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ON THE TIME DISCRETIZATION OF STOCHASTIC OPTIMAL CONTROL
PROBLEMS: THE DYNAMIC PROGRAMMING APPROACH * ** ***
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Abstract. In this work we consider the time discretization of stochastic optimal control problems.
Under general assumptions on the data, we prove the convergence of the value functions associated
with the discrete time problems to the value function of the original problem. Moreover, we prove
that any sequence of optimal solutions of discrete problems is minimizing for the continuous one. As a
consequence of the Dynamic Programming Principle for the discrete problems, the minimizing sequence
can be taken in discrete time feedback form.
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1. INTRODUCTION

Stochastic optimal control problems in continuous time have been extensively studied during the last decades.
This important area of research has a wide range of applications, such as in economy, mathematical finance
and engineering. Usually, there are two approaches to deal with these problems. The first one is related to the
Bellman’s Dynamic Programming Principle (DPP), which allows to characterize the value function as the unique
viscosity solution of the associated Hamilton-Jacobi-Bellman (HIJB) equation [21423|. The second one is the
variational approach, which deals with extensions of the Pontryagin maximum principle [26] to the stochastic
framework. For a detailed account of the theory and historical remarks we refer the reader to the classical
monographs [141(19}30].

Almost independently, another active field of research in the last decades has been the optimal control of
discrete time processes and general state space. In that framework, controls at time k (also called policies)
are probability measures on the actions space, which depend on the history of states at time k£ and the chosen
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actions up to time k — 1. Given a control, an action is chosen according to the probability measure associated
with this control and this fixes the transition probability function between the states at time k and k + 1. The
literature on this subject is too extensive and we refer the reader to the classical monographs [3}|12}|15}27}31],
and the references therein, for a comprehensive presentation and historical remarks. Generally speaking, the
assumptions in this theory are rather general and a common theme is the investigation of existence of optimal
(or e-optimal) Markov policies, i.e. the chosen control at time k depends only on the value of the state at time
k.

In this work, we consider a continuous time stochastic optimal control problem with deterministic coefficients
and a finite horizon 7" > 0. Given a time grid with diameter A > 0, we study its natural time discretization.
While we consider only uniform grids, our analysis is easily extended for general time grids. The state equation
is discretized with the classical stochastic explicit Euler scheme. Since at the continuous level we consider the
strong formulation for the state equation (see [30, Chapter 2, Section 4.1]), i.e. the control acts pathwise on
the state on a fixed probability space, it is natural to consider at the discrete level a similar formulation. In
this case, the controls are assumed to be adapted to the filtration generated by the increments of the Brownian
motion on the time grid. In this sense and similarly to the continuous time case (see [30, Chapter 2, Section
4.1 and Section 4.2]) our formulation is more specific than the one described in the previous paragraph, which
is more related to the weak formulation of the continuous problem (see [30, Chapter 2, Section 4.2]).

The study of the discrete time case arises from different objectives. For instance, it can be used to prove the
existence of optimal controls for the continuous time problem, as the limit of optimal discrete time policies (see
e.g. [9] and [20]). Another application is to derive the DPP for the continuous time problem as a consequence
of this property in the discrete time case (see e.g. [19] and [25]). We point out that in [17,19] and [25], given a
discrete time control the associated state solves the continuous time stochastic differential equation and so the
state is not discrete in time. Finally, discrete time problems appear naturally as the first step in obtaining a
numerical approximation of the continuous time problem, the second step being the discretization of the state
space (see e.g. [20]) or the resolution by Monte Carlo methods.

The simplicity of our pathwise formulation and the regularity of the coefficients defining the continuous
problem, which, as we will see, yields the continuity of the optimal cost as a function of the initial state, allow
us to simplify the proof of the DPP for the discrete time problem by arguing as in [5]. Thus, we do not have
to deal with delicate measurability issues as in [3]. Although we consider controls adapted to the filtrations
generated by the increments of the Brownian motion, a consequence of the DPP is the existence of discrete time
optimal feedback (or Markov) controls. This important property in the discrete time case is in contrast with
the analogous property in the continuous time case, where the existence of an optimal feedback control can be
assured only in exceptional cases (see [30, Chapter 5, Section 6] and Remark [B.7]). In some sense, this is similar
to the existence issues for continuous time Stochastic Differential Equations (SDEs), where the Euler scheme is
always well-posed even when the continuous time SDEs does not admit explicit solutions.

We study several properties of the discrete time value functions V", which are analogous to their continuous
time counterparts, such as Lipschitz continuity and semiconcavity with respect to the state variable on bounded
sets. When extended by linear interpolation to the entire interval [0, 7], we prove that V" is Hélder continuous
in time, on bounded sets of the space variable. Using an approximation result by Krylov (see [19, Lemma 6,
Section 3.2, p.143]), we also prove with a direct approach the local uniform convergence of V" to V, the value
function of the continuous time problem. Since we work under quite general assumptions, this convergence
result is more general than those already proved in [9], where under stronger assumptions weak convergence to
a feedback control of the continuous time problems is shown, and |14, Chapter 9]. Probably, the convergence of
the value functions can also be proved by using analytical methods based on viscosity solution theory (see for
instance [7] and [8] for the deterministic case and [2[11] and [14, Chapter 9] for the stochastic one), however, our
direct approach allows us to prove the important fact that optimal (or e-optimal) discrete time controls form a
minimizing sequence for the continuous time problem. In particular, there always exists a minimizing sequence
of discrete time optimal feedback controls. In addition, under some convexity (strong convexity) assumptions,
we obtain the weak (strong) convergence of the discrete time optimal controls to a solution of the original
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problem. In this general framework, we have not established error estimates for the discrete value functions.
We refer the reader to [17] and |18] where, under additional assumptions, the author tackles this problem.

The paper is organized as follows. In Section [2] we state the continuous time and discrete time problems and
our main assumptions. Also, we provide some technical and fundamental estimates, which are proved in the
Appendix, relating the continuous time and discrete time states associated with piecewise constant controls. In
Section B we prove the DPP for the discrete time problem and show the existence of feedback optimal controls.
The continuity of the discrete value function plays an important role here and simplifies its proof. Next, in
Section H] we prove several regularity properties of V", which are analogous to those of V. Finally, in Section
we prove in Theorem the local uniform convergence of V" to V and that the sequence of discrete time
optimal controls is a minimizing sequence of the continuous problem. Under some convexity assumptions, the
convergence of this sequence to an optimal control of the continuous problem is also shown.

2. PRELIMINARIES

We begin by defining the problems we are interested in.

2.1. Continuous time problem

Let (92, F,P) be a probability space on which an m-dimensional standard Brownian motion W (-) is defined.
For every s € [0,T], we set F* = {F}},c(s,7) where for t € [s,T], F} is the completion of o(W(r) — W(s) : s <
r < t) by P-null sets of F.

Let s € [0,T] and = € R™, we consider the following controlled SDE:

{dyi’z(t) = ftya™ (), u(®))dt + oty ” (1), () AW (t),  t€]s, T1, 0

Y t(s) = =,

where f : [0,7] x R" x R" — R™ and ¢ : [0,T] X R" x R” — R™"*™ are given maps. In the notation above
yo¥ € R™ denotes the state function and u € R” the control. We define the cost functional

T
7 (u) =K l/ €ty (8), u(t)dt + gy " (T)) | (2)

where £: [0,7] x R® x R" — R and g : R™ — R are given maps. A precise definition of the control space, i.e.
the domain of the functional J** in , and assumptions over the data ensuring that y. " is well defined will
be given in the next sections.

