jacobi identities:

J
(107)  9(Ay) = = P (=D)UVH(=D)E=DED R 1)l (4; @, 2))7 . forn > 3.

i+j=n+1 p=1 oeSh~1(p—1,i)
Let (L,d,4), (L',d’, X') be homotopy Leibniz algebras. A homotopy morphism or
Leib,-morphism f:L ~ L consists of maps

(108) ful®" > L[n-1], forn>1,

satisfying the following equations (forn > 1):

3(f) = S (-1~ DIZ( DE=DED S 1)l (f @, 2)°

(109) iHj=ntl oeSh—1(p—1,i)
i—1)(n—j -1)(ip,—1 ,
= S 1)) (1) Zem DD S el o (f £
4y 7
=

A Leibniz 3-algebra is just a homotopy Leibniz algebra on a 3-term complex. Since
this is the basis for our definition of a weak Lie 3-algebra, we spell out the definition

here.

Definition 2.1.2. A Leibniz 3-algebra (L, d, 1) consists of a 3-term chain complex
(L, d) = (LO PN S L2>,
equipped with structure maps
1% > L, 13123 > L[1], A 1%* > L[2],

satisfying the following generalized Jacobi identities:
(110) d(4,) =0,
(111)  8(A3) = Ay 034y — Ay 01 Ay — (A5 0, 1)1,

0(A4) =301 A3+ Ay 0, 43— (A5 0, /13)(12) + (25 05 /13)(123) —A301 4,

(112)
+ 4305 Ay — (A3 03 1,)3D = A5 03 4, + (A3 03 2,)@) — (A3 03 2,)132)
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and
0=2Ay01 A4 — Ay 05 Ay + (A5 05 1)1 — (1, 0, 1,)12) 4 (1, 0, 1,)(1239
+ /13 01 13 + 13 02 /13 - (13 02 /13)(12) + (13 02 13)(123) + 13 03 /13
— (3 03 23)®) + (A3 03 23)13? + (4 03 43) 3 — (25 03 45)(1342)
(113)

+ (43 03 /13)(13)(24) FAg01 4, — g0 25+ (A4 0, /12)(12) + 4034,
— (A4 03 /12)(23) + (A4 03 /12)(132) —Ag04 25+ (Ag04 /12)(34) —(Ag04 /12)(243)
+ (A4 04 /12)(1432) .

A morphism of Leibniz 3-algebras is just a homotopy morphism between 3-term
homotopy Leibniz algebras.

Definition 2.1.3. Let (L,d,4) and (L',d’, 1) be Leibniz 3-algebras. A homotopy mor-
phism f:L ~ L consists of maps
(114) fi:L->1TL, £:I%2% = L[1], f:I2% > L[2],

satisfying the following equations,

(115) d(h)=0,

(116) 0(f)=hedy—20(h, /),

(117) 0(fs) = fiods— froady + fro1 Ay + (fr 0 45)12
— Ay o (fis fis f) = 2o (Fis o) + Xy 0 (fo, i) + Xy 0 (fi, )2

and
fiody =Xy (ho fis fis 1)
=fhor A+ froads— (02 23)1 + (f0,4)8%) — fro1 4, + fr 05 4,
—(fi02 )3 = fy03 25 + (f3 03 4,)%) = (f3 03 4) 32 + 2y 0 (f3, f1)
(118) + 2y 0 (fis ) = Ay 0 (s )2 + 2y 0 (i, )29 = 2y 0 (o )
+ 250 (fos ) = 2y 0 (fos P + 230 (o, fis i) = A3 0 (fi, o i)
+ 250 (fis o DUP + 25 0 (fis fi ) = A5 0 (fis fis )P
+ 250 (fi, fi, )2
Let f:L w L' and f":L' ~» L" be homotopy morphisms of Leibniz 3-algebras. Their
composition is defined by the following components:
(119) (o= F o i
(120) (f'efl=fe(fiu)+fefas
12) (fefs=Ffothff)—fheh)+he(fif)— o P+ fof.
2.2. Weak Lie 3-algebras. In this section, we spell out the definition of weak Lie
3-algebras as solutions to the Maurer-Cartan[Equation (63)|on a 3-term complex. To do

this, we evaluate the Maurer-Cartan equation for a twisting morphism A: Lie3 — End;,
on the k[S,,]-generators introduced in[Section 1.2} and use the shorthand notation 4,
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for A(L,). E.g., for I3,; we find
0 = (324 + 2 % )(51) = 3(Allsy)) + Adls) + (Hay © (A oy A) 0 Ay)(Us)
= 0(As0) + AL — 52) + (yay © (A oy D) 01 L)
= 0(Asy) = Ay = 257 = Ay 01 gy

which is equivalent to[Equation (124)} Doing this for all generators of Lie and restricting
to 3-term complexes leads to the following Definition.

Definition 2.2.1. A weak Lie 3-algebra (L, d, 1) is a 3-term chain complex
(L5 d) = (LO (-d_ Ll (d_ LZ) s

equipped with structure maps

A, 192 S L, Ay 182 > L[1], Ay11: 122 = L[2],
13123 > L[1], 3,193 > L[2],

A3 1% - L[2],

A:13% > L[2].

We require these to satisfy the [Equations (110)H(113)} i.e., (L, d, 4) to be a Leibniz 3-
algebra, and in addition we require the following equations to hold,

(122) Ahgy) = 2y + 157,

(123) (Az1,1) = 30 — /1(21;? )

(124) 0(A3,1) = A3 + B2+ 20, Az

(125) 0(A32) = A3+ /1(323) — 2303 Ay + A 01 Ay + (Agg 02 )12,

(126) Ay + 4500 =0,
(127) A3y — /1(31;? =01 4211
(128) 31— /1(31;? + /1(3132) — A3+ /1(323) - /1(31;53)
= Ay 02 Aa + Ao 01 Ay + Ay 03 A50)12 + (A1 02 2,)332
(129) A3, — (32;) =—Ay 0, Ax11 +4Ax11 0142 + (A1 02 ,)02),
(130) Ay + /1(412) =25 01 A3y — Az 03 Ay + (A 03 A3,) 12 + 25 01 Ay
(131) Ay + /1(423) = Ay 01 dzp — A3 02 Agg + A3 02 g — A3 1 A — (A3 02 2)0?
— (A3, 03 /12)(132) )
Ay + /15;34) = Ap1 01 A3 — Az 01 Ay + A3z 02 Ay — (A3 02 )12 + A3 03 Ay
(132) + (A3 03 1)) — (L35 03 4,)132) + 25 0, 35 — (A 03 A3)1?
+ (A3, 22 /13)(123) .
When in the above definition we assume L, = 0, this forces the structure maps
A2:1.15 A3;15 43,2, and 4, to vanish for degree reasons. The[Equations (113){and ((126)H(132)]
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hold for degree reasons in this case, and thus the left-hand sides of [Equations (112)
and become 0. In this way, we recover Roytenberg’s definition of a 2-term
EL,-algebra (|63} Definition 2.16] (which we will call weak Lie 2-algebras).

2.3. Morphisms of weak Lie 3-algebras. Since weak Lie 3-algebras are algebras
over the operad QLie3, they come with a general notion of morphism of operadic
algebras. Such a morphism of weak Lie 3-algebras L — L' is a morphisms of the
underlying chain complexes (L,d) — (L',d") commuting with all structure maps. This
notion of strict morphisms is of limited use, however (see the explanations in[Section 6|
of [Chapter 2)), and we will introduce another type of morphisms below.

Consider again weak Lie 3-algebras L and L/, i.e., chain complexes (L, d), (L', d")
equipped with structure maps given by twisting morphisms

A € Tw(Lie, End;), A € Tw(Lie$, End;,) .

Following the general theory described in[Section 6|of [Chapter 2| a weak morphism of

weak Lie 3-algebras is a degree 0 solution to the following Maurer-Cartan equation:
(133) f:Lie; » EndF,, suchthat 8(f)—f*A+AX @ f=0.

We again evaluate this Maurer-Cartan equation for the k[S,,]-generators of Lie3, using
the shorthand notation f, for f(l,). E.g., for I,,; this amounts to

0=0(f)=f*2+2® f)lx)
= 0(f (1)) = f(dly) = (f * )La) + (X @ f)la)
= 3(fo) + f(lp) + fF(1L)M? = f(id) oy ALy) + X (L) o (f(id), £(id))
=0(f) + o+ 52 = fio Ao + 21 o (i ).
which is equivalent to In summary, we obtain the following definition.

Definition 2.3.1. A weak morphism of weak Lie 3-algebras f:(L,d, 1) ~» (L,d’, 1)
consists of a collection of k-linear maps,

fi:L->1L, £:1%% > L'[1], fa: 22— L[2],
£:1%3 > L'[2].

