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ARITHMETICAL RANK OF THE CYCLIC AND BICYCLIC
GRAPHS

MARGHERITA BARILE, DARIUSH KIANI, FATEMEH MOHAMMADI,
AND SIAMAK YASSEMI

ABSTRACT. We show that for the edge ideals of the graphs consisting of one
cycle or two cycles of any length connected through a vertex or a path, the
arithmetical rank equals the projective dimension.

1. INTRODUCTION

For any homogeneous ideal I of a polynomial ring R = K[z, ..., x,] there exists
a graded minimal finite free resolution

0= PR —... 5> PR > R—>R/T-0
J J

of R/I, in which R(—j) denotes the graded free module obtained by shifting the
degrees of elements in R by j. The numbers g;;, which we shall refer to as the
1th Betti numbers of degree j of R/I, are independent of the choice of the graded
minimal finite free resolution. We also define the ith Betti number of I as 3; :=
> Bij-

Given a polynomial ring R over a field, and a graph GG having the set of indeter-
minates as its vertex set V(G) and the set of edges E(G), one can associate with
G a monomial ideal of R: this ideal is generated by the products of the vertices of
each edge in E(G), and is hence generated by squarefree quadratic monomials. It
is called the edge ideal I(G) of G, and has been intensively studied by Simis, Vas-
concelos and Villarreal in [I7]. The arithmetical rank (ara), i.e., the least number
of elements of R which generate a given monomial ideal up to radical, is in general
bounded below by its projective dimension (pd), i.e., by the length of every mini-
mal free resolution of the quotient of R with respect to the ideal. The simplicial
complex Ag of a graph G is defined by

Ag = {A CV(G)|A is an independent set in G},

where A is an independent set in G if none of its elements are adjacent. Note that
A is precisely the Stanley-Reisner simplicial complex of I(G).

For any simplicial complex A on the vertex set V(A), the Alezander dual of A is
the simplicial complex defined by

A* = {FCV(A)| V(A)\ F ¢ A},
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The link of a face F' € A is defined as the simplicial complex
LinkaF :={G € A|IGUF € A and GNF = 0}.

In recent times, the projective dimension has been determined for large classes of
edge ideals, where it is independent of the ground field: in Jacques’ thesis it was
computed for acyclic graphs (see also [12]), but also for the graphs C,, consisting of
one cycle of length n. Jacques, in [IT, Theorem 6.1.8], using Hochster’s formula [9],
showed that for a graph G, the Betti numbers are

(*) Bi,a(G) = ZHcG,\V(HH:d dimkﬁi—2(5(H)§K)-

Then he used (*) for providing formulas for the graded Betti numbers of spe-
cial classes of graphs including lines, cycles and complete graphs. He proved the
following theorems.
Theorem A [I1, Lemma 8.2.7] The reduced homology of the disjoint union of the
cyclic graph C), and any non empty graph G may be expressed as follows:

(O LO): K EIF%(E(G);K), if n=1mod 3

i(#(Cn )i K) = ﬁi_%(a(G);K), if n =2 mod 3.

Theorem B [I1] Corollary 7.6.30] The non zero Betti numbers in degree n and
the projective dimension of C), in degree n are the following:

B2z, =2, andpdI(C,) =2 if n =0 mod 3,
e,
Bansr ,, =1, and pd I(Cp) = 22 if n =1 mod 3,

Banor , =1, and pd I(Cy) = 201 if n = 2 mod 3.

Theorem C [I1 Lemma 8.1.3] The reduced homology of the disjoint union of the
line graph L,, and any non empty graph G may be expressed as follows:

H;_ 2 (e(G); K), ifn=0mod3

Hi(e(L,UG);K) = ) 0, if n=1mod 3
Hi_ms;l(s(G);K), if n =2 mod 3.

From the proof of [IT], Corollary 7.7.35] one can derive the following result.

Theorem D [I1l Corollary 7.7.35] The projective dimension of the line graph is
independent of the characteristic of the chosen field and is

%" if n=0mod 3
pd I(L,) = 222 ifn=1mod 3

2"—?:1 if n =2 mod 3.

All Betti numbers of L,, in degree n are zero if n = 1 mod 3. Otherwise the non
zero Betti numbers of degree n of L,, are

Ban , I(Ly) =1,if n=0mod 3,

3

Bans, I(Ln) =1,if n=2mod 3.

In [6] an explicit formula is given for the Betti numbers of a special kind of bipartite
graphs, the so-called Ferrers graphs. In [2] it is shown that the arithmetical rank
equals the projective dimension for a special class of acyclic graphs, in [3] that
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this is also true for all Ferrers graphs. In the present paper we prove that the
same equality holds for all cyclic and bicyclic graphs. By bicyclic graph we mean a
graph which consists of two cycles that have exactly one vertex in common or are
connected by a path. In particular, we will see that the projective dimension of
the edge ideals of these graphs does not depend on the characteristic of the ground
field.

2. THE ARITHMETICAL RANK OF CYCLIC GRAPHS

Let K be a field, and consider the polynomial ring R = Klz1,...,2,], where
n > 3. Let C,, be the graph on the vertex set {x1,...,x,} whose set of edges is
Hz1, 22}, {ze, 23}, ..., {wn_1,2n}, {z1,2,}}. Then its edge ideal is the following
ideal of R:

I(C,) = (z122, X2T3, « « ., Ty 1T, T1 T )-

We will show that for all n, pd I(C)) = araI(C,). In general, for any ideal I of R
we have that c¢d I < ara I, where cd denotes the local cohomological dimension (see
[8], Example 2, p. 414) and, whenever I is a monomial ideal, pd I = cd I (see [14],
Theorem 1). Hence it will suffice to show that, for all n, ara I(C),) < pd I(C,,),
i.e., to produce pd I(C),) elements of R generating I(C,,), up to radical. Among
the available tools, we have, on the one hand, Jacques’ result providing explicit
formulas for the projective dimension of I(C,,).

On the other hand, we know that a finite set of elements of R which generate
a given ideal up to radical can be constructed according to the following criterion,
which is due to Schmitt and Vogel.

Lemma 2.1. ([I6], p. 249) Let P be a finite subset of elements of R. Let Py, ..., P,
be subsets of P such that

(i) Uieg Pi = P;

(ii) Py has exactly one element;

(111) if p and p’ are different elements of P, (0 < i < r) there is an integer
i with 0 < i’ < i and an element in Py which divides pp’.

We set ¢ =) ,cp, ) where e(p) > 1 are arbitrary integers. We will write (P)
for the ideal of R generated by the elements of P. Then we get

m: V(qOu--~7QT)'

We have to distinguish between three cases, depending on the residue of n modulo
3. The cases n = 0,1 mod 3 can be settled by a direct application of Lemma 211
The case n = 2 mod 3 is more interesting, since it needs some additional non trivial
computations on the generators.

Proposition 2.2. Suppose that n = 3m, for some integer m. Set qy = x1T2,
q1 = T1%3m + T2x3, and, for 1 <i<m —1, set

q2i = T3i+1T3i+2

Q2i+1 = T3iT3i4+1 + T3i+2T3i+3-

I(C’ﬂ) =V (QO7 ERE q2m—l)'

In particular, ara I(Cy) < 2m.

Then
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Proof. For all i = 0,...,m — 1, the monomial go; divides the product of the two
summands of ¢g;11. By Lemma [2.1] it follows that

($3ix3i+17$3i+1$3i+27$3i+2x3i+3) =V (Q% (J2z‘+1)-
This implies the claim. 0

Using the same arguments as in the proof of Proposition 2.2] from Lemma 2.]]
we can deduce the next result.

