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Abstract: This study develops a quasi-closed-form solution for the valuation of an American put
option and the critical price of the underlying asset. This is an important area of research both because
of a large number of transactions for American put options on different underlying assets (stocks,
currencies, commodities, etc.) and because this type of evaluation plays a role in determining the value
of other financial assets such as mortgages, convertible bonds or life insurance policies. The procedure
used is commonly known as the method of lines, which is considered to be a formulation in which
time is discrete rather than continuous. To improve the quality of the results obtained, the Richardson
extrapolation is applied, which allows the convergence of the outputs to be accelerated to values
close to reality. The model developed in this paper derives an explicit formula of the finite-maturity
American put option. The results obtained, besides allowing us to quickly determine the option
value and the critical price, enable the graphical representation—in two and three dimensions—of
the option value as a function of the other components of the model.

Keywords: option valuation; American put option; quasi-closed-form solution

JEL Classification: G13

1. Introduction

The value of a European option is easily determined by applying the formula derived by
Black and Scholes (1973). In turn, the valuation of an American put option seems to be a much more
complex task. The possibility of early exercise by the holder of such options is the main obstacle
to determining a closed-form solution. It is thus necessary to determine the critical price of the
underlying asset, below which the option must be exercised immediately. This calculation represents
a major problem in obtaining a closed-form solution. Zhu et al. (2018) report that a closed-form
solution is only possible in some special cases. For example, works such as those by Zhu (2006a)
and Zhao and Wong (2012) have developed a closed form solution for the optimal exercise boundary
and the option price of American put options by using the homotopy analysis method. However,
the implementation of the infinite series solution of Zhu (2006a) is a very complex and time-consuming
problem, and it requires a recursive procedure of solving differential equations. On the other hand,
the application of the homotopy solution by Zhao and Wong (2012) requires a complex iterative
integration. Recently, Leipold and Vasiljevic (2017) obtained the prices of American options in closed
form in a hyper-exponential jump-diffusion framework. So, almost all the recent work uses a numerical
method to solve the problem of pricing American options. For example, Ballestra (2018) develops
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a numerical method for American option pricing that combines the front-fixing approach and the
repeated Richardson extrapolation. The paper shows that the method used yields very accurate and
fast results.

Much of the work that has presented analytical solutions for the option price use numerical
methods to determine the critical price of the underlying asset. For example, studies such as Kim (1990),
Jacka (1991) and Carr et al. (1992), consider that the value of the American option is the value of
the European option plus a premium that is given by the discounted value of the potential gains
inherent to early exercise. This premium is given by an integral equation, while the exercise boundary
is determined by a reversible numerical procedure.

In turn, studies such as Geske and Johnson (1984), Bunch and Johnson (1992), Ho et al. (1994),
Huang et al. (1996) and Lee and Paxson (2003) develop analytical approximations for the American
put option price by calculating the values of sets of options with discrete exercise dates. Based on the
properties discussed in Geske and Johnson (1984) and Kim (1990), Fabozzi et al. (2016) present the
extension method. In this method, they develop a quasi-analytic approach that aims to improve the
performance of existing methods in calculating the value of American options with long maturities.

In parallel, there are works that, by presenting analytical formulations for the price of American
put options, explicitly determine the critical price of the underlying asset. Particularly prominent in
this area is the work of Carr and Faguet (1996), Carr (1998) and Bunch and Johnson (2000), which
offer significant advances in the calculation of the value of American put options using quasi-explicit
solutions. For example, the derivation of an expression for the so-called critical price of the underlying
asset of an American put option is one of the main objectives of Bunch and Johnson (2000). Once the
value of this variable has been determined, the authors use it to determine the value of the American
put option, using the method proposed in Huang et al. (1996). It should, however, be noted that the
Bunch and Johnson (2000) solution is only valid for American put options whose underlying asset does
not distribute dividends. Another reference in the field of analytical approximations for the critical
stock prices of American options is Zhu (2006b). This article proposed a method based on the Laplace
transform of the fundamental valuation partial differential equation. However, Li (2010) shows that the
technique presented in Zhu (2006b) gives very inaccurate results to the critical stock price, being that
the Average Percentage Error is comprised between 8 and 9%.

Two other reference works are those of Carr and Faguet (1996) and Carr (1998). These two studies
transform the general partial differential equation (the equation given by Black and Scholes (1973),
which was the basis for determining the value of the European option on the stock) into a
non-homogeneous ordinary differential equation. This change implies the replacement of the
derivative of price function with respect to time by a finite difference. The basic assumptions
for the application of this procedure are different in the two articles. Thus, Carr (1998) justifies
his procedure by classifying time as random and considering that it follows an Erlang or gamma
distribution. Carr and Faguet (1996), by contrast, report that obtaining an analytical solution requires
the implementation of the method of lines, which means that the time component of the model ceases
to be continuous and becomes discrete.

This article focuses on the development of an analytical solution capable of evaluating an
American put option, assuming that the underlying asset distributes dividends. This is an important
area of research both because of a large number of transactions for American put options on different
underlying assets (stocks, currencies, commodities, etc.) and because this type of evaluation plays a
role in determining the value of other financial assets such as mortgages, convertible bonds or life
insurance policies.

