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PROLOGUE

This manuscript is intended for readers who are interested in knowing the basic concepts and
mathematical tools that are currently used in financial markets. It is aimed at both university
students who will require this knowledge when they start working in these markets and professionals
who already work in them.

The book comprises four units. Unit 1, Financial transactions and financial regimes, deals with the
time value of money as a main idea, as well as other related concepts such as financial capital,
financial equivalence, simple and compound interest, annual effective interest rate, etc. Unit 2 is
devoted to Annuities. In particular, level or constant annuities and varying annuities, both in
geometric and in arithmetic progression are explained. A sound grounding of the first two units is
essential to understand Unit 3 and Unit 4 which analyze Loans and Bonds, respectively. The
manuscript concludes with some information sources.

Practically all the concepts introduced in the book are followed by illustrative examples. On the one
hand, academic examples addressed to understand the theoretical foundations are stated.
Additionally, the examples are supplemented with real examples taken from the financial market so
that the reader can understand their practical and professional application. In this regards, all real
applications considered are based on the Spanish financial market.

Furthermore, in order to assimilate properly the concepts in each unit, a set of problems to be solved
is proposed, alongside a list of the correct answers.

The recommended approach for using this book is to read each unit, work on the embedded
examples, and then to practice by solving the set of problems.

Please note that all content, as well as any mistakes that might be found, are the sole and exclusive
responsibility of the authors. Should you find any errors, we would appreciate if you could let us
know at Igonzalezv@ub.edu.

The authors
Barcelona, January 2021
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UNIT 1.
FINANCIAL TRANSACTIONS AND FINANCIAL REGIMES

1. Financial transaction:
Definition, elements and classification

. Equilibrium in a financial transaction
. Financial regime: Definition and classification
. Simple financial regimes

. Compound financial regimes

O 01~ WD

. Financial value

Unit 1. Financial transactions and financial regimes

1. Financial transaction: Definition, elements and classification
1.1. Financial capital
1.2. Definition of financial transaction
1.3. Elements of a financial transaction
1.4. Classification of financial transactions

1.1. Financial capital

Prior to defining the concept of a financial transaction, we should
highlight that in a financial context it is not enough to just talk of a specific
amount of money. It is also necessary to state when this amount will be
available. This latter information is related to what is called the time
value of money.

One of the core principles of finance states that money that is available at
present is worth more than the same amount in the future, due to its
potential earning capacity. That is to say, the sooner any amount of
money is received, the more valuable it will be (time preference theory).
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Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

Bearing this idea in mind, we now define financial capital as any
monetary quantity at a specific moment in time:

(C,TYC=0,T=0

where C is the amount of money, which we will express in €, and T is the
moment in the future when the money will be available, which we will
measure in years.

Financial capital is usually called payment(s) or repayment(s)
depending on the economic agent who hands it over.

Example 1.
€500 available today is indicated as (500, 0)

€1,000 available in one year is indicated as (1,000, 1)

€350 available in fifteen months is indicated as (350,1—;)

Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

Any financial capital can be represented graphically on the real line, from
the origin T = 0.

Example 2. The first, second and third financial capital contained in
Example 1 can be represented on the real line, usually called a timeline,
in the following way:

500 1,000 350
I I I years
12
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Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

1.2. Definition of financial transaction

A financial transaction can be defined as the exchange, between
economic agents, of payment(s) and repayment(s) at different moments
in time.

All financial transactions have the same elements: Personal Elements,
Material Elements and Formal Elements.

1.3. Elements of a financial transaction

1) Personal elements
These are economic agents who partake in the financial transaction.

Active party or lender: this is the party that transfers payment(s) for
a specific term. In exchange for this financial service, the active party
or lender receives a remuneration or price.

Passive party or borrower: this is the party that is committed to
return payment(s) received and to pay a remuneration or price.

Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

2) Material elements

Payment(s) handed over by the active party. When returned by the
passive party, including the price, the material element is called
repayment(s).

3) Formal elements

Deals or conditions that are agreed on by lender and borrower. These
conditions govern the financial transaction and specify, among other
things, how the price is calculated, when this price is paid and the way in
which the payment(s) that has been lent will be repaid by the borrower.

Example 3. Today, Juan deposits €10,000 in a fixed-term deposit, offered
by Bank Z, in exchange for receiving €10,500 in 13 months from now.
The elements of this financial transaction are:

Personal elements
Active party or lender: Juan.
Passive party or borrower: Bank Z.
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Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

For lending €10,000 today, in 13 months Juan will receive a
remuneration, paid by Bank Z, of €500 in addition to repayment of the
€10,000.

Material elements

Payment: €10,000 today or (10,000, 0)
Repayment: €10,500 in 13 months or (10,500, g)

Formal element

The fixed term deposit agreement, signed by both parties, which lays
out the conditions of this financial transaction.

Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

Example 4. A company discounts today, at Bank Z, a trade bill with a
face value of €2,500 which matures in 90 days, receiving €2,450. Now
the elements are:

Personal elements
Active party or lender: Bank Z.
Passive party or borrower: The company.

For receiving €2,450 today, in exchange for €2,500 that will be
available in 90 days, the company pays a price of €50. When the
trade bill matures, Bank Z will receive €2,500.

* This kind of transaction will be described in detail in Section 4.2 of this unit.
Material elements
Payment: €2,450 today or (2,450, 0)

Repayment: €2,500 in 90 days or (2,500. %)

Formal element

The discount agreement, signed by both parties, that includes the
conditions of this financial transaction.
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Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

1.4. Classification of financial transactions

Financial transactions can be classified by considering different aspects.

Regarding the number of payment(s) and repayment(s) that the lender
and the borrower exchange:
1) Simple financial transaction
Both parties hand over only one payment and one repayment to the
other.
2) Partially complex financial transaction
The active or the passive party gives the other party only one
payment or repayment while the other party transfers a set of
payments or repayments to the former.
3) Complex financial transaction
Both parties transfer several payments or repayments to the other.

Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

Example 5.
The financial transactions included in Examples 3 and 4 are simple.

A loan to be repaid in monthly instalments over the next 3 years is a
partially complex financial transaction.

A pension scheme in which the active party will deposit different amounts
in exchange for a guaranteed lifelong income, starting from the moment
of retirement, is a complex financial transaction.

Regarding the party that is the focus of the study of the financial
transaction:
1) Interest (or accumulation) financial transaction

Financial capital is lent with the aim of receiving a greater amount of
capital at the end of the term. In this case, the remuneration that is
received by the active party is called interest.

2) Discount financial transaction

Financial capital that will be available in the future is anticipated at a
prior moment in time. The price of such anticipation, which is paid by
the passive party, is now called a discount.
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Unit 1. Financial transactions and financial regimes
1. Financial transaction: Definition, elements and classification

Example 6.

The financial transaction included in Example 3 is an interest financial
transaction. The interest paid by the active party is equal to €500.

The financial transaction of Example 4 is a discount financial transaction.
The active party pays a discount of €50.

Unit 1. Financial transactions and financial regimes

2. Equilibrium in a financial transaction
2.1. Financial equivalence
2.2. Financial equivalence representation
2.3. Accumulation and discount functions
2.4. Interest prices

2.1. Financial equivalence

The economic agents involved in a financial transaction (lender and
borrower) agree, in accordance with certain conditions, the payment(s)
and repayment(s) to be exchanged.

Therefore, both parties consider them to be financially equivalent, that is
to say, financial equivalence has been agreed on payment(s) and
repayment(s). We will symbolize financial equivalence by the symbol ~.
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Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

2.2. Financial equivalence representation

Financial equivalence is represented in different ways, depending on the
kind of financial transaction considered.

1) Simple financial transaction
Payment: (C,T)
Repayment: (C',T")

Financial equivalence:
(€, T)~(',T)

2) Partially complex financial transaction
Payment: (C,T)
Repayments: {(C; ,T;), (C; ,T3),, (Cr , Tp)}

Financial equivalence:
(C: T)"’ {(C; , Tr,)}r=1,2,~~~,n

Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

Or alternatively:

Payments: {(C; , Ty ),(C; , Ty ), (Ca, Ty )}
Repayment: (C',T")

Financial equivalence:
{(Cr ’Tr )}T=1,2,--~,TL~ (C,’ T,)

3) Complex financial transaction

Payments: {(C; ,T; ),(C; Ty ).+, (Cn Ty )}
Repayments: {(C{ ,Ty), (C5,T3),,(Ch , Ti)}

Financial equivalence:
{(Cr T )}r=1,2,--~,n ~{(Cs’ ’ Ts’)}s=1,2,---,m
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Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

2.3. Accumulation and discount functions

Let us consider a simple financial transaction of interest. The active party
gives the passive party the financial capital (C,T) with the aim of
obtaining the financial capital (C’,T'), where C' > C and T' > T. Thus, it
could be said that over the term of the financial transaction, t =T' — T,
the amount C grows and becomes C'.

We define the accumulation function (or factor), denoted by f(t), as
the function that represents the way in which money grows as time

goes by.
In this way, the accumulation factor f(t) can be understood as the final

amount obtained after t years from an initial amount of €1. So, we
write:

C'=C-f(®)
Graphically: ——

~ T O

Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

Since C' > C, it follows that in an interest financial transaction, the
accumulation function is greater than 1, i.e. f(t) > 1.

That is:

o=

Note that the accumulation factor is a function that depends on tin
such a way that the greater the term of the financial transaction, the
greater the accumulated value, C’.

Finally, since (C,T) and (C',T") are financially equivalent, the financial
accumulation factor can also be defined as the function that allows us
to obtain the amount of money at T', €', which is equivalent to C at
T.
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Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

To define the discount factor, we consider a simple financial transaction
of discount. In this operation, a financial capital available at a future
moment, (C’,T"), is anticipated at a previous moment in time, T. So, the
amount at T, C, satisfies the relationship C < C'.

We define the discount function (or factor) and denote it by v(t), as
the function that allows us to obtain the amount of money at time T ,
C, which is equivalent to C" at time T'.

So, we write:
C=C-v(t)

Graphically:

c=C-v()
|
T

e

<

Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

From the definition of the discount factor, it follows that

© =+
v() =5
and so it is straightforward to see that v(t) = %

Note also that the discount function is less than 1: v(t) < 1.

Following similar reasoning to that in the case of the accumulation factor,
it is also possible to affirm the following:

» The discount function represents the way in which money decreases
as it is anticipated from a future moment in time to a previous one.

« The discount factor v(t) can be understood as the initial amount
obtained by anticipating €1 available in t years.

» The discount factor is a decreasing function with respect to t.
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Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

Accumulation function

Discount function

Function that represents the way in
which money grows as time goes by

Function that represents the way in
which money decreases as it is
anticipated from a future moment in time
to a previous one

Final amount obtained after t years
from an initial amount of €1

Initial amount obtained by anticipating
€1 available in t years

f®)>1

v(t) <1

r

C
f(f)=?

C
v(t) = -

Function that increases with respect to t

Function that decreases with respect to

Function that allows us to obtain the
amount of money at time T', C’, which
is equivalent to C at the previous time T

Function that allows us to obtain the
amount of money at time T, C, which is
equivalent to C' at the later time T'

Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

2.4. Interest prices

Given the simple financial transaction (C,T)~(C',T"), with T' > T, we
can define the following interest prices.

1) Total interest. This is the total benefit obtained by the lender through
the financial transaction, expressed in monetary units.

AC=C"-C

Example 7. In the financial transaction (2,000,0)~(2,320, 2), the total
interest is:

AC = 2,320 — 2,000 = €320

This means that in exchange for €2,000 given today, the lender receives
a total remuneration of €320 in 2 years.

10
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Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

2) Unit price of interest or effective interest rate. This is the benefit
obtained for each monetary unit invested in the financial transaction.

I_AC_C’—C
- C

Example 8. In the financial transaction (2,000,0)~(2,320,2), the unit
price is:

_AC_C'—C  2320-2,000
¢ ¢ 2,000

This means that for each euro given by the active party, they receive
€0.16 in 2 years. Therefore, this interest could also be called 16%
biennial*. Alternatively, we can also say that for each €100 given, €16 are

received. . _
* Biennial means once every 2 years. Biannual means twice every year.

=016 = 16%

Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

3) Unit and mean price of interest or nominal interest rate. This is
the benefit obtained for each monetary unit and year.

I c-c (C-cC
T"—T C-(T'-T) C-t

i =

Example 9. In the financial transaction (2,000, 0)~(2,320, 2), the unit and
mean price is:

I c-Cc 016
T"—T C-(T'-T) 2

This means that for each €100 given and for each year that the financial
transaction lasts, the lender receives €8.

=0.08 = 8%

=

1"
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Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

NOTE: When the term of a financial transaction is expressed in days or
by calendar dates, the value of t depends on the criterion used. In
general, there are 4 criteria:

e Ift <1,

Criterion Meaning
30 Numerator: All months have 30 days
360 Denominator: Always 360
ﬂ Numerator: Actual days of the transaction
360 Denominator: Always 360
Act Numerator: Actual days of the transaction
365 Denominator: Always 365
ﬂ Numerator: Actual days of the transaction
Act Denominator: 365 or 366 (if it is a leap year)

e If t > 1, it is necessary to add, to the number of whole years, the
remaining fraction of the year that will be calculated according to one
of the previous criteria.

Unit 1. Financial transactions and financial regimes
2. Equilibrium in a financial transaction

Example 10. Obtain the term (in years) that exists between January 18
and April 18 of a leap year.

Criterion t
30 12+30+30+18 90
360 L= 360 =360~ 02°
Act 134+29+31+18 91 .
360 L= 360 =360 - 02527
Act 134+29+31+18 91
36t t = TR = 355 = 0.249315
Act 13429+431+18 91
Act t = T = 3¢ = 0248634

12
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Unit 1. Financial transactions and financial regimes

3. Financial regime: Definition and classification
3.1. Definition of financial regimes
3.2. Classification of financial regimes

3.1. Definition of financial regimes

A financial regime is the formal expression of the set of deals or
conditions that both parties agree on in a financial transaction. These
refer to how the price of the transaction is calculated and when it is paid.

3.2. Classification of financial regimes
Depending on how the price is calculated:

1) Simple financial regimes. These are those in which the term of the
financial transaction is considered as a single period and, therefore,
the price is calculated only once. Simple financial regimes are used in
short-term financial transactions.

2) Compound financial regimes. These are those in which the term of
the financial transaction is split into periods and, therefore, the price is
calculated for each of them.

Unit 1. Financial transactions and financial regimes
3. Financial regime: Definition and classification

Regarding the economic agent:

1) Interest financial regime. The financial transaction is studied from
the perspective of the active party.

2) Discount financial regime. The financial transaction is analyzed from
the point of view of the passive party.

As a consequence of both classifications, we will study the following
financial regimes:

INTEREST DISCOUNT

SIMPLE SIMPLE INTEREST SIMPLE DISCOUNT

COMPOUND COMPOUND INTEREST WITH A CONSTANT INTEREST RATE

COMPOUND INTEREST WITH VARIABLE INTEREST RATES

13
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Unit 1. Financial transactions and financial regimes

4. Simple financial regimes
4.1. Simple interest regime
4.2. Simple discount regime

4.1. Simple interest (payable in arrears) regime

If a financial transaction is ruled by a simple interest regime, it means that

both the active and the passive party have agreed on the following:

1) The total price of the transaction, AC, is proportional to the initial
amount, C, and to the term of the operation, t =T’ — T, through a
rate, measured as per 1: i > 0.

AC=C-i-(T'-T)y=C-i-t
2) The total price is received at the end of the financial transaction T”,

with the repayment of the initial amount, so the final amount repaid is
C'.

C'=C+AC
Thus, the formal expression of both conditions is:
C'=C+C-i-t

Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

which is equivalent to:

C'=C-(1+i-t)

The simple interest regime is commonly used for short-term financial
transactions such as current accounts, savings accounts, fixed-term
deposits, loads repaid through a simple repayment, etc.

Since:

/\lC’=C-(1+i~t)

~N-T O

T

It turns out that the accumulation function of the simple interest regime is:

!

C
ﬂﬂ=6=1+bt
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Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

Furthermore, we can obtain the following interest prices.
Total price of interest:
AC=C"—-C=C-i-t
Unit price of interest or effective interest rate:
[ = AC _ C-i-t

=i-t
C C
Unit and mean price of interest or nominal interest rate:
I i-t .
l —_— = = l
t t

Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

Example 11. Determine the final capital and interest prices obtained by
investing €8,000 in a fixed-term deposit, which matures in 91 days (use
the Act/365 criterion), at an annual simple interest rate of 1.75%.

/_\
8,000 c’
|
|

l
|
0 91/365

The final amount is:

91
C'=C-(1+i-t)= 8,000-<1+0.0175 365 ) = €8,034.90

The interest prices are:
AC = 8,034.90 — 8,000 = €34.90 Total price

AC 91 Effective
[=—=1i-t=0.0175-— = 0.004363 = 0.4363% rate earned
¢ 365 in 91 days
I 0.004363
i=-=—————=10.0175 = 1.75% Nominal rate
t 91
365
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Example 12. How many years will it take to double capital invested today
at an annual simple interest rate equal to 5%?

c /_\
i |
0

C'=C-(1+i-t)
20=C-(14005t)e2=1+005-t=1=0.05-t
t = 20 years

Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

4.2. Simple (commercial) discount regime

In a financial transaction ruled by a simple discount regime, the active
and passive parties agree on the following:

1) A financial capital available at a future moment, (C’,T"), is anticipated
at a previous moment, T. The total price of the transaction, AC, is
proportional to the final amount, C’, and to the term of the operation,
t =T’ —T, through a rate, measured as per 1: d > 0.

AC=C'-d-(T'"-T)=C"-d-t
2) The total price is paid at the beginning of the financial transaction, T,
and is deducted from the final amount, so the amount C is received.
C=C'"—-AC
Thus, the formal expression of both conditions is:
c=C'"-C"-d-t
c=C-(1-d-t)
\
\ ~

Face value

t=T'-T
\ .
Maturity or Due date

16
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4. Simple financial regimes

The simple discount regime is commonly used to discount bills of
exchange, trade bills or commercial bills. A bill of exchange is a
document issued by the seller (drawer) and accepted/signed by the
buyer (drawee) for the value of goods delivered by the former.

This document obliges the buyer to pay a particular amount of money
(face value of the bill of exchange) at a particular time (maturity or due
date) in the short-term.

Once the bill of exchange has been issued and accepted, its owner (the
seller of the goods) can either keep it until its maturity date and receive
its face value at that moment from the buyer, or discount (and give) it at
a bank and receive a lower amount than the face value. This is why we
say that in the simple discount regime, a financial capital available at a
future moment is anticipated at a previous moment in time.

If the bill of exchange is discounted, the bank (its new owner) will have
the right to receive its face value, from the buyer, on its maturity date.

Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

Graphically:

In this case, since we are studying the financial transaction from the
perspective of the passive party, it makes sense to obtain the discount
function, which is:

t —C—l d-t
v()_Cl_

Moreover, it is possible to obtain the following discount prices.

Total price of discount:
AC=C'"—-C=C-d-t
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Unit price of discount or effective discount rate:

AC (C'-d-t
=TT T4t
Unit and mean price of discount or nominal discount rate:
D d-t
d —_— e — d
t t

Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

Example 13. Determine the amount obtained by the discount of a trade
bill with a face value of €3,200, if it matures in 3 months and a simple
discount regime at an annual discount rate of 4.50% is applied.
Determine also the discount prices.

‘/_\
C 3,200
[ |
[ |
0 3
12

So, the amount obtained is:

3
C=C'~(1—d~t)=3,200-<1—0.0450-E>=€3,164

Discount prices:
AC = 3,200 — 3,164 = €36 Total price

AC 36 Effective rate
= =~ —0.01125 = 1.125¢ d within 3
"~ 3,200 % i tatiniel
D 0.01125

=7 = ?)/T = 0.045 = 4.50% Nominal rate
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When applying the simple interest regime, the price is paid at the end of
the financial transaction, at an interest rate i; but in the simple discount
regime, the price is paid at the beginning, at a discount rate d.

So, from the perspective of the borrower, a question may arise:

What is the maximum annual simple interest rate | would have to pay
in a simple interest regime to borrow the same initial amount that |
obtained in the simple discount regime, and then repay this amount
with the face value of the trade bill when it matures?

In order to answer this question, let us find the equivalence between the
rates, i and d.

Simple interestregime: C' =C - (1 +i-t)
Simple discountregime: C =C'-(1—d - t)
By replacing the second expression into the first one, we get:

c'=C"-1—-d-t)-Q+i-t)es1=0-d-t)-(1+i-t)

1 d-t . d

1 [ - = —— [ - = —_— | = —
LR T i 1—d-t

Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

Example 14. With the information contained in Example 13, find the
equivalent annual simple interest rate.

By using the previous expression:
_ d B 0.045
" 1—-d-t 1-0.045-3/12
This result could also be obtained by using the formal expression of the

simple interest regime, C'=C-(1+i-t), and substituting all the
known magnitudes except i:

i = 0.045512 = 4.5512%

3
3,200 = 3,164 - <1 +i EV] ) < i =0.045512 = 4.5512%

This means that, for the borrower, discounting a trade bill with a face
value of €3,200 and maturity in 3 months at an annual discount rate of
4,50%, is equivalent to borrowing €3,200 for 3 months at an annual
simple interest rate of 4.55%, and then repaying it with the face value of
the trade bill when it matures.

It can also be understood that this financial transaction results in a
profitability of a 4.55% annual simple interest rate for the bank.
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Financial impact of the initial commissions on the commercial
discount

Sometimes, when the simple discount regime is used, not only is the
nominal discount rate, d, charged but so is an initial fee. This fee,
measured as per 1, g, is applied to the face value of the commercial bill
in such a way that we calculate the amount C that the borrower will finally
receive as follows:

c=C-(1-d-t)—g-C'
c=C-(1-d-t —g)

If a simple discount transaction has an initial fee, in order to obtain the
equivalent annual simple interest rate, it is necessary to use the known
expression of the simple interest regime.

NOTE: If the term of the financial transaction, t, is expressed in days or
by calendar dates, the criterion Act/360 will be used for the
determination of the term, unless stated otherwise.

Unit 1. Financial transactions and financial regimes
4. Simple financial regimes

Example 15. A company has a portfolio of bills of exchange with a face
value of €12,500 and a due date of 96 days. Today, it discounts the
portfolio at its bank and is charged with an annual simple discount rate of
6%. The financial transaction involves an initial fee of 0.7% of the face
value. Calculate:

1) The amount obtained by the company after discounting the portfolio.

2) The equivalent annual simple interest rate of this financial transaction.
Use the criterion Act/365.

/_\
12,500
|

|
96
d =006 —
g=0007- €12500 360

o —T—0

So, the amount obtained by the company is:

96
C=C"-(1-d-t —g)=12,500- (1 —0.06 360 0.007> =€12,212.50
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where 12,500 - 0.06 - % = €200 is the total discount paid and
12,500 - 0.007 = €87.5 is the initial fee.

To calculate the equivalent annual simple interest rate, it is necessary to
use the simple interest regime expression:

C'=C-(1+i-t)

-9 9
12,500 = 12,212.5 - <1 +i -%> © 1+i 5o =1023541

i = 0.089507 = 8.9507%

NOTE: The expression i = - obtained in the previous pages cannot

be used in this case because it does not consider situations in which
there exists an initial fee. Hence, it is necessary to use the general
expression of the simple interest rate.

Unit 1. Financial transactions and financial regimes

5. Compound financial regimes
5.1. Compound interest with a constant interest rate regime
5.2. Compound interest with variable interest rates regime
5.3. Equivalent effective interest rates
5.4. Annual effective interest rate and TAE

5.1. Compound interest with a constant interest rate regime

A compound interest regime arises when the term of the financial
transaction is split into periods, and the interest is calculated at the end of
these periods and is simultaneously reinvested in order to earn additional
interest in the following periods.

For this regime, we consider the following variables:

p : length (in years) of the period into which the term of the transaction is
split, it will be called capitalization period.

m: capitalization frequency, number of periods of length p in 1 year.
Thus, m = % .
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n: number of capitalization periods in the term of the transaction. So,
n=m-t.

i,;n: nominal interest rate, annual interest rate applied each period.