We assume that the [Equations (115)H(118)| hold, i.e., f is a homotopy morphism of

Leibniz 3-algebras. In addition the maps are required to satisfy the following equations:

(134) o) = —~fo= B2 + fi o Ay = Xyg 0 (fin 1)
(135)  fiodyay —Aagy o (fi ) = foa — Fa
(136) fiodsy —Ayy o (f fi ) = i+ K52 + fror Agy + Xy 0 (fors )
frodsg =X o (fis i) = fo + 522 = fy 03 o + foa 01 Ay + (fo 03 4,)1)

(137)
=2y 0 (fis foa) = Ay © (s ) = Xy 0 (1, )2



146 4. ON WEAK LIE 3-ALGEBRAS

Let f:L ~» L' and f":L' ~ L" be weak morphisms of weak Lie 3-algebras. Their
composition is defined to be the composition of the underlying homotopy morphisms

of Leibniz 3-algebras, i.e., by[Equations (119)H(121), with the additional component

(138) (f o o= fiae(hu i)+ fie o

If we assume that L and L' in the above definition are in fact weak Lie 2-algebras,
then for degree reasons f,; and f; must vanish. [Equations (118)/and(135)H(137) hold
again for degree reasons, and the left-hand sides of [Equations (117)|and|(134)|are zero.

In this way we recover Roytenberg’s notion of a morphism of 2-term EL-algebras (63,
Definition 2.18].

2.4. The homotopy transfer theorem. While we explicitly prove a homotopy
transfer result for weak Lie 3-algebras below, let us remark again that for a cofibrant
resolution of any operad such a result is automatic.

Let (L, d, 1) be aweak Lie 3-algebra. Assume that we are given a deformation retract
of the underlying chain complex, i.e., chain maps p and i, and a chain homotopy A as
follows:
idf —iop=|[d,h],

p
(139) nC (L,d) — (L,d"), such that
i idLr —po i=0.

In this setting, the following homotopy transfer theorem for weak Lie 3-algebras holds.

Proposition 2.4.1. Let (L,d, 1) be a weak Lie 3-algebra and let (L', d") be a deformation
retract of (L,d) as in Then (L',d") can be equipped with a transferred

weak Lie 3-algebra structure in such a way, that the map i admits an extension to a weak

morphism of weak Lie 3-algebras.

PROOF. This follows directly from [Lemma 2.4.2|and [Lemma 2.4.3|below. |

By the homotopy transfer theorem for Leib -algebras we know that one can define

a Leibniz 3-algebra structure on (L', d") by the structure maps
(140)  Ay=podyo(ii),

, L 1-(12 L
(141)  Ay=poldso(ii,i)+po (/12 o (hoAy) = (Ay 05 (hoAp))' ™ )) o(i,i,i),

and

’ 1-(12 123
4’=p°/14°(lsl’l,l)_p°</12°1(h°/13)+(/12°2(h0).3)) (12)+(123)

—-(12 —(23)+(132 ...
+A00 (hod) = (A3 03 (o 1)) ™ 4 (A 05 (0 2)) ™V ) o (1,1,1,1)
(142) —Ppe° </12 op(holdy)oy(holy)— (/12 oy (holdy)oy(ho /12))1_(12)

1-(23)+(132) 1—(12)+(123)

+/120(h0/12,h0/12) +(/12 oy (holy)o, (hO/lz))

_ (/12 oy (hoy)os (ho /12))1—(12)+(123)—(23)+(132)—(13)) o (iyi,i,0),
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and that the following components define an extension of i to a homotopy morphism of
Leibniz 3-algebras i: (L', d’, ') ~ (L,d, 1):

(143) i =1,

(144) iy =—-hold,o(i,i),

(145)  i3=—hol30(i,i,i) —ho (Ao (holdy) = (A 02 (ho 1)) "UD) 0 (i,i,0).

We extend these constructions to weak Lie 3-algebras following the same pattern.

Lemma 2.4.2. The Leibniz 3-algebra (L', d") with structure maps 2, as defined by[Equa]
admits an extension to a weak Lie 3-algebra. Explicitly, such an extension
is given by the structure maps

(146) A”Z,l = p o lz;l o (i, i) s
(147) /2;1,1 = podyy© @1,
(148) G1:=DoAzgo(i,i,i)) = po(dyop (hodyy))e(i,ii),

(149) Ayp=poldsyo(i,i,i)+po (’12;1 01(holy) +2;0,(holy)
149
+ (g 02 (R0 2,))12) o (i1, .

The proof is a straightforward verification of [Equations (122)H(132), which we
postpone tofSecion A2

Lemma 2.4.3. The homotopy morphism i:(L',d") ~ (L,d) of Leibniz 3-algebras with
components defined by [Equations (143)H(145) extends to a morphism of weak Lie 3-
algebras with the additional component

(150) Iy = —ho /12;1 o (i,i).

PROOF. We verify that with this definition of the additional component i,

tions (134)H(137) hold:
8(izy) = —0(h 0 Ay o (i,1))
= —(id — ip) 0 Ay 0 (i, D) + h o (Ay + 152) 0 (i, 1)

. (12 . .
=—ip—iy  +ijoldyy — Ay 0y, 0ih),

i10 A3, = Az, 0 (in, 1)
=io (p o /12;1,1 o (i, l)) - /12;1’1 o (i, l)
= _ah o /‘12;1,1 o (i, l)
= —ho (A —A9D) 0 (1)

o .(12)
=~y s

il ° /1/3;1 - /13;1 ° (il’ il’ il)
=io (p ° (/13;1 - /12 °1 (h ° 12;1)) ° (i, i, l)) - /13;1 ° (i, I, i)
= —08h o A3, o (i,i,i) — (id — 0h) o (A, 0y (h o Az1)) o (i, i, i)
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=—ho(A+ 452 + 2500 451) 0 (10, 1) + Ay 0 (ig, y)
+ho(Ayop (BhoAy)) o (iyi,i) —ho(Ayo (o (Ay+A52))) o (i,i,0)
=—ho(A3+ 2,0, (holy))o(i,i,i) —ho(A3+ A, 01 (hoAy)IP o (i,1,0)
+ Ay 0 (ig, 1) — o (A, 0y (ip 0 Ayy)) o (iy i, 0)
=iy + 157 4 Ay 0 (i, 1) + iy 01 Ay
iy 0 Ay — Ay 0 (i, iy iy)
=i0po(dsg+ Ay 01 (o)) + Ay 0y (hodyy) + (g o (R0 2))1D) 0 (i, 1)
— Ay 0 (iyi,i)
= —0h o A3 0 (i,,1) + (id = OR) o (A o1 (h o A2) + Ay 03 (R0 Ay)
+ (A 02 (0 1))3D) 0 (i, i, 1)
=—ho(d;+ /1(323) + Ay 01 Ay — Ay 03 Agy + (Ag 03 4,)1P) 0 (i, 1,1)
+(Ag 01 (R0 2p) + Az 05 (ho Ay) + (Agg 03 (R0 1)) 0 (i, 4, 1)
—ho((Ay+25P) o) (o 2y)) 0 (iyiyi) + h o (Ayy o ((id — ip) 0 A) o (i, iy i)
—ho (A, 05 ((id — ip) 0 Apq) © (i, 1, i) + B o (A5 05 (R o (A + 52))) 0 (i, i, 1)
—ho((Ay+252) 0y (o 1,))" o (i,1,1)
+ ho(Ay oy ((id = ip) 0 ) o (i,1,1)
=—ho(A3+ A0, (hody)—(Ay0,(ho /12))1_(12)) o (i,i,0)
—ho (A3 + Ay 0 (Ro2y) = (A 05 (R0 1)) =0D) ™
- /12;1 o (ip,iy) — Ay o (iy, i2;1) - /12;1 o (iy, iz)(lz)
+(=holyo(i,0)) o1 (podyo(i,i) — (=holdyo(i,i)) oy (pody o(ii))
+((~h o dgg o (D)) o3 (po Ay o (1))

. (23 .. .o .
=13+ lg = Agq 0 (i, 1) = Ay 0 (iy, Ip;1) — Ay © (g, 12)(12)

o (i,1,1)

+ iy 09 A — iy 03 Ay + (iz 22 1’2)(12) .
This concludes the proof. |
3. Skewsymmetrization

Since an L, -algebra is just a Leib,,-algebra with skewsymmetric structure maps, it
seems natural to try and construct an L -algebra by skewsymmetrizing the structure
maps of a Leib, -algebra. One way to put this more formally is in terms of the Koszul
dual cooperads: assume for a moment that we can construct a right inverse to the

morphism 1 defined by|[Equation (89)} i.e., a morphism ¢ of dg cooperads
y p g p
P : Leib — Lie' : ¢ , suchthat Po¢p=id.

In this case, we obtain for any Leib-algebra (L, d, 1) given by a twisting morphism
A:Leib' —» End;, an L, -algebra (L, d, )_L) via precomposition of the twisting morphism
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with ¢, i.e., Ai=1o ¢. We shall make a naive attempt at defining such a morphism ¢
below to see how it fails.
Define ¢ on K[S,, ]-generators by
Bl = = ¥ (<117
oESy

Clearly, this is a welldefined morphism of dg S-modules and satisfies o¢ = id, provided
the 1/n! exist. The calculation below, however, shows that the map ¢ does not define a
morphism of dg cooperads since ¢ does not commute with the decomposition map A
already in arity 3. We find

A#@) = ¢ 3 (1P (o (1) + Lo (L L) — o (1,)?)°

o€ES3
=2 Z (=) Lo (1, 1) + 2 Z (=Dl Lo (1,1,)7,
6 0ES;3 3 OES3

while
#(ad) = -3 g; (=) (Lo (b, 1) = Iy o (1, 1))’ .
Note that the difference 3
(hod—gon)ly)= % S (19 (1o (L 1) + L o (1, 1))’

O€ES3

is actually a coboundary when we view Leib} C Lie§ as a dg subcooperad,
1 o
= = 2 (“DFT (dlyy 0 (1, 1)’
OES3

This suggests that (i) while Leib-algebras do not admit a skewsymmetrization in
general, for weak Lie 3-algebras (and more generally EL -algebras) such a construction
may exist, and (ii) we should try to extend ¢ to a homotopy morphism of dg cooperads.

