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THE ORIENTATION NUMBER OF THREE COMPLETE GRAPHS
WITH LINKAGES
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ABSTRACT. For a graph G, let 2(G) be the set of all strong orientations of G. The orien-

-

tation number of G is d(G) =min{d(D)|D € 2(G)}, where d(D) denotes the diameter
of the digraph D. In this paper, we consider the problem of determining the orientation
number of three complete graphs with linkages.
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1. INTRODUCTION

Let G be a finite undirected simple graph with vertex set V(G) and edge set E(G). For a
graph G and z € V(G), the degree of z in G is denoted by dg(z), and the maximum degree
of G by A(G). For v € V(QG), the eccentricity of v is eq(v) = max {dg(v,z) |z € V(G)},
where dg(v,x) denotes the length of a shortest (v,z)path in G. The diameter of G is
d(G) = max{eg(v)|v € V(G)}.

Let D be a digraph with vertex set V(D) and arc set A(D) which has no loops and no
two of its arcs have same tail and same head. The notions ep(v), for v € V(D), and d(D)
are defined as in the undirected graph.

An orientation of a graph G is a digraph D obtained from G by assigning a direction
to each of its edge. A vertex v is reachable from a vertex u of a digraph D if there is a
directed path in D from w to v. An orientation D of G is strong if any pair of vertices
in D are mutually reachable in D. Robbins’ one-way street theorem [7] states that a
connected graph G has a strong orientation if and only if G is 2edge-connected. For a
2edge-connected graph G, let Z(G) denote the set of all strong orientations of G. The

—

orientation number of G is d(G) = min {d(D)|D € Z(G)}. Any orientation D in Z(G)

—

with d(D) = d(G) is called an optimal orientation of G.

Given r fixed integers nq,n9,...,n, with n, > n,_1 > ... > n; > 3 and an integer
mwith2 < r < m < Y. n;n;, the number of edges of the complete multipartite
1<i<j<r

graph Ky, ny...n,, let 9(ni,ng ..., ny,;m) denote the family of 2-edge connected graphs
that are obtained from the disjoint union of r complete graphs K, , Kp,, ..., K, by adding
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m edges so that each edge links a vertex of K, to a vertex of K, for some ¢ and j with

i # J.

Define 4! = {G : G € ¥(ni,ng,...,ny,;m), where ny,no,...,n, are integers with
Ny > Mnp1 > --->np >3and2 < r < m < > nmnt, 29 = U 2(G)
1<i<j<r Ge9y,

and the parameter d(r;m) = min{d(G) : G € ¥"}. For a family of graphs ¢, define
d(%) = min{d(G) : G € ¥}. Hence, d(r;m) = d(¥7).

In [3], Koh and Ng considered the following problem: given a family of disjoint graphs,
study the orientation number and design a corresponding optimal orientation for a result-
ing graph obtained by linking the given graphs with a set of additional edges.

For r = 2, Koh and Ng [3] proved the following:
e Let G1 and G2 be two bridgeless graphs of orders n; and ng, respectively, and ¢ be the
family of graphs obtained by adding 2 edges to link G; and Ga. If A(G1) = ny — 1 and
A(G) = ng — 1, then d(%)) = 4.
e min{m : d(2;m) = 3} = 4.
o Forp > 5,d(¥(p,p;2p)) = d(¥ (p,p+1;2p)) = d(¥ (p, p+2; 2p+1)) = d(¥ (p, p+3; 2p+2))
= 2.

Also, Ng [6] proved the following:

-

o d(@(p,p+4;2p+3)) = 2.
o Forq > p+5,d¥(p,q:2p+4) = 2.

In this paper, we focus on the orientation number and designing a corresponding optimal
orientation for three complete graphs with linkages.

Let D be a digraph. For z,y € V(D), write ¢ — y or y < z if (z,y) is an arc in D.
More generally, for X, Y C V(D) with X NY = ¢, write, X — Y if for every vertex x in
X and for every vertex y in Y, we have x — y. For simplicity, write x — Y for {z} — YV
and X — y for X — {y}. The converse of D, denoted by D, is the digraph obtained
from D by reversing each arc in D. It is clear that d(D) = d(D). The subdigraph of D
induced by A C V(D) is denoted by D[A].

We refer to [1] for notations and terminology not described here. For results on orienta-
tions of graphs, see a survey by Koh and Tay [4]. (Boesch and Tindell [2] and independently
Maurer [5] proved that: d(K,) = 2ifn > 3 andn # 4, and d(K,) = 3. Solté [8] proved
that J'(vaq) is3if2 <p<gqg< (ng) and it is 4 if ¢ > (ng), where |[z| denotes the

greatest integer not exceeding the real x.)

2. THREE COMPLETE GRAPHS WITH LINKAGES

In this section, we consider the orientation number for three complete graphs with
linkages.

Theorem 2.1. Let i € {1,2,3}. Let G; be a bridgeless graph of order n; > 3 and let
9G(G1,G2,Gs;3) be the family of 2-edge connected graphs obtained by adding 3 edges to
link G1, G and Gs. If A(G;) = n; — 1, then d(%(G1,Ga, Gs;3)) = 6.

Proof: Let x; € V(G;) be a vertex such that dg, (z;) = n;—1, A; be a maximal indepen-
dent subset of G; —z;, G}, = G — (A;U{x;}) and G = G1 UG2UG3U{z 122, 273, T123}.
Then G € ¥(G1,G2,G3;3). Orient the edges of G as follows:

(i) 21 = 2 = 23 = T3

(iti)) u = a ifu € V(G)), a € Ay and ua € E(Gy);

v—bifv € V(GY), b € Ay and vb € E(Gs);
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w—cifw € V(GS), ¢ € Az and we € E(G3);

(iv) orient the remaining edges of G arbitrarily.

Let D be the resulting digraph. We claim that d(D) < 6. By the nature of the orientation,
we compute eccentricities only for vertices of 7.

e Clearly, z; — V(G)), 21 — x2 — V(GS), and 71 — z2 — z3 — V(GY). Let a € Ay,
b € Ay, ¢ € Az be arbitrary. As each G; is 2-edge-connected, there exist u € V(GY),
v e V(G,), w € V(Gf) such that ua € E(Gy), vb € E(G2), we € E(G3). Then u — a,
v — b, w — ¢. This shows that ep(x;) < 4.

e Let u € V(G)). By the choice of Aj, there exists a € A; such that ua € E(Gh).
Then v — a. As A1 — x1, u — a — x1. This together with ep(z1) < 4 implies that
ep(u) < 6.

elLeta € A;. Ay — z1 and ep(z1) < 4 implies that ep(a) < 5.