Proposition 2.3. Suppose that n = 3m + 1, for some integer m. Set qy = w12,
41 = T1T3m+1 + T2x3, and, for 1 <i<m —1, set
q2i = T3i+1T3i42
G2i+1 = 3iT3i+1 + T3i+2T3i+3,

and, finally, qam = T3mT3m41. Then

I(C’ﬂ): (QO7'-'7q2m)'
In particular, ara I(Cy) < 2m + 1.
Proposition 2.4. Suppose that n = 3m + 2, for some integer m. Set qo = w122,
q1 = x2x3 + x4w5, and, for 1 <i<m —1, set
Q2i = X3iT3i+1 + T3i42T3i43
G2i+1 = T3i42T3i4+3 T T3i+4T3i+5,

and, finally, g2m = T1T3m42 + T3mT3m41. Then

I(Cn) =V (qo; - - g2m)-
In particular, ara I(Cy) < 2m + 1.

Proof. The claim for m = 1 was proven in [2], Example 1. So let m > 2. Set

Jm = (qo,---,q2m). It suffices to show that I(C,) C /J,,. In this proof, for all

f,9 € R, by abuse of notation we will write f = g whenever f — g or f + g belongs

to Jm, and, f =, g whenever f — g or f 4 g is divisible by ¢;. In this way, f =g

or f =4, g assures that f € J,, occurs if and only if g € J,,,. We first show that
om omtl

(2.1) ] T340 € Im.
Set
. 2mfl 2m
Um = X L3m+29
m .
3.27'72
Um = X3T4T5 HLL'3Z- 5
i=2
271171
Wy = (x3mx3m+lx3m+2)
We prove that
(2.2) Uy = Vyyy = Wy,

Note that x123,, 420, is a multiple of z123,, 422425, and
L1 L3 4284T5 =g T1L3m42(T23 + T425) € Ty,
whence we deduce that z1 23,420 € Jp,. Thus (22) will imply that

2771 2m+l
T T340 = T1T3m42Um € Jm,
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as claimed in ([Z1). We prove (22)) by induction on m > 2. First take m = 2. We
have qo = w324 + 576, g3 = T526 + x72x8 and ¢4 = r1T8 + TeT7, SO that

— 3_ 2,22 _ 222 . _ 2.4 _
Vo = T3TAT5TG =q, TELGLTG =gy Talrls = Wo =g, TITg = U2,

which shows (Z2]) for m = 2. Now suppose that m > 2 and that the claim is true
for m — 1. We have:

Umn = vrn,lasg;ffbi2 = wmflxg;flmfz
= (T3m—3T3m—223m_1)2 " 252" = (Tsm_sT3m_2)®  aim a2
Sazm—2 (I3m*1$3m)2m72Ig:;—zlwgflmiz = ($3m71133m)2m71:1:§;721m72
=y (@3mi1@ame2)? 2 = (@mTami1)? Timgs = W
=g (@103m42)Y pgn =2 Thmis = tm.

This completes the proof of (Z2) and of [ZI]). We have thus shown that

(23) T1T3m+2 € \V/ JIm-

But then
(2.4) T3mT3m+1 = @2m — L1Z3m+2 € V JIm.
In general, whenever, for some i € {2,...,m},

(25) T3;T3i4+1 € \/ Jm,

from the fact that T3iL3i+1 divides T3i—1L3; * T3i+1T3i+2, i.e., the product of the
summands of go; 1, by Lemma 2.1 one deduces that

(26) r3i—1T3; € \/ Jm.

Since T3;—3T3;—2 = (2;—2 — T3;—1L34, this in turn implies that

(27) Xr3;—3T3;—2 € \/ .-

Finally, since T3;-3T3;—2 divides T3i—4L3;—3 * L3;—2L3i—1, i.e., the pI‘OdllCt of the
summands of go;_3, by Lemma 2.1l we again conclude that

(28) T3i_2T3i—1 € \/ JIm-

Therefore, since ([2H) implies 26), (1) and 23], for all i = 2,...,m, from
@) one can derive by descending induction on h, that zpzp41 € VJm for all
h=3,...,3m + 1. In particular we have that z3z4 € \/J,,,, which, together with
q1 € Jpm, yields zox3 € /J,, by Lemma [l This, together with Z4) and qo € J,n,
shows that I(C,) C /J, as claimed. O

Theorem B and Propositions 2.2] 2.3l 2.4 imply our main result.
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Theorem 2.5. Let n > 3 be an integer. Then

22 if n=0mod 3

ara I(Cp) = pd I(Cp) = ¢ 2L if n=1mod 3

2"—?:1 if m=2mod 3.
Every ideal I(C),) is of pure height [%], where [a] denotes the least integer not
less than a. Recall that an ideal is called a set-theoretic complete intersection if
its arithmetical rank equals its height. In view of Theorem we thus have the
following.

Corollary 2.6. I(C},) is a set-theoretic complete intersection only for n = 3 and

n=>5.
3. THE ARITHMETICAL RANK OF BICYCLIC GRAPHS
In this section by =, we mean = (mod 3) and all equivalence relations will
be considered modulo 3. Let ai,...,as be subsets of the finite set V. Define

g(ai,...,as; V) to be the simplicial complex which has vertex set [ J;_, (V' \ a;) and
maximal faces V' \a1,...,V \as. Let A =Ag, andlet F € A* and e, ..., e, be all
the edges of G which are disjoint from F. Then Linka-F =c(e1,...,e,; V(G)\ F)
by [12, Proposition 3.3]. According to [II, Proposition 6.1.6], associating F' with
the induced subgraph H of G on the vertex set V(G)\ F' defines a bijection between
the faces of A* and the set of induced subgraphs of G which have at least one edge.
Let H be an induced subgraph of the graph G. If H is associated with the face
F of A* as described above, we write (H) for e(eq,...,es; V), where eq,..., e
are the edges of H and V is the vertex set V(G) \ F (or equivalently the vertex
set of H). In this section, using (*), we find explicit descriptions of the projective
dimension of all bicyclic graphs. For every vertex u of a graph G we denote by
Ng(u) the set of vertices adjacent to u. In the proof of our main results we will
use the Mayer-Vietoris sequence for the reduced homology of simplicial complexes,
which, for any pair Aj, As of simplicial complexes, has the following form (see [11]
Remark 6.2.13)):

o= E[i(Al ﬁAQ;K) — ﬁl(Al,K)@E[Z(AQ,K) — E[i(Al UAQ;K) —
Hifl(Al QAQ,K) — ...

Lemma 3.1. For a graph G with an edge {u,v} such that deg(v) = 1, we have
Hi(e(G); K) = 0, if some vertex in Ng(u) has an adjacent vertex of degree one
in G. Otherwise, H;(¢(G); K) = H;_(e(H); K), where t = [Ng(u)| and H is the
induced subgraph on V(G) \ ({u} U Ng(u)), provided H is non empty.

Proof. In this and in the following proofs we will omit the coefficient field in
the homology groups. We set V= V(G). Let Ng(u) = {v,u1,...,u;—1} and
{u, v}, {u,ur}, ..., {u,us_1},e1,...,e, be the edges of G. We can write e(G) =
Ey U E,, where By = e({u,u1},...,{u,ur—1},e1,...,e,; V) and Fy = e({u,v}; V).
The intersection of these simplicial complexes is:

EiNEy =e({u,v,ur}l, ..., {u,v,ui—1},{u,v} Uer,..., {u,v} Ue,; V)

=c({ur}, ..., {uicitier, ..., er; V\ ({u,v})) (see [I2, Lemma 3.4]).

