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Abstract

Let V be a non-zero finite dimensional vector space over a finite field F, of odd characteristic.

Fixing a non-singular quadratic form & in S?(V*), the symmetric square of the dual of V we
are concerned with the Orthogonal group O(&), the subgroup of the General Linear Group GL(V)
that fixes { and with invariants of this group.

We have the Dickson Invariants which being invariants of the General Linear Group are then
invariants of O(§y). Considering the O(§y) orbits of the dual vector space V* we generate the
Chern Orbit polynomials, the coefficients of which, the Chern Orbit Classes, are also invariants of
the Orthogonal group. The invariants £1,&s,... are be generated from &y by applying the action
of the Steenrod Algebra to S?(V*) which being natural takes invariants to invariants. Our aim is
to discover further invariants from these known invariants with the intention of establishing a set
of generators for the the Ring of invariants of the Orthogonal Group.

In particular we calculate invariants of O(§y) when the dimension of the vector space is 4 the
finite field is F3 and the quadratic form is & = 2% + 23 + 2% + 27 and we are able to establish an

explicit presentation of O(§p) in this case.
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Chapter 1

Bilinear and quadratic forms

In this chapter we review the theory of bilinear forms and quadratic forms. We present definitions
of these in §1 together with the definitions of some particular bilinear forms and we consider the
relationship between the different forms. In §2 we set the context for quadratic forms in defining
the Symmetric Algebra on the dual of a vector space. We consider quadratic forms with respect to
a given basis in §3 and establish the map that a given quadratic form defines between the vector

space and its dual.

1.1 Bilinear forms and quadratic forms
Given a finite dimensional vector space V and an arbitrary field K we have the following definitions.
Definition 1.1. A bilinear form is a map b: V x V — K such that, V u,v,w € V:
(i) b(v,u+ w) =b(v,u) + b(v,w),
(ii))  b(v+w,u) = b(v,u) + b(w,u) and
(iii)  blaw,u) = b(v,au) = ab(v,u).
Definition 1.2. A quadratic form is a map ) : V — K such that:

(i) VveV,aceK, Q(aw)=ca?Q(v) and



(ii)  the map

VxV — K

(w,v) — Qu+v)—Qu) —Q(v)
is bilinear.

For example, if b: V x V — K is a bilinear form then the function @ : V. — K defined by

Q(v) = b(v,v) is a quadratic form in the sense of our definition as:
(i) Q(aw) = b(av, av) = ab(v,v) = a?Q(v) and
(i)
Qu+v) — Qu) — Q) = blu+v,u+v)—bu,u) — bv,v)

= blu,u) + b(u,v) 4+ b(v,u) + b(v,v) — b(u,u) — b(v,v)

= b(u,v) + b(v,u)
which is bilinear being the sum of bilinear forms.

If Q(v) is a quadratic form we say that the bilinear form b(u,v) = Q(u + v) — Q(u) — Q(v) is
obtained by polarizing the quadratic form and that b is the polarization of @ for which we will use
the notation P(Q).

When the characteristic of K is odd the quadratic form is uniquely determined by its polariza-
tion:

b(v,v) = Q(20) — Q(v) — Q(v) = 4Q(v) — 2Q(v) = 2Q(v)
and hence

Qv) = %b(v,v).

Since, in this thesis, we are concerned with the odd characteristic case only we will incorporate

the factor of % in our definition of polarization.

Definition 1.3. The polarization, P(Q), of the quadratic form @Q(v) is taken to be the bilinear
form b such that

b v) = 5(Qu +v) ~ Q(u) — Q(v)).



Then
Q(v) = b(v,v).
Definition 1.4. A bilinear form b is symmetric if Yu,v € V' b(u,v) = b(v,u)

We see that the polarization of a quadratic form is a symmetric bilinear form and so when
the characteristic of the field is odd, there is a bijection between symmetric bilinear forms and

quadratic forms.
Definition 1.5. A bilinear form b is reflezive if b(u,v) =0 < b(v,u) = 0.
Definition 1.6. A bilinear form b is non-degenerate if

for each v € V with v #0 Ju,w € V | b(v,u) # 0 and b(w,v) # 0.

Definition 1.7. The radical (or kernel) of a bilinear form b, rad b, is the set of vectors orthogonal

with every other vector in V' where vectors v,u € V' are orthogonal if b(v,u) = 0 and b(u,v) = 0.
Hence, a bilinear form is non-degenerate if its radical is zero (or its kernel is trivial).
Definition 1.8. If Q : V — K is a quadratic form then the radical (or kernel) of @ is
rad@ = {v eV |v e rad P(Q) and Q(v) = 0}.
The radical of @ which is contained in the radical of P(Q) is a subspace of V.
Definition 1.9. Q is non-singular iff rad Q@ = 0.

Lemma 1.10. In odd characteristic a quadratic form is non-singular (non-degenerate) if and only

if its associated bilinear form is non-degenerate.

Proof. (i) Let @ be a quadratic form such that b = P(Q) is non degenerate.
Then rad P(Q) = 0. But rad @ C rad P(Q) and so rad @ = 0.

Hence @ is non singular.

(ii) Let @ be a quadratic form such that b = P(Q) is degenerate.

Then there exists 0 # u € V' such that u € radb and it follows that
VoeV b(u,v) =b(v,u)=0.

Now Q(u) = b(u,u) and b(u,u) =0 so u € rad Q. Hence @ is singular.



Definition 1.11. A bilinear form b is alternating if b(v,v) =0Vv € V.

Lemma 1.12 ([5], Theorem 6.1.3). A non-degenerate reflexive bilinear form is either symmetric

or alternating.

Proof. By commutativity of multiplication in K we have that

b(u, v)b(u, w) — b(u, w)b(u,v) =0
and using the axioms of bilinearity it follows that

blu, b(u, v)w] — blu, b(u, w)v] = blu, b(u,v)w — b(u, w)v] = 0.
Then as the bilinear form is reflexive
bb(u,v)w — b(u,w)v,u] =0

and so by bilinearity once more

b(u, v)b(w,u) — b(u, w)b(v,u) = 0. (1.1)

Now say that a vector u € V' is good if b(u,v) = b(v,u) # 0 for some v € V, that u is symmetric
if b(u, w) = b(w,w) for all w € V and that u is alternating if b(u,u) = 0. By Equation 1.1 we see
that if w is good then u is symmetric and as b is non-degenerate the converse is also true. From
the definition of good we have that if u is good then so is v.

Now as b is non singular, for each element u; € V there exists v; € V such that b(u;,v;) # 0.
We consider this statement for any two elements w1, us and deduce that for v equal to at least one
of vy, vy, v1 + v2 both b(uy,v) # 0 and b(ug,v) # 0.

Let u; be good then it follows, for some u; # w; and some v;, that b(u;, v;) # 0 and b(u;, v;) # 0.
Then as u; is symmetric

b(u;,vi) = b(vi, u;) # 0.
Thus v; is good and so symmetric.
Hence
b(vi, uj) = b(uj,v;) #0
and so u; is good. Repeating this argument we see that if one vector in V' is good then all are

good. Hence b is symmetric.



If we let w = v in Equation 1.1 we have
b(u,v)b(u,u) — b(u, u)b(v,u) = b(u, u)b(u,v) — b(u,u)b(v,u) =0, Vu,veV.
Thus
b(u, u)(b(u,v) —b(v,u)) =0, Vu,veV.

Thus for each u either b(u,u) = 0 or b(u,v)—b(v,u) = 0 for all v in V. If b(u,v)—b(v,u) =0Vv € V
then u is symmetric and so good and so all v € V' are good. Thus b is symmetric. If no v is good

then b(u,u) =0 Vu € V and so b is alternating. O

1.2 The Dual vector space, and the Symmetric algebra on the

dual of V

Definition 1.13. V* is the dual of the vector space V', being the space of linear maps from

V to K.
Lemma 1.14. If dim V < oo then V and V* have the same dimension and V = V*.

Proof. Let the dimension of V' be n and a basis for V' be eq,es,...e,. Then there exists a dual
basis 1, z2, ...,z such that x;(e;) = 6;; where &;; is the Kronecker delta. That is 6;; = 1if i =j

and zero otherwise. The result follows. O

Let V and W be vector spaces over a field K. Given a map « : V — W we have the dual map
o : W* — V*. We see that * is a contravariant functor.

The map o™ is defined so that
a*(¢)(v) = ((a(v)) (1.2)

for each map ¢ : W — K € W* and each vector v € V. Then o*(({) is a map in V* such that

a*(():V — K.

Now let the dimension of V' be n and that of W be m and let e, es, ..., e, be a basis of V and
fi, f2,..., fm be a basis of W.

If

m
ale) =Y ajifs
j=1
for each @ = 1...n then we have the m x n matrix A = (a;j) associated with the map .
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Lemma 1.15. The matrix associated with the dual map o* is the transpose of the matriz associated

with the map «.

Proof. Each basis eq, ez, ..., e, of V gives rise to a dual basis z1, z2, ..., x, of V* where z;(e;) = d;;
the Kronecker delta. Similarly each basis f1, fo,..., f of W gives rise to a dual basis y1,v2,...,Yyn
of W*.

If

i) =) i
j=1

then the n x m matrix B = (\;;) is the matrix associated to the map a*.

Evaluating on e;, we have
n
Ee, (@™(yi)) = Ee, Z At Z Aji; (ex)
j=1

= > Niwjler) = Z Njidjk = Ai-
j=1 j=1

However,
Eek (a*(yl)) = a*(yi)(e ) = yz( Za]kf]

= Z%k vi(f;) Za]k% = Q-
Hence \;; = a;; and so B = AT. O
Now we let W = V* the dual of V. Then
oF Vs

where V** is the double dual of V. If V is of finite dimension then dimV = dimV* = dim V**

and we can identify V** with V' and so we have o* : V. — V*. For proofs see [10].



Definition 1.16. Given a bilinear form b we define a pair of maps b and b from V to its dual such

that:
b:V — V*
u — bu) =bu, )
where bu):V — K
v — b(u,v)
and

where bu):V — K

Lemma 1.17. The bilinear form b is non-degenerate if and only if the map

’

b:V — V¥

u — b(u, )
18 injective and so bijective.

Proof. By Definition 1.7 a bilinear form b is non-degenerate if rad (b) is zero, that is if the only
vector v € V for which b(u,v) = b(v,u) = 0,; Yu € V is the zero vector. Thus in this case the
kernel of the map b is trivial and the map is injective.

If the form is degenerate bilinear form then rad (b) is non-zero and so there exists a vector
v € V such that b(u,v) = b(v,u) = 0 for all u € V and thus the kernel of the map b is non trivial.

Thus the map is not injective. O



Lemma 1.18. The map b is the dual (or transpose) ofé and vice versa. Thus the ranks of the

maps b orb are equal.

Proof. Given the maps b and b defined above we have the dual maps

’

b)Y : V™ —V*  and  (b)*: V™ — V¥,

Now let ~ be the map that identifies V** with V so that © € V** identifies with v € V.

Then we have

(0)*(@)(w) = o(b(w)) by Equation 1.2

= b(w)(v) = b(w,v)

and

(b)*(@)(w) = o(b(w)) by Equation 1.2

= b(w)(v) = blv,w)

Thus we see that (b)* = b and (b)* = b and so the ranks of the maps b and b are equal.
O

Definition 1.19. It is clear that the maps b and b are identical if and only if b is symmetric. Thus

we define the unique map Q = b = b determined by a given quadratic form @ such that

where uw:V — K

v +— blu,v) = b(v,u).

Definition 1.20. S(V*) is the symmetric algebra on the dual of V.



If V* has basis x1, xa, ..., x, then S(V*) is isomorphic to K[z1, z2,...,x,], the polynomial ring
in the indeterminates that form a basis of V*.

S(V*) is a graded algebra and so can be decomposed into summands S*(V*), the ith symmetric
power of V. Each summand S*(V*) is spanned by the monomials of vectors in V* of degree i. Thus
S2(V*) is the symmetric square comprising homogeneous polynomials of degree 2, that is quadratic

forms.

1.3 Quadratic forms in Component form

Now let V' be n-dimensional vector space and let £ = [e1, ea, ..., e,] be a basis for V. We can then

associate a matrix B with the bilinear form b where
Bij =b(es,ej) 1,7=1,2,...,n.
If e,, and e, represent the vectors u and v respectively with respect to the basis £ then
b(u,v) = el Be,

where the superscript X7 denotes the transpose of the matrix X.

Given another basis & = [¢], €, ..., e} ] for V we have
E=E&S

where S is an n X n invertible matrix. Then the matrix representation of the bilinear form with
respect to the basis £’ is

B =8TBS.

The bilinear form b is symmetric if and only if the matrix B is a symmetric matrix.
Hence if b is the polarization of the quadratic form ) then the associated matrix B is symmetric
and

Q(u) = el Be,.



Lemma 1.21. A quadratic form is singular if and only if the associated matriz B is a singular

matriz.

Proof. Let Q be a singular quadratic form. Then we have that b, the polarization of @) is degenerate.
Then rad b # 0, that is there exists a non-zero vector v € V such that b(u,v) = b(v,u) =0 Vu €
V. Hence el Be, =0 and so B is singular.

If the associated matrix B is singular then there exists some non zero v € V such that Be, =0

and so b(u,v) = el Be, =0, Yu € V and so b is degenerate and so @ is singular. O

Lemma 1.22. A quadratic form Q is singular if and only if there is a change of coordinate system

that reduces the form to one in fewer variables.

Proof. Let Q be a singular quadratic form. Then given the basis € = [e1,e9,...,¢e,] of V the
associated n X n matrix B with respect to the basis £ is singular. Hence there exists a matrix S

such that the matrix B’ = ST B S is a diagonal matrix with fewer than n non zero entries. O

Given a basis 1,2, ...x, for V* we have the general quadratic form

Q=) Bywiz;.

ij=1
We can choose the (3;;’s so that each 3;; = (j;. Thus we have a symmetric matrix B with
Bij = ﬂij such that
Q(z) = 2" Bz

where z is the column vector with components 1, z, ..., z, and ! is the transpose of x.
The matrix B is also the matrix associated with the bilinear form b that is the polarization of
Q@ so that
b(u,v) = u’ Bu.

Given a general quadratic form in component form we can determine explicitly the vector in

the dual corresponding to a given vector in V' with reference to Lemma 1.19.

10



Lemma 1.23. Let ey, eq,...,e, be a basis of V and x1,xa,...,T, be the dual basis of V*. Take a

vector
n
U = Z )\iei eV
i=1
and the quadratic form

Q=" Bijmizj.

ij=1

Then the map Q of Definition 1.19 determined by the quadratic form @ is such that

Q:V — V¥

u — U

where

n n

U = Zaiwi with a; = Zﬂzk)\l

i=1 i=1

Proof.  Let .
U= Z a;T;.
=1

Then for each k=1...n,

b(u,er) = u(er) = ag.

Now we have

bluser) = - [Qu+exr)—Qu) — Qex)]

N = N

ﬂkk()\k + 1)2 + Z /Bik/\i()\k + 1)) + Z /Bkj()\k + 1))\]') +

k#i=1 k#j=1

1 n
=5 | 22 Big Midj + B

i,7=1

1 n n
= 5 2Budet D Badit D B

ktie1 k=1
n
= Zﬁik)\i as Bij = Biji-
i—1

Hence we have

n n
= E a;x; where a; = g Qi -
i=1 i=1

11
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Chapter 2

The Orthogonal group over fields of

odd characteristic

In this chapter we continue to review the theory leading toward the definition of the Orthogonal
groups over finite fields restricting our attention in this and future chapters to finite fields of odd
characteristic. §1 is started by defining a finite field and then we establish some properties of
finite fields. These properties are required in §2 for the discussion of the equivalence of quadratic
forms where we also define the General Linear Group. Then in §3 we consider the classification
of quadratic spaces and in §4 we define the Orthogonal groups, subgroups of the General Linear

group, and state their number and order.

2.1 Some properties of Finite fields

Definition 2.1. A finite field is a field with a finite number of elements. We denote by F, the

finite field with ¢ elements.

Definition 2.2. The characteristic of a finite field is the smallest number of times that the multi-

plicative identity must be added to produce the additive identity.

Lemma 2.3 ([14] Theorem 2.2). Let F, be a finite field then ¢ = p" where the prime p is the

characteristic of Fy and r is the degree of IFy over its prime subfield .

12



Lemma 2.4 ([14] Theorem 2.5). For every prime p and every positive integer r there exists a finite
field with p" elements. Any finite field with q = p” elements is isomorphic to the splitting field of

29 —x over .

We now present some properties of finite fields which will be used in later sections.

We define F}, to be the elements of the multiplicative group of the finite field ;. That is

F, =T, \ {0}.

Lemma 2.5 ([2] Theorem 9.4). If ¢ = 1(mod4) then —1 is a square and if ¢ = 3(mod4) then —1

1S a mon-square.
Lemma 2.6 ([22] Corollary 20.9). The multiplicative group of a finite field is cyclic.
Lemma 2.7. If o € F then af = a.

Proof. Firstly 07 = 0. As the elements of F} form the multiplicative group of the finite field Fy so

a? =1 for all o € [y as the order of the group is ¢ — 1. Thus a? = « for all a € Fy. O
Lemma 2.8. The product of all the non zero elements of a finite field is —1.

Proof. The multiplicative group Fy is cyclic by Lemma 2.6 and so there exists an element 3 € Fy
that generates the group so that for each a € F, o = B¢ for some 1 < i < ¢ — 1. That is the group
F, = {8, B%,..., 397}, Tt then follows that the product of the elements in [y is

g—1
H ﬁz — ﬁl—l—?—i—--'—f—q—l
=1

— (31)%1

q—1

= (g2 by Lemma 2.7.

As 397! =1 by Lemma 2.7 and as 3 is a generator of the group it follows that ﬂq;zl =—1.

Thus the product of the elements of Fy is —1 as required. O

13



Lemma 2.9. Every non-square element of F, can be written as the product of any given non-square

with a square.

Proof. Let v; be any non-square and v a given non square in F,. Then we require that v; = a’v

for some « in F;. We must have v; = Bv for some § € Fy and 8 must be a square by the following

argument. There are q;zl squares and ‘12;1 non-squares in Fy the set of non zero elements of F,

that form a group under multiplication. We have that a? x ajz = (a;a;)? thus the product of two

squares is a square. It follows that the product of a square with a non-square must be a non-square
by a counting argument and thus the product of a non-square with a non-square must be a square.

Thus # must be a square. O

Lemma 2.10 ([12], Lemma 5.6). Every non-square element of Fy can be written as the sum of two

squares in Fy.

Definition 2.11. Working with the vector space V' over the finite field F, where p = ¢" for prime

p we define the Frobenius map, ® : Fq[V] — F,[V] induced by the map on linear forms ¢ : z — zP.
Lemma 2.12. The Frobenius map, ® defined in Lemma 2.11 is a automorphism.
Proof. 1t is easily seen that, Vz,y €V,
P(z+y)=(r+yP=aP+y?=(x)+P(y) as the characteristic of the field is p,
P(zy) = (2y)? = 2Py? = ©(z)@(y) and
B(0) = 0P = 0 and &(1) = 17 = 1.
Thus ® is an automorphism. ]

Lemma 2.13. The map
V] — FV]
z — xf
where ¢ = p" for prime p, is an automorphism.
Proof. Again it is easily seen that, Vaz,y €V,
' (zy) = (zy)? = 277 = ®(z)®(y) and
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®'(0) =07 =0 and ®(1) = 19 = 1.

Now
Y@ty = (@+y)?=(+y”
= (z+y)P)? = (@"+y")” by Lemma 2.12
— (@ + ")) = (@ +yp)” " similarly
= (atpT_l + ypT_l)p =2 +¢?  similarly
= z9+ yq = (I)l(x) + (I)/(y)
Thus @’ is an automorphism. O

2.2 Equivalence of quadratic forms.

Let V be an n dimensional vector space over [F, and let @) be a non-singular quadratic form in n

variables over I, with ¢ odd.
Definition 2.14. The General Linear Group GL(V') is the group of all the automorphisms of V.

If V is an n dimensional vector space over K then GL(V) is isomorphic to the group of invertible
n by n matrices over K denoted GL,(K). When K =, we denote GL,(F,) by GL(n,q).
We take the action of GL(V) on V to be a left action and the induced action on V* to be a

right action and write for g € GL(V), v € V and x € V*

g:V—V g: VvV —V

vV —> gU and x+— 29,

Furthermore GL(V') acts on S(V*) and in particular on the set of quadratic forms on V* on

the right so that for Q € S?(V*)

gi SV — SV
Q —

15



If v1,v9,...,vy, is a basis for V and x1, x9, ..., x, a basis for V* and if g € GL(V) is represented
by a non-singular n by n matrix M and the non-singular quadratic form ) has an associated non-
singular n by n matrix B such that Q(z) = 2’ Bx.

Then

Q(z9) = (29T B(29) = MaTBMz = 2T (MTBM)z = 27 (Q%)z = QI(x).

We consider forms @1 and Q2 to be equivalent ( Q1 ~ Q2) if Q2 can be obtained from @1 by

means of a change of coordinate system. That is
Q1 ~ Q2 Q2 =0Qf.

We establish below the equivalences between quadratic forms. First we establish some basic

equivalences of forms in 2 and 4 variables.

Lemma 2.15. (i) The form x? + x3 ~ x1z2 when ¢ = 1mod4 and is irreducible when q =

3mod 4.

i) If v is a non-square in F* then form x? + va? ~ w129 when ¢ = 3mod4 and is irreducible
q 1 2

when ¢ = 1 mod 4.

Proof. Firstly if ¢ = 1mod4 then —1 is a square and so —v, being the product of a non-square
with a square, is a non-square as shown in the proof of Lemma 2.5 (ii). However if ¢ = 3mod4
then —1 is a non-square and so, similarly, —v, being the product of two non-squares, is a square.

If o is a square in Fy; then 2% — o3 = (21 + axs)(z1 — axs) for some a € F, \ 0 and so

x% - U%% ~ T1T2.

The form z? — va?2 is irreducible.

Now

(i) as 22 + 23 = 2?7 — (=1)23 if ¢ = 1 mod 4 then 23 + 23 ~ x122 and if ¢ = 3mod 4 then z? + 23

is irreducible,
(i) as 22 + va3 = 23 — (—v)23 if ¢ = 3mod 4 then 2?3 + vaz2 ~ r122 and if ¢ = 1mod4 then

22 + vz is irreducible for a non-square v € Fg-
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O]

Lemma 2.16. For any non-square v € F, the form v(z3 + x3) is equivalent to the form z3 + x3.

Proof. We have that each non-square v = o + 3% for some «, 3 € F, by Lemma 2.10.
Thus

vzl +a3) = (o4 6%)(af +23)

= (amy + Br2)? + (Br1 — axg)?

~ .T% + :c%
0
Lemma 2.17. The form z3 + 23 + x3 + 23 is equivalent to the form z1xa + z374
Proof. If ¢ =1 (mod 4) the result follows from Lemma 2.15.
If g =3 (mod 4) then —1 is a non-square. Hence by Lemma 2.16 we have
eyt ~ wp eyt (S5 a) = 2t ag - ap -
= (21 —x3)(x1 + 23) + (22 — z4) (T2 + 24)
~  T1X9 + T3X4.
0

Lemma 2.18. A non singular quadratic form is equivalent to a diagonal quadratic form. That is
n
Q ~ Z aix? for a; € Fy and some a; # 0.
i=1
Furthermore, in the above form we can have
e cither oy = 1 or oy = v and
e ;=1 1=2...n

where v is a non-square in Fy.

Hence we have that a quadratic form is equivalent to one of

n n
QS:Zx? or Qn:I/x%—FZx?
i=1 i=2
for some non-square v € Fy.
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Proof. Let the quadratic form

n
Q= g ai;rixy, oy € Fy and some o; ; # 0.
,7=1

We can assume that each a;; = ay;.

If the form @ has some ayi # 0 then the transformation

1 =Yk, Tk = Y1, Ti=VYi 222,,k—1,]€+1,,n

gives that
n
Q ~ Z ﬁijSL‘iZCj for some ﬁij € Fq with  [11 7é 0.
ij=1
Alternatively if agr = 0 for all £ = 1,...,n then we must have some k1, ke with ag,r, # 0.

Then the transformation
Thy =Yky + Ykoy, Ti=yi t=1,...,ka—1ka+1,....n
followed by the transformation
Yl =2k, Uy =21, Yi=2 t=2,....,k1—1Lk+1,...,n

again gives that
n
Q ~ Z ﬁijxixj for some ﬁij S Fq with (11 # 0.
ij=1
In either case the transformation

n
ylle—i—Z'yixi, Yi =x;, ©=2...n whereeach ~;= P
P B
gives that
Q~ Q1 =a12? +Q(x3,x3,...,x,) for some oy € IFy.

Repeating the process gives
n
Q ~ Z oz?  for some oy € I
i=1
For each «; that is a square in [ there exists a ; € F such that a;z? = (Bizi)?. Choosing
any non-square v € Fy for each «; that is a non square in F; there exists a 3; € Fj such that

2

oy = v(Bz;)?. Hence with some reordering the transformation y; = Biz; i = 1...n gives that

m n
QNZ$ZZ+VZJE% for some 0 <m <n.
i=1 i=m+1
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Now utilizing Lemma 2.16 we see that

n
Q ~ V:C% + g xf
i=2

if exactly one of m and n is even and

otherwise.

Thus we have the equivalences as required.
O

We now wish to show that each quadratic form is equivalent to one of the forms Q4+ or Q— as
defined below. These forms are used later in the classification of quadratic forms leading into the

determination of the number of the orthogonal groups at the end of this chapter.
Definition 2.19. We denote by @4 and Q_ the quadratic forms as follows.

e When n = 2s

S S

QR+ = Z Toi—1¥2;  and Q- = f(w1,72) + Z$2i71$2i
i=1 =2

where f(x1,79) is an irreducible quadratic form for example f(z1,7s) = 22 — va3 where v is

a non-square in Fy.

e Whenn=2s+1

S S
2 2
Q+ =1+ E Tox2i41 and Q- =vxi+ E L2 T2i41

where v is a non square in F.

We now prove the equivalences between the forms @4, - and the forms Qs, @, defined in the

statement of Lemma 2.18.
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Lemma 2.20. (i) For even n = 2s,

Qs ~ Q4+ and Q, ~ Q_ when either ¢ = 1(mod4) or n = 0(mod4) and

Qs ~ Q- and Qp ~ Q4+ when ¢ = 3(mod4) and n = 2(mod4).
(i) For odd n =2s+1

Qs ~ Qrand Qp, ~ Q1 when either ¢ = 1(mod4) or n = 1(mod4).
Qs ~ Q- and Q, ~ Q4+ when both ¢ = 3(mod4) and n = 3(mod4).
Proof. Let v be a non-square in Fy.
(i) Let n = 2s.

When ¢ = 1 mod 4
2s s
Qs = > ai =) ahy+u
i=1 i=1

S
~ ngi_lxgi by Lemma 2.15
i=1

= Q4+
and
2s s
2 2 2, 2 2 2
Qn = V551+§ Ty =vr] +T5 + E o1 + Ty,
i=2 i=2

S
~ (f(z1,22) + ngi_lxgi by Lemmas 2.15 and 2.17,
i=2

where f(x1,22) = :U% + ua:% is irreducible and so @), ~ @ _.

When n = 0mod 4 we can let let n = 45’ so that s = 2s’. We can assume that ¢ = 3mod 4 as

the case for ¢ = 1 mod 4 has been covered above.

Now

s/

2s
_ 2 _ 2 2 2 2
Qs = E Ty = § Tyi—g + X9 + Ty + Ty
=1 =1
S/
~ E T4;_3%4i—9 + T4i_124; by Lemma 2.17
=1

2s’'=s

= E T2i—1T2 = Q+
i1
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and

2s
Q. = 1/1:%—1—5 xlz
i=2

S/

2 2 2 2 E 2 2 2 2
= vr +$2+-’L‘3 +-’174‘|‘ $4i—3+x4i—2 +l’4i_1 +:E4i
=2

S/

~ 1T + f(.fvg, a;4) + Z T4i—3T4i—2 + T45—17T4; by Lemmas 2.15 and 2.17
1=2
2s'=s

= f(x1,22) + Z Toi—1%2 = Q—.
=2

When ¢ = 3mod4 and n = 2mod 4 we can let n = 4s’ + 2 so that s = 2s’ + 1. Then

4542 s’
_ 2_ .2, .2 2 2 2 2
Qs = E T; =x7 + 25 + E Ty + Ty + Ty + Thigo
i—1 i=1

s/

~  flxy,x2) + Z T4i—1T4i + T4541%45+2 by Lemmas 2.15 and 2.17
i=1
25’ +1=s

= f(z1,22) + Z Toi—1%2i = Q-
=2

and

45" 4+2

2 2
Qn = V$1+§ €Z;
=2

Sl

= wval+aj+ Z Thio1 s a2
1=2
o
~ T1T9 + Z T4i—1T4; + T4i+1%45+2 by Lemmas 2.15 and 2.17
=1
25’ +1=2s
= > myawy = Q4

i=1
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(ii) Let n =2s+ 1.

When ¢ = 1 mod4

2s+1 s

2 2 2 2
Qs = § T; =1+ E T T T4
i1 i1

S
~ ﬁ + Z ZTo;x2i+1 by Lemma 2.15
=1

= Q4
and
2s+1 s
Q, = wc%—i— E x%:uﬂc%+g x%i—l—x%iﬂ
i=2 i=1

S
~ VJI% + Z ZT9;x2i+1 by Lemma 2.15
i=1

= Q..

If n = 1mod 4 we can let let n = 4s’ + 1 so that s = 2s’. We can assume that ¢ = 3mod4 as

the case for ¢ = 1 mod 4 has been covered above.

Then
4s'+1 s’
_ 2 _ 2 2 2 2 2
Qs = E Ty =27+ E Tyi—9 + Tyi_1 + Ty + Tyi4q
i=1 i=1
s/
~ x% + E Tgi—2%4i—1 + T4i%45+1 by Lemma 2.17
i=1
2s'=s
2
= r]+ g T2iT2i+1 = Q4+
i=1
and
2s s’
2 2 2 2 2 2 2
Qn = vai+ E xr; =vr] + E Tyi_o + Tai_1 + Ty + Ty
i—2 i=1

S/

~ fo% + E T4i_3%4i—2 + x4i_1T4; by Lemma 2.17
i=1
2s’'=s

2
= vr]+ § T 1T = Q.
=1
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When n = 3mod 4 we can let n = 4s' + 3 so s = 2s' + 1. Now if ¢ = 3mod 4

e+l ol ~ 22 +u(23+23) by Lemma 2.16
= (af +vad) + vaj
~ x1x2 +vxs by Lemma 2.15

~ V{L'% + x9x3.

Then
45’43 s’
2 2, 2 2 2 2 2
Qs = E z; = 2] +x3 +x3+ § Ty + Ty + Taipo + Tyigs
i1 i—1

S/

~ Uﬂ:‘% + xox3 + E T4;T4i+1 + T4i+2T45+3 by the argument above and Lemma 2.17
i=1
25’ +1=s
2
= vr]+ E ToiT2ip1 = Q-
=1

and
45’43 s
2 2 2 2 2 2 2 2 2
Qn = vzi+ E T; = vry +xy + T3+ E Ty; + Thipq + T T Thigs
=2 i=1
S/
~ T1T9 + x% + E T4iT4it1 + T4ir2T4i+3 by Lemmas 2.15 and 2.17
i=1
S/
2
~ 7]+ x273 + E T4iT4i41 + T4i4204543
i=1
2s'+1=s
2
= x7+ E T2iT2i41 = Q4.
=1
Thus we have the equivalences as required. O

Lemma 2.21. Each non singular quadratic form in n variables is equivalent to one of Q4 or Q—.
Proof. This follows from Lemmas 2.18 and 2.20. O

Lemma 2.22. For odd n = 2s + 1 the quadratic form Q. is equivalent to a non-square multiple of

the form Qs. Thus every quadratic form is equivalent up to scalar multiplication.
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Proof. We have

2s+1 s
2 2 2 2, .2
Qn = Vxl"i'E xi:’/fEH‘E Ty 4 iy
=2 =1

S
~ wvai+ VZCCZQ + m?H by Lemma 2.16
i=1
= vQs

as required. ]

Definition 2.23. We say that a quadratic form @ is of plus type if @ ~ Q4+ and of minus type if
Q~Q-.

2.3 Classification of quadratic spaces

Having established the equivalences of quadratic forms in the previous section we now present an
informal geometric interpretation of these forms. A more detailed and formal presentation is given

from the perspective of Projective geometry in [12] and also in [5].
Definition 2.24.

(i) A quadratic space is a vector space endowed with a non-degenerate quadratic form denoted

Vo.
(ii) An anisotropic space is one on which the form is non zero on all non zero vectors.

(iii) An isotropic space is one on which the form is zero on at least one non zero vector. A space

is totally isotropic if the form is zero on all points.

(iv) The dimension w of a maximal totally isotropic subspace of a quadratic space V is called the

Witt index of V.