— —

Hence, d(D) < 6, and therefore d(G) < 6. Consequently, d(¢4(G1,G2,G3;3)) < 6.

We next prove d(%(G1, Ga,G3;3)) > 6 by the method of contradiction. Suppose there
exists a graph G in 4(G1, G2, G3; 3) and an orientation Dy in Z(Gy) such that d(Dg) < 5.
Since G is 2-edge connected, the three edges added to G; U G2 U Gz to obtain Gg must
be 'y, y'2, 22" for some 2’ 2" € V(Gy1), v,y € V(Gq), 2/,2" € V(Gs). As Dy €
2(Gy), in Dy, we have either 2’ — o/, ¢ — 2/, 2" — 2" or 2/ « o, ¢ « 2/, 2" + a’.
By symmetry, assume that ' — ¢/, vy’ — 2/, 2 — 2”. We consider three cases.

Case 1. Among the three pairs {2/, 2"}, {y/,y"}, {2/, 2"}, at least two satisfy 2/ = 2",
y =y, 2 = 2", respectively.

Assume, by symmetry, that 2 = 2” and 2/ = 2”.

If there exists zg € V(G1)\{2'} such that 2’ — z0, theny’ = y”. (Otherwise, v/ # v,
and there is no directed path from ¢ to any vertex of V(G3) \ {z'}, a contradiction.) For
any zo € V(Gs)\ {2'}, since dp,(x0, 20) < 5, we have zg — 2z, — 2/ = ¢y — 2/ = 2
for some 2, € V(G1) \ {2/, 20}. Hence, 2/ — (V(G3) \ {z'}). Consequently, there is no
directed path from any vertex of V(G3) \ {2’} to 2/, a contradiction.

This contradiction shows that for any zy € V(Gi) \ {z'}, we have 2/ + (. Hence,
(V(G1)\{2'}) — 2'. Then, there is no directed path from 2’ to any vertex of V(G1)\ {2},
once again a contradiction.

Case 2. Among the three pairs {2/, 2"}, {v/,y"}, {7/, 2"}, exactly one satisfy 2/ = 2",
y =", 2 = 2", respectively.

Assume, by symmetry, that 2/ = z”.

If zg € V(G1)\ {2’} and 29 € V(Gs) \ {7/, 2"}, then since dp,(zo,20) < 5, xg —
¥ =y =y — 27 — 2. Hence, (V(G1)\{2'}) — 2/ and 2/ — (V(Gs3) \ {#/,2"}).
Then, there is no directed path from 2’ to any vertex in V(G1) \ {z'}, a contradiction.
Case 3. ©/ £ 2",y # ", 2 # 2.

If xg € V(G1)\ {2/,2"} and 2y € V(G3s) \ {#, 2"}, then since dp,(x¢, z0) < 5, xg —
¥ =y =y — 2 — z. Hence, (V(G1)\{2/,2"}) — 2’ and 2/ — (V(G3)\ {¢/,2"}).
dp,(Z',y") < 5 implies that 2/ — 2 — 2" — 2/ — ¢y — . Now dp,(20,2") > 6,
a contradiction.  This contradiction shows that for any zg € V(Gy) \ {2}, we have
z' < xo. Hence, (V(G1) \ {2/}) — 2. Then, there is no directed path from 2’ to any
vertex of V(G1) \ {2}, once again a contradiction.

This completes the proof.

Theorem 2.2. Let i € {1,2,3}. Let G; be a bridgeless graph of order n; > 3 and let
9(G1,Ga,Gs;4) be the family of 2-edge connected graphs obtained by adding 4 edges to

-

link G1, Go and G3. If K1 1n,—2 C Gi, then d(9(G1,G2,G3;4)) = 4.
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Proof: Let V(G;) = {wz lj=1,2,...,n;}, V; = {ac;\j =3,4,...,n;}, dg,(x})
= dg,(z}) = n; — 1, and G = G1 U Gy U Gz U {zi2? 222 2223 2223}, Then G €

9(Gh,Ge,Gs;4). Orient the edges of G as follows:

(i) {zt,a%} — a2 — {ad,ad);

(i) vd — {2l u Vi, Vi — 2}, 22 = 22 —» Vo — 22 {23 u V3 — 2}, 23 — V3
(7i1) orient the remaining edges of G arbitrarily.

Let D be the resulting digraph. We claim that d(D) < 4.

The existence of the paths from: 2? — 3 — Vs, 22 — 2} — V3 U {xl}, and
2 — 23 — V3 U {z}} shows that ep(z?) < 2. This together with: x} — z1 — 22
imply that ep(x1) < 3 and ep(zd) < 4; 23 — 23 — 2?2 imply that ep(23) < 4; for any
z? € Vo, 27 — 2% imply that ep(x?) < 3. For any z} € Vi, 2} — 2z} and ep(2]) < 3
implies that ep(x}) < 4 By the nature of the orientation, the bounds for the eccentricities
of the vertices 3, 23, xl, where x3 € V3, are equal to the bounds of the eccentricities of
the vertices z1, 23, v}, where 1 € V4.

This shows that d(D) < 4, and hence d(G) < 4. Consequently, d(4(G1,G2,G3;4)) <
4.

We next prove d(¥4(G1,Ga, G3;4)) > 4 by the method of contradiction. Suppose there
is a G in 9(G1, G2, G3s;4) and an orientation Dy of G such that d(Dy) < 3. We consider
two cases.

Case 1. There is no edge with one end in G, and other end in G5 for somer,s € {1,2,3}
with r # s.