In this study, the method of lines is followed; this is considered to be a formulation in which
time is discrete rather than continuous. This method was used in the evaluation of options by
Carr and Faguet (1996) and Meyer and Hoek (1997). The former study used this method to derive an
exact valuation formula for perpetual options subject to a finite series of credit downgrades, which
can be used to approximate the value of finite-lived American options. The later takes a numerical
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approximation to calculate the value of an American option. The model developed in this paper
represents a contribution to the existing literature on the application of the method of lines to calculate
the value of the American put option, once it is derived an explicit formula of the finite-maturity
American put option.

The remainder of this paper is organized as follows. Section 2 develops a model to evaluate
American put options in which the underlying asset pays dividends, a closed-form solution being
reached for the case of constant dividends and a quasi-closed-form solution where the dividends are
proportional to the value of the underlying asset. In Section 3, the results obtained by applying the
formulas derived in the previous section are presented numerically and graphically. They are also
compared with other values obtained by different authors who have presented work in this area of
research. Finally, the conclusion is presented, including suggestions for future developments.

2. The American Put Option Valuation Model

2.1. Analytical Solution for the Value of an American Put Option

The model presents two variants: constant dividends, φ, and dividends in proportion to the price
of the underlying asset, δ. In the case of constant dividends, the model developed in this work allows
obtaining a closed form solution to the American put option price, while for dividends in proportion
to the value of the underlying asset, the model allows only to reach a quasi-explicit solution, since the
critical price is only liable to be found numerically.

In the case of constant dividends, it is assumed that the initial value of the underlying asset is
liable to be decomposed by the following expression, following Roll (1977):

S = s +
φ

r
(1− e−rτ) (1)

where the second term on the right hand side corresponds to the updated value, in continuous time, of
the fixed component of the future flow of dividends receivable in the period τ, r represents the interest
rate, and s the sum of the updated value of the variable component of dividends receivable in the
period τ and the updated value of all dividends expected to be received after that period.

In the formulation developed in this study, time is considered to be discrete, whereby (1) is
replaced by the following configuration:

S = s + D

where

D = φ
τ
n

1− 1
(1+r τn )

n

r τn
(2)

D represents the updated value of an income with n constant terms, which means that the
continuing value of the fixed component of the dividends has been replaced by n discrete values equal
to φ τn each one, with a time period between two consecutive terms equal to τ

n . The total period of
time of the possession of the instrument is equal to τ. The expression (2) may also present a simpler
configuration:

S = s +
φ

r

1−
1(

1 + r τn
)n

 (3)

After these initial considerations relating to the form in which the fixed component of the
future flow of dividends receivable in the period τ should be considered in the valuation process,
the development of a methodology to determine the value of an American put option on an asset that
pays dividends begins. From here, the formulas to present consider, alternatively, constant dividends,
φ, or dividends in proportion to the underlying asset, δ. In other words, for steady dividends, we have
δ = 0 and φ , 0, while for proportional dividends, φ = 0 and δ , 0 are considered. In contrast,
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the whole formulation used for this purpose is a function of s, the underlying asset price minus the
updated value of the fixed component of the dividends expected to be received during the period τ.

The process to be developed is based on the technique used for the valuation of contingent claims.
It is considered that the option value depends on a single stochastic variable: the price of the underlying
asset. The evolution of this variable is defined according to the following stochastic process:

ds = (r− δ)sdt + σssdzs (4)

where r represents the short-term risk-free interest rate, δ the rate of dividend distribution, σs the
instantaneous standard deviation and zs the standard Wiener process.

Considering that the option value, P(s, τ), depends on the stochastic variable—the price of the
underlying asset—and that it follows the process defined in (4), the partial differential equation may
be deduced:

−
∂P(τ, s)
∂τ

+
∂P(τ, s)
∂s

(r− δ)s +
1
2
σS

2s2 ∂
2P(τ, s)
∂s2 − rP(τ, s) = 0 ifs ≥ sm (5)

where sm corresponds to the critical value, the underlying asset price, less the updated value of the
fixed component of the dividends expected to be received during the period τ.

Note that, as with the underlying asset price, the following equality is also checked within the
critical price:

Sm = sm +
φ

r

1−
1(

1 + r τn
)n

 (6)

The method to be developed lies in the transformation of the general partial differential equation
into a non-homogeneous ordinary differential equation. This change is made by applying the method
of lines. It involves replacing the derivative of the price function, with respect to time, by a finite
difference, while the derivatives in relation to the prices of the underlying asset remain unchanged.
This process results in a sequence of non-homogeneous ordinary differential equations that must be
solved. The shorter the time interval considered in the finite difference, the higher the quality of the
results reached with this change. So, to attain a good estimation of the value of the option, it would
be convenient to consider time as being divided into a number of intervals tending towards infinity.
However, a big number of time intervals means a significant increase in mathematical computation.
Thus, there is a tendency to use a relatively small number of time intervals, and then the Richardson
extrapolation is applied (the Richardson extrapolation has been applied to studies in the area with
success; see, for example, Carr (1998)) in order to accelerate the convergence of the results obtained to
values close to reality. For example, Carr and Faguet (1996) and Carr (1998) show that the subdivision
of the total time of ownership of the option into four intervals leads to very acceptable estimates.
So, in this paper, time is subdivided into four intervals.