Let U,q be a non-empty compact subset of R” and define

Uy = {u € (HE.)" : u(t,w) € Usq, for almost all (a.a.) (t,w) € [s,T] x Q}, (3)

where
HZ. == {v € L*([s,T] x Q) : the process (t,w) € [s,T] x Q> v(t,w) is F*-adapted}, 4)

and it is endowed with the L?([s, T] x Q) norm.
Then, for fixed s € [0,T] and z € R™ the control problem that we consider is

(Ps,z) inf J*%(u) subject to u € UZ,.
The value function of the continuous problem V : [0,7] x R™ — R is defined as

V(s,z) = inf J¥%(u). (5)

ueU; ,
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2.2. Discrete time problem

Let us introduce a discrete time approximation of the above problem. Given N € N\ {0}, define h :=T/N.
Let us set ¢, = kh (k=0,...,N) and consider the sequence of independent and identically distributed (i.i.d.)
m-valued random vectors, defined as AWy 1 := W (tgy1) — W(tx), for k = 0,..., N — 1 and AWy := 0 in Q.
Then, E(AW}) = 0 and E(AW;* AW;?) = hd;,i, (where &;,;, = 1 if iy = iy and &;,;, = 0 otherwise). For each
k=0,..., N we consider the filtration {}"]’-“}é\':k, where

1112

Fi={0,Q} and Ff:=0c(AWp; k+1<k <j) forallje{k+1,., N} (6)

Let us set L;.k = L? (Q,]—']’-“,IP’). For k=0,...,N — 1, we consider the admissible control sets
Ul = {u=(up,...,uny_1) € H;.V;lei.k D uj(w) € Ugqg P-as., j=k,...,N—1}, (7)

where H;.Vz_lei.k is endowed with the norm ||u|\§l, =h Z;V;kl E|u;|2.
J k

k,z,u

Given u € Z/{,?, r€R"and k=0,...,N — 1, we recursively define the state y;

70, 7 =k,..., N, associated
with u,  and k as

k., k, k, k, .
yjflu - yjIu‘i’hf(tj,yjzu,Uj)+U(tj,y»mu,’u]‘)AWj_’_l, ]:k’,...,Nfl,
yk7 ’ = .

Note that, under the assumption (H1) below, yfx" € L%, forall j=k,...,N.
J

Finally, we associate to each u € Z/l,? the cost function,

Ti(u) =E (b 0ty ) + glyn™™) | - 9)

Then, for fixed k and x, the discrete time control problem that we will consider is
(Pl?l,) inf JJ'(z,u) subject to u € U}
In this case, the value function {V! : R" - R | k=0,..., N} is defined over R" as

V() :=g(x), and V{(z):= inf J(z,u) fork=0,...,N —1. (10)

uGU,’:

The main result of this work is to prove the convergence of an extension of V(h)() to [0,T] x R™ to the value
function V. In the next section we introduce the main assumptions in this work.
2.3. Assumptions

We present the hypothesis that we consider in this paper.

1 ssumptions on the dynamics:
H1l) A i he d i
(a) The maps ¢ = f,o are B([0,T] x R™ x R") measurable.

(b) For almost all ¢ € [0, 7] the map (y,u) — @(t,y,u) is C* and there exists a constant L; > 0 such
that for almost all ¢ € [0, 7] and for all y € R™ and u € U,q we have

|<Py(t»yvu)‘ + |@u(t7yau)| < Lla

(11)
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where ¢ (t,y,u) := Dyp(t,y, u) and @y (t, y,u) := Dup(t,y, u).
(¢) There exists an increasing modulus of continuity @; : [0, +00[— [0, 400 such that for ¢ = f,o
and for all y € R", u € Uygq, s,t € [0,T] we have

P8, y,u) = @ty w)| < Wr(ls = ). (12)

(H2) Assumptions on the cost:
(a) The maps ¢ and g are respectively B ([0,T] x R™ x R") and B (R™) measurable.

(b) For almost all ¢ € [0,T] the map (y,u) — £(t,y,u) is C!, and there exists Ly > 0 such that for all
y € R" and u € Uy,

{ M(tvyau” < L Hyl + |u| + 1]27 (13)

where £, (t,y,u) :== Dyl(t,y,u) and £, (t,y,u) := D, L(t,y,u).
(¢) There exists an increasing modulus of continuity @s : [0, +00[— [0, +o0o[ such that for for all y € R™,
u € Uyq and s,t € [0,7] we have

(d) The map y +— g(y) is C! and there exists Ly > 0 such that for all y € R",

{ l9(y)| < Lo [|y| +1)%,

(15)
IVa(y)| < La[ly| +1].

In order to keep the notation as simple as possible, we define L := max{Lq, Lo} and @ := max{w;,wa}.

Remark 2.1. Under assumption (H1), for any u € U, the state equation admits a unique strong solution,
see the proof of [24, Proposition 2.1]. For the sake of completeness, we recall the following particular instance
of |24 Proposition 2.1] which is valid under our assumption (H1).

Proposition 2.1 Assume that (H1) holds true. Then for any u € L{gd the continuous times state equation
admits a unique strong solution y € L?(2; C([0,T]; R™)), and the following estimate holds:

|22 + (/ |f(s,0,u(s |ds> / lo(s,0,u(s 2ds] . (16)

Moreover, for any v > 1, there exists C'y > 0 such that

E [ sup y<s>|2] < CE

s€0,t]

E l sup \ygz(s) — ygi(s)\"’ < C,lzr —z|". (17)

s€0,t]

Under assumptions (H1) and (H2) we can prove the main result presented in Section Bl (Theorem [.2I),
which gives the convergence of the discrete value function to the continuous one. The contribution of this work
in the context of the existing literature is that our assumptions are rather general, see for instance |11] where
the coefficient are bounded. Moreover, using the DPP, proved in Section [3] we obtain the existence of feedback
discrete optimal controls which will be shown to form a minimizing sequence for the continuous problem.

We end this section by providing some technical results which will be needed in the next sections.
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2.4. Estimates on the states of the discrete and continuous formulations

We begin this section by providing some estimates for the discrete state and then for the difference between
two discrete states with different initial state. Finally, we also prove some estimates for the difference between
the discrete and continuous time states associated with the same discrete time control, which is extended to a
piecewise constant control at each interval [ty,tr11[. The proofs of these results will be given in the Appendix.

In order to keep the notation as simple as possible, we assume that the initial time is £ = 0 and the initial
state z is fixed, and we omit these indexes in the state.

We start by providing an estimate of the norm of the state in terms of the control and the initial condition.
For a fixed h, let u" = (“k)kN:_ol € Ul be a given discrete control and define the associated discrete state
y" = (y)N_, as the solution of .

Let us underline that all the constants involved in the following results are independent of h.

Lemma 2.2. Assume that (H1) holds. Then, there exists C > 0, such that

2 2 h|2
E [k_rg?cwykl ] <C [m + " g + 1) - (18)

Proof. See the Appendix. O

Lemma 2.3. Let (H1) holds. Then, for every p > 2, there exists Cp, > 0, such that for all z,y € R™, we have

E k:IgaXlek Yl | < Cplz —yl”, (19)

yeeey

where (yf)a_, and (y})n_, are the solutions of associated with the control u® and the initial states x and
Yy, respectively.

Proof. See the Appendix. O

Let u” € H2 be defined as ul(t) := uy, for all t € [ty,tx11) and y be the associated continuous state, i.e. the
unique solution of

{dy(t) = f(t,y(t), ug(t)dt + o(t,y(t), ug (t))dW (), t €0, T, (20)
y(0) = .

The existence and uniqueness of solution associated with u” is guaranteed by Remark X1l Now, we are going to
analyse the relationship between y, the solution of (20]) associated with u/, and y", the solution of associated
with u”. Note that ||u£‘||HzO = ||uh||u(;;.

2

Lemma 2.4. Assume that (H1) holds true. Then, there exists C' > 0 such that for all k =0,...,N — 1,

E| sup |y(t)—usl’| <Ch [|a:\2 + " |G + 1] + CB*(h). (21)

tp<t<tp4+1

Proof. See the Appendix. O
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3. DISCRETE TIME DYNAMIC PROGRAMMING PRINCIPLE

Throughout this section we consider h = T'//N fixed. Our goal in this section is to prove the DPP for problem
(P,?m) parameterized by the initial discrete time k and the initial state x. Besides its own importance, the DPP
implies the existence of discrete time optimal feedback controls, and it is also useful to prove the convergence
of the discrete value functions to the continuous one, as we will see in Section

Our aim is to prove the following DPP for {V/*: k=0,...,N}

Vi(z) = inf {ne(te,z,u) +E [Vk+1($ + hf(ty, z,u) + o (te, o, u) AWii1)] } (22)

u€Uqzq

for all k = 0,..., N — 1, where we recall that {V}» : k =0,..., N} was defined in . Note that (H2), the
compactness of U,q and Lemma 22 imply that V}*(z) € R for all k =0,..., N and = € R".

We will need the following result which proves that the discrete value function is Lipschitz continuous with
respect to the state variable, on bounded sets.