Since Gy is 2- edge connected, assume that the linked edges added to be 5”%13%7 Ty Tiys

22 23 and 22,23 . As Dy € 2(Gy), without loss of generality, assume that, in Dg, we

r3lry r4Try:
L 2 2 1.2 3 .3 2 1 1
have x;, — z7, z;, — ¥, ¥;, — x;,, ¥y, — x;,. Then, for any z, € V(G1) \ {7, }

r1? *ro T2 Y13 7"1’ 2
and for any z; € V(Gs) \ {«}}, dp,(zp,27) > 4, a contradiction.
Case 2. For everyr,s € {1,2,3} with r # s, there exists at least one edge with one end

mn G, and other end in Gi.
Since Gy is 2- edge connected, assume that the linked edges added to be z} T

2 1 ,.2

2 2 ,..3
T1? Q:szTj )

at,xs, and x}a? . As Dy € 2(Go), without loss of generality, assume that in Dy, we
have xl — x?l, x32 —> xfﬁl, xfﬁQ — acl and either :cl — a: or 1:3 — x . Then, for any

.’L' € V(G3)\{xr2? T3

Th1s completes the proof.

Recall that: 42 = {G : G € 9(n1,n2,n3;m), where ny, ng, n3 are integers with ng >
ng >mnp > 3and 3 < m < ning +ninz +nangt. Set 43 = {G: G € Y(ny,n2,nz;m),
where ni, no, n3 are integers with ng > no > n; > 3,3 < m < ning +ning + nang,
ny # 4, ng # 4 and n3 # 4}.

} and for any :cg € V(Gg)\{xrl} dDO(x :Bg) > 4, acontradlctlon.

Theorem 2.3. (f(gg*) <3

Proof: Let V(K,,) = {z1,22,...,Zn, }, V(Epn,) = {y1,y2, -, Uno }, V(EKny) = {21, 22,
Zns b Vi = {xg,ma, o xn b, Vo = {3 s e b, VB o= {23,245, 205 ) G, G2

and G'3 be the complete subgraphs of K,,,, K, and K, induced by the sets V, V5 and V3,

respectively; anG = Kn,UKp,UKp,U{x1y2, 122, T2Y1, T221, T2Y2, T222, Y122, Y221, Y222 }-

Then G € %3 Orient the edges of G as follows:

(i) 11 = V1 = x2, 21 — w2 — {y1,%2,21};

(@) y1 — Vo — y2, y1 — yo — {21,22, 21}

(1i1) z1 — V3 — 29, 21 — 22 — {x1,22,y1}; and

(tv) orient the edges of G1, G2 and G3 such that d(G;) < 3, d(G2) < 3 and d(G3) < 3.
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Let D be the resulting digraph. We claim that d(D) < 3. By the nature of the orienta-
tion, we compute eccentricity only for the vertices of K. The existence of the paths from:
ry = Vi, 1 — 2 — Y2, 1 — T2 = y1 — Vo, x1 — 22 — 21 — {22} UV, in D,
shows that ep(z1) < 3529 — yo = 21 — Vi, 29 = y1 — Vo, m9 — 21 — {22} U V3,
in D, shows that ep(z2) < 3; Vi — z2 — yo — {z1,22}, Vi — 22 — 11 — Vo,

-

Vi = a9 = z1 — V3, in D, and d(G1) < 3, shows that for every x; € Vi, ep(x;) < 3.

—

d
Thus d(D) < 3, and hence d(G) < 3. Consequently, (f(gg*) < 3.

-

Theorem 2.4. d(¥(4,4,4;12)) < 3.

Proof: Let {x1,x9, 23,24}, {y1,92,y3,v4}, {21, 22, 23, 24} be the vertex sets of three dis-
joint copies of K4 and from 3K, obtain G by adding the 12 edges: x1y1,¥y121, 211, T1Y4,
X124, Y14, Y124, 2124, 21Y4, T4Y3, Y423, 24T3. Then G € ¥(4,4,4;12). Orient the edges of G
as follows:
T4 — {(L‘l,xg,xg}, r3 — {1‘1,1‘2}, T9 — I,
ya — {yn,v2, 3}, 3 = {yn,v2}, v2 — y1,
Z4 — {21,22,23}, z23 — {Zl,ZQ}, 29 — 21,
v — {y1,ya, 2}, 1 — {21, 20,24}, 21 — {21, 24, Y4},
T4 — Y3, Y4 — 23, and z4 — x3.
Let D be the resulting digraph. Direct verification shows that d(D) = 3.
This completes the proof.

-

Theorem 2.5. Let ng > 5 orng = 3. Then d(¥(4,4,n3;11)) < 3.

Proof: Let {x1, 22, 23,24}, {y1,v2,y3,ya} and {z1, 22, . . ., 2n4 } be, respectively, the vertex
sets of two disjoint copies of Ky and K,,; let V! = V(Kp,) \ {#1,22}; and let G = K,
U Ky U Kpy U {z1y1, T1Ya, X121, T122, T322, T4Y1, T4Y3, Ta21, Y121, Y122, Ya21}. Then G €
9(4,4,n3;11). Orient the edges of G as follows:

(Z) T — {yl,y4,22}, Yy — {2’1,2’2,.%'4}, 21— {a:l,m4,y4}, T4 — Y3, 22 — T3;

(ii T4 — {.%'3,.%2,.@1}, {5133,332} — I1, 3 — T9;

(71) ya — {ys,y2, v} {3, 92} = y1, Yz — v

(iv) z9 = 21, 22 = V' = 2z1; and

(v) orient the edges of G[V'] such that d(G[V']) < 3.

Let D be the resulting digraph. We claim that d(D) < 3. We show this by computing
upper bounds for eccentricities of the vertices.