Thus, Equation (5) takes on the following general configuration for s ≥ sm:

dP(m)(s)
ds

(r− δ)s +
1
2
σS

2s2 d2P(m)(s)
ds2 − rP(m)(s) =

P(m)(s) − P(m−1)(s)
τ
n

(7)

P(m)(s) corresponds to the value of the option and m corresponds to the number of sub-periods in
relation to the total number of time intervals, n = 4, considered under the model. Thus, the expression
of the value of the American put option is determined, relative to mτ

n periods of time, with m = 1, 2, 3, 4
and m ≤ n.

So, (7) is a non-homogeneous ordinary differential equation in which the option price becomes a
function of a single variable.

To determine P(m)(s), we need to know the expression of P(m−1)(s), whereby this equation must
be solved for m = 1, 2, 3, 4.
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The value of the American put option should confirm (7) in conjunction with the following
boundary conditions:

lim
s→∞

P(m)(s) = 0 (8)

lim
s→sm

P(m)(s) = K − Sm (9)

lim
s→sm

dP(m)(s)
ds

= −1 (10)

where K corresponds to the strike price.
To achieve the objective of determining the value of the American put option, by solving (7),

subject to the restrictions (8–10), the procedure used in studies such as Huang et al. (1996) applies,
where the value of the American option is the value of the European put plus a term that represents
the early exercise premium of the American put.

Thus:
P(m)(s) = p(m)(s) + pr(m)(s) ifs ≥ sm (11)

where p(m)(s) is the value of the European put and pr(m)(s) corresponds to the value of the early
exercise premium of the American put.

In turn, the European put option should confirm (7) and the following boundary conditions:

p(m)(s) = max(K − S, 0) for τ = 0 (12)

lim
s→0

p(m)(s) =
K(

1 + r τn
)n (13)

lim
s→∞

p(m)(s) = 0 (14)

The respective early exercise premium should confirm (7) and the following condition:

lim
s→∞

pr(m)(s) = 0 (15)

By using this procedure, the general closed-form solution for the value of the American put option
is given by different expressions, according to the range of variation in the price of the underlying asset.

Thus, for s ≥ K, m = 1, 2, 3, 4, n = 1, 2, 3, 4 and m ≤ n, the solution of (7), subject to the restrictions
(12), (13), and (14), leads to the value of the European put option:

p[s≥K]
(m)(s) = s

2τδ+β−
√
αn

2τσ2

[(
am + 2nam−1

(
τσ2

αn
+

ln(s)
√
αn

))
+ 2n2am−2

(
ln(s)
√
αn

+ 2τσ2

αn

)2

+ n4am−3
3

(
30τ3σ6

αn3 +
30τ2σ4 ln(s)

αn
5
2

+
9σ2τ ln(s)2

αn2 +
ln(s)3

αn
3
2

)] (16)

where:

αn =
(
2rτ+ τσ2

)2
+ 4δτ2

(
−2r + δ+ σ2

)
+ 8nσ2 for n = 1, 2, 3, 4

β = τσ2
− 2rτ

am−i is a parameter with am−i = 0 for m − i ≤ 0 and i = 1,2,3.
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The same reasoning is followed to determine the value of the early exercise premium, which must
confirm the boundary condition defined in (15). Thus, for s ≥ s1, m = 1, 2, 3, 4, n = 1, 2, 3, 4 and m ≤ n,
the value of the premium is:

pr(m)(s) = s
2τδ+β−

√
αn

2τσ2

[(
dm + 2ndm−1

(
τσ2

αn
+

ln(s)
√
αn

))
+ 2n2dm−2

(
ln(s)
√
αn

+ 2τσ2

αn

)2

+ n4dm−3
3

(
30τ3σ6

αn3 +
30τ2σ4 ln(s)

αn
5
2

+
9σ2τ ln(s)2

αn2 +
ln(s)3

αn
3
2

)] (17)

where:

dm−i is a parameter with dm−i = 0 for m− i ≤ 0 and i = 1, 2, 3.

Thus, it is possible to present the general solution in relation to the value of the American put
option, when s ≥ K and m = 1, 2, 3, 4:

P[s≥K]
(m)(s) = p[s≥K]

(m)(s) + pr(m)(s) (18)

In the region s1 ≤ s ≤ K, the value of the American put option also corresponds to the European
option plus the premium, with the peculiarity that, in this area, the value of the European option to be
determined is the call. The first step in solving (7) comprises of determining the option value at the
time of the termination of the contract. This value corresponds to the payoff of the option, which is
equal to zero in the out-of-money area of a European option. Thus, in the area s1 ≤ s ≤ K and for τ = 0,
the value of a European call is equal to zero.