Lemma 3.1. Assume that (H1) and (H2) hold. Then, there exists a constant C' > 0 (independent of h), such
that for all x,y € R™, and for all u € L{,’;, we have

[T (@) = TR (y,w)| < Cllz] + |yl + e —yl, YE=0,...,N~1. (23)
As a consequence,
Vi (@) = Vi )] < Cllzl + |yl + 1w —y| ¥E=0,...,N. (24)
Proof. By notational convenience, we omit the indexes k and u in the states. We have for fixed k and u € Z/l,?
N—-1
[T, u) = Ty )| SE (B>t yfug) — 0ty u))] + lg(uk) — 9wl | - (25)
j=Fk

By (H2) we have for all k < j < N —1,

1

1 - - "
< E [fo [L(1+ |yF| + sly? -yl + |uj|)\y§./ —y |]d5] (26)
< LR [l — w1 o1l = w31+l =i bl — w31

Since the set U, 4 is compact, it is bounded by a positive constant M;, and so by the Cauchy-Schwarz inequality,
Lemma and Lemma [2.3] there exists Cy > 0 such that

1
vy —yil] < (Elly! - )2§Co|x*y|

1 1
lwillyy —vil] < (B |y] )2( ly? — ) < Co [z + TMZ + 1) & — 9],
IUHyJ—y]]f( [luj?))® (B ij—y] D)? < CoMylz —yl,

J
lyy — 5 1?] < Colz —yl* < Co [l=] + [yl] |2 — yl.

-

2

[
[
[
[

5 &8 &8 &

We conclude that there exists C; > 0 such that,

E ([t y7,ug) — 00ty y7u)l] < Collal + [yl + 1] v — yl. (28)
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Analogously we can deduce that
Ellgwa) = 9p)ll < Cu flx| + [yl + 1] [z — yl. (29)
Since C; in does not depend on j, we conclude that
[Je(@,u) = Ty )| < (T+1)C[Ja] + ly[ + 1] |z — yl, (30)

and follows.
Since the set Z/l,i‘ is bounded, and the constant C7 obtained is independent of u € Z/l,g, relation easily
follows from the inequality

Vi () = Vit ()| < sup [Ji (@, u) = Ji (y,u)]. (31)

uel/l,?

O
In order to prove the DPP , for all x € R™ we define

SH(z) == infucy,, {hé(tk, z,u) +E [vkhﬂ(y,’jfi")} } L Vk=0,...,N—1,

(32)
S (@) = g(z),

where,

ygflu =+ hf(tr, z,u) + o(ty, v, u) AWgiq. (33)
Lemma 3.2. For all x € R™, and for all k = 0,...., N, the map u € Uyy — E[Vk}ﬂrl(y:fiu)] is Lipschitz
continuous. As a consequence, S,};”(x) € R for all x € R", and there exists uy , € Uyq where the minimum in
the first relation in is attained.

Proof. Let u,v € Uyq, then by (H1) and the It6 isometry,

k,z, k,z,
E “ykflu - ykflvﬂ

IN

E [lh(f(tka xvu) - f(tkvavv)) + (J(tk,x,u) - J(tkvxu'u))AWkJrl'Z]
< 207E [|f(t, x,u) — f(te, x,0)[*] + 2hE [Jo(ty, z,u) — o (tk, z,v)]?] (34)
< 2R2L%|u —v|? 4+ 2hL?|u — v|?.

N

Thus, by Lemma [Z.2] Lemma [3.1] and the Cauchy-Schwarz inequality, there exist Cy > 0 and C' > 0 such that,

}

% k,x,u k,x,v % 35
+1P)* (Blp - i)t Y

IN

k,x, k,x, k,z,
Sl U AR T

k,x,u k,z,v
(E[|CO[|yk+1 |+ lypii
Cllz| 4+ 1] Ju — v].

k,x, k,x, k,z,
B[V - Va6l < E el

IN

A

By (7)), we conclude that Uyq > u +— E[thﬂ(y,]zfiu)] is locally Lipschitz continuous, and, hence, using (H2)
and that U, is compact, we get that S,?(x) is finite and the minimum in is attained. O

Lemma 3.3. Under assumptions (H1) and (H2), there exists C > 0 (independent of h), such that for all
z,y € R" and k=0,...,N —1,

|Sk(x) = Sp(y)| < Cllal + |yl + 1] |z — y]. (36)
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Proof. By the definition of S? and Lemma B.I] there exists C > 0 such that

k,z,u k,y,u
SP@) = St < supuer,, { Al 2, 0) = Aty 0] + B [V RS = Vi 1]} -
k,z,u k,y,u k,z,u k,y,u
< RColel+ Iyl + 1]l =yl + E [Colly 1] + ki + Ul — viiil] -
By the Cauchy-Schwarz inequality, we obtain
k,x,u k,y,u k,z,u k,y,u k,x,u k,y,u % k,z,u k,y,u %
E Iy + e+ Ul - vbtil] < (Bl + e+ 0%) 7 (Blves - ob)" . 9)

By Lemma 22land Lemma 2.3 we conclude that there exists C; > 0, independent of u, because U,q4 is bounded,
such that

1 1
(B [l + ety + 1)) (B [k — vt ) < Callal + Iyl + 12— . (39)
Combining and , we deduce that holds true. O

Now we prove the DPP. Since th is continuous, we can directly prove the result following the arguments
in [5] without needing to embed our problem in the general framework of [3].

Theorem 3.4 (DPP). Under assumptions (H1) and (H2), for all x € R™ we have

Vi(z)=SHz) Yk=0,.. N. (40)

Proof. We start by proving that V}*(z) > Sk (x). Let u = (uy, ..., un—1) be any element of U}*. By the definition
of the set U,?, we can write u; for j € {k+1,..,N — 1}, as a measurable function of the increments of the
Brownian motion, i.e. u;(AWgy1,...,AW;). For fixed Awiy1 € R™ and j = k+1,...,N — 1, we define the
maps

ﬁj(Awk+1) tweEN— ’LLj(Awarl, AWk+2(UJ), ceey AWJ (CU)) (41)
Setting @(Awyt1) = (Qpt1(Awpt1), -, n—1(Awys1)), we obtain 4(Awiy1) € UL, ;. Then, we can also define,
Jkr1(Awgr1) = + hf (tk, T, uk) + o(te, €, uk) Awg41, (42)

which is deterministic, and for j = k+2,..., N,
07 (Awpp) s w € Qi i THIE B BB ) () (43)
Then, by the independence of the increments of a Brownian motion, we have
N-—-1 k,x,u k,z,u
E {h Zj:k+1 E(tﬁ Yj a“j) + g(yN )] =

Ja B[S A €0t 55 (A1), 5 (Awns1)) + (v (Awn41))] dPaw,,, (Awis),
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where Paw,,, is the measure induced from P by AWy 1 on R™ (see [1, Section 4.13]). Thus,

[hZJ e Lty )+g(y§z”)}

= [ (R(try1, Grs1 (Dwrgr), Urg1 (Awpi1))

+E [h S e 0t 5 (Awpgr), 5 (Awe ) + g@N(Awarl))D dPAw, ;. (Awkt1) (45)
> Jom Vi1 (k1 (Awii1))dPaw, ., (Awk i)
=E I:th+1(x + h‘f(tkv z, uk) + U(tkﬂ z, uk)AWk+1)] .

Since uy, € Li.,,: and FF = {0,Q}, for all u = (uy, ...,un—1) € U} we have

Ut w) + E [R50 0595 wg) + 9]
> Utz ue) + E [V (2 + hf (e, @, u) + o (b, @, ue) AWy (46)
> Sh(z).