Let z; € V' be arbitrary. In D, the existence of the paths from: x1 — ys — {y2,93},
ry — 2o — {z1,2zi}, and x1 — y1 — x4 — {x2,x3} shows that ep(z1) < 3; 22 —
ry — 2o — {ws,z}, va = x1 — 1 — {z1,24}, and 2 — 1 — Y4 — {y2,y3} shows
that ep(z2) < 3; 23 — x9, 3 — 1 — Y1 — T4, T3 — T1 — Y4 — {Y2,y3}, and
x3 — x1 — 22 — {21, %} shows that ep(x3) < 3; 24 — {x2,23}, 24 — 1 — Y1,
x4 = 1 — Y4 — {y2,y3}, and 4 — x1 — 29 — {21, 2} shows that ep(xy) < 3;
yi — x4 — {x1,72,23}, y1 — 21 — ya — {y2,y3}, and y1 — 22 — z shows
that ep(y1) < 392 = y1 — 4 — {71,72,73,%3}, Y2 — ¥1 — 21 — Y4, and
Y2 — y1 — 22 — 2z shows that ep(y2) < 35 y3 — Y2, y3 — y1 — 21 — U,
ys — y1 — x4 — {x1,x9,23}, and y3 — y; — 2o — 2z; shows that ep(y3) < 3;
Ys = Y2, Y4 — Y1 — 21, Y4 — Y1 — T4 — {T1,22,23,y3}, and y4 — y1 — 22 — 2
shows that ep(ys) < 3; 21 — 24 — {x1,29,23}, 21 = ya — {y1,¥2,y3}, and 21 —
x1 — 29 — z; shows that ep(z1) < 3; 20 — 2, 22 = 21 — x4 — {x1,29,23}, and
zo — 21 — Y4 — {y1,y2,y3} shows that ep(z2) < 3; z; — 21 — x4 — {x1,22,23},

—

zi = z1 = ys — {y1,y2,y3}, and z; — 21 — x1 — 2z together with d(G[V']) < 3
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shows that ep(z;) < 3.
This completes the proof.

-

Theorem 2.6. Let no > 5 orng = 3, and let ng > 5 or ng = 3. Then d(¥4(4, n2,ns3; 10) <
3.

Proof: Let {x1,z2,x3,24},{y1,Y2,- -, Yny }, and {21, 22, ..., 2ns } be, respectively, the ver-
tex sets of Ky, Ky, and Kp,;let V! = V(Ky,,) \{y1,y2} and V" = V(K,,)\ {21, 22}; and
let G = K4U Ky, U Kng U {xlyl,xlyg,x4y1,a:12’1,x122,:z421,ylzl,ylzg,ygzl,xgzg}. Then
G € 9(4,n2,n3;10). Orient the edges of G as follows:

(Z) 1 — {yl,yg,zg}, y1 — {2’1,2’2,564}, zZ1 — {xl,m,yg}, 29 — I3;

(ii Ty4 — {xg,a:g,:vl}, r3 — {mg,xl}, T9 — I,

(i1) y2 = y1, 92 = V' = y1, 20 = 21, 20 = V" = 215 and

(iv) orient the edges of G[V’] and that of G[V"] such that d(G[V']) < 3 and d(G[V"]) < 3.

Let D be the resulting digraph. We claim that d(D) < 3. We show this by computing
upper bounds for eccentricities of the vertices.

Let y; € V' and z; € V" are arbitrary. In D, the existence of the paths from:
ry — y1 — xa — {x2,x3}, 11 — Y2 — y;, and &1 — 22 — {z1,2;} shows that
ep(x1) < 3329 — 1 — Y1 — T4, xa — 1 — Y2 — Y, and x9 — X1 —
2o — {w3,21,2;} shows that ep(xz2) < 3; 23 — 2, z3 — 21 — y1 — {z1,24},
r3 — x1 — Y2 — Yi, and x3 — x1 — 22 — z; shows that ep(z3) < 3; 24 — {22, 23},
Ty — T — Y1 — 21, T4 — T1 — Y2 — Y;, and 14 — 11 — 22 — 2; shows that
ep(za) < 331 — x4 — {z, 20,23}, y1 — 21 — Y2 — Yy, and y1 — 22 — 2
shows that ep(y1) < 3; y2 — ¥i, y2 — y1 — 24 — {21,72,23}, Y2 — y1 — 21, and
Y2 — y1 — 22 — zjshowsthatep(y2) < 3y = y1 — @1 — {x1, 22,23}, 45 = 1 —
zo — zjand y; — y1 — 21 — Yo, together with J(G[V’D < 3 shows that ep(y;) < 3;
21 = x4 — {x1,22,23}, 21 = Y2 — {y1,ui}, and 21 = 1 — 22 — z; shows that
ep(z1) < 3520 = zj, 20 = 21 = x4 — {x1,22,23}, and 20 = 21 = Y2 — {y1, ¥}
shows that ep(z2) < 3; 2z; = 21 = @1 — {x2,23}, 2, = 21 = y2 — {y1,ui}, and
zj — 21 — T — 29, together with d(G[V"]) < 3 shows that ep(z;) < 3.

This completes the proof.

Corollary 2.1.

—

i) min{m : d£3;m) =6} = 3.
ii) min{m : dg’);m) =4} = 4.
iii) min{m : d(¢>') = 3} < 9.

—

<3} <12
m

iv) min{m : d(¥4(4,4,4;m))
v) Let n3 € {3,5,6,7,... }. min{m : d(4(4,4,n3;m)) < 3} < 11.

vi) Let na,n3 € {3,5,6,7,... }. min{m : d(¥(4,n2,n3;m)) < 3} < 10.

(vii) min{m : d(3;m) = 3} < 12.

Proof: Proofs of (i), (ii), (iii), (iv), (v), and (vi) follows by Theorems 2.1, 2.2, 2.3, 2.4,
2.5, and 2.6. Proof of (vii) follows from (iii), (iv), (v) and (vi).

o~~~ o~~~

Problem 2.1. Find min{m : d(3;m) = 3}.

Theorem 2.7. For n > 5 or n = 3, there exists a graph G in 4(n,n,n;6n) with
d(G) = 2.

Proof: Let m be odd and let V' = {wg,v1,...,v,—1} be the vertex set of the complete
graph K,,. Orient the edges of K,, as follows:

(i) {v2,v4,V6, -, Um—1} = Vo = {V1,V3, V5, .., Um—2};
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(i) {vo} U {vs,vs,v7,...,vm_2} = v1 = {V2,04,V6, ..., Vm—1}:

(#i1) {?}0, V2, V..., ’Umfg} — Um—92 — {’Ul, V3, V5, . . . ,Um74} U {’Umfl};
(1) {v1,v3,05,...,9m—2} = Vm—1 — {V0, V2, V4, ..., Vm_3};

(v) when i € {2,4,6,...,m — 3},

({v1,v3,05,. .., vi—1} U{Vit2, Vitd, Vig6, .., Um—1}) = V; —

({vo, v2,v4, ..., vi—2} U{vit1,vi43, Vig5, -+, Um—2});

(vi) when i € {3,5,7,...,m — 4},

({vo,v2, V4, . ., i1} U {0ig2, Vitd, Vig6, - - -, Um—2}) = V; =
({v1,v3,v5,. .., vi—2} U{vit1, vi43, Vit5, -+, Um—1})-

Let D be the resulting digraph. We claim that d(D) = 2. We show this by computing
eccentricities for the vertices of D.