(v) A hyperbolic line is a space that is spanned by vectors u; and ug such that the form is zero

on both u; and uy and equal to 1 on u; + ug. (Projectively this space is a line.)
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Lemma 2.25 ([5] Theorem 6.3.1). A quadratic space is the direct sum of a number of hyperbolic
lines, r and an anisotropic space, U. The number r and the isomorphism type of U are invariants

of V.

This number, r, of hyperbolic lines is the polar rank of of the quadratic space. It can be seen
that the polar rank is equal to the Witt index of the space. Peter Cameron in [5] Section 6.3 defines

the anisotropic space, U, to be the germ of the space having rank ¢ and so we have
0+ 2w =n.

When V is of odd dimension n = 2s + 1 each non singular quadratic form is equivalent up to
scalar multiplication by Lemma 2.22 and thus with reference to Lemma 2.25 we see that the values
of w and § are invariant.

If
S
Q=121+ woiTaip

=1

it can be seen that the anisotropic subspace U of V( is spanned by the vector z; and thus is of
rank 1. Each product xo;z9;11 gives rise to a hyperbolic line spanned by the vectors xo; and z9;11
and so Vg is the product of s such hyperbolic lines and the space U. Thus when n = 2s + 1 the
quadratic space Vg has anisotropic subspace of dimension 6 = 1 and Witt index w = s.

When the vector space is of dimension n = 2s a quadratic form of plus type is equivalent to

S
Q+ = E L2i—1T24-
i=1

For such a form it can be seen that there is no anisotropic subspace. Again each product xo; 129;
gives rise to a hyperbolic line spanned by the vectors x9;—1 and wo;. Thus in this case Vg is the
product s hyperbolic lines.

A space V of dimension n = 2s endowed with the form Q_ = f(z1,22) + Y ;_ ¥2;—122; where
f(x1,x2) is an irreducible form can be seen to have an anisotropic subspace of rank 2 spanned by
the vectors 1 and z2 and to be the product of s —1 hyperbolic lines spanned by the pairs of vectors
To;—1 and xo; for i =2,...,s.

Thus, with reference to Lemma 2.21 and Lemma 2.25 a quadratic space Vg of even dimension
has either § = 0 and Witt index w = s when the quadratic form @ is of plus type has or § = 2 and

Witt index w = s — 1 when the form of minus type.
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2.4 The Orthogonal group

Definition 2.26. Let ) be a non-singular quadratic form and denote by O(Q) the Orthogonal

Group determined by @Q:
0@Q) ={g € GL(V") | Q7 =Q}

That is, O(Q) is the subset of GL(V') under which @ is invariant.

Lemma 2.27. When n is odd, say n = 2s+1 there is only one orthogonal group up to isomorphism
which we denote O(n,q) so that, in this case, O(Q) = O(n,q) for all quadratic forms Q.

When n is even say n = 2s there are two orthogonal groups up to isomorphism denoted O™ (n, q)
and O~ (n,q) so that O(Q) = O*(n,q) if Q is of plus type and O(Q) = O~ (n,q) if Q is of minus

type.

Proof. By Lemma 2.22 we have that all non-singular quadratic forms are equivalent up to multipli-
cation by a scalar when n is odd. It follows that there is one orthogonal group up to isomorphism
in this case.

When n is even each non-singular quadratic form is equivalent to one of the two forms @) and
Q_ by Lemma 2.21. Denoting the Orthogonal group O(Q4) by O (n,q) it follows that O(Q) is
isomorphic to O™ (n,q) when Q is of plus type. Similarly denoting the group O(Q_) by O~ (n,q)
it follows that O(Q) is isomorphic to O~ (n,q) when @ is of minus type. Thus there are two

Orthogonal groups up to isomorphism when n is even. O

Lemma 2.28. When n = 2s + 1 the order of the orthogonal group is
s ;
0(n,q)| = 2¢° [ [ (¥ - 1).
i=1

When n = 2s the orders of the orthogonal groups are

s—1

0%(n,q)] = 2¢°" V(" F 1) [[(¢* - D).

i=1
These orders are given explicitly but without proof in Peter Cameron’s lecture notes on Classical

Groups which can be found on his webpage:

www.maths.qgmul.ac.uk/"“pjc/class_gps/ch6.pdf
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The orders are also given in [12] Appendix I Table AIL.1. and are explained as follows.

Table AIL1 gives the orders for groups DX (n, q) for various D and X with respective invariants
listed in canonical form on the ultimate line of the table.

For the Orthogonal groups D = I. When n is odd X is the group O with invariant P,_; and
when n is even X is the group Oy with invariant H,,_1 or O_ with invariant &, _1.

The canonical forms of the respective quadrics in PG(n, q), the dimension n Projective space,
Pas, Hos—1,E2s—1 are given in [12] in the statement of Theorem 5.16. The dimensions 2s of the
Projective space corresponding to dimension 2s + 1 in Euclidean space and similarly that of 2s — 1
corresponding to 2s. Thus we see that the group O corresponds to the one Orthogonal group
O(n, q) for n odd and the groups O and O_ to the groups O™ (n, q) and O~ (n, q) respectively, for

n even defined in the statement of Lemma 2.27.
e The order of the group O is then given in the Table ALl as (¢ — 1,2) with multiplier

F =g D2 %\ ((n—1)/2,¢%.

The value of (¢ — 1,2), the greatest common divisor of ¢ — 1 and 2, is 2 as ¢ is odd and the
formula

A1(m,r) = prm=1)/2 l_I(rZ -1)

i=1
is given in [12] §AI.3.
Thus
O(n,q)| = 24"V x M((n—1)/2,¢%)
= 2¢° x Mi(s,¢?) asn=2s+1
= 2¢° x (¢TI - 1)
i=1

s
_ 2qsqs(s—1) H(q2i - 1)
i=1
2 1 ;
= 2¢° [J(¢* - 1)
=1

as required.
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e Similarly the orders of the groups O are given in the Table AL.1 as 2 with multipliers

Thus

as required.

[0%(n,q)|

F=q¢"2(¢"?F1) x \((n—2)/2,¢%).

2¢"*(¢"? F 1) x Ai((n - 2)/2,6%)

207 2(¢° F1) x Mi((s — 1,¢%) asn = 2s
s—1
2q2s—2(qs T 1) > (q2)(s—1)(s—2)/2 H((qQ)Z - 1)
=1
5 s—1 .
2q2572qs 73s+2(qs ¥ 1) H(QQZ - 1)
i=1
) s—1 )
2¢" (¢ ¥ 1) [[(¢¥ - 1)
=1
s—1 ‘
2qs(371)(qs = 1) H(q2z - 1)
=1
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Chapter 3

Invariants of the Orthogonal Group

We now consider the known invariants of the Orthogonal groups over finite fields of odd character-
istic. In this chapter we consider known invariants in the general case being aware that there has
been significant development of the theory of invariants of the Orthogonal group in some cases for
small values of n. In particular we note the contributions of [7] and [8]. For the general case in
§1 we review the Dickson invariants which being invariants of the General Linear group are thus
invariants of the Orthogonal groups. In §2 we consider invariants generated from &y, the quadratic
form defining the orthogonal group, via the Steenrod operations. Then in §3 we introduce the
Chern orbit classes of the Orthogonal group which are seen to be invariants. In later chapters we

use these established invariants to generate new invariants.

3.1 The Dickson invariants

We introduce the Dickson Invariants as described by Clarence Wilkerson in [23].

The ring of invariants of the General Linear Group of an n dimensional vector space V over a
finite field F; where n is finite was computed by L E Dickson in [9] early in the 20th century and
found to be a graded polynomial algebra generated by polynomials ¢, ;, the Dickson Invariants.

The Dickson Invariants are generated by the Dickson polynomial

with roots that are the elements of V.
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It can be seen that d,,(X) is invariant under the General Linear group GL(V') as any element
g € GL(V') merely permutes the vectors v € V. It follows that the coefficients of powers of X in

d,(X) are also invariant. These coefficients are the Dickson Invariants.

Lemma 3.1. If the Dickson polynomial d,,(X) = [],cy (X —v) then
n—1 A )
A (X) = X7 4+ (=1)" e X7
=0

for the Dickson invariants ¢, ; € Fq[V] defined explicitly in the Equation 3.1.

Proof. Denote by V,, the n dimensional vector space with basis x1, o, ..., z, and define the Dickson
matrix
T €T PN Ip X
q q q q
T, Ty Tn X
2 2 2 2
_ q q q
Dp(X) = |2 a2 Ty X4
n n n
q q"
T T, Tn X
with

Ap(X) = det(Dy(X)).

Then each v € V,, is a root of the polynomial A, (X) as can be seen by column operations on
D, (X) as follows.

Let

n
vV = E ;5
=1

be an element of V,.
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Subtracting a; multiples of column ¢ from column n + 1 in matrix D, (X) we have

1 ... Ty X 1 ... Tp X = > ax;
ooz X4 i ...zl Xq—Zaia:g
An(X) = = .

n n n n n n n
o oo ah X1 o oah X¢ —Zaia:g
T ... XTp X -
ooz (X =)t '

= by the Frobenius map.

n n n

o ooah (X — )

Thus we see that each v € V is a root of the ¢" degree polynomial A, (X) and so we have
identified all such roots.

The coefficient of X" in A, (X) is A,_1(z,) and so as d,(X) is monic we have
Ap(X) = Ap—1(xn)dn(X).

We aim to prove that the constant A,,_1(z,) is non zero.

When n =1 we have Ag(z1) = 1 # 0 as the basis for the induction.
Now assume that Ag_q(x) # 0 for all k& < n.

Then

Anq (X) = An—?(xn—l)dn(X)

% 0 Dby the inductive hypothesis.

The roots of A,,_1(X) are the vectors of V;,_1, the n — 1 dimensional space subspace of V' with
basis x1, 2, ...,2Zn—1. Thus x, is not a root so A,_1(z,) # 0.
Now denote by I';, ; the determinant of the matrix D,,(X) with the i+ 1th row and the (n+1)th

column removed so that in particular I'y, ,, = Ap—1(2,). Then

n

An(X) = (~1)" T, X
=0

Therefore

n—1
dn(X) = X7+ (=1)""en i X
=0
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where each

_ ( 1)nfirn ) i Fn 7
_1 n—1 _ ) _1 n— )
( ) Cnﬂ (_1)n_nrn7n ( ) an
Thus
T. .
Cn,i = Fn’l (31)
n,n

Lemma 3.2. [21] The ring Fyco, c1, c2, 3] is the ring of invariants of the General Linear Group

GL(4,3).
Lemma 3.3. The degree of ¢y, ; is ¢ — q.

Proof. The degree of T',,; is —¢' + > i—0 ¢’ so that the degree of Ty, ,, is Z;:& ¢.

Thus the degree of ¢, ; is —¢' + Z;‘L:o P ZZ’.L;OI ¢ = q" — ¢" as required. O
Lemma 3.4. Let { = Ap,_1(xy,). Then the dickson invariant c, o = a1,

Proof. From the above proof we have that

Cn0 = ;‘H,O
n,n
zf 2l xd
x?Z x32 ng
:L"fn xgn 22"
x1 x2 Tn
zd 3 h
= t — 11
14
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3.2 Invariants generated using the Steenrod Operations

Definition 3.5. Given a quadratic form
n
fQ = 5x% + Z .SUZ2
i=2

we define the associated homogeneous forms

n
R 7+1
§=¢ex; T+ E x; .
i=2

We show that each of the forms &; is an invariant of the Orthogonal group O(§y) by considering

the action of the Steenrod operations on S(V*).

Definition 3.6. The Steenrod operations, P" for each n = 0,1,2,..., originally formulated as a
refinement of the cup product in cohomology, act on F,[V] forming the Steenrod algebra with the

following properties:

(i) each P is a linear transformation,
(ii) PP is the identity,
(iii) for each A of degree 1 we have P'\ = A7 and P¥\ =0 if & > 1 and

(iv) the Cartan formula holds so that

k
Prag=>_ PlaP*B.

=0

As in [17] we view the Steenrod operations as a tool to use the information contained within

the Frobenius homomorphism. (See Definition 2.11)
Lemma 3.7. (i) PPa =0 if k is greater than the degree of c.
(ii) Each P* is homogeneous of degree k(q — 1).

Proof. We note that any form a € F4[V] can be written as a linear combination of the products
of linear forms. Thus we consider P¥(A1 )z ... ;) for some j > 0 where each ) is a linear form in

Fylz1,22,. .., 25).
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(i)

(i)

We aim to prove, by induction on h, that
Ph+j()\1)\2...)\h):0 ifj>0

for h € N.
We see that the statement is true when h = 1 by Definition 3.6 (iii).

Now assume the statement true for h = h that is
PPi(\Ae. . A;) =0 if j>0.

For h = h + 1 we have
ht14j

PRI (NN /\;}—H) = Z P'(MAg ... )‘B>Ph+1+j_i()\il+1)
i=0

PRI Az NP N

Now if j > 0
PP (Adg ... A;) = PP (Mg A;) =0
by Equation 3.3.

Hence

PPIHI (A Ag . N ) =0 it >0,

) + PP (A,

(3.3)

)P Ny

Thus the statement is true for k = h + 1 if true for A = h and so by induction the statement

3.2 is true for all h € N.

As each PF is linear it follows that P¥a = 0 if k is greater than the degree of a.

Firstly we see that P, the identity, is of degree 0 as required.

We aim to prove by induction on A that

P"(AMiA2... Anyj) is homogeneous of degree h + j + h(g — 1) = hq + j (3.4)

for h > 1, 7 > 0 and linear forms Ay,..., Apyj.

We start by considering the case when h = 1 and aim to prove by induction on j that

PL(A1)A2 ... A14;) is homogeneous of degree ¢ +j  for j > 0.
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When j = 0 we have that
Pl(A) = A
which is of degree ¢ as required.

Now assume that the statement 3.5 is true when j = j that is

P AAg... A is homogeneous of degree ¢+ j  for j > 0. (3.6)

i)

When j = j + 1 with j > 0 we have

P2 A ) = PP (Mdz o A P () + P (e A )P (A ,)
which by assumption 3.6 is homogeneous of degree ¢ + 7 + 1 as required.
Thus statement 3.5 is proven.
How assume that statement 3.4 is true when h = h. That is
73;‘()\1)\2 e )‘E—f—j) is homogencous of degree hq+j for j > 0. (3.7)

We wish to deduce that

PE+1(A1A2 A ) is homogeneous of degree (h+1)qg+j for j > 0. (3.8)

h4-j+1
We proceed by induction on j.

When j = 0 we have

PP Ny) = PO AP Ny) + PP e AP ()

= Pﬁ()\1)\2 . ')‘E)Pl()‘}}“) +0 by Lemma 3.7.

We have that ’Pﬁ()\l)\g ... ;) is homogeneous of degree iLq by equation 3.7.
Thus Pﬁ+1(A1A2 -++Aj41) 1s homogeneous of degree hq+q= (iL + 1)q as required.

Then assume that 3.8 is true when j = j. That is

Pﬁ+1()\1)\2 A is homogeneous of degree (h+1)q + J. (3.9)

ﬁ+3’+1)
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Now

h+1 h 1 h+1 0
PP N 40) PP N )P Nsgn) PP O N )PP (N 4)-

We have that Ph(/\l)\g Coe A is homogeneous of degree qu + 7 4+ 1 by equation 3.7 and
that PPH1(AAg. .. A

Ph (Mg, .. A

E+§‘+1)

fz+j‘+1) is homogeneous of degree (ﬁ + 1)q + j by equation 3.9. Thus

ot +2) is homogeneous of degree (il +1)¢+ j + 1 as required.
Thus we have proven statement 3.4 as required.

As PF is linear it follows for any o € F,[V] that P*(«) is homogeneous of degree k(g—1)+deg(a)

so that P is of degree k(¢ — 1) as required.
O

We introduce the following map as defined in Section 8.1 of [17] in order to deduce further

properties of the operators P.

Definition 3.8. Define the map
P(Q) : Fy[V] — Fy[V][[C]]
such that
PO =) P

i=0
where the P? are the Steenrod operators as in Definition 3.6.
Lemma 3.9. The map P(() is a ring homomorphism.
Proof. For each a, 8 € Fy(V) we have the following.

(i) As each P¥ is linear

P)(a+p8) = Y PHa+p)C"
k=0

o0

= D (PHa) +P(B))¢"

k=0

= D P+ PH(E)C
k=0

= PO +PE)B)).
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(ii) From Definition 3.6 we have the Cartan formula

Phaf) = 3 PH@)PH(B).

Thus

Setting the convention that
Pi=0 ifi<0

we have

P)(eB) = > Pa)yP"(p)cF

(iii) P()(1) =1.
Thus P((¢) is a ring homomorphism. O
Lemma 3.10. The ring homomorphism P(() is such that each linear form x € S(V*) maps to
x + 9.
Proof. Following Definition 3.6 we have, for each x of degree 1,

x fori=0
77@(33) =49 27 fori=1
0 otherwise.
Thus, by definition
P(O)(x) = +29¢

as required. ]

Definition 3.11. We now define the Total Steenrod Operation P*® as the alternating sum of the

Steenrod operations. That is



We see that P* is a ring homomorphism.
Corollary 3.12. The Total Steenrod Operation acts on the ring Fylz1,z2, ..., xy] such that
P (z;) =z — x} i=1,2...,n.
Lemma 3.13. The Total Steenrod Operation acts on the ring Fylx1, 22, ..., zy] such that
(i) P*(&o) =& — 2&1 + &5,
(1) P*(&) = &k — &y — &rgp1 + &}, for all k> 1
where the & are given in Definition 3.5.

Proof. We prove this in the case when

n
&y = ext + E x?  so that =exd g E z} "+

n
P&) = P(eaf+ Zw?)
= e(P*(z1))* + Z (P*(z;))° as P*® is a ring homomorpism
= gz — 29+ Z(:cZ —z8)? by Corollary 3.12
n
= e(a? — 229 4239 + Z w? — 2z 4 g2
n n
= (ac% +> xf) -2 (m‘f“ + Zm?“) + (sxl + Zz2q>
=2 1=2
n n
= <5:c% + Z xf) -2 (&m‘f“ + forl) + <€x% + Zx?) since € = &1
=2 i=2 =2

= & —2& +&  as required.
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(ii)
PHG) = Peaf T Y oal
= e(P*(z1))? P Z (P®(x;))? L asPois a ring homomorpism

= ez —af q+1+z ayat+1

= ez —z{)(x1 — oY) q + Z x?)qk
q - g !
= e —af)(af *951 +Z *xz‘ )
=2
k+1 k+1
= ez r{+1 x%+q x1++1+x1++q)
n
+ 3 (@0 gl g8 g0 ey
=2

Then since ¢ = &4

k " k k 1 n k—1 I
P.(£O) — <€$lf +1 + ZI;] +1] 51‘1 +1 + ;1 +1
=2

=2

k1 n k41 n k I

+141 1 1 1

o R sx({++§$g’+
=2

i—2
= & —& | — &1+ & asrequired.

Lemma 3.14. The Steenrod algebra acts on the ring Fyl&o, &1, &2, .. .| such that
(i) PO(&) = & for each k=0,1,2,...,
(it) PY(&) = 2&1 and P (&) =&, for each k=1,2,...,
(iii) P (k) = Eppr for each k=1,2, ...
(iv) PTH(&) = €2 for each k=0,1,... and

(v) P(&) = 0 otherwise.
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Proof. We have that P* is homogeneous of degree k(¢ — 1) by Lemma 3.7 (ii) and so consider the
degrees of the terms in P*(&).
Since P*(&) = 0 for all k > 3 by Lemma 3.7 (i), we have by Lemma 3.13 (i):

P* (&) = P°(&) — P (&) + P* (&) = & — 26 + &

The degrees of &, &1 and & are 2, 2q and g + 1 respectively and by Lemma 3.7 P*(&) is
homogeneous of degree 2 + k(g — 1).
Then

deg(PY(&0)) = 2 so PY(&) = & as expected as PV is the identity.

deg(P'(&)) =2+q—1=q+1so P (&)) =2&

deg(PI"+1(&)) = 2+ 2(q — 1) = 2¢ s0 P*(&)) = &

deg(P*(&)) = 0 otherwise.

Now
Po(&k) = POU&k) — PH(&k) +P*(&r) — - =& — & — Gr1 + &
by Lemma 3.13 (ii).
The degrees of &, &, &1 and €] are ¢° +1, ¢F + ¢, ¢"™ +1 and ¢"™! + g respectively and

by Lemma 3.7 Pk(é’j) is homogeneous of degree ¢/ + 1 + k(g — 1).
Then

deg(P°(&)) = ¢* + 1 s0 PO(&) = & as expected as PU is the identity, thus completing the

proof of (i);

deg(P (&) = ¢" +1+ (¢ —1) = ¢" + ¢ so P1(&)) = &, completing the proof of (ii);

deg(qu &) =" +14+¢"(q—1)=¢"""+1s0 pd* (&k)) = &k+1, proving (iii);

deg(PI (&) = ¢F + 1+ (¢F + 1)(g — 1) = ¢"*' + g s0 PIF1(&,)) = €7, proving (iv) and

Pi(&) = 0 otherwise, proving (v).
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Lemma 3.15 ([17] Section 8.1). The Steenrod Operations P* map invariant forms to invariant

forms.

Corollary 3.16. Each &; defined from & as in Definition 3.2 is an invariant of the Orthogonal
group O(&p).

Proof. This follows with reference to Lemma 3.14 (ii) and (iii). O

3.3 Chern Orbit Classes

The Chern Orbit Classes for a given group are presented in [18] Section 1 as a tool for generating
invariants of the group.

Let V' be an n dimensional vector space over F, and G < GL(V) so that G is a finite group.
We consider the action of G on V*, the dual of V', and in particular the G orbits of V*.

Definition 3.17. Let O* C V* be a GG orbit and set
xo(X) = [[ (X +=)
zeO*
The polynomial xp«(X) is the Orbit polynomial of the orbit O*.
If |O*| denotes the cardinality of O* then
xor(X)= Y «(0")XI
i+j=|0~|

and the coefficients ¢;(0*), i = 1,...|O*| are the Chern Orbit Classes of the orbit O*.

Lemma 3.18 ([18] Lemma 1.1). If O* C V is an orbit of G then the coefficients ¢;(O*) of xo+(X)
which are homogeneous polynomials in S(V*) of degree i for i =1,2,...,|0* are invariant under

the action of G on the Symmetric Algebra on the dual of V.

Being concerned with the invariants of the Orthogonal group we let G = O(&p).

We require a method for calculating the coefficients ¢;(O*) for each of the O({y) orbits of V*
without explicitly calculating the Orthogonal group. To this end we evaluate the form &y on the
vectors of V' identifying the set of vectors on which the form is equal to a given element of F,. For
each element of F; we show that the corresponding set of vectors Q(v) € V*is an O(&y) orbit of

V*, where Q is the map from V to V* determined by the quadratic form defined in Section 1.3.
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Lemma 3.19. Let Q be the map from V to V* determined by the quadratic form &y as defined in

Lemma 1.28. Then we have

N A -1

Qlgv) = Qv)?

Proof. Let b be the polarisation of the quadratic form &. Then & (v) = b(v, v) and so Q(v) = b(wv, -).
Thus for g € O(&)

Qgv)(u) = blgv,u)

Thus Q(gv) = Q(v)9 . O

Lemma 3.20. Given a quadratic form & and some j € Fy let O; = {v € V|{(v) = j} and
O = {Q(v) € V*|v € O;} . Then Oj is the union of orbits O(&o) of V*.

Proof. Choose v € V such that &(v) = j and let # € V* be such that Q(v) = x. Define O, as the
orbit O(&y) of V* containing = so that O, = {x9|g € O(&))}.

Then for each x9 € O, we have

&(Q'(29) = &(w) where h=g ' € 0(&)
= {(v) =&(v) ashe O(%)
-

Thus we have 29 € (’);f so O, C (’);f.

If now there exists some y € OF such that y ¢ O, and y = Q(u) for some u € V where §o(u) = j,

then for each y9 € O, we have

&(Q71 (YY) = &olg™ ) = & (u) = &(u) = j.

Thus y9 € (’);f so O, U0, C (’);.
We continue thus until all elements of the orbit (’);f are accounted for and thus see that (’); is

the union of orbits O(&y) of V* as required. O
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Thus the polynomial

xo:(X) = [ (X +2)
ze07

being a product of chern orbit polynomials has coefficients that are invariants of the Orthogonal

group.
Lemma 3.21. The subsets OF of V* for j # 0 are O(&) orbits of V*.
Proof. This follows from Lemma 3.19. 0

Being concerned to discover any relationships between the established invariants of the orthog-
onal group we used CoCoA code to discover which of the Chern Orbit Classes can be written as a
polynomial in the & polynomials of Definition 3.5 and on discovering that some could not in the

cases n = 3 and n = 4 we propose the following conjecture.

Conjecture 3.22. Given £ and related polynomials & of Definition 3.5 then for some j there are

Chern orbit classes of O that cannot be written as polynomials in the {’s.

In particular such Chern orbit classes exist of degree qnfjn_z for some values of 1 <1i < n.

We have shown this conjecture to be true when n = 3 and n = 4 for small values of ¢ using
CoCoA code. The code and results are given in Appendix A. An example of the code for n = 3 is
given in Appendix A.1 with output from this code for the cases ¢ = 3,5,7,11 when the quadratic
form is 23 + 23 + 23 given in Appendix A.2. Output from similar code for the case n = 4 and ¢ = 3
is given in Appendix A.3.

We see that when n = 4, ¢ = 3 and & = 2% + 23 + 23 + 23 we have Chern orbit classes of degree

n—1

q"—q
q

= 18 and of degree % = 24 that cannot be written as a polynomials in the &’s. Thus

we make the following definitions for use in later chapters.

Definition 3.23. Let n = 4, ¢ = 3 and & = 2% + 23 + 23 + 2. Then define h; to be the Chern

qn_ n

Orbit Class of degree +ﬂ‘ of the polynomial xox(X) defined above for i = 2,3 so that h3 is of
degree 18 and ho of degree 24.

The polynomials he and hg are given explicitly in Appendix A.4.
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Chapter 4

Generation of some new invariants

In the previous chapter in §3.3 we saw that there exists Chern orbit classes of degrees M%W for
some 1 < ¢ < n that can not be expressed in terms of the polynomials &, as given in Definition
3.5, in some cases for small values of n and ¢. In this chapter we take this as motivation to
investigate the existence of additional invariants of the Orthogonal group of these degrees. We
note with reference to Lemma 3.3 that of the Dickson invariants ¢, ; the invariant ¢, ,—1 has degree
¢"—q"'. Thus we investigate for given n whether the polynomial cn,n—1 can be adjusted by adding
a polynomial in the £;’s in order that the resulting polynomial is a gth power. We extend this idea
to the other Dickson invariants. In §1 we present a conjecture asserting that such an polynomial
exists maintaining that the gth root of the polynomial is an invariant of the Orthogonal group.

Then in §2 we present the proof of the conjecture when n = 2 and in later sections we investigate

the truth of the conjecture for n = 3 and n = 4 for small values of q.

4.1 The d; invariants

Given a vector space of dimension n over a finite field of ¢ elements with ¢ odd we choose a non
singular quadratic form &y and thus determine the Orthogonal group O(&).

We aim to establish a new invariant of O(&y) by utilization of the Frobenius automorphism
and the known invariants of the Orthogonal group; the Dickson Invariants c,; presented in §3.1
and the forms &g, derived from &; using the Steenrod Algebra, presented in §3.2. Having fixed the

dimension n of the vector space V' we adopt the notation ¢; for the ¢th Dickson invariant.
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Given a quadratic form &, if there exists a polynomial ¢; in the forms &; such that the sum
of ¢; and ¢; is a gth power then ¢; + ¢; is an invariant of O(§y). It follows by application of the
Frobenius automorphism that the gth root of this polynomial must also be an invariant. Thus we

present the following conjecture.

Conjecture 4.1. Let O(§y) be the orthogonal group determined by the non-singular quadratic
form & in n variables over the finite field F,. Then for each ¢; there exists a polynomial ¢; in the
forms &y, &1, ..., &n—1 such that

¢+ ¢i = df

for some polynomial d;.

Then d; is an invariant of O(&).

We note that we need consider ¢; only as a polynomial in the forms & for K =0,1,...n—1 as
&, has degree ¢" + 1 which is greater than ¢ — ¢*, the degree of the Cn,i, for all values of 7.

We investigate the truth of this conjecture for i = n — 1. This value of i gives the lowest degree
polynomial of the ¢;’s. The d;’s for i =0,1,...,n — 2 can be obtained from ¢,_1 by application of

the Steenrod operations.

4.2 Proof of Conjecture 4.1 in the case n = 2

Maple code was used to investigate the truth of Conjecture 4.1 in the case n = 2 and ¢ = 1 and the

results generalised. Thus we are able to present the following theorem.

Theorem 4.2. Let V' be a vector space of dimension 2 over Fy with q odd and let x,y be a basis
for V. Define ¢ to be the 1st Dickson Invariant and let the quadratic form & = x® + ey®. Then

the polynomial

¢1 = _ 5*1( o)) [_1}2&]

~ =y -1 g
is such that the polynomial c1 + ¢1 is the qth power d.
The qth root of ¢1 + ¢1, the polynomial dy in the basis vectors of V' is an invariant of O(&p).
If & is of minus type then
dy =0
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and if &y is of plus type then

h= 22 22971 — eatdyP 4ot (—e) T 2yt 4 (o) Ty,
Proof. Given & = 22 4 y? then & = 29T + g0t
Hence
—1 ;
G -7 = (o) =@+ )@ rey®) - (@ + eyt 3

g—1
—_ [x2q+2+€x2qy2+€x2y2q+€2y2q+2 ( 2q+2+2€wq+1yq+l +62y2q+2)]—

= (ex®y® + eay® — 2€$q+1yq+1)%

a1l 01 g1 (.29—2 2¢—2 -1 -1\ 5
= h gty (xq 1 y2a72 9y )2

-1 (xq—l _ yq—l)q

g=1 _ _ _ —1
_ q—1,9-1(,.q—1 _  q—1\4 q—1
= gz g9y (m Y ) —5290 Y P ———
It follows that
2_ 2_ -1 —1\4¢
C1+ —1 §1(q+1_§%)¢12;1 _ g@° =1 a1 1 & - 1yq1(xq — yt )
fo xi-1t — Z/q_l 50 xd—L — gl
2 2_ _ _1\9q
_ g0 =1 g1 - xq+1 + eyt . (ﬁq 14 1)
21 _ g1 (22 + ey?)1 Yy zi—1 _ g1
(z471 — yr=1) (2% 4 ey?a)
B p@H20-1 _ pa® a1 _ o@® 201 4 cpa-lya*+g
a (za71 =y 1) (221 + ey9)
_ (xq2+q +€yq2+q)(xq—1 _yq—l) _ (xq+1 +€yq+1)q _ ﬁ]
(2971 — ya=1) (220 + ey?9) (22 + ey?) &
So we have

13 [ } 51_
c1+ ¢ = §o+ 7

1 q=1 q

— 2

1+<> ];.
2 0

(i) If ¢ = 3 mod 4, € must be a square in F; and since —1 is a non square we have e =1

Let & be of minus type.

q—1

and (—1) 2 = —1.
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(ii) If g =1 mod 4, &€ must be a non square in F; and since —1 is a square we have (—1)% =1

g—1
and e 2 = —1.

-1
Hence, in either case, (7?)T =—180c¢1 4+ ¢1 =df =0 and d; = 0 as required.

Let & be of plus type.

(i) If ¢ = 3 mod 4 then ¢ must be a non square in F; so that = (-1) = =-1.

q—1 g—1

(ii) If ¢ =1 mod 4 then € must be a square in F; so that ¢ 2 =(-1)2 =1

q—1

q—- q
Hence, in either case, (_?1) 2 =1lsothat ey + ¢ =df = 2%},.
0

It follows that

dy = 2? — 229 —eat P e (=) T 2By R 4 (—e) Tyt
0

as required.

We note that the results of Theorem 4.2 are consistent with those of [8]: Theorem B.

4.3 An algorithm to test Conjecture 4.1

We present an algorithm to determine the polynomial ¢; and the associated form d; of Conjecture

4.1 for n = 4, ¢ = 3 and form & = 2% + 23 + 23 + 27 .

e Preliminaries: the degree of ¢; is calculated and the &’s are determined for k =1...n — 1.

The degree of & is greater than that of ¢; for k > n.

e The expressions
gla, B,7) = EGEE

are determined such that the total degree of the expression is equal to that of the Dickson
invariant ¢;. As such an expression is itself a gth power when each of the degrees «, 3,y and

0 are multiples of ¢ these expressions are not used in the calulation.

A matrix D is created to hold the values of «, 3,7, for all possible expressions that are not

qth powers.
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e The coefficients of the terms z¢z%z$z¢ are extracted from each g(a,3,7) to form a row

vector. As the form &y is a symmetric polynomial in the &;’s the polynomials g(«, 3,7) are
also symmetric. Thus we only need consider terms z¢zSz$z¢ with a > b > ¢ > d.

Again, as a x‘fxg:chj‘f term is itself a gth power when each of the degrees a,b,c and d are

multiples of ¢ the coefficients of these terms are not used in the calculation.