L,,: effective interest rate per period. I,,, = i), - p, and since p = % it
turns out that:

Example 16. The nominal interest rate is 6% and the term of the financial
transactionis 5 years, t = 5:

« If it is split into 6-month periods: p = %years, m=2,
n=2-5 =10 periods, i, = 0.06 and I, = 2 = 0.03 = 3%
* If it is split into quarters (or 3-month periods): p = %years, m=4,

n=4-5=20quarters, iy, = 0.06 and I, = % = 0.015 = 1.5%.

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

It is worth noting how banks advertise both nominal and effective interest rates.
For nominal interest rates:

convertible annually
. compounded quarterly
: o nominal .
im% payable semi-annually
annual
accumulated monthly
And for effective interest rates:
annual
quarterly
1, % SERIE (effective) interest rate
annual
monthly
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Example 17. For the following statements, write down the corresponding
interest rate:

» 1.5% annual interest rate compounded monthly.
i1, = 0.015 = 1.5%

* 0.8% semi-annual interest rate.

I, =0.008 = 0.8%
* Biennial interest rate of 16%.

Ihs =016 =16%
« Nominal interest rate convertible quarterly equal to 4%.

iy =0.04 =4%

 2.1% annual interest rate accumulated every two months.

i = 0.021 = 2.1%

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Now, we obtain the formal expression corresponding to the compound
interest regime by first considering its conditions.

If a financial transaction is governed by a regime of compound interest
with a constant interest rate, it means that both the active and the
passive party have agreed on the following:

1) The term of the financial transaction, t = T’ — T, is split into n periods
of length p (in years). So, t = n - p. The interest is calculated at the
end of each period by an effective interest rate, measured as per 1,
L, > 0, applied on the amount accumulated at the beginning of
the period. The interest for each period is added to the
aforementioned amount in such a way that the accumulated amount
at the end of a period is the same as the initial amount of the following
period.

2) Although the price is calculated in each period, the total price is only
received once, at the end of the financial transaction, T'.

Graphically:
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—
Cc - Gy /\Cz /\Ca Cn-1 c'
I ] ] | ] ]
I, | I I I, l l I |
T T+p T+2p T+3p T+m-1p T'=T+np

Hence, the accumulated amount at the end of each period will be:

Time Accumulated amount
T C
T+p Ci=C+C-I,=C-(1+1,)

T'"=T+np C'=C-(1+1L)"

As we saw, n = m - t, SO we can rewrite the above expression as:
[c=c Q+1,)™Y

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Many financial transactions are governed by a compound interest regime,
both at a constant interest rate and at variable interest rates. Examples
include investment funds, pension schemes and loans; all of which share
a common characteristic, that of being arranged in medium or long-term
operations.

Since:
c— T C'=C-(1+I)mt
| |

| [
T T'

It turns out that the accumulation function of the compound interest
regime would be:

!

c
) =5 = A+ )"
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As we will see later, this regime can also be used in discount
transactions. So, the discount function associated with the compound
interest rate is:
C —mt
() =5 =1+
which, on the timeline, can be represented graphically as:

!

cC=C_C_ I (1 + Im)_m't IC
[ [
T T

!

Summarizing:

Accumulation: C'=C - (1 + I,,)™*

/\ ,
.C 1+ )™ " C

I I
T (1+ 1) T m

Discount: € =C"-(1+1I,)™™¢

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 18. An investor deposits €12,000 today in a savings account
that pays a nominal interest rate compounded quarterly of 3%. He makes
no further deposits or withdrawals until he closes the account, 5 years
after he opened it. How much money does the investor receive when he
cancels the account?

. m=4
12,000 c' iy = 0.03
| I
0 5 I, = —— = 0.0075
TODAY

The amount obtained is:

C'=C-(1+1,)™t=12,000-(1+ 0.0075)*5 = €13,934.21
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Example 19. What deposit made today will provide a payment of €1,800
in 1 and a half years if the financial transaction is governed by a 0.2%
semi-annual effective interest rate?

—
¢ 1,800 m=2
i I I, = 0.002
0 1.5
TODAY

The deposit is:
C=C"-(1+1I,)™t=1800-(1+0.002)"215=€1,789.24

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 20. How many years will it take to double capital invested today
at a nominal interest rate of 5% compounded annually?

m=1
| | 0.05
0 t 11 = T = 0.05

C'=C A+ Ly)™

20 =C-(1+005) 2 = 1.05¢ & ¢t = "2 _ 1421 years
= : =1 “Intos oY
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5.2. Compound interest with variable interest rates regime

All the conditions in this regime are the same as in the regime above.
However, the interest rate varies over the term of the financial
transaction.

—
¢ TG T NG UG L G ¢
| | l | | ]
W @ e ! ol
m m m m
T T+p T+2p T+3p T+m-1p T'=T+np

In such a situation, it is easy to check that:

n
c=c||(1+1)
s=1

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 21. Bank Z offers a fixed-term deposit for 3 years at an interest
rate convertible semi-annually. The nominal interest rate changes every
year. If it is 1.5%, 1.4% and 1.3%, for the first, second and third year,
respectively, and €2,500 is deposited today, what will the accumulated
amount be?

2,5q0/\/_\/\ c'

0.015 0.014
I, = — = 0.0075 I, = — = 0.007 I, = % = 0.0065

So, the accumulated amount is:
C'= 2,500 (1+0.0075 )2'1‘ - (1 4 0.007 )21

' (14 0.0065)* = €2,606.85
2,537.64

2,573.29
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Example 22. An account is governed by compound interest. The annual
interest rate for the first 2 years is 2%, for the next 3 years the nominal
interest rate is 2.2% compounded semi-annually and for the last year the
quarterly effective interest rate is 0.5%.

« Find the accumulated value at the end of 6 years if the initial amount is

€4,600.
l | |/_\ Cl’

[ =002 | iy = 0.022 ['1,=0005 |
0 2 5 6
0022
I =———= 0011
C' =4,600-(1+0.02)2. (1+0.011 )23 . (14 0.005 )41
C' = €5,213.50

* Find the initial amount that should have been deposited to have an
accumulated value of €5,250 at the end of 6 years.

In this case, by discounting, we will have:

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

L =002 | iy = 0.022 |1, =0.005 |
2 5 6

G
l
0

0.022
I === 0011

€ =5,250-(1+0.005)"%!-(1+0.011)723- (1 + 0.02 )12
C = €4,632.20

« Find the annual effective interest rate that would have been paid over
the 6 years in order to get €5,213.50 by depositing €4,600.

4,600 /\5,213.50

I I

| 1
0 ' 6
I

5,213.50 = 4,600 - (1 +1;)°®
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(521350
17\ 4,600

1
6
> —1=10.021085 = 2.1085%

We have the same initial and accumulated amounts by using several
interest rates over the term of the financial transaction as well as by using
a single annual effective rate for the whole term. So, it could be said that
this single rate, I, is equivalent to all the other interest rates applied over
the 6 years.

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

5.3. Equivalent effective interest rates

Let us consider a financial transaction governed by an effective interest
rate of frequency m, I,. The initial amount deposited is C and the
accumulated value after t years is C'. That is to say:

C'=C-(1+I,)™*

We want to find the effective interest rate with capitalization frequency k,
I}, that should be applied to the same initial amount, C, over the same
term of t years, in order to arrive at the same final amount, C’. Thus:

C'=C-(1+ L)kt

If we equate the 2 expressions, we obtain the relationship between

effective interest rates of different capitalization frequencies, m and k,
also called equivalent effective interest rates.

A+ L) =0+ L))"

or, equivalently:
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L=@Q4+1,)" k-1

This means that a monetary amount invested at either of the two effective
interest rates will generate the same final capital, regardless of the
transaction term and of the capital invested.

That is the reason why it is said that [, and I, are equivalent and it is
symbolized as:

Iy ~ I

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 23. Calculate the semi-annual effective interest rate equivalent
to a nominal interest rate compounded monthly that equals 4%.

, 0.04 .
m = 12, lip = 0.04 & 112 - T - 0.003, k =2

L= +1) k-1

L 12
I, = (1+40.003) /2 _1 = 0020167 = 2.0167%

Example 24. A fund has earned an effective interest rate for a two-year
period of 14%. Find the nominal interest rate convertible biennially and
the annual effective interest rate that has governed the fund. In this case
we have:

m=05 Iys=014 < iys=05-014=007 k=1
L =(1+014)"%1 -1 =0.067708 = 6.7708%
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5.4. Annual effective interest rate and TAE

The most commonly used effective interest rate in the market is the
annual one, i.e. I;. By using the expression obtained previously, it is
straightforward to see that the annual effective interest rate equivalent to
the effective interest rate with capitalization frequency m is:

L=(1+1,)"—1

It is also possible to obtain the annual effective interest rate of any
operation through the expression of the compound interest regime if the
initial amount, the accumulated value and the term of the financial
transaction are known.

C/ 1/t
CI:C'(1+11)I:$11=<Z> _1

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 25. By investing €15,500 in a financial product for 1 year and 3
months an investor receives €15,555.24. Find the annual effective
interest rate associated with this financial transaction.

/\
15,500 15,555.24
| |
[ I 3
1 PR
0 T2

1

_ (1223524 \irz _ 4 _ 0028501 = 0.28501%
1= 715,500 - o 0
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Since 1990, the Bank of Spain has obliged banks and other financial
institutions to inform about the TAE (tasa anual equivalente) of any
financial transaction.

The TAE, which is more a legal than a financial concept, is the annual
effective interest rate associated with a financial transaction once the
costs and fees indicated by the Bank of Spain have been taken into
account.

The aim of this rule is to facilitate comparisons among different financial
products, offered by several financial institutions, by obliging these
institutions to inform about the same information, the TAE.

The TAE was first defined by the Ministerial Order of 12/12/1989. The
costs and fees that have to be considered in order to calculate the TAE of
a financial transaction have changed over time.

If a financial transaction does not charge fees or costs, both the TAE and
the annual effective interest rate, I, are exactly the same.

Most developed countries have laws in force that use similar concepts.
For example, in the UK, the concept of effective APR (annual
percentage rate) is used.

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Nominal interest

Im
with frequency m .
( q y ) U | NOTE: If m = 1, the nominal
Ly =— interest and the annual
m o
effective interest are equal
Effective interest I
. m
(with frequency m)
L=Q+1,)"k-1
Effective interest | I, itk =1

(with frequency k)

L=0+L)m—1

Y
c\ 't
I, = <_> -1 t are known

IfC’, C and

Annual effective It
interest !
TAE = I, (including costs and fees)
TAE (Tasa anual TAE NOTE: If neither costs nor fees exist,
equivalente) TAE =1,
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Example 26. Brian borrows €9,000 from Bank X. The loan will be repaid
by a single repayment made 6 months from now. The nominal interest
rate of the loan is 6% payable monthly and the application fee is €100,
payable when the loan is given.

* Find the amount to be paid by Brian in 6 months.

9,000 c' i1 =0.06
| |
[ [
0.06
0 6 I, = —— = 0.005

C’' =9,000- (1+ 0.005)° = €9,273.40
 Find the annual effective rate of the loan.

I, = (1+40.005)2-1=0.061678 = 6.1678%

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

» Obtain the TAE of the loan.

Since the actual amount borrowed by Brian is €9,000 - €100 = €8,900,
the TAE of the loan is:

/\
9,000-|100 ?,273.40
| |
0 £
12

1

TaE = (227340 2 1 =0.085670 = 8.5670%
~ {78900 e - ’

Example 27. Today, a person deposits €3,000 in a fixed-term deposit for
1 year. The deposit earns an annual interest rate of 0.90% and has a
maintenance fee of €20, which is paid at the end of the year.

* Find the amount accumulated after 1 year, before and after paying the
fee.
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/\
3,000 c’'
|

|
I I
0 1

I, = 0.0090

Before paying the maintenance fee:
C' =3,000-(1+0.0090)' = €3,027
And after paying it:
C' =3,000- (1+0.0090)* — 20 = €3,007
» What is the annual effective interest rate of the deposit?
I; = 0.0090

* Obtain the TAE of the deposit.
In order to calculate the TAE, the maintenance fee has to be

considered.
3,000

| 3.0|07 B 3,007 ' 1 =0.002333 = 0.2333%
(,) . 73000 T o 0

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 28. Obtain the TAE of a pension scheme which, for a payment
of €6,000 on 20th December of year A, will provide a guaranteed income
of €9,609.91 on 17th May of year A+12 (use the criterion Act/365).

Since no fees or other costs exist, the TAE and the annual effective rate
of the pension scheme are equal.

6000 ~ T 9,609.91
| |

[ |
20.12.A 17.05.A + 12

0 12+148
365
1
9,609.91 \ 15,148
= = | ———— 365 —
I, = TAE <6’000 ) 1

= 0.0387 = 3.87%
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Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 29. Let us suppose you want to invest €30,000 in this fixed-
term deposit offered by bank Z.

1-YEAR TERM DEPOSIT

% v Receive interest every 3 months
2 ° 5 AE 1 v No fees or other costs exist

Do | have to have any other product besides the bank deposit?
If you are a new customer, you will only have to open an AA account that
does not have any kind of costs or fees.

Is interest reinvested in the same deposit?
No, interest will be paid into your AA account quarterly.

(1) Nominal interest rate of 2.48% (TAE 2.50%) payable for 12 months.
Example: By investing €30,000, upon maturity of the deposit the client will have
received €744.00.

Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

* Check the calculation of the TAE.
0.0248

m=4, iy=00248 &I, =—, —=00062, k=1
I, = (1+0.0062)* — 1 = 0.02503 = 2.50%

« Calculate the total interest you are supposed to have at the maturity of
the deposit.
C' =30,000- (1+ 0.0062)* = 30,000 - (1 + 0.025)! = €30,750
Y =30,750.-30,000 = €750
« Explain why the amount calculated in the previous section is not equal
to the one that the advert says.

Since the interest received every three months is not reinvested in the
fixed-term deposit, it turns out that the total interest is:

1st quarter: 30,000 - 22222 = €186
2nd quarter: 30,000 - 0.0062 = €186 ...

At the maturity of the fixed-term deposit: 186 - 4 = €744
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Unit 1. Financial transactions and financial regimes
5. Compound financial regimes

Example 30. A relative of yours has applied for the following online fast
loan today 07/03/A.

()
Speed micro-credit

How much money do you need?
v Total

v/ 100% online

v’ Get your
For how long? TRy
I psnesshous

Borrowed amount Fees Total to repay Maturity date

500¢ 175¢ 675¢ 01/04/A

Obtain the TAE (use the criterion Act/365):
365

§Z§j25—1=7&96=7£96%

TAE =
(soo

Unit 1. Financial transactions and financial regimes

6. Financial value
6.1. Financial value at any moment in time
6.2. Present value and final value

6.1. Financial value at any moment in time

So far simple financial transactions, i.e., those ones with a single
payment and a single repayment, have been analyzed.

Now we will study complex financial transactions (either partially or totally
complex), in which we will have several payments or repayments.

In this latter situation, it may be useful to financially value the set of
payments or repayments at a specific moment in time.

When financially valuing this set, it is replaced by a single amount of
financial capital that, somehow, represents the set. This single amount is
called the financial value (or financial sum) associated with the set of
payments or repayments (depending on what we are considering) and it
could be said that both, the set and its financial value, are financially
equivalent.
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Unit 1. Financial transactions and financial regimes
6. Financial value

In order to perform a financial valuation, the idea of the time value of
money has to be taken into account and, consequently, a financial regime
will have to be considered.

NOTE: From now on, unless otherwise indicated, to determine financial
values (or financial sums), we will use the compound interest regime.

Given the set of payments or repayments {(Cy,T;)}y=12...n and the
effective interest rate [, its financial value (or financial sum) at
moment T" is defined as the financial capital (C’, T") where:

n
¢’ = Z Cr - (1 + Ly)™ (')
r=1

It can be written as:
{(CT! TT)}T:l'Z,..-‘n'\“(C’, T,)
l

I

Unit 1. Financial transactions and financial regimes
6. Financial value

Graphically,

Example 31. Find the financial sum at T' = 4 of the following set of
repayments if an annual effective interest rate of 5% is considered:

{(6,000, 1), (3,500, 2.5),(8,000,5)}
On the timeline, we have:
6,000 3,500 8,000

I l l |
0 1 2.5 5
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Unit 1. Financial transactions and financial regimes
6. Financial value

So:
/xc,/_\
6,000 3,500 8,000
| I I l | I; = 0.05
0 1 2.5 T'=4 5

C' =6,000-(1+0.05)3+3,500-(1+0.05)°+
+8,000 - (1 +0.05)7!
C' = €18,330.55
The financial value at T’ = 4 is the financial capital:
(C',T") =(18,330.55, 4)
Furthermore, for the interest rate given:
{(6,000, 1), (3,500, 2.5), (8,000, 5)}~(18,330.55, 4 )

Unit 1. Financial transactions and financial regimes
6. Financial value

Example 32. Today, Mary deposits €1,750 in a bank account. In 6
months’ time, Mary will deposit an additional amount of €1,000; and in 1
year, further €2,000.

 Find the account balance in 2 and a half years if the account pays a
nominal interest rate compounded semi-annually equal to 4.92%.

First, we draw the payments on the timeline.

//_\: i, = 0.0492

/\ !
1,750 1,000 2,000 ¢ 0.0492
| | | | I = = 0.0246
0 6 1 2.5

12
* Then, we calculate the financial value at T’ = 2.5
C'=1,750- (1 + 0.0246 )2'2'5 + 1,000 - (1 + 0.0246 )?? +
+2,000 - (14 0.0246 )2'1'5 = €5,229.46
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Unit 1. Financial transactions and financial regimes
6. Financial value

« If Mary withdraws €300 in 8 months, what will the account balance be
in 2 and a half years?

— c i, = 0.0492
1,750 1,0003002,000
I L | | 0.0492
| [ l | = = 0.0246
0 6 8 1 2.5 2
1212

C'=1,750- (1 +0.0246 )??% + 1,000 - (1 + 0.0246 )?>? —
10
~300(1 + 0.0246)*(1*12) 4 2,000 - (1 + 0.0246 )25 = €4,901.50
* Find the account balance in 2 and a half years if the account pays a

nominal interest rate equal to 4.92% compounded semi-annually for the
first 6 months and a 0.25% monthly interest rate for the rest of the term.

Unit 1. Financial transactions and financial regimes

6. Financial value
/\A
/\ 7
1,750 1,000 2,000 ¢

| i i i
0 6 1 25

12
L A J
T T
I, = 0.0246 I, = 0.0025

€' =1,750 - (1 + 0.0246 )205 . (1 + 0.0025 )122
+1,000 - (1 + 0.0025)122 +
+2,000 - (1 + 0.0025)12'15 = €5,057.48

» Write the equation that allows us to calculate the annual effective
interest rate which is equivalent to those that are paid over the 2 and a
half years in the previous example.

As this annual effective interest rate will give the same accumulated
value:

1,750 - (1 + 1;)*> + 1,000 - (1 + I;)? + 2,000 - (1 + I;)*°> = 5,057.48
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Unit 1. Financial transactions and financial regimes
6. Financial value

Example 33. A person plans to invest in the following payment-in-kind
deposit offered by Bank Z. Find the interest of this deposit (value of the

Iaptop). We have to consider that
https://www.pexels.com/ the laptop is received at the
beginning of the financial

Fixed-term deposit transaction.
~ > Amount: €90,000 90000
& » Term: 6 months ’
=% > TAE: 1,40% Interest 9,000

| |

- | !
For the purposes of personal income tax, the laptop is considered remuneration in kind. There is 0 6
no cash remuneration. E

The person and the bank consider that payments and repayments
involved in the financial transaction are equivalent:

(90,000, 0 )~ {(Interest, 0), (90,000, 1)}
It means that their financial value must be equal. So, by valuing at 0:

6
90,000 = Interest + 90,000 - (1 + 0.014)" 12
Interest = €623.43

You should only make this deposit if you really want to have the laptop and if it is worth more than
€623.43 on the market.

Unit 1. Financial transactions and financial regimes
6. Financial value

6.2. Present value and final value

If the financial value of the set of payments or repayments is made at a
fixed origin, which is usually denoted as 0, the value obtained is called
the present value of the set and we represent it by V.

That is to say, given the set {(C,,T;-)};=12...n and the effective interest
rate I,,,, its present value is:

* Present value:

n
Vo= G (L+Ip)™
r=1

Graphically:
Cl CZ e Cn—l Cn
i i % % { {(Crr Tr)}rzl,z,m,nl’(vor 0)
0 I T o Thoe Ty

I
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Unit 1. Financial transactions and financial regimes
6. Financial value

Similarly, if the financial value of the set of payments or repayments is
calculated at a final moment, T, the amount obtained is called the final
(or accumulated) value of the set and we represent it by V.

 Final (or accumulated) value:

n
Ve = z C, - (1 + Ly)™ Tn=Tr)

r=1
Graphically:
//_\ v,
—

G ¢, Choi Cy

|
I I I | {(Cr’TT)}rzl,Z,"',nN(VflTn)
no T Tooy  Tp !

I

Unit 1. Financial transactions and financial regimes
6. Financial value

It is worth remarking that since, for the given interest rate I,;,:

{(Crv Tr)}r=1,2,-~~,n~ (VOI O)
and:

{c,, Tr)}r=1.2.~~~,n~(Vf’ Tn)
it turns out that:

Vo, 0~ (Vf, T)

The same equivalence holds for the financial valuation at any moment,
T'.

Therefore, once the present value (or the final value) of a set of
payments or repayments has been obtained, we can find the
financial value (or financial sum) of the set at any moment in time by
simply using an accumulation or discount factor, depending on when the
financial value has to be calculated.

41




BASICS ON THE THEORY OF INTEREST. Applications to the Spanish financial market. L. Gonzalez-Vila, M. Marmol, F.J. Orti & J.B. Saez

Unit 1. Financial transactions and financial regimes
6. Financial value

Example 34. For the set of payments:

{(6,000,1), (3,500, 2.5), (8,000,5)}
with an annual effective interest rate of 5%:
« Find the present value.

6,000 3,500 8,000
| i | |
0 1 2.5 5

I, = 0.05

Vo = 6,000 - (1+0.05)~1 + 3,500 - (1 + 0.05)25 +
+8,000 - (1 +0.05)75

V, = €15,080.59

Unit 1. Financial transactions and financial regimes
6. Financial value

* Find the final value (at T, = 5)

Ve

6,000 3,500 8,000
| i | |
0 1 25 5

I, = 0.05

V; = 6,000 - (1 +0.05)* + 3,500 - (1 + 0.05 )2° + 8,000

Vy = €19,247.08
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Unit 1. Financial transactions and financial regimes
6. Financial value

» Check that, for the given interest, I; = 0.05, the present and the final
values of the set of payments are equivalent:

(15,080.59,0)~(19,247.08,5)

V; = 15,080.59 - (1 + 0.05)° = €19,247.08

Vy = 15,080.59 Vr =19,247.08
. 6,000 3,500 8,000
I I | |
0 1 2.5 5

- =

Vo = 19,247.08 - (1 + 0.05)~> = €15,080.59
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UNIT 1 PROBLEMS

1. A person deposits €2,500 in an account at SA Bank today. He will get €2,750 in 2 years. Find the
total price, the unit price and the unit and mean price. Explain the results obtained.

2. Afinancial transaction began on February 17th of a leap year and ended on July 10th of the same
year. Find the term of the transaction by using the 30/360, Actual/360, Actual/365 and the
Actual/Actual methods.

3. You invest €3,000 at an annual simple interest rate of 2.5%. Find the accumulated value after 91
days by using the Actual/365 criterion. Calculate the total interest, the nominal interest rate and the
effective interest rate.

4. Mary borrows €2,000 from Mark at a 5% annual simple interest rate and agrees to repay the loan
in 9 months. What is the amount that Mary is required to repay to Mark?

5. How many years will it take for €500 to increase to €600 at a 4.5% annual simple interest rate?

6. At what annual rate of simple interest will €8,000 increase to €8,128.05 in 182 days? Consider the
Actual/365 criterion.