The remainder of this section is organized as follows. In[Section 3.1} we construct
a right inverse ® for Qi: QLie§ — QLie}. In we use @ to define a skewsym-
metrization construction for weak Lie 3-algebras. In[Section 3.3 we define an ad hoc
skewsymmetrization for homotopy morphisms of weak Lie 3-algebras and show that it
is functorial up to homotopy.

In this entire section, we assume that 2, 3 € k* are units.

3.1. A right inverse homotopy morphism for the cooperad resolution. Be-
low we construct a right inverse for Qy: QLie§ — QLiel. We think of such a map as a
homotopy morphism of dg cooperads.

Lemma 3.1.1. The morphism Qi admits a right inverse, i.e., a morphism ® of dg operads
QY : QLie —— QLie; : ® , suchthat Qipo® =id.
One such morphism ® is defined by

o(s71ly) = % S (-1l s,

OES;
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(s h) = 2 X (<5 = 5 P D (57 gy o 57 + 57 gy 0 57')°

o€ES3 OES3

(IJ(S_li4) = % Z (=1l . s71g

€S,y

1 - - - - - -
+ E Z (_1)|O.| * (S 112;1 01 S 113 —S 113;1 01 S 112 + S 1l3;2 02 S 112

oese 1 1 1 1 1 1 o
=8y 05857 3 =85 3 0557 L, + 57 550587 lz> .

PROOF. Any morphism of free dg operads is completely determined by its value on
generators, i.e., it is sufficient to define ®|;.;;.; and its extension @ is then automatically
a morphism of operads. It remains to verify that & commutes with the differential,
which we do below:

do(s7'L) = 3 ) (-1 ds = 0 = @(0) = @(ds~L),

g€eS,

do(s~l;) = —% Do (=)ol dys7lg

o€ES3

1
24 Z (=Dl (dys7 01 57 + dysTH g 0 s‘llz)o

OES3

= —% D, (D (=57 oy 57y + 57y 0057, — (s7M 0 s71,)(2)7

o€ES3

1
-3 Z (=1t . ((S_llz + S—11512)) oy S_llz)g

OES3

== P (7 oy 57 = 57 0y 57

OES3
= —®(s71L,) o O(s™1L,) + D(s™,) 0, B(s™',) — (P(s™11) 0y B(s™11,))12)
= (D(_S_IZZ 01 S_liz + S_IZZ 02 S_liz -_ (S_liz 02 S_liz)(lz))

= O(—dps~ ;) = ®(ds11y),

oy =L 3 o

o€ES,y

1
+ T Z (1)l ((dls_llz;l) 01 575 + 57y, 01 (dys7'L)

OES,y o
—(dys7 ) 0557 s — 57, 0) (dzs_ll3))

- % Z (_1)|G| ) ((dls_ll3;1) °1 S_llz - (dzs_ll3;1) °1 S_llz

OES,

ag
+(dys7 gp) 0257 = (das™5g) 05 S_llz)

1
t I3 Z (=1)ll . ((dls_lls;z) 0y 71, — (dps7M35) 0p 57,

€S,y o
+ (d13_113;2) 0y s, — (dzs_ll3;2) ) S_llz)
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= —% Z (—1)|U| . ( - S_llz o1 S_ll3 - 3S_112 L) S_ll3

OES, g
+ 575 00 571, — 25715 05 571, + 35715 o4 S_llz)
1
+ a5 2 (CDF (57 oy 57y 4 (571 0 5711)0129
oes — 571, 0y 7, — (s, 0y s711,)(1432)
2025 U3 2015 13
+ S_llz;l o1 (S_liz o1 S_IZZ - S_liz ) S_liz
+ (S_liz o S_liz)(lz))
- S_llz;l 0y (S_liz o1 S_IZZ - S_liz 0y S_liz
- - g
+ (571 0, 5711)12))
1
T Z (=Dt (S_lls 01 57, + (5715 05 5711,)(12)
oes
) + (57 My 01 57y ) 0y 57,57y 0y 57T,
o)
+ (S_ll3 o1 S_llz)(l?,z) + (S_llz o1 S_llz;l) 0y S_llz)
+ % Z (_1)|°'| . (S_ll3 0y S_llz + (S_ll3 o3 S_llz)(234)
o€S,
* + (57U 0 57y — 57, 05 57,
+ (57 02571 1P) 0y 571,
+ 57y 05 57U, + (5715 0y 571,24
+ (57 Uy 0 57y =57 0y 57y,
ag
+ (57 05 571L) 1)) oy S_llz)
1
== 2 (=D (s‘112 o1 57Uy 4 571, 05 571y — 5715 0y 571,
o€ES,y o
+ 57 Hy0y57, — 5705 s‘llz)
1
— 25 2 DF - (5701 57y 00 571 + 571 0 57 g 0 571
o€S,
! + S_llz ) S_llz;l 0y S_llz + S_llz 0y S_llz;l O3 S_llz
- S_llz;l 01 S_1l2 01 S_llz - S_llz;l 02 S_llz 01 S_1l2
+ S_llz;l o1 S_llz ) S_llz + S_llz;l ) S_llz ) S_llz
[
— sy 0157 o357 =57y 0y 57 03 S_llz)
= CIZ'(S_lz2 o1 57Uy 4 57, 0y 575 — (571, 0, 57115)(12)
+ (57U, 0y s7H5)A2) — 5711, o) 571,
+ 57Uy 0y 57, — (5715 0y 5711,)(12)
- S_123 O3 S_lzz + (S_lz3 O3 S_IZZ)(Z?’) - (S_li:z) O3 S_liz)(l?’z))
= (D(ds_lz“_) .

Finally, note that indeed Qi o ® = id.
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3.2. Skewsymmetrization for weak Lie 3-algebras. In we defined
a weak Lie 3-algebra (L,d, 1) as a 3-term complex (L,d) with a twisting morphism
A:Lie§ — End;. Such a twisting morphism corresponds to a morphism of dg operads

g1:QLie; — Endy via gj|s-11:e3(s7'L.) = 4., see|Proposition 4.2.1| of (Chapter 2| By

precomposition with ® we obtain a morphism
®*g;: QLiet — QLie§ — End;,

of dg operads, which in turn corresponds to a 3-term L -algebra or (semistrict) Lie

3-algebra. We make the result of this construction explicit below.

Definition 3.2.1. Let (L,d, 1) be a weak Lie 3-algebra. Its skewsymmetrization is the
(semistrict) Lie 3-algebra (L, d, 1) given by the following structure maps:

(151) 12::% 2, (=De-2g,

o€ES,

= 1 1
(152)  Zy= g 2 (DA o 3 (=P (g o1 Ay + A 02 1)

OES3 OES3

= 1
Ay = o7 Z (-1l 2

OESy

1
(153) + 5 aé4(_1)lcl . (/12;1 01 d3 = Az 014 + A3 0, 4,

o
—Ay1 0243 = A3y 02 A5 + A3 03 /12) .

Note that for weak Lie 2-algebras, 4,.; is symmetric and we recover Roytenberg’s

skewsymmetrization construction in this case.

3.3. Skewsymmetrization for morphisms of weak Lie 3-algebras. A weak
morphism f:(L,d, 1) w (L, d’, ) of weak Lie 3-algebras was defined in[Section 2.3|as
a morphism f:Lie; — Endf/ satisfying a certain Maurer—Cartan type
Such a morphism in general does not correspond to a morphism QLie3 — Endﬁf and
there is no obvious way to precompose f with @. Below we give an ad hoc construction

for a skewsymmetrization of morphisms instead.

Lemma 3.3.1. Let f:(L,d, A1) ~ (L',d’, A") be a weak morphism of weak Lie 3-algebras.
The following components define a homotopy morphism f: (L,d, 1) ~ (L,d, 1) of
(semistrict) Lie 3-algebras:

(154) fi=Af,
a55) Jo=3 3 (D7 f5,
O€E€S,;
fs= % Z (=Dlel. g7
(156) "1683
~ 54 Z (=1l (f2;1 oy Ay + fra oAy —Aaq 0 (o i) — A 0 (fl’fz))g .

O€ES3

We call ]_” the skewsymmetrization of f.
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The proof is a direct verification of [Equations (115)H(118)} Since it is quite tedious
and long, we postpone it to|Section A.3
In low degrees, skewsymmetrization of weak morphisms commutes with their

composition,

ToPr=0'eh=fieh=Trofi=F o,
(frof= %((f’of)2_<f/of)glz))
= %(fz'0(f1,f1)+f1'ofz—fz/o(fl,fl)(lz)_fl,ofz(u)>
=foo(fuf)+ 1)
=(f e ).