The put-call parity being subsequently applied to obtain the expression of the European put.
In turn, the value of the premium is configured as defined in (17). Accordingly, the value of the
European put, in the region s1 ≤ s ≤ K, with m = 1, 2, 3, 4, n = 1, 2, 3, 4 and m ≤ n, is given by the
following expression (again, the value of a European put must confirm the boundary conditions
defined in (12)–(14)):

p[s1≤s≤K]
(m)(s) = s

2τδ+β+
√
αn

2τσ2

[(
bm + 2nbm−1

(
τσ2

αn
−

ln(s)
√
αn

))
+ 2n2bm−2

(
ln(s)
√
αn
−

2τσ2

αn

)2

+ n4bm−3
3

(
30τ3σ6

αn3 −
30τ2σ4 ln(s)

αn
5
2

+
9σ2τ ln(s)2

αn2 −
ln(s)3

αn
3
2

)]
+ K

(1+r τn )
m −

s
(1+δ τn )

m + em

(19)

where bm−i is a parameter with bm−i = 0 for m − i ≤ 0 and i = 1,2,3.
Whereby, the general expression for the amount of the American put option, when s1 ≤ s ≤ K and

m = 1, 2, 3, 4, is given by:
P[s1≤s≤K]

(m)(s) = p[s1≤s≤K]
(m)(s) + pr(m)(s) (20)
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For s ≤ s1, the option value is given by different expressions according to the range of variation of
the price of the underlying asset. Thus, for s2 ≤ s ≤ s1, m = 2, 3, 4, n = 2, 3, 4 and m ≤ n, we have:

P[s2≤s≤s1]
(m)(s) = s

2τδ+β+
√
αn

2τσ2

[
zm−1 + 2nzm−2

(
τσ2

αn
−

ln(s)
√
αn

)
+ 2n2zm−3

(
ln(s)
√
αn
−

2τσ2

αn

)2
]
+ K

(1+r τn )
m−1

−
s

(1+δ τn )
m−1 −

φ

(
1− 1

(1+r τn )
n

)
r(1+r τn )

m−1

+ s
2τδ+β−

√
αn

2τσ2

[
ym−1 + 2nym−2

(
τσ2

αn
+

ln(s)
√
αn

)
+ 2n2ym−3

(
ln(s)
√
αn

+ 2τσ2

αn

)2
]

(21)

where ym−i and zm−i are parameters with ym−i and zm−i for m− i ≤ n and i = 2,3.
In turn, for s3 ≤ s ≤ s2, m = 3, 4, n = 3, 4 and m ≤ n, the formula for the value of the American put

option is as follows:

P[s3≤s≤s2]
(m)(s) = s

2τδ+β+
√
αn

2τσ2

(
wm−2 + 2nwm−3

(
τσ2

αn
−

ln(s)
√
αn

))
+ K

(1+r τn )
m−2 −

s
(1+δ τn )

m−2 −

φ

(
1− 1

(1+r τn )
n

)
r(1+r τn )

m−2

+ s
2τδ+β−

√
αn

2τσ2

(
xm−2 + 2nxm−3

(
τσ2

αn
+

ln(s)
√
αn

)) (22)

where wm−i and xm−i are parameters with wm−i = 0 and xm−i = 0 for m− i ≤ 0 and i = 3.
For the area s4 ≤ s ≤ s3, m = 4 and n = 4, the option value corresponds to:

P[s4≤s≤s3]
(m)(s) = u1s

2τδ+β+
√
αn

2τσ2 + K
1+r τn

−
s

1+δ τn

−

φ

(
1− 1

(1+r τn )
n

)
r(1+r τn )

+ v1s
2τδ+β−

√
αn

2τσ2

(23)

where u1 and v1 are parameters. Finally, for s ≤ sm, with m = 1, 2, 3, 4 and m = n, the American put
option is exercised immediately, whereby its value corresponds to:

P[s≤sm]
(m)(s) = K − S (24)

These different expressions for the value of the American put option contain a set of
parameters (am−i, dm−i, bm−i, ym−i, zm−i, wm−i, xm−i, u1, v1) whose value is determined by solving a system
of equations.

For m = 1, 2, 3, 4, n = 1, 2, 3, 4, m ≤ n and s = K:

p[s≥K]
(m)(s) = p[s1≤s≤K]

(m)(s)

dp[s≥K]
(m)(s)

ds
=

dp[s1≤s≤K]
(m)(s)

ds
(25)

d2p[s≥K]
(m)(s)

ds2 =
d2p[s1≤s≤K]

(m)(s)

ds2
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For m = 1, n = 1, 2, 3, 4 and s = s1:

P[s1≤s≤K]
(m)(s) = P[s≤s1]

(m)(s) (26)

For m = 2, 3, 4, n = 2, 3, 4, m ≤ n and s = s1:

P[s2≤s≤s1]
(m)(s) = P[s1≤s≤K]

(m)(s)

dP[s2≤s≤s1]
(m)(s)

ds
=

dP[s1≤s≤K]
(m)(s)

ds
(27)