The existence of the paths, in D, from: vy — {v1,v3,v5,...,0m—2} and vg — v; —
{vo,v4,v6,...,vm—1} shows that ep(vy) < 2; vi — {va,v4,06,...,9m—1} and v; — vy
— {vo} U {vs,v5,07,...,0m—2} shows that ep(vy) < 2; for i € {2,4,6,...,m — 5}, v;
— {UQ,UQ,U4, - 71)1‘—2} U {vi+1,vi+3,v,~+5, ey Um_g}, Vi — Vi1 — {Ul, V3,0U5,... ,Ui_l}
U {vi+2, Vi+d, Vit6, - - -, Um—1 shows that ep(v;) < 2; for i € {3,5,7,...,m — 4}, v; —
{’1)1,’1)3,7)5, . ,Ui_g} U {’Uz‘_;,_l, Vig3, Vit 5, - - - ,’Um_l}, Vi — Vjg1 — {vo,vg, Uy ,U,‘_l} U
{Vit2, Vitd, Vit6, - - -, Um—2} shows that ep(v;) < 25 vy—3 — {vo, V2, V4, .« o, Vyn—5} U {Um—2}
and vy,—3 — Um—2 — {v1,03,05,...,Um—a} U {vym_1} shows that ep(vy—3) < 2; Vo —
{v1,v3,05,...,Um—4} and vy_o — Um—1 — {v0,V2,04,...,Um_3} shows that ep(v,—2)
< 25 o1 — {vo,v2,04, ..., Vm—3} and vy—1 — vg — {v1,v3,05,...,Unm_2} shows that
eD(Um—l) <2

We consider two cases.

Case 1. n = m is odd.

Let Vi = {xo,z1,...,Zm-1}, Vo = {y0,91,---,Ym—1}, and V3 = {20, 21, ..., Zm—1} be
the vertex sets of three disjoint complete graphs K,,.

Let G = 3K, U {xiVi, Tit1Vi, YiZis YiZitr1, TiZm—1—i, Tm—izi = © € {0,1,2,..., m — 1}},
where suffixes are reduced modulo m. Then G € ¢ (m, m,m;6m). Orient the edges of G
as follows:

(i) if v; = vy, then x; — xj, y; + yj and z; — z;;
(i3) i = {Yis 2m—1-i}, ¥i = {Tit1,2i+1}, and z; — {yi, Tm—i}.

Let D' be the resulting digraph. We claim that d(D’) = 2. We show this by
computing eccentricities for the vertices of D'. Let D, = D'[Vj], i € {1,2,3}. As
Dj = Dy~ Dy = D,dD)) =2

The existence of the paths: zg — yo, zo — yo — y; for j € {2,4,6,...,m — 1},
xg — xj — yjforj € {1,3,5,...,m—2}, 20 = zn—1 — zjforj € {0,2,4,...,m—3},
ro — T; — Zm-1-j for j € {1,3,5,...,m — 2}, and 9 — zm—1, in D', together with
ep;(z0) < 2 shows that ep/(z9) < 2.

The existence of the paths: =y — y1 — y; for j € {0} U{3,5,7,...,m — 2},
1 — yi, r1 — x; — y; for j o€ {2,4,6,....m — 1}, 21 — zp—o — z; for
j e {L,3,5,....m—4}U {m -1}, 21 — z; = 2zm_1—; for j € {2,4,6,...,m — 1},
and 1 — 2,_2, in D', together with ep; (x1) < 2 shows that ep/(z1) < 2.

Let i € {2,4,6,...,m — 3}. The existence of the paths from: z; — vy;, x; — y;i —
1,93, 95, - Yic1} UWite, Yirds Yiv6s - - Ym—1}, Ti — x5 — yj for j € {0,2,4,...,i—
2}U{i+1, 1+3,1+9,... ,m—2}, Ti — Zm—1—i — {Zo, 29,24y .y mez;g}U{mei, Zm—i+2,
Zm—itds - Zm—2}, Ty = Tj — zm—1—jforj € {0,2,4,...,i=2}U{i+1,i+3,i+5,...,m—
2}, and z; — 2p—1—4, in D', together with epr (z;) < 2 shows that ep/(z;) < 2.

Let i € {3,5,7,...,m — 4}. The existence of the paths from: z; — vy;, x; — y; —
{0, 92,4, - - - Yim1} UYit2, Yitas Vi, - - s Ym—2}s T — x5 — yj for j € {1,3,5,...,i—
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Q}U{Z+17 2+3a Z+57 cees M — 1}7 Ty =7 Zm—i—-1 —7 {Zla R35 %55+ Zm—i—3}U{zm—ia Zm—i+2;
Zm—idtds - Zm—1}s Ty = Tj — Zm—j—1 forj € {1,3,5,...,i=2}U{i+1,i+3,i+5,...,m—
1}, and z; — zm—i—1, in D', together with epr (z;) < 2 shows that ep/(z;) < 2.

The existence of the paths from: x,,—2 = Ym—2, Tm—2 = Ym—2 = {Y0, Y2, Y4, - -, Ym—3},
Tm—2 — x; — yjfor j € {1,3,5,... m—4}U{m — 1}, zpm2 — 21, Tm—2 — 21 —
{#2,24,26,...,2m—-1}, and Ty—2 — xj = zm—1—; for j € {1,3,5,...,m —4}U{m — 1},
in D', together with ep; (xm—2) < 2 shows that ep/(zpy—2) < 2.

The existence of the paths from: ;-1 = Ym—1, Tm-1 — Ym-1 —> {Y1,Y3, Y5, - - - » Ym—2},
Tm—1 — x; — y;j for j € {0,2,4,...,m — 3}, zpp—1 = 20,Tm—1 = 20 — {21,23,25,...,
Zm—2}, and Tpym—1 — Tj — Zm_1-; for j € {0,2,4,...,m — 3}, in D', together with
erl(xm_l) < 2 shows that ep/(xm,m—1) < 2.