In particular, this implies that skewsymmetrization of weak Lie 2-algebras forms a
functor [63, Theorem 3.2]. However, for weak Lie 3-algebras this is no longer the case
as the following computation shows:

(frof=Fohs
=2 D DF (e pg

OES3

— B D1 (o a2
’ = g0 ((f 0 P (f o 1)
~ By o (o (o )
—(FseGufuf)=Fao(Faf) + Fae(Frf) = Fao (Fr, f2)12
+f10 )
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= %%3(_1)'0' (B oG firf) = B o (o f + B o (oo ) = o (i )02
+fof)
- 20 (G )+ i o )
F o () + o fu) o2 2o
~ oo )+ o fufl o )
~Byo (o fi o f)+ Ko f)
— 2 3 1 o (i

o€ES3

o 20 (BT G+ s o )
B o (B ) o (oo fir f) = s o (F ) 0 oo o )
(B -5 = FP )+ (B -5 e s = £7)
~ (=5 (fufo - 5))
NN Y

o€ES3

* % 2, (=D (fl’ ofhraerdr+ fiofacady— fiolzy o (o, i)
oES;3 3
— f{ o Xy 0 (i 1)
= LS R (e )+ o ()

o€S;
- X7 (fa o Groda )+ Fhao Bifi o)
3 — Fa o (oo (o f) ) = Fa © (o 2o o (i )
~ Ao (o fofl o f) = sy o (f o fis f o )
+ 1 0 Ay 0 (s ) + fi 0 Ay o (fis 1)

= a(—i > (1 (fa o s )+ foa o (fl,fz))") .

OES3

Note that the defect of functoriality is a coboundary. We say that skewsymmetrization
is functorial up to homotopy.

4. Applications

In this section, we give two examples of applications of the theory developed in
the earlier sections. The first is an extension of a result of Rogers [[62]] on algebraic
structures on n-plectic manifolds. The second is a construction of a weak Lie 3-algebra
associated to a CLWX 2-algebroid, whose skewsymmetrization is precisely the Lie 3-
algebra introduced by Liu-Sheng [44, Theorem 3.10]. We thereby give an alternative
proof for the theorem cited.
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4.1. Higher symplectic geometry. In [3}/62] the concept of n-plectic manifolds
is introduced. We recall some of the basic definitions here. We then consider the case
of a 3-plectic manifold and compare two associated algebraic structures, an L -algebra
and a dg Leibniz algebra with a certain hidden skewsymmetry. Both structures are
examples of weak Lie 3-algebras and turn out to be isomorphic as such. The analogous
result for 2-plectic manifolds was shown by Rogers in [62, Appendix A].

Definition 4.1.1. An n-plectic manifold (M, w) is a smooth manifold M with a closed,
nondegenerate (n+ 1)-form w € Q"*1(M), i.e., dw = 0 and (v)w = 0 implies v = 0. An
(n—1)-form a € Q"~1(M) is called Hamiltonian, if there exists a vector field v, € X(M)
such that da = —1(v,)w. In order to simplify notation, we let v, = 0 whenever « is not
Hamiltonian, in particular when « is not an (n — 1)-form.

Let (M, w) be an n-plectic manifold. Two algebraic structures are introduced on the
chain complex
Qr-L(M), fori=0,
(157) L= Ham(. )
Qr-1=i{(M), for0<i<n-1,

with differential the usual de Rham differential. Note that this is welldefined since
closed forms are always Hamiltonian. The first structure we introduce is that of an
n-term L -algebra or (semistrict) Lie n-algebra L., (M, w) given by the brackets

(158) Aoy, s 0) = it(val, vy vak)co .

We will provide the sign in low degrees in the proof of [Proposition 4.1.2| For more

details, including the general definition of the sign, we refer the reader to loc. cit. The
second structure on the complex of [Equation (157)|is a dg Leibniz algebra given by

(159) (@ B) = L(va)f

and denoted by Leib(M, w). This dg Leibniz algebra actually satisfies a certain symmetry
up to homotopy, and in the case n = 2 is shown to be a weak Lie 2-algebra with alternator
bracket

(160) Aa(at, B) = (V) + (vg)x .

This result can be extended to the case n = 3, i.e., the same binary bracket and alternator
form a weak Lie 3-algebra on the underlying 3-term chain complex in that case.

Proposition 4.1.2. Let (M, w) be a 3-plectic manifold. Then L,,(M,w) and Leib(M, w)
are isomorphic as weak Lie 3-algebras.

PROOF. For a 3-plectic manifold (M, w), the chain complex underlying L (M, w)
and Leib(M, w) is

(L.d%) = (O () <2 010 < @00 = =)
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Note that for a Hamiltonian form «, da need not vanish, while dla = 0 for degree
reasons. The structure maps for L (M, w) are explicitly given by

L B) =g vg)w,
/13(6(’ 5’ )/) = —[(Ua, Uﬁ’ UY)C() )
A4, B,7,1m) == —U(Ug, Vg, Uy, Uy

We define a weak morphism f: L. (M, ) ~ Leib(M, ) of weak Lie 3-algebras by

fila) = «a, S, B) = —i(va)B, fa(a,p)=0,
f(e, B,y) = —(vg, vg)y -

To show that these maps define a weak morphism of weak Lie 3-algebras, we begin
by verifying that they indeed satisfy [Equations (115)H(118)} i.e., define a homotopy
morphism of Leibniz 3-algebras.

Clearly df; = 0 and so|Equation (115)|holds. When |x| > 0, [Equation (116)|is

trivially satisfied. In case |a| = || = 0 we obtain
(Of = fiody + 2y 0 (fi f)e. B) = d" (et B) — Ay(at, B) + Ay, B)
= dL(_[(Ua)B) — (Vg Uﬁ)w + L(va)B,

which, using Cartan’s formula and the fact that 8 is Hamiltonian, can be written as

= —du(ve)B — Uve)dB + (V) + 1(ve)dB =0,

while for |a| = 0, |3] > 0 we have

(0fy = fio Ay + 2y 0 (fi ). B) = d" fo(et, B) + folet, d"B) — Ap(at, B) + A(at, B)
= dL(_[(Uc()‘B) - [(Uo()dLﬁ — (Vg Uﬁ’)w + L(va)B s

which, using that 8 is not Hamiltonian, reduces to
= —duvg)f — (v )dB + L(v)B = 0.
Evaluating [Equation (117)|for |«| = |B| = 0, we obtain—omitting f; = id for brevity

from now on
(B = A+ froady = fro1 Ay = (02 A) 1D + Ay fy = Xy oy
2y 05 7). B.7)
= d"fi(a, B,7) = f(e, B, d%y) — A3(et, B, 1) + fola, A,(8, 1) — fo(a(a, B), 7)
— fa(B, Ay(a, ) + (@, (B, 7)) — Aa(fola, B, ¥) — A5(B, fola, 1))
= dL(—=1(vg, vR)Y) + WUy, Uﬁ)dL)/ + (Vg Ug, U)o — (L )U(Vg, L)) + [(Uﬂz(a’ﬁ))y
+ 1(V)i(V Uy ) — L))y + L(vg)(va)y
which, using the identities v, (q,5) = [V, vg] and ([vg, vg))w = [L(vg), (vg)]w, be-

comes

= —du(vg, VR)Y + Ve, VR)ALY — Vg, Ug, Uy ) — ((UE) L (VL)Y + L(va)(ve)y -
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Now consider two cases: when |y| = 0, d*y = 0 we have

= —di(Vg, VR)Y — (Vg Ug, Uy)w — Vg, VE)Y + di(vg, Ug)y =0,

while for |y| > 0, (v, Ug)y = 0 and v, = 0, we obtain
= (Vg V)Y — (U, Ug)dy = 0.
To verify [Equation (118)} it is sufficient to consider the case |a| = || = |y| = |n] = 0.

Leaving out the terms vanishing for degree reasons, we obtain
(/14 —foa Az + (02 43) 1) = (f0,4)1) + froy Ay — frop 2y
+ (03 4)12 + f 03, — (fs 03 1)@ + (f 03 2,)13?
— Xyoy f5 + (R 03 )12 = (B 05 )12 ) (@, B, 7, )
= A4(a. B,7.m) — (. 3(B, 7, 1) + (B, A3(a. 7. 1) — fo(¥, A3(@. B, 1))
+ f5(A(a B), v, m) = f3(a A28, 7). 1) + [3(B, Aa(et v), m) + fi(a, B, A5, 1)
= [, 7. ,(8.m) + (B, v, Ay(c, ) — A(a, f3(B, 7, m) + (B, f3(et, v, 1)
= (. f3(a. B,7)) -
Note that the terms f, o, 15 cancel with f; o5 4,, leaving us with
= —U(Ug, Ug, Uy, Uy)@ — U(Ua, (cr,8)> Uy )N + Vg Ua,(8,1))M — UUgs U (ariy)IM
+ L(ve)u(vg, vy)n — L(VE) (Vg vy + L(V)(Vgs VR,
= —1(Ug, Ug, Uy, Up)@ + 10y )l(Lg) L (V)N — ULy ) L (V) (V)N + L(Vy)U(Vg, )N
= —1(Vg, Vg, Uy, Up)w + (L) )l(Lg)U(Ve )dn + di(vy (g, Ug)n = 0.