For m = 2, 3, 4, n = 2, 3, 4, m ≤ n and s = sn

P[s≤sn]
(m)(s) = P[sn≤s≤sn−1]

(m)(s) (28)

For m = 3, 4, n = 3, 4, m ≤ n and s = s2

P[s2≤s≤s1]
(m)(s) = P[s3≤s≤s2]

(m)(s)

dP[s2≤s≤s1]
(m)(s)

ds
=

dP[s3≤s≤s2]
(m)(s)

ds
(29)

For s = s4:

P[s4≤s≤s3]
(4)(s) = K − s4 −

φ

r

1−
1(

1 + r τn
)n


dP[s4≤s≤s3]

(4)(s)

ds
= −1 (30)

To determine the value s1, the following equation must be solved for s = s1 and n = 1, 2, 3, 4:

dP[s1≤s≤K]
(1)(s)

ds
= −1 (31)

For δ , 0, the value s1 is given implicitly and must be found numerically (for numerical resolution,
Maple software with “fsolve” was used). For δ = 0 and φ , 0, the value s1 is calculated as follows:

s1 = exp


σ2τ

ln

 4b1
2r2(n+rτ)2αn

(−β+
√
αn)

2(φn−φ( n+rτ
n )

n
n+φrτ+Kr2( n+rτ

n )
n
τ−φ( n+rτ

n )
n

rτ
)2

+ 2n ln
(

n+rτ
n

)
−β−

√
αn

 (32)

Whereby the critical value is equal to:

S1 = s1 +
φ

r

1−
1(

1 + r τn
)n

 (33)

In turn, for the value s = sm, m = 1, 2, 3, 4 and n = 2, 3, 4, the value of sm is determined by solving
the following equation:

dP[sm≤s≤sm−1]
(m)(s)

dS
= −1 (34)
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An explicit expression is only reached when one considers φ , 0 and δ = 0, as had already
happened in the previous deduction, for s1. For δ , 0, the value sm is determined numerically.

Accordingly, for φ , 0 and δ = 0:

sm = exp


σ2τ

ln

 4γ2(n+rτ)2αn

τ2
(
Kr( n+rτ

n )
n
−φ( n+rτ

n )
n
+φ

)2
(−β+

√
αn)

2

+ 2n ln
(

n+rτ
n

)
−β−

√
αn

 (35)

where, for m = 2 we have γ = zm−1, for m = 3 we have γ = wm−2, and for m = 4 we have γ = u1.
In accordance with the foregoing, the critical value is equal to:

Sm = sm +
φ

r

1−
1(

1 + r τn
)n

 (36)

2.2. The Application of the Richardson Extrapolation in the Valuation Model of an American Put Option

In this article, despite considering time as being divided into a relatively small number of
sub-periods, a good estimate can be made of the value of an American put option by applying the
Richardson extrapolation.

In this context, it is considered that the figures for the American put option obtained from the
equations specified in advance, for n = 1, 2, 3, 4, are functions of the sub-periods of time applied in
each case, i.e., of τ, τ2 , τ3 , τ4 , respectively. These functions are designated by P̂

(
τ
n

)
, with n = 1, 2, 3, 4.

According to Carr (1998), the use of the Richardson extrapolation is appropriate given that the
function P̂

(
τ
n

)
can be represented by the Maclaurin series:

P̂
(
τ
n

)
= P̂(0) +

τ
n

P̂′(0) +

(
τ
n

)2

2!
P̂′′(0) + . . .+

(
τ
n

)n

n!
P̂(n)(0) + O

((
τ
n

)n)
(37)

where O
((
τ
n

)n)
represents the approximation error, which tends towards zero when n tends towards

infinity. The extrapolated value of the American put option corresponds to the solution of P̂(0).
In order for this result to be possible to achieve, the following is considered:

P̂
(
τ
n

)
≈ P̂(0) +

τ
n

P̂′(0) +

(
τ
n

)2

2!
P̂′′(0) +

(
τ
n

)3

3!
P̂′′′(0) (38)

Considering n = 1, n = 2, n = 3 and n = 4, (38) is transformed into a system of four equations
with four variables, P̂(0), P̂′(0), P̂′′(0) and P̂′′′(0). The resolution of this system allows the extrapolated
value of the American put option to be found:

P̂(0) =
32
3

P̂
(
τ
4

)
−

27
2

P̂
(
τ
3

)
+ 4P̂

(
τ
2

)
−

1
6

P̂(τ) (39)

The same kind of reasoning should be applied to determining the extrapolated critical value of
the underlying asset:

Ŝ4(0) =
32
3

Ŝ4

(
τ
4

)
−

27
2

Ŝ3

(
τ
3

)
+ 4Ŝ2

(
τ
2

)
−

1
6

Ŝ1(τ) (40)

With the application of the Richardson extrapolation, the extrapolated values of the critical
price, Ŝ4(0), and of the American put option, P̂(0), are determined, which allows a very satisfactory
approximation to the value of these functions to be obtained, despite only sub-periods being considered.
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3. Results of the American Put Option Valuation Model

This section presents and discusses, numerically and graphically, the results provided by the
American put option general valuation model, as described above. This analysis is carried out through
the presentation of graphs representing the evolution of the option value, as well as tables where
numerical figures are shown for the value of the American put option.