If there exists a vertex v; of degree one such that {u;,v;} € E(G), then without loss
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of generality we can assume that e; = {u;,v;}. Then E1NEy = e({u1},...,{u—1},
{wi,vi},ea, o e VN{u,v}) = e({ur}, .o {uema}y ez, .o e V\ ({1, v})), whose
reduced homology is identically zero, since v; € V' \ ({u,v}) and v; belongs to
all faces of Fy N Fy. Otherwise, by [I2, Lemma 3.5] we have H;(F; N Ey) =
H;_iy1(e(H)), for all i, where H is the induced subgraph on V' \ ({u} U Ne(u)).
Since Ey is a simplex, H;(Ey) = 0 for all i. Also, H;(F;) = 0 for all i, since v
belongs to all faces of Fy. Using the Mayer-Vietoris sequence (for A; = F;) we
deduce that H;(e(G)) = H;_1(E) N Esy), which completes the proof. O

The next result can be deduced from Lemma[3 Tl by a trivial inductive argument.

Corollary 3.2. Let n = 0. Suppose that Ly, intersects graph G only at one of its
endpoints. Then, for all i, we have H;(e(G U L,)) = Hi*?( e(G\ Ly)).

Theorem 3.3. Let G be the graph which is a joint of two cycles Cy, and Cy, in a
common vertex. Then the following hold:

— _ 2[V(G)[+1

(a) If[V(G)| = 1, then pd I(G) = ara I(G) = Z—5"—.
(b) If [V(G)| = 0, then pd I(G) = ara I(G) = 2N,
(¢) If [V(G)| = 2, then pd 1(G) = ara I(G) = Mﬁ””, for m = 0, whereas
pd I(G) = ara I(G) = M otherwise.
Proof. We will prove the claim by showing that the desired number is, on the one
hand, a lower bound for pd I(G), on the other hand, an upper bound for ara I(G).

Let V = V(G). Consider the labeling for V such that V(Cy) = {y1,y2, -, YUn},
and V(C,,) = {x1, 22, ..., 2y}, where 1 = y1. Up to exchanging m and n we have
the following cases.

~—

Case 1. |V|=0or 1.
First let n = 3. Then m = 1 or m = 2. In view of (*) the ith Betti number of degree
[Vis Bi,v|(G) = dimyH;_o((G); K). So we compute the reduced homology of G of

degree [V|. We can write £(G) = e({z1, 22}, ..., {@m, 21}, {21, y2}, {y2, Y3}, {ys, 21}
V) = Ey U Ey, where By = e({z1, 22}, ..., {zm,z1}, {z1,92},{ys, z1}; V) and
Ey = e({y2, 3} V).

By [12| Lemma 3.4], the intersection of these simplicial complexes is:

EinE, = E({xla L2, Y2, y3}a RS {‘Tla Lms Y2, y3}7 {xla Y2, y3}; V)
- E({xl}a {I27 :Eg}, SRR {Imfla Im}; 14 \ {yQa y3})

By [12, Lemma 3.5), H;(EyNEs) = H;_1(e(Lym_1)), for all i. Since Fj is a simplex,
HZ(EQ) = 0 for all i. Applying Lemma Bl to F; for v = yo (and u = x1, so that
N(u) = {{EQ, Tm, yQ,yg}), we obtain ffl(El) = Hi,4(E(Lm,3)), for all i.

If m = 1, then H;(E;) = 0 for all i by Theorem D and (*) (since m — 3 = 1). By
the Mayer-Vietoris sequence we deduce that, for all i, H;(e (@) = H; 1(E1 N Ey).
Theorem D and (*) then show that H; o(e(Lm_1)) # 0 (i.e., H;((G)) # 0) if and
onlyifi—2+2= 2(m 3 ,1fandonly1fz— %
pd 1(G) > 2¥L.

If m = 2, then H;(EyNE,) = 0 for all i by Theorem D and (*) (since m—1 = 1). By
the Mayer-Vietoris sequence we deduce that H;(e(G)) = H;(E)) for all i. Theorem
D and (*) show that H;(e(G)) # 0 if and only if i = % — 2. In view of (*) we

2. In view of (*) we deduce that
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deduce that pd I(G) > %

So we can assume that n > 4. Moreover, since n and m cannot be both divisible
by 3, we may assume that m = 1 or m = 2. In view of (*) we compute the reduced
homology of G of degree |V|. We can write

E(G) = 5({5617 $2}7 R {xmv $1}, {.%'1, y2}7 {y27 y3}7 R {yn—lu yn}v {ym ;Cl}; V) =
Ey U Es, where By = e({z2, 23}, .., {xm, 21}, {z1, y2 by o o s {Un—1,Un }, {yn, 21 15 V)
and Fy = e({x1,22}; V). We have that By = &(L,,UC,,), where Ly, : X223 ... TpnTq.
The intersection of these simplicial complexes is E1NEy =¢({x1, z2, 23}, {1, 22, X3,
Tat, . {1, 22, o1, Ton }y {Tms 1, T2 b {1, Y2, 22}, o {Yn—1, Un, w1, 22}, {Yn, 21,
xQ}; V) - 5({I3}7 {{Em}, {yQ}v {yn}v {ZE4, ZE5}, RS {xm*% xmfl}v {y37 y4}a RS {yn72,
Yn—11V \ {z1,22}) (see [I2, Lemma 3.4]).

By [12, Lemma 3.5], H;(E1NE2) = H;—4(e(H)) for all i, where H is the induced sub-

graph on V\{ZEl, T2, T3y Tm,y Y2, y@} We have Hl(El ﬁEQ) = Hi,4(E(Lm,4ULn,3))
for all 7. Since Es is a simplex, H;(E3) = 0 for all i.

Case 1.1. Let m = 2.
By Theorem C, H;(E1NEy) = 0 for any ¢, since m —4 = 1. Applying Corollary 3.2
to the path L,,—o: xows ... 2xmy—_1, we get that, for all i, H;(E;) = H, 22z (e(LyU
Cp)), where Lo : x1x,,. If we apply Lemma Bj|~0nce agair} for v =z, (aild u=x,
so that N(u) = {Zm, y2,yn}), we then obtain H;(E,) = Hi—M—B(E(L"*))’ for
all 4, where L,,_3 : y3...yn—1. In part (a), we have n = 0. Theorem D and (*)
show that fli(El) # 0 if and only if 7 = 2IVS¢ — 2. The Mayer-Vietoris sequence
implies that H,(e(G)) # 0 if and only if i = 2Y* — 2. By (*) it follows that
pd I(G) > %, as claimed. In part (b), we have n = 2. Theorem D and (*) show
that H;(E;) # 0 if and only if i = % — 2. As above, it follows that H;(e(G)) # 0
if and only if ¢ = @ —2. In view of (*) we deduce that pd I(G) > %, as claimed.

Case 1.2. Let m = 1. R
By Theorem C, H;(Ey N Ey) = Hi—4—w (e(Lp—3)) for any i. Moreover, apply-
ing Corollary B2 to the path L., 1 : zox3...2,,, we get that, for a11~i, fli(El) =
H, >m-y (e(Cy)). Inpart (a), we have n = 1. Hence, by Theorem C, H;(E1NE2) =
0 for asny i, since n —3 = 1. On the other hand, Theorem B and (*) show that
Hy(E1) # 0 if and only if i = Y — 2 We deduce that H;(e(G)) # 0 if and only
iti = % — 2. By (*) it follows that pd I(G) > %, as claimed. In part (b),
we ha\;(TVT‘L = 0. By Theorem D and (*) it follows that H;(E; N E3) # 0 if and only

if i = =5= — 2, in which case the ith homology module is equal to K. Theorem B

and (*) show that H;(E;) # 0 if and only if i = % — 2 in which case it is equal to
. o -~ .2V
K?. Thus the Mayer-Vietoris sequence implies that H;(e(G)) # 0 for i = =2+ — 2.
In view of (*) we deduce that pd I(G) > @, as claimed.
Case 2. Let |V] = 2.

Case 2.1. m =0.