We proceed to show that f additionally satisfies[Equations (134)H(137)|and hence
defines a weak morphism of weak Lie 3-algebras. For|Equation (134), we find

(fo+ L2+ Ay )@ B) = —(ve)B — H(vg)t + vg)B + vg)a = 0.

Since all involved maps vanish, [Equation (135)|is trivially satisfied. Finally we consider
[Equation (136),

(s + F2) @ B, ¥) = (Vs Vp)y — Vg, V)Y =0,
and[Equation (137}
(fs + 72 = Xy 01 f = (A 03 £)12) (@, B,7)
= (Vg VE)Y — (V> V))B + V(LB + H(VE)V)y = 0.

This concludes the proof. |

4.2. Higher Courant algebroids. In [44], Liu and Sheng introduce the notion
of a CLWX 2-algebroid as a higher analogue of a Courant algebroid. A Lie 3-algebra is
associated to any CLWX 2-algebroid in [44} Theorem 3.10]. In this section, we give a
construction of a weak Lie 3-algebra for any CLWX 2-algebroid. We then show that the
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Lie 3-algebra constructed in loc. cit. is in fact the skewsymmetrization of our weak Lie
3-algebra.

Definition 4.2.1. Let E = (E, 2 Ej) be a 2-term dg vector bundle over M equipped
with a morphism p: E — TM of dg vector bundles, a (graded) bilinear map o:TEQTE —
T'E which is skewsymmetric on TE, ® TE,, a (graded) 3-form Q:TEQTEQ®TE — T'E[1],
and a nondegenerate symmetric bilinear form S:TE @ TE — C*(M). Using these data,
we define a map D: C*(M) — T'E; by

(161) S(e,Df) =p(e)(f), foralleeTE.

We call & = (E, ﬁ E1,p,0,Q,S) a CLWX 2-algebroid, if the following conditions are
satisfied:
(i) E,, E; are isotropic, i.e., S(E;, E;) = 0 fori = 0,1,
(it) (TE, ﬁ TE;,0,Q) is a Leibniz 2-algebra,
(iii) eoe = %DS(e, e)foralle € TE,
(iv) S(Beq,e,) = S(e;,0e,) for all ¢; € TE,
(v) p(e1)S(ey, e3) = S(ey o ey,e3) + S(ey, eq o e3) for all e; € TE, and
(i) S(Q(eq,ey,e3),e4) = —S(e3, Q(e;, e5,e4)) foralle; € TE.

Proposition 4.2.2. For any CLWX 2-algebroid, there is an associated complex
(L.d) = (TEy <2 TE; 2= c=()).

which, equipped with structure maps

L=(=0=)+So0,D, Ay =S, A211 =0,
=0, A31=0,

A3 =0,

1,=0,

defines a weak Lie 3-algebra.

PROOF. The fact that (L, d) is indeed a complex is equivalent to 8D = 0, which is
shown in [44, Lemma 3.6].
We begin by showing that (L, d, A) is a Leibniz 3-algebra, i.e., by checking[Equa]

[tions (110)H(113)} Since, by[Condition (ii)} we already know that the 2-term truncation
of L forms a Leibniz 2-algebra, it is sufficient to verify that these equations hold on

tuples containing at least one degree 2 element. To keep notation as simple as possible,
we denote arbitrary sections of E by e € I'E and indicate degree using superscript, i.e.,
¢! € TE;, and use f for functions f € L, = C®(M). We use subscripts to distinguish

multiple elements of the same degree, e.g., ¢? and e9.

Evaluating[Equation (110)] we obtain
(162) 3(A,)(e% f) = d(A,(e°, ) = 2,(e% Df) = DS(®, Df) —e® 0 Df =0,
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and

(163)  O(,)(f,€%) = =4, (Df,e%) = —Df e’ =0,

which are both shown to hold in [44, Lemma 3.6]. In addition we have
(164) 3(A,)(eY, ) = —A,(8e, f) = —=S(3e°, Df) = —S(e®,0Df) =0,

which holds since 2 = 0, as we have seen above. In the remaining cases, i.e., for
(f,e) and (fi, f»), the equation holds trivially since all structure maps vanish. For

[Equation (111) we obtain
(023 = Ay 03 Ay + A 01 Ay + (A5 05 ,)3D)(eD, €3, f)
= —2y(e1, 22(€3, 1)) + ,(A5(e7, €9), f) + A5(€3, A5(e7, f))
= —S(e, DS(e3, D)) + S(ef 0 €9, Df) + S(e3, DS(ef, Df))
which, by[Equation (162)] can be written as
=-S5, DS, Df) + S0 ed, Df) +5(e2,ed 0o D),

and using[Condition (v) becomes
= —S(e?, DS(e3, Df)) + p(e})S(e3, Df) = 0,

where the last equality holds by definition of D. Since[Equation (112)|is of degree 1, it
holds for degree reasons when evaluated on any tuple containing a degree 2 element.

Similarly, [Equation (113)]is always satisfied for degree reasons. This completes the proof
that L is a Leibniz 3-algebra.

We proceed to show that L is in fact a weak Lie 3-algebra. Consider|Equation (122
By isotropy of E, and skewsymmetry of _o _ on Ly ® L, we see that

(8(Az1) — A — A92)(€0,€2) = 3S(e?, e9) — el 0 e — e 0 el = 0.
In addition we find

(0(Ag) — A, — /1(212))(e°, el) = DS(e% el) —ePoel —elog?

%DS(eO +e,el+el)—(e+el)o(e? +e)=0,
which holds using[Condition (ii?)}, and

(80h) = 22 = 257 (e, e1) = S(del, e}) - S(el, deb) = 0,
which holds by[Condition (iv)] In the remaining cases the equation is trivially satisfied,
e.g.,

(0h2) = A = 257)(€%, ) = S(&%, Df) = S(°, Df) = 0.
Next, we consider [Equation (123)} Since 1, ; = 0, the only nontrivial case is

(0Ap.1) + Azg — A57)(e0, €1) = S(e%, e!) — S(el,e®) = 0,
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which holds by symmetry of S. For|[Equations (124)and |(125)|we obtain

(0(A31) — 43 —/1(12) Ay 01 Az )(€),€9,€9) = —Q(e}, €9, e3) — Q(ed, e, e3) =
which holds by skewsymmetry of Q, and
(5(13-2) —A3— /1(23) + 305 450 — Az 014, — (A1 22 /12)(12))(9(1)» eg, eo
=—Q(e?, e3,e9) — Q(e), €3, €9) + S(e?, DS(eI, €9)) — S(e? o €3, €3) — S(e3, €2 0 €)
=0,

again from skewsymmetry of Q and using|Condition (v)| [Equations (126)H(131) hold

trivially since each term vanishes for degree reasons or because one of the relevant

structure maps is zero. Finally,[Equation (132)[reduces to
(/12;1 013+ (43,1 02 /13)(123))(6(1)’ e3, €3, eQ) = S(Q(e?, €9, €9), ) + (€3, (e}, €3, €3)) = 0

which is precisely [Condition (vi)] [ |

Corollary 4.2.3. The skewsymmetrization L of L is a Lie 3-algebra. Its structure maps
are explicitly given by

_l((uou)—(uou)(u)_Sol1)+Sozﬂ)’

/13—9——2( 1)l (Sop (Lo)),

O€ES3

Z4=S°19.

PROOF. Taking into account the skewsymmetry of Q, the symmetry of S, and
it is clear that the given terms are precisely the skewsymmetrized structure

maps of [Definition 3.2.1 |

The structure maps of [Corollary 4.2.3|are precisely as given in [44, Theorem 3.10].
Hence, our construction in [Proposition 4.2.2 gives an alternative proof of the cited

theorem, based on the methods developed in|Section 3

A. Computations

This appendix contains some long and tedious computations that were removed
from the main text as to not disturb its flow.