The aim is thus to show that the formulas described herein relating to the valuation of the
American put option represent a good estimate of the option value compared with those presented in
other studies in the area. Thus, the results obtained for the American put option using the formulas
derived in this study are compared with other values that have been reached by different authors in
studies undertaken in this research area.

There are studies, specifically Ju (1998), that determine the root of the mean squared absolute
errors. In this study, and following Lee and Paxson (2003), the root of the mean squared relative errors
is determined, which means that the weighting is based on the absolute errors by the option value.
In the following tables, in addition to the value of the American put option being shown, the root of
the mean squared relative errors, RMSRE, is also determined:

RMSRE =

√√
1
n

n∑
i=1

[(P(A)i − Pi)/Pi]
2 (41)

where n is the total number of options analyzed, P(A)i corresponds to the approximate option value i
and Pi corresponds to the reference option value i.

In Table 1, the values of an American put option are calculated for different price levels of the
underlying asset and for different rates of dividend distribution. In Table 2, the values of an American
put option are calculated for different price levels of the underlying asset, different terms, different
levels of price volatility of the underlying asset, different interest rates and different rates of dividend
distribution. Note that the MLE results (n = 4) are the values obtained according to the model developed
in this study using the Richardson extrapolation with four-time intervals.

Table 1. Comparison of American put option values (τ = 3).

(1)
(S; δ)

(2)
TRUE

(3)
RAN4

(4)
EXP3

(5)
QD+

(6)
QD*

(7)
PA

(8)
MLE (n = 4)

(80;0.12) 25.658 25.654 25.657 25.753 25.715 25.648 25.654
(90;0.12) 20.083 20.084 20.082 20.202 20.176 20.079 20.084
(100;0.12) 15.498 15.498 15.497 15.618 15.601 15.509 15.498
(110;0.12) 11.803 11.805 11.802 11.912 11.900 11.834 11.805
(120;0.12) 8.886 8.885 8.885 8.978 8.970 8.941 8.885

(80;0.08) 22.205 22.197 22.208 22.162 22.149 22.196 22.197
(90;0.08) 16.207 16.197 16.211 16.181 16.17 16.194 16.197
(100;0.08) 11.704 11.688 11.707 11.708 11.7 11.692 11.688
(110;0.08) 8.367 8.354 8.37 8.395 8.39 8.36 8.354
(120;0.08) 5.93 5.918 5.932 5.971 5.967 5.929 5.918

(80;0.04) 20.35 20.35 20.351 20.334 20.337 20.342 20.35
(90;0.04) 13.497 13.496 13.5 13.465 13.471 13.473 13.496
(100;0.04) 8.944 8.936 8.947 8.926 8.931 8.912 8.936
(110;0.04) 5.912 5.902 5.915 5.916 5.92 5.876 5.902
(120;0.04) 3.898 3.887 3.9 3.92 3.922 3.86 3.887
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Table 1. Cont.

(1)
(S; δ)

(2)
TRUE

(3)
RAN4

(4)
EXP3

(5)
QD+

(6)
QD*

(7)
PA

(8)
MLE (n = 4)

(80;0.00) 20 20 20 20 20 20 20
(90;0.00) 11.697 11.701 11.699 11.703 11.709 11.701 11.701
(100;0.00) 6.932 6.932 6.935 6.95 6.958 6.914 6.932
(110;0.00) 4.155 4.153 4.157 4.185 4.191 4.132 4.153
(120;0.00) 2.51 2.507 2.512 2.548 2.551 2.484 2.507

RMSRE - 0.00105 0.00032 0.00590 0.00587 0.00413 0.00105

S is the underlying asset price and δ is the rate of dividend distribution. Columns 2–4 are taken from Ju (1998):
the “TRUE” value is based on the binomial tree model with N = 10.000 time steps; column (3) represents the
four-point randomization method of Aitsahlia and Carr (1997); column (4) represents the three-point multipiece
exponential boundary method of Ju (1998). QD+ and QD* are two analytical approximations introduced by Li (2010),
PA is taken from Fatone et al. (2015) and MLE (n = 4) whose values are derived from the formulas deduced in this
work; the values for the remaining parameters in the table are as follows: r, the interest rate is 0.08; K, the strike price
is 100; τ, the term remaining to maturity is 3 years; σ, the volatility of the underlying asset price is 0.20. RMSRE is
the root of the mean squared relative errors.

Table 2. Comparison of American put options values.