Minimizing w.r.t. u € U} in the Lh.s. we deduce
Vi(@) > S)(a). (47)
We next prove the converse inequality by an induction argument. It is clear by the definitions that
Vi(x) = S%(x) and Vi _,(z)=S%_,(x), Va € R". (48)

Now, let € be a positive number and for each x € R™ let d, > 0 be such that C[|z| + |y| + 1]z — y| < § for all
y: |z —y| < b, where C is the maximum of the constants given in Lemma B.I] and Lemma Then, for all
k=0,....N and u € Z/l,?,

max {|J} (z,u) = i (y, u)l, [V () = V" ()], 1Sk (« Wl <= 5 VYilz -yl <ds (49)

Since R™ is a Lindel6f space, i.e. every open cover has a countable subcover, there exists a sequence (&;);eny C R
such that R™ = [J;2| B(&, d¢,). In order to obtain a disjoint union, we can define

By :=B(&1,0,), and B;:=B(&,d,)\ (VZ1B;), Vi>1. (50)

Let k < N — 1, and assume that V;» = S" for alln =k +1,..., N. Since Uyq is compact, by Lemma 3.2} for
j=k,...,N —1, there exists u; € Uyq such that

hé(tjagivué‘) +E [ J+1(§z + hf(tj7€l7 g) + J(tﬁfu j)AWJ“Fl)} = th(&) (51)

We define the measurable function u;(z) = Y272, uixp (). Let € R™ and i such that x € B; (see (0)).
Then,

he(tg, @, ui(x) +E [V (04 B (t, o, u5(0) + o(ty, 2, u;(2) AW 1))
= hl(t;,x,uf) + [Vjﬁl(x—l—hf(t z,uf) + o(ty, o, ul )AW]_H)]
< § Lty &y uh) +E [V (& + hf(t, & u)) + o(ty, & uf) AWj41)] (52)
<5+ 80&)
< Sh(z) +e.
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Now, we fix 2 € R™ and take 4 = up(x) € Usq. We define inductively u; : @ = R", for all k < j < N —1, as

(@) = wi (™ W), (53)

k,x, (T, )

k(g a;) I T '
@, (T, 7%)) = z. Since the
=

where (y,« satisfies the first equation in for ay,...,u;, and y,

function w;y; is measurable and bounded, and Y; fl(u'“ %) is measurable with respect to F¥ j+1, we obtain

that 4 = (i, ...,in—1) € UP. Using the same ideas as in —, and the assumption th = th, for all
k<j<N—1, we get that

Jllcl(z7ﬂ) = hz(tkvx uk)+E hZ] =k+1 K( ]7yfmu7uj(yf7m ))_|_.g(y]k\fm u)i|
k,r,u k,z,u k,x,u
= bt ) + B [0 0y () + VR
< bt ) + hkaak“wm%»+%aﬁwwﬂ -
= bt @)+ B (bS50 0y g ) + Vi R + ¢
< hl(tg,x,ur) + E [Vk+1(i’/kf1 } (N —1)e
< Si(x)+ Ne,
where the inequality in the third line above is obtained by using . We conclude that,
V(@) < Jf(@,a) < S} () + Ne. (55)
Since € > 0 is arbitrary, we obtain
Vi () < S (), (56)
from which the result follows. O
The following remark will be used in the proof of the main result of Section Bl
Remark 3.5. Given k € {0,..., N — 1}, we introduce the following sets of controls,
g = {uelll L% i uj € Uya, P-as. Vj=k,...,N—1}
Ut = {ue H;.V:_leQf?. cu; € Ugg, P-as. Vj=k,...,N—1}, (57)
Ut = {ue Hj'V:?clef:f cu; € Ugq, P-as. Vj=k,...,N—1},

and the associated value functions,
Vh(2) = g(@),  VP(@)i= infugy Jh(@,u), k=0
‘_/Nh’l(a:) = g(x), ‘_/kh’l(x) = inf, ¢ Jz,u), k=0,.,N—1, (58)
V(@) = g(x), V() = infyeg I (z,0), k=0

N — 1,

LN 1.

We can observe that all the results of the current section including the DPP, remain true if we deal with any of
the sets in . Indeed, the proofs are based in the fact that the processes are adapted to the given filtration
and the 1ncrements of Brownian motions are independent. Since V{(z) = V' (z) = V2 (z) = Vi(z) = g(x),
and {V}'}, {th ", {th *} and {V}"} satisfy ([40), we have

Vi(z) = V) = V2 () = VP(x), VE=0,..,N, VzeR" (59)
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3.1. Feedback optimal control

The aim of this section is to prove that there exists a feedback optimal control for (P,?w) For notational
convenience we define for all 0 < kK < N — 1, the function FF:R" x U,y — R as

F¥(z,u) = hl(ty, z,u) + E [VI (2 4+ hf (te, 2,u) + o (ty, 2, 0) AWji)] - (60)
Then, by the DPP, for all z € R™ and K =0,...,N — 1, we have,

Vi(z) = inf FF(z,u) and V{(z)=g(x). (61)

u€Uqq

Based on a measurable selection theorem due to Schél |28, Theorem 5.3.1], we can prove the following result.

Proposition 3.6. Under the above assumptions, for all k = 0,..., N — 1 there exists a measurable function
@* : R™ = Uyy such that

F¥(z,a"(2)) = V! (2), (62)
for all x € R™.

Proof. Arguing as in the proof of Lemma B3] it is easy to check that (x,u) — F¥(x,u) is continuous. Since
U,q is compact we can apply [28, Theorem 5.3.1]. The result follows. O

Remark 3.7. As a corollary of the previous results and the DPP, in this discrete framework, we always have
a discrete time feedback (also called Markov) optimal control. Indeed, the sequence of measurable functions
o, . .., Un_1 given by the previous proposition, defines the optimal control @ = (a°(yo), 4 (y1), ..., a" " (yn_1)),
where (yo, ..., yn) is defined recursively as

{ Yer1 = Yk + hf (e, v @ (yi)) + o (s oo, @ (yr) ) AWipr VE=0,...,N —1, (63)

Yo = .

Let us point out an interesting phenomenon, not underlined enough in the literature, which shows the power of
the DPP. In the continuous time case it is well known (see e.g. [13, Chapter VI] and [14, Chapters 3 and 4]) that
if the Hamilton-Jacobi-Bellman equation associated with the stochastic control problem, which is a consequence
of the DPP in continuous time, admits a solution v which is regular enough, then we can construct a feedback
optimal control. This is known as a verification result and, under standard assumptions, usually holds when o
does not depend on u and, setting a = oo ", we have that

Y aij(a )6 > céff YEER

1<i, j<n

for some ¢ > 0. In particular, if we fix (¢t,2) € [0, T[xR"™, we get the existence of an optimal feedback policy
for the problem associated with V (¢,x). The main feature of this analysis is that existence of an optimum is
obtained without some usual convexity assumptions required in the strong formulation (see e.g. [30, Chapter
2, Section 5.2]). On the other hand, as we have just seen, for the problem obtained by discretizing the time
variable we always have the existence of a feedback control without any extra assumption. This is still an
infinite dimensional problem for which existence does not follow by standard methods, but it is a consequence
of the DPP.
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4. OTHER REGULARITY PROPERTIES OF THE VALUE FUNCTION

In this section we prove some regularity properties of the value function of the continuous and the discrete
problems. Some of them will be used in the proof of our main result in the next section and the others are
interesting by themselves.

In the following result we show the local (in space) Holder continuity in time for V' as well as an analogous
result for its discrete version {th ; k=0,...,N} defined in . The former result is classical, see e.g. |29,
Section 3.4] and [30, Chapter 4, Proposition 3.1]). However, for the sake of completeness, we prove here a
version adapted to our assumptions.

In the statement of the following result we use the r.h.s. of (2)) (respectively (9)) to extend J*%(-) (respectively
Jl(x,)) to U, (respectively UL).

Theorem 4.1. Under assumptions (H1) and (H2), there exists C > 0 (independent of h), such that for all
r€R", uel?; and s,t € [0,T],

2% () = J5* ()] < O+ [af]]s — t]2, (64)

and for allu € U} and r.k =0,...,N,

| (2, u) = T (@, w)| < C[L+ |2 |k — 7|2 b2, (65)
As a consequence,
|V(s,z) — V(t, ) SC[1+\x|2]\s—t|% VzeR" s,tel0,T], (66)
and
Vi) = V(@) < CL+|z}]|k —r[2h> Vaze€R" rk=0,...,N. (67)

Proof. First of all note that for all s € [0,7] and = € R™, we have

V(s,z) = inf J**(u). (68)
ueld?,
Indeed, it is clear that V(s,z) = inf,c0 J**(u). On the other hand, if u € U°,, then for all s < ¢t < T the

function wu(t) is Fy-measurable, and so there exists a measurable map u:((wy)o<r<s, (Wr — Ws)s<r<¢) such that
u(t,w) = w((Wy(w))o<r<s, (Wr(w) — Ws(w))s<r<t), P-a.s. ([1]). Then if we fix (w,)o<r<s we can define the
function
ﬂt((wT)OST‘SS) twE N Ut((wr)ogrgs, (Wr(w) - Ws(w))sgrgt)a (69)

which belongs to ;. By the independence of the increments of Brownian motions, we obtain the converse
inequality (see, e.g. [5, Remark 5.2]).