7. What initial amount will earn interest of €100 in 6 months at an annual simple interest rate of
3.20%?

8. Atrade bill with a face value of €9,000 that matures in 2 months is discounted. The bank applies
a simple discount regime at an annual rate of 6%.

a) Calculate the amount received by the passive party.
b) Find the total price, the unit price and the unit and mean price of the financial transaction.
¢) How much would be received if there was an initial fee of 0.5% of the face value?

9. Theamountobtained by discounting a commercial bill under the simple discount regime is €1,000.
Find the face value of the commercial bill if its due date is in 62 days and the annual discount rate
applied is 5.95%. What would the face value be if the financial transaction involved initial expenses
equal to 0.7% of the face value?

10. A company has a bill of exchange with a face value of €3,000 and a maturity of 3 months from
now. It trades the bill at its bank and obtains €2,963.25.

a) Find the simple annual discount rate applied by the bank.
b) Find the equivalent simple interest rate of this financial transaction.

11. A company discounts a portfolio of bills of exchange today. The portfolio has a face value of
€12,500 and matures in 31 days. The bank charges a simple annual discount rate equal to 6% and an
initial fee of 0.7% and it uses the Act/360 criterion. Calculate the profitability obtained by the bank if
simple interest regime is considered (use the Act/365 criterion).
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12. A company wants to buy a car in 3 months. The car will have a price of €29,700. In order to make
this future payment, the company performs the following financial transactions today:
e It cancels a bank account that was opened with €10,000 9 months ago. The account has paid
an annual simple interest rate of 3.50%.
e |t discounts a portfolio of bills of exchange at an annual simple discount rate of 6% and an
initial fee of 0.4%. The face value of the portfolio is €20,000. 40% of the portfolio matures in 6
months and the rest in 9 months.

a) Find the amount obtained by the company today when cancelling the bank account.

b) Find the amount obtained by the company today when discounting the portfolio.

c) Does the company have enough money today to buy the car? If it does not, the company will
invest the amount obtained with the above financial transactions in a fixed-term deposit, from
today until the moment of purchasing the car. What is the minimum annual simple interest
rate that the fixed-term deposit must pay in order for the company to be able to buy the car?

13. A woman invests €6,320 today. Her investment grows according to a nominal interest rate
compounded quarterly that is equal to 3.20%.

a) Find her balance after 3 and a half years.
b) How much interest does she earn?
¢) How long will €6,320 have to be invested to obtain a balance of €7,471.167?

14. On his fifth birthday, a boy received an inheritance from his aunt. The inheritance grew to €32,168
by the time he was 18 years old. If the money grew by compound interest at a semi-annual effective
interest rate of 1.15%, find the amount of the inheritance.

15. Mr. Smith deposits €1,750 in a bank account for 2 years and 3 months. How much money will he
receive when he closes the bank account if it is governed by:

a) A 4.5% nominal interest rate compounded annually?

b) A semi-annual (biannual) effective rate equalling 2.15%?

c) An 8% biennially effective interest rate?

d) An annual interest rate of 4% convertible quarterly (every three months)?
e) A monthly interest rate of 0.35%?

f) A 3.60% nominal interest rate accumulated every four months?

g) A 0.8% effective interest rate every two months?

16. A financial asset has a face value of €1,000 and matures in 2 years. Today, you buy it for €945.73.
Find the annual effective interest rate associated with this financial transaction.

17. Suppose that the growth of money is ruled by compound interest at an annual rate of 5% payable
semi-annually. How much money must you invest today in order to have a balance of €23,000 3 and a
half years from now?

18. Aninvestor deposits €9,000 today in a savings account that accumulates interest at varying rates.
For the first 2 years, the nominal interest rate is 2% compounded quarterly. For the next 1 and a half
years, a 0.3% monthly interest rate is applied. For the rest of the term, the interest rate is equal to an
annual 4%. What is the investor’s balance at the end of 6 years?

19. Bank Z offers a savings account with varying interest rates for 3 years. For the first 8 months the

monthly effective interest rate is 0.2%, for the next 9 months the nominal interest rate compounded
semi-annually is 2% and for the rest of the term the annual effective interest rate is 3%.
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a) What deposit made into this account today will provide a balance of €10,000 in 3 years?
b) If you deposit €5,500 today:
b.1) Find the accumulated value in 3 years.
b.2) Find the annual effective interest rate that should have been paid over the 3 years in order
to achieve the same accumulated value.

20. Find the following equivalent interest rates:

a) Quarterly effective interest rate equivalent to 6% nominal interest compounded quarterly?

b) Annual effective rate equivalent to an annual interest rate of 7.2% convertible monthly?

¢) Nominal interest rate compounded semi-annually equivalent to a 5.9% biennially effective
interest rate.

d) Interest rate compounded quarterly equivalent to an interest rate of 8% payable semi-
annually.

21. Find the effective interest rate over a three-year period (triennially) that is equivalent to an annual
effective rate of 3% the first year, 2% the second year and 1% the third year.

22. Calculate the annual effective interest rate and the TAE of a loan of €3,000, to be repaid by a
single repayment in 3 months, if a nominal interest rate of 6.75% accumulated monthly has been
agreed and there is an application fee that equals 2% on the principal, which is paid by the borrower
when the loan is given.

23. Find the annual effective interest rate and the TAE of a financial transaction in which, by investing
€8,250 on October 8th of a given year, €9,156 is obtained on October 21st two years later. Consider
that at the moment of investing, a fee of 3% of the initial amount is paid by the investor. (Use the
Actual/365 criterion).

24. If you invest €10,000 today in a financial product offered by Bank Triple Z, you will obtain an
accumulated profitability of 15% in 4 and a half years.

a) Find the annual effective interest rate and the TAE of this financial product.
b) What would the effective annual interest and the TAE of this financial product be if at its
maturity you had to pay a management fee of 1% on the invested amount?

25. After saving for some years, an investor has €20,000 and he is offered 3 different alternatives to
invest this amount.
e Alternative 1: open a fixed-term deposit that pays a 4% nominal interest rate compounded
monthly.
e Alternative 2: buy a bill of exchange with a face value of €20,500 and maturity within 8 months.
e Alternative 3:investin a bank account that offers an annual simple interest rate of 7%, in which
no interest is earned on the first €8,000.

a) Calculate the amount accumulated after 8 months according to the 3 alternatives.
b) Find the TAE of the 3 alternatives if none of them has fees or costs.

26. In order to buy a small apartment, you are given two different alternatives today.
e Alternative A: A €24,000-payment in 2 and a half years and €100,000 in 5 years.
e Alternative B: A single payment of €120,000 in 3 years.

If the current interest rate is equal to 6% annual, which alternative do you prefer?
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27. A person must pay €6,000 in 1 year and €5,000 in 4 and a half years. Obtain the capital that must
be paid within 2 years at an annual interest rate of 5% in order to cancel both debts.

28. Susan deposited €9,800 in a bank account 18 months ago. 6 months later, she deposited €3,300
more. Finally, 2 months ago, she made an additional deposit of €4,500.

a) Ifthe bank account was governed by an interest rate of 2.5% compounded semi-annually, what
is the balance of the account today (accumulated value)?

b) What would the balance of the account be today if it had been governed by the following
interest rates: an annual effective interest rate of 2% for the first 3 months, a 2.4% annual
interest rate convertible monthly for the next year, and a 1.3% semi-annual interest rate for
the rest of the term?

29. A Bank offers a savings account with varying interest rates for 3 years: for the first 8 months the
monthly effective interest rate is 0.2%, for the next 9 months the nominal interest rate compounded
quarterly is 1% and for the rest of the term the annual interest rate is 3%.
a) If you deposit €5,500 today:
a.1) Find the accumulated value in 3 years.
a.2) Find the annual effective interest rate that should have been paid over the 3 years in order
to get the same accumulated value.
b) If you deposit today €5,500, in 6 months you withdraw €2,000 and in 1 year you deposit
€1,000:
b.1) Find the balance in 3 years.
b.2) Write the equation that allows you to calculate the annual effective interest rate that
should have been paid over the 3 years in order to get the same accumulated value.
¢) What deposit made today will provide for a payment of €1,000 in 10 months and another of
€2,000in 1 and a half years?

Answers

1. AC = €250. This means that in exchange for €2,000 given today, the person receives a total
remuneration of €250 in 2 years.

I = 0.10 = 10%. This means that for each euro given by the person, he/she receives €0.10 in 2 years.
i = 0.05 = 5%. That is to say, for each €100 given and for each year that the financial transaction
lasts, the person receives €5.

Criterion t

30 t =0.3972
360

Act t=04
360

ﬂ t = 0.394521
365
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Act
Act

t = 0.393443

3.C' =€3,018.70 AC =€18.70 [ =10.006233 = 0.6233%

4.C' = €2,075.
5t=4.4.

6.1 =0.0321 = 3.21%.
7.C = €6,250.

8. a) C = €8,910.

b)AC =€90 D =0.001=1%
c) C = €8,865.

d =0.06 = 6%.

i =0.025 = 2.5%.

9. If there are no expenses C' = €1,010.36. When expenses exist, C' = €1,017.55.

10.a) d = 0.0490 = 4.90%.
b)i = 0.049608 = 4.9608%.

11.i = 0.145014 = 14.5014%.

12.a) ' = €10,262.50.
b) C = €19,140.

c) No, there is not enough money today. i = 0.040473 = 4.0473%.

13.3) C' = €7,065.85.
b) AC = €745.85.
c)t =5.25.

14. C = €23,895.22.

15.a) C’ = €1,932.19.
b) C' = €1,925.80.
c) C' = €1,908.27.
d) ¢’ = €1,913.95.
e) C' = €1,923.12.
f) C' = €1,896.73.
g) C' = €1,948.75.

16.1; = 0.028292 = 2.8292%.
17. C = €19,349.10.
18.C' = €10,903.63.

19.a) C = €9,252.32.
b) b.1) C' = €5,944.46.

b.2) I; = 0.026242 = 2.6242%.
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20.a) I, = 0.015 = 1.5%.
b) I, = 0.074424 = 7.4424%,.
¢) i, = 0.028869 = 2.8869%.
d) iy = 0.079216 = 7.9216%.
21. 1,3 = 0.061106 = 6.1106%.
22.1, = 0.069628 = 6.9628% TAE = 0.159654 = 15.9654%.
23.1, = 0.052519 = 5.2519% TAE = 0.037346 = 3.7346%.

24.3) 1, = 0.031546 = 3.1546% TAE = 0.031546 = 3.1546%.
b) I; = 0.031546 = 3.1546% TAE = 0.029545 = 2.9545%.

25.
Alternative | a) Accumulated amount b) TAE
1 €20,539.60 0.040742 = 4.0742%
2 €20,500.00 0.037733 =3.7733%
3 €20,560.00 0.042293 = 4.2293%

26. Since the present values of alternatives A and B are, respectively, €95,472.40 and €100,754.31,
as a buyer you should choose alternative A.

27.€10,725.85.

28.a) C' = €18,073.80.
b) C' = €18,054.05.

29.a)a.1) C' = €5,900.42.
a.2) I, = 0.023701 = 2.3701%.
b) b.1) C' = €4,832.66.
b.2) 5,500(1 + 1,)3 — 2,000(1 + ,)%% + 1,000 (1 + I,)? = 4,832.66.
c) C = €2,931.30
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UNIT 2.
ANNUITIES

1. Definition and classification
2. Level or constant annuities
3. Annuities with payments in geometric progression
4. Annuities with payments in arithmetic progression

Unit 2. Annuities

1. Definition and classification
1.1. Definition
1.2. Classification

1.1. Definition

An annuity is a set of payments (or repayments), {(Cy, T})}r=12.n.
made at equal intervals in time. Common examples of annuities include
house rents, mortgage payments on homes, salaries earned by workers
or instalments paid for cars.

The interval between annuity payments is called the annuity period, P,
and the number of annuity periods in 1 year is named the annuity
frequency, M, with the relationship M = 1/P. Furthermore, n is the
number of payments of the annuity.

Graphically:
Cl Cz C3 C4_ Cn—l CTL
i i i i Ti iT
T T. T. T. -1 In
1 Y JL 2 n3 Y |4 \n_'_]
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Unit 2. Annuities
1. Definition and classification

Example 1.

Repayments made by a borrower, at the end of each quarter, to repay a
loan over the next 10 years are an annuity with P = 1/4, M = 4andn =
40.

The rent paid for a flat at the beginning of each month over 5 years is an
annuity with P = 1/12, M = 12 and n = 60.

1.2. Classification
Annuities can be classified by considering different aspects.

1) Depending on the number of payments, n :
e Temporary annuity: If n is a finite number.
« Perpetuity: If payments last forever, i.e. n is infinite.

2) Depending on the structure of the amounts C,.:
* Constant or level annuity: If C,, = C,Vr =1,2,...,n
« Non-level annuity: If the amounts are not constant.

Unit 2. Annuities
1. Definition and classification

3) Depending on the fixed origin, 0:
* Non-deferred annuity: The fixed origin and the annuity origin are
both the same.
« Deferred annuity: The fixed origin is earlier than the annuity origin.

4) Depending on the annuity period:
e Monthly annuity: If M = 12
e Quarterly annuity: If M = 4
e Semi-annual annuity: If M = 2
* Etc.

5) Depending on when the payments are made each annuity period:
« Immediate annuity: If payments are made at the end of each
annuity period.
* Annuity-due: If payments are made at the beginning of each period.
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Unit 2. Annuities
1. Definition and classification

Example 2.
Draw the following annuities on the timeline:

« A monthly non-deferred immediate annuity, consisting of level payments
over the next 5 years, equal to €150.

150 150 150 150 .- 150 150
I | ] ] ] | |
I l | I I l l n =60
i i i i 4+£ 5 years
12 12 12 12 12 Y
1 2 3 4 59 60 months

* A 2-year-deferred annuity composed of semi-annual immediate
payments to be made for 12 years. The first payment is equal to €300
whereas the rest will increase in such a way that each payment is 5%
greater than the previous one.

The first payment is: C; = 300
The second payment is:
C, =300+ 300-0.05=300-(1+0.05) =300-1.05
The third payment is:
C; = (300-1.05) - 1.05 = 300 - 1.05%2

Unit 2. Annuities
1. Definition and classification

And so on.
So, graphically: 2 2
" o N N
N e N s Q e
Q .’\,' '\ '\ rBQ r;_,Q
I)DQ {BQQ %QQ %QQ .
| 1 —f n=24
0 2 z+% 3 3+§ 4 13+§ 14 years
4 5 6 7 8 27 28 half years

» A non-deferred perpetuity-due that will pay €70 a month from now on.

70 70 70 70
I | | | | n — oo
| | | | |
0 1 2 = 4 years
12 12 2 12
1 2 3 4 months
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Unit 2. Annuities
1. Definition and classification

A twenty-payment quarterly annuity-due that is deferred 1 year with the
first payment equal to €600 and the payments increasing by €20 each
quarter.

0 90 0
Q® qupgx ’;X%.’L Qqu
| S Sy n=20
2
0 1 147 147 147 2 5+7 6 years
1 2 3 4 23 24 quarters

* A constant non-deferred annuity-due, to be paid annually over the next
25 years, with payments of €1,250.

1,250 1,250 1,250 1,250 1,250
1 | | | | |

| [ | [ [ | n =25
0 1 2 3 24 25 years

Unit 2. Annuities
1. Definition and classification

NOTE

Annuities are commonly not named as in the previous example. This
means that, from the information given in each financial transaction which
involves annuities, we will have to be able to determine all of the annuity
characteristics. More particularly:

o If an annuity is deferred, it will be explicitly stated (using the
corresponding term or a synonym). If nothing is said, it must be
assumed that the annuity is non-deferred.

« If the annuity is due, this is stated explicitly (using this term or a
synonym) So, if nothing is stated, it must be understood that the annuity
is immediate.
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Unit 2. Annuities
1. Definition and classification

Example 3.
Draw on the timeline the annuities involved in the following financial
transactions:

* A loan of €250,000 to be repaid with constant payments at the end of
each month over the next 25 years.

c C ¢ ¢C e C
I | | ] l |
T 11 | n=300
1 2 3 4 e
- - - - 25
0 12 12 12 12 years
1 2 3 4 300 months

« A person wants to save for retirement by depositing €2,000 at the
beginning of each quarter, for 10 years.

QO (0 (0 0 QO
207 0% 0799 N
I — n=40
o 1 2 3 4 9 + = 10 years
4 1 1 4
1 2 3 4 39 40 quarters

Unit 2. Annuities

2. Level or constant annuities
2.1. Definition
2.2. Financial value of the Non-deferred immediate annuity with n
payments and period P

2.3. Financial value of the Non-deferred immediate perpetuity with
period P

2.1. Definition

An annuity is level or constant if all the payments or amounts have the
same value, i.e.:

C-=C, vr
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Unit 2. Annuities
2. Level or constant annuities

2.2. Financial value of the Non-deferred immediate annuity with n

payments and period P

We begin by calculating the present value. From it, the final or
accumulated value of the annuity will be obtained.

First, let us consider an example.

Example 4. Find the present value of the first annuity drawn in example 2
if an annual effective interest rate equal to 2% is considered.

We had a monthly non-deferred immediate annuity, with level payments
over the next 5 years equal to €150. Graphically:

150 150 150 150 .- 150 150
I l | | | l |
[ [ [ [ [ | _
(I) 1 2 i 4 4 11 5 years n =60
2 1z 1 12 2 7Y I; = 0.02
2 3 4 59 60 months

Unit 2. Annuities
2. Level or constant annuities

Although it is not necessary, to have an easier expression, let us
calculate the monthly effective interest rate that it is equivalent to I; =
0.02 (note that the annuity frequency is M = 12).

I, = (14 0.02)Y/12 =1 = 0.001652

So, the present value is:
Vo =150- (1 + 0.001652)" + 150 - (1 + 0.001652)~2 +
+--4150- (1 + 0.001652)6°

Vo = €8,561.72

Calculating the present value in this way is an annoying task. So, we are
going to look for a formula which will allow us to evaluate annuities more
easily.
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Unit 2. Annuities
2. Level or constant annuities

In general, the graph of a non-deferred immediate annuity with n
payments and period P is:
A R
| | l I l l
o P 2P 3P " (qm-1)P np

NOTE: When evaluating annuities, we must bear in mind that the
effective interest rate that appears in the formulas must have the
same freqguency as the annuity, that is, M.

The present value of the annuity, V,, with the effective interest rate I, is:
Vo=C-(A+L)  +C- A+ L) 2++C- L+ )™

n
V,=C- 2(1 L)
r=1
It can be demonstrated that this sum is equal to:
1-(A+L)™

Vo=C

Unit 2. Annuities
2. Level or constant annuities

Explanation of the formula of the present value of a level non-deferred
immediate annuity with n payments and period P (frequency M)

Effective interest rate to determine
Amount of the the present value, whose frequency
level (or constant) is the same as that of the annuity, M
payment

that is, it cannot have decimals)

— . Number of constant payments
I (this must be a natural number,
M

The present value obtained

with this formulais \ N\
ALWAYS one period before VO

the first payment of the C C c C
annuity i i i i i i

o P 2P 3P T (1P np

1=+ . .
The expression — . is usually written as an_IIM and, as a result, in general:
M
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Unit 2. Annuities
2. Level or constant annuities

Example 5. For the first annuity illustrated in Example 2, find its present
value if an annual effective interest rate equal to 2% is considered.

The graph of the annuity is:

VN

Vo |150 150 150 150 - 150 150

L 1 1 I I 1 |

1T 1 I ] .

0 'V 'V IR T 4+E 5 years
1 2 3 4 59 60 months

with € = 150, M =12 and n = 60.

The monthly effective interest rate is I;, = 0.001652.

So, by using the formula we just saw:

b e 1o (140.001652)7%° €8561.72
0= a60]0.001652 = 0.001652 - '

Unit 2. Annuities
2. Level or constant annuities

Example 6. For the loan in Example 3, find the amount of constant
payments if the loan is governed by an annual interest rate of 4.80%
accumulated monthly.

The loan has a principal of €250,000 and it will be repaid by constant
payments at the end of each month over the next 25 years.

N

T 11 |

0 T G120 25 years
1 2 3 4 300 months

with M = 12 and n = 300.

In this case, the interest rate we use to value is i;; = 0.0480. So, the

monthly effective interest rate is:
_ 0.0480

12 —

= 0.004

Now, by using the formula for the present value:
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Unit 2. Annuities
2. Level or constant annuities

1 — (1 + 0.004)~300

250,000 =C 0,004

And so, by isolating C, we get:
C =%€1,432.49

This means that to pay off the amount borrowed at the interest rate
agreed, the borrower has to pay €1,432.49 at the end of each month, for
the next 25 years.

Unit 2. Annuities
2. Level or constant annuities

We can also calculate the accumulated (or final) value of the annuity
from its present value.

|
2P 3P —1)P ap

being t the term (in years) between 0 and nP.
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Unit 2. Annuities
2. Level or constant annuities

Example 7. For the annuity in Example 4, find its accumulated value if an
annual effective interest rate equal to 2% is considered.

We already saw that the annuity graph on the timeline is:

/\Vf

N
o ¥ (150 150 150 150 - 150 150
%?JI | | 1 | | |
1 1 1 | W
0 o E ¥ T 4.+E 5 years

and the monthly effective interest rate is I;, = 0.001652.
Therefore, from its present value, the accumulated value will be:
V; =8,561.72- (1 + 0.001652)'%5 = €9,452.83

Unit 2. Annuities
2. Level or constant annuities

Example 8. Dr Collins has been depositing €300 at the end of each
trimester for the last 10 years in a savings account that is governed by a
1.20% nominal interest rate paid quarterly. What is the savings account
balance today, just after making the corresponding deposit?

//\\‘Vf

= 300
A 'BQQ ,BQQ "JQQ “.)QQ s %QQ M =4
) 1 1 | ! ]
[T 1T 1T 1 | n =40
0 1 E § 1 10 years
4 4 4 TODAY
1 2 3 4 40 quarters

From the given interest rate iy = 0.0120, we determine the quarterly
effective interest rate:

I 0.0120
T4
Now, from the formula we already know:
Vr =300 - azojo.003° (1+0.003)**° = €12,729.43

11,292.02

= 0.003
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Unit 2. Annuities
2. Level or constant annuities

Example 9. An investor wishes to accumulate €100,000 at the time of her
last deposit in a pension scheme by contributing, from now on, with an
amount C at the end of each 6-month period for 18 years. If the annual
effective interest rate of the pension scheme is 1.5%, what amount is
necessary for her to reach her goal?

Bearing in mind that M = 2 and n = 36, we first draw the annuity on the
timeline.

— T 100,000
o

v, |[C ¢ ¢ ¢ c ¢
I 1 1 1 1 |
I) L I I L I I L I
— 1 — 2 — 18years
> 1+ > 17 + 2 y
1 2 3 4 35 36 halfyears

Then, from the given interest rate I; = 0.0150, we determine the semi-
annual effective interest rate:

I, = (14 0.0150)Y/2 — 1 = 0.007472

Unit 2. Annuities
2. Level or constant annuities

Now, from the formula:

100,000 =C - azgjo 07472 (1 + 0.007472)%18
—'—I
Vo

1— (1 +0.007472)736

. 2-18
0.007472 (1+0.007472)

100,000 =C

And, by isolating C, we get:
C =€2431.21
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Unit 2. Annuities
2. Level or constant annuities

NOTE:

So far, for level annuities, we have obtained a formula from which it is
easy to calculate the present value and the accumulated value of a
temporary non-deferred immediate annuity.

In order to obtain the present value and the accumulated value of a:
« temporary deferred immediate annuity

e temporary non-deferred annuity-due

e temporary deferred annuity-due

we will use exactly the same formula and the proper accumulation or
discount factor, depending on the moment in time for which we need
the value of the annuity.

Unit 2. Annuities
2. Level or constant annuities

Summarizing:
In order to properly calculate the financial value (present, accumulated or

at any other moment) of any level annuity, the following steps should be
followed:

1. Draw the annuity on the timeline.

2. Think of where you want the annuity to be financially valued.

3. Check if the capitalization frequency of the given interest rate is equal
to the annuity frequency. If it is not, then obtain the equivalent interest
rate.