The polynomial ¢; is determined from the Dickson matrix as presented in the proof of Lemma

3.1 and the coefficients extracted to form a row vector as above.

A matrix is formed from the row vectors and the transpose of this matrix is reduced to Row-
Reduced Echelon Form. If the system of equations leads to a single solution the redundant
zero rows of the matrix are removed and a solution vector, s, defined as the transpose of the
final column of the resulting matrix. This solution vector s then gives gives the coefficients

of the relevant terms g(«, 3,7) in the polynomial ¢;.

The matrix D and vector s are then used to give the polynomial ¢; explicitly as a polynomial

in the &’s.

The form df is then calculated explicitly as a polynomial in the variables x; and the gth root

calculated to give the desired d;.
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4.4 The ¢, and ds polynomials for n = 3

Using code for an algorithm similar to that given in §4.3 but for n = 3 and 7 = 2 we have shown
Conjecture 4.1 to be true for ¢ = 3,5,7,9 with & = 2% + 22 —1—1’% in each case and have the following

polynomials ¢s.

b2 = L€} + 26280 + 1o

<
3
|

€3 [36160 + 2657] + &5 €7 + 4€9¢0)
+ Lo [4€1%60 + 61060 + 48157 + 26368 + 4€0T]

[4¢18¢5 + 3€3¢8° + €9¢32]

+

¢o = & [4636" + 3607 + & [€1°€5 + 6¢165°]
+ & [61® + 361560 + 361160 + 4{6R° + 6¢Te8 + 4677
& 26760 + 567260 + 2617607 + 3617607 + 26765
+ & 66068 + 67%¢0° + 5613650 + 4¢{065® + B¢l €8]
+6o [+66760° + 3¢160%0 + 46765 M + &7

+ [667%68 + 4608 + 262607 + 462607 + 3¢106"T + 667¢ 1]

g2 = &[288T+&7] + 5 [6°6° + 405°] + & [267 + £°¢°]
€3 [261%0 + £35¢31 + 262468 + ¢3¢l + 265¢l™ + €291
& [267°6) + €1'60” + 267687 + 1657 + €157 + 265

+ [26160 + 266" + 26°6™ + 261°66" + 261%™ + 61°68™]

_l’_

_l’_
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Considering each ¢3 as a polynomial in £ we can make the following generalisations.

e The coefficient of 53_2, the largest degree of & is

£ D (&gt ey

or
+ dAy ()"
where
-1
=& q+1 and given d = qT
This choice of notation for & — g“ conforms to the notation of Chapter 5.

e The coefficient of 5‘27_3 is

(6 - &) €)™ = nagl™ ()"

e The coefficient of & is

@-a (@ -8 ) e)

or

Ay (A + B)&)™™  where B =20t

e Terms in which the degree of & is zero are of the form

& e (- )T - (g )q_l>

(&2 —€dthya

+

or
fgaq“ ((Af + B)? — BY)
Ag

The invariants do are given in Appendix B.1.
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4.5 The ring of invariants of O(3, q)

We have seen that in the case for n odd there is one Orthogonal group O(n,q) up to isomorphism.
The ring of invariants of this group was presented by Cohen S.D. in the following theorem and an

alternative proof given by Larry Smith in [19].

Theorem 4.3 ((SD Cohen): [19]). If ¢ = p¥, where p is an odd prime, then
Fyle,y, 21005 = F[Q, P2(Q), E]
where Q = y?> — xz, deg(P21(Q)) = ¢+ 1 and deg(E) = q(q — 1).
On the basis of this theorem we present the following conjecture.

Conjecture 4.4. Let & be the non-singular quadratic form in the 3 variables x1,z2, x3 over the
finite field F; and the form &; be determined from &y as described in §3.2. Then let the polynomial
ds be as defined in the statement of Conjecture 4.1. The ring of invariants of the Orthogonal group
O(&o) is then

Fyla1, 2, 23]°¢) = Fy[€0, &1, da)]

We note that the degrees of the generators of the ring Fy[&y, &1, da] are equal to those of the ring
F,[Q, PA1(Q), E] as Q and & are quadratic forms, the degree of & is ¢ + 1 by definition and the
degree of ds is equal to that of the gth root of the Dickson invariant ¢z 2 which is # =q(g—1).

In addition we note that Conjecture 4.4 is consistent with [8]: Theorem C in terms of the

degrees of the proposed generators of the Orthogonal group.

4.6 The ¢; and d; polynomials in the case n =4

The CoCoA code for the case when n = 4 and ¢ = 3 with & = 2% + 23 + 2% + 27 is given in
Appendix B.2 with the output in Appendix B.3 giving the ¢; polynomials. The code in Appendix
B.4 calculates the d; invariants from dg. We have used the code to calculate each of the invariants d;
for i =1,...,3 in this case as these are used in explicit calculations in later sections. The resulting

d; polynomials are then given implicitly in the following definition.
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Definition 4.5. When n = 4 and ¢ = 3 with & = 2% + 23 + 23 + 27 we define the d; polynomials

implicitly in the following equations:

di = c5+&&P — 606 — 0688 + €38 + (16 — 816 + L& — Loedes

+61€5 — £186265 — E365¢5

df = co— €38t + &3l — €2Teen + £061063 — gedes + elles — folh + oEiEles

618363 + €165 — 65683,

di = o1 +&76 — B — 576165 — Lobl® + &oE1€] + L0126 — £00636s — €1°6:¢3
—86165 + 86 + 668
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Chapter 5

The A invariants

In this chapter we work initially in the polynomial ring Fy[z1, 22, ..., 2] and define the polynomial
A, in the forms &g, &1, &2, ... defined in §3.2. As we have seen in §3.2 each form &; is determined by
the choice of &y through the action of the Steenrod algebra and so is an invariant of the Orthogonal
group O(&p). We then generalise the definition of A,, to define the polynomials lj in the polynomial
ring Fy[so, 51, 52, ...]. In §5.2 we show that each polynomial [, for k > 2 is the product of two non
trivial irreducible polynomials l,j and [, in the polynomial ring F,[so, 51,52, ...].

In §5.4 we consider the image of the polynomials [, l,j and [, under the ring homomorphism
from the polynomial ring F[so, s1,. .., Sn] to Fy[z1, 22, ..., x,] defined by fixing the image of s; as
&; and thus induced by the choice of quadratic form &;. We note that the images Ay, A; and A, of
i, l,j and [ respectively under this map are each invariants of the Orthogonal group O(&p). We

then consider the factorisation of the invariants A: and A, over the ring Fy[r1,22,...,2,].

5.1 The [; polynomials

We work with the general quadratic form

n
2 E 2
=2
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and define the associated diagonal matrix

e 00 ... O
010 ... 0
B=]1001..0
000 ... 1

In Section 3.1 we defined the Dickson matrix D, (X) with determinant A, (X) in the proof of

Lemma 3.1 and in the statement of Lemma 3.4 we defined £ = A,,_1(x,). We now define the matrix

L= Dn—l(xn)
and note that det(L) = ¢. Thus
x1 €2 T,
a:(f azg z
2 2 2
L= zf w2
n—1 n—1 n—1
zd xd ooal

Definition 5.1. Denote by A,, the determinant of the matrix LBL” where the matrices L and B
are defined above.

Thus it can be seen that

&o &1 &2 & ... &
& &g &g &g . g,
PN BT S A R
& & & e,
on &, &L, !

in the notation of Section 3.2 and that

A, = el?.
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Definition 5.2. Working in the polynomial ring F,[so, 51, s2, . ..], define for each k& > 1

S0 S1 S9 83 ... Sk-1
siosyost sl L s,
b | o N

q ' g ¢
53 Sy 51 50 Sk—4
Sk—1 Sp_o SZQ_S szg_4 . 30}%1

and define the polynomials
lk = det /:'k
We also define
lp = 1.

5.2 The polynomials /" and [,

We wish to prove that each [ of Definition 5.2 is the product of two non trivial irreducible poly-

nomials l,:r and ;. over Fy[sg, s1,52,...] for k> 2.

Definition 5.3. We define

larzl and Iy =1

=1 and [T = sp

Thus by definition we see that [ = l,jl,; in the cases when k£ =0, 1.

In the case when k = 2 we see that

o q+1 2
lp = 557 —s7

g+1 q+1

= (59° +s1)(s9° — 1)

We define
n atl atl
Iy =5, +51 and [y =s5> —s1

Thus we see that [ is the product of the two irreducible polynomials l; and [5 .
Before considering I, for k = 3,4, ... we present two Lemmas concerning the determinant and

minors of a given square matrix.
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Lemma 5.4 (Sylvester: [11] Lemma 2 of Chapter 8). For any d by d matrices A and B and
1<e<d

det(A) - det(B) =) _ det(A") - det(B')

where the sum is taken over all pairs (A’, B") of matrices obtained from A and B by interchanging

a fixed set of ¢ columns of B with any set of ¢ columns of A, preserving order.

Lemma 5.5. Let k > 3 and let M be a k by k matriz and M the ‘middle’ minor of M, that is
the determinant of the sub matriz of M with the 1st and kth rows and the 1st and kth columns
removed.
Then
M -det(M) = My My 1 — My M

where M; ; is the minor of M with the ith row and jth column deleted.

We have seen that this conjecture is true for any d by d matrix for d = 1,..,8 by calculation

using CoCoA code. The code is given in Appendix C.1 together with the output.

Proof. Let
mia Mmi2 ... Mik
ma2 e m2 k-1
m21 M22 ... Tk -
M = so that =
meg—1,2 .. Mg_1k-1
mi 1 mk,g e kac

We denote by M the matrix M with the 1st and kth rows removed and by Mi,j for1 <i,j <k
with ¢ # j the minor of M that is the determinant of the k — 2 by k& — 2 sub matrix of M that is

the matrix M with the ith and jth columns removed. Thus

ma1 mai—1 ma2i+1 maj—1 m2j+1 mak

mg—11 - Mg-143-1 Mk—14+1 --- Mk-145-1 Mg_1454+1 --- Mk-1k

If i = j let M;; = 0.
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With this notation we have

kok
det(M) = Z Z 1)iHithtt my; Mg, j Mi,j
=1 j=1
k—1 k
_ i+j+k+1 Y
= > (-1t (mygmy; —ma jmk, 1)) M;;
i=1 j=i+1

k k—1
My =Y (=1 my My, Myg=> (=1 my i Mg,
=2 =1
k ' k-1 '
My = Z(—l)lmLiMu and My, = Z(_1)2+1m1 M .
i—2 i=1

Now we have Mk,le,l — Mk71M17k:

k—1 k
— 1)y Mg Y (=1 Fmy My
121 =2
k ‘ =1
= (0imaaMig > (=1 M,
2 i=1

1=
k—1 ‘ .
= [’I?’LLlM + (—1)7'+1m1 zMz k] [mkykM + Z(—l)l+kmk7iM17i]
i=2 ‘

k-1 -
- [(_1)km1,kM+ Z(_l)iml,iMl,i] [(_1)kmk,1M+ Z(_l)i+k+lmk,iMi,k]
=2 '

k-1 k-1
= M [ml,lmk,kM + My Z<_1)i+1m1,iMi,k +mi Z(_l)i+kmk,iM1,i]
i=2 i=2

k-1 k-1
-M [ml,kmk,lM oy Y (=1 Py My +ma g Z(_l)iJrlmk,iMi,k]

=2 i—2
k-1 ‘ k-1 ' k-1 ' k-1 '

+ Z(—l)ZJrlml,iMi,k Z(_l)lJrkmk,iMl,i — Z(_l)lml,iMl,i Z(—l)Hkak,iMi,k-
=2 i—2 i—2 i—2
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Thus we have My x M1 — My 1M i,

k-1 k-1
= M !ml,lmk,kM g Y (=1 my Mg+ ma Z(_l)i+kmk,iMl7i]
i=2 i=2

k-1 k-1
-M [ml,kmk,lM +mg Z(*l)erkml,iMl,i +mak Z(l)z+1mk,iMi,k]
i=2 i=2

k—1
+ > ()T g gy (MM g, — MM )
i,j=2

Now for each 1 < i < j < k we need to prove that

My jM; g — My iMjy, = My M ;. (5.1)

With reference to Lemma 5.4 we set A = Ml,k and B = Mi,j so that d = k — 2. Then we set
¢ =1 and take the fixed set of ¢ columns of the matrix B to be the first column of B.

Denoting by 7; the Ith column of the matrix M defined in the statement of this Lemma we
note that the fixed column of N set above is mi;. We then proceed to consider interchanging this
column with any column of the matrix A = Ml,k-

Now on interchanging m; of matrix A with n; of matrix B for each 1 <l < k and [ # 4,j to
produce the matrices A’ and B” we note that B’ will have two identical columns so that det(B’) = 0.

Thus we see that
det(A) - det(B) = det(A"!) - det(B") + det(A7!) - det(B')

where A%! and B1¢ denote, for 1 < e < k, the matrices A and B with the (e — 1)th column of A
interchanged with the 1st column of B that is interchanging the column ni. of matrix A with the
column mi; of matrix B.

Considering the reordering of the columns of the matrices we note that
det(A™!) = (=1)""2M,, and det(BY") = (—1)""2M;

and that
det(AM) = (=1)772M;;, and det(B™) = (=1)’"' M.
Thus we see that det(A%!) - det(BY) = M, ;.M j and det(A%!) - det(BY) = —M; ;M ; so that

Equation 5.1 is true as required.
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Hence My, My 1 — My 1 M

k-1 k-1
= M !ml,lmk,kM Fmpge Y (=1 my Mg+ ma Z(_l)i+kmk,iMl7i]
i=2 i=2

k-1 k-1
-M [ml,kmk,lM +mg Z(*l)erkml,iMl,i +mak Z(l)z+1mk,iMi,k]
i=2 =2

k—1
MY (1) sy M
ij=2

k
= MY (=) gy M
ij—1
= M -det(M)

as required. O

Lemma 5.6. Let l;11 be the polynomial as defined in Definition 5.2. Then

()T —wy)

ly1 =
(lk—1)9
where
S1 59 S3 e Sk—1 Sk
q q q q q
5 5] Sy eee Sp_o S
2 2 2 2
wg =1 s s s sl st |
2 3 k—1 k—1
q q q q q
Sk—2 Sk-3 Sk—4 -+ 50 51

that is wy, is the determinant of the matriz Li+1 given in Definition 5.2 with the (k+ 1)th row and

1st column removed.

Proof. In the identity of Lemma 5.5 we set matrix M = L1 of Definition 5.2.
Then

det(M) = lk+1,
M = (1)1, Mgy =1, M=)
and

Mk’1 = Ml,k = Wg.
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Thus we have
b1 (1) = L (13)T — (wp)?.

The result follows. O

Lemma 5.7. The polynomial I}, factorises non trivially over the ring Fy[so,s1,s2,...,Sk-1] for

k > 2. In particular l, factorises as the product of two factors each linear in sp_q.

Proof. From Lemma 5.6 we have

()

ly1 =
" (Ik—1)1

Thus

g+l q+1

<lk31 + wk—1> <lk31 - wk—l)
Iy =
(lk—2)1
Let
Lt a1
[ =12 +we—1, fr =02 —wp—1 and A= (lp_2)?

Now [}, is a polynomial in the Unique Factorisation Domain F,[so, s1, s2, ..., sx—1] and so each

irreducible factor of A must divide one of f,j or f. . We consider each of f,:r , [, and X as polynomials
in s;_1 with coefficients in Fy[sg, 51, ..., Sx—2]. By definition wy_; is linear in s;_; and l;_; has no
terms in s_1. It follows that both f,;" and f, are linear in s;_1. Thus let f,j = a18;_1 + b1 and
[, = a2sp—1 + bz, where ay, by, az, by are polynomials in Fy[so, s1, 2, . .., k2.

By definition l;_o has no term in s;_; and so we can let A = AjAa... A\pArp1 ... As where each
A is an irreducible polynomial in Fy[sg, s1, s2, .. ., sg—2] such that each )\Z\f,j fort=1,2,...,r and
that \;|f, for i =74 1,..., s without loss of generality.

Now we can divide f,:r = a15k—1 + b1 through by A1 noting that Aj|a; and A\]|b; so that

E = a}s,_1 + b}
A 15k— 1
for some af, b| € Fy[so, s1, 82, .., Sk—2]. Continuing thus with the factors Ag,..., A\, we have
fi
Iy =01 —F
LD VITEDY
+ _ () (r) (r) 3(r)
where I;” = a; 'sp_1 + by’ for some a; ', by’ € Fy[so, 51,52, ., Sp—2].

Similarly we can divide f_ = a2sg_1 + b2 through by A; for e =7 +1,..., 5 so that
e =1l (5.2)
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where ;" = aés)sk_1 + bgs) for some ag), bg) € Fy[so, 51,52, ..., Sk—2].

Each of agr)sk,l + bgr) and ags)sk,l + bés) is a non trivial polynomial in Fy[so, s1, s2, ..., Sk—1]
and thus we see that [ factorises non trivially. In particular we see that each of the factors l,': and

I}, of Iy are linear in s;_1 as required. O
Definition 5.8. We denote by l,j and [~ the non trivial factors of Ij; that are linear in s;_1 so that
Iy = l,jl,;.

Lemma 5.9. The polynomials I}, and wy, are coprime in Fyso, s1,s2,...] for k > 1 where I}, is

given in Definition 5.2 and wy is defined in the statement of Lemma 5.6.

Proof. Recall that

S0 S1 S92 ce Sk—1 S1 S92 S3 ce Sk
q q q q q q q
S1 80 $1 T 80 $1 Sy cee Spq
2 2 2 2 2
k=1 s9 s{ s .0 stg | and wp=1| s s s{ st
S S S ’ sqki1 s? sq2 S ’ S o
k=1 g2 k-3 0 k-2 k-3 k-4 1

We aim to prove the statement that wy and [ are coprime in Fy[so, s1,s2,...] for £ > 1 by
induction on k.

To start, letting k = 1, we have
ll = S0 and w1 = S1.

and so we see that {; and w; are coprime in Fg[sg, s1,s2,...] and thus have the basis for the
induction.

Now assume that the statement is true when & = m that is that [, and w,, are coprime in
Fq,[s0, 51,52,...]. We wish to deduce that l,,41 and w41 are coprime in Fg[sg, s, s2,...] and
assume to the contrary that /,,11 and w,,+1 are not coprime and so have a common factor, say f,
that can be assumed to be an irreducible polynomial in in Fy[sg, s1, s2,...].

We have by definition that

Wimt1 = —(In)?Sm1 + terms not involving Sp,+1.
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Thus any factor of wy,+1 must divide ([,,)? so that

fl(l)?  and so f|(lm)q+1.

Now
(L)t =y,
lmt1 = —a
m—1
by Lemma 5.6 and by assumption f|l;,+1 50 that f|lme1 - (ln_1)? = (I;n) 7T — w?,.

We have seen above that f|(l,,)?"! and so it follows that f|w2,. Thus, as f is irreducible, we
see that f divides both w,, and [,, which contradicts the inductive hypothesis. Therefore [,,4+1 and
W41 are coprime in Fg[sg, s1, s2,...] if [, and w,, are coprime and so as l; and w; are coprime

we conclude that [;, and wy, are coprime in F,[sg, s1, s2,...] for all & > 1.

We now wish to determine inductive formulae to generate l,‘: and [ for k > 3. Having that

a1 a1
(1)t —w} | ((lk—l)qQ + wk—l) ((lk—1)q2 - wkz—l)

=TT (2

g+l
we need to ascertain which factors of (I;_2)? divide each of the expressions I, *, +wj_1, noting that

each must divide one or other as [; is a polynomial.

CoCoA code was written to determine this in the cases ¢ = 3 and ¢ = 5 for small values of k. It
was found that (l,iz)q divides (lk_l)%l +wy—1 when ¢ = 3 and that (I ,)9 divides (lk_l)%l twp_q
when g = 5.

Thus an algorithm to generate the l,:f inductively was formulated and implemented with CoCoA
code. This code is given in Appendix C.2.1 for the case n = 4 and l,f. The output from the code
is given in Appendix C.3 for ¢ = 3 and ¢ = 5.

The results obtained using code were then generalized in Theorem 5.11. Before stating and

1
proving the theorem we establish the coefficients of 5%71 in the expressions (lk)% 4wy, for k > 2.

Lemma 5.10. The coefficient of (sp_1)47" in (lk)% + wy is

atl q

[(lk,g)%l + wi_o ! when ¢ = 3mod4 and — [(lk,z) T Fwg_z)| when ¢=1mod4.
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Proof. By definition 5.2 the coefficient of (s,_1)? in I is

s s{ $5 Sh_3
s T st
1 0 1 k—4
k k—1 2 3 3
(=1)%(=1) s3 s st oo st | = —(lk-2)?
q q2 q3 qk73
Sk-3 Sk—4 k-5 S0
by definition and the Frobenius map.
. . gtl qatl (¢+1)
Thus the coefficient of (s3_1)?*! in (lk)q2 is ((—lk,g)q)q'z = (lk,g)q 5 when g = 3mod4 as
) (a+1) )
then % is even and —(lk_g)q 2 when ¢ = 1mod 4 as then q;rl is odd.

By the definition given in the statement of Lemma 5.6 the coefficient of (s;_1)9"! in wy, is equal

to
2 2 2
q q q q
51 50 51 P
2 3 3
q q q q
9 s1 s¢ .. sl
k k—2 q q° 7 q*
(—1)"(-1) sy 89 51 ... Sl
2 3 k—2
q q
Sk—o2 Sp-3 Sk—4 51
and so to
T
2 2 2
q q q q q
51 S0 51 Sk—4 51 59 S3 Sk—2
2 3 3 2 2 2
q q q q q q q q
ED) 51 50 Sk—5 S0 51 52 Sk—3
2 3 4 2 3 3 3
q q q q _ q q q q
S3 ED) 51 Sk—6 = | 1 S0 S1 Sk_4
2 3 k—2 2 3 4 k—2
q q q q q q q q
Sk—2 Sp—3 Sk_4 51 Sk—4 Sp—5 Sps¢ 51
and thus to .
$1 82 83 Sk—2
q q q q
S0 51 ED) Sk—3
2 2 2
q q q q
51 S0 51 Sk—4
2 3 k—3
q q
Sk—4 Sp—5 Sk¢ 51

by the Frobenius map.

Thus the coefficient of (s,_1)?™! in wy, is equal to (wy_2)%.
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Then the coefficient of (s;_1)?"! in > £uwy is

a(a+1) ol Wy 2} when ¢ = 3mod 4 and

(Ih2)™5" £ (wp2)? = |(l2) 3
{(lk 2) = T wp_ g)r when ¢ = 1 mod 4

q(g+1)
—(lg—2) 2 F (wrp2)?=
O

as required.
., Sk—1) as the

The polynomial Iy, for k > 2 factorises over the ring Fq[so, s1, s2,

Theorem 5.11.
i defined inductively below for k > 3.

product of the two irreducible polynomials l,j and 1

When ¢ = 3 mod 4

a+1 +1
o W)™ N Y
) ()" ’ ()"
and when ¢ =1 mod4
+1 +1
I (1) 4wy . (Ih-1)"T —wp_y
‘ (lp—2)? ’ (li_2)?

Proof. Applying Lemma 5.6 to [, we have

(lg—1) It —wi_,

(l—2)1

I =

and on factorisation of the numerator
q+1

((lk D5t we 1) ((lk—l)T _wk:—1>
Iy = Tea)? )

We note that each of the the irreducible factors of (I;_2)? must divide one of the expressions
q+1
g wy or (lk) = — wy, exactly in the Unique Factorisation Domain Fg[sg, 51, s2, . .., Sg—1].

()=

We recall from Definition 5.3 that

I =1andl] = sg

and that
+ q+1

l+ +s1and ] = 55> — 51

and note that the polynomials I and [; are both irreducible and are not associates.

We now consider the cases when ¢ = 3 mod 4 and when ¢ = 1 mod 4 separately.
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(i) Let ¢ = 3 mod4 and note that % is even.

Then let Py be the statement that [ factorises as the product of two irreducible polynomials

l,j and [, that are not associates such that

a2 e
+ wg— — Wh—
l]:r — ’H+7kl I, = ’H_ikl (5.3)
(l5—2) (l—2)"

We prove that Py is true for £ > 3 by induction in steps of 2 as we are concerned with dividing

by the factors of (l,f_Q)q when calculating l,f.

e To begin the induction we show that Py is true when k£ = 3 and 4.

* When k£ = 3 we have

g+l g+l
(lz)q2 —wy = (ng — s%) S (S(f—i_l — 3258)

1
by definition and thus we see that I; = so divides (lg)% — wo as the terms not

Ce . atl 1 .
divisible by sd, that is (—=s3)"> and —s{*"', cancel when %t is even.

Similarly we see that /; does not divide

g+1
(lg)% + we = (ng — s%) S (s(fJrl — 5258)

but lf =1 does.

Then define
g+1
- (lz) 2+ w2
’ (1)
1 = 1
= <sgJr fs%> +8?+ — S950 and
g+l
- ()2 —w
3 - —
(1)e
1 =3 1
- 2 -
(67 =3) * = (17 = s2s)
= q
S0
1 @ 1
2
(s¢7 =st) 7 =1
= +52
q
30

We note that both l; and [; are irreducible and that the polynomials are not
associates by considering the coefficients of the terms in s in each.

Thus P is true in the case k = 3.
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* When k = 4 we see that, by definition, the coefficient of s3 in the expressions
(l3)% +ws is F(I2)? and that of (s2)47! is equal to ((ll)% + w;)? by Lemma 5.10

a+1

and thus by definition to (s,> =+ s1)? = (IF)?.
Now, any divisor of (lg)% + w3 must divide the coefficient, F(l2)? of s3 and, as Iy
has no term in sy, must also divide the coefficient (IF)? of (s9)7*".
Now l2+ and /5 are irreducible and are not associates. Thus we see that the expression
(lg)%l +ws is not divisible by [ and that the expression (lg)%l —wjs is not divisible
by l; .
Then as
()% +ws) ()5 — ws)

(13)a(l3 )

(1) must divide (lg)qzi + w3. Thus we have the factors

I =

g+1

g+1 q+1
7@3) 2+ + s and 7@3) 2_ — s of 4.
(13)4 (Iy)4
Now define ot ot
+ ()2 +ws _ (I3) 2 —ws
If =—3— and [ =———"
(I3)4 (I3)4

We note that, by definition, each polynomial lff is linear in s3 and that the coefficient
ok F(2)T

of sg in I is (Z(QT2))q = F(I5)1.

We now assume that l;f is not irreducible and so let f be an irreducible polynomial

such that f*|If. Then as [ is linear in s3 we have that f*| — (I;)¢ and so as

[T is assumed to be irreducible then f* = [;. Similarly, assuming that [; is

not irreducible and letting f~ be an irreducible polynomial such that f~|l; then

=i
Then it
S
I = W and so  I1F|(15)*5 + ws.
2

However, we have seen above that this is not the case and so can conclude that each

of lff is irreducible.

Now
_ q +\q g+1
o= (l2)1s5 + (523 (s2) " +... _ —(I3)%s3 + (s2)T + ... and
(1)1
q —\q q+1
) 53+(l?l))(52) T () () 4
2
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so we see that ZI and [, are not associates.

Hence P is true in the case k = 4.

e Now assume the inductive hypothesis that Py is true in the case k = m. That is [,
factorises as the product of the two irreducible polynomials [} and [, that are not

associates as defined below.

+1 1
l+ _ (lm—l)qT + wm—1 and I~ — (lm—l)qT — Wm—1
" (l—2)? " (L—2)
Hence
(lm—l)q%l + wm-1 = lrin(l?n—ﬁq
When k£ = m + 2 we have
[(lm—&-l)%l + ’wm+1} [(lm—&-l)% — Wm+1

2= (18 )

and so consider the coefficients of s,,11 and (s,,)9"! in the expressions (lm“)% W41

The coefficient of s,,, 11 is F(I,,)? by definition and that of (s,,)"! is (l;%_l1 +wp,—1)? by

Lemma 5.10 which by hypothesis is equal to [li(li_Q)q]q.

Thus we see that any divisor of (lm+1)% + wy, 1 must divide FI%, and as [, has no

term in s,,, must also divide [I5 (I~ _,)9]9. Thus we see that, as [}, and [, are irreducible
q+1

and not associates by hypothesis, (I;+1) 2 = w1 is not divisible by [F.

Then as I, 12 is a polynomial we see that (I5)9 must divide (lm+1)% + wp+1. Thus we

have the factors

a+1

(lm—l—l)T + Wimt1 (lm—l—l)T — Wm+1
and of lmto
(Im) (lm)1
and so we can define
il a1
- (lns1) " + Wit and 1., = (lm 1) — w41
" () e (m)e

We note that, by definition, each polynomial li Lo is linear in s, 41 and that the coeffi-

cient of $p,41 in liﬁ is % =F(h)1.

lm

We now assume that l;; 1o 1s mot irreducible and so let fT be an irreducible polynomial

such that f*|l} . ,. Then as [}, is linear in sp41 we have that f| — (I;,)? and so
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as [T is assumed to be irreducible then f* =1, . Similarly, assuming that I ., is not

irreducible and letting f~ be an irreducible polynomial such that f~|i, , then f~ = It

Then ot
Imi1)' T +
ity = Pl so ) e
m

However, we have seen above that this is not the case and so can conclude that each of

+ .. .
I Lo 8 irreducible.

Now

—(m)%sm 15)9(8)0F + . ..
l;;+2 — ( ) Sm+1 + (+2 ) (8 ) + _ —(15)q5m+1 + (Sm)q-l—l 4. and

(Im)?

_ L) ®8ma1 + (1) 3 (80T + ...
g = St Ol ey ()

so we see that l;:+2 and [, are not associates.

Thus P, true in the case k = m implies P; true in the case k = m + 2. As P, is true when

k =3 and k = 4 we deduce that P is true for all kK > 3 when ¢ = 3 mod 4.

(ii) The proof for the case ¢ = 1 mod4 proceeds as that in the case ¢ = 3mod 4 but now q;—l is

g+1 q
odd and from Lemma 5.10 the coefficient of (s;_1)?"! in {,* +wy is — (lk,g)q%l T wk,g)] )

O]

5.3 Further analysis of the l,f polynomials

Lemma 5.12. Working in the polynomial ring Fq[so, s1,s2,...] the coefficient of sx_1 in l,‘: for

k>21s
o (—1)*(l, )7 when ¢ = 3mod4 and
o (—1)*(I}f ,)7 when ¢ = 1mod4.
and that in 1, for k > 2 is
o (—1)*L(1F )9 when ¢ = 3mod4 and

o (—1)*L(1 )9 when ¢ = 1mod4.
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We can see that by definition the Lemma is true when k£ = 2 as lar =1, =1

Initially the Lemma 5.12 was shown to be true in the case ¢ = 3 for kK = 3,...,6 and ¢ = 5
for £k = 3,...5 using CoCoA code as given in Appendix C Subsection C.2.2 with output given in
Appendix C.3.

g+1 g+1
Proof. By definition the coefficient of s;_; in [, | +wy_ is (—1)%(Ix_2)?) and that in [, —wr—1

is (—1)%1(lx_2)9) as seen in the proof of Theorem 5.11. The result then follows on dividing by I} ,,
or l,_, as appropriate to the definitions of ll:f for ¢ = 3mod4 and ¢ = 1mod 4 given in Theorem

5.11. U

69



5.4 The factorisation of the [;- over the ring F [z1,2s,. .., 7]

We have defined the I, l,j and [, in the ring Fy[so, s1,52,...] in §3.2 and in §5.1. We now define
a map @, from the ring A = F,[so, 51, 52, ...] to the ring S = Fy[z1,z2,...,2,] determined by the

choice of quadratic form
n
2 2
& =ex] + Z x;
i=2

so that

Qn:A — S

n
J J
S;i 6$q+1—|—5 :L'qul
J 1 7
=2

Thus we see that the image of the polynomial [,, under this map is A, and we define the images
of I, l,j and [ as A, Az and A, respectively. We note that the images Ay, A; and A, are each
invariants of the Orthogonal group O(&p) being polynomials in the &’s.

The images of the [, l;f and [, are calculated explicitly under (), and we then consider how

the polynomials Ay, Api1, A, A;,A:_H and A, factorise over the ring Fy[z1, x2,. .., zy].

5.4.1 Grouping of the monic vectors

The monic vectors, those on which the first non zero coefficient is 1, of the dual space V*, with basis
T1,T9,...T,, are separated into three sets. These sets are defined according to the value of the
quadratic form sg on the corresponding vector in V' under the map Q determined by the quadratic

form & as given in the statement of Lemma 1.23.

Definition 5.13. Given a vector space W of dimension n over F, and basis B = {z1,z2,..., 2y} of
W we define a vector w € W to be monic with respect to the basis B if the first non zero component

of w with respect to B is 1.

. . . . . mn__
Lemma 5.14. The number of monic vectors in the vector space W over F, of dimension n is qq_—ll

which is even when n is even and odd when n is odd.