We have n = 0. First assume that n = m = 3. We first show that in this
case pd I(G) > 4. We use the fact that pd I(G) = cd I(G), (see [15, Theorem
1]), where cd denotes the local cohomological dimension, i.e., for any ideal I of
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R, ¢d I is the maximum index ¢ for which the local cohomology module H(R)
(of R with respect to I) does not vanish. We have that I(G) = I N J, where
I = (z1,20m3,y2y3) and J = (22, x3,92,y3). It is well-known that, whenever an
ideal is a complete intersection, its height is the only index for which the cohomology
module of R with respect to this ideal does not vanish (see [I0, Proposition 3.8]
together with [I0, Theorem 4.4], or together with [8 Example 2, p. 414]). Since
I+ J = (x1,22,x3,y2,y3) we thus have that Hj, ;(R) # 0 if and only if i = 5. We
also have that ¢d J = 4. In the Mayer-Vietoris sequence for local cohomology (see
[10], Section 3)

.= Hi j(R) — H}(R)® H}(R) — Hjn;(R) — ...,

the left term is zero, whereas the middle term is not. It follows that the right term
is non zero, too. This implies that pd I(G) = c¢d I(G) > 4. On the other hand, by
Lemma 2.1] the elements x1x9, xows + x123, T1Y2, 1Y3 + y2ys generate I(G), up to
radical, which shows that ara I(G) < 4. Tt follows that pd I(G) = ara I(G) = 4,
which proves the claim in this case.

Without loss of generality we can thus assume that m > 6. We can write ¢(G) =
Ey U Es, where By = e({z1, 2z}, {ws, x4}, .., {xm, 21}, {z1, 92}, - o, {Un, x1}; V)
and By = e({x2,z3}; V). We have that By N Ey = ({1}, {xa}, {5, 26}, - . .,
{Zm—1,Zm ¥ {y2, 93}y, {Un—1,Yn}). By 12 Lemma 3.5)) it follows that H;(F; N
Ey) = fli_g(s(Lm_4 UL,_1)), for all i. We also have that Fy = e(H;), where H;
is the union of C),, and the paths z3...x,r1 and x122. Applying Lemma [B.1] for
v = 29 (and u = x1, so that N(u) = {2, Zm, Y2, yn}, we obtain that, for all i,

f:ll(El) = fili_4(5(Lm_3 U L,—3)). Thus, by Theorem C, we deduce that, for all i,

H,(E\)=H 3(n=3) (6(Lym—3)). According to Theorem D and (*) it is non zero
3

i—4—
if and only if i = w — 2. Applying Theorem C, Theorem D and (*) we also get

that H;(E) NEy) # 0 if and only if i = 2|V3j — 4. By the Mayer-Vietoris sequence
we conclude that H;(e(G)) # 0 for i = % — 2. In view of (*) we deduce that
pd I(G) > w, as claimed.

Case 2.2. Let m =1.
We have n = 2. Consider the induced subgraph H' on V' \ {y2}. Then H’ is the
union of Cy, and the path L,,—1 : y3...y,y1. Applying Corollary B2 to the path
Ly_2:Y3...yn, we obtain H;(e(H')) = ﬁi_w(a(cm)), for all 7. By Theorem

- . e 2V|=1
B and (*) it is non zero if and only if i = =—5—

pd I(G) > 2‘V3$, as claimed.

—2. In view of (*) we deduce that

Now we find an upper bound for the arithmetical rank in each case. In the rest
of the proof, we will refer to the polynomials ¢; introduced in Propositions 2.2]
23 and 24} in each case, the polynomial ¢; will be the one obtained from ¢; by
replacing each variable x; with y;.

In part (a), for m = 2, by Proposition 2.4l the sequence A,, : qo, ..., q2(m-2) , gener-
3
ates I(Cy,), up to radical and by Proposition 2.2] the sequence A, : qp, .-, ¢
3

generates I(C,,), up to radical. Since I(G) = I(Cy,)+1(C), the following sequence
generates I(G), up to radical: B: qo,...,q20m-2,p;---;q2 - This implies that
3 3
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ara I(G) < %

If m = 1, then, by Proposition the sequence A,, : qo,...,q2em-1) gener-
3

ates I(C),), up to radical and the sequence A, : ¢(,...,q%_1, generates I(C,,),

3
up to radical. The summand zjx,, of ¢; divides the product of the monomials
G20m-1) = Tm_1Tym and q) = y1y2 = x1y2. Thus by Lemma 2] the sequence
3

2|V]+1
3

B: 40,91, q2(m-1) + q67 q2, .. -,42m-1) —1 qllv ceey q/2(n71) of 1ength genera’tes
3 3 -3

3
: c s 2 2|V|+1
I(G) up to radical. This implies that ara I(G) < ==~

In part (b), for m = 2, according to Proposition[2Z4] the sequence A, : qo, ..., q2m-2),
3
generates I(Cp,), up to radical and the sequence A, : ¢(,...,¢5 o , generates
2n-2)
I(C,,), up to radical. The sequence B formed by the union of these two sequences

generates I(G), up to radical. This implies that ara I(G) < @
If m = 1, then, by Proposition the sequence A,, : qo,-.-,qz2mm-1) generates
3

I(Cn), up to radical and by Proposition 2.2 the sequence A;, : qp, ..., q% | gen-
3
erates I(C,,), up to radical. Thus by Lemma 2] the sequence B : qo, q1,q2m-1 +
3

Q0,G2s - -+ q20m=1) 1,15+, q2n _, Of length %, generates I(G), up to radical. So
3 3
2V|
ara 1(G) < =5-.
In part (¢), if m = 0, then consider the sequence B : qo, .. .,qum_l,q{J, ooy Qan s
3

where A, : qo, - .. ,q2m _y generates I(Cy,) and A, = ¢, - - -, q'%_1 generates I(C, ),

up to radical, by Proposition 2.2l This implies that ara I(G) < 2|V3J

If m = 1, then, by Proposition 2.3 the sequence A,, : qo,...,q2m-1), generates

1(Cy,), up to radical. By Proposition 4] the sequence A, : qp, .. .3, Qo(n—2) » geN-

erates I(C),), up to radical. Thus by Lemma 2] the sequence B : qo, g1, qSM +

a5, G2, - - - Gaenn) Q15+ q5m_2 , generates I(G), up to radical. This implie; that
3

2|V|-1
ara I(G) < =——. O
Theorem 3.4. Let G be the graph formed by two cycles Cy, and C,, with a path
joining a vertex of Cy, to a vertex of C,,. Then the following hold:

(a) If V(@) =1, then pd 1(G) = ara I(G) = W%ﬂ’ whenever m =2, n = 2.
Otherwise, pd 1(G) = ara I(G) = 2|V(§)|+1.

(b) If [V(G)| = 0, then pd I(G) = ara I(G) = 2N,

(c) If V(G)| = 2 and m,n = 0 or 1, then pd I(G) = ara I(G) = Lﬁﬂ”
Otherwise, pd 1(G) = ara I(G) = 2|V(§)|*1'

Proof. Let V = V(G). Consider the labeling for V' such that V(C,) = {y1, 92, ...,
Ynt, V(Cp) = {x1,22,..., 2y} and let P: zoz1 ... 252541 be the path in G, where
20 = o1 and zg41 = y1. We compute the reduced homology of G of degree |V|. Up
to exchanging m and n, we have the following cases.



