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Abstract. In this work, an analytical study of the electro-
magnetic propagation in a complex medium-based sus-
pended three-layer coplanar waveguide (CPW) is carried 
out. The study aims at a numerical calculation of the 
dominant hybrid mode complex propagation constant in 
the CPW printed on a bianisotropic substrate. The herein 
considered bianisotropy is characterized by full 3×3 ten-
sors of permittivity, permeability and magnetoelectric 
parameters. The study is based on the numerical derivation 
of the Green's functions of such a complex medium in the 
spectral domain. The study is carried out using the Full 
Generalized Exponential Matrix Technique based on ma-
trix-shaped compact mathematical formulations. The 
Spectral Method of Moments (SMoM) and the Galerkin's 
procedure are used to solve the resulting homogeneous 
system of equations. The effect of the chiral and achiral 
bianisotropy on the complex propagation constant is par-
ticularly investigated. Good agreements with available 
data for an anisotropic-medium-based suspended CPW 
structure are achieved. Various cases of chiral and achiral 
bianisotropy have been investigated, and particularly, the 
effect on the dispersion characteristics is presented and 
compared with cases of isotropic and bianisotropic Tel-
legen media. 

Keywords 
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1. Introduction 
As technology advances and due to the introduction 

of new synthetic electronic materials, microwave devices 
are getting smarter and smarter [1]. Hence, adding a degree 
of freedom in the design of these devices would be very 
beneficial in terms of miniaturization, flexibility, lossless-
ness and ultra-wideband characteristics. These new contri-
butions make it possible, nowadays, to face and solve sev-
eral problems such as those related to high performance 
devices that may respond to the needs of modern technolo-
gies. Electromagnetic theories have brought upon consid-
erable achievements in the field of this class of complex 
synthetic materials. Bianisotropic media have offered 
a promising alternative to conventional microwave and 
optical components due to their ability to provide new 
intrinsic electromagnetic properties not actually known in 
natural materials. These particular properties are due to the 
additional degree of freedom, they offer, manifested by the 
magnetoelectric coupling explicitly described by the gen-
eral constitutive relations. The degrees of freedom availa-
ble in the frame of complex synthetic materials allowed 
obtaining some combinations of inclusions and host die-
lectrics, giving rise to new unusual materials. In 2000, San 
Diego group managed to fabricate for the first time what is 
now referred to as “metamaterial”; a material with a nega-
tive refractive index [2], [3]. Chiral materials also have 
constantly received considerable attention over the last four 
decades [4]. They are realized using many fabrication 
techniques where the most common ones consist in 
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dispersing random helices or cranks in a dielectric host 
medium [5–7]. 

Over the last three decades, the electromagnetism of 
bianisotropic media has gained a great deal of interest from 
scientists and researchers [8]. Recently, as the science of 
materials has tremendously advanced, the concept of bian-
isotropic media has reemerged as a major development 
player in the field of microwave and optic technologies  
[9–11]. The electromagnetic properties of bianisotropic 
media have to be analyzed to perceive their exotic charac-
teristics. By knowing the intrinsic physical properties of 
complex media, designers can predict their electromagnetic 
response, which may help in developing inventive micro-
wave devices. Several studies have been carried out for the 
characterization of the electromagnetic behavior of these 
materials [12–16]. However, the complex mathematical 
modeling of these media constitutes a real challenge in the 
characterization of microwave components. Various tech-
niques have been used to extract the effective constitutive 
parameters of bianisotropic materials, such as stepwise 
method, S-parameters method, resonator method, coaxial 
probe method, free-space characterization method, rectan-
gular waveguide measurements and recursive algorithms 
[17], [18]. On the other hand, several studies have been 
carried out for the analysis of planar structures, their dis-
persion and radiation characteristics in the case of simple 
or complex substrate media, using numerical and analytical 
methods [1], [12–15], [19–24]. In [19], a uniaxial bianiso-
tropic based antenna structure is studied, the effect of the 
chirality on the resonant frequency and bandwidth are 
investigated.  