The existence of the paths from: yo — z1, yo — x1 — {z2,24,%6,...,Tm-1},
Yo — Y5 — Tjnl fOI‘j € {2,4,6,...,77?,—1}, Yo — 21, Y% — 21 — {22724726a"'7zm—1}7

and yo — y; — zj41 for j € {2,4,6,...,m—1}, in D', together with ep, (yo) < 2 shows
that eD/(yg) < 2.

The existence of the paths from: y; — xz2 — {xo}U{z3,z5,27,...,2m—2}, 11 — y; —
zjq1 for j € {0}U{3,5,7,....m—2}, y1 = zo2, 1 — 22 — {20} U{23,25,27,..., 2m—2},
y1 — y; — zjp1 for j € {0} U{3,5,7,...,m — 2}, and y1 — 2o, in D', together with
ep,(y1) < 2 shows that ep/(y1) < 2.

Let i € {2,4,6,...,m — 5}. The existence of the paths from: vy, — w41, ¥i —
Tiy1 — {21,23,25,. .., i1} U{Zit2, Tita, Tive, - Tm—1}, ¥i — Yj — T for j €
{1,3,5,...,Z'*1}U{i+2,i+4,’i+6,...,TTL*l}, Yi = Zit1, Yi — Zix1 — {21,23,25,...,
Zifl}U{Zi+272i+47Zi+67--‘ ,mel}, and y; — Yj — Zj+1 for j € {1,3,5,. . .,i—l}U{’L'-f-
2,i+4,i4+6,...,m— 1}, in D', together with eDé(yi) < 2 shows that ep/(y;) < 2.

Let i« € {3,5,7,...,m — 4}. The existence of the paths from: y; — x;y1, ¥i —
Tiy1 — {T0,T2,24,.. ., Ti 1} U{Zit2, Tita, Tiye, .- Tm2}, ¥i — Y; — xjq1 for j €
{0,2,4,...,i—1}U{i—|—2,’i—|—4,i—|—6,...,m—Q}, Yi — Zit1, Yi — Ziy1 — {20,22,24,...,
zi—1y U{zit2, Zitd, Zit6s - - -y Zm—2}, and y; — y;j — zjp1 forj € {0,2,4,...,i—1}U{i+
2,i+4,i+6,...,m — 2}, in D', together with ep, (y;) < 2 shows that ep/(y;) < 2.

The existence of the paths from: y,,—3 — Tm—2, Ym—3 = Tm-2 — {T1,23,25,. .., Tm—4a}
U{zm-1},Ym—3 — y; — xj41 for j € {1,3,5,...,m —4}U{m — 1}, ym—3 — 2zm—2,
Ym—3 — Zm-2 — {21,23,25,...,2m—a} U {zm-1}, and ym—3 — y; — zj41 for
j € {1,3,5,...,m — 4} U {m — 1}, in D', together with ep,(Ym—3) < 2 shows that
eD’(ymf?)) <2

The existence of the paths from: y,,—2 = Tpm—1, Ym-2 = Tm—1 — {0, T2, T4, ..., T;m—3},
Ym—2 — y; — xj41 for j € {0,2,4,....m — 3}, Yym—2 — Zm—1, Ym-2 — Zm-1 —
{70, 22, 24,...,2m—3}, and ym—2 — y; — zj41 for j € {0,2,4,...,m—3}, in D', together
with ep, (Ym—2) < 2 shows that ep/(ym—2) < 2.

The existence of the paths from: ym—1 — Z0,Ym-1 — 2o — {T1,23,%5,...,Tm—2},
Ym—1 — Yj — Tj4+1 fOl“j € {1,3,5,...,m—2}, Yn—1 — 20, Ym—1 — 20 — {21,23,2’5,

ooy Zm—2}, and Yo — y; — 241 for j € {1,3,5,...,m — 2}, in D', together with
epy(Yym-1) < 2 shows that ep/(ym—1) < 2.

The existence of the paths from: zp — x0, 20 — zo — {z1,23,25,...,Tm—2},
20 = zj = xm—jforj € {1,3,5,...,m—2}, 20 = vo0,20 = Yo — {¥2,Y4,Y6,---,Ym—1},
z0 — zj — y; for j € {1,3,5,...,m — 2}, in D', together with eDé(zo) < 2 shows that
BD/(Z()) < 2.

The existence of the paths from: 2z — zpm—1 — {z0,22,%4,...,2m-3},21 = 2; —
Tm—j; for j € {2,4,6,....m — 1}, 21 — Zm_1, 21 — Y1, 21 — Y1 — {yo} U
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{ys, 5,97, ..., Ym—2}, and 21 — z; — y; for j € {2,4,6,...,m — 1}, in D', together
with ep; (21) < 2 shows that epr(21) < 2.

The existence of the paths from: zo — 2,2, 22 = zp—2 — {T1,23,25,...,Tm-a} U
{Zm-1}, 22 = 2z; = wpm—j for j € {0} U{3,5,7,....m —2}, 20 — y2, 22 — y2 —
{yi} U{ya,y6,ys8, - Ym—1}, and 20 — z; — y; for j € {0} U{3,5,7,...,m —2},in D',
together with epy (22) < 2 shows that ep/(22) < 2.

Let i € {4,6,8,...,m — 3}. The existence of the paths from: z; —

Z2i — Tm—i 7 {56171“3,365, e 7xm7i72} U {:Em—i+1,$mfi+3,$mfi+5, e ,$m71}, Zp =
zj = Ty for j o€ {0,2,4,...,i =2} U{i+1,i+3,i+5,....m— 2}, z; —
zi = Y = Y9395, Yim1} U {Yit2, Yita, Yit6, - Ym—1}, and z; — z; — y; for

j€{0,2,4,...,i—2yuf{i+1,i+3,i+5,...,m—2}, in D', together with ep, (2;) < 2
shows that ep/(z;) < 2.
Let ¢« € {3,5,7,...,m — 4}. The existence of the paths from: z; — zp_i,

Zi — Tm—i — {$0,$2,$4,---,33m—7;—2} U {wm—z’+1,9€m—z’+3,9€m—z’+5,---,xm—z}, 2 —
zj — Xym—j for j € {1,3,5,...;i =2y U{i+1,i+3,i+5,...,m — 1}, z — i,
zi = Y — {Y0.v2,Y4,- - Yi—1} U {Yiv2s Yitd, Yit6s - - Ym—2}, 2z — 2zj — y; for

je{1,3,5,...,i—2}U{i+1,i+3,i+5,...,m— 1}, in D', together with €D§(Zi) <2
shows that ep/(z;) < 2.