4. Use the formula azy;,, -

5. Reflect on where the financial value obtained with the above formula
is placed.

6. If needed, correct this financial value with an accumulation factor or a
discount factor, so as to arrive to the financial value at the desired
moment.
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Unit 2. Annuities
2. Level or constant annuities

Example 10. Find the present value and the accumulated value of a
semi-annual immediate annuity to be paid for 15 years, after a 2-year
deferment. The amount of each payment is €80 and a monthly effective
interest of 1% is applied.

Vy
C =80
Vo < a0 80 80 80| =2
| | I I T T
[ | [ I I | —
n =30
0 2 2+% 3 LI 16+% 17

Semi-annual effective rate equivalentto I;, = 0.01:
L, =(1+40.01)'%/2-1=0.06152

Present value:
Vo = 80-a5g006152 -(1+006152) %2 = €85333
—

Valueat 7=2. 1,083.50
Accumulated (final) value:

Vr = 85333-(1+006152)* "

=€6,49647

Unit 2. Annuities
2. Level or constant annuities

Example 11. Find the present value and the final value, under an annual
interest rate of 4% payable quarterly, of a non-deferred quarterly annuity-
due to be paid for 5 years, with payments of €125.

—

—~V

MN1zs 125 125 125 ] ! C =125

......... I i I I I M =4
4 2

Quarterly effective interest rate:

_ 0.04
iy =0.04 > [ = —— =001

Present value: Vo =125-a55001(1+0,01)" =€2278,25

Value at T:—%: 2,255.69

Accumulated value: Vy = 2.278,25~(1+0,01)20 =€2,77990
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Unit 2. Annuities
2. Level or constant annuities

Example 12. Let us consider an annuity-due payable for 8 years after a
6-month deferment. It has level payments of €350 a month. Obtain its
present value and its accumulated value at an annual interest rate of 4%
compounded monthly.

mvf C =350

Vi .
I0 I.f\|3l5o 3I50 35l;o| | M =12
| R —1 —

5 6 7 5 g N=96
0 —- = — <. 8+—8+—

12 12 12 127 12

Monthly effective interest rate:

_ 0.04 .
lip = 0.04 —» 112 = F = 0.003

Present value: 5

Vo =350-agg)go3:(1+0003) ~ =€28,239.96
5 )
Value at T:E: 28,713.77
Accumulated value:
.1\12:85
V= 28,239.96-(1+0.003) —€39,65324

Unit 2. Annuities
2. Level or constant annuities

2.3. Financial value of the Non-deferred immediate perpetuity with
period P

A perpetuity is an annuity with an infinite term. That is to say, a perpetuity
has payments that last forever. Therefore, it makes no sense to calculate
accumulated values for perpetuities.

Graphically:

o—cCc ¢ ¢
1 I ! 1
| I | l
0 P 2P 3P

The present value of the annuity, V,, with the effective interest rate I, is:

Vo=C-(1+Ly)t+C- A+ )2+ =

= 0-2(1 L)
r=1
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Unit 2. Annuities
2. Level or constant annuities

Alternatively, by using the formula we already know, it is also possible to
write:

Vo=t € = - iy L0
So:
1
Vo=C E

The present value obtained with this formula is ALWAYS given gne
period before the first payment of the annuity.

Unit 2. Annuities
2. Level or constant annuities

Example 13. What would you be willing to pay today for an infinite
stream of constant end-of-month payments of €1,000, if the annual
interest rate compounded monthly was 1.5%?

Graphically:
Vo~—1,000 1,000 1,000 M -1z
i i i i lip = 0.015
1 2 3
12 12 12

From the given interest rate, we obtain the monthly effective interest
rate:

Ly =%2° = 0.00125

So, the present value of the infinite stream of payments is:

1
Vo = 1,000 000128 — €800,000
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Unit 2. Annuities
2. Level or constant annuities

Example 14. An investment made today will provide for €500 a year
forever, with the first payment being made 6 months from today. If a
semi-annual effective interest rate equal to 1% is used, find the amount
invested.

First, we draw the perpetuity on the timeline.

- M=
......... } ! 1 1 12:001

The annual effective interest rate is:
I, =(1+0.01)2-1=0.0201
So, the present value is:
Vo =500 -

1
0.0201

- (1 4 0.0201)°5= €25,124.38

Unit 2. Annuities

3. Annuities with payments in geometric progression
3.1. Definition
3.2. Financial value of the Non-deferred immediate annuity with n
payments and period P

3.3. Financial value of the Non-deferred immediate perpetuity with
period P

3.1. Definition

We now consider annuities with payments that vary in a geometric
progression. In this case, the payments of the annuity are:

C,=C -q""1q>0, vr
This means that, from a first payment, C;, any payment is obtained by
multiplying the preceding one by a constant, g, called the common ratio.

If ¢ > 1, the payments of the annuity increase; if 0 < g <1, they
decrease.
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Unit 2. Annuities
3. Annuities with payments in geometric progression

Example 15. It is forecast that the turnover of an SME will be, at the end
of this year, €700,000. Then, it will rise by 2% annually and cumulatively
for the next 9 years. Find the general expression of the turnover for these
10 years.
The first year’s turnover is:

¢, = 700,000
The second year’s is:

¢, = 700,000 + 700,000 - 0.02 = 700,000 - 1.02
The third is:

C; = (700,000 - 1.02 ) - 1.02 = 700,000 - 1.02 ?

So, ¢; = 700,000, g = 1.02 and, in general:
C, = 700,000 - 1.02"1, vr=12,..,10

Unit 2. Annuities
3. Annuities with payments in geometric progression

3.2. Financial value of the Non-deferred immediate annuity with n

payments and period P

As we did for level annuities, we begin by calculating the present value.
From it, the final or accumulated value of the annuity will be obtained.

Graphically:
Vo /\Vf
>
¢, C-q C-q° Cr-q" "
1 ! | |
0 P 2P 3P nP
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Unit 2. Annuities
3. Annuities with payments in geometric progression

The present value of the annuity, V,, with the effective interest rate I, is:

VO = Cl . (1 + IM)_l +C2 . (1 + IM)_Z + -+ Cn . (1 + IM)_n:
n n
=) G At h)T= ) CgT T (A BT
r=1 r=1

It can be demonstrated that this expression turns into:

1—q" (1+Iy)™"
Ci- ifg#+1+1
. T+1y—q ta M
0
C,-n-q1 if qg=1+1y

And for the accumulated (final) value of the annuity:

Unit 2. Annuities
3. Annuities with payments in geometric progression

Explanation of the formula for the present value of a non-deferred
immediate annuity with n payments in geometric progression and period P
(frequency M)

Common ratio of the
geometric progression

=) = -(HW

Effective interest rate to determine
the present value, whose frequency
is the same as that of the annuity, M

141y —
The present value obtained Amount of the first Number of payments (this must
with this formulais payment be a natural numberz thatis, it
ALWAYS one period before cannot have decimals)
the first payment of the
annuity !
v’ T
2 n-1
0 |G G-qg G-q €149
| I | I I
0 P 2P 3P nP
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Unit 2. Annuities
3. Annuities with payments in geometric progression

Example 16. For the annuity in Example 15, find:

* Its present value (today) if an annual interest rate equal to 1.5% is
applied.

The graph of the annuity on the timeline is:

—_— TV

1 C}
Vo \‘Q{L »\.Q(L \9(]’
Q QQQ : NN\ %QQ ’
Q ces _

i | l | i n=10
o 1 ) 3 .

The given interest rate is I; = 0.015. That is, it has the same frequency
as that of the annuity. Moreover, ¢ = 1.02 # 1 4+ I; = 1.015. Thus, we
can write:

V, = 700,000 1-1.021%- (1400157 = €7,051,456.63
o= 1+ 0.015 — 1.02 T

Unit 2. Annuities
3. Annuities with payments in geometric progression

* Its present value (today) if an annual interest rate equal to 2% is
applied.

In this case, we have I; = 0.02. Therefore, g=1 + [;=1.02 and the
present value would be:

V, = 700,000 - 10 - 1.0271 = €6,862,745.10

* Its accumulated value, in 10 years, with both the interest rates given
above.

For I; = 0.015:
Vs =7,051,456.63 - (1 + 0.015)1°= €8,183,503.30

And for I; = 0.02:
Vr= 6,862,745.10 - (1 + 0.02)'°= €8,365,647.98
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Unit 2. Annuities
3. Annuities with payments in geometric progression

NOTE:

For annuities with payments in geometric progression, we have a
formula from which it is easy to calculate the present value and the
accumulated value of a temporary non-deferred immediate annuity.

Now, as it was done for level annuities, in order to obtain the present
value and the accumulated value when having payments in geometric
progression of a:

« temporary deferred immediate annuity
e temporary non-deferred annuity-due
e temporary deferred annuity-due

we will use the already used formula and the proper accumulation or
discount factor, depending on the moment in time for which we need
the value of the annuity.

Unit 2. Annuities
3. Annuities with payments in geometric progression

Summarizing:

In order to properly calculate the financial value (present, accumulated or

at any other moment) of any annuity with payments in geometric

progression, the following steps should be followed:

1. Draw the annuity on the timeline.

2. Think of where you want the annuity to be financially valued.

3. Check if the capitalization frequency of the given interest rate is equal
to the annuity frequency. If it is not, then obtain the equivalent interest
rate.

4. Use the formula of the present value.

5. Reflect on where the financial value obtained with the above formula
is placed.

6. If needed, correct this financial value with an accumulation factor or a
discount factor, in order to arrive to the financial value at the desired
moment.
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Unit 2. Annuities
3. Annuities with payments in geometric progression

Example 17. On 1st of January of year A, Sarah inherited an annuity-due
with monthly payments to be received for 10 years. The first payment was
€2,000 and the payments decreased by an accumulative 0.2% each
month. Find the value of the bequest at the moment Sarah began to
receive it, by using an annual effective interest rate of 3%.

We will draw the annuity on the timeline considering that the payments
vary in a geometric progression with a common ratio, ¢ =1 — 0.002 =
0.998 and C; = 2,000.

So, since n = 120, C, = 2,000 - 0.998"" !, vr=12,..,120.

Unit 2. Annuities
3. Annuities with payments in geometric progression

Furthermore, from I; = 0.03, we can calculate the monthly effective
rate.

I, = (1+0.03)/12 — 1 = 0.002466

We see that g = 0.998 # 1 + [;; = 1.002466. So, we can write:

1-0.998120.(140.002466) 120
1+0.002466—0.998

Vo = 2,000 - - (1+ 0.002466)!

Vo = €186,212.98

If we wanted to obtain the accumulated value of the inheritance at
moment 10, we would have to calculate:

V= 186,212.98 - (1 + 0.002466)%°= €169,614.21
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Unit 2. Annuities
3. Annuities with payments in geometric progression

3.3. Financial value of the Non-deferred immediate perpetuity with
period P

As for all perpetuities, it makes no sense to calculate the accumulated
value. In regards to the present value, graphically:

V""\|C1 Cirq Ci-q*
| i | |
0 P 2P 3P

And, by using the effective interest rate I;, we have:

Vo=C-(L+1y)  +C - q- (L + L) 2+

Vo = Z Co-q" 1A+ 1Ly
=i

Unit 2. Annuities
3. Annuities with payments in geometric progression

Alternatively, it is also possible to write:

n
VO = llm Cl . qT—l . (1 + IM)_T
n—-oo
r=1
And, in this case:
Vo=C,-———if g<1+1
i Iy s if q + Iy

The present value obtained with this formula is ALWAYS one period
before the first payment of the annuity.
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Unit 2. Annuities
3. Annuities with payments in geometric progression

Example 18. Let us consider a non-deferred quarterly immediate
perpetuity. Its payments increase each quarter by 1% cumulatively, and
the first is €200. Find its present value under a nominal interest rate of
6% convertible quarterly.

The payments vary in geometric progression with a common ratio, g =
1.01 and C; = 200. So, C, = 200 - 1.01" 1. Graphically:

Vo
—200 200-1.01 200-1.01?
| | | |
o 1 2 2
4 4 4
0.06
M=4 iy=006-l=2"=0015

Sinceq=1.01<1+1, =1.015:

Vo = 200 = €40,000

"1+ 0.015—1.01

Unit 2. Annuities

4. Annuities with payments in arithmetic progression
4.1. Definition
4.2. Financial value of the Non-deferred immediate annuity with n
payments and period P

4.3. Financial value of the Non-deferred immediate perpetuity with
period P

4.1. Definition

In an annuity with payments varying in arithmetic progression, the
following is true:

Cr=C+(r—-1)-h vr
This means that from a first payment, C;, any other payment can be

obtained by adding a constant, h, called the common difference, to the
preceding one.

If h > 0, the payments of the annuity increase; if h < 0, they decrease.
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Unit 2. Annuities
4. Annuities with payments in arithmetic progression

Example 19. On her first birthday, Martha's parents deposit €900 in a
bank account. They will keep making deposits on Martha's birthday until
she turns 18, with every deposit being €100 greater than the previous
one. Find the amount of the last deposit.
The first deposit is:

Cy =900
The second one is:

C, =900+ 100
The third is:

C; = (900 + 100) + 100 =900 + 2 - 100
The fourth is:

C,=(900+2-100)+ 100 =900 + 3 -100

So, C; =900, h = 100 and, in general:
C, =900+ (r—1)-100, vr=12,..,18
Consequently, the last deposit is:
Cig =900+ 17 - 100 = €2,600

Unit 2. Annuities
4. Annuities with payments in arithmetic progression

4.2. Financial value of the Non-deferred immediate annuity with N

payments and period P

Again, we begin by calculating the present value. From it, the final or
accumulated value of the annuity will be obtained.

Graphically:
Vo /\Vf
O\
€, Ci+h € +2h C,+(m—1)-h|
1 ! i |
o P 2P 3P P
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Unit 2. Annuities
4. Annuities with payments in arithmetic progression

The present value of the annuity, V,, with the effective interest rate Iy, is:

VO = C1 . (1 + IM)_l +CZ . (1 + IM)_Z + -+ CTL . (1 + IM)—TL=

=) G AT =) GG =D ) (BT
r=1 1

=

It can be demonstrated that this expression becomes:

_ h n-h
VO_ C1+Tl'h+m -a;“M—K

And for the accumulated (or final) value of the annuity:

Ve =Vo- (1+L)"*

Unit 2. Annuities
4. Annuities with payments in arithmetic progression

Explanation of the formula of the present value of a non-deferred
immediate annuity with n payments in arithmetic progression and period
P (frequency M)

Effective interest rate to determine
the present value, whose frequency
is the same as that of the annuity, M

Common difference of the
arithmetic progression

h 1—(1+(y)™

= +n -+ -— —/®1Mh

In Iy

The present value obtained Amount of the first Number of payments (this must
with this formulais payment be a natural number: that is, it
ALWAYS one period before cannot have decimals

the first payment of the

annuity
\ -
4 c

1

C,+h €

+2h - Ci+(n—1)-h

T

i
0o P 2P

l I
3p o
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Unit 2. Annuities
4. Annuities with payments in arithmetic progression

Example 20. For the annuity contained in Example 19, and for an annual
effective interest rate equal to 2.5%, find:

« Its financial value when Martha was born.
The graph of the annuity on the timeline is:

Vr
Yo” 900 9004100 90042100  --- 900+17-100| M =1
i i i i | n=18
0 1 2 3 18

The given interest rate is I; = 0.025. Since it has the same frequency
as that of the annuity, we can write:
0 ) 18-100

10
VO = <900 + 18 -100 + m * a1—8|0_025 - W = €24,16754

Unit 2. Annuities
4. Annuities with payments in arithmetic progression

* Its accumulated value when Martha is 18 years old.
-

Yo" 900 900+100 90042100  --- 900+17-100 |
I ! | | |

I | l I
0 1 2 3 18

Vr = 24,167.54 - (1 + 0.025)*8= €37,693.11
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Unit 2. Annuities
4. Annuities with payments in arithmetic progression

NOTE:

For annuities with payments in arithmetic progression, we have a
formula from which it is easy to calculate the present value and the
accumulated value of a temporary non-deferred immediate annuity.

As it was done for level annuities and for annuities with payments in
geometric progression, to obtain the present value and the accumulated
value when having payments in arithmetic progression of a:

« temporary deferred immediate annuity
e temporary non-deferred annuity-due
e temporary deferred annuity-due

we will use the formula we just saw and the proper accumulation or
discount factor, depending on the moment in time for which we need
the value of the annuity.

Unit 2. Annuities
4. Annuities with payments in arithmetic progression

Summarizing:

In order to properly calculate the financial value (present, accumulated or

at any other moment) of any annuity with payments in arithmetic

progression, the following steps should be followed:

1. Draw the annuity on the timeline.

2. Think of where you want the annuity to be financially valued.

3. Check if the capitalization frequency of the given interest rate is equal
to the annuity frequency. If it is not, then obtain the equivalent interest
rate.

4. Use the formula of the present value.

5. Reflect on where the financial value obtained with the above formula
is placed.

6. If needed, correct this financial value with an accumulation factor or a
discount factor, in order to arrive at the financial value at the desired
moment.
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Unit 2. Annuities
4. Annuities with payments in arithmetic progression

Example 21. Given the following set of payments:

{(300 +(r—1)-25,3+ g)}r=1,...,11

 Draw it on the timeline.
The first payment is: (300, 3+ %)
The second paymentis: (300 + 25, 4)
The third one is: (300 +2-25 4+ %)

And so on. Therefore, the set constitutes a temporary annuity with
payments in arithmetic progression made every 6-month period, and
C;=300,h=25,M=2,n=11

— Ty

Vo~V 300 300425 3001225 - - 300+1023|

| | | | | |
[ [ I I [ |

0 3 3+5

=
N
IS
+

=

8+

N[

Unit 2. Annuities
4. Annuities with payments in arithmetic progression

« For a 3% nominal interest rate payable semi-annually, find its present
value (at T = 0 ) and the accumulated value at the moment of the last
payment.

From i, = 0.03, the semi-annual effective interest rate is:

0.03
So:
Vo = ((300 +11+25+ =) - aggpg 015 — %) (1+0.015)7°
Vo = €3,880.18

For the accumulated value, we simply use the proper accumulation
factor. Thus:

Vr =3,880.18- (1 + 0.015)7 = €4,997.75
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Unit 2. Annuities
4. Annuities with payments in arithmetic progression

4.3. Financial value of the Non-deferred immediate perpetuity with
period P
Graphically:

|, Ci+h Ci+2h

1 1 | |

| | | |
o P 2P 3P

By using the effective interest rate I, we have:

Vo= ) G+ =Dk 1+ L)
r=1

Unit 2. Annuities
4. Annuities with payments in arithmetic progression

Alternatively, it is also possible to write:
n
V, = lim Z(c1 Y =1 k) (1 + 1)
n—-oo
r=1

And, in this case:

G h

Vo =
7L, I3

The present value obtained with this formula is ALWAYS one period
before the first payment of the annuity.

As for all perpetuities, it makes no sense to calculate the accumulated
value.
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Unit 2. Annuities
4. Annuities with payments in arithmetic progression

Example 22. Let us consider a monthly immediate perpetuity. It is paid
after a 2-year deferment and its payments increase by €500 a month with
the first one being €6,000. Find its present value if an annual effective
interest rate equal to 8% is applied.

The payments vary in arithmetic progression with a common difference,
h =500 and C; = 6,000. So, C, = 6,000 + (r — 1) - 500. Graphically:

v
O T~ 6000 6000+500 6000+2:500
| ] ] } }

L L
0 2 12 12 12

M =12

Monthly effective interest rate:
I, = (1+0.08)1/12 — 1 = 0.006434
Therefore, the present value of the perpetuity will be:
6,000 500
VO = (

0.006434 * 0.0064342
Vo = €11,154,652.14

>- (1 + 0.006434)~24
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UNIT 2 PROBLEMS

1. For the following annuities, obtain the present value and the accumulated value (if possible),
using the compound interest regime:

a) An annual non-deferred immediate annuity, comprising level payments over the next 10
years that are equal to €250. Interest rate: 5% annual.

b) An annuity consisting of monthly immediate level payments of €500 to be made for 5 years
after a 6-month deferment. Interest rate: monthly effective interest equal to 1%.

c) A non-deferred sixty-payment quarterly annuity-due. Payments of €200. Interest rate: 8%
annual compounded quarterly.

d) A constant annuity-due, to be paid semi-annually over 5 years, after a deferment of 2 years,
with payments of €350. Interest rate: 2% effective semi-annual rate for the first 4 years of
the financial transaction and 4% annual for the rest of the term.

e) Atwo-year-deferred immediate perpetuity that pays €70 a year. Interest rate: 3% annual.

2. Pau receives a twenty-payment semi-annual annuity. The first eight payments are level, the
amount being €1,000, and the last twelve payments are €1,100 each. The nominal interest rate
compounded monthly is 1.5%.
a) If it is assumed that the annuity is immediate, find its present value and its accumulated
value.
b) If the first payment is made in exactly 1 year, find its present value.
c) If the payments are made at the beginning of each half year, find its present value.

3. Stuart wishes to have €24,500, 4 years from now, to buy a car. He plans to accomplish this
through a savings account with an annual effective rate of 3.40%, by depositing €3,500 today and
€800 every two months for the rest of the 4 years. Will Stuart have at least the desired amount in 4
years?

4. Sarah wishes to purchase a flat. She has saved up €13,200 for a down payment. To pay for the
flat she has been given a thirty-year mortgage with monthly level payments of €820 with a nominal
interest rate of 5.85% convertible monthly. Her payments are due at the end of each month. How
much does the flat cost?

5. An investor wishes to accumulate exactly €50,000 within 18 years from now. In order to reach
his goal, he opens a bank account today, with an initial deposit of €3,000. He will then make constant
deposits at the end of each month for the next 18 years. If the account is governed by an annual
interest rate payable monthly, which equals 2%, find the constant monthly amount to be deposited
for him to achieve his goal.

6. You have been awarded a prize and have the choice of receiving either a payment of €120,000
immediately or a deferred perpetuity of €1,000 annual payments, the first payment occurring in
exactly 4 years. If the current interest rate is an annual 1%, which alternative would you choose?
Write the equation that allows you to calculate the annual interest rate for which both alternatives
are equivalent.

7. A worker aged 40 wishes to accumulate a retirement fund by depositing €1,000 in a pension
scheme at the beginning of each year for the next 25 years.
a) If the pension scheme pays an annual interest of 4%, find the accumulated value at the
moment the worker turns 65 years.
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b) At the age of 65, the worker decides to give the accumulated amount to the pension scheme
in exchange for constant repayments at the end of the following 15 years. Find the amount
of the constant repayments assuming that the same interest rate is applied (as in the
previous 25 years).

c) If the pension scheme had paid an annual interest rate of 4% for the first 10 years and then it
had decreased to an annual 3.5%, what would have been the accumulated value at the
moment the worker was 65 years old?

8. Aloan with a principal of €150,000 will be repaid over the next 30 years with end-of-month level
repayments. If its interest rate is compounded monthly and is equal to 4.80%, find the amount of the
level repayments.

9. All of the following problems are related to annuities with payments in geometric progression:

a) A person purchased an immediate annuity with annual payments for 10 years. The first
payment was €500 and the rest of the payments increased cumulatively by 8% a year. The
purchase price was based on an annual interest rate of 3% compounded quarterly. Find that
price.

b) The first of 40 payments of a monthly annuity occurs in exactly 1 year and is equal to €300.
The payments increase so that each payment is 0.35% greater than the preceding payment.
b.1) Find the present value of this annuity with an annual effective rate of interest of 4.20%.
b.2) Find its present value if a nominal interest rate of 4.20% compounded monthly is

considered.

c) A person is entitled to receive 12 semi-annual payments at the beginning of each 6-month
period. The payments decrease by an accumulative semi-annual 2%, with the third one equal
to €7,000. The nominal interest rate is 2.5% convertible monthly. Find the present value of all
these payments and their accumulated value at the moment of the last one.

d) Quarterly perpetuity-due, deferred 1 year. The first payment is €1,000 and subsequent ones
increase by 1% cumulatively every quarter. Find its present value with a quarterly effective
interest rate equal to 1.20%.