In [25], both gyrotropic anisotropy and chirality are 
introduced in some composite fin-line structures. The 
propagation characteristics are investigated using the gen-
eralized exponential technique in the spectral domain com-
bined with Galerkin’s method. Numerical calculations are 
performed so as to examine the combined effects of 
changing different variables associated with the gyrotropy 
and chirality parameters on the dominant mode propaga-
tion constant. 

In [1] and [26], the case of a complex gyrotropic ani-
sotropy and a complex bianisotropic medium were consid-
ered, respectively. Some necessary conditions were taken 
into account, in both studies, to ensure the TE-TM decou-
pling for the characterization of a transmission line struc-
ture. Heavy calculations had been dealt with, using the 
spectral moment method. In [27], the cases of complex 
bianisotropic media are treated. The calculations were 
developed using the GEM technique in the Fourier domain. 
The mathematical formulations were less complex com-
pared to the previous studies, however, the problem was 
the failure in the solution method where it did not give 
solutions for full matrices of the magnetoelectric parame-
ters ξ and η; only special cases were investigated for 
a transmission line structure. In [23], the case of general 
complex bianisotropic media for a CPW structure was 
considered. The introduction of a new accelerating proce-

dure, in the solution technique based on the GEM tech-
nique, helped to overcome the drawbacks of the solution 
method used in [27]. New results were obtained for various 
cases of Tellegen media. This has incited us to further 
exploit the GEM technique and to analyze more complex 
multilayer structures implanted on more complex media 
such as chiral and achiral materials. 

In the present work, a modelling of the wave propa-
gation in a general bianisotropic medium with full tensors 
of permittivity, permeability and magnetoelectric parame-
ters is carried out, no conditions are imposed on the con-
stitutive parameters. This case of medium is considered, 
herein, for implementing a three-layer coplanar waveguide 
(CPW) structure. The effect of the chiral and achiral bian-
isotropy on the complex propagation constant is particu-
larly investigated including the loss factor. In [25], the 
study did not consider the losses, only the influences of 
chirality on the phase constant are investigated, where it is 
shown that they are just diverse.  

This study is conducted through the numerical deri-
vation of the dyadic Green's functions for such a guiding 
structure developed in the Full-GEM method. This method 
is opted for in order to avoid developing complex mathe-
matical expressions of the Green's functions and dealing 
with highly complex theoretical equations [23], [27], [28]. 
Solutions are tailored to the studied structure considering 
appropriate boundary conditions using the Spectral Ga-
lerkin’s Method of Moments (SGMoM); a method that is 
extensively used in analyzing microwave planar structures 
[16], [21], [22], [29–33]. The SGMoM is supplemented 
with an accelerating procedure developed in the GEMT 
[23] to speed up searching for the exact solution. This has 
helped us to obtain accurate solutions for the relative ef-
fective permittivity (/0)

2 and losses (/0)
2 with tolerable 

computing time. 

2. Mathematical Formulation 
The geometry and parameters of the considered 

shielded CPW are shown in Fig. 1. The coplanar structure 
is supported by a bianisotropic medium of width d2 sand-
wiched between two isotropic dielectric layers. The bian-
isotropic layer is characterized by full 3×3-magnetoelectric 
tensors  expressing the  cross  coupling between the electric 

 
Fig. 1. Configuration of the shielded multilayer CPW 

structure, (a = 10 mm, d1 = 4.5 mm, d2 = 1 mm, 
d3 = 4.5 mm, w = 1 mm, s = 1 mm, εr = 2.53, μr = 1). 
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and magnetic fields. Assuming the time-harmonic depend-
ence exp(jwt) of the electromagnetic fields propagating in 
the y-direction. Thin metal strips are assumed to be perfect 
electric conductors. 

In complex media, the constitutive equations establish 
relations between field vectors completing Maxwell’s 
equations, which can describe electromagnetic properties 
of media in a wide frequency range up to optical region 
and realize self consistent systems [34]. A bianisotropic 
material, in its general form, exhibits a cross coupling 
between the electric and magnetic fields. The appropriate 
constitutive relations are stated as follows [22], [27], [31]. 
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   
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where []: the relative permittivity, [µ]: the relative 
permeability and [] and []: the cross coupling or 
magnetoelectric parameters given in a tensor form by  
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where  stands for  [],[µ], [] or []. 