Without loss of generality, assume that 0 < s < ¢t < T. We consider a fixed initial state z and a control
u € UY,. For simplicity we denote y* := y5%, y' := y4* and for t <r < T, and ¢ = f, 0,

Ay(r) :==y*(r) —y'(r) and  Ap(r) = (r,y°(r),u(r)) — e(r,y' (1), u(r)). (70)
Then, we obtain for ¢t <r <T

Ay(r) = [ f(ry (), um)dr + [ o(ry* (7), u(n)dW ()
+ [ Af(r)dT + ] Ao (r)dW (7).
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By assumption (H1), the Cauchy-Schwarz inequality and the It6 isometry we have

E[|Ay(r)?] < dlls —tl+ 1] f; 3L2(1 + E[ly*(1)]?] + Elfu(r)2])dr

(72)
+4(|s — t| + 1] [ L?E[|Ay(7)[*]dr

Since the set U,q is compact, by the Gronwall lemma [10] and [24] Proposition 2.1] there exists Cp > 0 such
that

sup E [|Ay(r)P] < Co [1+ Jaf?] Is — ] (73)

t<r<T

Now we compare J*%(u) and J*(u), we denote AL(r) := £(r,y*(r),u(r)) —L(r,y'(r),u(r)) and Ag = g(y*(T)) —
gy (T)). We have

[J5% (u) — JW®(u)] < ]Ef; [€(r,y* (r), u(r))|dr + EftT |AL(r)|dr + E|Ag|. (74)
By assumption (H2) we obtain,
t
B [ ) utelar <32 [ (Bl 07 + Bl + 1) o, (75)
and since U,q is bounded, again by [24L Proposition 2.1] there exists C; > 0 such that
/ 10(r,y* (), u(r))ldr < C1[1 + [22]]s — ¢]. (76)

On the other hand, for the last two terms we obtain,

E{[Al(r)]]

IN

E | Jy 16,(r.9"(r) + €Au(r), u(r)) Ay(r)]e]

< B[y IL0+ 15 0)] + €Ay + ) Ay(r)lJde] ()
LE([1+ [y ()] + Ay ()] + fur) ]| Ay(r)]

A

IN

By the Cauchy-Schwarz inequality, Remark 211 the compactness of U,q and , we deduce that there exists
C5 > 0 such that

E[|ALF)]] < O [1+|af?] |s — t]2. (78)

An analogous estimate holds for Ag and so the result follows.
In the case of the discrete value function, Remark implies that for all x € R”,

N-1
Vi(z) = inf B [h Y 0t y5"" up) + gyh™) | . ke{0,....N}. (79)

weUl =k
Let u = (u;) € Ul be a given control and r, k € {0,..., N — 1} such that 7 < k. Let us set
T, k,z,u T, T, k,z,u T,T,U k,x,u
Ay; =y " =y Apy =ty ug) — oty " ug) and Ag = g(yy™") —glyy ),  (80)
for o= f,o,f and j =k,...,N — 1. Then
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Following the techniques in Subsection 4], there exists C3 > 0 such that
E [|Ay;j1]?] < (14 C3h)E [|Ay;*] < ¢“TE [|Ayel?] . (82)

By the definition, we have ylljmu =z, and hence,

k—1 k—1
Ay, = yz,m,u —x=h Z f(tj, y;,x,u7 Uj) + Z[O‘(tj, y]r_,x,u’ I@‘)AWJ;H}. (83)
j=r j=r

Since U,q is compact, by the independence of the increments of the Brownian motion and (H1), there exist
C4 > 0 and C5 > 0 such that

E[Aw?] < Cu W20k =) I ENS (6, 0™ u) P+ b 25 Ello(ty, v, )]
< Cshlk — 7| [1+max;— . x—1 E[ly;""|?] (84)
< Cshlk =7 [1+z?],

where the last inequality holds by Lemma We have

k—1 N-1
TP (u) = T ()| = [P B,y ™" uy)] +h Y E[AG] +E[Ag]| (85)
Jj=r j=k
and also,
V(@) = V(@) < sup [J) (@, u) = Ji(z, ). (86)

ueué‘
By (H2), Lemma [22] and the compactness of Uy, there exists C7 > 0 such that

k—1 k—1
D B[,y ug)]| < B LE [T+ |y ™ + fug|] < Bl — | Cr [1+ |f?] (87)
j=r j=r

On the other hand, as in , by Lemma [2.2] and , we obtain the existence of Cg > 0 such that

E[Al] < Cg [1+ |z h2 [k — 7|2, (88)
and a similar estimate holds for E[Ag]. Therefore, combining (85)-(88) we get the result. O
Our aim now is to study the semiconcavity of V' and of its discrete version {th ; k=0,...,N}. Recall that

¢ : R™ = R is locally semi-concave in R" if for all z € R™ and J > 0, there exists a constant K, s > 0 such
that, for all y € Bs(x) :={z € R" : |z — x| < §} and A € [0,1],

Mp(x) + (1= Ne(y) — oAz + (1= A)y) < Kz sA(1 = Nz —yf°. (89)

We will need the following additional assumptions:

(H3) There exists K > 0 such that g is semi-concave with constant K and ¢ is also semi-concave with constant
K, uniformly in [0,T] X U,gq, i.e. for all y,5 € R™,

)\f(t,y,u) + (1 - A)g(tvgu u) - E(t7 >‘y + (1 - )\)@u) < K)‘(]- - )‘)|y - y|27 VA€ [07 ]-]7 (90)

and
Ag(y) + (1= Ng(@) — gy + (1= Ny) < KAXL =Ny —7/*, VYAe[0,1]. (91)
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(H4) For ¢ = f, 0, and for almost all ¢ € [0, 7], the map (y,u) — @(t,y,u) is C? and there exists a constant
L such that for all y € R"™ and u € Ugg,

|90yy(tay,u)| <L. (92)

Under these additional assumption we prove now a local version of for Vand {V* ; k=0,...,N}. The
following proof is similar to |30, Proposition 4.5, p.187].

Theorem 4.2. Under assumptions (H1)-(H4), the functions V and Vi are locally semi-concave with respect
to the space variable, i.e. for allz € R", § >0, s € [0,T] and k=0,...,N, V(s,-) and V2(-) satisfy with
constants Kz s > 0 which are independent of s and k, respectively.

Proof. Let x,Z € R™, X € [0,1] and define 2* := Az + (1 — A\)z. For any ¢ > 0, there exists u. € U$, such that
T (u) — e < V(s, ). (93)

For notational convenience, we denote y*(t) = y55(t), £(y5(t)) = €(t,y55(t), uc(t)) and g(y*) = g(y5*(T)) for
€ = 2,%,2>. Then, we have

IN

)\Js,z(ue) + (1 _ /\)Js’i(ue) _ JS’IA (Us) +e
B [T M) + (1~ VA?) — )] on

E [Ag(y®) + (1= Ng®) — 9™ +e.

AV (s,x) + (1 =NV (s,2) — V(s,a)

IN

By the semi-concavity assumption (H3) we obtain,

E[JT ) + (1= M) = £0w? + (1= Ny®)a]
E [ J 160w + (1= Ny®) — (™t

E ([T + (1= New?) — ey ldt]

] (95)
< KA1 = NTE [sup,eq, ) Iy (6) -y (1) ]
B [ [T 160w + (1= N)y) - £y at|
By , there exists C such that
E [ sup [y (t) = y" (DI | < Cole — 3. (96)
tels,T]

Now, define Ay(t) := A\y™(t) + (1 — N)y*(¢) — y”x(t) for all t € [s,T]. By (H2), and the compactness of U,q,
there exists Cy > 0 such that

QW™ (6) + (L= Ny (0) = L™ O) < fy 16y (6) + EAy() | Ay ()] o)
< il + [y (O] + Ay ]| Ay (D).
We can obtain a similar estimate for g. By (H4), there exists Cy > 0 such that
E | sup |Ay(t)]?| < CoA?(1 — N2z — z|% (98)
te(s,T)
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Now, returning to @, by the Cauchy-Schwartz inequality, (17) and the above equation, there exists C3 > 0
such that

E[ly” 0llay®l] < @y OF) Eay@)2)?
< Gy 14N AQ = M|z — 2] (99)
< C3[l+ 2]+ |z — 2] M1 =Nz -z

Since |z — z|* < 62|z — 2|, for all z € Bs(z), combining (95)-(99), we can complete the proof of for V(s,-).
Now, for the discrete value, we follow similar arguments. There exists u. € Z/{,? such that

TP ue) —e < VP (ah). (100)
Denoting yf = yf’g’"f and E(yf) = E(tj,ng,u&j) for ¢ = x,z,2* and j = k,..., N, we have

AV (@) + (1= NV () = Vi (a?)