ARITHMETICAL RANK OF THE CYCLIC AND BICYCLIC GRAPHS 11

Case 1. Let k = 2.
We can write E(G) = E({xla IQ}) R} {.Im, Il}v {ylva}a ceey {ynvyl}a {Ilv Zl}a {Zlv 22}5
coosdzi—1, 26 b {2k, 1 1 V) = By U Es, where
El = E({.’Ifl, (EQ}, ey {.’I]m, xl}a {y17y2}7 sy {yn7yl}7 {(El, 21}7 {Zl7 22}7 ey {Zk—lu Zk}7
V) and F2 = e({zk,y1}; V). The intersection of these simplicial complexes is
El N E2 - 5({242}, {yn}; {Zkfl}; {Ilv'rQ}a DR {Im; Il}; {y3a y4}7 ceey {yn727yn71}7
{z1,21}, {21, 22}, - .-, {2k—3, 2k—2}; V) (see [12] Lemma 3.4]).
By [12| Lemma 3.5] it follows that

Hl(El n EQ) = gifg(é‘(Hl U Lnfg)),

for all i, where Hj is the induced subgraph on V' \ (V(C),) U {zx_1, 2x}). Applying
Corollary B2 to the path Ly_o: 21...25_2, we have

Hl(El N EQ) = HZ.iMiS(E(Cm U Lnfg)),
3

for all 7. Since FE» is a simplex, ﬁl(Eg) =0 for all 3.
Applying Corollary B2 to the path Lgy1 : z0... 2k, we have that, for all 7,

HZ(El) = Hi— 2(k3+1) (E(mel U Cn))

Case 1.1 Let n = 1.
By Theorem C, since n — 3 = 1, we have that

H; (El n Eg) =0
for all i. The Mayer-Vietoris sequence then implies that H;(e(G)) = H;(E;) for all

1. Moreover, in view of Proposition 23] I(C),) is generated, up to radical, by the
sequence A, 1 qhs .- Qagn_1y -
3

Case 1.1.1 Let m =1 or m =0.
First suppose that m = 1. Then |V| = 1. From Theorem C we have that, for all 4,

H;(Ey) = ﬁF 20641 2(m=1) (6(Cy)). In view of Theorem B and (*) it follows that
3 3

Hy(Er) # 0 if and only if i = 213+ 2 T Hi(e(@)) # 0 for i = 2VHL o
. o 2[V]+1
which, by (*), implies that pd I(G) > =5~
By Lemma[2T] the sequence B : qo, q1, q20m—1) +2121,q2, - - -, q20m=1) s 2kY1; Zk—12k
3 3
40, Qs Qon )5 2223, 2122 + 2324, . .+, Zh—32k—2, Zh—a2k—3 + Zx—22x—1 of length
3

%, generates I(G), up to radical, where A, : qo, ... ) 2tm 1) generates I(C,y,),

up to radical by Proposition 233l Thus ara I(G) < 2"/3&
Now suppose that m = 0. Then |V| = 0. From Theorem C, Theorem B and (*)
we deduce that H;(E;) # 0 if and only if i = % — 2. Thus Hi(s(G)) # 0 for

= 2¥1 2 which, by (¥), implies that pd I(G) > 21,

. ! !/ /! / /
By Lemma[ZT}, the sequence B : qp, 1, ¢an—1) Y12k, G2, -+ > Qo) |+ 2171, 2122+
3 3
f length 21
q0sq1s - -+ q2m _y, 2324, 2223 + 2425, - -+ 2k—22k—1, Zk—32k—2 T 2k—12k Of length ==,

generates I(G), up to radical, where A,, : qo,.. -, qzm generates I1(C,,), up to
radical by Proposition [Z21 Therefore, we have pd I(G) = ara I(G) = @

Case 1.1.2 Let m = 2.
In this case |V| = 2. Consider the induced subgraph Hy on V' \ {z;}. We have
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Hy = H'UC),, where H' is the induced subgraph on V'\ (V(Cy,)U{2¢}). By Theorem
A we have that, for all 4, H;(s(Hy)) = HF% (e(H")). If we apply Corollary B.2]

along the path Ly_o : 2. ..2x_1, and then Lemma Bl for v = 21, we further get,
for all i, H;(e(C,, UH")) = H, 2l 202) 4(e(Lm—3)), which, by Theorem D and

(*), is non zero in i = Y=L 2 By (* ) this implies pd 1(G) > 2L,
By Lemma[2.1] the sequence B : z1x1, 2122+q0, q15 - - - » G20m-2) , 2374, 2223+2425, e Zk_2Zk 1, Zk—37k_2+

2V 1
2k 1285 Gy 01 2L + Gaiuny Gy Tainry, Of length 2X=L generates I(G), up
3

3
to radical, where the sequence 4, : ¢, ..., q2(n,1) generates I1(C,,), up to radical,

3
by Proposition 23] This shows that ara I(G) < %

Case 1.2 Let n = 2.
By Theorem C, since n — 3 = 2, we have that

f{i(El NE;) = Hl.7 26-2) 3 2(n-3)-1 (e(Cn))
3
for all i. Moreover, by Theorem A,

ﬁz(El) = ﬁi, 2(1@;1) _ 2n;1 (E(Lm_l)),
for all i. Moreover, in view of Proposition [Z4] I(C),) is generated, up to radical,
by the sequence Ay, : (), ..\ @agn_o) -

2(n=2)

Case 1.2.1 Let m = 0. ~
In this case |V| = 1. In view of Theorem B and (*) we have that H;(E1NEy) # 0 if

and only if i = 2|VS¢ —3, in which case the homology group is K2, and, according to

Theorem D and (*), we have that H;(E;) # 0 if and only if i = 2"/3& —3, in which
case the homology group is K. From the Mayer-Vietoris sequence it then follows
that H;((G)) # 0 for i = 2V — 2 which, by (¥), implies that pd I(G) > 2V,
The sequence B: Q67 ceey q/2(n—2) » 40,y - - - aq%"fla 2122, 202112223, - - -, Zk—1%k, Fk—22k—1

3
+ zkzk41 of length 2|V—3|+1 generates I(G), up to radical, by Lemma [ZT] where the

sequence Am 1 qo,...,q2m _; generates I(Cy,), up to radical, by Proposition
This implies that ara I(G) < %

Case 1.2.2 Let m = 2. ~

In this case |[V| = 0. In view of Theorem B and (*) we have that H;(Ey N E3) # 0
if and only if i = —I — 3, and, according to Theorem C, since m — 1 = 1, we have
that Hl(El) =0 for all 7. From the Mayer-Vietoris sequence it then follows that
Hy(=(G)) # 0 for i = AYL — 2 which, by (), implies that pd 1(G) > 2¥1.

By Lemma[2.1] the sequence B: q,..., G20m) Qs s Qo) » 2122, 2021+2223, - - -

3

Zh 12k, Zh— QZk 1+ 2kp2zk41 of length ‘ ‘ generates I(G), up to radical, where the
sequence A,, : qo, ..., G20n2) generates I(C,,), up to radical, by Proposition [Z4]

o 21V
This implies that ara I(G) < =5-.

Case 1.3 Let n=m = 0.
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In this case |V| = 2. In view of Theorem C, since n — 3 = 0, we have that, for all i,

Hi(El n EQ) = f{l 2(k=2) 4 2(n;3) (E(Cm)),

3

and by Theorem A, for all 7,

Hi(Er) = H; 200020 (6(Lin-1))-

According to Theorem B and (*) it follows that H;(F; N Ey) # 0 if and only if
2"/3& — 3, in which case it is equal to K2, and, in view of Theorem D and
(*), H;(Ey) # 0 if and only if i = w — 3, in which case it is equal to K. From
the Mayer-Vietoris sequence it then follows that H;(e(G)) # 0 for i = % -2,
which, by (*), implies that pd I(G) > w

The sequence B : qf), ..., q’%n_l, ;- -+ q2m 1, 2122, T121+2223; - - -, 212k, 2k—2%k—1

i:

+ zxy1, generates I(G), up to radical, by Lemma 2] where A,, : qo,..., q2m 4
generates I(Cp,), up to radical, and A, : ¢g,...,q% , generates I(Cy), up to
3

radical, by Proposition [Z21 Therefore, we have ara I(G) < %

Case 2 Let £ = 0.