The magnetoelectric parameters are complex quanti-
ties, they are generally given by [34], [35]. 

 j , j          (3) 

where κ is the chirality parameter and χ the Tellegen 
parameter. 

In [34], the symmetry of the constitutive tensors were 
mathematically investigated. Tables of possible combina-
tions of constitutive tensors elements describing groups of 
symmetry are presented. These groups of symmetry may 
serve as a basis for synthesis of new artificial materials for 
advanced electromagnetic applications. Some restrictions 
may be imposed on the constitutive tensors for case simpli-
fication. For example, for lossless media, the following 
conditions are necessary [µ] = [µ*]t, [] = [*]t, [] = [*]t 
and for nonmagnetic media, the tensors [] and [] are 
always coupled [34]. 

The generalized exponential matrix technique adopts 
a mathematical formulation of the electromagnetic field 
expressions based on a matrix form. This formulation has 
the advantage of avoiding excessive mathematical equation 
development and skipping unnecessary explicit calculation 
steps. This can reduce the processed data redundancy in the 
solution method and helps in reducing the real computa-
tional time. The reduced mathematical equation manipula-
tion is a highly desirable feature in mathematical modelling 
of complex structures implanted on complex substrates. 
Consequently, the generalized exponential matrix tech-
nique is optimal for solving the basic equations modelling 
problems related to propagation and radiation in the pres-
ence of multilayer bianisotropic media that require heavy 

mathematical calculations in microwave and optical do-
mains. The use of the GEMT is especially important in 
avoiding any a priori specific assumptions on the constitu-
tive parameters to lighten calculations. Hence, general full 
3×3 constitutive parameter tensors are considered and 
complex propagation constant, considering losses, is 
solved for. 

The basic principle of the GEMT is to express the 
transverse electromagnetic field components as functions 
of their derivatives coupled in four first-order differential 
equations given in the Fourier domain as follows [27], [28]: 

  
 

( )

( ) ( )
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where z is the stratification axis, α and β are the Fourier 
variables corresponding to the space domain wavenumbers 
κx and κy. The matrix [P(i)] denotes a z-independent 4×4-
matrix, expressed in terms of the constitutive parameters 
elements given in [23].  

The function F̃(i) stands for the x-and y-electromag-
netic field components in the ith layer of the stratified CPW 
structure given by a 4×1-matrix: 

  

   
   
   
   

( )

, ,

, ,
, ,

, ,

, ,

i
x

i
yi

i
x

i
y

E z

E z
F z

H z

H z

 

 
 

 

 

 
 
 
      
 
 
 










. (5) 

Equation (4) admits a general solution in terms of the 
transition 4×4-matrix T(κx, κy, z) of the form 

      ( ) ( )
1

4 4
,i i

i x y iF α,β,z κ ,κ z F α,β,z 
        T  . (6) 

The most important step in solving these reduced 
matrix-based equations using the GEMT is the generation 
of the transition matrix T of the stratified system given by 

     expx yκ ,κ ,z z    T P . (7) 

The transition matrix T(κx, κy, z) is calculated in the 
formulation of the GEMT by means of the Cayley Hamil-
ton theorem. For more details one can refer to [28]. The 
total transition matrix is then obtained as the product of the 
different transition matrices of the different layers of the 
structure. This technique exhibits a compact matrix form 
with the advantage of being easily inserted in the calcula-
tion code. 

In [23], the study focused mainly on the improvement 
of the GEMT technique where an acceleration procedure 
was implemented to improve the technique in terms of 
convergence and accuracy. Important and original results 
were found for the complex bianisotropic with real valued 
magnetoelectric parameters (Tellegen media). This has 
incited us to consider, in the present work, the case of im-
aginary valued magnetoelectric parameters cases (chiral 
and achiral media). 
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3. Method of Solution 
By applying the boundary conditions, the expressions 

of the electric and magnetic tangential components are 
evaluated at the interface air-dielectric in terms of the tan-
gential current densities on the strips ȷx̃ and ȷỹ. The Green’s 
tensor elements Gij(αn, β) for the studied structure are cal-
culated and arranged in a matrix form according to the 
following system of equations: 
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   
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with G = G11G22 – G12G21 and αn is the discrete Fourier 
transform variable with n the Fourier number of terms 
n = 1,2,3,…,N.  