The existence of the paths from: z,,_o — 2, zm—2 = x2 = {xo}U{x3, 25, 27,. .., Tm—2},
Zm—2 — zj = xpm—j for j € {1,3,5,....m —4}U{m — 1}, zm—2 = Ym—2, Zm—2 —
Ym—2 — {Y0,Y2, Y4, -, Ym—3}, and 2z, — 2z; — y;forj € {1,3,5,...,m—4}U{m—1},
in D', together with ep; (2m—2) < 2 shows that ep/(zp—2) < 2.

The existence of the paths from: z,-1 — =1, 2m—1 — 21 — {22, 24, %6,..., Tm—1},
Zm—1 —7 Zj — CCm_j fOI'j S {0,2,4,...7771—3}7 Zm—1 —7 Ym—-1 — {y17y37y57"°7ym—2})
Zm—1 — zj — y;j for j € {0,2,4,...,m —3}, and zp,—1 — Ym—1, in D', together with

eDé(zm_l) < 2, shows that ep/(2pm—1) < 2.

This completes the proof of the claim d(D’) = 2.
Case 2. n = m + 1 is even.

Let Vi = ViU {z}, V§ = Vo U{y}, and Vi = V3 U {2z}, where V1, V3, V3 are as in Case
1;1let G = 3K, U {xy,yz, 22, 2m—1, Y2m—1, YTm—1} U {TYi, 2T, 2Yi, TiYi, YiZiy TiZm—i—1 :
i € {0,1,2,...,m — 1}}, where suffixes are reduced modulo m. Then G € ¥4(n,n,n;6n).
Orient the edges of G as follows:

(i) if v; = vy, then z; — x5, y; < y; and z; — zj;
(@) z = Vi, {yo, ¥1, Y2, - - s Ym—3} — ¥ = {Um-2,Yym-1}, and 2 — V3;
(i) y =z, — 2,y — 2,

Zm—1 — T, Zm—1 — Y, Tm—-1 — Y,

{yi =z, 25 = 2,yi = 2,2 = Yiy 2i = YiyZm—i—1 —> Ti: 1 € {0,1,2,...,m—1}}.

Let D' be the resulting digraph. We claim that d(D’) = 2. We show this by computing
eccentricities for the vertices of D'.

The existence of the paths from: © — Vi, 2 — x; — y; fori € {0,1,2,...,m — 1},
T = Tym-1 = Y, = 2z — Vi, and  — 2, in D', shows that ep/(z) < 2.

The existence of the paths from: y — = — Vi,y = 2,y = ym—2 — {¥0, Y2, Y4, - - s Ym—3},
Y = Ym-1 = Y1,93:Y5 - Ym—25 Y = Ym-1,y — 2 — V3, and y — 2, in D', shows
that 6D1<y) < 2.

The existence of the paths from: z — z,_,_1 — z; for ¢ € {0,1,2,...,m — 1},
Z = Zm-1 = T,z = 2z — y;fori € {0,1,2,....m—1}, 2z = zp_1 — y,and z — V3,

in D', shows that ep/(z) < 2.
For i € {0,1,2,...,m — 1}, z; — y; — x shows that dp/(z;,z) < 2, y; — x shows
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that dp/(y;,x) = 1, and z; — y; — = shows that dp/(z;,z) < 2.y — x shows that
dp(y,x) = 1. z = zp—1 — x shows that dp/(z,z) < 2.

Fori € {0,1,2,...,m—3}, z; — y; — yshows that dp/(x;,y) < 2,y; — yshows that
dp(yi,y) = 1, and z; — y; — y shows that dp/(z,y) < 2. Tpp—2 — Tpm—1 — y shows
that dp/(zm—2,y) < 2. xpm—1 — y shows that dp/(zm—1,¥) = 1. Yym—2 — yo — y shows
that dp/(Yym—2,9) < 2. Yym—1 — y1 — y shows that dp/ (Ym-1,y) < 2. Zm—2 = Zm-1 —
y shows that dp/(zm—2,y) < 2. zpp—1 — y shows that dp/(zp—1,9) = 1.2 — zp_1 — ¥y
shows that dp/(x,y) < 2. 2z = z,p—1 — y shows that dp/(z,y) < 2.

For ¢ € {0,1,2,...,m — 1}, &; — z shows that dp/(z;,z) = 1, y; — =z shows that
dp(yi,z) = 1, and z; — y; — =z shows that dpi(z,2) < 2. x — 2z shows that
dp(xz,z) = 1. y — z shows that dp/(y,2z) = 1.

For i € {0,1,2,...,m — 1}, dp/(zo,y;) < 2 follows from the existence of the paths:
ro — Yo, xo — Yo — yj for j € {2,4,6,...,m — 1}, and 9 — x; — y; for
j€{1,3,5,...,m—2} in D"

For i € {0,1,2,...,m — 1}, dp/(z1,y;) < 2 follows from the existence of the paths:
T — yi, 1 — y1 — y; for j € {0} U{3,5,7,....,m —2}, 21 — z; — y; for
j€1{2,4,6,...,m—1},in D".

For i € {2,4,6,...,m — 3} and j € {0,1,2,...,m — 1}, dp/(zj,y;) < 2 follows
from the existence of the paths from: x; — vy, x; — vi — {y1,93,95,..-,Yi—1} U
{Yit2, Yitds Yit6y - -y Ym—1}, and x; — xp — y for k € {0,2,4,...,i —2}U{i+1,i+
3,i+5,...,m—2},in D.