10. For the purchase of a luxury good today, 10 annual payments have been agreed. The first
payment will be €2,500 and then the payments will rise by 12% annually and cumulatively. If an
annual interest rate equal to 6% governs the transaction, find the value of the good today if:

a) The first payment is made in exactly 1 year.

b) The first payment is due today.

c) The first payment matures in 4 years.

11. A person has been making deposits in a savings account at the beginning of each year for 30
years. The first deposit was €2,000, subsequently they increased cumulatively by 3% per year until
the twenty-fourth payment, and after that they stayed level at €4,000. Find the accumulated amount
in the account at the end of 30 years if the annual effective interest rate has been 3.2% for the entire
term.

12. An investor wants to have €200,000 in 20 years. In order to obtain this amount, the investor will
deposit the necessary amounts in a savings fund from now on, at the beginning of each month. The
amounts will increase in such a way that each amount is 0.25% greater than the previous one. The
fund will pay an annual effective interest rate equal to 2.5% for the first 3 years and a 3% nominal
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interest rate accumulated monthly for the rest of the term. Find the value of the first and the last
amounts deposited by the investor in the fund.

13. A loan with a principal of €150,000 will be repaid over the next 30 years with end-of-month
repayments. They will increase monthly by an accumulative 0.30%. If an interest rate compounded
monthly and equal to 4.80% has been agreed, find the amount of the first and last repayments.

14. All of the following problems are related to annuities with payments in arithmetic progression:

a) The following 20 end-of-month deposits have been made in an account earning a semi-
annual effective interest rate of 6%: the first one was €300 while the subsequent deposits
increased by €50 each month. What is the balance in the account at the end of the twentieth
month?

b) Consider an immediate annuity with annual payments for 20 years. The payments are level
throughout the first 10 years, the amount being €1,000. Then, the eleventh payment is €100
greater than the preceding one, the twelfth payment is €100 greater than the eleventh, and
so on. Find the present value of this annuity if the annual effective interest rate is 3%.

c) The following semi-annually payments are to be made: €2,750 today, €2,850 6 months from
now, €2,950 in a year, and so on, until a final payment of €4,150. Using an annual effective
interest rate equal to 10%, find the financial value of these payments today, and at the end
of the 6-month period when the last payment will be made.

d) Fran purchases a perpetuity. The perpetuity pays €100 at the end of each quarter for the first
11 years and then the payments increase by €5 each quarter. Find the purchase price if it is
determined using a nominal interest rate quarterly compounded of 5%.

15. A loan with a principal of €150,000 will be repaid over the next 30 years with end-of-month
repayments, which will increase by €2 monthly. If an interest rate compounded monthly and equal to
4.80% has been agreed, find the amount of the first and the last repayments.

Formulas
1-1+1,)™ 1
C,=C C - agp,, =C- IMM C.E
1—q" (L+L)™
P A+ h) 1+, #q c
C _C r—1 1+IM_q 1 1
r=0C1q [ — q<1l+lIy
Ci'n-q* 1+Iy=gq
h n-h C, h
Cr=Cl+(T—1)'h (Cl+n-h+m)-an—|,M—W E-FI—Z
M
3
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Answers

1.a)V, =€1,93043 V; = €3,144.47.
b) Vo = €21,174.84 V; = €40,834.84.
c) Vo =€7,091.22 V; = €23,266.51.
d) Vo = €2,963.37 V; = €3,905.60.
e) Vo = €2,199.39.

2.a)Vy, = €19,580.38 V; = €22,747.02.
b) Vo = €19,434.16.
c) Vo = €19,727.69.

3. The savings account balance will be €24,486.74. So, Stuart will not have the desired amount.
4.€152,196.97.
5.€175.95.

6. For the given interest of 1% annual, the best alternative is to choose the single payment of
€120,000 because the present value of the perpetuity is €97,059.01.

The equation is 120,000 = 1,000 - -+ (1 + ;).
1

7.a) €43,311.74.
b) €3,895.51.
c) €40,890.02.

8.€787.
9. a)€6,052.68.
b) b.1) V, = €11,531.01.
b.2) V, = €11,507.28.
c) Vo = €73,536.94 V; = €84,364.34.
d) V, = €482,423.51.
10. a) €30,595.39.
b) €32,431.12.
c) €25,688.48.
11. €147,612.66.

12.C, = €458.24 C,,, = €832.26.

13.C, = €497.60 Csqo = €1,458.53.

14. a) €16,670.28.
b) V, = €18,213.91.
c) Vo = €36,893.89  V; = €75,404.90.
d) V, = €26,757.01.

15.C, = €511.40 Csqp = €1,229.40.
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UNIT 3.
LOANS

1. Definition and classification

2. Outstanding loan balance. Other concepts
3. Loan repaid by a single repayment

4. Interest-only loan

5. Amortizing loan with level repayments

6. Changes during the lifetime of the loan

Unit 3. Loans

1. Definition and classification
1.1. Definition
1.2. Classification

1.1. Definition

A loan is a financial transaction by which a person, called the lender or
active party, gives another person, called the borrower or passive party,
a monetary amount, C, called the principal of the loan. In exchange for
the loan, the borrower undertakes to repay the borrowed amount in a
specific term, either through a single repayment or through a set of
repayments, plus the payment of interest.

Therefore, at the time of arranging the loan, there exists a financial
equivalence between the financial capital that the lender lends
(payment) and the financial capital that the borrower repays
(repayments), as a result of the deals that have been agreed by both
parties. This financial equivalence is ruled by the compound interest
financial regime with the effective interest rate agreed on the loan, I,,,.
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Unit 3. Loans
1. Definition and classification

Thus, a loan can be represented by:
Payment: (C,0)

Repayments: {(ar; Tr)}r=1,2,...,n

Graphically:
C
a]. a2 a3 na ar X an—l an
1 | | | | | |
I 1 | I 1 T 1
0o h T T3 . Tr re Thar Ty

If the effective interest rate of the loan is I, then the financial
equivalence between the payment and repayments can be expressed as:

(C, O)N{(ar: Tr)}r=1,2,...,n
l

I;m

Unit 3. Loans
1. Definition and classification

1.2. Classification
Loans can be classified by considering different aspects.

Regarding how the principal of the loan is repaid:
1) Loan with a single repayment of the principal.

The principal C is paid off by a single repayment at the end of the
financial transaction.

2) Loan with periodic repayments (amortizations) of the principal.

The principal C is paid off by periodic repayments made over the
agreed term.

Regarding how the interest on the loan is paid:

1) Loan with a single payment of interest.
There is only a single payment of interest, usually paid at the end of
the financial transaction.

2) Loan with periodic payments of interest.
Payments of interest are made periodically during the agreed term.
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Unit 3. Loans
1. Definition and classification

More particularly, we will study the following three types of loans:

1) Loan with single repayment of the principal C and single payment of
interest Y. In short: loan repaid by a single repayment.
Graphically:

C+Y
| |
0 i
being the financial equivalence: (C,0)~(C', T)withC' =C+Y

2) Loan with a single repayment of the principal C and periodic payments
of interest Y,.. For short: interest-only loan.

Graphically:
C
o2 Y oL Yn-1 Yn+C
| | | | |
| | | | | |
0 p 2p  3p C (n-1)p T'=np

Unit 3. Loans
1. Definition and classification

with: (Cr O)N{(YTU rp); (C, np)}r=1,2,...,n

3) Loan with periodic repayments of the principal A, and periodic
payments of interest Y,.. In short: amortizing loan. Specifically, we will
see loans repaid with level repayments that are comprised of payment
of interest and repayment of principal: amortizing loan with level

repayments.
C

a:A1+Y1 a:A2+Y2 0!=An_1+Yn_1 0{=An+Yn

o P 2p . (n-pp P

with: (C,0)~{(a,p)}y=12. nanda = A, + Y,

In this case, the sum of all the periodic repayments of the principal is
equal to the principal of the loan, that is:

n
C=xA
r=1
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Unit 3. Loans

2. Outstanding loan balance. Other concepts
2.1. Outstanding loan balance
2.2. Other concepts

2.1. Outstanding loan balance

The outstanding balance at any moment T of the loan is the total amount
that the borrower must repay to the lender in order to totally cancel the
loan at that moment, by considering only the payment and repayments
involved in the financial equivalence (disregarding any fees or costs):

(C, 0)1{(051‘: Tr)}rzl,z,...,n
I

We consider two approaches to computing the outstanding loan balance
at moment 7, OLB;: the prospective method and the retrospective
method. It will later be shown that the two methods are equivalent.

Unit 3. Loans
2. Outstanding loan balance. Other concepts

(C, 0) 1’{(“1’: Tr)}r=1,2,...,n

L
Retrospective method: the retrospective outstanding loan balance at T
is the financial value of the principal of the loan at T, minus the financial
value at T of all the repayments made up to and including this moment, at
the same interest rate, I,,,, agreed on the loan.

c— —=

I[olzl o 03 - ) e On-1 %n
[ I I I | I |

0T Ty T3 *** ! v Thog T

- 7
~—

Past of the financial transaction Future of the financial transaction

OLB™ =C-(1+1,)" = 3 a1+ 1))
VT <t
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Unit 3. Loans
2. Outstanding loan balance. Other concepts

Prospective method: The prospective outstanding loan balance at T is
the financial value at T of all the remaining repayments from time T (not
included) until the end of the loan, at the same interest rate, I,,,, agreed

on the loan.
C N\

S @ ap a3 an-1 an)
[ | | | | I I
0T Tp T3 = e Ty Tn
A _
~
Past of the financial transaction Future of the financial transaction
OLBPO = ¥ ap-(1+1y) ™)
V>t
PROPERTY

The retrospective and prospective outstanding loan balances at any

moment T are equal.
OLB!® —oLBP™

Unit 3. Loans
2. Outstanding loan balance. Other concepts

Example 1. A loan with a principal of €60,000, paid today, will be repaid
through annual level repayments at the end of the following 15 years. Itis
ruled by an annual effective interest rate equal to 6%.

 Find the amount of the level repayments.

|
[

0

N—+ R
w1 K

/N
60,000 | «
I
1

The annual effective rate is: 11 =0.06

And the amount of the level repayments can be obtained from:

60,000=c- A5l0.06 = %= €6,177.77
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Unit 3. Loans
2. Outstanding loan balance. Other concepts

« Find the retrospective and the prospective outstanding loan balance 5
years after being given.
By considering the definition of the retrospective outstanding loan
balance, we have:

/\/
60,000[ A0 f\;«:})[ A W A ,\«'\]
A\ A\ A\ A\ A\ AN
N O D 5 A I A
| I | T I | |
0 1 2 -] 6 7 14 15

OLB5rEt = 60,000 (1+ 0.06)5 —8,177.77 agjy 6 (1+ 0.06)5 = €45,468.89

And taking into account its definition, the retrospective outstanding loan
balance after 5 years of being paid is:

OLBP™ =6,177.77 a5, oo = €45, 468.89

Unit 3. Loans
2. Outstanding loan balance. Other concepts

* Find the retrospective and the prospective outstanding loan balance 5
and a half years after being paid out.
Following similar reasoning to that explained above, the retrospective
outstanding loan balance at 5.5 years is:

/\
/_\
60,000
’ a0 W« us Wt AP
[bﬂ\'\:\ bﬁ\'\:\- : -bﬂ\,\’\, ] bﬁ\'\'} bf\[\ C bﬁ\,\,\l b}'\ql
| | I | | I T I |
0 1 2... 5 , 6 7 - 14 15
5+E

OLBLE =60,000-(1+0.06)> —6.177,77-g], o6 -(1+0.06)*° €46,813.09

It is worth pointing out that OLBss can also be calculated from the
outstanding loan balance at year 5:

OLB!% = OLBL® - (1+0.06)" = 45,468.9-(1+0.06)*° = €46.813.09
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Unit 3. Loans
2. Outstanding loan balance. Other concepts

Finally, the prospective outstanding loan balance at 5.5 years is:

60,000 pil
‘ A\ A\ A\ A\ A A\ N
AN\ AN\ AN\ AN\ AN\ AN\ AN\
T TR DA O S N N Y
| | | | | | | | |
0 1 2... 5 1 6 7 - 14 15
5+§

OLBS?EO =6,177.77 a5 g '(1+0-06)0'5 = €46,813.09

Unit 3. Loans
2. Outstanding loan balance. Other concepts

2.2. Other concepts

For all the loans that will be studied in this unit, not only will we analyze
financial equivalence and the outstanding loan balance, but also the
following concepts:

1) Repayment(s).

2) Outstanding principal.

3) Value of the loan.

4) Lender effective interest rate.
5) Borrower effective interest rate.
6) TAE of the loan.

Repayment(s)

Amount(s) repaid by the borrower included in the financial equivalence.
They may be comprised of both the payment of interest and the
repayment (amortization) of the principal, depending on the kind of loan
considered.
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Unit 3. Loans
2. Outstanding loan balance. Other concepts

QOutstanding principal (or non-repaid principal of the loan), OP;

The outstanding principal at moment T is that part of the principal of the
loan that has not been repaid yet at moment 7. The principal of the loan
minus the outstanding principal at T is equal to the repaid principal of the
loan until moment T.

Value of the loan, I;

This is the financial value at T of the outstanding repayments of the loan,
using the current market interest rate.

PROPERTY

If the current market interest rate is equal to the interest rate agreed on
the loan, I,,, the value of the loan and the outstanding balance of the
loan are both equal. Otherwise, they are not.

Unit 3. Loans
2. Outstanding loan balance. Other concepts

In addition to interest, loans may have some associated expenses and
fees, such as, among others:

» Application or booking fee.

» Arrangement fee (also known as Initial, Underwriting, Administrative,
Processing Product, Completion, etc. fee).

Management expenses.
Loan broker fee.
Related taxes.

Maintenance expenses of associated products (credit cards, bank
accounts, ...).

Life insurance premiums.

Early repayment fee.

Land Registry and Public Notary expenses (for mortgages)

Appraisal expenses, Home insurance premiums and Mortgage default
insurance premiums (for mortgages).

Depending on the expenses taken into account, there are 3 different
effective interest rates.

YV V V V

YV V V VY
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Unit 3. Loans
2. Outstanding loan balance. Other concepts

Lender effective interest rate

Effective interest rate for the lender, taking into consideration not only the
principal of the loan and all the repayments agreed in the financial
equivalence but also the fees paid by the borrower in benefit of the lender
and all the expenses the lender has over the lifespan of the loan.

Borrower effective interest rate

Effective interest rate for the borrower, taking into account not only the
principal of the loan and all the repayments agreed in the financial
equivalence, but also all the fees and expenses that are paid both in
order to obtain the loan and during the term of the loan.

Given that, over the term of the loan, unexpected repayments, fees or
expenses, which are not known at the moment of awarding the loan, may
appear, these two effective interest rates can change throughout the life
of the loan. Furthermore, for a specific loan, the borrower effective
interest rate may not be the same for every borrower.

Unit 3. Loans
2. Outstanding loan balance. Other concepts

TAE (Tasa anual equivalente) of the loan

As we saw in Unit 1, Spanish financial institutions must inform about the
TAE of any financial transaction. The TAE is the annual effective interest
rate associated with a financial transaction once the costs and fees
indicated by Spanish laws in force have been considered. These costs
and fees are known (or can be estimated) at the beginning of the
financial transaction and banks have to inform their clients on the TAE
when this transaction is offered.

We also said that most developed countries have laws in force that
contain similar concepts. For example, in the case of credit agreements
for consumers, the European Directive 2008/48/EC introduces the
concept of annual percentage rate (APR) of charge.

Since we focus on the Spanish financial market, we define the TAE of a
loan as the annual effective interest rate associated with this loan when
considering the costs and fees known at the moment of agreeing on the
loan. But only costs and fees indicated by Spanish laws in force have to
be taken into account.

The TAE of a loan is calculated when the loan is awarded and it does not
change over the term of the loan.
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Unit 3. Loans
2. Outstanding loan balance. Other concepts

The costs and fees that have to be considered in order to calculate the
TAE of a financial transaction have changed over time. At present,
Spanish laws in force describe all expenses and fees that must be
included in the calculation of the TAE:

En el calculo de la TAE se incluiran los intereses, comisiones y demas gastos
que el cliente esté obligado a pagar a la entidad como contraprestacion por el
crédito o préstamo recibido o los servicios inherentes al mismo. También se
incluiran las primas de los seguros que tengan por objeto garantizar a la
entidad el reembolso del crédito en caso de fallecimiento, invalidez o
desempleo de la persona fisica que haya recibido el crédito, siempre y
cuando la entidad imponga la contratacion de dicho seguro como condicion
para conceder el préstamo o crédito.

Although other costs and fees may exist, in order to obtain the TAE in our
examples and problems, we will usually just consider the following ones,
that are paid by the borrower in the moment of receiving the loan:

» Application and arrangement fees.
» Other mandatory expenses.

Unit 3. Loans

3. Loan repaid by a single repayment

1) The principal of the loan is repaid through a single repayment at the
end of the financial transaction.

2) There is only one single payment of interest, which is paid at the end
of the financial transaction according to the agreed effective interest
rate of the loan, I,,,.

Einancial equivalence C
(, 0)~i(C T |

-0

I 0

Repayment
C'=C-(1+1y)™

with t = T' — 0 being the term of the loan.

This amount comprises both the payment of interest, Y, and the
repayment of the principal, A.

Y=C-C=C-(1+1,)™ -C A=C

94




BASICS ON THE THEORY OF INTEREST. Applications to the Spanish financial market. L. Gonzalez-Vila, M. Marmol, F.J. Orti & J.B. Saez

Unit 3. Loans
3. Loan repaid by a single repayment

Now we obtain the outstanding loan balance and the outstanding
principal at 3 different moments in time:

« At the beginning of the loan, 0.
+ At any moment between its beginning and its end, 7 € (0, T").
» At the end of the loan, T' .

Outstanding loan balance C— o

* At0: OLBy =C I i |
0 T T

C 1

& C-(1+1,)""

« At7: OLB. = ‘ey
LM ettty ™)

« AtT": OLBr. =0

Unit 3. Loans
3. Loan repaid by a single repayment

Outstanding principal

+At0: OR) =C
«Att: OP,=C
“ALT': ORr:=0

Outstanding loan balance vs. outstanding principal over the term of
the loan

OLB,
OP.
Cle
Y=C'-C
¢ - ! The outstanding loan
| A=C balance and the
| outstanding principal are
0 T he equal at 0 and at T’

The two are different at T € (0, T"). This is because the outstanding loan
balance takes into consideration the accrued interest until moment T and
the outstanding principal does not.
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Unit 3. Loans
3. Loan repaid by a single repayment

Summarizing:
Moment Outstanding loan balance Outstanding principal
0 C C
. Retrospective C-(1+IL,)™" c
prospective | C'+ (1 + I,) ™™ (7' ~7)
T' 0 0

Value of the loan, I;
If the current market interest rate is denoted by IMa7ket the financial
value at T of the outstanding repayments of the loan is:

—m-(T'—-
V, =C 1+ 1anet) =)

The lender effective interest rate, the borrower effective interest rate
and the TAE of the loan can be obtained as described in subsection 2.2.

Unit 3. Loans
3. Loan repaid by a single repayment

Example 2. A loan with a principal of €30,000 will be repaid through a
single repayment, which includes interest and the principal, in 4 years. If
its annual effective rate is 7.5%, it has a €300 initial fee and the borrower
pays €600 of mandatory expenses at the beginning of the loan.

* Find the amount of the single repayment and split it into interest and

principal.
30,000/_\ c'
! | l; =0.075
0 4
C'=30,000-(1+ 0.075)4 =€40,064.07
So:

Y =C'-C =40,064.07 —30,000 = €10,064.07
A=€30,000
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Unit 3. Loans
3. Loan repaid by a single repayment

» Obtain the outstanding loan balance 2 and a half years after being
lent.

& =30,000-(1+0.075)* = €35,945.33

xS

OLBy s =%
25 ™ Prag = 40,064.07 - (1+0.075) - = €35,945.33

* Find the outstanding principal after 2 and a half years of being lent.

OP, 5 = €30,000

« If today, 2 and a half years after the principal was borrowed, the current
market interest rate is an annual 6%, what is the financial value of the

loan?
30,000 @4.07
| |
I 1
25 4

0

V, 5 = 40,064.07-(1+0.06) > = €36,711

Unit 3. Loans
3. Loan repaid by a single repayment

» Determine the borrower effective interest rate and the TAE of the
loan.
To determine the borrower effective interest rate, we not only consider
the single repayment but also all other fees and expenses.

Principal of Initial  Mandatory Single
the loan fee expenses repayment

(30,000, 0)1{(300, 0), (600, 0), (40,064.07, 4)}

Borrower effective interest rate, I;

Graphically:
Principal of the loan —» w’(m Single
initial fee  — 300 ~— repayment
600 40,064.07
Mandatory — ! !
expenses O 4

If we calculate the value at moment 0, we will have:
30,000 = 900+ 40,064.07 - (1+ 1) ™

I; =0.083217 =8.3217%
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Unit 3. Loans
3. Loan repaid by a single repayment

As for the TAE, since Spanish current laws say that both the initial fee
and the mandatory expenses have to be considered, we have the same

equation: _4
30,000 =900 +40,064.07 - (1+ |1)

So: TAE = 0.083217 =8.3217%

* 2 and a half years after the loan is granted, the borrower decides to
completely cancel it. Determine the borrower effective interest rate if
at that time he pays an early repayment fee of 0.25% on the
outstanding principal.

In order to totally cancel the loan the borrower pays its outstanding loan
balance, OLB, 5 = €35,945.33, and the early repayment fee:

30,000-0.0025 = €75

To obtain the borrower effective interest rate, we consider all the
payments and repayments involved in the financial transaction.

Unit 3. Loans
3. Loan repaid by a single repayment

Graphically:
I Outstanding
Principal of the loan — 30,000 35,945.33“— loan balance
initial fee  — 300 75 «—— Early repayment fee
600
Mandatory — |
expenses 0 25

If we value at moment 0, we have:

30,000 = 900+ (35,945.33+ 75) - (1+ Iy ) >°
I, = 0.089085 = 8.9085%
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Unit 3. Loans

4. Interest-only loan

1) The principal of the loan is repaid through a single repayment at the
end of the financial transaction.
2) The term of the loan is split into n periods of length p, p = % and

payments of interest are made at the end of each period according to
the agreed effective interest rate, I,,,.

Financial equivalence

C C
Y Y Y o Y Y
——— —
0 p 2p  3p C (n-1)p np
(C, O)T{(Y! rp): (C; np)}r=1,2,...,n
Im

C=Y-am|m+C-(1+Im)_n

Unit 3. Loans
4. Interest-only loan

The periodic payments of interest are level (constant):
Y=C-I,

The single repayment of the principal, A4, that is paid at the end of the
loan, is:

A=C

Now we obtain the outstanding loan balance and the outstanding
principal at 4 different moments in time:

« At the beginning of the loan, 0.
« At the end of each period of the loan: rp.

NOTE: We will always consider, unless otherwise stated, that the payment of
interest Y has just been made.

» At a specific moment within a period of the loan: T € (rp, (r + 1)p).
| |

|
I I
* At the end of the loan, np . p zl- (r+1)p
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Unit 3. Loans
4. Interest-only loan

Outstanding loan balance

. At0: OLBy =C

C C
Yoy Py Y Y
p

& C'(“'m)r_Y'aﬂlm (1+1p)'=C
« Atrp: OLB,, ="
P Y +C (14 1,) "o

Unit 3. Loans
4. Interest-only loan

o AtT:

OLB OLB
P L, OLB

| I | 2
rp r (r+Dp

= OLByp - (1+ 1™

* Atnp: OLBp, =0

Outstanding principal

«At0: ORy) =C
« Atrp: OF, =C
o At T: OPZ' :C

- Atnp: OF,;, =0

The outstanding loan balance and the outstanding principal are equal at
0, at np and at the end of each period once the payment of interest has
been made.
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Unit 3. Loans
4. Interest-only loan

Outstanding loan balance vs.

the loan

OLB,
OP,

outstanding principal over the term of

. NN 1, Y=C-ly,

The outstanding loan balance and the outstanding principal are different
at a specific moment T within a period of the loan. This is because the
outstanding loan balance takes into consideration the accrued interest
until moment T and the outstanding principal does not.