For resolving the problem, the SGMoM is applied 
[25], [27], [31], [36]. The method consists in expanding the 
field components in terms of sets of basis functions Ẽx and 
Ẽy with unknown coefficients ap and bq; 
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By substituting in (8) and taking the inner product 
with Ẽx and Ẽy, and using the Galerkin procedure, taking 
into account the condition that the tangential electric fields 
vanish over the conducting strips and the current densities 
are non-zero over the strips only, hence, the resulting inner 
product is zero everywhere. 
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Now, a system of compact matrix equations for 
determining the frequency dependent complex propagation 
constant β can be obtained  
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The elements of the matrix M(β) are derived from 
(10) considering the Parseval’s theorem [36]. 
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To extract the complex propagation constant β from 
(11), Muller’s root-finding procedure is used. 

4. Results and Discussions 
In order to validate the efficiency of the proposed 

method, three cases of complex magnetic anisotropy have 
been calculated. Numerical results are presented in Fig. 2, 
they show good agreements with literature [37], [38]. 

In this study, combinations of chiral and achiral bian-
isotropic medium-based 3-layer CPW (Fig. 1) were con-
sidered. The effect of bianisotropic parameters on the com-
plex propagation constant is investigated. New cases of 
bianisotropic chiral/achiral media are considered using 
combinations of the imaginary valued magnetoelectric 
parameters; cases that have not been sufficiently investi-
gated in the literature, especially when  =

 . This work 
constitutes a complement and succeeding work of recent 
research works [1], [26] and especially [23] which dealt 
with a bianisotropic Tellegen case medium. 

In what follows, principal cases of chiral and achiral 
bianisotropy with diagonal and gyrotropic magnetoelectric 
parameters are treated.  

Two cases for diagonal chiral and achiral 
bianisotropy: 

 
,1 rjii a  with ,1 ,1ii ii   , 

 
,2 rjii a  with ,2 ,2ii ii   

and six cases for the gyrotropic one (
rjij a  ): 

 1,1, ijij   , 1,1, ijji    and 1,1, ijji   , 

 2,2, ijij   , 2,2, ijji    and 2,2, ijji   , 

 3,3, ijij   , 3,3, ijji    and 3,3, ijji   , 

 4,4, ijij   , 4,4, ijji    and 4,4, ijji   , 

 5,5, ijij   , 5,5, ijji    and 5,5, ijji   , 

 6,6, ijij   , 6,6, ijji    and 6,6, ijji    

where i = x, y, z and a = –1, –0.75, –0.5, –0.25, 0.25, 0.5, 
0.75, 1.  

As stated above, sign combinations between the mag-
netoelectric elements are adopted to establish six gyro-
tropic cases, so that new original results treating the bi-
anisotropic medium as a complex solution can be validated 
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Fig. 2. (/0)

2 for the dominant mode of a shielded CPW with 
magnetic anisotropy, (2a = 3.556 mm, 2w = 2s = 
0.7112 mm, d1 = 2.8448 mm, d2 = 0.7112 mm, d3 = 
3.556 mm and εr = 3). 

and compared with the Tellegen case [23]. In this paramet-
ric analysis, the effects of diagonal and gyrotropic chiral 
and achiral elements (imaginary valued magnetoelectric 
elements) on the complex propagation constant were 
investigated. 

4.1 Effect of the Diagonal Chiral/Achiral 
Bianisotropy  

For diagonal bianisotropy, four (04) cases of magne-
toelectric elements are investigated. In Fig. 3, the effects of 
two cases of the element yy are presented. A slight differ-
ence between the effects of the two cases on the ratio 
(/0)

2 is observed (Fig. 3a), with a reciprocal effect and 
low losses for Case (i), and a significant coefficient of 
(/0)

2 for Case (ii) (Fig. 3b) compared to the isotropic 
case.  