Proof. There are ¢" — 1 non zero vectors W over [F,. For each vector w € W there are ¢ — 1 vectors

of the form kw for k£ € F; of which only one has its first non zero component equal to 1.
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n_1 . .
Thus there are qu monic vectors in W.

Now

-1

-1 -

1:Zqz'
i=0

q —_—
As the number of summands is n and when ¢ is odd each power of ¢ is odd the total number of

monic vectors is even when n is even and odd when n is odd. O

Definition 5.15. We define V to be the set of monic vectors in V* and V to be the product of

these vectors that is

v=]]=

eV
We now define the polynomials Z,S and N determined by the value of the quadratic form &

on the vectors in V as follows.

Definition 5.16. Let Q be the map from V to V* determined by the quadratic form &y as defined
in the statement of Lemma 1.23. Then define Z to be the set of vectors in V* corresponding under

the map Q to those in V' on which the form &y is zero. That is
Z ={Q(v) € V*|&(v) = 0}.

Similarly define S to be the set of vectors in V* corresponding under the map Q to those in
V' on which the form &y takes the value of a square in F; and N to be the set of vectors in V*

corresponding to those in V' on which the form takes the value of a non squares. That is

S = {Q(U) € V*éo(v) = o} for oa square in Fy

and
N ={Q(v) € V*|&(v) = v} for va non square in I
Then define
Z:Hm, S:Ha: and N:Hl'.
T€EZ zeS zeN
5.4.2 The factorisation of A, over F [z, zo,...,x,]

We wish to express A,, in terms of the the monic vectors and to that purpose recall that A,, = e/?

from Equation 5.1 in Definition 5.1.
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Lemma 5.17. The polynomial £ is such that

veV

is (—=1)"cpo by Lemma 3.1 and the Dickson invariant ¢, = 97! by Lemma 3.4 so that the
coefficient of X is (—1)"9 1.
Now the vector space V over Fy is of dimension n so we can let V = {v1,v2,...,v4n} with vy =0

without loss of generality. Then

and so the coefficient of X in d,,(X) is

q’"/
(-t H vj
i=2

which is
n

q

o= 11 »

=2 veV\0
as ¢" — 1 is even when ¢ is odd.
For each monic vector v € V there are ¢ — 1 vectors fv € V with f € Fj and the product of

these vectors is

H fﬁ:Uq_ln f=-79! by Lemma 2.8.

feF} fery
The number of monic vectors is V| which is odd or even as n is odd or even by Lemma 5.14.

Thus the coefficient of X is

q—1
DM =0 [t = (- (H U> :

veyY veY veY

Hence, as the coefficient is (—1)"9~! as discussed above,

q—1
(=)™t = (=) (H v) :

vey
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Thus

t=+]Jv=2V
veY

and so

2=V
as required.

O

Corollary 5.18. The polynomial

A, = 5?2
5.4.3 The factorisation of A* and A, over F [z, 7s,..., 7]
CoCoA code has been used to factorise A and Af 1 over Fy[z1,z,. .., x,] where a quadratic form

&o is specified for some small values of n and q. We take
n
fo = ext + Z 7
i=2

so that the form is of plus type when € = 1 that is §g = ()5 or of minus type when ¢ = v for some
non square v € Fy that is §o = ), as defined in the statement of Lemma 2.18. An example of this
code and output for some cases is given in Appendix D.

The CoCoA code is given Appendix D.1 where the values of n, ¢ and ¢ are input. The code sets
n =4 and ¢ = 3 and € = 1. The output for this case is given in Appendix D.2.3. The code has
also been implemented with n = 4,q = 3 and ¢ = v and with n = 4,¢ = 5 with both ¢ = 1 and
€ = v with output also in Appendix D.2.3. Similar code has been implemented for the cases n = 2
and g < 43 for g prime for both ¢ = 1 and € = v. Output for the cases prime ¢ < 17 is given in
Appendix D.2.1. For the cases n = 3 and prime ¢ < 13, similar code is implemented with output
given in Appendix D.2.2.

On the basis the output we make the following conjecture.
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Conjecture 5.19. (i) Let

Then
Af = KZ N,
A, = ko ZS7,
Ay = ks 2SN
and

for some k1, ko, K3 € FZ.

(ii) Let
n
fo=Qs=cai+ ) a7
=2
where ¢ is a non square in Fy. Then
At =28
A= HQ§N2,
Af =0

and

. = st+15ra+1
A = raZSTTINT
for some k1, K2, k3 € Fy.
We have shown Conjecture 5.19(i) to be true when

° n:2andprimeq§43withm:2,@:%and/@3:2,

e n =3 and prime ¢ < 13 with k1 = 2, /@:%and k3 = 1 when ¢ = 3mod 4 and k3 = 4 when
q = 1mod4,
en=4withk; =1,k =1and k3 =1 when ¢ = 3 and kK1 = —1, kg = —1lwhen ¢ = 5. In

the case n = 4,q = 5 the expressions for Af 1 have not been determined as the calculation is

very large.
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We have shown Conjecture 5.19(ii) to be true when

e n = 2 and prime ¢ < 43 with k; = —%, ko = —2¢ and k3 = —2 when ¢ = 3mod4 and
k3 = —2¢ when ¢ = 1 mod 4,

e n =3 and prime ¢ < 13 with k1 = —5, ko = —2 and k3 = 1 when ¢ = 3mod 4 and k1 = f%,
ko = —2¢ and k3 = 8 = 4¢ when ¢ = 1 mod 4,

e n =4 with Ky = —1, kg =1 and kK3 = —1 when ¢ = 3 and k1 = —1, ke = —2when ¢ = 5. In
the case n = 4, ¢ = 5 once again the expressions for Arf 1 have not been determined.

We note that the results are consistent with Corollary 5.18 as k1k9 = € in all the tested cases.

75



Chapter 6

Invariants of the orthogonal group

generated from the A,

In this chapter we generate further invariants of the Orthogonal group. The motivation for this
derives from the need to calculate invariants more efficiently than in the calculation of the Chern
Orbit classes of §3.3 or in the d; invariants of Chapter 4.

In particular we generate invariants in the case n = 4, ¢ = 3 and £ = Qs as defined in the
statement of Lemma 2.18 so that in this case & = 2% + 23 + 22 + 22. Thus we are concerned with
invariants of the group O (4, 3).

We present an algorithm to calculate invariants from the [;, polynomials introduced in Definition
5.2. The Algorithm is then implemented using CoCoA code for the case specified above, the code
being given in Appendix E.1.

In the previous chapter we determined the irreducible factors, [, of the polynomial [ in the
ring Fy[so, s1, S2,...] generated inductively following the algorithm detailed in Section 5.2. We
use the polynomials [, l,j and [~ together with their images under the Total Steenrod Operation
P* of Definition 3.11 defined on the ring Fy[so, s1, S2,...] to generate the new invariants. We
have noted that the image of these expressions as polynomials in F,[z1,x2,...,x,] are invariants
of the Orthogonal group O(p) for the particular choice of the non-singular quadratic form & in

Fq[xl,xg, e ,a:n].
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6.1 Preliminaries

Firstly we define the ring homomorphisms Q7 ,,, and Q;, ,,, as follows.

Definition 6.1. Let A be the polynomial ring Fy[so, s1, ..., sn].

Then define the maps @7, ,,, and Q;, ,, from the ring A to the ring Fy[z1, 72, ..., 2m] induced on
Fq[s0, 51, - ., Sn] by mapping sg to a non-singular form &y in m variables, the forms being Qs and
Q, respectively. These forms are given explicitly in the statement of Lemma 2.18.

Then the image of each s is defined to be & and thus is determined by the choice of &
through the application of the Steenrod algebra, the explicit formulas for the & having been given
in Definition 5.2.

Thus we have

g

o A — Folz1, ... xm]

m
k1
S — fk:ng+ k=0,1,...,n
1

and

s — & =val oy qukH k=0, 1, , I
2
where v is a non-square in Fy.
We now consider the ring homomorphisms @5, ,, and @y, ,, from A to S = Fy[z1, 22, ..., 7,] and
in particular the kernel of these maps.
Observing that each of Im (Q7 ,,) and Im (Q7, ,,) are spanned by o, {1, . - ., §n We present Lemma

6.6 concerning the algebraic independence of these polynomials. For this we have refered to [3]
Chapter 5.
Firstly we introduce the Jacobian which can be use in determining the algebraic independence

of a set of polynomials.
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Definition 6.2. Given the vector function F' with component functions fi,..., f, of the vector
space V with basis x1,...,x, we define the Jacobian matriz, Jr, to be the matrix of first order

partial derivatives of the f; with respect to the z;. That is the Jacobian

of1 of1
ox1 e OTn
PR S |
8(931, ‘e ,a:n)
Ofm Afm
ox1 e OTn

The Jacobian determinant or Jacobian

_ ofi
’\7]_" = det <axl>

is then the determinant of the Jacobian matrix.

Definition 6.3. A perfect field is one in which every finite extension is separable. That is the

minimum polynomial of every element of the extension is separable).
Lemma 6.4 ([4]: Proposition 7.29). Every finite field is perfect.

Lemma 6.5 (The Jacobian proposition). [3] Proposition 5.4.2
Let x1,...,x, be algebraically independent indeterminates over a perfect field K. If f1,..., fn are
elements of K(x1,...,xy) then K(x1,...,xy,) is a finitely separable extension of K(f1,..., fn) if

and only if the Jacobian determinant

ofi
det <8$Z) #0.

Lemma 6.6. Let &y be a non-singular quadratic form. Then let &, k =1,...n be forms determined
from & by means of the Steenrod operations as presented in §3.2. Then &1,&s ..., &, are algebraically

independent.

Proof. We have seen, by Lemma 2.18, that any non-singular quadratic form in n variables over a

finite field is equivalent to the form
n
ax% + Z w?
i=1

for some € € Fy.
Then let F' be the vector function with components fy, ..., f, of the

vector space Fy[x1,x2,. .., zy,] such that

n
k k
— _ a1 q"+1 —
i =& = ex] —I—E x, k=1,...,n
=1
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Thus we have

O f & k k
= =e(¢" +1)x? =exf
8x1 (q ) 1 1
and
afk q*
— =z =2,...n
890]- J
Then the Jacobian, is equal to
ex] ad T
2 2 2
Of exd x¥ ... xf
’jf|=det< fl): ! 2 "
ex?’ ... 2%

which we observe is equal to ¢ where ¢ = A, (x,,) is defined in Lemma 3.4.
It follows that |Jp| is non zero and so the functions &1, &o, . .., &, are algebraically independent

by Lemma 6.5. O

Definition 6.7. Let R be a ring and P a prime ideal of R.

Then the Krull dimension, dim (R) of R is the maximum length of a chain of strict inclusions
of prime ideals in R and oo if there are such chains of unbounded length.

The height of a prime ideal, P in the ring R is the length of a chain of strict inclusions of prime

ideals contained in P.

Lemma 6.8 ([21]: Proposition 5.2.2). Let R be a polynomial ring over a field in n variables, that
is R = K[V] for some field K and n-dimensional vector space V. Then the Krull dimension of R
is the dimension of V' over the field K, that is dim (R) = n.

Lemma 6.9. Let Q)7 ,, and Qy, ,, be the ring homomorphisms respectively of Definition 6.1.
Then each of Ker (QF ,,) and Ker (QY ) is a prime ideal of height 1 in A = TFy[so, S1,...,5n].

n,n n,n

Proof. We observe that the Krull dimension of the domain A = F,[so, s1, ..., sp] of the map Qo
ism+ 1 as A is a polynomial ring on n + 1 indeterminates and note that the Krull dimension of
the polynomial ring F[z1, x2, ..., xy] is n.

Thus as Im(Qy,,,) € Fy[z1, 22, ..., 2,] the Krull dimension of Im(Qy, ,,) is less than or equal to
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We have seen in Lemma 6.6 that the images £1,&1,...&, of s1,s9,...,s, under this map are

[

algebraically independent and so we note that the Krull dimension of Im(@Qy, ,,) is n.

Now as, by the First Isomorphism theorem,

Im(Qy ) = Fylso,s1,...,5n]/Ker( Zn)

n,n

we have that

Krull dim (Im(Q7,,,)) = Krull dim (Fy[so,s1,...,sn]/Ker(Q7,,))

= Krull dim (Fy[so, 81, ..,5a]) — height (/Ker(Qy ,))-

Thus we see that the kernel of the map has height 1. We note also that the kernel is a prime ideal
of Fy[so, 51, ..,5n] as Fg[z1,22,...,2,] is an integral domain.

The argument for Ker (Q}, ,,) is similar.

Thus we see that Ker (Qy, ,) and similarly Ker (Q7, ,,) is a prime of height 1 in Fy[so, 51, ..., Sn].

O]

Conjecture 6.10. The kernel of the map Q7 , is principal on [, and that of the map Qy , is

+

principal on [} ;.

We observe that every height 1 prime ideal is principal in a UFD and so Ker(Qy, ) and
Ker (Q}, ,) are principal on some irreducible polynomial in R which being a polynomial ring is
UFD.

We have seen that the polynomials [, ; and l,jH are irreducible in the ring Fq[so, $1, ..., Sn]-
By calculation using CoCoA code we have seen that these polynomials are in the kernels of the
maps Q‘,;k and QJ , respectively for k = 2,...,5 when ¢ = 3. Thus in these cases we see that

Conjecture 6.10 is true.

We now define the action of the Total Steenrod Operation on the ring A = F,[so, 51, 52,...].
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Definition 6.11. Given a vector space V' over IF; endowed with a quadratic form &, and polynomial
rings S = Fylx1, x2,...,2,] and A = Fy[so, 51, S2,...] we can define a corresponding map
f=leg: — S
sk &
where the & for k£ > 1 are determined by &y as in Definition 3.5. The Total Steenrod Operation

P* of Definition 3.11 acts on Fy[z1,x2,...,xy] as given in Lemma 3.12. Then define the action of

P* on the ring A in such a way that

f(P*(s0)) = P*(f(s0))

for all possible maps f arising as above from a choice of (V&) . Thus an induced action of the

Steenrod Algebra is defined on the polynomial ring Fy[so, s1, s2, ... ] and we have

(i) P*(s0) = so — 2s1 + ¢,
(ii) P*(sk) = Sp — S§_1 — Sk41 + s{, for all k > 1
From here onwards we concentrate in the main on the case ¢ = 3(mod4). The theory for the

case ¢ = 1(mod4) is similar.

We present the following Lemma for the case ¢ = 3(mod 4).

Lemma 6.12. Working in the polynomial ring Fy[so, s1, S2,...] and with ¢ = 3(mod4), the poly-
nomaial

UF is a factor of the expression (If |)IP*(I7) F lz,[HP'(l,;_Q)q

and the polynomial

I, is a factor of (IF_)"P*(I;) = I Pl _y)"
fork=2,...,5 when g = 3.

This Lemma is seen to be true for £k =2,...,5 and ¢ = 3 using the code in Appendix E.1.

Proof. We start by showing that the expressions (I, )7P*(l}) F l,f+173°(l,;_2)q are polynomials in

the ring Fy[so, s1,. .., Sk—1)-
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By definition and following Lemma 5.12 let
+ ki— \? +
e = <(_1) lkq) “sk-1+ Sy
where flj is a polynomial in sg, s1,...Sg_2. Then

P = P (DG s+ )
= (-1F (P*(1;5))" - P*(sk—1) + P*(f) as P* is a ring homomorphism

= (1" (P*(ly_))" (k=1 — s{_o — sk + s{_,) + P*(f;") by Definition 6.11.
As f,j is a polynomial in sg, s1, ... Sk_o then P'(flj) is a polynomial in sg, s1,...S,_1. Thus
P = —(=1)* (P*(I,_,))" - s + a polynomial in sg, s1,. .. 8k_1

so that the coefficient of s;, in P*(I}) is (—1)F+1 (P*(1;_,))".
By Lemma 5.12 the coefficient of sj in l,;;_l is (—1)*1(l,_,)?. We note that each of the
polynomials I} | and P*(I{_, contain no term in sj.

—

Thus we see that the terms in s in the expression (I, ,)9P*(l}) el

P*(l,_5)? cancel and so
the expression is a polynomial in the ring Fy[so, s1, ... Sx—1] as required.

Similarly, as the coefficient of sj, in [, | is (—1)*"2(;_,)9, the terms in s; in the expressions
()P () + 1, P2 (1;_5)? cancel so the expression is a polynomial in the ring Fy[so, 1, . . . Sg—1].

We now consider the map @ ,_; of Definition 6.1, from Fqls0,51,...,5k—1] to the vector
space V of dimension k£ — 1. We have proposed in Conjecture 5.19 that l,‘: and l,irl are in the
kernel of QZ_M_I and this has been shown to be true for £k = 2,...,5 when ¢ = 3 by calculation
as presented following the conjecture.

Hence in these cases the kernel also contains P*(I}) and thus the expression (I ,)IP*(l}}) ¥
P o)

We proposed in Conjecture 6.10 that the Kernel of the map QZ—L s_1 is the prime ideal generated
by l,‘: and for k =2,...,5 and g = 3 this is seen to be the case by calculation as detailed following
the conjecture.

Thus, in these cases, we see that (I |)IP*(l}) F l,irl'P'(l,;_Q)q is a multiple of [} as required.

Similarly we consider the expressions (I;7_;)9P*(l,) ilf(+177'(l,j_2)q and can see that the terms

in sy in these expressions cancel so that these too are in the ring Fy[so, s1,. .., sk—1].
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Again we have that I;” and [;",, and thus P*(I;) and so (IF_)7P*(I;) + I, P*(I{_,)? are in
the kernel of the map Qz—l,k—l' The kernel is seen to be principal on [, for k =2,...,5 and ¢ =3

and thus we see that in these cases the expressions are multiples of [, as required. O
Conjecture 6.13. Working in the polynomial ring F,[so, s1, s2, .. .]
P*(I;,) is a factor of the expressions (If_,)"P*(I}) F IF, P (l;_y)*

and

P(1;) is a factor of (I |)7P*(l,) £ lf(HP'(l;_Q)q.

We have seen this to be true using CoCoA code given in Appendix E in the case k = 2,...5
and g = 3.

6.2 The adjusted matrices

We define the matrices

Sn(X) = Dp(X)BD,, € Fylxy, xo,...,2,]

where D,,(X) is the Dickson matrix defined in the proof of Lemma 3.1, the matrix B is introduced

at the start of §5.1 for the definition of the [,, polynomial and

T x(f a:‘{2 x(f%l 0

Ty xd a:gz :I:gw1 0

. z3 w3 :L"§2 xgn_l 0
Dn = . .

Tn Th :L"?’L2 mnn_l 0

0 0 O 0 1

Note that the matrix D,, is derived from the matrix Dy—1(xy).
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Hence we have

We now define the matrix S;(X) in the polynomial ring F,[so, s1, s2, . .

o &
SIS
§ &
& &
En—1 2—2
& &

&
&
&
¢

€

2

§ia

&3
&
¢’

3
£

3
En—a
3

S

fn—l X
i, Xe
P
T,oXxe
g x
q X

.] so that for k = n the

matrix S, (X) is the image of S,,(X) under one of the maps Q7 or Qf ;. from Fq[s0, 51, -, 5n] to
Fqlx1, 22, ...,2,] depending on the choice of image & of sg.
S0 S1 S9 S3 Sk_1 X
q q q q q
81 80 51 S5 5,9 X
2 2 2 2
q q q q q
82 81 80 Eh Sp_q X
2 3 3 3
_ q q q q
Sp(X)=1 s3 s§ s s st X9 (6.2)
2 3 k—1 k1
q q q q q
Sk—=1 Sp_2 Sk-3 Sk4 s X
2 3 k—1 k
q q q q q
Sk Sp_1 Sp_o Sp_3 -+ ] X

We define the matrices M;" (X) and M,;" (X) adjusted from the matrix Sk(X) by removing the
&, term. We consider the case for ¢ = 3mod 4 when the matrix M,j (X) is found by multiplying
the first column of the matrix Si(X), and thus the determinate of the matrix, by (/,_;)? and then

adding the term (—1)*7

w41 to the last entry in the first column.

We have shown that in this case the coefficient of s, in the expression l,:a_l is (—1)FL( )9 in
Lemma 5.12 so in (—1)F*!;" | we have term —(I;_;)?. Thus the s, term of this entry of the matrix
cancels and so the only entry containing s; in the matrix is removed. Thus the determinant of the
matrix M, (X) is in the ring Fg[so, s1, . .., sp—1][X].

We note that if ZLI is in the kernel of the map Qf , adding the term to an entry of the matrix
has no effect on the image of the determinant under this map and as we have seen this is the case

when k= 2,...,5 and ¢ = 5.
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The matrix M, (X) is adjusted in a similar way from the matrix Si(X) with, in the case for

k411 being added

q = 3mod4, the first column being multiplied by (I )¢ and the term (—1) P

to the last entry in this column so that the term is s; is removed. The coefficient of s; in l,jH is
(=1)k*2(1, )9 when ¢ = 3mod 4.

We note that the expression (—1)*I;

k41 is in the kernel of the map @y ; for k =2,...,5 so that

again adding this term to an entry of the matrix has no effect on the image of the determinant

under this map.

Conjecture 6.14. Given the matrices M (X) defined above then the determinant of M7 (X) is
divisible by the product I - P*(l, ;) and the determinant of M, (X) is divisible by the product
k- Pl ).

We have shown this conjecture to be true in the cases k = 2,...,5 for ¢ = 3 using CoCoA code

given in Appendix E.1.

6.3 An algorithm to determine new invariants of the Orthogonal

groups O*(4,3) and O (4, 3) from the [ invariants

In this section we outline an algorithm to generate the new invariants as and as of the Orthogonal
groups O(Qs) = 01 (4,3) and O(Q,,) = O~ (4,3) where the non-singular quadratic forms Q, and
Q) are defined explicitly in the statement of Lemma 2.18.

The algorithm is implemented with the CoCoA code given in Appendix E.1. The output from
the code is given in Appendix E.2.

We give the explicit expressions for the invariants ay and as for the Orthogonal group O(Qs)
in Appendix E.3.

The algorithm is as follows.

e The rings S = Fy[z1,22,...,2,]) and A = Fy[so, s1,...,sy] are defined and variables n and ¢

set up. The polynomials l,f are generated for k = 0,...5 in the ring A.

e The images of each of the l,f for k =0,...,5 are calculated under the Total Steenrod operation

P* as given in Definition 6.11.

e The maps QF , and Q} , are defined from A to S as given in Definition 6.1.
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The expressions given in Lemma 6.12 are calculated as bkjE and ckjE and the resulting polyno-
mials divided by the expressions for l,:f and P*((lx—1)?) as appropriate to Lemma 6.12 and
Conjecture 6.13. The resulting expressions are tested for type thus checking the conjectured
divisibility.

The matrix Si(X) is defined as in Equation 6.2 and the matrix Si(1) used to define and the

matrices M;" and M, being the matrices M, (X) and M, (X) as given in the discussion

following Equation 6.2 with X = 1.

The expressions d; and d, are defined as

+_ Det (M,")
Pl )

and
Det (M)

d7 = —— "k
Py

The type of these expressions is found to test the proposed divisibility of Conjecture 6.14.

A dummy variable is now introduced. The Total Steenrod algebra is now defined with dummy

variable included.

The images of the l]:f under this operation are calculated.
The Matrices Sg(X), M, (X) and M, (X) are defined.

The Chern orbit polynomials are defined. The newly generated invariants are compared with

the Chern Orbit classes.

For a given type of non-singular quadratic form the calculation of the new invariants then

proceeds as follows. We give the procedure for plus type quadratic form.

— The expressions dJr,b/{gF and cﬁ are calculated as presented above but including the

dummy variable. We check to see that in fact
() = bl

— The expression dZ / bz is calculated as a rational expression. The numerator and denom-
inator of the resultant expression being the dﬁ and bﬁ with common factors removed.

These polynomials now become our concern.
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We note that each of these expressions being polynomials in the §;’s is an invariant of

the Orthogonal group O(&p).

— We consider the numerator of the reduced rational function as a polynomial in the
dummy variable and are in particular are concerned with the coefficients of degree 18
and 24; these values being the degrees of the Dickson invariants cg3 and ¢y each divided
by ¢ = 3. The denominator of d,j / b; can be used in the same way to give further

invariants.

— We find the images of these coefficients under the map Q7 ;, and on discovering that the
image polynomials are divisible by the chosen quadratic form &y we divide the resulting

polynomials by &y to give the new invariants which we denote a3 and as.

— We test to see whether expressions ag and as are in fact Chern Orbit classes.

Implementing the algorithm we can calculate the polynomials a3 and as for both plus type and
minus type quadratic forms. We give the explicit expressions for ag and ao for the case §g = Q) in
Appendix E.3 these being invariants of the Orthogonal group O (4, 3).

In this case we see that as is equal to the Chern Orbit Class coefficients of the Chern polynomial

X0z (X) as defined in §3.3.

87



Chapter 7

The ring of invariants of the

orthogonal group

In this chapter we give an explicit presentation of the ring of invariants of the Orthogonal group
0% (4,3) as O(&) where the quadratic form defining the group is & = 23 + 23 + 23 + 2. We do
this in order to give an example of how the ideas presented in this thesis might be used to give
an explicit presentation of the ring of invariants of the orthogonal group in the general case in
odd characteristic. We note that in [8] the ring of invariants of the Orthogonal group O"(4,q) is
presented with explicit generators.

In the first section we present a ring generated by some invariants of O(z3 + 23 + 23 + 23) and
we propose that this ring contains all the invariants of the Orthogonal group. At the end of §7.1
we calculate a relation on this ring and thus are able to give a presentation which we prove to be

the ring of invariants F3[z, x2, x3, 3:4]0(50) in §7.2.

7.1 The ring F3(&y, &1, &, d3, da)

We restrict our attention to O(&y) where & = 2% + 23 + 2% + 23, a non-singular quadratic form in
F3lz1, x2, 23, 24].

In this case we have established, in previous chapters, the existence of invariants of O(&y) of
degree 18 and of degree 24. In Definition 3.23 we presented the invariants hs and hs, determined

as Chern orbit classes. Then in Definition 4.5 we presented the invariants ds and dy determined
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from the Dickson invariants.

Being motivated to discover the differences between these pairs of invariants we investigate
whether the differences can be written as polynomials in the invariants & as given in Definition
3.5. We discover, using CoCoA code, that the difference ds — hs can be expressed in terms of &y, &1

and &. Thus we give h3 explicitly in terms of ds, &y, &1 and & below:

hs = dy — &561 (&€} — &2). (7.1)

Similarly, by calculation, we find that the difference dy —hs can be expressed in terms of &y, &1, &2

and the invariant ds and thus heo is given explicitly in terms of do, ds, &p, &1 and & below:

hy = dy — dséoéy + & + §61 + & + &6 — (& (7.2)

In Chapter 6 we generated further invariants, in particular for the case n = 4 and ¢ = 3 we
generated the invariants ag, ag of O(2? + 23 + 23 + 23). The explicit expressions for ag and as are
given in Appendix E.3. By calculation using CoCoA code we see that these too can be expressed

in terms of do, ds, &y, &1 and & as below.

az = —EJ& — 667 + 26160 — 360 — ds (7.3)

as = £ — €8l — €5+ 60l - +E (€061 —E0) E2+(E3 7 +60E3 — €8~ 1) E3+ (€3 +Eo&1 ) d3—da (T.4)

Noting the expressions for hs, hs, as, and ag given in Equations 7.1, 7.2, 7.3 and 7.4 we observe
that each of these invariants is in the sub ring F5(&o, &1, &2, ds, d2) of F3lxy, e, 23, 24].

Thus we are motivated to propose that the sub ring

RO :]F3<€07§1)£27d37d2> (75)

of S = F3[x1, 9, 3, 4] contains all the invariants of F[x1, z9, x3, 24]°¢0) where each of &, &1, &2, d3
and dy are taken to be the polynomials in the indeterminates x1, z2, x3, x4 previously defined. That
is & = Z?‘Zl x?kﬂ and the explicit expressions for d3 and dy as polynomials in x1,...,z4 are given
in Appendix B.5. Further to this we propose that Ry = F3(&o, &1, &2, d3, d2) is the ring of invariants
of O(&o)-
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We note that the ring Ry has five generators and as Ry is a sub ring of S of four indeterminates
and we look for a relation on Ry. To this end we consider the ring homomorphism defined below
from the polynomial ring

Ap = F3[s, 51, 52, t3, 2] (7.6)

to the ring Ry determined by the expressions for each of the polynomials &g, &1, &2,ds and do

previously defined.

Definition 7.1. Let Ap be the polynomial ring F3[so, s1, s2, t3, t2] and let Ry = F3(&o, &1, &2, d3, d2)
be the subring of S as given in Equation 7.5.

Then define the ring homomorphism QI as follows.

QI:AO — Ry CS

4

S €k=Za:§k+1 fork=0,...,2
i=1

tj — dj(xl,acg,xg,a:4) fOI’j=2,3

where the functions d;(z1, z2, 23, x4) are given explicitly in Appendix B.5.

Lemma 7.2. The ring homorphism QI presented in Definition 7.1 has kernel generated by the

polynomzial

p=—spls? — shs] + 50050 + 5555 — 885759 — s2slsg + s05755 + 55 — ta(sd) + t3(s150 + 53)

Proof. The generators of the kernel of QI have been calculated using the CoCoa code given in
Appendix F.3 together with the output. The result being that the kernel is generated by the single

polynomial p. 0
Thus we have the relation p on the ring Ay and so define the ring

T = Ao/(p) (7.7)

where Ay is the polynomial ring F3[s, s1, 2, 3, 2] and p the relation given in Lemma 7.2.
Lemma 7.3. The ring T = Ao/(p) of Equation 7.7 is isomorphic to Ry.

Proof. Given the ring homomorphism Q] of Equation 7.1 we have Ker (Q]) = (p) and
Im (Q7) = Ro. Thus by the First Isomorphism Theorem T' = Ag/(p) = Ry. O
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We now propose that the ring of invariants Fz[z1, 2, x3, 24]°) is the ring Ry = T/(p).
Firstly we prove the following Lemma regarding the ring Ry showing that the ring of Dickson

Invariants is contained in Ry.

Lemma 7.4. Let R. be the ring Fycs, ca, c1,co] where ¢;, i = 0,...,3 are the Dickson invariants
of GL(4,3).
Then R. C Ry where Rqy is the ring defined in Equation 7.5.

Proof. In Chapter 4 we established the polynomials ¢; in the & and the polynomials d; presented
implicitly in Definition 4.5.

Thus we have

cg = df — (bobi” — €16 — §°61E0 + &5%6 + €116 — €T G + E0éTEs — &o€lés
+&85 — E168s — §56583)
= d} — (& — 806 — §°68 + & + LE6 + &8)
—E3(65° — €T — €087 — &6 — £563)

e = df — (6516 — €8¢ — ETE 6 + 6081760 — &5616 + €116 — €085 + EoéTEREs
—61656 + €165 — §56:63)
= dj — (616 — €386 — E07E26 + £081°65 — &o&d + LoETEREs
—&3(&" — &6 — 89)
—E3(¢ - §6)

a = df - (&6 - P66 — 768 — S&° + 86 + Léi’E — %636 — %66
—£06165 + 363 + £76263)
= d — (76 - P86 — 7685 — &&° + &E6
—&3(6061% — &6 — 76 + &)
—65(676 — £61)
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By calculation using the CoCoA code given in Appendix F.1 we have shown &3 to be in the ring

Ry as:

&3 = d3(&) — &bl — &) — do(&1) — & + &0 — Ei61&e — & — 66 + 4166 (7.8)

We can then substitute for &3 using Equation 7.8 in the equations for c3 and co above and so have

these as polynomials in &y, &1, &9, d3 and do and thus see that
c3,c2 € Ry

as required.
Again by calculation using the CoCoA code given in Appendix F.1 with the polynomial input
as dy in place of &3 we have shown d; to be in Ry as below. The explicit expression for d; as a

polynomial in the z; is given in Appendix B.5.

di = d3(&f — &) + &161 + 08 — &8 + §6& + £ 6 — §6648 (7.9)

We can then substitute for d; and &3 using Equations 7.8 and 7.9 in the equation for ¢; above so

that we have ¢y as a polynomial in &y, &1, &9, d3 and dy and thus see that
c1 € RO

as required.

We recall that if
n
o =eat + Z 7
i=2

then A,, = e/? from Equation 5.1 in Definition 5.1 where the polynomial £ = A,,_1(x,) is given in
the statement of Lemma 3.4.
We have that cg = 97! from Lemma 3.4 and so in the case for ¢ = 3 we have A,, = eco.

When & = 22 + 23 + 23 + 22 the value of ¢ is 1 and so

o &1 S &
q & & &

340 9
S & & &

& & & &
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by Definition 5.1. We can substitute for £3 again using Equation 7.8 and so have ¢y as a polynomial
in &o,&1,&2,ds and dy and thus see that

co € Ry

as required.