As in Case 1, we can write ¢(G) = e({x1, 22}, ..., {xm,x1}, {y1, 92}, - - s {Un,v1}s
{z1, 21}, {21, 22}, -, {2k—1, 2k}, {2k, 11 }; V) = E1 U Ea, where

Ey =ce({z1, 22}, . {x, 2m b {y, v2 b -y un b {21, 21 ) oo {21, 25 1) and
Ey =e({zk,91}).

If k=0, then By N Ey = e({x2}, {zm}, {v2}, {ynt, {3, 24}, ., {Tm—2, Trm-1},
{ys,vats - s {yn—2,yn-1};V \ {x1,91}), so that, by [11l Lemma 3.5],

Hi(EyNEy) = Hi_4(e(Lym—3 U Ly,_3)),

foralli. If k > 3, then F1NEy = c({zk—1}, {y2}, {un}, {z1, 22}, - {@m, 21}, {Y3, ya b
oo Ayn—2syn—1 b {zn, b {2, 22}, - {zkess 22 1 VO {2k, w1}, so that, by [LIL
Lemma 3.5, H;(E1NEy) = H;_3(s(H"UL,_3)), for all i, where H" is the induced
subgraph on V \ (V(C,) U {zx_1, z}), i.e., it is the union of C,, and the path
Li_1 : x121...2p_2. If we apply Corollary B.2 along the path Ly 3 : 29...25_2
and then Lemma [3.1] for v = 21, we deduce that, for all 7,

Hz(El n EQ) = Hifﬁfm (E(meg U Lnfg)),

which is evidently also true for k = 0. If kK = 0, we have that By = &(C,, U C,),
otherwise, if we apply Corollary along the path Ly : 21 ...z, we obtain that,
for all 4,

H;(E)) = Hi_%(cm UcC,).

This equality is evidently also true for k = 0. Since Es is a simplex, we also have
that H;(Es) = 0 for all 4.

Case 2.1 Let n = 1.

In view of Theorem D (for m = 3) and of Theorem C (for m > 4), since n —3 =1,
we have that H;(Ey N Ey) = 0 for all 4, so that H;(e(G)) = H;(Ey) for all i. More-
over, in view of Theorem A, for all i, H;(E;) = ﬁi_%_% (e(Cw)).

By Proposition 23] the sequence A, : q)), ¢}, ..., qzn-1 generates I(C,), up to
3
radical.
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Let m = 1. Then |V| = 2. In view of Theorem B and (*), H;(E;) # 0 if and only if
= w — 2. Hence H;(e(G)) # 0 for i = 2"/3& — 2, which, by (*), implies that
pd I(G) > 22,
Ifk = 07 then the sequence qo, 41, q2(m3*1) + T1Y1,492,-- -, q2(m3*1) _1 q67 DR ql2(n—1)
3

of length 2‘V|+2 , generates I(G), up to radical, by Lemma 2] where the sequence

Am: qo,--- ,qz(m y generates I(C,,), up to radical, by Proposition 23]
If £ > 3, then the sequence B : qo, q1, qz0m_1) +T121,42, -5 Q2(m—1)
2\V|+2
3

1 22%23, 2122 +

2324,y Zh12ks Zh—22k—1 F ZKY1, Q0 - - -y Qagn_1y Of length , generates I(G),

3
up to radical. Hence we have ara I(G) < m‘;ﬁ

Let m = 2. Then |V| = 0. In view of Theorem B and (*), H;(E;) # 0 if and only
ifi = 2|V| — 2. Hence H;(e(G)) # 0 for i = % — 2, which, by (*), implies that
pd I(G) 2

-1’

If k = 0, then by Lemma[2.1] the sequence B : ¢(, ¢}, ¢am—1) +Z1Y1, G5, - - - s Qain_1)
3 3

Q‘VI , generates I(G) up to radical, where the sequence

q0, - - - ,QQ(m 2) of length
Ayt qo, ...  q2tm=2) generates I1(C,,), up to radical, by Proposition 2.4
If £ > 3, then the sequence B : ¢, ], qQ(n o T Y12k, Gy ,q’Q(n,l) AP T2 +

l;f', generates I(G)

2023y ey 222k 1, Zk—32k—2F 212k, Q0 - - - ,qg(m 2) , of length

up to radical. This implies that ara I(G) < Q‘VI

Let m = 0. Then |[V| = 1. In view of Theorem B and (¥), H;(E;) # 0 if and only if
= 2|V3|+1 2. Hence H;((G)) # 0 for i = 2"/3& — 2, which, by (*), implies that

pd I(G) 2‘V|+1

If k = 0, then the sequence B : ¢, ¢}, o1y +T1Y1, G5, - - -, qg(n,l)_l, q0,--->q2m 1
3 3 “

of length %, generates I(G), up to radical, by Lemma [2Z1] where the sequence

An: q,... ,q2m _ generates 1(C,,), up to radical, by Proposition 221
If k > 3, then the sequence B : ¢p, ¢, qém;l) + Y12k, G5 - - - ,q’m;l) Azt

2|V |41
3

2023y ey Zh—22k—1, 2k—32k—2 t Zk—1Zk, q0, - - - yqam g of length , generates

I(G), up to radical, by Lemma 2] This shows that ara I(G) < %

Case 2.2 Let n =2 and m = 0. R
In this case |[V| = 2. In view of Theorem C, Theorem D and (*), H;(F1 N E3) # 0
if and only if ¢ = 2‘V3$ — 2, in which case the homology group is K. Moreover,

in view of Theorem A, Hy(E,) = H, iz _2m (e(Ch)), for all i. In view of Theorem
B and (*), H;(E;) # 0 if and only if i = QM L _ 2, in which case the homology
group is K2. Hence H;(e(G)) # 0 for i = Q‘VB‘ L _ 2, which, by (*), implies that
pd I(G) > 2L,

Let k = 0. The sequence B : z1Y1,q0 + 40, Q15 - - - » qzm _q, Qs Qoo of length

: An—2)

% generates I(G), up to radical, by Lemma [ZI] where the sequence A,
0,1, - --,qz2pn _, generates I(Cy,), up to radical, by Proposition [Z21
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Let & > 3. The sequence B : x121,q0 + 2122,41, - - -, Q2m _y; 2324, 2223 + 2425, - - -

/ / 2|V |—1
Zj—32k—2s Fh—dZk—3 F Zk—22k—1, ZkY1, Zk—1%k + 40, q1, - - -7q2<n 5 of length via |

generates I(G), up to radical. Hence, in view of (*), we conclude that ara I(G) <
2|V]—1
.

Case 2.3 Let n=m = 2.

In this case |[V| = 1. Consider the induced subgraph Hs on V \ {z2}. Applying
Corollary to the path Ly,yp—2 : x3x4... 2121 ... 2k—1 (Lym—o : x3m4 ... 27, if
k = 0) and Lemma Bl for v = z;, (u = y1), we obtain that, for all i, H;(e(Hz)) =

fIZ. 2mtr=2) _3(e(Ln-3)), which, by Theorem D and (*), is non zero in i = 2“’3#—2.