For i € {3,5,7,...,m —4} and j € {0,1,2,...,m — 1}, dp/(zj,y;) < 2 follows
from the existence of the paths from: x; — vy, x; — vi — {vo,¥2,94,...,Yi—1} U
{Yit2, Yitds Yit6y - - Ym—2}, and x; — xp — yi for k € {1,3,5,...,i =2} U{i+ 1,01+
3,i+5,...,m—1} in D’

Fori € {0,1,2,...,m — 1}, dp/(zm—2,y;) < 2 follows from the existence of the paths
from: Ty, 2 = Ym-2, Tm—2 = Ym—2 — {Y0,¥2, V4, Ym-3}, and T2 — T; — Y
for j € {1,3,5,...,m —4}U{m —1},in D"

Fori € {0,1,2,...,m — 1}, dp/(zm—1,y:;) < 2 follows from the existence of the paths
from: 1 = Ym-1, Tm-1 = Ym-1 — {Y1,¥3, Y5, Ym—2}, and Tp1 — T; — Y
for j € {0,2,4,...,m —3},in D’

For i,j € {0,1,2,...,m — 1}, dp/(x4,2;) < 2 follows from the existence of the path:
r; —» z — zj, in D

For i,j € {0,1,2,...,m — 1}, dp/(yi,z;) < 2 follows from the existence of the path:
yi > ¢ — xj, in D

For i,j € {0,1,2,...,m — 1}, dpr(y;, 2;) < 2 follows from the existence of the path:
yi = z — zj,in D’

For ¢ € {0,1,2,...,m — 1}, dp/(z0,2;) < 2 follows from the existence of the
paths: 29 — xm-1 — z; for j € {0,2,4,...,m — 3}, 20 — 2z — Zy_1-; for
j € {1,3,5,...,m—2}, and 29 = xy,—1, in D"

For i € {0,1,2,...,m — 1}, dp/(21,z;) < 2 follows from the existence of the paths:
21 = Tpm—o — x; for j € {1,3,5,....m —4} U {m -1}, 21 — z; = zp_1—; for
Jj € {2,4,6,...,m—1}, and 21 = xy—o, in D'

Fori € {2,4,6,...,m—3}and j € {0,1,2,...,m—1}, dp(z,z;) < 2 follows from the
existence of the paths from: z; — =1 — {Zo,22,%4,...,Tm—i—3} U{Tm—i, Tm—it2,
Tm—itdy oy T2}y 2i — 2k — Tm_1-k for k € {0,2,4,...;i — 2y U{i+1,i+3,i +
5...,m—2} and z; = Ty_1-i, in D’

Fori € {3,5,7,...,m—4}and j € {0,1,2,...,m—1}, dp/(2,z;) < 2 follows from the
existence of the paths from: z; — zp,—i—1 — {z1,23,25,...,Tm—i—3} U{Tm—i, Tm—it2,
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Tmm—itdy -y 1}y 2i — 2k — Tm-g—1 for k € {1,3,5,...;i =2} U{i+ 1,i+3,i +

5...,m—1} and z; = Zy—i—1, in D’
Fori € {0,1,2,...,m — 1}, dp/(zm—2,2;) < 2 follows from the existence of the paths
from: zm—o — 21, 2m—2 = 1 = {T2,24,%6,...,Tm-1}, and 2,2 — 2j = Tpy_1_j for

j e {1,3,5,...,m—4}U{m—1},in D"

Fori € {0,1,2,...,m — 1}, dp/(2m—1,x;) < 2 follows from the existence of the paths
from: zp—1 — 20, 2m—1 — o — {T1,23,%5,...,Tm—2}, and 2,1 — 2j = Tpy_1_j for
j€40,2,4,...,m—3},in D".

For ¢« € {0,1,2,...,m — 1}, dp/(z0,y;) < 2 follows from the existence of the
paths from: zp — wyo, 20 = Yo — {¥2,Y4.Y6,---,Ym—1}, and 2o — z; — y; for
j€{1,3,5,...,m—2} in D".

For i € {0,1,2,...,m — 1}, dp/(z1,y;) < 2 follows from the existence of the paths
from: z1 — wyi, 21 = v1 = {yo} U{ys,u5,y7,...,Ym—2}, and 21 — z; — y; for
j e {2,4,6,...,m—1},in D'.

For i € {0,1,2,...,m — 1}, dpr(z2,y;) < 2 follows from the existence of the paths
from: zo — w2, 22 = y2 — {vi} U {va,¥6,98,---,Ym-1}, and 2o — z; — y; for
j € {0}U{3,5,7,...,m—2},in D".

For i € {4,6,8,...,m —3} and j € {0,1,2,...,m — 1}, dp/(z;,y;) < 2 follows
from the existence of the paths from: z; — v, 2z — vi — {y1,93,95,-.-,Yi—1} U
{Yit2, Yitds Yit6y - - Ym—1}, and z; — 2z, — yi for k € {0,2,4,...,i =2} U{i+ 1,1+
3,i+5,...,m—2},in D',

For i € {3,5,7,...,m —4} and j € {0,1,2,...,m — 1}, dp/(z;,y;) < 2 follows
from the existence of the paths from: z; — v, z — vi — {vo,¥2,Y4,..-,Yi—1} U
{Yis2s Vitds Vit - - Ym—2}s 20 — 25 — ypfor k € {1,3,5,...i—2yU{i+1,i+3,i+
5...,m—1} in D.

For ¢ € {0,1,2,...,m — 1}, dp/(zm—2,v:) < 2 follows from the existence of the paths
from: zm—2 = Ym-2, Zm—2 = Ym-2 — {Y0,Y2,Y4,- -, Ym—3}, and 2,2 — z; — y; for
j e {1,3,5,...,m—4}U{m—1},in D"

For i € {0,1,2,...,m — 1}, dp/(2m-1,y;) < 2 follows from the existence of the
paths from: zm-1 — Ym-1 — {Y1,¥3,¥5,-- - Ym—2}, 2m-1 — 25 — y; for j €
{0,2,4,...,m —3}, and z,—1 — Ym—1, in D’

This completes the proof of the claim d(D’) = 2.

Corollary 2.2. If n > 5 orn = 3, min{m : d(4(n,n,n;m)) = 2} < 6n.
Problem 2.2. Find min{m : d(%(n,n,n;m)) = 2}.

—

Problem 2.3. Find min{m : d(3;m) = 2}.
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