(1)
(S,τ,σ,r,δ)

(2)
BENCH

(3)
BJST

(4)
IB

(5)
CEAM

(6)
MLE (n = 4)

(80;3.0;0.40;0.06;0.02) 29.26 29.1 29.1 29.33 29.24
(85;3.0;0.40;0.06;0.02) 26.92 26.77 26.77 26.94 26.9
(90;3.0;0.40;0.06;0.02) 24.8 24.65 24.65 24.82 24.77
(95;3.0;0.40;0.06;0.02) 22.88 22.73 22.73 22.89 22.85
(100;3.0;0.40;0.06;0.02) 21.13 20.98 20.98 21.11 21.1
(105;3.0;0.40;0.06;0.02) 19.54 19.4 19.39 19.49 19.5
(110;3.0;0.40;0.06;0.02) 18.08 17.95 17.94 18.03 18.05
(115;3.0;0.40;0.06;0.02) 16.76 16.63 16.62 16.71 16.72
(120;3.0;0.40;0.06;0.02) 15.54 15.42 15.4 15.5 15.51

(100;3.0;0.40;0.02;0.02) 25.89 25.78 25.82 25.89 25.86
(100;3.0;0.40;0.04;0.02) 23.3 23.17 23.17 23.3 23.26
(100;3.0;0.40;0.06;0.02) 21.13 20.98 20.99 21.11 21.1
(100;3.0;0.40;0.08;0.02) 19.27 19.13 19.14 19.25 19.25
(100;3.0;0.40;0.10;0.02) 17.66 17.54 17.55 17.63 17.65

(100;3.0;0.30;0.06;0.02) 15.17 15.04 15.06 15.19 15.15
(100;3.0;0.35;0.06;0.02) 18.16 18.02 18.03 18.19 18.13
(100;3.0;0.40;0.06;0.02) 21.13 20.98 20.99 21.11 21.1
(100;3.0;0.45;0.06;0.02) 24.07 23.91 23.91 24.06 24.03
(100;3.0;0.50;0.06;0.02) 26.98 26.8 26.81 27.03 26.93

(100;0.5;0.40;0.06;0.02) 10.27 10.21 10.23 10.26 10.26
(100;1.0;0.40;0.06;0.02) 13.88 13.78 13.8 13.81 13.85
(100;1.5;0.40;0.06;0.02) 16.37 16.25 16.26 16.35 16.34
(100;2.0;0.40;0.06;0.02) 18.28 18.15 18.16 18.26 18.25
(100;2.5;0.40;0.06;0.02) 19.83 19.69 19.7 19.81 19.8
(100;3.0;0.40;0.06;0.02) 21.13 20.98 20.99 21.11 21.1
(100;3.5;0.40;0.06;0.02) 22.24 22.08 22.08 22.22 22.2
(100;4.0;0.40;0.06;0.02) 23.19 23.03 23.04 23.23 23.16
(100;4.5;0.40;0.06;0.02) 24.02 23.87 23.87 24.06 23.99
(100;5.0;0.40;0.06;0.02) 24.76 24.61 24.61 24.85 24.73
(100;5.5;0.40;0.06;0.02) 25.41 25.26 25.26 25.5 25.39

(100;3.0;0.40;0.06;0.00) 19.85 19.69 19.71 19.85 19.83
(100;3.0;0.40;0.06;0.02) 21.13 20.98 20.99 21.11 21.1
(100;3.0;0.40;0.06;0.04) 22.49 22.36 22.36 22.47 22.45

RMSRE - 0.0069 0.0064 0.0019 0.0015

S represents the underlying asset price; τ, the term remaining to maturity in years; σ, the volatility of the underlying
asset price; r, the interest rate; δ, the rate of dividend distribution. Columns 2–5 are taken from Lee and Paxson (2003):
the “BENCH” is based on 1000 time steps binomial values reported in Aitsahlia and Carr (1997); column (3) represents
the results reported in Bjerksund and Stensland (1993); column (4) represents the values obtained in Ingersoll (1998);
column (5) corresponds to the two-point confined exponential approximation with upper bound reported in
Lee and Paxson (2003). MLE (n = 4) are derived from the formulas deduced in this paper. The value for the
remaining parameter in the table, the strike price, K, is 100. RMSRE is the root of the mean squared relative errors.
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An analysis of the tables shows that the approach developed in this study provides a good estimate
compared with the values obtained by other studies referenced in the tables. An analysis of Table 1
shows that the values obtained with the model proposed herein are identical to those obtained by
Carr (1998), provided that the same number of time intervals is considered. Table 2 shows that the
approach used in this study results in a smaller deviation from the reference values. This is even more
noticeable for longer-term options.

Figure 1 shows, in three dimensions, the evolution of the value of the American put option in
the case of constant dividends, where the price of the underlying asset and time to maturity vary.
The surface with a straight slope, relating to the lowest values of the underlying asset, represents the
immediate exercise of the option area. In turn, the intermediate surface, convex and with a steeper
slope, relates to the area where the underlying asset is below the exercise price, but higher than the
critical price. It seems that, in this area, the option value is more sensitive to changes in the price of the
underlying asset compared with what happens when the underlying asset has greater values than the
exercise price, the area represented by the flatter surface. Another point to mention is the behavior
of the option price when the time to maturity varies. The option value shows a slight tendency to
increase as maturity increases. When the price of the underlying asset approaches the critical value,
the option value is more sensitive to variations in maturity.
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Figure 1. American put option as a function of S and τ. The values of the parameters underlying the
construction of this figure are as follows: n, the number of time intervals is 2; r, the interest rate is 0.06;
σ, the volatility of the stock price is 0.4; K, the strike price is 100; and φ, the value of constant dividends
is 1.6.