So HW‘ 2 _,(£(G)) # 0 and by (*) we have pd I(G) > 2¥1=2.
Ifk—O then, by Lemma 2] the sequence B : :Clyl,qo—l—qo,ql,...,q2<m72),q'1,...,
3

Qon_ny generates I(G), up to radical, where the sequence A, : qo,...,¢20m—2 gen-
- 3 3

3
erates I(C,,), up to radical, and the sequence A, : q(, ..., %, _», generates I(Cy),
3

up to radical, by Proposition [2.4]

If k > 3, then, by Lemmal[21] the sequence B : zxy1, 2k—126+40: @15 - - - » Qagn2) » 2071,
2An-2)

Z122 G0, Q1 - -+ Q2tm—2) , 2324, 2223 + 2425, - - 5 Zk—3%k—2, Zh—4Zh—3 + Zh—2Zk—1 G€N-

erates I(G), up to radical. Hence we have ara I(G) < %

Case 2.4 Let n=m = 0.
In this case |V| = 0. First assume that n = m = 3. We have that I(G) = I N J,

where I = I(G)+(z1y123%6 - - . 2;) and J = (T2, T3, Y2, Y3, 21, 22, 24, 25, - - - , Zk—5, Zk—4,
Zk—2,2k—1). Since J is a complete intersection ideal, we have that e¢d J = 4 + %
Moreover, I+.J = (51912326 - - - Zk» T2, T3, Y2, Y35 215 22, 245 255 - - 3 Zk—5y Zh—dy Zh—25 Zk—1)-

Since I + J has grade equal to 5+ 2, by [5, Theorem 6.2.7] we have Hj_ ;(R) # 0
ini=5+ % and H}+J(R) =0 forany i <5+ % In the Mayer-Vietoris sequence
for local cohomology (see [I0], Section 3)

4+2F 4+2k 4+2k
—>HI+] (R)—H; *(R)@H; *(R)— H/ (R)— ...,

the left term is zero, whereas the middle term is not. It follows that the right term
is non zero, too. This implies that pd I(G) = cd I(G) > 4+ 2 = @
So without loss of generality we may assume that n > 3. Then from Theorem C,

since m — 3 = 0, we have that ﬁi(El N Ey) = ﬁFG* 206-9) _2(m-3) (e(Ly—3)), for
3

all i. Hence, in view of Theorem D and (*), we have that H;(E1 N Ey) # 0 only

if 1 = @ — 2, in which case this homology group is K. In view of Theorem A,

Theorem B and (*) we also have that H;(FE;) # 0 only if i = M —2, in which case
this homology group is K?. The Mayer-Vietoris sequence shows that H;(e(G)) # 0
ini= % — 2. Thus in view of (*) we deduce that pd I(G) > @

If k = 0, then, by Lemma[ZT] the sequence B : z1y1, 90+ 4}, q1, - - -, qem _y, iy ey

% generates I(G), up to radical, where the sequence A

¢, of length
3

q0,- - -,q2m 1 generates I(Cy,), up to radical, and the sequence A,, : ¢, ..., qgn 3

generates I(C),), up to radical, by Proposition [Z21

If k > 3, then, by Lemma 2.1l the sequence B : z1x1, 2122 + qo,q1, - - -, Qzm _y, 2324,
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2223 + 2425, - ., 2k 32k—25 Zk—4Zk—3 T Zh—22k—1, ZkY1, Zh—12k + 405 Q15 - - - ,q/%n,l of
length % generates I(G), up to radical. We thus have ara I(G) < %

Case 3 Let k= 1.
We can write e(G) = e({z1, 22}, .. s {zm, x1 } {y1, v2 b, - s {yn, v1 }, {21, 21}, {21, 22},
coodzi—1, 26 b {1 1 V) = By U Es, where
Ey =ce({za, 23}, {zm, 21 b, {y, v2 by o oo {Uns 01 ) {21, 21 1, {21, 220, - {21, 28 )
{zr,y1}; V) and Ey = e({z1,22}; V). We have that Fy = &(Ly4x U Cy,), where
Lopyk i @2 .. Xy @121 - .. 2k
If m = 3, then, by [I2] Lemma 3.4], E1 N By = e({z3},{z1}, {22, 23}, .- -, {zk, 11 },
{y1,y2}, - s {yn, v1}; V), so that, by [12] Lemma 3.5],

H,(E1NEy) = E[i—2(5(H4))7

for all ¢, where Hy is the induced subgraph on V'\ (V(C,,,) U{z1}), i.e., the union of
Cp and the path Ly : 2o...y1. If m > 4, then E1NEy = e({as}, {xm}, {z1}, {24, 25},

. 'a{xm*QaImfl}v{Z%Zi%}v'- 'a{zkayl}v{yhyQ}a- ..,{yn,y1};V), S0 thata by m
Lemma 3.5],

Hz(El n EQ) = Hifg(E(Lm,AL U 1{4)7

for all 7. Since Es is a simplex, EQ(EQ) =0 for all 4.

Case 3.1 Let n = 1.
The sequence A, : g, ..., ¢5._,, generates I(Cy,), up to radical, by Proposition[22
2(n-1)

Case 3.1.1 Let m =0 or m = 2.

First let m = 0. Then |V| = 2. If we apply Corollary B2 to the path L.,4x—1 :
T3 ...TmT1 ... 2k_1, and then Lemma[3Ilfor v = z; we get, that, for all ¢, ﬁl(El) =
H. 2(m+3k71>_3(5(Ln_3)), which is zero for all ¢ by Theorem D and (*). If m > 6,

applying Theorem C (m — 4 = 2) and Corollary to Fy N Ey along the path
Li_1:29...z2, we deduce that, for all 7,

which is also true for m = 3.
By Theorem B and (*), Hzvi+2 ,(E1NE2) # 0. So by the Mayer-Vietoris sequence
3

_E[2\V2H»2 _,(e(G)) # 0 and in view of (*) we conclude that pd I(G) > %

’ .o /
By Lemmam B: qos---rq2(n—1),T121, 2122 + 40,91, -+, qum—la Z3%4, 2223 + 2425,
3

ey Zk—1%k, Zk—22k—1 + 2y of length % generates I(G), up to radical, where

sequence A, 1 qo,- .. ,q2m _y generates I1(C,,), up to radical, by Proposition

Therefore, we have ara I(G) < 2lVi+2

Now let m = 2. In this case |V| = 1, and m + k = 0. Moreover, by Theorem C,
since m — 4 = 1, we have that H;(F; N Ey) = 0 for all 4. Hence H;(e(G)) = H;(Ey)
for all 7. Applying Corollary to the path L,k : xoxs... 2121 ... 2 we obtain
that, for all 4, H;(E,) = ﬁi_w(s(al)). By Theorem B and (*), H;(E;) # 0 in

i = A — 2. Thus by (*) we have pd 1(G) > 2
By Lemma[2T] the sequence B : x121, qo+2122, Q1 - - -, Q20m—2) , 2324, 2223+F2425, . - ., Zk—1 2k, Zh—22k—1+
3
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2|V[+1
3

ZkY1, 40y - - Qan_1) Of length generates I(G), up to radical, where the se-
3

quence At Q... G5 o generates I(Cp,), up to radical, by Proposition 241
2(m=2)

2|V|+1
Thus ara 1(G) < =F—.

Case 3.1.2 Let m = 1.

In this case |[V| = 0. Consider the induced subgraph Hs on V' \ {z,}. We have,
for all i, Hi(e(Hs)) = H;(H" U C,), where H" is the induced subgraph on
V\ (V(Cn) U{z}), i.e., the union of C,, and the path Ly : 2121 ...25-1. Ap-
plying Theorem A and then Corollary B.21to H'” along the path Lp_1:21...25_1
we have H;(e(Hs)) = ﬁF%f@ (Cp), for all 4, and this homology group, by

Theorem B and (*), is non zero in ¢ = @ —2. So ﬁ@ﬁ(s(HQ) # 0. In view of

2lV|
(*) we deduce that pd I(G) > =5-.

. / / /
The sequence B: quqlan(mS*l) +ZII17" '7q2(m3*1)_17;q07q17Q2(n—1) +Zky17" )
3
! f length 21
Qom-1) 17273, 2122 + 2324, - - -, Zh—22k—1, Zk—3%k—2 + Zk—12 Ol leng 3> gener-

3
ates I(G), up to radical, by Lemma [Z] where the sequence A4,, : qo,...,q2m-1)
3

generates I(C,,), up to radical, by Proposition Therefore, we have that
ara I(G) < @

Case 3.2 Let m =2, and n =0 or 2.