Thus we have ¢; € Ry for : = 0,1,2,3 and so R. C Rg. O]

7.2 The Ring of invariants O (4,3)

Letting S be the polynomial ring F3[z1, z2, 23, 4] we wish to prove that the ring

Ry =F4(&0,&1,82,d3,d2) € S

as given in Definition 7.5 is the ring of invariants SO) when & = x3 + 23 + 22 + 23.
We show first that the field of fractions of the ring Ry is equal to the field of fractions of S9(0)
the fixed field of O(&p), by application of the Fundamental Theorem of Galois Theory. A summary

of Galois theory is given in [4] Section 8.2. We give a brief presentation of the theorem below.

Definition 7.5. Let K/F be a field extension. Then K/F is a Galois extension if it is finite,

normal and separable.

Definition 7.6. Let K/F be a Galois extension of fields. The Galois group of the extension,
written Gal(K/F), is the group of all F-automorphisms of K; that is all automorphisms of K
which fix all the elements of F'.

Theorem 7.7 (Fundamental Theorem of Galois Theory: [4]: Theorem 8.24). Let K/F be a Galois

extension with Galois group G. Then the maps

L +— Gal(K/L),

H — Fiz(H),

are mutually inverse bijections between the set of subfields of K containing F' and the set of sub-
groups of G.

Moreover, if L1 and Lo are intermediate fields, then
Ly C Ly ifandonlyif Gal(K/Ly) C Gal(K/L).
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Definition 7.8. Let D be an integral domain.
Then denote by F(D) the field of fractions of the domain D so that F(D) is the smallest field
containing D, that is

F(D) ={01/62] 61,62 € D, 52 # 0}.

Lemma 7.9. Let Ry and R. be the rings as defined in Lemma 7.4 and let Ky = F(Ry) and
K. = F(R.) so that
Ko = F3(&o, &1, &2, d3, d2)

and

K. =TFs3(cs, c2,c1, o).
Then with S = F3lxy, xe, w3, 4] let
K = F(S) =F3(x1, 2, 23, 24)
and let G be the Orthogonal group of the quadratic form & = z% + x3 + :L'% + 22 that is
G = O(&) = O(af + a3 + a3 + ).
Then Ky is the fized field of the orthogonal group, that is Ko = K©.

Proof. We have seen that each of the polynomials &, &1,&2,ds and dy are invariants of O(&p) so

that Ky € K and we have R, C Ry by Lemma 7.4 so that K. C Ky. Thus we have
K.C Ky CK®CK.

Now GL(4,3) is the Galois group of the field extension K/K. by [21] Proposition 8.1.4. By
the Fundamental Theorem of Galois Theory: Theorem 7.7, each of the subgroups of GL(4,3)
corresponds to a subfield of K containing K, and so in particular Ky and K¢ correspond to some
subgroup of GL(4,3).

Let the subgroup of GL(4,3) corresponding to Ky be H that is let H = Gal(K/Kj). By

hypothesis the subgroup corresponding to K¢ is G = O(&). Now
Ko C K¢ ifand only if Gal(K/KY) C Gal(K/Ky)

by Theorem 7.7 we have G C H. However, as H is the Galois group of the extension K/Ky and
Ky the fixed field of H each h € H fixes §y € K and so h € G. Thus H C G and so we see that
H = G and thus it follows that Ky = K©. O
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We now proceed to prove that Ry = S and in preparation present the following theory.

Definition 7.10. A Noetherian domain is an integral domain in which all ideals are finitely gen-

erated.

Theorem 7.11 (Hilbert’s Basis Theorem: [1] Theorem 7.5). Let R be a Noetherian ring then the

polynomial ring R[x| is also Noetherian.

Corollary 7.12. If R is a Noetherian ring then the polynomial ring R[z1,...,xy,] is also Noethe-

rian.

Proof. By induction on n from Theorem 7.11. ]

We present the following Lemma which we will use to prove that Ry = S©.
Lemma 7.13. Let Ry C Ry be commutative Noetherian domains such that
(i) F(R1) = F(Rz)
(i) Ro is a finitely generated Ry-module
(11i) Ry is integrally closed.
Then R1 = Rs.

Proof. Let y € Ry. Then

M=) Riy' CR,.
120

Now since Rp is Noetherian and as Ry is a finitely generated Ri-module so Ry is a Noetherian
Ri-module. Thus M is finitely generated Ri-module and so there exists m > 1 such that

m .
M = Ry’

Thus

m
ym+1 = Zriyi for some r; € R;.
1=0

Thus y is integral over Ry as y is a root of the polynomial

1

FX) =X =3 X

i=0
Now y € F(R2) = F(R1) and so since R; is integrally closed it follows that y € Ry and so Ry C Ry
and hence R; = R». O

95



Lemma 7.14 ([3]: Theorem 1.3.1). Let K be a field and A be a f.g. commutative K -algebra for
example A = K[V]. Then let G be a finite group of automorphisms of A. Then A, the ring
of invariants of A under the action of G, is also a f.g. commutative K-algebra and A is finitely

generated as a module over AC.

Lemma 7.15. Let the ring Ry = F3(&o,&1,8&2,ds,d2) be as defined in Equation 7.5 and let S =

Fslz1, 22, 3, 24]. Then S is a finitely generated R, module.

Proof. Let R, be the ring as defined in Lemma 7.4 so that R. = S* where L = GL(4,3) by Lemma
3.2. Then as S is a finitely generated commutative algebra over the field 3 and L a finite group
of automorphisms of S we have that S is finitely generated as a module over R. = S’ by Lemma
7.14.

In the proof of Lemma 7.4 we observed that ¢; € Ry for ¢ = 0,...,3. Thus if S is finitely

generated as a module over R, then so too must S be finitely generated as a module over Ry. [

Lemma 7.16 ([3]:Proposition 1.21). A module M over a Noetherian ring is Noetherian if and only
if M s finitely generated.

Corollary 7.17 ([3]:Corollary 1.22). A submodule of a finitely generated module over a Noetherian

ring is finitely generated.

Lemma 7.18. Let S = Fy[x1,2,...,2,] and G be the Orthogonal group O(x% + x3 + 23 + 7).
Then let R = S¢ and Ry be the ring F3(&o, &1, &2,ds,ds) defined in Equation 7.5. Then R is a

finitely generated Ry-module.

Proof. We have

RyC R=5%cC S =Fy[z1,x2,..., 2]

Now
e Ry is a finitely generated over F3 and so Noetherian by Theorem 7.11 (HBT),

e S is a finitely generated R-module by Lemma 7.14 and so is a finitely generated module over

a Noetherian ring.
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Thus R is f.g. Rp-module by Corollary 7.15 being a sub module of a finitely generated module over

a Noetherian ring. O

Definition 7.19. Let D be an integral domain. Then the domain D is integrally closed if and only
if whenever d € F(D) is such that d is the root of a monic polynomial with coefficients in D then

de D.

In order to prove that the ring Ry is the ring of invariants S¢ we proceed to show that Ry is

integrally closed.
Lemma 7.20. If D is a Unique Factorisation Domain then D is integrally closed.

Proof. Let D be a UFD with F(D) the field of fractions of D. Then each f € F(D) can be
expressed as % where f1, fo € D and f; and f; have no common factor. If f € F(D) is integral

over D then for some m € N and a; € D

4 afm" Y agfm" 24+ 4 apm_1f =0.

fi\™ AN AN i
(f> +(f> +<f> e, =0

and multiplying through by f3"

Thus

f1m—|-a1f1m71f2—|—a2f{”’2f22+..._|_am71f1f2m—1 -0
and so
flm =—f2 (alf{n_2f2+a2f{n_3f22—|—...+am_1f2mfl) ‘

Then as D is UFD fs must divide f; and since f; and fs have no common factor fo = £1.

Thus f € D and so D is integrally closed. O

Lemma 7.21. Let T be an integral domain containing an element o such that T[] is UFD and
T/(«) is an integral domain.

Then T is UFD and hence integrally closed by Lemma 7.20.
Proof. The Lemma is a special case of [13] Proposition 1.1. O

Lemma 7.22. Let Ry be the sub ring of S = F3[x1, x2,x3,x4] defined in Equation 7.5.

Then Rq is integrally closed.
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Proof. Let

T = F3lso, s1, S2,t3, t2]/(p)

be the polynomial ring where p is the relation given in Lemma 7.2.
Denote by §; the image of s; in T, that is §; = s; + (p).
We see that the relation

p=—ta2(s3) + tz(s150 + 53) — sgts? — s7sT + 58050 + 5558 — 5557859 — sZsTs9 + sgss3 + 55

is irreducible as p is linear as a polynomial in ¢ and the coefficient —88 of to does not divide the
other terms.
With reference to Lemma 7.21 we choose o« = sy and consider the localisation
T[so '] of T.
Now
T[s0 '] = F3[s0, 501, 51, 52, 3]

I and so to

as the relation p enables us to express ty in terms of sy, s, 2,13 together with §p~
eliminate 5 from the generators of the ring.

Note that the images of sg, s1, $2,t3 in T are algebraically independent as the only relations
imposed on T are multiples of p. Hence the sub algebra U of T generated by the images of
50,51, S2, t3 is a polynomial algebra. But U(sy™) = T'(s5!) since 5 € U{sp™1).

Thus we see that T[s})_l] is UFD being a localisation of a polynomial ring.

We observe that the integral domain

T/(s0) =T/(so+ (p)) = TFs[so,s1,52,t3,t2]/(s0,p)

= F3[s1,s2,d3,da]/(po)

where pg = s3 + d3s} is computed by setting sop = 0 in the relation p.
The relation pg is irreducible as pg is linear in d3 and the coefficient s‘i’ of dg does not divide
the other term s%.

Then we have that
F3[s1, s2,d3,dz]/(po)

is an integral domain being a commutative ring modulo a prime ideal and thus so too

is T'/so = T/(so + (p)) an integral domain.
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Thus we see that as T" is UFD and so integrally closed by Lemma 7.21 then so too is Ry integrally
closed as Ry =2 T by Lemma 7.3. O

We can now prove that the ring Ry is the ring of invariants Fs[z, x2, z3, x4]0(§0).

Theorem 7.23. Let S be the ring Fs[z1,x9, x3,24] and Ry be the ring Fs(&o,&1,&2,ds,da) C S
defined in Equation 7.5.
Then let G be the orthogonal group of the quadratic form & = x% + x3 + x% + 2.

Then the ring Ry is the ring of invariants SC.

Proof. We have seen that the commutative domain Ry is Noetherian in the proof of Lemma 7.18.
The ring S is a finitely generated commutative Fz-algebra by Lemma 7.14 and so is Noetherian.

Then we have
(i) F(Ro) = F(S%) by Lemma 7.9,
(ii) R is a finitely generated Rp-algebra by Lemma 7.18 and
(iii) Ry is integrally closed by Lemma 7.22.

So we see that Ry and S satisfy the hypotheses of Lemma 7.13 taking R; as Ry and Ry as S©.

Hence, by Lemma 7.13, we have that Ry = S as required. 0

Thus we have calculated the ring of invariants of the Orthogonal group O (4, 3) as

Ry = F3(&o, 41,62, d3, d2).

99



Chapter 8

Conjectures for greater ¢ and n

8.1 Conjectures in the case n =4

In the previous chapter we were able to present an explicit presentation of the ring of invariants of
the Orthogonal group O(&) in the case n = 4, ¢ = 3 and & = 2§ + 23 + 23 + 23 of plus type so
that in this case O(&) = O (4, 3).

Thus we have

O+(43
Fa[z1, 29, 23, 4]0 4% = Ry,

where

Ry =TF3(o, &1, 62, d3, da)

is defined in Equation 7.5, and we have shown there to be one relation p on the set of generators

where
p=—da(&) + ds(&1&5 + &) — &G — 16T + 6% + 67 — 0676 — E5616 + Lo&iES + &5

We observe that the generators are of degree 2, ¢+ 1, ¢> +1, ¢°(¢ — 1) and (¢ + 1)q(q — 1) and
the relation of degree ¢(q? 4+ 1) so that the product of the order of the generators is

2-(q+1)-(*+1)-¢*(¢—1)- (g + 1)g(qg — 1)

Using the formula given in Lemma 2.28 for the order of the Orthogonal groups we see that the

Orthogonal group OT (4, ¢) has order

2¢°(¢* — 1)> =2¢*(q — 1)*(q + 1)*
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which we note is equal to the product of the degrees of the generators divided by the degree of the
relation as we would expect.

On this basis we propose the following conjecture.

Conjecture 8.1. Let V be a vector space of dimension 4 over a finite field of odd characteristic
and & be a non-singular quadratic form in S2(V*), the symmetric square of the dual of V, such
that &y is of plus type as defined in the statement of Lemma 2.18. Then let £&; and & be determined
from the form & by means of the Steenrod operations as presented in §3.2 and d3 and ds be the

forms as defined implicitly in the equation
dl = cai+ ¢

where c4; is the ith Dickson invariant and ¢; is a polynomial in §y,&1,&2 and &3 as detailed in
Conjecture 4.1.

Then the ring of invariants of the Orthogonal group is

Fylzq, 22, 23, 4]0 (49) = Fq(o,&1, &2, d3, d2)

and there is one relation on the generators of the ring.
The generators then have degree 2, ¢+ 1, ¢ + 1, ¢*(¢ — 1) and (¢ + 1)g(q — 1) and the relation
has degree q(q® +1).

For the case n = 4 and &y is of minus type we have that the Orthogonal group has order
2% (q* + 1)(a* ~ 1)

from Lemma 2.28.

Thus we see that
0~ (4, )| =2-(¢+1)- (> +1)-¢*(¢— 1)

so that |0~ (4, ¢)| is a multiple of the product of the degrees of &y, {1 and &;. In the case ¢ = 3 we
have seen that there is a Chern Orbit Class of degree ¢?(q — 1), the remaining factor of |0~ (4, q)],
that cannot be written in terms of the forms &, and we have conjectured that there is an invariant
ds of degree ¢*(q — 1) in Lemma 4.1.

Thus we are motivated to propose the following conjecture.
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Conjecture 8.2. Let V be a vector space of dimension 4 over a finite field of odd characteristic and
&o be a non-singular quadratic form in S?(V*), the symmetric square of the dual of V, such that &,
is of minus type as defined in the statement of Lemma 2.18. Then let &1 and & be determined from
the form &y by means of the Steenrod operations as presented in §3.2 and d3 be the form defined
implicitly in the equation

di =ca3+ ¢3
where ¢4 3 is a Dickson invariant and ¢; is a polynomial in &p, &1,&2 and 3.

Then the ring of invariants of the Orthogonal group is a polynomial ring and moreover

Fylx1, x2, 23, 24)0 49 = F [0, €1, &9, da).

8.2 Considering the cases n =2 and n =3
In §4.5 we proposed that, in the case n = 3, the ring of invariants of the Orthogonal group O(&p) is
Fylz1, 22, 23)°37 = F (¢, &1, da)

where d3 = c32 + ¢2 for ¢9 a polynomial in the .
We consider the order of the Orthogonal group O(3, ¢) with reference to Lemma 2.28 and observe
that

0(3,9)| =2q(¢* = 1) =2-(q+1)-q(g— 1)

which is equal to the product of the degrees of £y, &1 and c32 as we expect. We note that this is
consistent with Conjecture 4.4.

In the case n = 2 we have
0(72,¢)| =2(¢—1) and [0O(72,q)| =2(¢+1).

We have proved in Theorem 4.2 that there exists an invariant d; of degree ¢ — 1 such that
dl = ca1 + ¢1 for ¢1 a polynomial in the & when & is a quadratic form of plus type but for & of

minus type no such invariant exists as d; = 0.
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Thus we propose that
Fylar, 2] 0 = F o, di]

and

Fyla1, 2] @9 = F[&, &1].

8.3 The ring of invariants of the Orthogonal group in higher di-

mensions

We consider first the case when n = 2s + 1 and have in this case by Lemma 2.28

S
2 .
0(n,q)| = 2¢° [J(¢* - 1)
i=1
S
9 . .
= 2¢° [[(¢'+ (' — 1)
i=1
S ) ) S )
= [[&+1)-¢ JJ& -1
i=0 i=1
Thus we expect to have among the generators &y, &1,...&s and dy—1,dp—2,...,d,—s as the
product of the degrees of these is
s . 5 (qn — qn_z) 5 . s 9 . .
[[e+0) J[V—— = [[@+v- ][ (@ -1
i=0 i=1 q i=0 i=1
= [[@+v-¢"]](d-1)
i=0 i=1

vvherem:wz{s2 for s > 1.
For example in the case n = 5 we might expect one relation as there we propose none in the
case n = 3.

Thus we propose the ring of invariants in the case n =5 as

Folz1,..., 25009 = Fy(&, &1, &2, &3, da, d3)

with a relation of degree q(¢® + 1).
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Secondly we consider the case n = 2s and have from Lemma 2.28 that

s—1
0% (n,q)] = 2¢°" V(¢ - 1) [J(* - 1)
i=1
s—1 ' '
= 20 =D ]](d + D@ - 1)
i=1
s—1 ‘ s ‘
= [[@+v-¢“ V][ -1D).
i=0 i=1
Again we expect to have amongst the generators &y, &1,&1 and dp—1, ..., dp—s-

For example in the case n = 6 the product of the degrees of &y,&1,& and dy—1, ..., d,—s being

so that the product of the degrees of the relations must be a multiple of ¢3. We would expect 2
relations in this case as there was 1 in the case n = 4.

Thus we might propose that the ring of invariants

Fqlz,. .. ,ws]oﬂﬁ’@ =TFy(0,&1,- -, &, ds, dy, d3, do)

with 2 relations the product of their degrees being ¢3(¢* +1)(¢® + 1) = q(¢* + 1) - ¢*(¢* + 1).

By a similar argument we might propose that the ring invariants

Fq[:pla e axS]O_(ﬁyq) = Fq(é-(]vglv s 754; d57 d4>

with relation of degree q(q* + 1).

We can hope to generalise the above proposals by consideration of the order of the Orthogonal
groups. Verification of any such conjectures are hard to validate using CoCoA code as above the
case for n = 4 and ¢ = 3 the calculations become large. However, we believe that it is possible
to consider some more cases by calculation with some increased computer power so that with this

greater insight an understanding of the full picture might be achieved.
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Appendix A

Investigating the chern orbits classes

We present CoCoA code ascertaining which of the Chern orbit cannot be written as a polynomial

in the &’s.

A.1 CoCoA code in the case n =3

First we present the code for the & and the Chern Orbit Polynomials procedures.

e ChCo(K): generates the Chern Polynomial for vectors in V* corresponding to a vector in V'

on which the form is equal to k.

e Xi(K): generates the form &j.

Define ChCo(K)
N:=MEMORY.N; P:=MEMORY.P; Ep:=MEMORY.Ep; Ch:=1;
For A1:=0 To P-1 Do For A2:=0 To P-1 Do For A3:=0 To P-1 Do
If Not A1=0 And A2=0 And A3=0 Then Xi:=Ep*A17"2+A272+A372;
If Mod(Xi,P)=K Then X:=Ep*A1*x[1]+A2*x[2]+A3*x[3]; Ch:=Ch*(t-X);
EndIf EndIf EndFor EndFor EndFor;
ChCo:=Coefficients(Ch,t);
Return ChCo; EndDefine;

Define Xi(K) N:=MEMORY.N; P:=MEMORY.P; Ep:=MEMORY.Ep; Xi:=Ep*x[1]~ (P K+1);
For J:=2 To N Do Xi:=Xi+x[J] (P K+1) EndFor;

Return Xi EndDefine;
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The following procedures are used to generate a matrix of coefficients of a system of forms of a

given degree and to reduce the matrix to row-reduced echelon form.

e PXi(D): generates a list of possible combinations of powers of £3,&; and & in expressions of

a given degree.

e RoCo(Pol): generates a list of coefficients of a given form in 3 indeterminates including zero

coeflicients.

e RRM(A): reduces a matrix to row-reduced echelon form working if the field Z/p where p is

prime.

e XiSol(Pol): produces, for a given form of degree D, a matrix, Mm whose rows are the
coefficients of each possible form of D in powers of &3,£1,& and whose final row is the

coefficients of the given form.

The transpose of this matrix, Mm, is then reduced to row-reduced echelon form and the zero

rows removed.

The final column of the matrix is then use along with Pxi(Pol) to return "Pol’ as a polynomial

in the &’s if possible or to return that no possible solution can be found if that is the case.

Define PXi(D) P:=MEMORY.P;
M2:=Div(D, (P"2+1)); C:=0;
For D2:=M2 To O Step -1 Do
M1:=Div(D-D2*(P"2+1),(P+1)); C:=C+M1+1;
EndFor;
M:=NewList(C);C1:=0; Mm:=NewList(C);
For D2:=M2 To O Step -1 Do

M1:=Div(D-D2*(P~2+1), (P+1));

For D1:=M1 To O Step -1 Do
DO:=(D-D2* (P~2+1)-D1x(P+1))/2;
C1:=Ci1+1; M[C1]:=[D2,D1,D0];

EndFor; EndFor;
Return M;

EndDefine;
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Define RoCo(Pol);
D:=Deg(Pol); If D=0 Then Return ’Pol is constant’ Else
Nt:=(D+1)*(D+2)/2; Rc:=NewList(Nt);
El:=NewList(D+1); D1:=Log(Pol); Dif1:=D-D1[1]+1;
Pol:=Subst(Pol,x[3],1); Cxl:=Coefficients(Pol,x[1]);
For Ji1:=1 To D+1 Do E2:=NewList(J1);
If J1<Dif1 Then E1[J1]:=0 Else E1[J1]:=Cx1[J1-Dif1+1] EndIf;
If E1[J1]=0 Then For J2:=1 To J1 Do E2[J2]:=0 EndFor;
Else Cx2:=Coefficients(E1[J1],x[2]); D2:=Log(E1[J1]); Dif2:=J1-D2[2]-1;
For J2:=1 To J1 Do
If J2<=Dif2 Then E2[J2]:=0 Else E2[J2]:=Cx2[J2-Dif2] EndIf;
EndFor; EndIf; E1[J1]:=E2;
EndFor; C:

1;
For J1:=1 To D+1 Do For J2:=1 To J1 Do
Rc[C]:=E1[J1,J2]; C:=C+1
EndFor ;EndFor;
Return Rc; EndIf; EndDefine;

Define RRM(A) C:=Len(A[1]); R:=Len(A); If C>R Then PrintLn ’Error C>R’ EndIf;
Min:=C; --As C is less than R
For I:=1 To Min-1 Do If A[I,I]=0 Then
For K:=I+1 To R Do If A[K,I]<>0 Then
Ae:=A[I]; A[I]:=A[K]; A[K]:=Ae; Break
EndIf EndFor EndIf;
Dv:=Poly(Inverse(LC(A[I,I]))); A[I]:=Dv*A[I];
For J:=1 To R Do
If J<>I Then Mt:=Poly(A[J,I]);A[J]:=A[J]-Mt*A[I]
EndIf; EndFor;EndFor; A:=List(A);
For I:=R To Min Step -1 Do If A[I,Min]<>0 Then
For J:=I-1 To Min Step -1 Do Remove(A,J) EndFor; Break
Else Remove(A,I);
EndIf; EndFor; A:=Mat(A);

Return A; EndDefine;
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Define XiSol(Pol) P:=MEMORY.P; Ep:=MEMORY.Ep;
If Pol=0 Then PrintLn ’Pol=0’ Elsif Deg(Pol)=0 Then PrintLn ’Deg(P0ol)=0’;
Else D:=Deg(Pol);
Xi0:=Xi(0); Xil:=Xi(1); Xi2:=Xi(2);
M:=PXi(D); PolCo:=RoCo(Pol);
PXiR:=NewList (Len(M));
For K:=1 To Len(M) Do PXiR[K]:=RoCo(Xi2"M[K,1]*Xi1"M[K,2]*Xi0"M[K,3]) EndFor;
Li:=Len(M); L2:=Len(PolCo);
Mm:=NewMat (L1+1,L2); Mm[L1+1]:=PolCo;
For I:=1 To L1 Do Mm[I]:=PXiR[I] EndFor;
N:=Transposed (Mm) ; RRMN:=RRM(N);
If Len(RRMN)=Len(RRMN[1]) Then Return ’Not’; Else Sol:=0;
For I:=1 To Len(M) Do
Term:= RRMN[I,Len(M)+1]*s[2] "M[I,1]1*s[1]"M[I,2]*s[0]"M[I,3];
Sol:=Sol+Term
EndFor;
Return Sol EndIf EndIf EndDefine;

We now implement the algorithm for the case n = 3, ¢ = 3 and §& = Qs = 2% + 23 + 2% or
&0 = Qn = ex] 4 23 + 23 for ¢ a non square in F} investigating all the Chern orbit classes of the

Chern polynomial when for k = 0.

N:=3; MEMORY.N:=N; P:=3; MEMORY.P:=P; N1:=N-1; Ep:=1; MEMORY.Ep:=Ep;
Use R::=Z/(P) [x[1..N],s[0..N1],t];
Println;Print °’N=’,N,’ P=’,P,’ Ep=’,Ep;
Print ’Expect new invariants of degree ’,(P N-P~2)/P;
For J:=0 To O Do PrintLn; PrintLn ’ChCo(’,J,’)’; ChCo:=ChCo(J);
If ChCo=1 Then PrintLn ’ChCo(’,J,’) is 1’ Else
For I:=P To Len(ChCo) Step P-1 Do XiMat:=XiMat (ChCol[I]);
If XiMat=’Not’ Then PrintLn ’The chern orbit class of degree ’,Deg(ChCol[I]),’
cannot be written as a polynomial in the xis’
Elsif XiMat=Null Then
PrintLn ’The chern coefficient is of degree ’,Deg(ChCol[I])
Else PrintLn ’The Chern coefficient of degree ’,Deg(ChCo[I]),’ is ’, XiMat
EndIf EndFor EndIf EndFor;
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A.2 Output when n=3

Here we present the output of the code of the previous section for n = 3, ¢ = 3 and § = Qs when

e =1and { = @, when ¢ is a non-square in Fy.

N=3 P=3 Ep=1 Expect new invariants of degree 6
ChCo(0)

Degree of poly is 9

The Chern coefficient of degree 2 is -s[0]

The chern coefficient of degree

2

The Chern coefficient of degree 4 is -s[0]"2 + s[1]
6 cannot be written as a polynomial in the xis
8

The Chern coefficient of degree 8 is s[0]7°4 - s[0]"2s[1] + s[1]"2

N=3 P=3 Ep=2 Expect new invariants of degree 6
ChCo(0)

Degree of poly is 9

is s[0]

The Chern coefficient of degree

The chern coefficient of degree

2

The Chern coefficient of degree 4 is -s[0]"2 - s[1]
6 cannot be written as a polynomial in the xis
8

The Chern coefficient of degree 8 is s[0]7°4 + s[0]"2s[1] + s[1]"2

N=3 P=5 Ep=1 Expect new invariants of degree 20
ChCo (0)
Degree of poly is 25
The Chern coefficient of degree 4 is s[0]"2
The Chern coefficient of degree 8 is -2s[0]74 - 2s[0]s[1]
The Chern coefficient of degree 12 is -2s[0]73s[1] - 2s[1]"2
The Chern coefficient of degree 16 is -2s[0]°8 - 2s[0]"5s[1]
The chern coefficient of degree 20 cannot be written as a polynomial in the xis
The Chern coefficient of degree 24
is s[0]1712 + s[0]"9s[1] + s[0]"6s[1]°2 + s[0]"3s[1]"3 + s[1]"4
N=3 P=5 Ep=2 Expect new invariants of degree 20
ChCo (0)
Degree of poly is 25

The Chern coefficient of degree 4 is -s[0]"2
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The
The
The
The
The

Chern
Chern
Chern
chern

Chern

coefficient
coefficient
coefficient
coefficient

coefficient

of degree 8 is -2s[0]°4 + 2s[0]s[1]

of degree 12 is -2s[0]"3s[1] + 2s[1]"2

of degree 16 is -2s[0]°8 + 2s[0]"5s[1]

of degree 20 cannot be written as a polynomial in the xis

of degree 24

is s[0]"12 - s[0]"9s[1] + s[0]"6s[1]1"2 - s[0]"3s[1]1"3 + s[1]"4

N=3 P=7 Ep=1

ChCo(0)

Degree of

The
The
The

The

The
The
The
The

Chern
Chern
Chern

Chern

Chern
Chern
chern

Chern

poly is 49
coefficient
coefficient
coefficient

coefficient

Expect new invariants of degree 42

of degree 6 is -s[0]°3
of degree 12 is -3s[0]°6 + 3s[0]"2s[1]
of degree 18 is -3s[0]°56s[1] + 3s[0]s[1]"2

of degree 24

is -s[0]1712 + s[0]1"8s[1] - 2s[0]"4s[1]1"2 + 2s[1]"3

coefficient
coefficient
coefficient

coefficient

of degree 30 is -3s[0]"11s[1] + 3s[0]"7s[1]1°2
of degree 36 is -3s[0]"18 + 3s[0]"14s[1]
of degree 42 cannot be written as a polynomial in the xis
of degree 48 is s[0]"24 - s[0]°20s[1] + s[0]~16s[1]"2
- s[0]1"12s[1]1"3 + s[0]"8s[1]1"4 - s[0]"4s[1]"5 + s[1]"6

N=3 P=7 Ep=3 Expect new invariants of degree 42

ChCo(0)

Degree of

The
The
The

The

The
The
The
The

Chern
Chern
Chern

Chern

Chern
Chern
chern

Chern

poly is 49
coefficient
coefficient
coefficient

coefficient

of degree 6 is s[0]"3
of degree 12 is -3s[0]°6 - 3s[0]"2s[1]
of degree 18 is -3s[0]"5s[1] - 3s[0]s[1]"2

of degree 24

is -s[0]1712 - s[0]1"8s[1] - 2s[0]1"4s[1]1"2 - 2s[1]"3

coefficient
coefficient
coefficient

coefficient

of degree 30 is -3s[0]"11s[1] - 3s[0]"7s[1]"2
of degree 36 is -3s[0]"18 - 3s[0]"14s[1]
of degree 42 cannot be written as a polynomial in the xis
of degree 48 is s[0]°24 + s[0]°20s[1] + s[0]"16s[1]"2
+ s[0]712s[1]1°3 + s[0]"8s[1]"4 + s[0]"4s[1]°5 + s[1]"6
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A.3 Output when n =4

Similar code to that presented in Appendix A.1 is used for the case n = 4 and ¢ = 3 and the output given
here in the case g = 3.

In the first case & = 2% + 23 + 2% + 2% and so is of plus type.

Expect new invariants of degree 24

Degree of Chern(0) is 33

Pol=0

Pol=0

The Chern coefficient of degree 6 is -s[0]s[1]

The Chern coefficient of degree 8 is s[0]°4 - s[1]"2

Pol=0

The Chern coefficient of degree 12 is -s[0]"6 - s[0]"2s[1]"2 - s[0]s[2]

The Chern coefficient of degree 14 is -s[0]"5s[1] - s[0]s[1]1"3 - s[1]s[2]

The Chern coefficient of degree 16 is -s[0]"8 - s[0]"4s[1]"2 - s[0]"3s[2]

The chern coefficient of degree 18 cannot be written as a polynomial in the xis

The Chern coefficient of degree 20 is -s[0]"5s[2] - s[0]s[1]"2s[2] - s[2]"2

The Chern coefficient of degree 22 is -s[0]°5s[1]°3 - s[0]s[1]°5 - s[1]"3s[2]

The chern coefficient of degree 24 cannot be written as a polynomial in the xis

The Chern coefficient of degree 26 is -s[0]"11s[1] + s[0]"7s[1]"3 + s[0]"3s[1]"5
- s[0]-6s[1]s[2]

The Chern coefficient of degree 28 is -s[0]714 - s[0]"10s[1]"2 - s[0]"9s[2]

The chern coefficient of degree 30 cannot be written as a polynomial in the xis

The chern coefficient of degree 32 cannot be written as a polynomial in the xis
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In the second case & = 227 + 23 + 23 + 23 and so is of minus type.

N=4 Q=3 Ep=2

Degree of
Pol=0

Pol=0

The Chern
The Chern
Pol=0

The Chern
The Chern
The Chern
The chern

The Chern

Chern(0) is 21

coefficient

coefficient

coefficient
coefficient
coefficient
coefficient

coefficient

of
of

of
of
of
of
of

degree

degree

degree
degree
degree
degree

degree

6 is s[0]s[1]
8 is -s[0]°4 + s[1]°2

12 is s[0]"6 - s[0]"2s[1]°2 + s[0]s[2]
14 is -s[0]1°5s[1] + s[1ls([2]
16 is -s[0]°8 - s[0]"4s[1]°2 + s[1]"4 + s[0]"3s[2]
18 cannot be written as a polynomial in the xis
20 is s[0]1710 - s[0]"6s[1]1"2 + s[0]"2s[1]"4

- s[0]°6s[2] - s[0]s[1]72s[2] + s[2]"2
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A.4  The invariants hy and hy; of O"(4,3)

In the case n = 4, ¢ = 3 and & = 23 + 23 + 23 + 23 we have calculated the invariants hy and hsy as defined

in 3.23 using CoCoA code and we present the invariants explicitly below as H43 and H42 respectively.