A.1. Proof of Lemma[1.3.1] We verify that (A o id)A = (id o A)A when evaluated
on ly, Iy, or 1,3 by computing both sides of the equation individually:
(Aoid)A(lyy) =1o (1) o(lyy) —(To(y) + o (1,1)) 0 (I3, 1) — (1o (L)
Lo (1L,D)) o (L,1)W) + (Lo () + o (1,1) 0 (L, ) + (1o ()
—Lo(L D) +ho(1,L) — Lo (L,L) +1;0(1,1,1) 0 (I, 1,1)
+(Lo(zy) +Lo(lhy, D) +1y0(1,1,1))0(1,1,5) + (1o (ly,y)
—Lo(lyy, 1) — Lo (1,15 + L o (I, L) + 1y 0 (I, 1,1)
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+ 13;1 ° (1’ 1’ 12) + l4;1 ° (la 1’ 15 1)) ° (1’ 13 17 1) )

(id o A)A(lyy) = 1o (1 o(lgg) — L o3, 1) — Lo (1, 13;1)(123) +ho(hy, )

+10(, 1, D) + 15y 0(1,1,5L) + 1y 0 (1,1,1,1)) — Lo (1o (lyy)
+10(l,1) + 155 0(1,1,1),10(1)) = L0 (10(1),10(l51)

+ 10 (o 1) + Iy 0 (L1, 1) 4 Lo (1o () + Ly 0 (1,1), 10 (1)
+hLo(L1)+130(1o(ly)+1,0(1,1),10(1),10(1))
+l30(1e(1),10(1),10(l)+1Lo(1,1)+ g 0(1o(1),10(D),
1o(1),10(1)),

and see (using the associativity of the composite product _ o _) that they agree. In the

same way we compute

(A oid)A(lyy) = 1o (1) o (ly) = (Lo (L) + Lo (1,1)) o (I3, 1) — (1o (1)

+1Lo(1,1) o (L) +(1o() +1ho1,1)0 (L, L)1 + (1o (y)
+ ol )+ 155 0(1,1,1) 0 (L, 1,1) + (1o (I3 + 1y 0 (I, 1)
+1370(1,1,1)) 0 (1,4, DD — (1o () — Lo (L, 1) + L, 0(1,1)
—Lo (1,1 +130(1,1,1)) 0 (L1, D)+ (1o (lyy) + L 0 (I, 1)
+1370(1,1,1)) 0 (1,1, 15)33D + (10 (Iyy) — Lo (I3, 1) — L 0 (1, 13,)
+ 10 (L, L) + 1y 0 (1, 1,1) + Ly 0 (1,1, )32 — I3 0 (1, 1y, 1)

+ 13;1 o (1, 1, lz)(132) + l4;2 o (17 1, ]-7 1)) o (1’ 17 1’ 1) ’

(id o A)A(lyp) =10 (1o (lyy) — Lo (I3 1) — Lo (1,139) + L 0 (I, 1,)132)

and

+1lyq 0 1,1) + L3y 0 (1,1, )32 — I3 0 (1, 1, 1) + Ly 0 (1,1, 1,)332)
+l4p0(1,1,1,1)) = Lo (lo(l3y) — Ly o(l, 1) — o (1,1y,)

— by o (1,1)1P + 15 0(1,1,1),10 (1)) = Lo (10(1), 10 (L)
+ho(l, D)+ 151 0(1,1,1) + o (To(ly)+ 1, 0(1,1),10(1)
+1o (L) 41y 0(1o() +10(1,1),10(1),10 (1)
+lyo(lo() o)+ Lo (1,1),10(1) " =L o(10(1),10 ()
+ Ly 0(1,1),10 (1) + Ly 0 (1o(1),10(1), 10 (1) +10(1,1)"

+1lgp0(1o(1),10(1),10(1),10 (1)),

(Ao id)A(ly3) =10 (1) 0 (lyz) + (1o (L) + Ly 0 (1,1)) o (1,15)12) — (1o (1)

+1h0 (L))o L)+ (1o(l) +1,0(1,1))0(1,L5,) 12 + (1o (ly)
+hy0(1,1)o (3, 1) = (1o () + Lo (1,1)e(lylhy) — (1o ()

+ 1y 0(1,1)) 0 (L, )33 + (1o (L) + Ly 0 (1,1)) 0 (I, 1)

+ (1o (sp) = Ly o (s 1) = Lo (1, 1) = Ly o (1,1)?
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+1350(1,1,1))0 (1, 1,1) = (Lo (lp) — Ly 0 (I, 1) =, 0 (1, 15,)

— Ly 0 (LL)3 + 1350 (1,1,1)) 0 (1,1, 1)) + (1o (Is)

— Ly o (L 1) = Lo (1, 1) = by o (1, 1)1

+1350(1,1,1)) 0 (1,1, )33 + (1o (L) — Lo(l, 1) + L0 (1,1)

— Lo (L,1)" +130(1,1,1)) 0 (1,1, 1,1) = (10 (Isp) — Ly o (1, 1)

— Lo (L) = by o (L) + 1y 0(1,1,1) 0 (1,1, 1) + (1o (I3)

— Lol 1) —Lo(L,ly) =Ly o@1,L)1?

+1350(1,1,1)) 0 (1,1, D3P + (1o (43) + Ly 0 (1,15)3%)

— Lo (L) + Lo (1,1)3 + by o (15, 1) = o (I, L)

— Ly 0 (L )32 + Ly 0 (1, L) + Ly 0 (1, 1,1) = Ly 0 (1,1, 1))

+lyp0(1,1,5L) D 4+ 130 (1,1, 1) — Ly 0 (1,1, 1) + L3y 0 (1,1, 1)1

+l430(1,1,1,1))0(1,1,1,1),
(id o A)A(ly) = 10 (1o (lys) + Ly 0 (1, )12 — 1, 0 (1, 15) + L 0 (1, 13,5)1?

+ Lo (3 1) = Lo (L ly) = by 0 (1, 1) 132 + 1y 0 (1, 1)

+Lhy0(,1,1) = Ly0(1,1, L) + 1350 (1,1,1,)132 + 130 (1,1, 1)

— Lo (1,1, 1) + 13y 0 (1,1, )32 + 1,50 (1,1,1,1)) + Ly o (10 (1),

1o(l) —Lo(b 1)+ Lo (LL)— Lo (1,L)1? +10(1,1,1)">
—Lo(1o(1),10(l3) = Ly o (I, 1) = Lo (1, 1y) — Ly 0 (1,1,)32
+ 1,011, 1)+ Lo (1o(1),10(3y) — Ly o(ly1) =L 0(1, 1)
— Ly o (LL)ID 4 Ly 0 (1,1, 1) 4 Ly o (1o (1) — L o (1, 1)
+hLo(LL)—hLe(1, 12)(12) +150(1,1,1),10 (1)) Lo (1 o(ly)
+hLo(1,1),10(Ly) + by o(L,D)=Lyo(le()+1L0(1,1),10(L,)
+ 1o (L) 4y o (1o() + Lo (1,1),10 () + 10 (1,1))*
+ly0(lo(l)+10(1,1),10(1),10(1)) =Ly (1o(1),10(1),
Lo(L) + Lo (L D)™ 41,0 (1o (1,10 (1), 10 () + 1o (1,1) "
+lo(1o(1),10(1),10(y) + 1y o(1,1)) = l350(1e(1),10(l)
+10(1,1),10(1)+1lsy0(1o(1),10(0)+10(1,1),10 (1)
+lgz30(1o(1),10(1),10(1),10 (1)),

and again we see that both sides agree. This concludes the proof of [Lemma 1.3.1

A.2. Proof of Lemma We verify that the structure maps defined in[Equaj
[tions (146)H(149)|satisfy [Equations (122)H(132)|and hence form a weak Lie 3-algebra:

d(Xyy) = P o (3p) 0 (i,0) = po (A, +A52) 0 (i,1) = X5 + 13,
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Iy1,1) = p o @zp) 0 (1) = po(Ayg — A57) 0 (1) = Aoy — A5y »
d(A3,) = po (5/13;1) o(i,i,i)—po 6(/12 oy (ho /12;1)) o (i,i,1)
=po(s+ 257 + 2,01 A5y) 0 (i 1,1)
—De° (/12 01 (Bholyy) — A0 (ho 6/12;1)) o (i,i,1)
=po(d3+4y01(hody))o(i,i,i)
+po (57 + Ay 0 (ho 1,))0P) 0 (1,1, 1)
+ po(Ay0, ((id — 8M)Ay,y)) o (i, i, i)
=X+ 2 4 2oy Ay
0(X32) = p o (0432) 0 (i, 1, 1)
+pod(Ay 01 (hody)+Ay0; (Rody) + Ay 03 (hody)) 1) 0 (i,i, 1)
=pe (/13 + /1(323) +Ag101(hody) =2y 05 (hody)
+ (g 22 (B0 12)12) 0 (i, 1)
+po (9451 01 (o A) + Ay 05 (Bho Ayy)
+ (05 05 (ho /12))(12) — 43101 (Gholy)
— 203 (0 6250) = (A ©2 (Bh 0 1)) o (i, 1)
=po(Az+ 2301 (holy) —Ay05 (hody) + (A; 0, (ho 1)) e (i)
+po (50 + 457 oy (o 2y) = 2,02 (0 257)
+ (157 03 (0 2.0)1?) 0 (i 1)
+ po (A 01 ((id = 8h) 0 A) = 2y 0 ((id — 8) 0 Azy)
+ (A 2 ((id = 8h) 0 1)) 0 (i 1, )
= Xy + %0 4 2 01 1y = Xy 0y My + (A 0, 1),
211+ /1,2(11? =pe (/12;1,1 + /1(21%)1) o(i,iy=0,
1= A2 = po(Agy — ASD) 0 (0,4, )
—pe (/12 oy (ho /12;1) —(Ay01(ho /12;1))(12)) o (i,i,1)
=po (A0 5,10 (Ui,0) = po(dyor(hodldyy ) e (ii,i)
= po (A0, ((id — 0M) Ay 1)) o (i,i, i)
=150 1,2;1,1 >
s = A5y 25y = M + 25T - A5
= po(Ayy =455 + 4507 = Asp + 457 = 4557) 0 (11, )

1+(23 132 ..
—po(Ayor (hody)) T 6 (i)
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—peo (/12;1 01 (holy) + 2,0, (holy,)

1+(12)+(123)
+ (A 02 (h 0 1,))1?)