Unit 3. Loans
4. Interest-only loan

Summarizing:
Moment | Outstanding loan balance | Outstanding principal
0 C Cc
Retrospective C
™D , C
Prospective C
7
o O
| | I
T rp T (r+l)p C
OLB, =OLByy -(L+1,)™ (™)
np 0 0
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Unit 3. Loans
4. Interest-only loan

Value of the loan, I}
If the current market interest rate is denoted by IM47ket the financial
value at 7 of the outstanding repayments of the loan is:

N

a C

9
1 N =
o P 2p pi(r+1)p (n-1)p NP

T

Market | (") Market \™(7=TP)
vrz[v-amlmarket+c.(1+|mare) ](ulm’“)

The lender effective interest rate, the borrower effective interest rate
and the TAE of the loan can be obtained as described in subsection 2.2.

Unit 3. Loans
4. Interest-only loan

Example 3. A loan with a principal of €5,000 will be repaid with quarterly
payments of interest and a lump sum payment of the principal in 2 years.
The nominal rate of interest payable quarterly is 12%, there is an initial
fee of 1.5% of the principal and the borrower pays mandatory expenses
of €135 when the loan is awarded. Find:

« The amount of the quarterly payments of interest.

The quarterly effective interest rate of the loan is:
0.12

i4 2012 jnd |4 ZTZOOS
So, the amount of the quarterly payments of interest is:
Y =C-14=5,000-0.03=€150

e The outstanding loan balance and the outstanding principal 6
months (2 quarters) after the beginning of the loan.

5,000 5,000
150 150 150 . .. 150 150
I I [ I i I
0 — - g 1+g 2
12 12 12 12
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Unit 3. Loans
4. Interest-only loan

Immediately 6 months after the beginning of the loan, a payment of
interest of €150 is made. Therefore, at that moment, the outstanding
loan balance and the outstanding principal are equal. That is to say:

OLB, =0P, =£5,000
12

The outstanding loan balance and the outstanding principal 7
months after the beginning of the loan.

To obtain the outstanding loan balance after 7 months, we can consider
the outstanding loan balance after 6 months and the accumulation
factor for 1 month, i.e.:

oLB, OB .
5o 2 OLB. =5,000-(1+0.03)"12 = €5,049.51
| | 19
5 ; B 12
2 12 12

And the outstanding principal after 7 months is equal to the principal of
the loan: €5,000

Unit 3. Loans
4. Interest-only loan

The value of the loan 1 year after being awarded, if the market interest
rate at that moment is 10% annual effective.

5,000 <~~~ 5,000
150 .. 150150 . . . 150

| i | I3 I

0 E . 1 1+ﬁ e 2

The quarterly effective interest rate equivalent to the market interest
rate of a 10% annual effective rate is:

I, =0.10=> I5 =(1+0.10)V* ~1=0.024114

So:

Vy =150- 851, 14174 + 5000+ (1+0.024114) ™ — €5,110.96
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Unit 3. Loans
4. Interest-only loan

» The equation that allows us to obtain the borrower effective interest
rate.
To determine the borrower effective interest rate, we consider all the
guarterly payments of interest, Y = €150, the lump sum repayment of
the principal, A = C = €5,000, initial fee, 5,000 0.015 = €75, and
mandatory expenses, €135.
Drawing all this financial capital on the timeline:

Principal of Repayment of
the loan —> 9,000 — the principal
Mandatory 5.000
expenses > 135 !
L Quarterly
Initial fee =~ 7? [1|50 15|0 ]\ payments of
| I | interest
3 A
0 3 2

12

Since the payments of interest are made quarterly, a quarterly effective
interest rate has to be used. If we value at O:

5,000 =135+75+150-ag; +5,000-(1+ 1)8

Unit 3. Loans
4. Interest-only loan

Using a suitable software, I, can be obtained.

I, =0.03614

» The equation that allows us to calculate the TAE of the loan.

In this case, since Spanish current laws say that both the initial fee and
compulsory expenses have to be included in the calculation of the TAE,
we have the same equation and interest rate as in the previous
guestion.

The TAE will be the effective interest rate equivalent to Iy, i.e.:

TAE = I; = (1+0.03614)" —1=0.15258 = 15.258%
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Unit 3. Loans

5. Amortizing loan with level repayments

1) The term of the loan is split into n periods of length p, p = %

2) The loan is repaid through level repayments, a, at the end of each
period according to the agreed effective interest rate, I,,,.
3) These level repayments include the payment of interest corresponding

to each period and a partial repayment (amortization) of the principal of
the loan.

La =Y, + A,
\ Partial repayment
Level (amortization) of principal
repayment of _ of period r
period r Paymgnt of interest
of period r
Unit 3. Loans
5. Amortizing loan with level repayments
Financial equivalence
C
@ a a o a a
| | | | | |
0 P 2p 3p C (n__’]_)p np

(C, O)I{(al rp)}Tzl,Z,...,n C =a- amlm =a= aml
m

I
As we previously saw: o = Y, + A,

» The payment of interest made at the end of the period 7 is:
Yr=0R_1-In

» The partial repayment (amortization) of principal made at the end of
period 1" is: A =a-Y,

In addition to these relationships, there are also other obvious ones. We
illustrate them with an example.
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Unit 3. Loans
5. Amortizing loan with level repayments

Example 4. Let us consider an amortizing loan with 5 level repayments.
C

0 - 2 3\ 5

n Just after the moment of making the

C=% Ar =A+A+ Ag + A+ A5 31d repayment (at the end of the 37

r=1 period), the outstanding principal is

equal to the sum of all the pending
repayments of principal.

n _ Alternatively, it is equal to the principal of

OPF - Z AS OP3 a A4+A5 the loan minus all the repayments of

s=r+l principal made since that moment.

OF =C-2 A| OP=C-(A+A+A)
s=1 —_—

Part of the principal repaid
at the end of the 3" period

a=A+Y, a=A,+Y, a=~A+Y; a=A+Y, a=A+Y;
| 1 1 1 |
|
4

OP.,1=0P, - A,j| OP,=0R,-A,

Unit 3. Loans
5. Amortizing loan with level repayments

All the concepts related to an amortizing loan with level repayments can
be grouped in its amortization table or amortization schedule.

rla |Y, | A |OP

r r r

r Level Payment of interest Repayment of Outstanding

repayment principal principal

(04 Yr r

0 ORy=C
1 Y1=C'|m A(_L=OC—Y1 OP1=OP0—A_|_
2 Y2=0R-ly |A=a-Y;|0R,=0R-A,
3 Y3=OP2'|m A3=a—Y3 OP3=OP2—A3
n a Yo =0R .- In Ay =a-Y, OR, =0
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Unit 3. Loans
5. Amortizing loan with level repayments

Example 5. Construct the amortization table for a loan with a principal of
€1,000 to be repaid with constant semiannual installments over 3 years,
if the loan is governed by 8% annual interest compounded semiannually.

First, we calculate the amount of the level repayments (installments):

-6
) 1-(1+0.04
i2:0,08:>I2=¥=0.04 1,000=a~%3a=€190.76
So, the amortization table of the loan is: '
(24 Yr Ar OPr
1,000.00

190.76 40.00 150.76 849.24
190.76 33.97 156.79 692.45

190.76 27.69 163.07 529.38
190.76 21.17 169.59 359.79
190.76 14.39 176.37 183.42
190.76 7.34 183.42 0

O |lWINIFRLPIO| =

Unit 3. Loans
5. Amortizing loan with level repayments

In the previous amortization table, it can be seen that even though the
amount of the repayment & is constant, as time goes by the payment of

interest, Y,., decreases and the repayment (amortization) of principal, 4,.,
increases. This is because the payment of interest made at the end of a
period is calculated by applying the effective interest rate to the
outstanding principal at the beginning of the period, and this outstanding
principal gradually decreases from period to period.

PROPERTY

In amortizing loans with level repayments, repayments (amortizations)
of principal vary in geometric progression, i.e.:

r-1
A=Aq
with the common ratio and the first element given by:
q=1+1p A=a-Yy =a-C-I
A=A-(1+ |m)r_1
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Unit 3. Loans
5. Amortizing loan with level repayments

Example 6. In the amortization table contained in example 5 we
obtained:

A =15076 A, =156.79  A;=163.07
A, =16959  A;=176.37  A;=183.42

The interest rate for this loan was I, = 0.04.
In this case, the following is satisfied:

A =A-(1+1) 1 =150.76-1.04"2

Thus, for instance:
Ag =150.76-1.04>1 =163.07

Ag =150.76-1.04%1 =183.42

Unit 3. Loans
5. Amortizing loan with level repayments

Now we obtain the outstanding loan balance and the outstanding
principal at 4 different moments in time:

« At the beginning of the loan, 0.
* At the end of each period of the loan: rp

NOTE: We will always consider, unless otherwise stated, that the level
repayment a has just been made.

« At a specific moment within a period of the loan: T € (rp, (r + 1)p)

rp T (r+1)p

* At the end of the loan, np .
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Unit 3. Loans
5. Amortizing loan with level repayments

Outstanding loan balance

* AtO: OLBO =C

¢ a...oba .. a o«
| | |
| |

0

o R

. r r
e\<°eQ C-(1+|m) —a-aﬂlm-(l+lm)
. Atrp: OLBrp:‘p\
e

0O,
. A T

o
* AtT: OLBrp OLB

L OLB, =OLBy,-(L+1y)™™

* At np: OLBnp =0

Unit 3. Loans
5. Amortizing loan with level repayments

Qutstanding principal

* At 0: OPO =C
* Atrp: OP, = OLBrp

Right after paying the level repayment corresponding to period I, the
outstanding loan balance does not contain accrued interest, i.e. it is
only composed of principal. This is the reason why the outstanding
principal and the outstanding loan balance are equal.

« Att: OP, =OF,
* Atnp: OR, =0

The outstanding loan balance and the outstanding principal are equal at
0, at np and at the end of each period once the level repayment has
been made.
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Unit 3. Loans
5. Amortizing loan with level repayments

Outstanding loan balance vs. outstanding principal over the term of

the loan

OLB
OP,
C

T

= 1 I
Qoo
'\J e — —
o
>
©

A closer look of the first repayment

C

The outstanding loan balance and the outstanding principal are different

at a specific moment T within a period of the loan. This is because the
outstanding loan balance takes into consideration the accrued interest

until moment T and the outstanding principal does not.

Unit 3. Loans
5. Amortizing loan with level repayments

Summarizing:
Moment Outstanding loan balance Outstanding principal
0 C C
Ret ti C-(L+ly) —a-aq -(L+1y)
- etrospective m Tlim m OLBTp
Prospective | P
T
OLBy, OILBf |
[ [ I
T rp T (r+Dp OLB,,
OLB, =OLBy, -(L+1,)™ (™)
np 0 0
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Unit 3. Loans
5. Amortizing loan with level repayments

Value of the loan, I;
If the current market interest rate is denoted by IMa7ket the financial
value at T of the outstanding repayments of the loan is:

i

)

| T
| |
0o P 2p . m|(r+Yp ... (n-)p M

T

m-(z—rp)
Ve = [a ' aﬂhrlxlarket ](1"' Ir’:{larket)

The lender effective interest rate, the borrower effective interest rate
and the TAE of the loan can be obtained as described in subsection 2.2.

Unit 3. Loans
5. Amortizing loan with level repayments

Example 7. A mortgage of €125,000 is being amortized with level
repayments at the end of each month for 15 years, at a 6% interest rate
convertible monthly. The borrower pays the bank an initial fee equal to
2% of the principal of the loan and initial obligatory expenses of €550.
Your are asked to:

 Obtain the amount of the level monthly repayments.

0

SN\
125,000 | @
|
3

B Q
Rlew 11 R

1

N

. 0.06
The loan interest rate is: hp =0.06 = I, =5 0.005

Therefore:

1-(1+0.005) %0

125,000=c-
0.005

= a=%1054.82
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Unit 3. Loans
5. Amortizing loan with level repayments

e Calculate the outstanding loan balance and the outstanding
principal 6 years after the loan was lent.

Six years after securing the loan, 72 months have gone by and, as
usual, we consider that the repayment has just been made.

125,000

' QL QY < < D
S ) SRS

(AN AT WS AT R W \9‘1

f { |2 | | |ll |

1 2

il = e 64+— 6+— L 14+— 15
2 72months’ 12 °T 12 12

For the outstanding loan balance:

(125,000 (1+0.005)"? ~1,054.82- a1, o -(1+0.005)"% =
s .
¢ = €87,859.66

OLBg =
"% 1,054.82- a75510.005 = €87,859.66

This moment is the end of a period, so the outstanding principal and the
outstanding loan balance are equal.

OPy, = OLBg = €87,859.66

Unit 3. Loans
5. Amortizing loan with level repayments

* Find the outstanding loan balance and the outstanding principal 6
years and half a month (or 72.5 months) after the loan was lent.

125,000
stf@ e qu‘-@’ K mfg’gsb‘@ chm-@' s
LY M) RS T B NS
| 7 | | | !
1 2
1 2 12 o !
2 1 6 |6+ 6+ BTE
6 years &
half a month

In this case, since we are considering a moment in time between 6 and
1 . .
6+ 7 to obtain the outstanding loan balance after 6 years and half a

month, we can take the outstanding loan balance after 6 years (72

months) and the accumulation factor for half a month, i.e.:
P

oLBs %08 .
| l |- OLB_, =87,859.66-(1+0.005) = €88,079.04
05 1 1
6 6+— 6+—
12 12
72 months 73 months
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Unit 3. Loans
5. Amortizing loan with level repayments

The outstanding principal after 6 years and half a month is the same as
the outstanding principal after 6 years.

OPy, c = OP;, = €87,859.66

Split the level repayment made 2 years after the loan was given into
payment of interest and repayment (amortization) of principal.

We are going to see two different ways of splitting the repayments into
payment of interest and repayment of principal.

First way
The repayment made after 2 years is the 24%, so:

a = 1,05482 = Y24_ + A24

We first calculate the repayment (amortization) of principal
corresponding to the 24" month, A,,4, by considering that in amortizing
loans with level repayments, repayments (amortizations) of principal
vary in a geometric progression:

A=A-(1+1n) " wih  A=a-Yy=a-C-lpy

Unit 3. Loans
5. Amortizing loan with level repayments

In our example:
A =1,054.82-125,000-0.005 = €429.82
Y,=625
Therefore:
A =429.82-1,,005" %
Aoy = 429.82-1.005%4 7 = €482.07
Yoy = — Ay, =1,054.82 - 482.07 = €572.75

Second way
In this case, from:
a = 1,05482 = Y24 + A24

we first calculate the payment of interest corresponding to the 24t
month, Y,,, by considering that in amortizing loans with level

repayments:
i Y =0P_-1n
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Unit 3. Loans
5. Amortizing loan with level repayments

And for r = 24, Y4 = OP,3-0.005
OP23 = OL823 =], 054.82- alﬁoloos = €114,55076

It follows that: Ya4 =114,550.76-0.005 = €572.75
And then: Ayy =1,054.82—572.75 = €482.07

» Obtain the repaid principal 10 years after the loan was secured, just
after the repayment of the corresponding «.

125,000
! LU 92 <L <) g <L Q

SN SN ol S

AP Co WX e

I J- |2 Ill l ! Ill l

1
= £ R i1 R
12 12 9+12 10 10+12 +l 5
120 months

First, we calculate the outstanding principal after 10 years. Once it has
been calculated, the repaid principal at that moment will be the
difference between the loan principal and the outstanding principal.

Unit 3. Loans
5. Amortizing loan with level repayments

OPy50 = OLByg =1,054.82- 855)0 005 = €54,561.16
So, the repaid principal after 10 years is:

125,000 —-54,561.16 = €70,438.84

 Obtain the value of the loan 10 years after being awarded, if the market
interest rate is 10% annual effective.

V1o ’\
125.000
L P P @ 9 & y
Do P B o B P o r.me B o
1
il i P = I 14+==
0 12 12 9+12 10 10+12 +12 15

The monthly effective interest rate equivalent to 10% annual effective is:

l;=0.10 = Iy, =(1+0.10)%*2 ~1=0.007974
VlO =1,054.82- 8@0.0079742 €50,144.56
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5. Amortizing loan with level repayments

 Write the equation that allows us to obtain the TAE of the loan.

To determine the TAE, we consider all the monthly repayments and
costs and fees known at the moment of awarding the loan. The initial
fee is 125,000 - 0.02 = €2,500, and the obligatory expenses, €550.

Principal of
tlhellgan /125,OOO re l;evme(lnts
Obligatory _»550 pey
expenses 2 500
nitial fee = [ Qsﬁ’q’ - ' 5&‘-’9’]
Lo D
[ ]I- ]
0 15

12
Since the level repayments are made monthly, a monthly effective
interest rate has to be used. If we value at 0:

125,000 =550+ 2,500+1,054.82 - g0l
or equivalently: )—180

125,000 =550+ 2,500 +1,054.82 1_(1%
12

Unit 3. Loans
5. Amortizing loan with level repayments

Using a suitable software, the monthly effective interest rate, I;, can be
obtained.

The TAE would be the annual effective interest rate equivalent to I,
ie.

l;, =0.005323

TAE = (1+ 11,)*? ~1=0.06578 = 6.578%
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5. Amortizing loan with level repayments

Amortizing loans with a waiting term

Amortizing loans with level repayments can be agreed with a waiting
term. This means that there is a term before the repayments a begin,
during which no amount of the principal is repaid. There may be two
different situations:

 Partial waiting term: there is an initial waiting term in which only
payments of interest, Y = C - I,;;, are made at the end of each period.
When the waiting period finishes, n level repayments, a, that include
payment of interest and repayment (amortization) of principal, are paid.

 Total waiting term: there is an initial waiting term in which no amount
is paid (neither payment of interest nor repayment of principal). When
the waiting period finishes, n level repayments, «, that include payment
of interest and repayment (amortization) of principal, are paid.

Unit 3. Loans
5. Amortizing loan with level repayments

« Partial waiting term
Supposing that the waiting term lasts d periods:

C
Cly Cly . . Clpy a « a o
| | | | | | | |
I | | I | I | ]
O P 2p ...dp (d+1)p (d+n)p
Waiting period: d n level repayments that include payment of
payments of interest interest and repayment (amortization) of principal
_ —d
C=C-lIn-ag) +a-aq (1+1y)
—d
1—(1+ Im) -d —_ .
C_C'lm'T:“’amlm'(“'m) C=«x amlm

This expression is the same as the one we obtained for the case of a
loan without a waiting term. This is because, once the partial waiting term

ends, the outstanding principal is C, which has to be repaid through n
level repayments of amount «.
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5. Amortizing loan with level repayments

Example 8. A loan with a principal of €10,000 will be repaid with level
repayments at the end of every 6-month period. The term of the loan is
10 years, with the first 2 being a partial waiting term. If the interest rate is
5% semiannual. Find:

* The amount of the semiannual payments of interest made in the
waiting period.
I, =0.05 Y =10,000-0.05 = €500

» The amount of the level repayments to be made once the waiting
period finishes.

The outstanding principal at the end of the waiting term is C =
€10,000. So:
10,000 = & - agg), o5 = @ = €922.70

 Graph the loan on the timeline.

10.000
| 500 500 9227 927 . .. 9227 927
| | ]
I | I I I | 1

|
I
0% 1 ...2 241 3 94+ 10

[

N
N

Unit 3. Loans
5. Amortizing loan with level repayments

* Total waiting term
Supposing that the waiting term lasts d periods:

C (04 a e a a
| | | | | | | |
[ | | | | | | ]
O P 2p ...dp (d+1)p (d+n)p
I No amount is paid | n level repayments that include payment of

interest and repayment (amortization) of principal

—d
C =a-am|m (1+1y)

or equivalently:

d
C-(l+ |m) =a~am|m
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Example 9. A person borrows €10,000. The loan is governed by an
annual rate of 8% and is being amortized through 60 constant
repayments at the end of each month after a total waiting period of 2
years in which no payments are made. Find the amount of the constant
repayment.

10,000
(04 o (24 o
| ] | | | | | |
(l) | | I I I ) | ]
1 2 ... 2 2+L 2425 6.1l 7
12 12 12 12 12
| No amount s paid | 60 level repayments that include payment of

interest and repayment (amortization) of principal

The interest rate for the loan is:
;=008 = Iy, =(1+0.08)¥*2 ~1=0.006434

So, the amount of the level repayments is:

10,000 = ¢t a5, gpazs - (1+0.006434) 2

= a =€234.95

Unit 3. Loans

6. Changes during the lifetime of the loan

During the lifetime of a loan, some changes with respect to the conditions
initially agreed may occur. These changes can be, among others:

« Variation of the repayment.

« Variation of the term of the loan.

« Variation of the interest rate.

« Partial repayment of the outstanding principal.
* Total repayment of the outstanding principal.

In any of these situations the following steps will be followed:

1. Obtain the outstanding principal of the loan at the time of the change of
the condition.

2. Apply the condition that has to be modified.

3. Recalculate the new corresponding variable (repayment, term, etc.).
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6. Changes during the lifetime of the loan

Example 10. 5 years ago a loan of principal €60,000 was given. The loan
was agreed with periodic payments of interest every 2 months and a single
repayment of the principal 15 years after its grant. The rest of the conditions
were:

¢ Annual interest rate: 2.4% payable every 2-month periods.

e Arrangement fee: 1% of the principal.

< Initial mandatory mortgage default insurance: €1,000.

< Early repayment fee: 0.5% of the principal that is amortized at that time.

Today, after the corresponding interest payment, an early repayment of
€9,000 is made. Determine:

a) The amount of the payments of interest over the first 5 years.
i = 0.024 = 1 :% _0.004 = Y = 0.004-60,000 = £240
b) Equation that allows obtaining the TAE of the loan.

In order to obtain the TAE, only the initial conditions which were agreed for
the loan have to be taken into account.

Unit 3. Loans
6. Changes during the lifetime of the loan

Since the payments of interest are made every 2-month period, an effective
interest rate for a 2-month period has to be used. If we evaluate at O:

Principal
of the loan

~ 60,000 Mortgage default
Arrangement] (Q(Q «—— nsurance
]

¢ ~600 240 240 ... 240 240 240+ 60,000
i —
0 1 2z PR 8 15
6 6 5 "
TODAY

1-(1+1g) P
60,000:1,000+600+240-|—
6
From this equation, and using a suitable software, the effective interest rate
for a 2-month period, 16, can be obtained.

+60,000-(1+ 1g) ™"

The TAE would be the annual effective interest rate equivalent to 16, i.e.

TAE =(1+16)% -1
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6. Changes during the lifetime of the loan

¢) The amount of the payments of interest to be made from today
onwards.

First, we calculate the outstanding principal today:

OR; = OLB; = €60,000

After the partial repayment of the principal, the new outstanding
principalis: op ., = 60,000—9,000 = £51,000
So, the amount of the new payments of interest is:

Ynew = 0.004-51,000 = €204

d) Equation that allows us to obtain the borrower effective interest rate
by considering the partial early repayment made today.

We have to consider the principal of the loan and all the repayments
made by the borrower.

Graphically:
Unit 3. Loans
6. Changes during the lifetime of the loan
Principal
of the loan Early
~ 60, 000 Mortgage default repayment
Arrangement 1, 000 «— insurance 45/ fee
fee — 600 240 240 . . .240+9,000 . . . 204 204+51,000
—— —
0 E g 5 3 15
Valuing at 0:
-30
1-(1+1 |
60.000:600+1.000+240-(I—G)+9.045~(1+ lg) 0 +
6
—60
1-(1+1 - -
+204.(—6)-(1+|6) %0 151.000-(1+ 1)

le
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6. Changes during the lifetime of the loan

Example 11. Let us consider a loan with a principal of €150,000. It was
agreed that it would be repaid over 20 years with level repayments at the
end of each month, by applying a 5.64% compounded monthly interest
rate.