D43=-x[1]"18 - x[1]"12x[2]"6 - x[1]"6x[2]"12 - x[2]"18 + x[1]1"14x[2]"2x[3]"2 - x[1]"10x[2]"6x[3]"2

x[1]176x[2]710x[3]1"2 + x[1]1"2x[2]"14x[3]1"2 - x[1]1"10x[2]"4x[3]"4 - x[1]"4x[2]"10x[3]"4

x[11712x[3]1°6 - x[1]1710x[2]"2x[3]1"6 - x[1]1"6x[2]1"6x[3]1"6 - x[1]1"2x[2]1"10x[3]1"6 - x[2]"12x[3]"6

x[1]176x[2]"2x[3]1710 - x[1]1"4x[2]"4x[3]"10 - x[1]1"2x[2]"6x[3]1"10 - x[1]"6x[3]"12 - x[2]"6x[3]"12

+

x[1]172x[2]1"2x[3]1"14 - x[3]1718 + x[1]1"14x[2]1"2x[4]1"2 - x[1]1"10x[2]"6x[4]1"2 - x[1]"6x[2]"10x[4]"2

+

x[1]1"2x[2]"14x[4]1"2 + x[1]1"14x[3]1"2x[4]"2 - x[1]"12x[2]"2x[3]"2x[4]"2

x[11710x[2] "4x[3]1"2x[4]1"2 - x[11"4x[2]"10x[3]1"2x[4]1"2 - x[1]"2x[2]"12x[3]"2x[4]"2

+

x[2]714x[3]1"2x[4]1"2 - x[1]1"10x[2]"2x[3]"4x[4]"2 - x[1]"6x[2]"6x[3]"4x[4]"2

x[1172x[2]1"10x[3]"4x[4]1"2 - x[1]1"10x[3]1"6x[4]1"2 - x[1]"6x[2] 4x[3]"6x[4]"2

x[1]1"4x[2]"6x[3]1"6x[4]1"2 - x[2]"10x[3]"6x[4]"2 - x[1]1"6x[3]1"10x[4]1"2 - x[1]1"4x[2]"2x[3]"10x[4]"2

x[1]172x[2]1"4x[3]1"10x[4]1"2 - x[2]1"6x[3]1"10x[4]1"2 - x[1]"2x[2]"2x[3]1"12x[4]1"2 + x[1]1"2x[3]"14x[4]"2

+

x[2]72x[3]"14x[4]1"2 - x[1]1"10x[2]"4x[4]1"4 - x[1]1"4x[2]1"10x[4]1"4 - x[1]"10x[2]"2x[3]"2x[4]"4

x[1]1-6x[2]"6x[3]1"2x[4]1"4 - x[1]1"2x[2]"10x[3]1"2x[4]1"4 - x[1]1710x[3]"4x[4]"4

x[1]176x[2]"4x[3]1"4x[4]1"4 - x[1]"4x[2]"6x[3]1"4x[4]1"4 - x[2]"10x[3]"4x[4]"4

x[1]1-6x[2]"2x[3]1"6x[4]1"4 - x[1]"4x[2]"4x[3]1"6x[4]1"4 - x[1]1"2x[2]"6x[3]1"6x[4]1 4

x[1]174x[3]1710x[4]1"4 - x[1]1"2x[2]"2x[3]"10x[4]1"4 - x[2]"4x[3]1"10x[4]1"4 - x[1]1"12x[4]"6

x[1]1710x[2]"2x[4]1"6 - x[1]1"6x[2]"6x[4]1"6 - x[1]1"2x[2]1"10x[4]1"6 - x[2]1"12x[4]1"6

x[1]1710x[3]1"2x[4]1"6 - x[1]1"6x[2]1"4x[3]1"2x[4]1"6 - x[1]1"4x[2]"6x[3]"2x[4]1"6 - x[2]"10x[3]"2x[4]"6

x[1]176x[2]1"2x[3]1"4x[4]1°6 - x[1]"4x[2]"4x[3]1"4x[4]1"6 - x[1]1"2x[2]"6x[3]1"4x[4]1"6

x[1]176x[3]1"6x[4]1"6 - x[1]1"4x[2]"2x[3]"6x[4]1"6 - x[1]1"2x[2]"4x[3]"6x[4]"6 - x[2]"6x[3]"6x[4]1"6
- x[1172x[3]1"10x[4]1"6 - x[2]"2x[3]1"10x[4]"6 - x[3]1"12x[4]1"6 - x[1]1"6x[2]"2x[4]1"10

x[1]174x[2]"4x[4]1710 - x[11°2x[2]"6x[4]1710 - x[1]1"6x[3]1"2x[4]1"10 - x[1]1"4x[2]"2x[3]"2x[4]"10

x[1]172x[2]"4x[3]1"2x[4]1°10 - x[2]"6x[3]1"2x[4]1"10 - x[1]"4x([3]"4x[4]1"10

x[1]172x[2]"2x[3]1"4x[4]1"10 - x[2]"4x[3]"4x[4]1"10 - x[1]1"2x[3]1"6x[4]1"10 - x[2]"2x[3]"6x[4]"10

x[1]1-6x[4]1712 - x[2]"6x[4]1"12 - x[1]1"2x[2]"2x[3]1"2x[4]"12 - x[3]"6x[4]1"12 + x[1]"2x[2]"2x[4]"14
+ x[11°2x[3]1"2x[4]1"14 + x[2]"2x[3]1"2x[4]"14 - x[4]"18
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H42=x[1]1"24 + x[1]"22x[2]"2 + x[1]1°20x[2]"4 + x[1]1"16x[2]"8 + x[1]~14x[2]"10 + x[1]1"10x[2] 14

+ x[1]78x[2]1"16 + x[1]1"4x[2]°20 + x[1]"2x[2]"22 + x[2]"24 + x[1]"22x[3]"2 + x[1]1"20x[2]"2x[3]"2

+ x[11718x[2]174x[3]1"2 - x[1]1"16x[2]"6x[3]1"2 - x[1]1712x[2]"10x[3]"2 - x[1]1710x[2]"12x[3]"2

+

x[1]1"6x[2]"16x[3]1"2 + x[1]174x[2]1"18x[3]1"2 + x[1]1"2x[2]"20x[3]"2 + x[2]"22x[3]"2 + x[1]1"20x[3]"4

x[1]1718x[2]"2x[3]"4
x[1]1~4x[2]"16x[3]1"4
x[1]1712x[2]"6x[3]"6
x[1]1~2x[2]"16x[3]1"6
x[1]"6x[2]"10x[3]"8
x[1]1~8x[2]"6x[3]1"10

+

+

+

+

x[11716x[2]174x[3]1°4 - x[1]1"12x[2]"8x[3]1"4 - x[1]1°8x[2]"12x[3]"4

x[1]1"2x[2]"18x[3]1"4 + x[2]"20x[3]"4 - x[1]1"16x[2]"2x[3]"6

x[1]710x[2]"8x[3]°6 + x[1]"8x[2]"10x[3]"6 + x[1]"6x[2]"12x[3]"6

x[1]1°16x[3]"8 - x[1]"12x[2]"4x[3]"8 + x[1]~10x[2]"6x[3]"8

x[1]1"4x[2]"12x[3]"8 + x[2]"16x[3]"8 + x[1]"14x[3]"10 - x[1]~12x[2]"2x[3]"10

x[1176x[2]"8x[3]1710 - x[11"2x[2]1"12x[3]"10 + x[2]1"14x[3]1"10

x[11710x[2]"2x[3]1712 - x[1]1"8x[2]"4x[3]1"12 + x[1]1"6x[2]1"6x[3]1"12 - x[1]"4x[2]"8x[3]"12

x[1]172x[2]1710x[3]1"12 + x[1]1710x[3]1"14 + x[2]"10x[3]1"14 + x[1]1"8x[3]"16 - x[1]"6x[2]"2x[3]1"16

x[1174x[2]1"4x[3]1"16 - x[1]1"2x[2]1"6x[3]1"16 + x[2]1°8x[3]1"16 + x[1]1"4x[2]"2x[3]"18

x[1]1°2x[2]1"4x[3]1"18 + x[1]1"4x[3]1°20 + x[1]"2x[2]"2x[3]1"°20 + x[2]1"4x[3]1°20 + x[1]"2x[3]"22

x[2]72x[3]1°22 + x[3]1°24 + x[1]1°22x[4]"2 + x[1]1"20x[2]"2x[4]1"2 + x[1]1"18x[2] 4x[4]"2

x[1]1"16x[2]"6x[4]1"2 - x[11"12x[2]1"10x[4]1"2 - x[11"10x[2]1"12x[4]1"2 - x[1]1"6x[2]"16x[4]"2

x[1174x[2]1"18x[4]1"2 + x[1]172x[2]1"20x[4]1"2 + x[2]1722x[4]1"2 + x[1]1720x[3]"2x[4]"2

x[1]1718x[2]"2x[3]1"2x[4]1"2 + x[11"16x[2]1"4x[3]1"2x[4]1"2 + x[1]"14x[2]"6x[3]"2x[4]"2

x[1]1712x[2]"8x[3]1"2x[4]1"2 - x[1]1710x[2]1"10x[3]1"2x[4]1"2 - x[1]1"8x[2]"12x[3]"2x[4]"2

x[1]176x[2]"14x[3]1"2x[4]1"2 + x[11"4x[2]"16x[3]1"2x[4]1"2 - x[1]1"2x[2]1"18x[3]"2x[4]"2

x[2]720x[3]"2x[4]1"2 + x[1]1718x[3]1"4x[4]1"2 + x[1]1"16x[2]"2x[3]1"4x[4]1"2 + x[1]1"14x[2]"4x[3]"4x[4]"2

x[1]1710x[2]"8x[3]1"4x[4]1"2 - x[1178x[2]"10x[3]1"4x[4]1"2 + x[1]"4x[2]1"14x[3]"4x[4]"2

x[1]"2x[2]~16x[3]"4x[4]"2 +

x[1]1~10x[2]“6x[3]"6x[4]"2
x[1]1°2x[2]"14x[3]"6x[4]"2
x[1]1~10x[2] ~4x[3]"8x[4]"2

x[1]-4x[2]"10x[3]"8x[4]"2 -

x[2]1718x[3]"4x[4]1°2 - x[1]1"16x[3]1"6x[4]1"2 + x[1]"14x[2]"2x[3]"6x[4]"2
x[1]1°8x[2]"8x[3]"6x[4]"2 + x[1]"6x[2]~10x[3] 6x[4]"2
x[2]"16x[3]"6x[4]"2 - x[1]"12x[2]~2x[3]"8x[4]"2

x[1]"8x[2] "6x[3]"8x[4]"2 - x[1]"6x[2] "8x[3]"8x[4] 2
x[1172x[2]"12x[3]1"8x[4]1"2 - x[1]1"12x[3]1"10x[4]"2

x[1]1710x[2] "2x[3]1"10x[4]1"2 - x[1]1°8x[2]"4x[3]1"10x[4]1"2 + x[1]1"6x[2]"6x[3]1~10x[4]"2

x[1174x[2]"8x[3]1"10x[4]1"2 - x[1]1"2x[2]1"10x[3]"10x[4]1"2 - x[2]1"12x[3]1"10x[4]"2

x[11710x[3]1"12x[4]1"2 - x[1]1"8x[2]1"2x[3]1"12x[4]1"2 - x[1]1"2x[2]"8x[3]"12x[4]"2

x[2]1710x[3]1"12x[4]1°2 + x[1]1"6x[2]1"2x[3]1"14x[4]1"2 + x[1]1"4x[2]"4x[3]1"14x[4]1"2

x[1]172x[2]"6x[3]1"14x[4]1"2 - x[1]1"6x[3]1"16x[4]1"2 + x[1]1"4x[2]1"2x[3]1"16x[4]"2

x[1172x[2]"4x[3]1"16x[4]1"2 - x[2]"6x[3]1"16x[4]1"2 + x[1]1"4x[3]1"18x[4]1"2 - x[1]1"2x[2]"2x[3]1"18x[4]"2

x[2]74x[3]1"18x[4]1"2 + x[1172x[3]1"20x[4]1"2 + x[2]1"2x[3]1"20x[4]1"2 + x[3]1"22x[4]"2 + x[1]1"20x[4]1"4

x[1]~18x[2]"2x[4]"4 - x[1]"16x[2] "4x[4]"4 - x[1]"12x[2]"8x[4]"4 - x[1]°8x[2]"12x[4]"4

x[1]"4x[2]"16x[4]1"4 + x[1]1"2x[2]"18x[4]"4 + x[2]"20x[4]1"4 + x[1]"18x[3]"2x[4]"4

x[1]~16x[2] "2x[3]"2x[4]"4 + x[1]"14x[2]"4x[3]"2x[4]"4 - x[1]"10x[2]"8x[3]"2x[4]"4

x[11°8x[2]1710x[3]1"2x[4]1"4 + x[11"4x[2]"14x[3]1"2x[4]1"4 + x[1]1"2x[2]1"16x[3]1"2x[4]1"4
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x[2]718x[3]1"2x[4]1"4 - x[11"16x[3]1"4x[4]1"4 + x[1]1"14x[2]1"2x[3]1"4x[4]1"4 - x[1]1712x[2]"4x[3]1"4x[4]"4
x[1]1710x[2] "6x[3]1"4x[4]1"4 - x[1]1"8x[2]"8x[3]"4x[4]1"4 - x[1]1"6x[2]"10x[3]"4x[4]"4
x[1]174x[2]"12x[3]"4x[4]1"4 + x[11"2x[2]"14x[3]1"4x[4]1"4 - x[2]"16x[3] 4x[4]1"4

x[1]1710x[2] "4x[3]"6x[4]1"4 + x[1]1"8x[2]"6x[3]"6x[4]1"4 + x[1]1"6x[2]"8x[3]"6x[4]"4
x[1]174x[2]"10x[3]"6x[4]1"4 - x[11712x[3]1"8x[4]1"4 - x[1]1"10x[2]"2x[3]"8x[4]"4
x[1]1°8x[2]"4x[3]1"8x[4]1"4 + x[1]1"6x[2]"6x[3]1"8x[4]1"4 - x[1]1"4x[2]"8x[3]"8x[4]"4
x[1]172x[2]"10x[3]"8x[4]1"4 - x[2]1"12x[3]1"8x[4]1"4 - x[1]1"8x[2]"2x[3]"10x[4]"4
x[1]176x[2]"4x[3]1"10x[4]1"4 - x[1]1"4x[2]"6x[3]"10x[4]"4 - x[1]1"2x[2]1"8x[3]1"10x[4]"4
x[11°8x[3]1"12x[4]1"4 - x[1]174x[2]"4x[3]"12x[4]1"4 - x[2]"8x[3]1"12x[4]1"4 + x[1]1"4x[2]"2x[3]"14x[4]"4
x[1]172x[2]~4x[3]1"14x[4]1"4 - x[11"4x[3]1"16x[4]1"4 + x[1]1"2x[2]"2x[3]"16x[4]"4

x[2]"4x[3]1"16x[4]1"4 + x[1]172x[3]1"18x[4]1"4 + x[2]1"2x[3]1"18x[4]1"4 + x[3]1"20x[4]"4
x[1]1716x[2]"2x[4]1"6 + x[1]1"12x[2]"6x[4]1"6 + x[1]1"10x[2]"8x[4]1"6 + x[1]1"8x[2]"10x[4]"6
x[1]1-6x[2]1"12x[4]1"6 - x[1]1"2x[2]"16x[4]1"6 - x[1]1"16x[3]1"2x[4]1"6 + x[1]1"14x[2]"2x[3]1"2x[4]"6
x[1]1710x[2] "6x[3]1"2x[4]1"6 - x[1]1"8x[2]"8x[3]1"2x[4]1"6 + x[1]1"6x[2]"10x[3]1"2x[4]"6
x[1]172x[2]"14x[3]1"2x[4]1"6 - x[2]"16x[3]1"2x[4]1"6 - x[1]1"10x[2]"4x[3]1"4x[4]1"6
x[1]1°8x[2]"6x[3]1"4x[4]1°6 + x[1]1"6x[2]"8x[3]1"4x[4]1"6 - x[1]1"4x[2]"10x[3]"4x[4]1"6
x[1]1712x[3]1"6x[4]1"6 + x[1]1710x[2]"2x[3]1"6x[4]1"6 + x[1]"8x[2]"4x[3]"6x[4]"6
x[1]1~6x[2]"6x[3]1"6x[4]1"6 + x[1]1"4x[2]"8x[3]1"6x[4]1"6 + x[1]1"2x[2]"10x[3]"6x[4]1"6
x[2]712x[3]"6x[4]1°6 + x[1]1710x[3]1"8x[4]1"6 - x[1]1"8x[2]"2x[3]"8x[4]"6 + x[1]1"6x[2]"4x[3]"8x[4]1"6
x[1]174x[2]1"6x[3]1"8x[4]1"6 - x[1]1"2x[2]"8x[3]1"8x[4]1"6 + x[2]"10x[3]1"8x[4]"6

x[11°8x[3]1"10x[4]1"6 + x[1]176x[2]"2x[3]1"10x[4]1"6 - x[1]"4x[2]"4x[3]1"10x[4]1"6
x[1]172x[2]"6x[3]1"10x[4]1"6 + x[2]1"8x[3]1"10x[4]1"6 + x[1]1"6x[3]1"12x[4]1"6 + x[2]"6x[3]1"12x[4]"6
x[1]172x[2]"2x[3]"14x[4]1"6 - x[1]1"2x[3]"16x[4]1"6 - x[2]"2x[3]"16x[4]1"6 + x[1]1"16x[4]"8
x[1]1712x[2] "4x[4]1°8 + x[1]1"10x[2]"6x[4]1"8 + x[1]1"6x[2]"10x[4]1"8 - x[1]1"4x[2]"12x[4]"8
x[2]"16x[4]1°8 - x[1]1"12x[2]"2x[3]"2x[4]1"8 - x[1]1"10x[2]"4x[3]1"2x[4]1"8 - x[1]1"8x[2]"6x[3]"2x[4]"8
x[1]176x[2]"8x[3]1"2x[4]1°8 - x[1]"4x[2]1"10x[3]1"2x[4]1"8 - x[1]1"2x[2]"12x[3]1"2x[4]"8
x[11712x[3]174x[4]1°8 - x[11°10x[2]1"2x[3]1"4x[4]1"8 - x[1]1"8x[2]"4x[3]"4x[4]1"8
x[1]176x[2]"6x[3]1"4x[4]1°8 - x[1]1"4x[2]"8x[3]1"4x[4]1"8 - x[1]1"2x[2]"10x[3]"4x[4]1"8
x[2]1712x[3]1"4x[4]1°8 + x[11"10x[3]1"6x[4]1"8 - x[11"8x[2]"2x[3]1"6x[4]1"8 + x[1]1"6x[2]"4x[3]"6x[4]"8
x[1]174x[2]~6x[3]1"6x[4]1"8 - x[1]"2x[2]"8x[3]1"6x[4]1"8 + x[2]"10x[3]"6x[4]"8
x[11°6x[2]"2x[3]1"8x[4]1"8 - x[11"4x[2]1"4x[3]1"8x[4]1"8 - x[1]1"2x[2]"6x[3]1"8x[4]1"8
x[1]176x[3]1710x[4]1"8 - x[1174x[2]1"2x[3]1"10x[4]1°8 - x[1]1"2x[2]"4x[3]1"10x[4]1"8 + x[2]"6x[3]"10x[4]"8
x[1174x[3]1712x[4]1°8 - x[11"2x[2]"2x[3]1"12x[4]1"8 - x[2]"4x[3]1"12x[4]1"8 + x[3]"16x[4]"8
x[1]1714x[4]1°10 - x[1]1712x[2]"2x[4]1"10 + x[1]1"8x[2]"6x[4]1"10 + x[1]1"6x[2]1"8x[4]1"10
x[1]1"2x[2]"12x[4]1"10 + x[2]"14x[4]1"10 - x[1]1"12x[3]1"2x[4]1"10 - x[1]1"10x[2]"2x[3]"2x[4]"10
x[117°8x[2]1"4x[3]1"2x[4]1°10 + x[11"6x[2]"6x[3]1"2x[4]1710 - x[1]"4x[2]1"8x[3]1"2x[4]1"10
x[1]1°2x[2]"10x[3]1"2x[4]1"10 - x[2]"12x[3]"2x[4]1"10 - x[1]"8x[2]"2x[3]"4x[4]1"10
x[1]176x[2]"4x[3]1"4x[4]1°10 - x[11"4x[2]"6x[3]1"4x[4]1710 - x[1]1"2x[2]"8x[3]1"4x[4]1"10
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x[1]1°8x[3]1"6x[4]1°10 + x[1]176x[2]"2x[3]1"6x[4]1"10 - x[1]"4x[2]"4x[3]1"6x[4]1"10
x[1]172x[2]"6x[3]1"6x[4]1"10 + x[2]1"8x[3]"6x[4]"10 + x[1]1"6x[3]1"8x[4]1"10 - x[1]1"4x[2]"2x[3]"8x[4]"10
x[1172x[2]1"4x[3]1"8x[4]1°10 + x[2]"6x[3]1"8x[4]1"10 - x[1]"2x[2]"2x[3]1"10x[4]1"10

x[1]172x[3]"12x[4]1"10 - x[2]"2x[3]"12x[4]1"10 + x[3]"14x[4]1"10 - x[1]"10x[2]"2x[4]"12
x[11°8x[2]1"4x[4]1°12 + x[1]1"6x[2]1"6x[4]1"12 - x[1]1"4x[2]"8x[4]"12 - x[1]1"2x[2]"10x[4]"12
x[1]1710x[3]1"2x[4]1"12 - x[1]1"8x[2]"2x[3]1"2x[4]1"12 - x[1]1"2x[2]"8x[3]"2x[4]1"12

x[2]1710x[3]1"2x[4]1"12 - x[1]1°8x[3]1"4x[4]1"12 - x[1]174x[2]"4x[3]1"4x[4]1"12 - x[2]"8x[3]"4x[4]"12
x[1]176x[3]1"6x[4]1"12 + x[2]1"6x[3]1"6x[4]1"12 - x[1]"4x[3]1"8x[4]1"12 - x[1]"2x[2]"2x[3]"8x[4]"12
x[2]174x[3]1°8x[4]1"12 - x[1]1"2x[3]1710x[4]1"12 - x[2]"2x[3]"10x[4]1"12 + x[1]1"10x[4]"14

x[2]"10x[4]1"14 + x[1]1°6x[2]"2x[3]1"2x[4]1"14 + x[1]1"4x[2]1"4x[3]1"2x[4]"14

x[1]172x[2]"6x[3]1"2x[4]1"14 + x[1]1"4x[2]"2x[3]1"4x[4]1"14 + x[1]1"2x[2]"4x[3]1"4x[4]"14
x[1]172x[2]"2x[3]1"6x[4]1"14 + x[3]1"10x[4]1"14 + x[1]1"8x[4]1"16 - x[1]"6x[2]"2x[4]"16
x[1174x[2]"4x[4]1"16 - x[1]1"2x[2]"6x[4]1"16 + x[2]1"8x[4]1"16 - x[1]1"6x[3]"2x[4]1"16
x[1]174x[2]"2x[3]1"2x[4]1"16 + x[11"2x[2]"4x[3]"2x[4]1"16 - x[2]"6x[3]1"2x[4]1"16 - x[1]1"4x[3]1"4x[4]1"16
x[1172x[2]"2x[3]1"4x[4]1"16 - x[2]"4x[3]1"4x[4]1"16 - x[1]1"2x[3]1"6x[4]1"16 - x[2]"2x[3]"6x[4]"16
x[3]1°8x[4]1716 + x[1]174x[2]1"2x[4]1"18 + x[1]1"2x[2]"4x[4]1°18 + x[1]1"4x[3]"2x[4]1"18
x[1172x[2]"2x[3]1"2x[4]1°18 + x[2]"4x[3]1"2x[4]1"18 + x[1]172x[3]"4x[4]1"18 + x[2]"2x[3]"4x[4]"18
x[1174x[4]1720 + x[1172x[2]1"2x[4]1"20 + x[2]1"4x[4]1°20 + x[1]1"2x[3]1"2x[4]1720 + x[2]"2x[3]1"2x[4]1"20
x[3]74x[4]1720 + x[1]1"2x[4]722 + x[2]"2x[4]"22 + x[3]"2x[4]"22 + x[4]"24
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Appendix B

Testing the conjecture 4.1

B.1 The d; polynomials for n = 3, : = 2 and for small values of ¢

These polynomials were generated using maple code following the algorithm given in §4.3 with & = z7 4+ z3 + =3 and
for ¢ =3,5,7,9.
To save space we give the polynomials in the following shorthand. This code was used in the Maple code that

was written for the generation of the ¢;’s and d;’s.

a,b_c a,c b b,.a_c b,ca c, b a

[a,b,c] = z%y°2° + 2%y 2" + 2"y 2° + 2"y 2 + 2%y 2 +xcyazb
a,.a. b a,b_a b a_a

[a,a,b] or [a,b,a] or [b,a,a] = x%y*2” + z%y 2% + 2"y =z

[a,a,a] = z%y*z"

2[4,2,0] + 2[2,2,2]
3[20,0, 0] + 2[18, 2, 0] + [16,4, 0] + [16,2, 2] + 4[14,6,0] + [12,8, 0]

+[12,6,2] 4 [12,4,4] + 2[10, 10, 0] + 3[10, 8, 2] + 2[10,6, 4] + 2[8, 6, 6]

+[8,8,4]
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2[42,0,0] + [40,2,0] + 3[38,4, 0] + 6[38, 2, 2] + 6[36,6, 0] + 4[36, 4, 2]
+2[34,8,0] + 6[32,10,0] + 6[32,8, 2] + 6[30, 12, 0] 4 2[30, 10, 2] + 6[30, 8, 4]
+6[30,6,6] + 4[28,14, 0] + 2[26, 16, 0] + 3[26, 14, 2] + 5[26, 8, 8] + 6[24, 18, 0]
+5[24,16,2] + 4[24, 14, 4] + 6[24, 12, 6] + 3[24, 10, 8] + 5[22, 20, 0] + 3[22, 18, 2]
+3[22,14, 6] + [22,12, 8] + 5[20, 14, 8] + 6[18, 18, 6] + 4[18, 16, 8] + 2[18, 14, 10]

+6[18,12,12] 4 5[16, 14, 12] + 6[14, 14, 14]

[72,0,0] + [70,2,0] + [68, 4, 0] + 2[68, 2, 2] + 2[66,6,0] + 2[64, 8, 0] + [64, 4, 4]
+2[62, 10, 2] + 2[60, 12, 0] + 2[60, 10, 2] + [58, 14, 0] + 2[58,12,2] + [58, 10, 4]
+2[56, 16, 0] + 2[56, 8, 8] + 2[54, 18, 0] + 2[54, 16, 2] + [54, 14, 4] + 2[54, 12, 6]
+[54, 10, 8] + [52, 18, 2] + [52, 10, 10] + 2[48, 24, 0] + [48, 22, 2] + [48, 18, 6]
+2[48, 16, 8] + [48, 14, 10] + 2[46, 24, 2] + 2[46, 18, 8] + 2[46, 16, 10] + [44, 28, 0]
+[44,18, 10] + 2[42, 30, 0] + 2[40, 32, 0] + [40, 30, 2] + 2[40, 28, 4] + 2[40, 24, 8]
+]40,22,10] + [40, 18, 14] + 2[40, 16, 16] + [38, 34, 0] + 2[38, 32, 2] + 2[38, 30, 4]
+[38,28, 6] + 2[38, 24, 10] + 2[38, 18, 16] + [36, 36, 0] + 2[36, 34, 2] + 2[36, 32, 4]
+[36,28, 8] + [36, 18, 18] + [34, 28, 10] + 2[32, 32, 8] + 2[32, 28, 12] + 2[32, 24, 16]

+[32,22, 18] + 2[30, 30, 12] + 2[30, 28, 14] + 2[30, 24, 18] + [28, 28, 16] -+ 2[24, 24, 24]
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B.2 Code for n=4,g=3 and i =3 and & = 23 + 23 + 23 + 27

—-- This CoCoA code finds the polynomial Phi(N-1) in the Xi’s such that

-- C(N,N-1)+Phi(N-1) is a Qth power where C(N,I) is the Ith Dickson invariant for given I.

N:=4; MEMORY.N:=N; P:=3; MEMORY.P:=P; D:=1; Q:=P°D; MEMORY.Q:=Q; I:=3; MEMORY.I:=I; Nm:=N-1;
Use RR::=Z/(P) [t,x[1..N],s[0..Nm]];RR;

-- C calculates Dickson invariant C(N,I)from Dickson matrix DM(N)

-- CF is the list of coefficients of powers of t in the determinant of DM in descending order

Define C(N,I)
N:=MEMORY.N; Q:=MEMORY.Q; I:=MEMORY.I; DM:=NewMat (N+1,N+1);
For A:=1 To N+1 Do For B:=1 To N Do DM[A,B]:=x[B]~(Q~(A-1) EndFor;
DM[A,N+1]:=t"(Q~(A-1)) EndFor;
CF:=Coefficients(Det(DM),t); C:=CF[Q"N-Q"I+1]/CF[1];

Return C EndDefine;

DC:=Deg(C(N,I)); MEMORY.DC:=DC; PrintLn("The degree of c(n,i) is ",DC);

-- The procedure Xi(I) generates the Xi(j)s from Xi(0):=x[1]"2+....+ x[n]"2

Define Xi(I)
Q:=MEMORY.Q; N:=MEMORY.N; Xi:=0;
For A:=1 To N Do Xi:=Xi+x[A]~(Q~I+1) EndFor;

Return Xi EndDefine;

-- Exp(A3,A2,A1) generates expressions in the Xi’s of degree DC=degof C(N,I)
-- Only Xi’s up to Xi(N-1) need be considered as deg(Xi(N))> DC

-- AI is the degree of Xi(I) for I=0,1,2 in Exp(A3,A2,A1)

Define Exp(A3,A2,A1)
N:=MEMORY.N; Q:=MEMORY.Q; DC:=MEMORY.DC;
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A0:=(DC-A3%(Q"3+1)-A2%(Q 2+1)-A1*(Q+1))/2;
Exp:=X1i(3) "A3*Xi(2) A2xXi(1) "A1%Xi(0)~AOQ;

Return Exp EndDefine;

-- NExpr is the number of possible polynomials Exp(A3,A2,A1) that are not themselves Qth powers

—-- A3H is the max possible degree of Xi(N-1) for use in the Exp(A3,A2,A1)

A3H:=Div(DC, (Q~(N-1)+1)); NExpr:=0;
For A3:=0 To A3H Do A2H:=Div((DC-A3%(Q~3+1)),(Q+1));
For A2:=0 To A2H Do A1H:=Div((DC-A3%(Q~3+1)-A2+(Q~2+1)),(Q+1));
For A1:=0 To A1H Do
If Mod(A3,Q)<>0 OR Mod(A2,Q)<>0 OR Mod(A1,Q)<>0 Then NExpr:=NExpr+1;
EndIf EndFor EndFor EndFor;
PrintLn("The number of non Qth power expressions is " ,NExpr);

MEMORY . NExpr : =NExpr;

-- NTerms is the maximum number of terms in the homogeneous polynomials of degree
-- equal to that of C(N,I) that are not Qth powers, that have all even indices

-- and that are distinct (terms with permuted indices are not counted as distinct)

NTerms:=0; For Degxl:=DC To Div(DC,N) Step -2 Do
DegRem1:=DC-Degx1; Degl:=Min([DegReml,Degx1]) ;
For Degx2:=Degl To Div(DegReml,N-1) Step -2 Do
DegRem?2:=DC-Degx1-Degx2; Deg2:=Min([DegRem2,Degx2]) ;
For Degx3:=Deg2 To Div(DegRem2,N-2) Step -2 Do
If Mod(Degx1,Q)<>0 Or Mod(Degx2,Q)<>0 Or Mod(Degx3,Q)<>0 Then NTerms:=NTerms+1;
EndIf EndFor EndFor EndFor;
PrintLn("The number of ’distinct’ non Qth power terms is " ,NTerms);

MEMORY .NTerms:=NTerms;

-- ExpCoeffs extracts the coefficients of terms in a given polynomial that are not

-- Qth powers but that have constituent indices even.
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-- Also to reduce size of the calculation the ’symmetrical’ coefficients have been removed

Define ExpCoeffs(Ply)
N:=MEMORY.N; Q:=MEMORY.Q; P:=MEMORY.P; Deg:=Deg(Ply); NTerms:=MEMORY.NTerms;
Count:=1; CoeffList:=NewList(NTerms);
For Degxl:=Deg To Div(Deg,N) Step -2 Do
DegReml:=Deg-Degxl; Degl:=Min([DegReml,Degx1]);
For Degx2:=Degl To Div(DegReml,N-1) Step -2 Do
DegRem?2:=Deg-Degx1-Degx2; Deg2:=Min([DegRem2,Degx2]) ;
For Degx3:=Deg2 To Div(DegRem2,N-2) Step -2 Do
If Mod(Degx1,Q)<>0 Or Mod(Degx2,Q)<>0 Or Mod(Degx3,Q)<>0 Then
Degx4:=Deg-Degx1-Degx2-Degx3;
CoeffList [Count] :=Mod((Coeff0fTerm(x[1] "Degxl*x[2] “Degx2*
x[3] "Degx3+*x[4] "Degx4,P1ly)*(1%P)) ,P); Count:=Count+1;
EndIf EndFor EndFor EndFor;

Return CoefflList EndDefine;

-- CoeffMat is a matrix whose rows contain the "usable" coefficients of the Exp(A3,A2,A1)

-- polynomials in the Xi(J)s and of C(N,I)

CoeffMat :=NewMat (NExpr+1,NTerms) ;
A3H:=Div(DC, (Q~(N-1)+1)); Countl:=1; For A3:=0 To A3H Do A2H:=Div((DC-A3*(Q~3+1)),(Q+1));
For A2:=0 To A2H Do A1H:=Div((DC-A3*(Q~3+1)-A2%(Q~2+1)),(Q+1));
For A1:=0 To A1H Do If Mod(A3,Q)<>0 OR Mod(A2,Q)<>0 OR Mod(A1,Q)<>0 Then
CoeffMat [Count1] :=ExpCoeffs(Exp(A3,A2,A1)); Countl:=Countl+1;
EndIf EndFor EndFor EndFor;
CoeffMat [NExpr+1] :=ExpCoeffs(C(N,I));

-- The following procedures reduces the transpose of the coefficient matrix to reduced
-- row echelon form leaving the last column of the transposed matrix as the solution vector.
-- RowDiv returns the matrix M with Ath row scaled to give M[A,A]l=1 if M[A,A]<>0

-- Needs the XInv procedure to find multiplicative inverse of M[A,A]

Define XInv(I)
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For A:=1 To MEMORY.Q-1 Do B:=Ix*A;
If Mod(B,MEMORY.P)=1 Then XInv:=A
EndIf EndFor;

Return XInv EndDefine;

Define RowDiv(M,A) Rows:=Len(M); Cols:=Len(M[1]); Pivot:=M[A,A];
If Pivot<>0 Then PDiv:=XInv(Pivot);
For B:=1 To Cols Do M[A,B]:=Mod(M[A,B]*PDiv,MEMORY.P) EndFor;
EndIf;

Return M EndDefine;

-- For each row, check whether M[A,A]<>0.
-- If so do Row Div and subtract M[B,A]*Row A from Row B row.