= po (Ag1 01 Az + (Ag 02 )" P + (2511 02 2,)32) 0 (i, 1)

o (i,i,i)

—Ppe° (5/12;1 o1 (hoAy1) + Az 01 (hodly;) + 95, 05 (ho Ay)
+ Ay 03 (0 8254) + (025, 05 (h o A,4))12D
+ (A 02 (10 025,))12) + (85,1 0 (0 1,))132)
= A 01 A3 + (A2 02 /1/2;1)”(12) + (X511 02 12)(132) )
ba =Mz = po(Aap =457 0 (s )
+po (A o1 (hody) + Ay 0 (hodyy)
+(Ayg 02 (ho )12 — (Ag1 01 (ho )@
— (A 02 (10 A ) = (g 5 (0 1)) ) o (i i, )
= po(Ayy 01 Ay — Ay 0 Aygy + (Ay 05 A3y )P 0 (i, 1,1)
= po (g 01 (hod) + Ay oy (h o625 1)
+ (81,1 02 (R0 1))1?) o (i1, )
= po(Ayy 01 Ay — Ay 0 Ayqy + Ay 1 02 4)3P) 0 (i, 1,1)
= po (A1 01 ((id = 9R)A) = Ay 5 ((id = OR)A,)
+ (g1 2 (id = A1) 0 (3,1, 1)
=014 — A0, A1 + (A1 02 /1,2)(12) ,
B+ A0 = po (A +28?) 0 (i 1,0)
= po(Ayor (hody) + (A oy (ho 2312
1+(12)
+az01(hody) + 505 (hody))  o(iiyii)

—po(Apor(hod) o (hody)+ A0 (hodyholy)

)1+(1

2)
+ Ay 01 (o 2y) 0y (holy)12D) o (i,1,1,1)
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= po (A 01 Ayq + (A3 05 A31)3) + A3 01 Ayq — A3 03 45) 0 (i, 1,1, 0)
—pe (/12 o1 (ho (A3 + 457 + 2y 01 231))
+ (A 0y (ho (A + 82 + 2, 0, 1,,))) "
— (A 01 Ay = (Ay 03 L)1) 0 (o y)
+ 2301 (ho (2, + /1(212)))
+ (A + 257 + 25 01 ) 03 (0 ) o (i, 1)
—po (o1 dyor (hodyy) = Ay 0 (Bhody) oy (holyy)
+ (A 03 45 05 (0 1,))" ™Y = (A5 0, (Fh 0 23) 05 (h 0 Ayy))
— Ay 01 (hody) 0y Ayy + Ay 01 (hoAy) 01 (Bhody,)
+ (g0 (ho )=o) 2,y
= (A3 05 (ho,))'"1D 0 Bho A1) — Ay 01 (holdyy) oz d,y
+ 2501 (o Ayy) 03 (Fh 0 2y)) 0 (i, .1, 1)
= po (01 ((d = 9h) 0 Ayy) — Ay 01 ((id — Oh) 0 A) oy (R0 Ay)
+ (A5 05 ((id = 8h) 0 25,1))1%)
(A 02 ((id = 0h) 0 5) 05 (0 A,)) "™
+ 2301 ((id = 0h) 0 Ay) + Ay 01 (h o A,) oy ((id — Oh) 0 A5,)
— (A3 0, (o 2,))'=0D o, ((id — Bh) 0 Ay,)
— A3 03 ((id —0h) 0 1,)
+ Ay 01 (o Agy) 03 ((id = Oh) 0 4)) o (i, 1, 1)
= po (o1 (o po(Asy —Ayor (hody)
+ (A0 ((opo(dsy —4y01(ho /12;1))))(123)
+ (/13 + 30 (hody) = (A0, (ho /12))1_(12)) op(iopoiy)
= (g = Ay o1 (R Ay)) o3 (i 0 poA)) o iy i, )
=X 01 55 + (A0, /1,3;1)(123) + 301 Ay —A3q 0345,

X+ 27 = po(Ag + A7) 0 (4,,1,0)

—po(Ayor (hody)+ 2505 (o dy) + 450, (o 1y)

3,
o (i,i,i,

1+(2
— (A3 0, (ho )'"12 4+ (A5 05 (ho /12))(132))

—po Aoy (hody) oy (hody) = (Ay 01 (hody) o (o Ap)' =02
+A,0(hodyhol)t3?

ey
+Ay0p(hodp)oy(hody)) o (i)

165

(123)

)
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= po (A 01 Asg + Ay 02 gy — Az o1 Ay — A3 03 Ay — (A 02 42)1
— (A3 03 A)P) o (i, i, i, 1)
—po(Ayor (o (As + A5 + Ay 01 2 = 2 0 Ay + (g 02 1,)2))
+ 2505 (ho (25 + K2+ 2,0 A21))
+ (25 + 87 + 4y 01 Agy) 0y (ho 1)
+ (A3 01y = (02 2,)' ™12 0 (0 Ay)
— 2305 (ho (2, +257))
+ (A3 + 252 4+ 2y 01 A3) 03 (h 0 2,))
+ (A5 + 82 4 2301 Agg) 03 (0 1)) ) 0 (1,1,1,1)
+po Ay 01 (A o1 (o d) + 25 03 (R0 Ayy) + (g 02 (0 2,))12)
—Ay0 <6h ° </12;1 op(hody) + 2,0, (holy,)
+ (g 02 (h 0 1,))1))
— 2503 (Ay 01 (R0 A31)) + A5 05 (B 0 (A5 01 (h 0 Ay,)))
+(Ay 01 (hoy1)) 01 Ay — (A 01 (ho Ay1)) 0y (Bh 0 1)
~ Iy o1 (hody) = (A 05 (h0 1)) ") 0, 2
+ (A5 01 (R0 2y) = (A, 02 (R0 1)) =12) 0, (B 0 2y)
+ (A3 01 (h o 23:)) 03 1)1 = (A 01 (R0 A3)) 03 (Bh 0 2,)1?
+ (A5 01 (R0 251)) 03 Ap)13
= (A 1 (h o A3)) 03 (O 0 1)) o (11,1, 1)

= po (4,0 ((id - dh) 0 1)

[ %)

+Ay01 ((id = 3h) o (A5 03 (o dy) + 25 0 (o Ayy)

+ (A 02 (R0 22))12))
+ 45 05 ((id — 3h) 0 A1) — A, o, ((id — 3h) o (A o1 (h 0 A5,)))
— A3 01 ((id = 6h) 0 4;) + (A, 01 (R o A1) o ((id — Gh) 0 4,)
— A3 0, ((id — 8h) 0 )
~ (Aa 01 (R0 2) = (A3 05 (h 0 29))' =) 0 ((id — Oh) © )
— (A3, 03 ((id — 8h) 0 2,))1?
+ (A3 01 (h o 23y)) 03 (id = k) 0 1)1
— (A31 03 ((id = Oh) 0 2,)(13?)
+ (A3 01 (R0 Ay,)) 03 ((id — 8h) o ,12))(132>) o (iyi, i, i)

— ! ! ! ! ! ! ! !
=150 /13;2 + 250, /13;1 - /13;1 oy Ay — 50, /12;1
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- (/1,3;1 °2 /1/2)(12) - (/1,3;1 °3 /1/2)(132) >
X+ A3 = po (g +2$Y) 0 (1,1,4,0)
—po(Apor (hods) + (A0 (ho A))'"UDHI) 4 4 0 (o)

— (A 03 (0 2))'~0?

1+(34)
+ (A 03 (h 0 1)1 ~CD+13D)

o (i,i,i,1)
—po Aoy (hody) oy (hody) = (Ay 01 (ho ) o (o dy)' =02
+ Ay 0 (holy, hold)-C)+132)
+ (A 05 (ho 1) 0y (h o Ay))1~(12)+(123)
— (A0, (holdy)os(ho 12))1—(12)+(123)—(23)+(132)—(13))1+(34)
oo (i,i,1,10)
=pbe (/12;1 01 A3 + (A3 03 3)' 12 + (A5 0, 1)1 — A3, 01 4,
+ (A3 03 ,12)1—(12) + A3 03 Apg + (A3 03 /12)(23)—(132)> o (i,i,i,1)
—po ((/12 +5%) 0, (ho 1y)
+ g 01 (Ro (=25 01 A5 + (4, 0, 2))17(12))
+ (A 05 (ho(As + ATV + gy 01 Ay — Ay 05 Ay
+ (A5 02 1,)12)))

+ ((/12 + /1(212)) oy(ho /13))(123)

1-(12)

+ (/12;1 ) (h o (—/12 01 Ay + (A3 0, /12)1_(12))))(123)

+ (A + A5 + 2y 01 4 = A 03 Ay + (A 02 4)0P)
0y (hody)

- ((/13 + /1(323) +Ayq 014y — A3 05 Ay + (A 02 /12)(12))

1-(12)
w0y (hoy))

+ (_/12 01 A+ (430, /12)1_(12)) o3 (hody,)
+ 305 (ho (2, +297))
- ((/13 + /1(323) + /12;1 01y =50, /12;1 + (/12;1 %2 /12)(12))

03 (ho 1))