* Find the amount of the level repayments.

/\
150,000 | @ a a a a
— T .
0 = = = 19+ 20
The interest rate for the loan is:
. 0.0564
|12 =0.0564 = |12 = =0.0047
So, the amount of the level repayments is:
—240
1-(1+0.0047
150,000 = ¢ 1= (1+0:0047) — = €1,043.73

0.0047

Unit 3. Loans
5. Amortizing loan with level repayments

» Today, 5 years after the loan was awarded, once the corresponding
level repayment has been made, the lender and the borrower agree
that from now on the level repayment will change to €1,500. If the rest
of the initial conditions remain the same, find the new term of the loan.

First, we calculate the outstanding principal 5 years (60 months) after
the loan was given:
OR59 =0LBgp =1,043.73- a80l0.0047 = €126,584.61

If from now on the level repayments will be €1,500, we have to
determine how long this amount has to be paid to be able to repay the
current outstanding principal, 0P, that is to say:

126,584.61=1,500-ay)) 047 = N= 107.75

This means that 107 repayments of €1,500 and an additional
repayment of the necessary amount to totally repay the loan will be
made. The new term is therefore 108 months.
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Example 12. Let us consider the loan included in example 11 with its
initial conditions.

Today, 5 years after the loan was given, once the corresponding level
repayment has been made, lender and borrower agree to reduce the
term of the loan by 6 years. If the rest of the initial conditions remain the
same, find the amount of the new repayments.

We know, from example 11, that the outstanding principal today is:

The initial term of the loan was 20 years and therefore today there are 15
years left. However, since lender and borrower agree to reduce the term
by 6 years, it will now be just 9 more years (108 months).

The amount of the new repayments has to be calculated by considering
the current outstanding principal and the number of future repayments to
be made:

1-(1+0.0047) %8

0.0047

126,584.61=c- = a=%£€1,497.31

Unit 3. Loans
5. Amortizing loan with level repayments

Example 13. Let us consider again the loan included in example 11 with
its initial conditions.

Today, 5 years after the loan was given, once the corresponding level
repayment has been made, a change in the interest rate of the loan is
agreed. It will be the last published Euribor plus a differential of 2.25%.

If the rest of the initial conditions remain the same, and the last published
Euribor is 0.55%, find the amount of the new repayments.

We know, from example 11, that the outstanding principal today is:

The new interest rate to be applied from today on is:

0.028 :
o =0.0055+0.0225=0.028 = l1» = ETEE 0.0023

Last Euribor || Differential

published

The new level repayment that must be made to repay the outstanding

principal with the new interest rate is: ..—180
1-(1+0.0023)

126,584.61=¢- .
0.0023

= a =€862.05
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Example 14. Let us consider once again the loan included in example 11
with its initial conditions.

Five years after the loan was awarded, besides the corresponding level
repayment, the borrower paid an extra €25,000 to partially repay the
outstanding principal.

« If the rest of the initial conditions remain the same, find the amount of
the new repayments.

We know, from example 11, that the outstanding principal 5 years after

the loan was secured is:
OP60 =€126,584.61

After the partial repayment of the principal, the new outstanding
principal is:
OP\ ey =126,584.61— 25,000 = £101,584.61

The amount of the new level repayments, a’, will be that which, paid
monthly over 15 years, will repay €101,584.61:

101,584.61=c"- Ag0lo.0047 = ' =€837.60

Unit 3. Loans
5. Amortizing loan with level repayments

* Two years and 3 months after making the partial payment of the
principal (see the previous section), once the corresponding level
repayment has been made, the borrower decides to totally repay the
loan. If there is no early repayment fee, obtain the amount that the
borrower must pay.

) a 115 =0.0047
150,000 RO =
17 L NOPA ® L0

LA W % P S

I | I I ) l 3 I I I

1 P : Fio'y GIE 1]

0 1z 5 "‘]2 7"‘*'E,+E 9+ 20

L -

il W
of the loan 12 years and 9 months (153 months)

The amount that the borrower must pay is the outstanding principal 7
years and 3 months (87 months) after the loan was awarded. Since the
loan was initially agreed for 240 months, there are 153 months left.
Therefore, the outstanding principal at that moment is:

ORg7 = OLB7+£ =837.60- a5310.0047 = €91,242.81
12
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Unit 3. Loans
5. Amortizing loan with level repayments

» Write the equation that allows us to obtain the borrower effective
interest rate by considering the previous sections, that there was an
initial fee equal to 2% of the principal and that the borrower paid
mandatory initial expenses of €2,000.

To determine the borrower effective interest rate, we consider the
principal of the loan and all the repayments made.

Drawing the financial capital on the timeline:

Level repayments Level repayments

Brincinal before the partial Partial earlty after the partial Total earlyt
ofrtlf?et:llgzn repayment repaymen repayment repaymen
\150,000 / l \ /
___——2,000 25,000 91,242.81
nital 3,000 (104373 104373[ 83760 - - - 837.60 |
expenses/ I I I { ! n i
nitial fee 0 2 5 St o 7+%

Using a monthly effective interest rate:

150,000=3,000+2,000+1,043.73- a5, +25,000-(1+13) "

+

+837.60-257), (L4 p) 0 +9124281 (1 byp) O

Unit 3. Loans
5. Amortizing loan with level repayments

By using a suitable software, the borrower effective interest rate, 115,
can be obtained.

With all the information given above, write the equation that allows us to
obtain the TAE of the loan.

In order to obtain the TAE, only the initial conditions which were agreed
for the loan have to be taken into account.

Since the level repayments are made monthly, a monthly effective
interest rate has to be used. If we evaluate at 0:

150,000 = 3,000+ 2,000+1,043.73- a0l

From this equation, and using a suitable software, the monthly effective
interest rate, 1;,, can be obtained.

The TAE would be the annual effective interest rate equivalent to I;,,
ie.:

TAE = (1+ 1)t -1

124




BASICS ON THE THEORY OF INTEREST. Applications to the Spanish financial market. L. Gonzalez-Vila, M. Marmol, F.J. Orti & J.B. Saez

UNIT 3 PROBLEMS

1. Aloan with a principal of €18,000 will be repaid through a single repayment, 3 years after it has
been given. This single repayment includes the payment of interest accrued during the term and the
repayment of the principal. The interest of the loan is an annual effective rate of 5.5%, it has an initial
fee equal to 1.5% on the principal and the borrower pays mandatory initial expenses of €150. Obtain:
a) The amount of the single repayment. Split it into payment of interest and repayment of
principal.
b) The annual effective interest rate of the loan, the borrower annual effective interest rate and
the TAE of the loan.
c) The outstanding principal and the repaid principal 1 year and 2 months after the loan has
been lent.
d) The amount to be paid by the borrower, in order to totally cancel the loan, 1 year and 2
months after it has been given.
e) The value of the loan, 1 year and 2 months after it has been awarded, if the current interest
on the market is:
e.1l) 5.5% annual effective rate.
e.2) 6.25% annual effective rate.

2. A person borrowed €50,000 2 years ago. It was agreed that the loan would be repaid by a single
repayment, including the payment of interest and the repayment of principal, to be made 4 years
after it was given. The interest on the loan is 1% monthly effective. Furthermore, there was an
arrangement fee of 2% on the principal. Determine:
a) The repayment amount to be made by the borrower 4 years after the loan was awarded.
b) The payment of interest and repayment of principal included in the above repayment.
¢) The amount to be paid by the borrower today to cancel the loan.
d) The annual effective interest rate of the loan and the TAE of the loan.
e) Today the borrower makes an extra repayment of €15,000. Calculate the amount that will
cancel the loan at its maturity taking into account this extra repayment.
f) The equation that allows us to obtain the borrower annual effective interest rate considering
the extra repayment described above.
g) Does the value of the TAE change as a result of considering the extra repayment of €15,0007?

3. Aloan of a principal of €90,000 will be repaid with quarterly payments of interest and a lump-
sum repayment of the principal in 5 years. The nominal rate of interest payable quarterly is 6%. Find:
a) The amount of the quarterly payments of interest.
b) The repayment that will be made by the borrower at the end of the last quarter.
c) The repayment that totally cancels the loan 3 years after it has been awarded, once the
corresponding payment of interest has been made.
d) The amount to be paid by the borrower, in order to totally cancel the loan, 3 years and 1
month after it has been given.
e) 4 years after the principal has been lent, once the corresponding payment of interest has
been made, the interest rate of the loan changes to a nominal interest rate of 6.80% payable
quarterly. What is the new amount of payments of interest?

4. 6 years ago a loan with a principal of €48,000, at a nominal interest rate of 4.5% compounded
monthly, was agreed. The loan is being repaid through payments of interest at the end of each
month and a single repayment of principal 10 years after it was awarded. Today, once the

125



BASICS ON THE THEORY OF INTEREST. Applications to the Spanish financial market. L. Gonzalez-Vila, M. Marmol, F.J. Orti & J.B. Saez

corresponding payment of interest has been made, the borrower makes a partial repayment of the
principal of €5,000. Obtain:

a) The amount of the monthly payments of interest over the first 6 years.

b) The outstanding principal and the outstanding loan balance 1 month ago, just after making

c)

the corresponding payment of interest.
The outstanding principal and the outstanding loan balance 5 years and 11.5 months after
the loan was agreed.

d) The amount of the monthly payments of interest to be made from now on.
e) The equation that allows us to obtain the TAE of the loan if there was an initial fee of 1% of

f)

the principal paid by the borrower.

The equation that allows us to obtain the borrower effective interest rate by considering the
initial fee, the partial repayment of the principal made today and taking into account that at
the moment of partial repayment the borrower pays an early repayment fee of 0.25% on the
€5,000.

5. A loan of €170,000 will be amortized with level repayments at the end of each month for 20
years, at an annual interest rate payable monthly equal to 3.60%. Obtain:

a)
b)
c)

d)
e)
f)

8)

The amount of the level repayments.

The first 2 rows and the last 2 rows of the amortization table.

The outstanding principal, the outstanding loan balance and the repaid principal 1 year after
the loan is awarded, right after paying the corresponding level repayment. What is the
outstanding loan balance 1 year after the loan is awarded, just before paying the
corresponding level repayment?

The outstanding principal and the outstanding loan balance 1 year and half a month after it is
given.

The payment of interest and the repayment (amortization) of principal included in the 15%
level repayment.

The value of the loan 1 year after it is awarded, if the current market interest rate is equal to
an annual 3.84% payable monthly.

The equation that allows us to calculate the TAE of the loan if there exists an initial fee of 3%
on the principal of the loan.

6. A person is awarded a loan with the following characteristics:

Find:
a)

b)
c)

d)
e)

Principal: 60,000¢€.

Interest rate: 4.8% annual convertible every two months.

It will be amortized in level repayments at the end of every 2 months.

Term: 12 years, with the first 2 being a partial waiting term in which only payments of
interest, at the end of every two months, are to be made.

Initial fee: 1% of the principal.

Early repayment fee: 0.25% of the principal that is amortized at that time.

The amount of the payments of interest to be made during the first 2 years and the amount
of the level repayments over the rest of the term.

The equation that allows us to obtain the TAE of the loan.

The outstanding principal of the loan 6 years after it was agreed, once the corresponding
repayment has been made.

The repaid principal of the loan 6 years and 1 month after it was agreed.

If the borrower decides to totally cancel the loan 6 years and a month after it was agreed:
e.1) the outstanding loan balance at that moment.

e.2) the equation that allows us to obtain the borrower effective interest rate.
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7. Let us consider a loan with a principal of €180,000, agreed at an annual effective rate of 6%, to
be repaid with level repayments at the end of each year. The total term of the loan is 15 years, but

no amount is paid during the two first years (total waiting term). Find:
a) The amount of the level annual repayments.

b) The equations that allow calculating the TAE of the loan and the borrower effective interest
rate if, at the moment of borrowing the money, the borrower pays an initial fee of 1% on the

principal.

c¢) The amount to be paid by the borrower 7 years after the loan was given, once the
corresponding repayment has been made, in order to totally cancel it.
d) The amount to be paid by the borrower 7 years and 2 months after the loan was agreed to

totally cancel it.

8. 3 years ago, a loan with a principal of €150,000 was secured. It is being amortized through 48
equal repayments at the end of each quarter, at an annual effective rate equal to 5.20%. The loan
had an initial fee of 1.5% on the principal and an early repayment fee equal to 0.5% of the principal

that is amortized at that time. Find:

a) The amount of the repayments made at the end of each quarter.

b) The split of the 20™ repayment into payment of interest and repayment (amortization) of

principal.

¢) The equation that allows us to calculate the TAE of the loan.

d) Today, just after making the corresponding repayment, the borrower decides to make a
partial repayment of the principal of €12,000.
d.1) If the rest of the loan conditions remain the same, what is the amount of the new

quarterly repayments?

d.2) Obtain the equation that allows us to calculate the borrower effective interest rate,
considering the partial repayment of principal and that the new repayments remain

equal over the rest of the term of the loan.

d.3) What would have been the new term of the loan if, when making the partial repayment
of principal, the borrower had decided to continue paying the same initial quarterly

repayment?

9. A mortgage with a principal of €220,000 was secured a year ago. It was agreed that it would be
repaid over 30 years, with constant instalments at the end of every 6-month period. The interest rate

on the loan is 4% nominal compounded semi-annually. Determine:
a) The amount of the semi-annual repayments.

b) The payment of interest and the repayment (amortization) of principal included in the first

and in the last repayment.

c) Today, the lender and the borrower decide to change the interest rate, which becomes
4.337% nominal, compounded semi-annually. Obtain the new amount of the semi-annual
repayments if the rest of the conditions of the loan remain the same.

Formula

C,=C|C-a

nlly —

1—(1+1L)™

Iy
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Answers

a) €21,136.34. Payment of interest: €3,136.34. Repayment of principal: €18,000.
b) Annual effective interest rate of the loan: 5.5%.
Borrower annual effective interest rate: 6.3335%.
TAE: 6.3335%.
c¢) Outstanding principal: €18,000.
Repaid principal: €0.
d) €19,160.21.
e)
e.1) €19,160.21.
e.2) €18,912.98.

a) €80,611.30.

b) Payment of interest: €30,611.30.
Repayment of principal: €50,000.

c) €63,486.73.

d) Annual effective interest rate of the loan: 12.6825%.
TAE: 13.2531%.

e) €61,565.28.

) 50.000=1000+15000-(1+7;) > +61565,28-(1+1; ) *.

g) The TAE is the same, since the partial repayment of €15,000 does not have to be included in
its calculation.

a) €1,350.

b) €91,350.

c) €90,000.

d) €90,447.77.
e) €1,530

a) €180.

b) Outstanding principal: €48,000.
Outstanding loan balance: €48,000.

¢) Outstanding principal: €48,000.
Outstanding loan balance: €48,089.92.

d) €161.25.
12
€) 48,000=480+180-a5y, +48,000-(1+/1, )
12

and TAE=(1+]12

120 1

>—72 N

f) 48,000=480+180-8-5, +5,01250-(1+/1;
12

+16125-8g), (L+112) "2 +43,000-(1+715)
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5.

a) €994.69.
b)

r Level Payment of | Repayment Outstanding
repayment interest of principal principal
0 [ 17000000
1 994.69 510.00 484.69 169,515.31
2 994.69 508.55 486.14 169,029.17
239 994.69 5.94 988.75 991.71
240 994.69 2.98 991.71 0.00

c¢) Outstanding principal: €164,086.87.
Outstanding loan balance: €164,086.87.
Repaid principal: €5,913.13.

Outstanding loan balance just before paying the corresponding level repayment:

€165,081.56.

d) Outstanding principal: €164,086.87.
Outstanding loan balance: €164,332.82.
e) Repayment (amortization) of principal: €505.45.

Payment of interest: €489.24.

f) €160,809.14.

8) 170,000=5,100+994:69-8555, and TAE=(1+/13
12

a) Amount of interest payments: €480.

Amount of level repayments: €1,263.05.

-12 6
b) 60,000=600+480-a), +1,26305-agy) -(1+15) and 7AE =(1+1/g) —1-

c) €39,372.23.
d) €20,627.77.
e)

e.1) €39,529.41.
e.2) 60,000=600+480-az, +1,26305-azz, -(1+15) ~+39,627.84-(1+1¢)

a) €22,845.96.

)12

1.

b) Equation for the TAE and for the borrower effective interest rate:

180,000=1,800+22,84596-ag3, -(1+71) ~
1

c) €141,868.70.
d) €143,253.17.

a) €4,197.82.

b) Repayment (amortization) of principal: €2,906.75.

Payment of interest: €1,291.07.
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4
c) 150,000=2,250+4,197.82-a;g, and TAE =(1+14) -1
4

d)
d.1) €3,780.04.

-12 -12
d-2) 150,000=2,250+4,197.82 a5, +12,060-(1+74) =~ +3,78004-agg), (1+14)
4 4

d.3) The new term of the loan would have been 32 quarters.

a) €6,328.95

b) Repayment (amortization) of principal in the first level repayment: €4,400.00.
Payment of interest in the first level repayment: €1,928.95.
Repayment (amortization) of principal in the last level repayment: €6,204.85.
Payment of interest in the last level repayment: €124.10.

c) €6,583.10.
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UNIT 4.
BONDS

1. Definition and related concepts. Classification
2. Zero-coupon bonds
3. Coupon bonds

Unit 4. Bonds

1. Definition and related concepts. Classification
1.1. Definition and related concepts
1.2. Classification

1.1. Definition and related concepts

There are two main ways for a company or a government entity to obtain
financing: ask a bank for a loan or issue bonds and sell them to the
public.

Graphically:

Acompanyissues| —

200,000 bonds EEEENEEE
with a unit value | A EEEEEEEA

equal to €10,000

Each of these parts represents €10,000 R
(face value of the bond). \_-:-_:-_:: EEEEEEEE
If there are enough buyers willing to buy the bonds and [ 1111 """""

the company sells each bond at a unit price equal to [ [
10,000¢€, it will receive €2,000,000,000. I
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Unit 4. Bonds
1. Definition and related concepts. Classification

A bond is a financial product (security) issued by a company or a
government entity (bond issuer) that promises certain payment(s) at
future date(s) to the owner of the bond (bondholder).

The company or government entity that issues the bonds outlines how
much money it wants and specifies a length of time, along with the
interest it is willing to pay. Investors who buy bonds are then lending
money to the issuer and become its creditors through the bonds that they
hold.

Number of - _ | Amount of money the
bonds issued X - bond issuer wants
NOTE: As we will see later, the issue price of bonds is not, in general,
equal to their face value.

So, bonds are nothing more than loans, in which there is only one
borrower (the bond issuer) but there are many lenders (the
bondholders).

Unit 4. Bonds
1. Definition and related concepts. Classification

The term of the bond is the length of time from the issue date until the
date of the last payment. The date of this last payment is called the
maturity date or redemption date.

The payment(s) made by the bond issuer in exchange for the money
borrowed can include both interest and the redemption amount.

The redemption amount of a bond is the amount that the bondholder
receives on the bond maturity date, excluding interest (if there is any) .

All bonds issued by a company or a government entity at the same
moment in time have the same face value. The face value of a bond is
printed on it and represents the debt the bond issuer owes to the
bondholder. As for bonds with periodic payments of interest (coupons),
these are calculated by considering the face value and the effective
interest rate of the bond. Since, from the issue date, it is known how
the coupons will be calculated, bonds are also called fixed-income
securities.

It is worth highlighting that, in general, the face value of a bond is not
equal to neither its issue price nor its redemption value.
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Unit 4. Bonds
1. Definition and related concepts. Classification

After their issue (primary market), bonds can be bought and sold on
organized markets (secondary market). In order to be able to identify
bonds from each issue unequivocally on any market, they are assigned
an alphanumeric reference of 12 characters, called an ISIN (International
Securities Identification Number) code.

NOTE: In the Spanish financial market, which is the only one that we will
consider when studying bonds, bonds have different names such as, for
example, bonos, obligaciones, pagarés de empresa, Letras del Tesoro,
etc.

Some of the concepts we have just introduced have a specific notation.
Let us now see what that is.

0: Issue date
T': Maturity or redemption date

C: Face value of a bond. It is also called the par value

Unit 4. Bonds
1. Definition and related concepts. Classification

Ce : Issue price of a bond
 If C, > C the bond is issued at a premium (or above par)
The difference C, — C is called the original issue premium
 If C, = C the bond is issued at par

* If C, < C the bond is issued at a discount (or below par)
The difference C — C, is called the original issue discount

The original issue premium and the original issue discount can also be
expressed as a percentage of the face value.

Ca : Redemption amount

 If C, > C the bond is redeemable at a premium (or above par)
The difference C, — C is called the redemption premium

* If C, = C the bond is redeemable at par
» The case C, < C makes no sense

The redemption premium can also be expressed as a percentage of the
face value.
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Unit 4. Bonds
1. Definition and related concepts. Classification

Example 1. Obtain the issue price and the redemption amount of 1 bond
of an issuance in which bonds have a face value of €3,000. Consider
that they are issued at a discount, with an original issue discount of €30
and they are redeemable at a premium, with a redemption premium
equal to 2% of the face value.

Ce =3,000—30 = €2,970

This is equivalent to saying that the bonds have an original issue
discount of 1% or that they have been issued at a price of 99%.

C4 =3,000+2%:3,000 = €3,060

This is equivalent to saying that the bonds have a redemption premium of
€60 or that they are redeemable at a price of 102%.

Unit 4. Bonds
1. Definition and related concepts. Classification

Example 2. Let us suppose that in the previous issuance, 500,000 bonds
were issued.

Obtain the face value issued, the amount obtained through the issuance
of bonds and the total redemption amount to be paid by the bond issuer.

We determined:
C. =€2,970 C, =€3,060
So:
Face value issued: 3,000-500,000 = €1,500,000,000
Amount obtained through the issuance of bonds:
2,970-500,000 = €1,485,000,000
Total redemption amount: 3,060 -500,000 = €1,530,000,000
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Unit 4. Bonds
1. Definition and related concepts. Classification

P, : Price paid for a bond when it is purchased at any moment 7 after its
issue

Since not all bonds have the same face value, expressing the price P; in
monetary units is not informative enough. This is why, in order to avoid
misunderstandings, the price of a bond on a financial market is
expressed as a percentage of its face value.

Example 3. Let us suppose that the prices of two different bonds, A and
B, at moment 7 are:

PA=€2,100  PB=€2700
If their respective face values are:

cA=€2,000 CcB=€3000

Bond A is currently being sold/purchased on the market at a price greater

than its face value. More specifically, its current price expressed as a
percentage of its face value is:

A 2.100

Pl=—

2.000

=1.05=105%

Unit 4. Bonds
1. Definition and related concepts. Classification

Similarly, the current price of bond B expressed as a percentage of its
face value is: 2700

PB =22 0.9=90%
3.000

Im : Effective interest rate for bonds in the same issue (or coupon interest
rate).

Moreover, there are other interest rates related to bonds:

Bond issuer interest rate

This is the interest rate for the bond issuer, taking into account the total
amount received when issuing the bonds, payments made to the
bondholders over the term of the bonds and all the expenses associated
with the issue of the bonds.

There is a single bond issuer interest rate for each issuance of bonds
and it can usually be calculated when bonds are issued.
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Unit 4. Bonds
1. Definition and related concepts. Classification

Bondholder interest rate

This is the interest rate for a specific bondholder, taking into account the
amounts paid when purchasing the bonds, the payments received from
the bond and all the expenses associated with the bonds over the term
they have been held.

Bondholders can either buy bonds at the moment of their issue or at any
other moment after being issued.

Furthermore, bondholders can either hold the bonds until their maturity
date or sell them at an earlier moment.

This is why the bondholder interest rate may not be the same for every
bondholder.

Unit 4. Bonds
1. Definition and related concepts. Classification

Internal rate of return (IRR) or vield to maturity (YTM) of a bond at
moment T

After their issue, bonds can be bought and sold on organized markets.