In these cases (ii = yy) propagating modes are excited 
in the guiding structure, however, no solutions are obtained 
for ii = xx and ii = zz, hence, the medium with these prop-
erties (

,1 rjii a  with zz,1 = –zz,1) does not support any 
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propagating modes, the same result had been obtained for 
Tellegen media in [23]. 

Figure 4 illustrates the effect of diagonal bianisotropic 
media for the case ii = ii, where ii = xx or zz. In this case, 
the chosen medium is almost reciprocal. For frequencies 
above 4 GHz and ,2 rj0.75ii  , the effects of the x or z 
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magnetoelectric elements on (/0)
2 are clearly distinct, 

whereas their effects on (/0)
2 are quite similar. The case 

zz,2 = zz,2 demonstrates lower losses (Fig. 4b); this im-
portant result is directly related to the tangential and lon-
gitudinal distribution fields. 

4.2 Effect of Gyrotropic Chiral/Achiral 
Bianisotropy 

In Fig. 5a and b, the case xy,1 corresponds to a loss-
less reciprocal chiral medium case, it is the most commonly 
treated medium in literature. It can be noticed that for val-
ues of 1,xy  close to rj  , propagating modes are likely 

to disappear ( close to zero).  

Figures 5c and d show three different combinations of 
purely imaginary elements compared to a Tellegen case 
with a purely real element r0.75xy  . The cases of the 

imaginary valued elements xy,2, xy,3 and xy,4 correspond to 
non-reciprocal gyrotropic media. They differ from each 
other by a single change of sign between the magneto-
electric elements. The reciprocity of the three considered 
cases decreases with the parameter xy and frequency com-
pared to the case of real valued element r0.75xy   stud-

ied in [23] which inversely increases with frequency. The 
losses (Fig. 5d) are considerable for these three cases and 
they are close to the Tellegen case with r0.75xy    for 

lower frequencies and approaches the case r0.75xy   

with increasing frequency.  

Results of Fig. 6a–d show reciprocal chiral cases for 
the elements xz,1, xz,4 and xy,5 with significant losses com-
pared to the isotropic case. The effects of xz,4 and xz,5 on 
both (/0)

2  and (α/0)
2  are identical: curves are super-

posed (Fig. 6c and d). These results of chiral cases are 
compared to a similar Tellegen case [23]. 

The elements xz highly affect the ratio (/0)
2 for 

both chiral and Tellegen media cases compared to the iso-
tropic case. The difference is that the Tellegen case shows 
non-reciprocity and lower losses. Both media show a rela-
tive permittivity close to unity for a = 0.75, with a lower 
dispersivity which is favorable for radiating structures. 

Figures 7a–d present the effect of the element yz. The 
chiral in this case (zy = –yz) shows a reciprocal effect on 
(/0)

2 (Fig. 7a). This effect is closer to that of the element 
xy,1 (Fig. 5a). These two elements constitute the longitudi-
nal components that share the y-axis (the direction of 
propagation) according to the considered geometrical ori-
entation of the studied structure. The only difference lies in 
the (α/0)

2 ratio which is quite different in the two cases. In 
Fig. 7c, the effect of combinations of the chiral magneto-
electric element yz on (/0)

2 is presented. Regardless the 
element sign change between these cases, the effect on the 
ratio (/0)

2 is quite identical. Compared to the Tellegen 
case [23], the latter shows non-reciprocity for higher fre-
quencies and lower losses (Fig. 7d). 
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Fig. 6. Effect of gyrotropic chiral/achiral bianisotropy for 
different xz, zx, xz and zx combinations on (a) and 
(c): (/0)

2 and (b) and (d): (/0)
2. 