)(23)—(132)) o (i1,L0)
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+ 0o ( = Az o1 (A 01 (B0 A) + (A 0y (0 1,))~0)
+ A 01 (Bho (=23 01 (o 1) + (I 0 (R0 22))'~())
+ (A2 (A o1 (o 1) + Ay 02 (ho 23y)

1-(12)
+ (A 02 (R0 1))

— (A 02 (3R o (g 01 (0 20) + Ay 05 (0 23)

¥ Gy 03 (0 2))0)))

— (A 02 (= 01 (.0 Ay) + (A o3 (h 0 )= 012))12

+ (/12;1 ©2 (a]’l ) (—/12 °1 (ho /12) + (/12 %2 (ho /12))1_(12))))(123)

— (g 01 (hody) + 25 03 (R0 dyy) + (Agg 03 (R0 2))1?) 0 2,
+ (/12;1 o1 (holdy) + 2505 (holdyy)+(Ayg0y(ho /12))(12))

oy (G0 2y)
+ ((12;1 op(hody)) + 4,0, (hodyy)+ Ay 0, (ho /12))(12))

1-(12)
o2 /12)

- ((12;1 01(holy) + 2,0, (holy)

1-(12)
+ (g 02 (R0 2,))12) 0, (G 0 1))
- (_/12 op(hody))+(Ay05(ho /12))1_(12)) 03 Az
+ (2501 (hody) +(Ay05(ho /12))1_(12)) o3 (0hoy,)

+ ((12;1 o1(hody)) + 4,0, (hodyy)+ Ay 0, (Mo /12))(12))

(23)-(132)
-0y ,12)

- ((12;1 01(holy) + 2,0, (holy)

(23)—(132)
) )

+ (A 02 (10 2))2 ) 03 (B 0 1) o (i,1,i,1)
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=Dpe° (’12;1 o1 ((id — 0h) 0 43)
— A1 01 ((id = 8h) o (=Ay 01 (hoAy) + (A, 05 (h o ,12))1-(12)))
+ (A, 0, ((id = 8h) o /13;2))1—(12)
+ (2 0 ((id = 6h) 0 (3 o1 (o 2) + Ay 03 (o Azy)

+ (g o2 (o 2)09)))

+ (Ay 02 (id = dh) o 23))123)
- (/12;1 o ((id — k)

cio (_,12 oy (hold,)+(Ay0,(ho ,12))1—(12))))(123)
— A3 01 ((id — 3h) 0 4,)
— (A 01 (ho A) + 25 05 (o 2)

+ (A 02 (0 1)1 ) oy ((id = 3h) 0 1)

+ (U35 05 ((id = 0h) 0 2,))1~(12)
+ (Ao o1 (ho20) + Ay 02 (R0 25)

gy 03 (o 1)) o, (A= 0R) 0 2,))
+ 23 03 ((id = 0h) 0 A3y)
(<o (o 23) + Gy o3 (0 1)=0D) o (i = ) o )
+ (A3, 03 ((id — 9h) 0 1,))@~(132)
+ (A2 01 (o 2y) + 25 0 (R0 23y)

(23)—(132)
+ (A 3 (0 1,))12) o5 ((id — 8h) 0 1)) )

= A1 01 A3 + (43 0, /1,3;2)1_(12) + (A1 02 /1,3)(123) —A3p01 4
+ (A3 0, 202 4+ 4oy Ay + (A5, 03 Xy)@)-(132)

This proves Lemma

o(i,i,1,1)

A.3. Proof of Lemma The components of j_” are clearly skewsymmetric,
hence the proof boils down to checking[Equations (115)H(118)l The first three are easily

verified:

8(f1)=af, =0,

872 = 388~ 1)
= Hhoda=Zo (hf) - fio 8D + 20 (. )2)
=fro0d, = o (f1. f1),
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1

3(f3) = ¢ 2 (=D -3(f)°

=,
- 2 e (8Ch1) o1 43 = 8(As) © (s 1)+ 2y 0 GUA. )
+0(fs) 02 2y = 8(y) o (fir ) + 2o o (,8(£)
=1 TV (fedst frorda = fooadat (hoa k) 4 20 G f)
2o (i )+ 2y 0 (o S0 = Ay o (o i )
- X0 (A= B ot~ i) 1y
3 F(h= B2 fro Ay — oo () o2
— (R +25") 0 (fos )+ A 0 (fi 0 Ay = Ay (fis ) )
— (o + A) o (o ) + Aoy o (fis oo Ay = 2y 0 (o )
=Fiok—Zo (Fufufo)

+ o P D (201 Ay = Ay 0 )’

OES3

L T (b B s bt (£ 0r 1)

o€S3

L S o (e ) — 4850 (i )]

o€S3

o 2P (A + 2) 0 )+ (B + 252) 0 (i, )

OES3
=frods+ fao1 2y = Faoa 2y + (20, 2)1?
+ 2y 0 (For f1) = 2y 0 (Fru f2) + 2y 0 (Fr. f2)02 = Ay o (F, fr f)
A trick to showing[Equation (118)]is to define
- 1
Form o 3 (g7

OES,
1 ol / /
+ 25 2 D (o o1 A5 = foa o2 A5 = Aoy © (o ) + 2oy © (o )
o€ES, ,
- f3;1 oA, — f3>;1 0, — /1,3;1 o(fo, fis i) — /13;1 o (fi» /o f1)
g
+ fz o2 Ao + frz 03 Ay + Mg 0 (i s ) + Asz 0 (o i )
which for degree reasons must vanish, and verify

0=0(f4)
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DGR A

€S,
tas Z (=109 - (8(f1) 01 2 + fog 01 0(As) = 8(Ay) o (i ) + 2oy © (B(), )
) —3(f1) 02 A3 — for 02 0(A3) + () © (fir f3)
— Ty 0 (fis 0(f3)) = 3(fsa) o1 A — 8) © (s i i)
— 2y 0 B fis ) = 3(fsa) 22 A = 8s) © (i oo i)
— 2y 0 (i, 0/ i) + 0(fsz) 02 A + 0s2) © (i oo i)
+ 2y 0 (i 80 ) + 0(fs2) 03 A3 + 0s) © (s s o)
+ 20 (i, £1.00)

= L VR (o dy = o (i O

OES,y

B % D (=Dl (f0 A3+ 3505 43)°

o€ES,y
1 ’
+ 25 O GV (= = B+ fi o oy = Ay 0 () o1 24
OES,y ag
— (== 5P+ frodgy = Ay o (s 1)) 02 45)

1
+ 32 2 VP (fer =200 25 + 3 03.,)°

0ES,
- T (= h= 5 ot = Ao G )
* —hoe /12;1 - /1’2 ° (f2;17fl)) °1 /12
(== FP 4 frodgy = Xy 0 (fin fir i)
~hordyg = Ao (B ) oady )
t3e DV ( (== 54 fro Ay = Ap o (o ir )
v — F o1 Ay + fr 03 Ay — (o 02 4,)02
+ Ay 0 (o i) + A5 0 (fis fo1) + Ay 0 (fl’fz)(lz)) 04,
(== FP + frodgy =Xy o (i i )
—haoidy+ frop Ay — (fon 02 /12)(12)
2y o (o )+ s 0 (i o) + Aoy 0 o )02) 03 2, )

L D (e () + 20 (i )

OES,y

25 T ()0 (1) = (B + ) o (1 1))

0ES,

- % 2, D (B0 (o fis ) = 225 0 (fis oo ) + 325 0 (i i 1)

OES,y
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- TP (#2517 4 201 ) o (o)
4 F (A4 2D 4 Do Ag) o (o for )
s PGS (2 + A5 4 2y 01 2y = Ay 0 Ty + Ry 02 2) D) 0 (i, fou 1)
' (4 2 4 Ty o by = 2y 03 Ty + (B 0 1))
colfifif) )
o X 1 B0 (fy )

=5
+ % g§4(_1)lal : (f2;1 o1 (=5 01 Ay + 22, 0, 1)
~ o2 (<A o1 Ay + 22 0, 15))
+a B EVT( Ao ((hedat oo T =2 hat Ao (e f)
' 220 (i ) = As o (fus i FO) )
—Zyao (o (fiods+ fror Ay =2f 00 Ay + Ayo (o i)
~2ho (h )= Ao (h fi ) )
- T 0 (B o (o2 = 2y 0 G ) fin )
4 40 (fufi oy = 2o Ui ) 1))
tas T D7 (B0 (fufioda = Lo (o )
4 + 200 (hofifioda = Lo (R 1))
= frods—fao1 s = Faoa 23+ (F202 )12 = (F2 0, )02 + fy 01 2, = f3 02 2,
+ (f302 22 + f3 0325 = (f3 03 1)@ + (f3 03 1)1 = 2 o (f3, 1)
— 30 (f1. f3) + 2o (Fr. f3)2 = 2y 0 (F1. f3) 1) + 2 0 (F, )
=2y o (f2 f2)® + 2y 0 (5, [P = A5 0 (f, fro f0) + 25 0 (1 fa )
=y o (F1, f2 FDOP = 250 (Fr f1 f2) + 25 0 (1, fra [0 = 25 0 (fo, fr, f)2
— Ao (fu i fr. F)-
This concludes the proof of [Cemma 3.3.1}
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