IN

)\J,’j(x,ug) +(1- )\)J,i‘(i, Ue) — J,?(z:)‘, ue) + e
B [n Y05 ) + (1= New) — 3| (101)

+E [Ag(k) + (1 - Ng(vh) — (k)] +¢.

IN

As in , by the semi-concavity assumption (H3) we obtain

E b 205 M) + (1= Ned) — €y )| < KA = NT maxs—p,. v E [ly? — 531°]

N-1 €T T z* (102)
E [ S5 EOwE + (1= M) — 0w )] -
By Lemma 23] there exists Cy > 0 such that
T |2 12
j:lilf.i.}.(,NE [|yj =5l ] < Colz — zI”. (103)

In order to estimate the last term in (102)) we set Ay; := A\y7 +(1—\)y} fyfk. By (H2) and the compactness
of Uy,q, there exists C; > 0 such that

E[eOwy + (1= N — )| < E[J 1007 + 0yl Aulde] o
< GE[[1+ 15|+ 1Ay 1Ay -
‘We have
Ayivr = Ay +h [fOw+ 0= Nyd) = F@)] + [0 + (1= M) = o2 )] AW
+h [AFE) + (1= NF) = FOw2 + (1= Ny?)] (105)
+ [Mo() + (1= No(y]) —a(hyf + (1= Nyf)] AW 4.
By the Young’s inequality and the It6 isometry, there exists Co > 0 such that,
E[|Ay;2] < [1+ CohlE [|Ay;[?] + CohE [If(Ay;” +(1=Ny)) - f(yfx)lz}
+OhE [|o (v + (1= Ny) = o (47 (106)

+CohE [|Af(y]) + (1

+ (1= NfW) = FOwF + (1= Ny ]
+CohE [[Aa(yf) + (1 - X)

No(y?) — o + (1 - Nyh)?].
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By (H1), we obtain
E[IFOws + (L= Ny) = F )] +E [loOw? + (1= Nyd) = olyy P <20°E [Jags?]. (107)
Now, for the last two terms in we have,
A7)+ (L= N fy7) — FOwf + (1= Nyi)

=y £, 005 + (1= A5 +601 = N7 =)0 = N5 — 97

F(L =) [ Fy O + (1= NyZ + ENYE — y2)A YT — yF)dE]
< LA = N)yf — %

(108)

where the last inequality holds by (H4). Analogous estimates are satisfied by o. By Lemma 23] we can
conclude that there exists C3 > 0 and Cy > 0 such that,

E[|Ayj+1?] < [1+ C3hE [|Ay; %] + CahA2(1 — M)z — z|* (109)
< eDBTON2 (1 — N2z — 2|t
By the Cauchy-Schwarz inequality, and the above inequality, there exists C5 > 0 such that
sup  E[|Ay;]] < CsA (1 — \)|z — 7|2 (110)

j=k,...,N

In order to estimate (104)), by the Cauchy-Schwarz inequality, Lemma 2.2 and the previous bounds, there exists
Cg > 0 such that,

A

Bl lagl] < (Bl 2)* ElAy)E
Cs[l + |z A1 = A)|z — z|? (111)
< Co[l 41z + |z — Z[]A (1 = N) |z — Z|2.

Since |z — z|* < 82|z — z|?, for all x € Bs(Z), combining (104), (110) and (111)), we deduce that there exists
Cz,5 > 0, which depends on Z and 4, such that

IN

E|h z_: INYE) + (1= Ne(s) = s ]| < Cash(1 = Nz — 2> (112)
j=k

Similar estimates hold for the term involving g in (101, and then by (102), (103 and (112 we conclude that
holds true for V}*(-). u

Remark 4.3. If in addition to the above assumptions, we assume that the cost functionals ¢ and g are Lipschitz
or f and o are affine, then similar arguments as those in the previous proof (see |30, Proposition 4.5, p.187])
show that V and V" satisfy for some K (independent of h in the case of the discrete value function).

Now we can define for each h = %, the discrete value function, V" : [0, T] x R® — R as a linear interpolation
in time of the functions th, ie.
Vit x) = aVi(z)+ (1 - oz)thJrl(;zc)7 (113)
for t = aty + (1 — @)tg41, @ € [0,1). Combining Theorem FI] and Theorem [£2] we easily obtain the following
result.
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Theorem 4.4. Under assumptions (H1) and (H2), for each h = L the discrete value function V" is &-Hélder
continuous in time. If in addition, we assume that (H3) and (H4) hold, then V" is locally semi-concave in the
second variable.

Proof. Let s,t € [0, T] with s < ¢. There exist kg, kt € {0,..., N—1} such that s € [tg_,tr,+1) and ¢ € [tg,, tk,+1)-
Then, there exists a; € [0,1), such that ¢ = a;tg, + (1 — ay)tk,+1, for i = s, t.
If k, = k¢, by the definition of V" we obtain, for all z € R,

‘Vh(S,.’E) - Vh(ta SU)|

IA

|ast}Z () +(1— aS)Vk}Z-H(m) - O‘tvk}i (z) —(1— at)VkZ+1(x)|
s — ||V (2) = Vi Ly (2)] (114)
< O+ [z2)es — el h?,

IN

where the last inequality holds by Theorem Bl Since |s — t| = |as — az|h and |as — o] < 1, we deduce that
[V(s,2) — VI(t,2)] < C[1 + |z[*]|s — t]2. (115)
Now, assume that ks < k;. Notice that
|s —t] = [as + (ke — ks — 1) + (1 — ay)]h. (116)
By Theorem (1] we have

|Vh(3a T) — Vh(t,x)|2 < 3 [|0‘st2 (z) + (1 - O‘S)Vk}ZJd(x) - sz+1(m)|2 + |Vk}i+1($) - Vk}i (3)‘2
+|tht (z) — ath}i (z)+(1— at)Vk'iH(x)P]

< 3 [|O‘3‘2|th: (z) — Vk}:+1(x)|2 + |ths+1(17) - Vk}i (5)|2 (117)
+[1 -y 2|Vk}: (z) — Vk}:+1(5)|2]

< 3C%[1+ [2[2]? [Jas|®h + (ke — ks — 1)h + |1 — ay|2R]

< 3C%[1+ |22 [ay + (ke — ks — 1)+ (1 — ay)] b,

where the last inequality holds since ag, (1 — ay) € [0,1]. Finally, by (116) and (117), for all z € R™ and
s,t € [0,T] we have

[Vi(s,2) = VI(t,2)| < V3C[L+ |2]})]s — 1] 2. (118)
Since the constant Kz s in Theorem is independent of k = 0,..., N, for t = at + (1 — a)tg+1, and for all
A € [0,1], we have
ARt 2) + (1= VP, 2) — VRt Ao + (1 — \)T)
=a[AV(z)+ (1= NVE@) - VIOz+ (1 - N)z)]
+(1—a) AV () + (1 =NV (2) - Vi Az 4+ (1 - V)T
< Kz sA1 =Nz — 7%,

(119)

for all z € Bs(Z). The result follows. O
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5. CONVERGENCE

In this section we will analyse the relationship between the value of the discrete and the continuous problems.
As the time step h tends to zero we will prove that V" converges to V and also that any sequence of solutions
of the discrete problems, extended as piecewise constant processes in [0,7], is a minimizing sequence for the
continuous problem. In particular, we can take as minimizing sequence the one consisting on the discrete time
feedback controls constructed in Proposition and Remark 371 Finally, under some convexity assumptions,
we can prove the weak convergence of the discrete optimal controls to a solution of the continuous problem.