 isotropic[23],  i= 1,3,4,5,6

 
yz,j

=-j1/2  
r

 
yz,j

=-0.751/2 
r

  
yz,j

=-0.51/2
r

   
yz,j

=-0.251/2
r

  
yz,j

=0.251/2

r
   

yz,j
=0.51/2

r
     

yz,j
=0.751/2

r
   

yz,j
=1/2

r  

0 2 4 6 8 10

.000

.004

.008
1.40

1.42

1.44

1.46

1.48

1.50

1.52

1.54


yz,1
=

yz,1
, 

zy,1
=-

yz,1
, 

zy,1
=

yz,1







Freq (GHz)  
(a) 

0 2 4 6 8 10
1E-20

1E-17

1E-14

1E-11

1E-8


yz,1
=

yz,1
, 

zy,1
=-

yz,1
, 

zy,1
=

yz,1







Freq (GHz)  
(b) 

0 2 4 6 8 10
1.40

1.44

1.48

1.52

1.56

1.60







Freq (GHz)

(iii) and (iv) 

(i) and (ii) 

(i) 
yz,4

=-
yz,4

, 
zy,4

=
yz,4

, 
zy,4

=-
yz,4

(ii) 
yz,5

=-
yz,5

, 
zy,5

=-
yz,5

, 
zy,5

=-
yz,5

(iii) 
yz,3

= 
yz,3

, 
zy,3

=-
yz,3

, 
zy,3

=
yz,3           

(iv) 
yz,6

= 
yz,6

, 
zy,6

=
yz,6

, 
zy,6

=
yz,6

(v) 
yz

= 
yz

, 
zy

=-
yz

, 
zy

=
yz 

(Tellegen) [23]

(v)
yz

=+0.7

(v) 
xy

=-0.7
r

 
(c) 

0 2 4 6 8 10
10-2810-2510-2210-1910-1610-14

10-11

10-8

10-5







Freq (GHz)

(iii) and (iv) 

(i) and (ii) 
(i) 

yz,4
=-

yz,4
, 

zy,4
=

yz,4
, 

zy,4
=-

yz,4

(ii) 
yz,5

=-
yz,5

, 
zy,5

=-
yz,5

, 
zy,5

=-
yz,5

(iii) 
yz,3

= 
yz,3

, 
zy,3

=-
yz,3

, 
zy,3

=
yz,3           

(iv) 
yz,6

= 
yz,6

, 
zy,6

=
yz,6

, 
zy,6

=
yz,6

(v) 
yz

= 
yz

, 
zy

=-
yz

, 
zy

=
yz 

(Tellegen) [23]

(v)
yz

=+0.7 (v) 
yz

=-0.7
r

 
(d) 
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5. Conclusion 
In this work, an analytical modeling of a 3-layer 

suspended CPW implanted on a bianisotropic substrate is 
presented. The study is based on the Full-GEMT developed 
in a matrix form for the characterization of a bianisotropic 
medium CPW structure for the calculation of the complex 
propagation constant.  

According to calculations, cases of complex media 
with a relative effective permittivity close to unity were 
obtained, such as for cases xz,1, xz,4 and xz,5. The same 
results had been obtained with Tellegen media except that 
losses are significant for the cases of xz,4 and xz,5 and 
moderate in the case of xz,1. This characteristic is im-
portant for the realization of media with weak relative 
permittivity for better use in the design of filtering and 
radiating structures. Moreover, lower dispersivity is at-
tained for these cases, which is favorable for wideband 
microwave structure applications. 

In the case of xy the difference between the chiral and 
achiral media is quite remarkable. The chiral medium pre-
sents lower losses compared to achiral. The same remark is 
true for the element yz losses are higher than the isotropic 
case.  

On the other hand, losses in chiral and achiral media 
increase in some cases and considerably decrease in others 
along with the sign change of the magnetoelectric elements 
combinations, this should be taken into consideration. 
Moreover, it is worth noting that the transverse compo-
nents xz are the most influential on the phase constant, 
whether in chiral or achiral media, this is mainly due to the 
geometrical orientation of the studied structure. Finally, 
this study constitutes an advanced bianisotropic model for 
the characterization of microwave devices that can be re-
lied on as a base on which novel modeling techniques can 
be built. 
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