—-- If M[A,A]=0 then find a M[B,A]<>0 if one exists for B>A and exchange rows then do above

Define ColClear(M,A) Rows:=Len(M); Cols:=Len(M[1]);
If M[A,A]=0 Then Temp:=M[A];
For B:=A+1 To Rows Do
If M[B,A]<>0 Then
M[A]:=M[B]; M[B]:=Temp; Break
EndIf EndFor EndIf;
If M[A,A]<>0 Then M:=RowDiv(M,A);
For B:=1 To Rows Do If B<>A Then Scal:=M[B,A];
For Bl:=1 To Cols Do M[B,B1]:=Mod(M[B,B1]-M[A,B1]%*Scal,MEMORY.P);
EndFor EndIf EndFor EndIf;

Return M; EndDefine;

-- RowRed reduces an augmented matrix to reduced row echelon form

Define RowRed(M) Rows:=Len(M); Cols:=Len(M[1]); Reps:=Min(Cols-1,Rows);

For A:=1 To Reps Do --PrintLn(A); M:=ColClear(M,A) EndFor;

Return M; EndDefine;

--The procedures are now implemented to calculate the Phi(i) polynomials

--So0l is the list of coefficients of possible expressions in the Xi’s
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SM:=RowRed (Transposed(CoeffMat)) ;
Cols:=Len(SM[1]); Colsl:=Cols-1;
SMT:=Transposed (SM) ; Sol:=Submat (SMT, [Cols],1..Colsl);

PrintLn("Solutions for n=",N,"and q=",Q," are ",Sol);

-- Generation of the polynomial Phi(i) in the Xi’s from the solution matrix Sol found above
-- XiDegMat is the matrix containing in each column the degrees of the xi’s in each possible
—-- expression in the xi’s of degree equal to that of C(N,I);
Define XiDegMat(N,Q) N:=MEMORY.N; NExpr:=MEMORY.NExpr;
DC:=Q"N-Q~(N-1); A3H:=Div(DC, (Q"(N-1)+1));
XiDegMat :=NewMat (N,NExpr) ;Count:=1;
For A3:=0 To A3H Do A2H:=Div((DC-A3*(Q~3+1)),(Q+1));
For A2:=0 To A2H Do A1H:=Div((DC-A3%(Q~3+1)-A2%(Q"2+1)),(Q+1));
For A1:=0 To A1H Do If Mod(A3,Q)<>0 OR Mod(A2,Q)<>0 OR Mod(A1,Q)<>0 Then
A0:=(DC-A3%(Q~3+1)-A2%(Q~2+1) -A1%(Q+1)) /2;
XiDegMat [1,Count] :=A3; XiDegMat[2,Count]:=A2;
XiDegMat [3,Count] :=A1; XiDegMat [4,Count]:=A0; Count:=Count+1;
EndIf EndFor EndFor EndFor;
Return XiDegMat EndDefine;

PrintLn("The matrix of degrees of the Xi’s in the possible terms of Phi(i) is ",XiDegMat(N,Q));

—-- The Phi procedure produces the polynomial Phi in the xi’s from the Sol list and XiDegMat matrix
Define Phi(Sol,M) N:=MEMORY.N; Phi:=0;
For A:=1 To Len(Sol[1])
Do Phi:=Phi+Sol[1,A]*(s[3]"~(M[1,A])*s[2]" (M[2,A])*s[1]~(M[3,A])*s[0]"(M[4,A]));
EndFor;
Return Phi EndDefine;
-- Phii is the polynomial Phi

Phii:=Phi(Sol,XiDegMat(N,Q)); PrintLn("When q:=",Q," Phi(N-1) is ",Phii);

Diq is now calculated by definition given in the Conjecture
Diq:=C(N,I)-Subst (Phii, [[s[0],Xi(0)], [s[1],Xi(1)], [s[2],Xi(2)], [s[3],Xi(3)1]);

PrintLn("d_i"g=",Di);
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B.3 Output for n=4

Z/(3) [t,x[1..4],s[0..3]]

The degree of c(n,i) is 54

The number of non Qth power expressions is 54

The number of ’distinct’ non Qth power terms is 207

Solutions for n=4 and gq=3 are Mat ([
to, o, o, 0, 0, 0, 0, 0, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0,2,0,0,0,0,0,0,0,0,0, 1,0,
o, 0, 0,0,0,2,0,2,2,0,1,0,0,0,1,0,0,0,0,1, 1, 011

When q:=3 Phi(3) is -s[0]s[1]1713 + s[0]"4s[1]1"9s[2] +s[0]"10s[1]1s[2]"3
- s[0]°13s[3] - s[1]"11s[2] + s[0]"9s[1]"2s[3] -s[0]s[1]1"3s[2]"4 + s[0]s[1]"6s[3]
- s[11s[2]1°5 + s[1]1"4s[2]s[3] +s[0]"3s[2]"2s[3]

d_i"q=x[1]1"54 - x[1]1748x[2]"6 - x[1]1742x[2]1"12 - x[1]1"36x[2]"18 +x[1]1"30x[2]"24 + x[1]"24x[2]"30
- x[11718x[2]1736 - x[1]1"12x[2]"42 - x[1]1"6x[2]"48 + x[2]"54 - x[1]1"48x[3]1"6 - x[1]1"36x[2]"12x[3]"6
+ x[117°30x[2]"18x[3]1°6 + x[1]1718x[2]"30x[3]"6 - x[1]1"12x[2]"36x[3]"6 - x[2]"48x[3]"6

- x[11742x[3]1712 - x[1]1°36x[2]1"6x[3]1712 + x[1]1°30x[2]1"12x[3]1"12 + x[1]1"12x[2]"30x[3]"12

- x[1]1°6x[2]"36x[3]1"12 - x[2]"42x[3]"12 - x[1]"36x[3]1"18 + x[1]~30x[2]"6x[3]"18

- x[11718x[2]"18x[3]1"18 + x[1]176x[2]"30x[3]1"18 - x[2]"36x[3]1°18 + x[1]17°30x[3]1"24

+ x[2]730x[3]724 + x[1]°24x([3]"°30 + x[1]718x[2]"6x[3]"30 + x[1]"12x[2]"12x[3]"30

+ x[1]76x[2]"18x[3]1"30 + x[2]°24x[3]1°30 - x[1]"18x[3]1736 - x[1]"12x[2]"6x[3]"36

- x[11°6x[2]"12x[3]1"36 - x[2]"18x[3]1"36 - x[1]1"12x[3]1742 - x[2]"12x[3]1742 - x[1]1°6x[3]1"48

- x[2]°6x[3]1748 + x[3]1°54 - x[1]1748x[4]"6 - x[1]1"36x[2]"12x[4]"6 + x[1]1"30x[2]"18x[4]"6

+ x[1]1718x[2]1"30x[4]1"6 - x[1]1"12x[2]"36x[4]"6- x[2]"48x[4]1"6 - x[1]1"36x[2]"6x[3]"6x[4]"6

+ x[1]1730x[2] "12x[3]"6x[4]"6 + x[1]"12x[2]~30x[3]"6x[4]"6

- x[11°6x[2]~36x[3]1"6x[4]1"6 - x[1]1"36x[3]1"12x[4]1"6 + x[1]1°30x[2]"6x[3]1"12x[4]"6

- x[11718x[2]1"18x[3]1"12x[4]1"6 + x[11"6x[2]"30x[3]1"12x[4]1"6 - x[2]"36x[3]1"12x[4]1"6

+ x[1]°30x[3]1"18x[4]"6 - x[1]1"18x[2]"12x[3]"18x[4]"6 - x[1]"12x[2]"18x[3]"18x[4]1"6
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+ x[2]1730x[3]1"18x[4]1°6 + x[1]1718x[3]1°30x[4]1"6 + x[1]1"12x[2]"6x[3]"30x[4]"6

+ x[1]76x[2]"12x[3]"30x[4]"6 + x[2]"18x[3]"30x[4]1"6 - x[1]"12x[3]"36x[4]"6

- x[1]176x[2]"6x[3]"36x[4]1"6 - x[2]"12x[3]1"36x[4]1"6 - x[3]1°48x[4]1"6 - x[1]1"42x[4]1"12

- x[1]1736x[2]"6x[4]1"12 + x[1]1"30x[2]"12x[4]1"12 + x[1]1712x[2]"30x[4]1"12 - x[1]"6x[2]"36x[4] 12

- x[2]742x[4]"12 - x[1]"36x[3]"6x[4]"12 + x[1]"30x[2] "6x[3]"6x[4]"~12

- x[11718x[2]"18x[3]"6x[4]1"12 + x[1]1"6x[2]"30x[3]"6x[4]"12 - x[2]"36x[3]"6x[4]"12

+ x[117°30x[3]1"12x[4]1"12 - x[1]1"°18x[2]"12x[3]"12x[4]"12 - x[1]1"12x[2]"18x[3]"12x[4]1"12

+ x[2]1730x[3]"12x[4]1"12 - x[1]"18x[2]"6x[3]"18x[4]"12 - x[1]1"12x[2]"12x[3]"18x[4]"12

- x[1]176x[2]"18x[3]"18x[4]1"12 + x[1]1712x[3]1"30x[4]"12 + x[1]1"6x[2]"6x[3]"30x[4] 12

+ x[2]1712x[3]1"30x[4]"12 - x[1]"6x[3]1"36x[4]"12 - x[2]"6x[3]"36x[4]"12 - x[3]"42x[4]"12

- x[1]1°36x[4]1"18 + x[1]1"30x[2]"6x[4]1"18 - x[1]1"18x[2]"18x[4]1"18 + x[1]"6x[2]"30x[4]"18

- x[2]1°36x[4]1"18 + x[1]1°30x[3]1"6x[4]1"18 - x[1]1"18x[2]1"12x[3]1"6x[4]1"18 - x[1]1"12x[2]~18x[3]"6x[4]"18
+ x[2]1730x[3]1"6x[4]1"18 - x[1]1"18x[2]"6x[3]1"12x[4]1"18 - x[1]1"12x[2]"12x[3]"12x[4]"18

- x[1]176x[2]"18x[3]"12x[4]1"18 - x[1]1718x[3]1"18x[4]1"18 - x[1]1"12x[2]"6x[3]1"18x[4]1"18

- x[1]176x[2]"12x[3]"18x[4]1"18 - x[2]"18x[3]1"18x[4]1"18 + x[1]1°6x[3]1"30x[4]1"18 + x[2]"6x[3]1"30x[4]"18
- x[3]1°36x[4]1"18 + x[1]1°30x[4]1"24 + x[2]1°30x[4]1"24 + x[3]1°30x[4]1"24 + x[1]1°24x[4]1"30

+ x[11718x[2]1"6x[4]1°30 + x[1]1712x[2]"12x[4]"30 + x[1]1"6x[2]"18x[4]"30 + x[2]"24x[4]"30

+ x[11718x[3]176x[4]1°30 + x[1]1712x[2]"6x[3]1"6x[4]1"30 + x[1]1"6x[2]"12x[3]"6x[4]"30

+ x[2]1718x[3]1°6x[4]1°30 + x[1]1712x[3]1"12x[4]1"30 + x[1]1"6x[2]"6x[3]1"12x[4]1"30 + x[2]1~12x[3]1"12x[4]1"30
+ x[1176x[31718x[4]1°30 + x[2]1"6x[3]1718x[4]1°30 + x[31724x[4]1°30 - x[1]1"18x[4]1"36

- x[11712x[2]"6x[4]1736 - x[1]1"6x[2]"12x[4]1"36 - x[2]"18x[4]1"36 - x[1]1"12x[3]"6x[4]"36

- x[1]176x[2]"6x[3]1"6x[4]1"36 - x[2]"12x[3]1"6x[4]1736 - x[1]1"6x[3]1"12x[4]1"36 - x[2]1"6x[3]1"12x[4]1"36

- x[31°18x[4]1736 - x[1]1"12x[4]"42 - x[2]"12x[4]"42 - x[3]1"12x[4]"42 - x[1]1"6x[4]1°48 - x[2]"6x[4]"48
- x[3]1°6x[4]"48 + x[4]"54
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B.4 Code to find the d;’s explicitly when n =4

-- This CoCoA code finds the polynomials D4i in the x’s as the gqth root
-- of C(N,N-1)+Phi(N-1) where C(N,I) is the Ith Dickson invariant.
N:=4; MEMORY.N:=N; P:=3; MEMORY.P:=P; Q:=P; MEMORY.Q:=Q; Nm:=N-1;

Use RR::=Z/(P)[t,x[1..N],s[0..Nm]];RR;

-- C calculates Dickson invariant C(N,I)from Dickson matrix DM(N)

-- CF is the list of coefficients of powers of t in the determinant of DM in descending order

Define C(N,I) Q:=MEMORY.Q; DM:=NewMat (N+1,N+1);
For A:=1 To N+1 Do For B:=1 To N Do DM[A,B]:=x[B]~(Q~(A-1))
EndFor; DM[A,N+1]:=t"(Q~(A-1)) EndFor;
CF:=Coefficients(Det(DM),t); C:=CF[Q"N-Q~I+1]/CF[1];

Return C EndDefine;

-- The procedure Xi(I) generates the Xi(j)s from ZXi(0):=x[1]"2+....+ x[n]"2

Define Xi(J) Q:=MEMORY.Q; N:=MEMORY.N; Xi:=0;

For A:=1 To N Do Xi:=Xi+x[A]~(Q~J+1) EndFor;

Return Xi EndDefine;

-- NTerms is the maximum number of terms in the homogeneous polynomials
—-- of degree equal to that of C(N,I) that are not Qth powers,
-- that have all even indices and that are distinct
-- (terms with permuted indices are not counted as distinct)
Define NTerms(Ply) DC:=Deg(Ply); NTerms:=0;
For Degx1:=DC To O Step -2 Do For Degx2:=DC-Degxl To O Step -2 Do
For Degx3:=DC-Degx1-Degx2 To O Step -2 Do NTerms:=NTerms+1;
EndFor; EndFor; EndFor;
PrintLn("The number of terms is " ,NTerms);

Return NTerms EndDefine;
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-- DEGS is the matrix containing the degrees of the indeterminates in all
-- possible terms of degree equal to that of the input polynomial
Define DEGS(Ply) N:=MEMORY.N; DC:=Deg(Ply); NTerms:=NTerms(Ply);
DEGS:=NewMat (NTerms,N) ; DEGSCount:=1;
For Degx1:=DC To O Step -2 Do For Degx2:=DC-Degxl To O Step -2 Do
For Degx3:=DC-Degx1-Degx2 To O Step -2 Do Degx4:=DC-Degxl-Degx2-Degx3;
DEGS [DEGSCount, 1] : =Degx1; DEGS[DEGSCount,2] :=Degx2;
DEGS [DEGSCount , 3] : =Degx3; DEGS[DEGSCount,4] :=Degx4;
DEGSCount : =DEGSCount+1;
EndFor; EndFor; EndFor;

Return DEGS; EndDefine;

-- ExpCoeffs extracts the coefficients of terms in a given polynomial that are not
-- Qth powers but that have constituent indices even.

-- To reduce size of the calculation the ’symmetrical’ coefficients have been removed

Define ExpCoeffs(Ply) N:=MEMORY.N; Q:=MEMORY.Q; P:=MEMORY.P; Deg:=Deg(Ply);
NTerms:=NTerms (Ply); Count:=1; CoeffList:=NewList(NTerms);
For Degxl:=Deg To O Step -2 Do For Degx2:=Deg-Degxl To 0 Step -2 Do
For Degx3:=Deg-Degxl-Degx2 To O Step -2 Do Degx4:=Deg-Degxl-Degx2-Degx3;
CoeffList [Count] :=Mod ((Coeff0fTerm(x[1] “Degx1*x[2] “Degx2*
x[3] "Degx3*x[4] "Degx4,P1ly)*(1%P)) ,P); Count:=Count+1;
EndFor; EndFor; EndFor;

Return CoeffList EndDefine;

--Phi4 is the list of Ph41,Phi42, Phi43 calculated in the previous code

Phi4:=[s[0]1"37s[1] - s[0]1°28s[1]1"3s[2] - s[0]1"27s[1]s[2]"2 - s[0]s[1]1"19

+ s[01s[1179s[2]1"4 + s[0]1s[1]1712s[3] - s[0]1"10s[2]1"3s[3] - s[1]1710s[2]s[3]

- s[0]179s[1]1s[3]"2 + s[2]°5s[3] + s[1]1°3s[2]s[3]"2, -s[0]"28s[1]"4 + s[0]"31s[2]
- s[0]°27s[1]1"2s[2] + s[0]s[1]1"10s[2]"3 - s[0]"4s[1]1"9s[3] + s[1]"11s[3]

- s[01s[2]1°7 + s[01s[1]1°3s[2]1°3s[3] - s[11s[2]1°4s[3] + s[1174s[3]"2

- s[0]1"3s[2]s[3]1"2, s[0]s[1]1°13 - s[0]"4s[1]1"9s[2] - s[0]"10s[1]s[2]"3

+ s[0]°13s[3] + s[1]1"11s[2] - s[0]"9s[1]1"2s[3] + s[0]s[1]"3s[2]"4

- s[0]s[11°6s[3] + s[1]1s[2]1°6 - s[1]1"4s[2]s[3] - s[0]"3s[2]"2s[3]];
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-- SubList is the list of the substitutions in the map to express the
-- polynomials in the x[i]’s

-- D4iq is the list of the D4i polynomials for I:=1 To 3
SubList:=[s[1],Xi(1)]1, [s[2],Xi(2)], [s[3]1,Xi(3)]1]
D4iq:=[C(N,I)+Subst(Phi4[I],SubList)|I In 1..3];

--D4iqCoeffs is the list of the coefficients of the D4iq
-—-for I:= 1 To 3
D4iqCoeffs:=[ExpCoeffs(D4iq[I])|I In 1..3];

--D4i is the list of D4i for I=1 ..3, the qth roots of the D4iq

D4i:=NewList (3);

For I:=1 To 3 Do D4iqCo:=D4iqCoeffs[I];
DEGS:=DEGS(C(N,I)); NTerms:=NTerms(C(N,I)); D4i[I]:

0;

For J:=1 To NTerms Do If D4iqCo[J]<>0 Then Term:=1;
For K:=1 To N Do DR:=(DEGS[J,K])/Q; Term:=Term+*x[K] DR EndFor;
D4i[I]:=D4i[I]+D4iqCo[J]*Term;

EndIf; EndFor; EndFor;

--We check that we have the qth roots and that the D4i fit the definitions of the conjecture
For I:= 1 To 3 Do PrintLn; PrintLn ’N=’,N,’ Q=’,Q,’ I=’,I;
If D4i[I]~Q=D4iq[I] Then PrintLn ’D4’,I,’=’,D4i[I] Else PrintLn ’FALSE’ EndIf;
EndFor;
For I:= 1 To 3 Do D4i[I] Q=Subst(C(N,I)+Phi4[I],SubList) EndFor;
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B.5 The d; polynomials when n =4

The explicit expressions for the invariants d; = d;(x1, €2, x3,x4) for i = 1,2, 3 that are output from

the code in the previous section are given here as D41, D42 and D43 respectively.

N=4 Q=3 I=1
D41=-x[1]"26 + x[1]1"22x[2]"4 - x[1]"20x[2]"6 - x[1]1"18x[2]"8 + x[1]"16x[2]"10 - x[1]"14x[2]"12

x[11712x[2]1"14 + x[11710x[2]"16 - x[1]1°8x[2]"18 - x[1]1"6x[2]1720 + x[1]1"4x[2]1"22 - x[2]"26
+ x[117°22x[3]1°4 + x[2]1722x[3]1"4 - x[117°20x[3]1°6 - x[2]1°20x[3]"6 - x[1]1"18x[3]1°8 - x[2]"18x[3]"8
+ x[11°16x[3]710 + x[2]1"16x[3]710 - x[1]"14x[3]"12 - x[2]"14x[3]"12 - x[1]"12x[3]"14

- x[2]1712x[3]1714 + x[11710x[3]1"16 + x[2]1"10x[3]1"16 - x[1]1°8x[3]1"18 - x[2]"8x[3]"18

- x[11°6x[3]1720 - x[2]1°6x[31°20 + x[1]1"4x[3]1722 + x[2]"4x[3]1"22 - x[3]1°26

- x[11718x[2]"4x[3]"2x[4]1"2 + x[1]1712x[2]1"10x[3]1"2x[4]1"2 + x[1]1"10x[2]1"12x[3]"2x[4]"2
- x[1174x[2]1"18x[3]1"2x[4]1"2 - x[1]1"18x[2]1"2x[3]1"4x[4]1"2 - x[11"10x[2]"10x[3]"4x[4]"2

- x[1172x[2]"18x[3]"4x[4]1"2 - x[1]1"12x[2]"6x[3]1"6x[4]1"2 - x[1]1"6x[2]"12x[3]"6x[4]"2

+ x[1]1712x[2]1"2x[3]1"10x[4]1"2 - x[1]1"10x[2]"4x[3]1"10x[4]1"2 - x[1]1"4x[2]"10x[3]~10x[4]"2
+ x[117°2x[2]1712x[3]1"10x[4]1"2 + x[1]1710x[2]"2x[3]1"12x[4]1"2 - x[1]1"6x[2]"6x[3]"12x[4]"2
+ x[1]172x[2]1"10x[3]1"12x[4]1"2 - x[1]"4x[2]"2x[3]1"18x[4]"2 - x[1]-2x[2]~4x[3]"18x[4]"2

+ x[117°22x[4]1"°4 + x[2]1722x[4]1"4 - x[11"18x[2]1"2x[3]1"2x[4]1"4 - x[1]1"10x[2]"10x[3]"2x[4]"4
- x[1]"2x[2]~18x[3]1"2x[4]"4 - x[1]"12x[2]"6x[3]"4x[4]1"4 - x[1]-6x[2]"12x[3]"4x[4]"4

- x[11712x[2]"4x[3]"6x[4]1"4 + x[1]1710x[2]"6x[3]1"6x[4]1"4 + x[1]1"6x[2]"10x[3]"6x[4]"4

- x[1]"4x[2]"12x[3]"6x[4]"4 - x[1]1"10x[2]"2x[3]"10x[4]1 4 + x[1]"6x[2]"6x[3]1"10x[4] 4

- x[1172x[2]"10x[3]1"10x[4]1"4 - x[1]1"6x[2]"4x[3]1"12x[4]1"4 - x[1]1"4x[2]"6x[3]1"12x[4]1"4

- x[1]"2x[2]"2x[3]1"18x[4]"4 + x[3]"22x[4]1"4 - x[1]"20x[4]"6 - x[2]"20x[4]"6

- x[11712x[2]"6x[3]1"2x[4]1"6 - x[1]1"6x[2]1"12x[3]1"2x[4]1"6 - x[1]1"12x[2]"4x[3]"4x[4]"6

+ x[11710x[2]"6x[3]"4x[4]"6 + x[1]1°6x[2]"10x[3]"4x[4]1°6 - x[1]1"4x[2]"12x[3]"4x[4]"6

- x[11712x[2]"2x[3]"6x[4]1"6 + x[1]1710x[2]"4x[3]1"6x[4]1"6 + x[1]1"4x[2]"10x[3]"6x[4]"6

- x[1]"2x[2]~12x[3]"6x[4]"6 + x[1]"6x[2]"4x[3]"10x[4]1"6 + x[1]-4x[2]"6x[3]"10x[4]"6

- x[1]176x[2]"2x[3]1"12x[4]1"6 - x[1]1"4x[2]1"4x[3]1"12x[4]1"6 - x[1]1"2x[2]"6x[3]"12x[4]"6

- x[3]720x[4]°6 - x[1]1"18x[4]"8 - x[2]1"18x[4]1°8 - x[3]1"18x[4]1"8 + x[1]"16x[4]1"10

+ x[2]1716x[41710 + x[1]1712x[2]"2x[3]1"2x[4]1"10 - x[11"10x[2]"4x[3]1"2x[4]1"10

- x[1]174x[2]"10x[3]"2x[4]"10 + x[1]1"2x[2]"12x[3]"2x[4]1"10 - x[1]1"10x[2]"2x[3]"4x[4]"10
+ x[1176x[2]1"6x[3]174x[4]1710 - x[1]1"2x[2]"10x[3]"4x[4]1710 + x[1]"6x[2]"4x[3]"6x[4]1"10

+ x[1]174x[2]"6x[3]"6x[4]1"10 - x[1]"4x[2]"2x[3]1"10x[4]1"10 - x[1]1"2x[2]"4x[3]"10x[4]1"10
+ x[117°2x[2]1"2x[3]1712x[4]1710 + x[3]1716x[4]1°10 - x[1]1"14x[4]1"12 - x[2]"14x[4]"12

+ x[11710x[2]"2x[3]"2x[4]1"12 - x[1]"6x[2]"6x[3]"2x[4]"12 + x[1]"2x[2]"10x[3]"2x[4]"12
- x[1]176x[2]"4x[3]1"4x[4]1"12 - x[1]1"4x[2]"6x[3]1"4x[4]1"12 - x[1]1"6x[2]"2x[3]"6x[4]1"12

- x[1]74x[2]"4x[3]1"6x[4]1"12 - x[1]"2x[2]"6x[3]"6x[4]"12 + x[1]"2x[2]"2x[3]"10x[4]"12

- x[3]714x[4]1"12 - x[1]1712x[4]"14 - x[2]"12x[4]"14 - x[3]"12x[4]"14 + x[1]1"10x[4]"16
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+ x[2]1710x[4]1"16 + x[3]1"10x[4]1"16 - x[1]1"8x[4]"18- x[2]1"8x[4]1"18 - x[1]"4x[2]"2x[3]"2x[4]"18
- x[1]172x[2]"4x[3]1"2x[4]1"18 - x[1]1"2x[2]"2x[3]"4x[4]"18 - x[3]"8x[4]1"18 - x[1]"6x[4]1"20
- x[2]76x[4]1720 - x[3]1"6x[4]1°20 + x[1]"4x[4]1"22 + x[2]1"4x[4]1°22 + x[3]1"4x[4]1"22 - x[4]"26

N=4 Q=3 I=2
D42=-x[11"24 - x[1]1722x[2]1"2 + x[1]1°20x[2]"4 - x[1]1"14x[2]"10 - x[1]1"10x[2]"14 + x[1]"4x[2]"20

x[1172x[2]722 - x[2]1724 - x[1]1°22x[3]"2 + x[1]1"18x[2]"4x[3]1"2 - x[1]1"12x[2]"10x[3]"2
- x[1]1710x[2]"12x[3]1"2 + x[1]1"4x[2]"18x[3]"2 - x[2]"22x[3]1"2 + x[1]1"20x[3]"4

+ x[11718x[2]1"2x[3]1°4 + x[11710x[2]"10x[3]1"4 + x[1]1"2x[2]"18x[3]"4 + x[2]°20x[3]"4

+ x[11712x[2]"6x[3]1°6 + x[1]1"6x[2]"12x[3]"6 - x[1]1"14x[3]1°10 - x[1]1"12x[2]"2x[3]"10

+ x[11710x[2]1"4x[3]1710 + x[1]174x[2]"10x[3]1710 - x[1]1"2x[2]"12x[3]1°10 - x[2]1"14x[3]1"10
- x[11710x[2]"2x[3]"12 + x[1]"6x[2]"6x[3]1"12 - x[1]1"2x[2]"10x[3]1"12 - x[1]1"10x[3]1"14
- x[21710x[3]1"14 + x[1]174x[2]"2x[3]1"18 + x[1]1"2x[2]"4x[3]1"18 + x[1]174x[3]1"°20 + x[2]1"4x[3]1°20
- x[1172x[3]1722 - x[2]"2x[3]"722 - x[3]1°24 - x[1]1"22x[4]1"2 + x[1]"18x[2]"4x[4]"2

- x[11712x[2]"10x[4]1"2 - x[1]1"10x[2]"12x[4]1"2 + x[1]1"4x[2]"18x[4]1"2 - x[2]"22x[4]"2

+ x[11718x[2]"2x[3]1"2x[4]1"2 + x[11710x[2]1"10x[3]1"2x[4]1"2 + x[1]"2x[2]"18x[3]"2x[4]"2
+ x[11718x[3]174x[4]1"2 + x[11"12x[2]"6x[3]"4x[4]1"2 + x[1]1"6x[2]"12x[3]"4x[4]"2

+ x[2]1718x[3]174x[4]1"2 + x[1]1"12x[2]"4x[3]"6x[4]1"2 - x[1]1"10x[2]"6x[3]1"6x[4]"2

- x[1]176x[2]"10x[3]"6x[4]1"2 + x[1]1"4x[2]"12x[3]1"6x[4]1"2 - x[1]1"12x[3]1"10x[4]"2

+ x[11710x[2]"2x[3]1"10x[4]1"2 - x[1]1"6x[2]"6x[3]1"10x[4]1"2 + x[1]1"2x[2]1"10x[3]"10x[4]"2
- x[2]1712x[3]"10x[4]1"2 - x[1]1"10x[3]"12x[4]1"2 + x[1]"6x[2]"4x[3]"12x[4]"2

+ x[1]"4x[2]"6x[3]"12x[4]1"2 - x[2]"10x[3]"12x[4]1"2 + x[1]~4x[3]"18x[4]"2

+ x[117°2x[2]1"2x[3]1"18x[4]1"2 + x[2]"4x[3]"18x[4]1"2 - x[3]1"22x[4]"2 + x[1]1"20x[4]"4

+ x[11718x[2]1"2x[4]1"4 + x[11"10x[2]"10x[4]1"4 + x[1]1"2x[2]"18x[4]1"4 + x[2]"20x[4]"4

+ x[11718x[3]1"2x[4]1°4 + x[11"12x[2]"6x[3]1"2x[4]1"4 + x[1]1"6x[2]"12x[3]"2x[4]"4

+ x[2]1718x[3]1"2x[4]1"4 + x[1]1712x[2]"4x[3]1"4x[4]1"4 - x[1]1"10x[2]"6x[3]"4x[4]"4

- x[11°6x[2]~10x[3]1"4x[4]1"4 + x[1]1"4x[2]"12x[3]"4x[4]1"4 + x[1]1"12x[2]"2x[3]"6x[4]"4

- x[11710x[2]"4x[3]"6x[4]1"4 - x[1]1"4x[2]1"10x[3]1"6x[4]1"4 + x[1]1"2x[2]"12x[3]"6x[4]"4
+ x[1]1710x[3]1"10x[4]1"4 - x[1]1"6x[2]1"4x[3]1"10x[4]1"4 - x[1]1"4x[2]"6x[3]1"10x[4]"4

+ x[2]1710x[3]1"10x[4]1"4 + x[11"6x[2]"2x[3]1"12x[4]1"4 + x[1]"4x[2]"4x[3]1"12x[4]1"4

+ x[11°2x[2]"6x[31"12x[4]1°4 + x[1]1°2x[3]1"18x[4]1"4 + x[2]1"2x[3]"18x[4]1"4 + x[3]1"20x[4]1"4
+ x[11712x[2]"6x[4]1"6 + x[1]1"6x[2]"12x[4]1"6 + x[1]1"12x[2]"4x[3]1"2x[4]1"6