Figure 2 shows the option value, in the case of constant dividends, as a function of the price of the
underlying asset and the volatility of that price. As in Figure 1, the behavior of the option value is
divided into three distinct zones showing a similar evolution to that mentioned earlier in terms of
the relationship between the underlying asset and the option value. By contrast, it appears that the
greater the volatility in the price of the underlying asset, the higher the option price is. This is most
significant when nearing the critical value. Another aspect that emerges from analyzing the diagram is
that the critical price tends to decrease significantly as the volatility of the underlying asset increases.
By contrast, it is notable in both graphs that positive changes in the price of the underlying asset causes
a decrease in the option value.



Int. J. Financial Stud. 2020, 8, 62 13 of 16
Int. J. Financial Stud. 2020, 8, x FOR PEER REVIEW 15 of 18 

 

 
Figure 2. American put option as a function of S and σ. The values of the parameters underlying the 
construction of this figure are as follows: n, the number of time intervals is 2; r, the interest rate is 0.06; 
τ, the term remaining to maturity is 3 years; K, the strike price is 100; and φ, the value of constant 
dividends is 1.6. 

Figure 3 shows, in two dimensions, the evolution of the price of the American put option as a 
function of the value of the underlying asset. In formulating this graph, consider the existence of 
dividends in proportion to the value of the underlying asset and time divided into four intervals. It 
can be seen that for values of the underlying asset are lower than the critical price, the option value 
is represented by a straight line with a negative slope and for values greater than the critical value, 
the configuration of the graph is a convex curve. By contrast, it seems that as the price of the 
underlying asset increases, the option value approaches zero. It also can be observed that all other 
parameters remaining unchanged, when the dividend rate increases, the critical price decreases. 

Figure 2. American put option as a function of S and σ. The values of the parameters underlying the
construction of this figure are as follows: n, the number of time intervals is 2; r, the interest rate is 0.06;
τ, the term remaining to maturity is 3 years; K, the strike price is 100; and φ, the value of constant
dividends is 1.6.

Figure 3 shows, in two dimensions, the evolution of the price of the American put option as a
function of the value of the underlying asset. In formulating this graph, consider the existence of
dividends in proportion to the value of the underlying asset and time divided into four intervals.
It can be seen that for values of the underlying asset are lower than the critical price, the option value
is represented by a straight line with a negative slope and for values greater than the critical value,
the configuration of the graph is a convex curve. By contrast, it seems that as the price of the underlying
asset increases, the option value approaches zero. It also can be observed that all other parameters
remaining unchanged, when the dividend rate increases, the critical price decreases.

The presentation and comparison of these numerical results demonstrate that the closed-form
solution, or the quasi-closed-form solution described herein, is a credible alternative for the valuation
of such derivatives.
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Figure 3. American put option as a function of S. The values of the parameters underlying the
construction of this figure are as follows: n, the number of time intervals is 4; τ, the term remaining to
maturity is 3 years; r, the interest rate is 0.08; σ, the volatility of the stock price is 0.20; K, the strike price
is 100; S4, the critical price is 79.66; δ, the rate of dividend distribution is 0.02 and 0.14; and, φ, the value
of constant dividends is 0.0.

4. Conclusions

This paper has developed a model of calculating American put options that is capable of
improving current practices. The sharp increase in such contracts over the past two decades justifies
the increased academic effort placed into developing models appropriate for their valuation. In most
cases, the literature on this subject has provided only numerical solutions for this type of valuation
framework. In order to arrive at these same numerical solutions, it is necessary to use complex
computing techniques, a fact that makes the process overly time-consuming and costly.

The model described in this paper presents two variants. For the case of constant dividends,
a closed-form solution for the option value and the respective critical price is obtained. In the case of
dividends in proportion to the value of the underlying asset, a quasi-closed-form solution is obtained,
since the critical price is determined numerically. These results, besides allowing us to quickly
determine the option value and the critical price, enable the graphical representation—in two and three
dimensions—of the option value as a function of the other components of the model. This numerical
and graphical analysis allows us to conclude that the model proposed herein provides results that are
consistent with financial reality.

This work aims to contribute to an area of financial investigation until now largely unexplored:
the development of closed-form solutions for the valuation of American put options. Based on this
work, it is possible to identify a number of suggestions for future developments. The formulation
developed throughout the paper considers time divided into four intervals when the change is made
from continuous to discrete time. It would be desirable to develop a general formula that may be
applied to any number of time intervals. Another, more ambitious improvement that may be suggested
is to develop a model for the two variants of the model in which the option value and the critical price
are given by an analytical solution in continuous time. In such a situation, it would be unnecessary to
apply the Richardson extrapolation.
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