The internal rate of return of a bond at moment tis the interest rate
associated to the purchase of this bond by considering:

1) that it is purchased at a price Py,

2) that the bondholder who buys the bond at that moment will hold it until
its maturity (thus receiving all the associated payments),

3) and without taking into account any kind of expenses.
On a given day, different bondholders can obtain different IRRs on bonds

of the same issuance. So, in order to have information for this issuance
on the market, an average of all those IRRs is calculated and published.

This published IRR is known as the average internal rate of return or
average interest rate and it may change every day.
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Unit 4. Bonds
1. Definition and related concepts. Classification

Issue date Maturity or redemption date
1 ]

Bond issuer interest rate:

-

This considers payments and repayments for the bond issuer and
the whole term between the issue date and the maturity date.

Bondholder interest rate:

[EpEp—p—————

&

This considers payments and repayments for each specific
bondholder and the term between the moment of purchasing and
selling the bond (or the obtaining of the redemption amount).

Internal rate of return of a bond at moment t:

b ___

T

This considers conditions 1) to 3) in the
previous slide and the term between T
and the maturity date.

Unit 4. Bonds
1. Definition and related concepts. Classification

V. : Value of abond at time ©

This is the financial value, at 7, of all outstanding payments promised by
the bond from t until its maturity, using the current market interest rate.
In the particular case in which the current market interest rate is equal to
the IRR of the bond at moment t, its financial value, V; is equal to the
market price of the bond at that moment, F;.

PROPERTY

When the financial value of a bond is calculated with its IRR, its market
price and its financial value are equal.
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Unit 4. Bonds
1. Definition and related concepts. Classification

1.2. Classification

Bonds can be classified by considering different aspects.
Regarding the issuer:

1) Bonds issued by a government entity
These bonds are usually called public debt.

In Spain the central agency which issues public debt is the Tesoro
Publico but other regional or local governments may also issue bonds.

2) Bonds issued by companies

This kind of bonds are issued by large private companies with an
important position on the market, such as Banks, electric supply
companies, etc. These bonds are called private debt.

As we said earlier, we will only be focusing on the Spanish financial
market. Furthermore, we will only study the public debt and, more
particularly, the public debt issued by the Tesoro Publico.

Unit 4. Bonds
1. Definition and related concepts. Classification

Taking into account the number of times that the bond issuer pays
interest to the bondholders.

1) Zero-coupon bonds or (pure) discount bonds or implicit yield
bonds

These are bonds that only promise a single payment on a fixed maturity
date. In the Spanish financial market, this single payment is equal to the
face value of the bond. Thus, the interest for the bondholder is the
difference between the face value received at maturity and the issue
price.

Zero-coupon bonds issued in Spain by the Tesoro Publico are named
Letras del Tesoro, often translated as Treasury Bills or T-Bills.

2) Coupon bonds

These are bonds that promise periodic payments of interest made by the
bond issuer prior to and on the maturity or redemption date, as well as an
additional redemption payment. In this case, coupon bonds issued by the
Tesoro Publico are called Bonos del Estado or Obligaciones del Estado.
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Unit 4. Bonds

2. Zero-coupon bonds
2.1. General characteristics
2.2. Letras del Tesoro

2.1. General characteristics

1) Zero-coupon bonds are issued at a discount, i.e., the issue price is
lower* than the face value. These are (pure) discount bonds.

2) They are redeemable at par, that is to say, the redemption amount is
equal to the face value.

3) The difference between the issue price and the redemption amount on
the maturity date is the implicit interest earned by the bondholder*.
They are implicit yield bonds.

Graphically: C
e

C
| |
r_ ] ' .
0 Y'[ T *|n an environment of
. ) ) positive interest rates.
Term of the financial transaction

Unit 4. Bonds
2. Zero-coupon bonds

In order to calculate:

- the bond issuer interest rate,

« the bondholder interest rate and

- the internal rate of return of a bond

the term of the financial transaction, t, has to be taken into account:

* If t is lower than or equal to 1 year, the simple interest regime will have
to be used.

« If t is greater than 1 year, the compound interest regime will have to be
used.
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Unit 4. Bonds
2. Zero-coupon bonds

2.2. Letras del Tesoro

» These are zero-coupon bonds issued by the Tesoro Publico.
* Their face value is €1,000.
 Their issue price is established by auction.

» The Tesoro currently issues 4 types of Letras del Tesoro, each with a
different maturity: 3, 6, 9 and 12 months; but years ago there were 18-
month Letras del Tesoro.

e The term of the financial transaction is always calculated using the
criterion Act/360.

Conditions and results of issuances of Letras del Tesoro are shown on
the website of the Tesoro Publico (www.tesoro.es).

Once Letras del Tesoro are on the secondary market (BME Renta Fija),
the information for a particular day can be found on the website of BME
(www.bmemarketdata.es).

Unit 4. Bonds
2. Zero-coupon bonds

Example 4. Obtain the average interest rate for 1-year Letras del Tesoro
that were sold/bought on the 16" of October 2015, by considering that
they matured on 14" of October 2016 and that their price was €999.86.

999.86 1,000
| |
16/10/2015 14/10/2016
- g

~"
364 days (less than 1 year)

By using the simple interest regime:

99.986(1+ i -ﬁj =100 j - 100299986 & _ () 00014 =0.014%
360 99.986-%

* Letras began to be issued in 1987 and up to this issue in October 2015
had always had a positive interest rate. However, the economic
environment changed and the very next issue, which took place on
November 17th, 2015, had a negative interest rate. Ever since then, the
same has been happening.
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Unit 4. Bonds

2. Zero-coupon bonds

Example 5. Find the price today, on the secondary market, of a 1-year
Letra del Tesoro, with maturity in 330 days, supposing that the average

interest rate published today is 0.132%:

P
0
100
| |
TODAY Maturity date
330
0 360

R, -(1+o.00132-%) =100 Py=99.879%

Or alternatively:

Py -(1 +0.00132 '%j =1,000 PRy =€998.79

Unit 4. Bonds

2. Zero-coupon bonds

Example 6. Check the average interest rate of the 9-month Letras del
Tesoro that were issued on the 15" of December 2020, by considering

the following information:

Remember: The face value of Letras del Tesoro is €1,000.

www.tesoro.es
Retrieved on 18th December 2020

Term 9 MONTHS
Auction dat MM/DDIYYYY 12/15/2020
Maturity date 09/10/2021 Moment at which the transaction takes place. On
Saiticent dais \3718/2020 —>) the primary market the settlement date is 3 working
days after the trade date (auction date).
Nominal bid amount 448473
It means that 4,484,730 Letras were bid
Nominal allotted amount 950.04 (requested) at the auction.
| eighted average price 100456 | It means that only 950,040 Letras
I Weighted average rate -0.668 I were sold/bought.

141




BASICS ON THE THEORY OF INTEREST. Applications to the Spanish financial market. L. Gonzalez-Vila, M. Marmol, F.J. Orti & J.B. Saez

Unit 4. Bonds
2. Zero-coupon bonds

100.496 100
| |
| |
18™ Dec. 2020 10™ Sept. 2021
N =

~"
266 days (less than 1 year)

. 266 .
100.496~(1+|-%j:100 1=-0.006680 =-0.668%

Letras del Tesoro from this issue will be sold and bought on the
secondary market until its maturity. In order to see how they were traded
on a specific day, it is necessary to check the Public Debt and Private
Fixed Income Daily Bulletin for that day at www.bmemarketdata.es, and
look for their ISIN.

Unit 4. Bonds
2. Zero-coupon bonds

Example 7. 143 days ago, an investor bought 28 Letras del Tesoro at a
price of 99.125%. Today, he sells them on the secondary market at a
price of 99.829%.

a) Find the total amount obtained by the investor when selling the Letras
del Tesoro.

The total amount obtained today is: 1,000-0.99829-28 = €27,952.12

b) Find the annual interest rate for this bondholder.

991.25 99829
| |
| |
143
0 460
TODAY

991.25~(1+i-£]=998.29
360

i=0.01788=1.788%
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Unit 4. Bonds
2. Zero-coupon bonds

c) If the investor had paid a fee of 1% of the purchase price when he
bought the Letras del Tesoro, what would his annual interest rate have
been?

991.25+9.91 143
998.29 (991.25+9.91)~(1+i~—j:998.29
| | 360
0 143560

TODAY i =-0.00722 =-0.722%

d) Find the annual interest rate today for these Letras if they mature in 37
days.

99.829 . 37
100 99.829-| 1+i-—— [=100
| I 360
0 37
TODAY 360 i=0.01667 =1.667%
Unit 4. Bonds

2. Zero-coupon bonds

3. Coupon bonds
3.1. General characteristics
3.2. Bonos and Obligaciones del Estado

3.1. General characteristics

1) The issue price of coupon bonds may be equal to or different from
their face value.

2) The redemption amount is paid at maturity of the bonds and it can be
equal to or different from their face value.

3) The bond issuer pays the bondholder, at the end of each period p =
%, the amount Y, called a coupon, which is calculated by applying the
effective interest rate of the bonds, I, to their face value, C.
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Unit 4. Bonds
3. Coupon bonds

Graphically:
Y Y Y Y Y
1 —
0 p 2p 3p o (n—l)p np=T"'

where the coupon (or interest) for each period is:
Y = C * Im

NOTE: The name “coupon” is due to the fact that, years ago, bonds
literally had coupons attached to them. Bondholders received interest by
stripping off the coupons and giving them to the bond issuer. This is not
the case nowadays since bonds are kept electronically.

Unit 4. Bonds
3. Coupon bonds

THE UNITED STATES 0P AMERICY. 2454

FORVALUE MECEITED PROMIBES TE RAT 373 THE WEARLE THE SUS G

TREASURY
NOTE
SEMES
B.1987
TERRLARY 14, 1970
oue
FERRARY 13, 17

Ai 10 MU [
N PATWENT OF TaN
Wanimaran, B.C, Frmvgaat 18, 1078

www.meridianfinancialpartners.com/
Retrieved on 29th July 2020

106586 b patens Y 10656 it
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Unit 4. Bonds
3. Coupon bonds

To obtain:

« the bond issuer effective interest rate,

« the bondholder effective interest rate and

« the internal rate of return of a bond

the compound interest regime will always be used.

Once the coupons bonds have been issued, they can be exchanged on
organized markets (secondary markets). If an investor wants to buy or
sell one (or more) bond(s) at moment 7, they will have to pay or receive
the market price of this bond at moment 7, P;.

This price can be determined by summing the amount of the accrued
interest and the “clean” price of the bond

Accrued interest: Proportional part of the coupon corresponding to the
bond that has been generated from the moment when the last coupon
was paid until the moment t.

Clean price (or ex-coupon price) of the bond: Price of the bond set
as a result of the interaction of supply and demand in the market.

Unit 4. Bonds
3. Coupon bonds

Market price at 7,

P =| Accrued interest | + |Clean (ex-coupon) pricel
T

NOTE: The market price is often called the “dirty” price.

On the other hand, recall we said that the financial value of a bond at 7 is
the financial value of all outstanding payments promised by the bond
from T to its maturity, using the current market interest rate. So, when a
coupon bond is considered:

Financial value at 7,
14

Financial value at t of Financial value at 7 of
remaining coupons redemption amount
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Unit 4. Bonds
3. Coupon bonds

3.2. Bonos and Obligaciones del Estado

» These are both securities issued by the Tesoro Publico.

 Their face value is €1,000 which is paid on the maturity date, i.e. they
are redeemable at par.

* Their issue price is established by auction.

» The Tesoro currently issues Bonos with maturity terms of 3 and 5 years

(approximately) and Obligaciones with maturity terms of 10, 15, 30 and
50 years (approximately).

* Coupons are paid in arrears annually, once the bonds have been
issued, with the moment of the last coupon being the maturity date.

e The term of the financial transaction is always calculated by using the
Act/Act criterion.

Conditions and results of issuances of Bonos and Obligaciones del
Estado are shown on the website of the Tesoro Publico (www.tesoro.es).

Once these securities are on the secondary market (BME Renta Fija) the
information for a particular day can be found on the website of BME
(www.bmemarketdata.es).

Unit 4. Bonds
3. Coupon bonds

Example 8. An investor buys an Obligacién del Estado for €1,008.80
today (15" May A). The Obligacién pays an annual coupon of 2.10% and
matures on 31st January A+6.

a) Find the amount of the annual coupon of the Obligacion.
Y =1,000-0.0210=€21

b) Depict all the payments and repayments associated with the purchase
of the Obligacion.

Since the last coupon is received by the bondholder on the maturity
date, we locate all the remaining coupons going backwards from the
last one.

Purchase price

Face value
1,000 <~

1,008.80
21 21 Ces 21 21 ]‘\ 6 annual
|___ | I I I I coupons
31/01/A 131/01/A+l 31/01/A+2 . 31/01/A+5 31/01/A+6
15/05/A
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Unit 4. Bonds
3. Coupon bonds

c¢) Obtain the amount of the accrued interest of the Obligacién right after
receiving the coupon corresponding to 31st January A+1.

Right after receiving the coupon corresponding to 315t January A+1, the
accrued interest of the Obligacion is, obviously, 0.

d) Obtain the amount of accrued interest on the Obligacién today,
knowing that year A is a leap year.

Accrued
(interest, Al ?1
31/01/A 15/05/A 31/01/A+1
105 days 261 days
105

Al =21-——=€6.03
366

NOTE: If year Awas not a leap year, the denominator would be 365.

Unit 4. Bonds
3. Coupon bonds

Example 9. Let us suppose that the information for an issue of Bonos del
Estado today, 22" August A, on the secondary market is that contained
in the following table.

Coupon interest | Maturity date | Ex-coupon price IRR
1.01% 31/10/A+4 98.723% 1.325%

a) Find the financial value today of a Bono from this issue by using its
IRR.

Financial value at T,
Vr

Financial value at T of Financial value at 7 of
remaining coupons redemption amount

So, we first draw all the remaining coupons from today to the maturity
date, as well as the face value.
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Unit 4. Bonds
3. Coupon bonds

Since the last coupon is received by the bondholder on the maturity
date, we locate all the remaining coupons going backwards from the
last one.

295 days VZZN‘,&/A 1,000 ~—— Face value
(10.00  10.10 10.10 1010 1000 Je_ sannual
|_ _____ | I I I I | coupons
31/10/A-1 31/10/A 31/10/A+1  31/10/A+2  31/10/A+3  31/10/A+4
22/08/A
So:

. 205
Vo84 =(10-10-a5]g 435 +1,000-(1+0.01325)}-(1+0.01325)365

Va2/08/A = €995.39

Unit 4. Bonds
3. Coupon bonds

b) Determine the market price today of a Bono from this issue.

Market price at T,

P :| Accrued interest | + |Clean (ex-coupon) pricel
T

AL=1010.225 eg16  P™=€987.23

Py2/08/A =8.16+987.23 = €995.39

It is important to highlight that since the financial value of the bond at ©
has been calculated with its IRR, this financial value and the market price
of the bond at T are equal. This was already said in a previous property.

As stated earlier, real information on prices and interest rates for Bonos
and Obligaciones del Estado on the secondary market can be found at
www.bmemarketdata.es, in the Public Debt and Private Fixed Income
Daily Bulletin.
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Unit 4. Bonds
3. Coupon bonds

We already know the reason why bond prices are expressed as a
percentage of bond face values. But, why are prices agreed (and later
published) without including the accrued interest? Why are they agreed
(and published) as ex-coupon prices? Why not publish the total price that
the buyer paid when the bond was purchased?

To answer this question, first we have to make it clear that when coupons
are paid by the issuer, the payment is made to the current owner of the
bond. However, it may be that the current owner has not had the bond for
the whole period over which the coupon has been generated because the
bond was purchased on the secondary market after payment of the
previous coupon. So, the new owner would not be entitled to receive the
whole coupon and a part of it (the accrued interest until the moment at
which the bond was sold/purchased) should be paid to the former owner.

In order to avoid either the issuer or the current owner paying the
accrued interest to the former owner, and to make things as easy as
possible, it is paid by the buyer to the seller when the bond is
purchased/sold.

Unit 4. Bonds
3. Coupon bonds

Including the coupon in published prices would cause them to be affected
by the number of days since the date of the last coupon, resulting in non-
comparable information.

Example 10. Let us consider two Bonos del Estado: A and B, from
different issuances but with the same ex-coupon price today, which is
equal to 90% (€900). Furthermore, both bonds pay annual coupons at an
annual effective interest rate equal to 3%, i.e.

Y =€30
Moreover, suppose that whereas bond A paid its previous coupon 15
days ago, bond B paid it 360 days ago.
For both bonds, obtain the market price that a buyer has to pay today.
NOTE: Consider that we are not in a leap year.

Market price at 7,

P =| Accrued interest | + |Clean (ex-coupon) pricel
T
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Unit 4. Bonds
3. Coupon bonds

Bond A:
Al= 30-% =€1.23 P& = €900 Propay =1.23+900=€901.23
Bond B:

360
Al= 30-% =€29.59  p™_g90p  Propay =29.59+900 = €929.59

It may seem that the price of bond A is greater than that of bond B.
However, since the new owner will recover the accrued interest paid to
the seller when receiving the coupon paid by the issuer, both bonds have
the same price, as is shown by the ex-coupon price.

Unit 4. Bonds
3. Coupon bonds

Example 11. An SME has the following securities:

* 6 Letras del Tesoro. The SME bought them on the secondary market 93
days ago at a unit price of €998.23.

» 8 Bonos del Estado. They were bought at the moment of their issue, 3
years and 240 days ago, they will be redeemed 5 years after their issue
and their annual interest rate is equal to 3%. Their unit issue price was
€1,014 and the SME paid purchasing expenses of 0.5% of this price.

Obtain:

a) The bondholder annual interest rate for the Letras, taking into account
that they are sold today at a unit price of €999.01 with selling expenses
of 0.2% of the face value.

First, we consider all the payments and repayments associated with the
purchase of 1 Letra (it would be equivalent to considering all the
Letras).
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Unit 4. Bonds
3. Coupon bonds

. Selling
Purchase price —~, 998.23 99945 price
2.(50<\ Selling
I I expenses
93
0 360
TODAY

The term is less than 1 year, so we use the simple interest regime.

998.23- (1 +1i %) =999.01-2.00 i=-0.00473=-0.473%

b) Total amount obtained by the SME if it sells the Bonos del Estado
today, on the secondary market, at an ex-coupon price of 98.9%.

To calculate the market price today per Bono we consider:

Market price at 7,

P =| Accrued interest | + |Clean (ex-coupon) price|
T

Unit 4. Bonds
3. Coupon bonds

In order to better understand how the accrued interest has to be
obtained, let us draw all the payments and repayments related to 1
Bono since the moment it was issued until its maturity date on the
timeline.

Face value
/Aﬂnua| coupons /

- 1,014 1,000
Issue price [ 30 30 30 30 30 ]
—F—— — |
0 1 2 3 4 5
3+ 240
365
So: TODAY

Al= 30-@ =€19.73
365

and  Propay =19.73+989 = €1,008.73

The total amount received today when selling the Bonos del Estado is:

1,008.73-8 = €8,069.84
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Unit 4. Bonds
3. Coupon bonds

c) The equation that allows us to calculate the annual interest rate for the
SME, |,, associated with the purchase of 1 Bono del Estado.

By considering the following timeline:

3 annual ;
Sell
Issuepri{‘ / coupons / ;ri(ljr:eg
_>lod 1,008.73_, 125 days

Purchasing /5_()7 [ 30 30 30 ] e
expenses [ T I I I<—>
I I I I |“|
0 1 2 30 3+28
TODAY

Unit 4. Bonds
3. Coupon bonds

d) The equation that allows us to calculate the annual interest today on
the secondary market for this Bono del Estado.

We have to consider all the remaining coupons from today until the
maturity of the Bono (in 1 year and 125 days) and its face value at that
moment.

Furthermore, we have to bear in mind that the market price today is
€1,008.73

1,008.73 1,000
[30 30 ]
| ________ | T T
I 1I25 1|25
0 35 I+ 363
TODAY

240 days 125 days

Let us denote the annual interest rate of these Bonos by I,. The
equation that allows us to obtain this is:

240
1,008.73 :(30.;@'1 +1,000-(1+ Il)_z)-(l+ l1)365
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UNIT 4 PROBLEMS

NOTE: Unless stated otherwise, all the years that appear are not leap years.

2.

For a 1-year Letra del Tesoro with a settlement date of 12" May of year A:

a) Obtain the average rate when it was issued by considering that it matures on 11™" May of
year A+1 and the average price resulting from the auction was 99.835%.

b) Find its price on the secondary market today (9™ January A+1), supposing that its internal
rate of return (IRR) today is 0.142%.

92 days ago, a small enterprise bought 10 Letras del Tesoro at a price of 99.223%. Today, it sells

them on the secondary market at a price of 99.742%.

3.

a) Find the total amount obtained by the small enterprise when selling these Letras del Tesoro.
b) If the small company paid a fee of 0.5% of the purchase price when it bought the Letras del
Tesoro and today it has to pay a selling fee equal to 0.5% of their selling price, what is the annual
interest rate for the company (bondholder)?

c) If these Letras del Tesoro mature in 178 days, find their internal rate of return (IRR) today.

An investor buys 25 Obligaciones del Estado today that mature in 4 years and 85 days. They pay

an annual coupon of 2.35%.

4,

a) For 1 Obligacidn, find the amount of the annual coupons.

b) For 1 Obligacion, on the timeline draw all the payments and repayments that the investor
will make or receive if the Obligacion is kept until its maturity and a purchasing fee equal to
0.3% of its face value is paid today.

c) If the IRR today for 1 of these Obligaciones is equal to 2.578%, obtain its financial value.

d) Determine the amount of the accrued interest of 1 of these Obligaciones today.

e) What is its ex-coupon price today?

NOTE: Remember that when the financial value of a bond is calculated with its IRR, its
market price and its financial value are equal.

f) What is the total amount paid by the investor today when buying the Obligaciones?

g) Write the equation that allows obtaining the annual effective interest rate for the investor
(bondholder), associated with the purchase of 1 Obligacion, if he keeps it until the maturity.

A company has 84 Obligaciones del Estado paying annual coupons of 3.25% which mature in 6

years and 195 days.

5.

a) Obtain the accrued interest of 1 Obligacion today if the last coupon was received 170 days
ago.

b) If the ex-coupon price of 1 Obligacién today is 102.45%, find the total amount that the
company would receive today if it sold all its Obligaciones.

c) Write the equation that allows us to obtain the internal rate of return (IRR) today for one of
these Obligaciones.

An SME has 10 Bonos del Estado. They were bought at the moment of their issue, 2 years and

125 days ago, and they will be redeemed 5 years after their issue. Their annual interest (coupon) rate
is equal to 2.90% and their unit issue price was €1,002.57. Obtain:

a) The total amount obtained by the SME if it sells the Bonos del Estado, on the secondary
market today, at an ex-coupon price of 98.9%.
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b) The equation that allows us to calculate the annual interest rate for the SME, associated with
the purchase of 1 Bono del Estado (bondholder effective interest rate).

c) The equation that allows us to calculate the internal rate of return (IRR) today for these
Bonos del Estado.

Formula

1-(1+L)™"
C,=C|C-a 1A+
Iy

nlly

=C

Answers

1. a)0.163%.
b) 99.952%.

2. a)€9,974.20
b) -1.867%.
c) 0.523%.

3. a)€23.50
b)
Propay +3 1,000
[23_50 23.50 23.50 23.50 23:50]

— 1 j 1 |

85 85 ~. 85 485 85
1365 1+363 “*365 336 4363
0

TODAY

c) €1,008.94.
d) €18.03
e) 99.091%

f) €25.298,50

-5 280
B) 1,008.94 + 3= 2350- ag, +1,000-(L+ 1) |-(L+ )35

4. a)€15,14.

b) €87,329.76.
170

) 1,03964 = (3250- 2y, +1,000-(L+ 13) " |-(L+ 1)

5. 2)€9,989.30
—(2+125
b) 1,00257 = 29-az) +998,93-(1+ 1) (2:38)

) 99893 = (2925, +1,000-(L+ 1) °)-(1+ 1;):65
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