In this case m+k = 0. Applying CorollaryB.2to the path L,y : T2x3... 2121 ... 2%
we obtain that, for all i, H;(E;) = ﬁi_M(E(Cn)).

Moreover, the sequence A,, : qo,-- .,q@ generates I(Cy,), up to radical, by
Proposition [24] ’

First let n = 0. Then |[V| = 0 and, by Theorem B and (*), H;(E;) # 0 in
1= @ — 2. Thus by (*) we have pd I(G) > @

By Lemma2.1] the sequence B : 121, qo+F2122, 1y - - Q20m—2) , 2324, 222324725, « + -y 212Ky Zk—22k—1+
3
ZkY1, 40> Qhs - - - Qan, Of length % generates I(G), up to radical, where the se-
3

-1
quence A, : qf,..-,q
ara I(G) < @

If n = 2, then |V| = 2 and, by Theorem B and (¥), H;(Ey) # 0 in i = 2¥=1 2.
Thus by (*) we have pd I(G) > le—g‘*l

By Lemma 1] the sequence B : qo, ..., qztm=2), 2kY1, 2k—12k + 405 q15 - - s Qatn-2) »

3 -3
2129, 812112923,y Zk—32k—2, Zk—42k—3+2k_22k—1 Of length 2|V—3‘_1 generates I(G),
up to radical, where the sequence A, : q,...,¢5,_ generates I(C,,), up to radi-
2(n-2)

" 2|V|—1
cal by Proposition 24l Thus ara I(G) < =5—.

5., generates I(Cy), up to radical by Proposition 22l Thus

3

Case 3.3 Let n=m = 0.

In this case |V| = 1. As in Case 1, we can write e(G) = Ey U Ey, where Ey =
e({x1, 22}, {zm, 21 b v, w2 by oo {yns v1 {21, 21}, {21, 22}, -, {261, 26 }; V) and
Ey=c({zr,n}; V).

Applying Corollary to the path Lx_1 : x121...25_2, we have that, for all 7,
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Hz(El N EQ) = Hi,Z(kfl),g(E(mel U Lnfg)). Theorem C (m —-1= 2), Theo-
3

rem D and (*) show that H;(E; N Ey) # 0 only if i = % — 3. Since Fj is
a simplex, E[i(Eg) = 0 for all i. Applying Corollary to Fy along the path
Li_1 : 22...2, and once again Lemma [3I] for v = 21, we obtain that, for all
i, Hy(E)) = ﬁi—@—s(‘g(l’m—?’ U Cp)), which by Theorem C, Theorem B and
(*), is non zero only in i = % — 2. The Mayer- Vietoris sequence shows that
Hi(e(G)) #0ini = 2|V—3|+1—2. Thus, in view of (*), we have that pd I(G) > 2IV—3|+1
By Lemmal[21] the sequence B : x121, 2122440, q1, - - - q2m _y, 2374, 2923+2425,. ..,
Zk—12k, Zk—22k—1 + ZkY1,Q0s - - - Q2n |, generates I(G), up to radical, where the
sequence A,, : qo, .- S qem genserates I(Cy,), up to radical, and the sequence
An s gy, q’%n_1 generates I(C,,), up to radical, by Proposition 221 This implies

that pd I(G) = ara I(G) = % in this case. This completes the proof. O

From Theorem and Theorem B4 we deduce the following corollary.
Corollary 3.5. Let G be a bicyclic graph, then ara I(C,) = pdI(Cy).

REFERENCES

1. M. Barile, On the arithmetical rank of certain monomial ideals. Preprint (2006).
math.AC/0611790. Submitted.

2. M. Barile, On the arithmetical rank of the edge ideals of forests. Preprint (2006).
math.AC/0607306. To appear in: Comm. Algebra.

3. M. Barile, A note on the edge ideals of Ferrers graphs. Preprint (2006). math.AC/0606353\
Submitted.

4. M. Barile, On ideals generated by monomials and one binomial. Algebra Colloq. 14 (2007),
631-638.

5. M. P. Brodmann and R. Y. Sharp, Local Cohomology: an algebraic introduction with geometric
applications. Cambridge University Press, Cambridge, 1998.

6. A. Corso and U. Nagel, Monomial and toric ideals associated to Ferrers graphs.

7. H. T. Haand A. Van. Tuyl, Splittable ideals and the resolutions of monomial ideals. J. Algebra.
309 (2007), 405-425.

8. R. Hartshorne, Cohomological dimension of algebraic varieties. Ann. Math. 88 (1968), 403—
450.

9. Hochster, Cohen-Macaulay rings, combinatorics, and simplicial complexes. In: Ring Theory
IT (B. R. McDonald and R. Morris, eds.), Lect. Notes in Pure and Appl. Math., No.26, Dekker,
New York, (1977), 171-223.

10. C. Huneke and A. Taylor, Lectures on local cohomology. In: L.L. Avramov (ed.) et al., In-
teractions between homotopy theory and algebra. Summer school, University of Chicago, IL,
USA, July 26-August 6, (2004). Contemporary Mathematics 436, American Mathematical
Society, Providence, RI, 5199, (2007).

11. S. Jacques, Betti numbers of graph ideals. Ph.D. Thesis, University of Sheffield, (2004).
math.AC/0410107

12. S. Jacques and M. Katzman, The Betti numbers of forests, Preprint. (2005)

13. M. Katzman, Characteristic-independence of Betti numbers of graph ideals. J. Combin. The-
ory Ser. A. 113 (2006), 435-454.

14. G. Lyubeznik, On the arithmetical rank of monomial ideals. J. Algebra 112 (1998), 86-89.

15. G. Lyubeznik, On the local cohomology modules qu(R) for ideals A generated by monomials
in an R-sequence. In: Complete Intersections, Lectures given at the 15t 1983 Session of the
Centro Internazionale Matematico Estivo (C.I.M.E), Acireale, Italy, June 13-21, 1983; Greco,
S., Strano, R., Eds.; Springer: Berlin Heidelberg, (1984).

16. Th. Schmitt and W. Vogel, Note on set-theoretic intersections of subvarieties of projective
space. Math. Ann. 245 (1979), 247-253.


http://arxiv.org/abs/math/0611790
http://arxiv.org/abs/math/0607306
http://arxiv.org/abs/math/0606353
http://arxiv.org/abs/math/0410107

ARITHMETICAL RANK OF THE CYCLIC AND BICYCLIC GRAPHS 19

17. A. Simis, W. Vasconcelos, R. Villarreal, On the ideal theory of graphs. J. Algebra, 167, (1994),
389-416.
18. R. H. Villarreal, Monomial Algebras, Dekker. New York, NY, (2001).

MARGHERITA BARILE, DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI BARI “ALDO MORO”,
Via E. ORABONA 4, 70125 BARI, ITALY.
E-mail address: barile@dm.uniba.it

DARIUSH KIANI, DEPARTMENT OF MATHEMATICS, AMIRKABIR UNIVERSITY OF TECHNOLOGY,
TEHRAN, IRAN, AND SCHOOL OF MATHEMATICS, INSTITUTE FOR RESEARCH IN FUNDAMENTAL SCI-
ENCES (IPM).

E-mail address: dkiani@aut.ac.ir

FATEMEH MOHAMMADI, DEPARTMENT OF MATHEMATICS, AMIRKABIR UNIVERSITY OF TECHNOL-
0GY, TEHRAN, IRAN.
E-mail address: f-mohammadi@cic.aut.ac.ir

SIAMAK YASSEMI, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TEHRAN, TEHRAN, IRAN
AND SCHOOL OF MATHEMATICS, INSTITUTE FOR RESEARCH IN FUNDAMENTAL SCIENCES (IPM).
E-mail address: yassemi@ipm.ir



	1. Introduction
	2. The arithmetical rank of cyclic graphs
	3. The arithmetical rank of bicyclic graphs
	References