Throughout this section we will assume that (H1)-(H2) hold. We begin by providing an estimate on the
difference between the cost functions of the discrete and the continuous problems. In what follows, for any
k=0,...,N —1and z € R", we extend J}!(z,-) to Hi]\LBng_.to using the same r.h.s. as in @

Lemma 5.1. Let u” € Hij\;BlL?_.o‘ and define the control in U2, still denoted by u", as uh(t) := u} for all

t € [tr,trs1). Then, for allk =0,...,N — 1 there exists C > 0 independent of u" and k such that
1
| Tl (@, ul) — T ()] < C (|22 + 1] b + C |22 + 1] % @(h). (120)
Proof. For notational convenience we will assume that k = 0 and, since x is fixed, we denote J"(u") = J& (z, u™)

and J(u") = J%%(uh). Let §" be the continuous solution of the state equation with respect to the control u”,
and y" = (y,’j)é\;o the discrete state associated with u. We have

N—1 thi1
(") = I W) < B /t [0t 5" (t), ui) — £(tw, g, ui)] dt| + [E [9(5" (tn)) — g(u)] ] (121)
and
20 g 0.~ ) < B[ e 0.0 e ]
+E f;’““ |€(t,y,}§,u2) — E(tk,yg,u;;)‘ dt.
By (H2), for the last term we obtain,
tht1
B[ et v ) — ol )| e < ), (123)
tk

and for the first one, again by (H2) we have

E

(66 g (0, ) — ety u)] |
<SE [ [0 0,85 () + syl — 7" (1), ul)| |77 () — | dsdt (124)
<E [ L{[[5°0] + k] + 1] [50) = v | + |5 0) - wi[*] at.

Since U,q is compact, by the Cauchy-Schwarz inequality, [24, Proposition 2.1] and Lemma 24] there exists
Co > 0 such that

1

fttkkﬂ [E[wh(t)m]i [E[|gh(t) _ yZ‘Q]]%dt

< Colla> + 1]h2 + Cp [|z]> + 1] % hw(h),

JEBIgR 015" () — )t

IN

(125)
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and also

[ Bk 0 - ke < [ Bk PUET @) - ok PR < Collo? + U3k + Colh). (126)

ty tr

By (124)-(126) and Lemma [Z4] there exists C; > 0 such that

tre41 3 1
‘E/ [t §"(t), upt) — C(t, i up)] dt| < Cr[jz]? + 1]h2 + C [|2]* + 1] hw(h). (127)

123

Arguing as before we can prove that

E[lg(@"(tn) — 9wi)l] < Cu [l + 1] hE + Cy [laf? + 1] * @(h). (128)

Then, we conclude that there exists C' > 0 such that

1
2

|J(uh) = Jh )| < O [|2]? + 1] h? + C [|=[> + 1] * @(h). (129)

O

Consider a sequence (N;);ey C N such that N; — oo as j — oo and define h; = T/N; and t, = kh;
(k=0,...,N;). Let x € R", ¢t € (0,7] and (g;)jen such that £; > 0 and lim; ,ce; = 0. Let (@"); be a
sequence of €;-optimal controls for the discrete problems associated with Vk}; +1(), where k; € {0,...,N; — 1}
is such that ¢ € (ty,,t,,,]. Let us define '

J+1
~h,; ’ELZJ 1 ERS [tvtk'-‘rl)v
U J (S) = hj’+ ’ I (130)
am{’ Se[tm,tm+l)7 m:kj+1a7Nj_1
In the case t = 0 we define @/ (s) = ﬁf,{, for all s € [ty, tm+1) and m =0,---, N; — 1, where 4" is an ¢;-optimal

control for the discrete problem associated with V°(z). Note that by definition " € U',. We point out that
@" depends on t, but for notational convenience we have omitted this dependence. Now we prove the main
result of this section.

Theorem 5.2. Under the above notations we have

V(t,z) = lim VPi(t,2), ¥V (t,z) €[0,T] x R, (131)
Jj—o0
where VP was defined in ([113) and
V(t,z) = lim Jb*(a"). (132)
Jj—o0
In addition, if K C R™ is a compact set, the sequence (V" ); converges uniformly to V on [0,T] x K.

Proof. Let us first show the pointwise convergence in . Let t € [0,7] and € R™ be fixed. For each h;, we
consider the partition of [0,T] given by {to,t1--- ,tn,} where t, = khj, for k = 0,---, N;. Thus, if t € (0,7
for all j € N there exists k; such that ¢t € (tkj,tkj+1]. If t = 0, we denote tx,+1 = 0. Let € be a positive number,
then there exists an §-optimal control u. € Ut such that

JET(G.) < V(t,z) + % (133)

For all j large enough we have
T () < V(b 41,7) + €. (134)
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Indeed, by and Theorem [A]] there exists Cy > 0, independent of hj, such that,
JU ) = () — T () + T ()
< Co[1+|z?] hf +V(t,z)+ £ (135)
< Co[1+ |27 2h§ + V(th,41,2) + 5.

Let (¢;) jGN be a decreasing sequence of positive numbers that converges to 0. Then, there exists an €;-optimal
control, a" € Z/lk 7+1 for each V" (ty; 11, ), i.e.

VP (b, 1, 2) < 2 (2, @) <V (1 41,2) +ey. (136)

Since U,q is compact, by a result of Krylov (see |19, Lemma 6, Section 3.2, p.143]), for any €’ > 0, there exists
N. such that for all j > N, there exists u’ € H%a constant in each interval of the partition {t,tx, y1,....tn;},
such that

|| — e ||pz, < €. (137)
It is clear that u" = (u}?, u}’ bel L2, xTIN 1, L2, . We can define @ = (u}’ M
is clear that u"7 = (u, s Up 41077 ) elongs to Fox 2 k+1 7o e can define u —(“kj+1a""“Nj)e

va kl +1L Foo then, using the same notations that in the previous lemma we obtain

T80 (@e) = Ty (@) < [T (@) — TS ()| A T8 (uhs) — T (k)|

) 138
LT ) — I (i) (138)

By (137) and the continuity of J*® in U, we deduce the first term in the r.h.s. goes to zero when j goes to
infinity. Since v and @ coincide from the time tk,+1, by Theorem [.T] there exists C; > 0 such that,

[TE i) — TP ()] < Co[L+ fe RS (139)
and by Lemma [B.1] there exists Cy > 0 such that,
[Tty = 0 ()] < Gy [1+ [af] [hj +w(hj)} . (140)
Therefore, we can conclude that for j large enough we have,
52 (1) = Ty (i) < e (141)

As we saw in Remark B3 the value V" (t,41,2) is the same as if we minimize over the set of controls

I, k +1L2 0 and, since 4" belongs to this set, we have

V9 (tg, 41, 7) < JkJH( i) < J8(a.) +e < V(t,z) + 2, (142)

where in the last two inequalities we have used (141) and (133). On the other hand, Theorem ] implies that
there exists C3 > 0 such that

V(t, @) < Cs [1+ 2] B2 + V(ty, 41, 2). (143)
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Finally, Lemma [5.1] and (136]) yield the existence of Cy > 0 such that

Viti4n,@) < T%05 (@) < O (0, 0) + Ca [1+ o] [ +@(hy)] )
’ (144

< VP (try41,2) + &5+ Ca [1+ [2f?] {hf +w(hj)}

Combining the last three inequalities and using Theorem .4l we get the existence of C' > 0 such that for j large
enough,

|V(t,IL‘) —Vh (t,$)| < |V(tﬂz) —Vhi (tkj+13‘r)| + |th (tkj"rl?‘r) *th(t,l‘)l
(145)

A

< g +2+C[[1+ [z {hf +w(hj)] .

Letting j 1 co and using that € > 0 is arbitrary we obtain (131)).
Now, let us prove (132)). Combining Theorem [£.1] and Lemma 5.1l we get the existence of C' > 0 such that

T ahs) — I )| S () — TR ()| 4 U () — I ()| (146)
1
< Cl1+ |z [h; +w(hj)} :
By (144)) and (131]), we conclude
lim J5(@") = lim 7, (z,@") = V(t,2). (147)
j—o0 Jj—o0 J

In order to prove the last assertion of the theorem, let K C R™ be a compact set. By Theorem [ Jland Lemma[3.1]
we deduce that the sequence (V") is uniformly bounded and uniformly equicontinuous on [0,7] x K. Then,
by the Ascoli-Arzeld theorem, and the pointwise convergence , we deduce that the sequence uniformly
converges to V on [0,T] x K. O

Remark 5.3. We emphasize that our direct approach allows us to deal with more general assumptions that
the usually considered in the literature, such as, coeflicients which are bounded and/or independence of the
time variable. Also an important consequence of relation is that (@") is a minimizing sequence for the
optimal control problem associated with V(¢,z). In particular, we can take as (@") the sequence of discrete
time feedback controls constructed in Remark 3.7

The following result shows that under some convexity assumptions, we have convergence of (%"7) to an
optimal solution of the continuous problem.

Corollary 5.4. Suppose in addition that U,q is a convez set and J4® is a convex functional. Then, there ewists
at least one weak limit point of (W), and any limit point u* € Ut satisfies,

JET(u*) = V (¢, z). (148)

If in addition, J4® is strongly convez, then the whole sequence (@) ;en strongly converges to the unique u € UX,

that verifies (148)).

Proof. First, note that since U,q is compact, the space U, is bounded in Hfﬁ. Using that the convexity and
continuity of J“* imply its weak lower semi-continuity, classical arguments yield the existence of at least one
optimal control @ for V (¢, x).

Since @" is a bounded sequence in H2,, there exists a subsequence (still denoted @) which converges weakly
to u* € HZ2,. By the weak lower semi-continuity and equation we have

JH(u*) < liminf J5%(ah) = V(t, x). (149)

Jj—oo
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Finally, if J%* is strongly convex, the strong convergence follows from the classical argument stating that a
minimizing sequence of a strongly convex problem converge strongly to the unique optimizer of the problem
(see e.g. |4, Proof of Lemma 2.33(ii)]). O

Remark 5.5. It is worth mentioning that the assumption of convexity holds, for instance, when for a.a.
t € [0,T], the maps (y,u) — £(t,y,u) and y — g(y) are convex and for ¢» = f,o the map (y,u) — (¢, y,u)
is affine. If in addition, for some € > 0, (y,u) — £(t,y,u) — e|u|? is convex for a.a. t € [0,T], then J is a
strongly convex function.

APPENDIX

Here we prove some technical results stated in Subsection 241

Proof of Lemmal2Z2. For all k =1,..., N we have

k—1 k—1
ye=a+hy [ty )+ Y oty u) AW, (150)
=0 )

Then, by (H1)-(b) there exists Cy > 0 such that,

IN

el < 8 [Jal® + NA2EI £ v, w) P+ (2520 0t 501w AW 1)

_ - (151)
< Co [l + RT3l + sl + 1]+ (2525 08,5, ) AW;41)?)

A

By the Doob’s maximal inequality (see |16, Chapter 2, Theorem 6.10]), the Itd isometry, and (H1)-(b), there
exist C'1 > 0 and C5 > 0 such that

E [maxo<i<k [9il?] < Co [lﬂle +h 30, [Elmaxocic; |vil?] + Ellu; |2 + 1]
+CLEIN YN 1oty )] (152)

< Co[lol + R 2] [Blmaxociss i) + Ellus ] + 1] ]

The results follows by the discrete Gronwall’s lemma (see, e.g. [10]). O

Proof of Lemma 23l Denoting Ay; = yj — y]y, and Ap; = p(t;,y5,u;) — gp(tj,yé’,uj) for ¢ = f, 0, we obtain
fori=0,...N —1,

Ayi—i-l =r—Yy —+ Z hAf] —+ Z AUjAWj+1. (153)
7=0 §=0
We have,
i p i p
Agia? <3770 o=yl + | DORAL| + | D] Ac; AW, (154)
j=0 j=0
By (H1) we get
i p i i
D ORAf| S NPTIRPY AL < TPTURIPY Ayl (155)
3=0 3=0 3=0
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Now, by (H1) and the Burkholder-Davis-Gundy inequality [6], there exists K, (independent of k), such that

E (orgnv%}éi DI AO’jAWj+1|p> < KE ([h 2 j=0 ‘AUle]%)
< KNERE S E(AdP) (156)
< KTEALP Y E(|Ay,lP).

Combining (154), (155) and (156)), there exists ¢, such that

< _ p p
E (0<Irlnlfi)i(+1 | Ay [P ) cplz —ylP + cphZIE < max Ay > (157)
The conclusion follows from the discrete Gronwall’s lemma. O

Finally, for the last result of Subsection 2:4] we need the following lemma. We recall that y(-) is the solution of
and (yk)ivzo is the solution of associated with u” and u”, respectively, where for notational convenience
we have omitted the indexes of the initial time and the initial condition.

Lemma A.1. Assume that (H1) holds true. Then, there exists C' > 0 such that
_max Ely(t) -yl < Ch [Jaf2 + w2 + 1] + Ca? (), (158)

forallk=0,...,N

Proof. For all k=0,..., N — 1 we define Ay := y(tx) — yx,

Afe(t) :== f(t,y(t),ux) — f(tr, Y, ux), and Aock(t) = o(t,y(t), ur) — o(tr, yr, ur)- (159)
We have,
trt1 tht1
Ayr+1 = Ay + / Afi(t)dt + / Ao (t)dW (t). (160)

Therefore, by the Cauchy-Schwarz inequality and taking conditional expectation inside the expectation, we
obtain

E[lApi?] < E[AuP]+E [| S Af(at?| +E {| St Ao Haw 1))
+2 (El|Ag/?) ( Ift’”“Af )’ (161)
w2 (] [ Af0a?]) (B[ anoawop) .

Applying the Young’s inequality in the last two terms, we have

E[\Aykﬂﬂ < [1+h]E[|Ayk|2]+[1+%]E Ujf:“Afk(t)dtf]

) (162)
+[1 + h]E U S Aoyt )dW(t)‘ } .
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Now, we study all the square terms in the r.h.s. of (162 separately. By the Jensen’s inequality, we obtain

d

IN

RE [ 185 (0)Pat]
< 2RE [ F(t () un) = f (L ye, un) 2L (163)
+2h’Eftk+l |f t yk”uk) f(tkaykvuk)Pdty

tht1 2
WA fr(t)dt]

A

and by (H1), we get

E Uf;:“ Afk(t)dﬂ < 2 [ftk“ L2 Jy(t) — yel* dt + [} @%(t — ti])dt 161
< 2hL? [P Ely(t) — ykl® dt + 21%53 (h).
In order to estimate the integral term in , note that for all ¢, <t < tx41 we have,
t t
y(t) —yi = Ay + 5 f(s,y(s), u(s))ds + /tk (s, y(s), u(s))dW (s). (165)

Then, by (H1), the Cauchy-Schwarz inequality and the Itd isometry, we deduce that there exist ¢ > 0 and
Cp > 0 such that for all ¢ <t < tpy1,

E(ly®) —wl| < cof [|Agef] + cohB [ ly(0)2 + funf? + 1)t
+eo E[ ety (t)|2+|uk|2+1]dt} (166)

< GoF [|agkl] + Coh [Jaf? + ut |2, + Elugl? +1]

where the last inequality follows from [24, Proposition 2.1]. So, by (164]) and (166]), there exist positive constants
C4 and C5 such that,

2
U t’““Afk(t)dt” < C1h’E [\Aykl2]+czh3 [lx\2+lluhlli,g+Eluk|2+1]+2hzwz<h)~ (167)

By the It6 isometry and (166) we have,

E [ [l Aak(t)dW(t)] ’

- E[ b | Ay (¢ )|2dt}

2B [ [ (L y(t) -yl + @2(1t — ti]))dl] (168)

CShE || Ayel*] + Cah? [[2]? + a2, + Eluf? + 1] + 20&%(h),

IN

AN

for suitable positive constants C3 and Cy.
Combining (162)), (167) and (168]) we conclude that there exist C5 > 0, Cs > 0 and C7 > 0 such that

E [|Ayk+1|2] < [1 + C5hIE [|Ayy|?] + Csh? [|x|2 + [ + Bl + 1} + Crh@?(h). (169)
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Therefore, we deduce that

for

that

E[lAyil] < [1+ChIME [|agof] + Y201 + CahJiCoh? [[of? + lu” |2, + Eluxf? + 1
+ 38011+ Csh) Crha? (h) o
< €T Cgh [T|x|2 + 2|2, +T} + O T Oy Tw2 (1)
(0]
< Ch[Jaf + JublZ, +1] + CaP (),
0
a suitable constant C' > 0. g
Proof of Lemma[Z4l By ([165]), the Doob’s maximal inequality and the It6 isometry, there exists K > 0 such
B [supy, cocry s 1906 = wel?] < 2B [ly(t) — ul?] + 408 [ [0 1 (s, y(s), i) ds -
FAKE [ [{54 o(s, y(s), ue) [ ds]
Since U,q is compact, by (H1), Remark 2] and the previous lemma we obtain the result.
O
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