- x[11°10x[2]1"6x[3]1"2x[4]1"6 - x[1]1"6x[2]1"10x[3]1"2x[4]1"6 + x[1]1"4x[2]"12x[3]1"2x[4]1"6

+ x[11712x[2]"2x[3]1"4x[4]1°6 - x[1]1"10x[2]"4x[3]1"4x[4]1"6 - x[1]1"4x[2]"10x[3]1"4x[4]1"6

+ x[1]172x[2]"12x[3]"4x[4]1°6 + x[1]1"12x[3]1"6x[4]1"6 - x[1]"10x[2]"2x[3]"6x[4]"6

+ x[1176x[2]1"6x[3]1"6x[4]1"6 - x[1]1"2x[2]1"10x[3]1"6x[4]1"6 + x[2]"12x[3]1"6x[4]1"6

- x[1]76x[2]"2x[3]1"10x[4]"6 - x[1]"4x[2]"4x[3]"10x[4]1"6 - x[1]-2x[2]"6x[3]"10x[4]"6

+ x[1176x[3]1712x[4]1°6 + x[1]1"4x[2]"2x[3]1"12x[4]1"6 + x[1]1"2x[2]"4x[3]"12x[4]"6
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+ x[2]76x[3]"12x[4]"6 - x[1]1"14x[4]1°10 - x[1]"12x[2]"2x[4]"10 + x[1]~10x[2]~4x[4]"10
+ x[1]74x[2]1°10x[4]"10 - x[1]"2x[2]"12x[4]"10 - x[2]"14x[4]"10 - x[1]"12x[3]"2x[4]"10
+ x[11710x[2] "2x[3]"2x[4]"10 - x[1]"6x[2]"6x[3]"2x[4]"10 + x[1]"2x[2]"10x[3]"2x[4]"10
- x[2]712x[3]"2x[4]1"10 + x[1]1"10x[3]1"4x[4]1"10 - x[1]1"6x[2]"4x[3]"4x[4]1"10

- x[1]174x[2]"6x[3]"4x[4]1"10 + x[2]"10x[3]"4x[4]"10 - x[1]~6x[2]~2x[3]"6x[4]"10

- x[1]174x[2]"4x[3]1"6x[4]1"10 - x[1]"2x[2]"6x[3]"6x[4]1"10 + x[1]"4x[3]"10x[4]"10

+ x[1]72x[2]"2x[3]"10x[4]"10 + x[2]"4x[3]"10x[4]"10 - x[1]"2x[3]"12x[4]"10

- x[2]72x[3]"12x[4]1"10 - x[3]1"14x[4]1710 - x[1]1"10x[2]"2x[4]1"12 + x[1]"6x[2]"6x[4]"12
- x[1]72x[2]"10x[4]"12 - x[1]"10x[3]"2x[4]"12 + x[1]"6x[2]"4x[3]"2x[4]"12

+ x[1]"4x[2]"6x[3]"2x[4]1"12 - x[2]"10x[3]"2x[4] 12 + x[1]"6x[2]"2x[3]"4x[4]"12

+ x[1]174x[2]~4x[3]"4x[4]"12 + x[1]"2x[2]"6x[3]"4x[4]"12 + x[1]"6x[3]"6x[4]"12

+ x[1]174x[2]"2x[3]"6x[4]"12 + x[1]"2x[2]"4x[3]"6x[4]"12 + x[2]"6x[3]"6x[4]"~12

- x[1]1°2x[3]"10x[4]1"12 - x[2]"2x[3]"10x[4]"12 - x[1]"10x[4]1"14 - x[2]"10x[4]"14

- x[3]1710x[4]"14 + x[1]1"4x[2]"2x[4]"18 + x[1]"2x[2]"4x[4]1"18 + x[1]"4x[3]"2x[4]"18

+ x[1]72x[2]"2x[3]"2x[4]"18 + x[2]"4x[3]1"2x[4]1"18 + x[1]"2x[3]"4x[4]"18 + x[2]"2x[3]"4x[4]"18
+ x[1]174x[4]1°20 + x[2]"4x[4]°20 + x[3]"4x[4]°20 - x[1]"2x[4]1"22 - x[2]"2x[4]"22

- x[3]"2x[4]1"22 - x[4]"24

N=4 Q=3 I=3

D43=x[1]1"18 - x[1]1"16x[2]1"2 - x[1]1"14x[2]"4 - x[1]1"12x[2]1"6 + x[1]1"10x[2]1"8 + x[1]1°8x[2]"10
- x[1]176x[2]1712 - x[1]1"4x[2]1"14 - x[1]1"2x[2]"16 + x[2]1"18 - x[1]1"16x[3]1"2 - x[1]1"12x[2]"4x[3]"2
+ x[11710x[2]"6x[3]1"2 + x[1]176x[2]1"10x[3]1"2 - x[1]1"4x[2]"12x[3]1"2 - x[2]1"16x[3]"2

- x[11714x[3]1"4 - x[11712x[2]1"2x[3]"4 + x[1]1"10x[2]"4x[3]1"4 + x[1]1"4x[2]1"10x[3]"4

- x[1]172x[2]"12x[3]"4 - x[2]"14x[3]"4 - x[1]1"12x[3]"6 + x[1]1"10x[2]"2x[3]"6

- x[1]176x[2]"6x[3]1"6 + x[1]1"2x[2]"10x[3]1"6 - x[2]1"12x[3]"6 + x[1]1710x[3]1°8 + x[2]"10x[3]"8
+ x[117°8x[31710 + x[1]1"6x[2]1"2x[3]1"10 + x[1]1"4x[2]"4x[3]1710 + x[1]1"2x[2]1"6x[3]1"10

+ x[2]78x[3]1710 - x[11°6x[3]1"12 - x[1]1"4x[2]1"2x[3]1"12 - x[1]1"2x[2]"4x[3]1"12 - x[2]"6x[3]"12
- x[1174x[3]1"14 - x[2]"4x[3]1"14 - x[1]1"2x[3]1"16 - x[2]"2x[3]1"16 + x[3]1718 - x[1]1"16x[4]"2

- x[11712x[2]1"4x[4]1°2 + x[11"10x[2]"6x[4]1"2 + x[1]1"6x[2]1"10x[4]1"2 - x[1]1"4x[2]"12x[4]"2

- x[2]"16x[4]1"2 - x[1]"12x[2]"2x[3]"2x[4]"2 + x[1]"10x[2]"4x[3]"2x[4]"2

+ x[1]174x[2]1710x[3]1"2x[4]1"2 - x[1]1"2x[2]1"12x[3]1"2x[4]1"2 - x[11"12x[3]"4x[4]1"2

+ x[11710x[2]"2x[3]1"4x[4]1"2 - x[1]1"6x[2]"6x[3]1"4x[4]1"2 + x[1]1"2x[2]"10x[3]"4x[4]"2

- x[2]712x[3]"4x[4]°2 + x[1]1710x[3]"6x[4]"2 - x[1]"6x[2]"4x[3]"6x[4]"2

- x[1]74x[2]"6x[3]1"6x[4]1"2 + x[2]"10x[3]"6x[4]"2 + x[1]"6x[3]~10x[4]"2

+ x[1]1°4x[2]"2x[3]~10x[4]1"2 + x[1]-2x[2]"4x[3]1"10x[4]"2 + x[2]"6x[3]1"10x[4]"2

- x[1]174x[3]1"12x[4]1"2 - x[1]1"2x[2]"2x[3]1"12x[4]1"2 - x[2]1"4x[3]"12x[4]1"2 - x[3]"16x[4]"2

- x[11714x[4]1°4 - x[1]1"12x[2]1"2x[4]"4 + x[1]1"10x[2] 4x[4]"4 + x[1]"4x[2]"10x[4]"4

- x[1172x[2]1"12x[4]1"4 - x[2]"14x[4]1"4 - x[11"12x[3]1"2x[4]1"4 + x[1]1"10x[2]"2x[3]"2x[4]"4
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- x[1176x[2]"6x[3]1"2x[4]1"4 + x[1]1"2x[2]"10x[3]1"2x[4]1"4 - x[2]"12x[3]"2x[4]1"4

+ x[11710x[3]1"4x[4]1"4 - x[1]1"6x[2]"4x[3]"4x[4]1"4 - x[1]1"4x[2]"6x[3]"4x[4]"4

+ x[2]1710x[3]1"4x[4]1"4 - x[1]1"6x[2]1"2x[3]"6x[4]"4 - x[1]1"4x[2]"4x[3]"6x[4]"4

- x[1172x[2]"6x[3]1"6x[4]1"4 + x[1]1"4x[3]1"10x[4]"4 + x[1]1"2x[2]"2x[3]"10x[4]"4

+ x[2]174x[3]1710x[4]1°4 - x[1]1"2x[3]1"12x[4]1"4 - x[2]"2x[3]1"12x[4]"4 - x[3]1"14x[4]1"4

- x[11712x[4]"6 + x[1]1"10x[2]"2x[4]"6 - x[1]1"6x[2]"6x[4]1"6 + x[1]1"2x[2]"10x[4]"6

- x[2]712x[4]"6 + x[1]1710x[3]1"2x[4]1"6 - x[1]1"6x[2]"4x[3]1"2x[4]1"6 - x[1]1"4x[2]"6x[3]1"2x[4]"6

+ x[2]1710x[3]1"2x[4]1"6 - x[1]1"6x[2]"2x[3]1"4x[4]1"6 - x[1]1"4x[2]"4x[3]"4x[4]1"6

- x[1172x[2]"6x[3]"4x[4]1"6 - x[1]1"6x[3]1"6x[4]1"6 - x[1]1"4x[2]"2x[3]1"6x[4]"6

- x[1172x[2]"4x[3]1"6x[4]"6 - x[2]"6x[3]"6x[4]1"6 + x[1]1"2x[3]"10x[4]1"6 + x[2]"2x[3]"10x[4]"6

- x[31712x[4]1"6 + x[1]1710x[4]1°8 + x[2]"10x[4]1"8 + x[3]1"10x[4]"8 + x[1]"8x[4]1"10

+ x[1]176x[2]1"2x[4]1"10 + x[1]1"4x[2]"4x[4]1"10 + x[1]1"2x[2]"6x[4]"10 + x[2]"8x[4]"10

+ x[1]176x[3]1"2x[4]"10 + x[1]74x[2]"2x[3]"2x[4]1°10 + x[1]1"2x[2]"4x[3]"2x[4]"10

+ x[2]176x[31"2x[4]1710 + x[1]174x[3]1"4x[4]1°10 + x[1]1"2x[2]"2x[3]1"4x[4]1"10 + x[2]1"4x[3]1"4x[4]1"10
+ x[11°2x[3]"6x[4]"10 + x[2]"2x[3]"6x[4]"10 + x[3]°8x[4]1°10 - x[1]"6x[4]"12

- x[1]174x[2]"2x[4]1"12 - x[1]1"2x[2]"4x[4]1"12 - x[2]1"6x[4]1"12 - x[1]1"4x[3]1"2x[4]1"12

- x[1]172x[2]"2x[3]1"2x[4]1"12 - x[2]"4x[3]1"2x[4]1"12 - x[1]1"2x[3]1"4x[4]1"12 - x[2]"2x[3]"4x[4]"12
- x[3]1°6x[4]1"12 - x[1]1"4x[4]1"14 - x[2]1"4x[4]1"14 - x[3]1"4x[4]1"14 - x[1]1"2x[4]1"16 - x[2]"2x[4]"16

x[3]1"2x[4]1"16 + x[4]"18

For I:= 1 To 3 Do

D4i[I]~Q=Subst(C(N,I)+Phi4[I],

[[s[0],Xi(0)1, [s[1],Xi(1)]1, [s[2],Xi(2)]1,[s[3],Xi(3)11);
EndFor;

TRUETRUETRUE
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Appendix C

The invariants AZ and A];

In §ap:det con we give the code to test the determinant Conjecture 5.5. Then in §C.2.1 we present an algorithm and
code concerning the factors of Ay of A following the work in Section 5.1. The output for small values of n and q is
presented in §C.3. Finally in §C.2.2 we present the code that establishes the coefficients of £,_1 in the expressions

for Aki.

C.1 The code to test Conjecture 5.5

N:=3; N1:=N-1; Use SS::=Q[m[1..N,1..N]];
Define M(N) M:=NewMat (N,N);

For I:=1 To N Do For J:=1 To N

Do M[I,J]:=m[I,J]

EndFor EndFor;
Return M EndDefine;
Mm:=Submat (M(N),2..N1,2..N1); Min:=Minors(N-1,M(N));
MNN:=Min[1]; MN1:=Min[N]; M1IN:=Min[N"2-N+1]; M11:=Min[N"2];

Det (M(N))*Det (Mm) =MNN*M11-M1N*MN1;
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C.2 The AkjE

C.2.1 The code to generate the Af

This code generates the polynomials A: and A, such that
A;: A=Ay

for k =2,...,n+ 2 utilising the inductive formula given in Lemma 5.11.
Firstly we et up the variables N = n and ) = ¢ and the rings Xi and S within which we work,
the ring Xi with generators s[k]=¢, with weights ¢® + 1 and the ring S=F,[z1,z2,...,2,] with

indeterminates x[i]=xz;. The code below sets n =4 and ¢ = 3.

- 1) Preliminaries

- 1a) Setting up the variables

MEMORY.N:=4; N:=MEMORY.N; MEMORY.N1:=N+1; N1:=MEMORY.N1; N2:=N+2;
MEMORY.Q:=3; Q:=MEMORY.Q; MEMORY.P:=Q; P:=MEMORY.P;

- 1b) Setting up the ring $\F_q[\xi_0, \xi_1, \dots, \xi_{n+1},]
W:=NewList (N1+3); W[1]:=1; For I:=0 To N2 Do W[I+2]:=1+Q"I; EndFor;
Use Xi::=Z/(Q) [t,s[0..N2]], Weights(W);

We define the matrices L(K)=L}, as defined in Section 5.1, the determinant of which are the
polynomials Lambda[K]=Ag, and the matrices O(K) as the sub matrix of the matrix L(K+1)
with the k + 1 row and the 1st column removed, the determinant of which are the polynomials

Omega[K]|=2,

-- 2) Factorisation of Lambdal[K] as Lm[K]*Lp[K].

- 2a) Generation of the matrices L(K)and the determinants Lambda[K]=$Lambda_k$.

Define L(I) Q:=MEMORY.Q; M:=NewMat(I,I);
For K:=0 To I-1 Do M[1,K+1]:=s[K] EndFor;
For J:=2 To I Do For K:=0 To J-1 Do M[J,K+1]:=s[J-K-1]"(Q"K) EndFor;
For K:=J To I-1 Do M[J,K+1]:=s[K-J+1]1°(Q~(J-1)) EndFor;
EndFor;
Return M EndDefine;

Lambda:=NewList (N+2); For K:=1 To N+2 Do Lambdal[K]:=Det(L(K)) EndFor;
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Define 0(K) Ki1:=K+1;
0:=Submat (L(K+1),1..XK,2..K1);
Return 0 EndDefine;

Omega:=NewList (N+2); For K:=1 To N+2 Do Omegal[K]:=Det(0(K)) EndFor;

We now set Lp():A(T =1 and Lm0=A; = 1, Lp as the list of the A;f and Lm as the list of the
A, for k=1,...,n+ 1. Then the A4i are generated following the algorithm of Lemma 5.11:
Initially we set

Lp[l]=A7 =1 and Lm[l]=A] =&

g+l g+l g+1
2

q+1 gq+1 q+1
Lp[2]:A§“:A12 +0=§?* +& and Lp[2]:A2+:A12 - =¢° &

We calculate the subsequent Lp[K]=A;" and Lm[K]=A, for k = 3,...,n + 1 using the inductive

formulae - it
L (A_) =+, _ (M) =9,
Al = - and A, = —
(Af_p)1 (Af_p)1
when ¢ = 3mod 4 and
at1 i1
+ _ (AZ—l)q2 + Qlj;_—l - (AZ—l)qz - 92—1
Al = — and A, = T
(M) (A_2)?

when ¢ = 1 mod 4

-- 2b) Generation of the factors Lp[K]=$\Lambda_k~+$ and Lm[K]=$\Lambda_k"-$ of Lambda K]

Lp0:=1; LmO:=1;

Lp:=NewList (N2); Lm:=NewList(N2); Qq:=(Q+1)/2;

Lpl1]:=1; Lm[1]:=s[0];

Lp[2]:=Lambda[1] “Qq+Omegal[1]; Lm[2]:=Lambda[1]~Qq-Omegal[1];

For K:=2 To N+1 Do
If Mod(Q,4)=3 Then
Lp[K+1] :=(Lambda[K] "Qq+0Omega [K]) /(Lp[K-1])"Q; --PrintLn Lp[K+1];
Lm[K+1] :=(Lambda [K] “Qq-Omega[K]) /(Lm[K-1])~Q; --PrintLn Lm[K+1];
Elsif Mod(Q,4)=1 Then
If K<N+1 Then
Lp[K+1] :=(Lambda [K] "Qq+0Omega[K])/ (Lm[K-1])"Q; --PrintLn Lp[K+1];
Lm[K+1] :=(Lambda [K] "Qq-Omega[K])/(Lp[K-1])"Q; --PrintLn Lm[K+1];

EndIf EndIf EndFor;
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We check that A = A;“ A, foreach k=1,...,n+1 and that the expressions for each of the

)\z_c are in fact polynomials.

-- 2c¢) Checking that each Lambda[K]=Lp[K]*Lm[K] and that the factors are polynomials.

PrintLn; PrintLn ’Q=’,Q;
PrintLn ’2: Lambdal[K]=Lp[K]*Lm[K]?’; PrintLn ’Type of the Lp[K], Lm[K]’;
For K:=1 To N+2 Do
If Mod(Q,4)=3 Or K<N+2 Then
If Lp[K]*Lm[K]=Lambda[K] Then PrintLn ’Lp[’,K,’]*Lm[’,K,’]=Lambdal’,K,’]’ EndIf;
Type (Lp[K]) ;Type(Lm([K]); PrintLn; PrintLn
EndIF EndFor;

C.2.2 The code to check Lemma 5.12

The following code ascertains the coefficient of s[K-1]=¢;_; in the expressions for Lp[K]=A; and
for Lm[K]=A, generated using the code in the previous section. Thus the code was used to check

Lemma 5.12 for small values of n and gq.

-- 3) Checking the conjecture regarding the coefficients of s[N-1]=$\xi_{n-1}$

--in the $\Lambda_n~\pm$

Println ’3: Checking the coefficient conjecture’;
For K:=2 To N+1 Do
If Mod(Q,4)=3 Or K<N+1 Then Cp:=Coefficients(Lp[K+1],s[K]); Cm:=Coefficients(Lm[K+1],s[K]);
If Cpl[1]=Lp[K-11"Q Then PrintLn’Coefficient of s[’,K,’] in Lp[’,K+1,’] is Lp[’,K-1,°]1"Q’
ElsIf Cp[1]=-Lp[K-1]1"Q Then PrintLn’Coefficient of s[’,K,’] in Lp[’,K+1,’] is -Lp[’,K-1,’]1"°Q’
ElsIf Cp[1]=Lm[K-1]1"Q Then PrintLn’Coefficient of s[’,K,’] in Lp[’,K+1,’] is Lm[’,K-1,°]1°Q’
ElsIf Cp[1]=-Lm[K-1]"Q Then PrintLn’Coefficient of s[’,K,’] in Lp[’,K+1,’] is -Lm[’,K-1,’]1"Q’
EndIf;
If Cm[1]=Lm[K-1]1"Q Then PrintLn’Coefficient of s[’,K,’] in Lm[’,K+1,’] is Lm[’,K-1,’]1°Q’
ElsIf Cm[1]=-Lm[K-1]1"Q Then PrintLn’Coefficient of s[’,K,’] in Lm[’,K+1,’] is -Lm[’,K-1,’]1"Q’
ElsIf Cm[1]=Lp[K-1]"Q Then PrintLn’Coefficient of s[’,K,’] in Lm[’,K+1,’] is Lp[’,K-1,’1"°Q’
ElsIf Cm[1]=-Lp[K-1]"Q Then PrintLn’Coefficient of s[’,K,’] in Lm[’,K+1,’] is -Lp[’,K-1,°]1"Q’
EndIf; PrintLn EndIf EndFor;
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C.3 Output from the code for n =4

Here we have an example of the case ¢ = 3mod4.

Q=3

2: Lambda[K]=Lp[K]*Lm[K]?

Type of the Lp[K], Lm[K]

Lp[1]*Lm[1]=Lambda[1]
INTPOLY
Lp[2]*Lm[2]=Lambda[2]
POLYPOLY
Lp[3]*Lm[3]=Lambda[3]
POLYPOLY
Lp[4]1*Lm[4]=Lambda [4]
POLYPOLY
Lp[5]*Lm[5]=Lambda [5]
POLYPOLY
Lp[6]*Lm[6]=Lambdal[6]
POLYPOLY

Coefficient of s[2] in Lp[3] is -Lm[1]°Q
Coefficient of s[2] in Lm([3] is Lp[1]1°Q
Coefficient of s[3] in Lp[4] is Lm[2]°Q
Coefficient of s[3] in Lm[4] is -Lp[2]°Q
Coefficient of s[4] in Lp[5] is -Lm[3]°Q
Coefficient of s[4] in Lm([5] is Lp[3]1°Q
Coefficient of s[5] in Lp[6] is Lm[4]°Q
Coefficient of s[5] in Lm[6] is -Lp[4]-Q
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Here we have an example of the case ¢ = 1 mod 4.

Lp[1]*Lm[1]=Lambda[1]
INTPOLY
Lp[2]*Lm[2]=Lambda[2]
POLYPOLY
Lp[3]*Lm[3]=Lambda[3]
POLYPOLY
Lp[4]*Lm[4]=Lambda[4]
POLYPOLY
Lp[5]*Lm[5]=Lambda[5]
POLYPOLY

3: Checking the coefficient conjecture

Coefficient of s[2] in Lp[3] is -Lp[1]1°Q
Coefficient of s[2] in Lm[3] is Lm[1]°Q
Coefficient of s[3] in Lp[4] is Lp[2]1°Q
Coefficient of s[3] in Lm[4] is -Lm[2]°Q
Coefficient of s[4] in Lp[5] is -Lp[3]1°Q

Coefficient of s[4] in Lm[5] is Lm[3]°Q
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Appendix D

The factors of the A’ and Af; L1 In

IEFQZ[:Ij]_, c ey 11771]

D.1 CoCoA code to factorise A* and Afﬂ

The code given below is for the case n = 4,q = 3, = 1 so the quadratic form &g is Q5.

e Setting up the variables and rings: This code is given in Appendix C.2.1

e Calculating the non square elements of F;

-- Finding a non square element, Nu, of Fq

Sq:=NewList((Q-1)/2); NSq:=NewList((Q-1)/2); Count:=1;

For I:=1 To (Q-1)/2 Do Sq[I]:=Mod(I"2,Q) EndFor;

For I:=1 To Q-1 Do If Not I IsIn Sq Then NSq[Count]:=I; Count:=Count+1 EndIf EndFor;
Nu:=NSq[1];

-- Put Ep:= 1 or Ep:=Nu here for S or N type of form

Ep:=1; MEMORY.Ep:=Ep;

Println; PrintLn’N=’,N,’ Q=’,Q,’ Ep=’,Ep;

e Generation of the A,f: This code is given in Appendix C.2.1.
e The map from Fy[&o, ..., &n—1] to Fylz1,22,.. ., 2]

-- Defining the map from the ring Xi to the ring S
Define Qmap(N) Ep:=MEMORY.Ep; Q:=MEMORY.Q;
Qlist:=NewList(N+4); Qlist[1]:=t;
For J:=0 To N+2 Do Xi:=Ep*x[1]°(Q~J+1);
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For I:=2 To N Do Xi:=Xi+x[I]~(Q~J+1) EndFor; Qlist[J+2]:=Xi;
EndFor; Qmap:=RMap(Qlist);
Return Qmap EndDefine;
Use S;
XLambda:=Image (Lambda[N],Qmap(N)); XLp:=Image(Lp[N],Qmap(N)); XLm:=Image(Lm[N],Qmap(N));
—-- XLambda=XLp*XLm;

XLpl:=Image(Lp[N+1],Qmap(N)); XLml:=Image(Lm[N+1],Qmap(N));

Generation of the polynomials of products of monic vectors V, Z,S, N.

These are the polynomials as described in section 5.4.1, generated as VPol, ZPol, SPol, and
NPol respectively.

-- Generation of the polyomial VPol
VPol:=1;
For V1:=0 To Q-1 Do For V2:=0 To Q-1 Do For V3:=0 To Q-1 Do For V4:=0 To Q-1 Do
If Vi=1 Or V1=0 And V2=1 Or V1=0 And V2=0 And V3=1
Or V1=0 And V2=0 And V3=0 And V4=1 Then
V:=V1*x[1]+V2*x [2] +V3*x [3] +V4*x [4] ; VPol:=VPol*V
EndIf EndFor EndFor EndFor EndFor;
Ell:=-VPol;
--If XLambda=Ep*E11"2 Then PrintLn’TRUE: XLambda=Ep*E11°2’ EndIf;
--Generation of the polynimials SPol, NPol and ZPOl
ZPol:=1; SqPol:=1; NSqPol:=1;
For V1:=0 To 1 Do For V2:=0 To Q-1 Do For V3:=0 To Q-1 Do For V4:=0 To Q-1 Do
If Vi=1 Or V1=0 And V2=1 Or V1=0 And V2=0 And V3=1
Or V1=0 And V2=0 And V3=0 And V4=1 Then
Qv:= Mod(Ep*V172+V2~2+V3~2+V4"2,Q) ;
If Vi=1 Then Xv:=(Ep*V1xx[1]+V2*x[2]+V3*x[3]+V4*x[4])/Ep
Else Xv:=EpxV1*x[1]+V2*x[2]+V3*x[3]+V4*x[4] EndIf;
If Quv=0 Then ZPol:=ZPolx*Xv
Elsif Qv IsIn Sq Then SqPol:=SqPol*Xv
Elsif Qv IsIn NSq Then NSqPol:=NSqPol*Xv
EndIf EndIf EndFor EndFor EndFor EndFor;

—-- If ZPol*SqPol*NSqPol/VPol=1 Then PrintLn ’TRUE: ZPol*SqPol*NSqPol=VPol’ EndIf;

The factorisation of A and Af_H over Fylz1,2z0,...,2y].

We test to see whether the each of A is a multiple of Z S or Z N and whether each of
Aff 1 18 either zero or a multiple of Z 3! Nqﬂ.
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ProdS:=ZPol*SqPol~2; ProdN:=ZPol*NSqPol~2;

QuotpS:=XLp/ProdS; QuotpN:=XLp/ProdN;

If Type(QuotpS)=POLY Then PrintLn’XLp=’,QuotpS,’*ZPol*SqPol~2’ EndIf;
If Type(QuotpN)=POLY Then PrintLn’XLp=’,QuotpN,’*ZPol*NSqPol~2’ EndIf;
QuotmS:=XLm/ProdS; QuotmN:=XLm/ProdN;

If Type(QuotmS)=POLY Then PrintLn’XLm=’,QuotmS,’*ZPol*SqPol"2’ EndIf;

If Type(QuotmN)=POLY Then PrintLn’XLm=’,QuotmN,’*ZPol*NSqPol"2’ EndIf;

ProdSN:=ZPol*SqPol” (Q+1)*NSqPol" (Q+1) ;
If XLp1=0 Then PrintLn ’XLp1=0’ Else Quot:=XLpl/ProdsN;
If Type(Quot)=POLY Then PrintLn’XLpl=’,Quot,’*ZPol*SqPol” (Q+1)*NSqPol~(Q+1)’
EndIf EndIf;
If XLm1=0 Then PrintLn ’XLm1=0’ Else Quot:=XLml/ProdSN;
If Type(Quot)=POLY Then PrintLn’XLmi=’,Quot,’*ZPol*SqPol” (Q+1)*NSqPol~ (Q+1)’

EndIf EndIf;
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D.2 Output from the code

D.2.1 Output for the case n=2

e The quadratic form Qs with € a square.

N=2 Q=3 Ep=1

XLp=-1*ZPol*NSqPol"2
XLm=-1*ZPol*SqPol"2
XLp1=-1%ZPol*SgPol” (Q+1)*NSqPol~ (Q+1)
XLm1=0

N=2 Q=5 Ep=1

XLp=2*ZPol*NSqPol"2
XLm=-2*ZPol*SqPol"2
XLp1=2%ZPol*SqPol” (Q+1)*NSqPol~ (Q+1)
XLm1=0

N=2 Q=7 Ep=1

XLp=2*ZPol*NSqPol~2
XLm=-3*ZPol*SqPol~2
XLp1=2%ZPol*SqPol” (Q+1)*NSqPol~ (Q+1)
XLm1=0

N=2 Q=11 Ep=1

XLp=2*ZPol*NSqPol"2
XLm=-5%ZPol*SqPol~2
XLp1=2%ZPol*SqPol” (Q+1)*NSqPol~ (Q+1)
XLm1=0

N=2 Q=13 Ep=1

XLp=2*ZPol*NSqPol~2
XLm=-6*ZPol*SqPol~2
XLp1=2%ZPol*SqPol” (Q+1) *NSqPol~ (Q+1)
XLm1=0

N=2 Q=17 Ep=1
XLp=2%ZPol1*NSqPol~2
XLm=-8*%ZPol*SqPol~2
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XLp1=2%ZPol*SqPol~ (Q+1)*NSqPol~ (Q+1)
XLm1=0

The quadratic form Q,, with € a non square.

N=2 Q=3 Ep=2

XLp=1*ZPol*SqPol~2
XLm=-1%ZPol*NSqPol~2

XLp1=0
XLm1=1%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)
N=2 Q=5 Ep=2

XLp=2*ZPol*SqPol~2
XLm=1%ZPol*NSqPol~2

XLp1=0
XLm1=1%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)
N=2 Q=7 Ep=3

XLp=3*ZPol*SqPol~2
XLm=1%ZPol*NSqPol~2

XLp1=0

XLm1=-2*ZPol*SqPol” (Q+1)*NSqPol~ (Q+1)
N=2 Q=11 Ep=2

XLp=5*ZPol*SqPol~2
XLm=-4*ZPol*NSqPol~2

XLp1=0

XLm1=-2*ZPol*SqPol~ (Q+1)*NSqPol~ (Q+1)
N=2 Q=13 Ep=2

XLp=6*ZPol*SqPol"2
XLm=-4*ZPol*NSqPol~2

XLp1=0
XLm1=-4*ZPol*SqPol~ (Q+1) *NSqPol~ (Q+1)
N=2 Q=17 Ep=3

XLp=8+*ZPol*SqPol"2
XLm=-6*ZPol*NSqPol~2

XLp1=0
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XLm1=-6*ZPol*SqPol~ (Q+1)*NSqPol~ (Q+1)

D.2.2  Output for the case n =3

e The quadratic form Qs with ¢ a square.

N=3 Q=3 Ep=1

XLp=2*ZPol*NSqPol~2
XLm=-1%ZPol*SqPol"~2
XLp1=1%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)
XLm1=0

XLp=2*ZPol*NSqPol"~2
XLm=-2%ZPol*SqPol~2
XLp1=4%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)
XLm1=0

N=3 Q=7 Ep=1

XLp=2*ZPol*NSqPol~2
XLm=-3*ZPol*SqPol"~2
XLp1=1%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)
XLm1=0

XLp=2*ZPol*NSqPol"~2
XLm=-5%ZPol*SqPol~2
XLp1=1%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)
XLm1=0

N=3 Q=13 Ep=1

XLp=2%ZPol1*NSqPol~2
XLm=-6%ZPol*SqPol"2
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XLp1=4%ZPol*SqPol~ (Q+1)*NSqPol~ (Q+1)
XLm1=0

The quadratic form @Q,, with € a non square.

XLp=-1%ZPol%SqPol"~2
XLm=1%ZPol1*NSqPol~2

XLp1=0
XLm1=1%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)

N=3 Q=5 Ep=2

XLp=2%ZPol*SqPol"2
XLm=1%ZPol*NSqPol~2

XLp1=0
XLm1=-2%ZPol*SqPol” (Q+1) *NSqPol" (Q+1)

XLp=2%ZPol*SqPol"2
XLm=-2%ZPol*NSqPol"2

XLp1=0

XLm1=1*ZPol*SqPol"~ (Q+1)*NSqPol"~ (Q+1)

N=3 Q=11 Ep=2

XLp=-1*ZPol*SqPol"~2
XLm=-2*ZPol*NSqPol"~2

XLp1=0
XLm1=1%ZPol*SqPol"~ (Q+1) *NSqPol~ (Q+1)

XLp=6*ZPol*SqPol~2
XLm=-4%ZPol*NSqPol"2

XLp1=0

XLm1=-5*ZPol*SqPol~ (Q+1)*NSqPol~ (Q+1)
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D.2.3 Output for the case n =4

e The quadratic form Qs with € a square.

N=4 Q=3 Ep=1

XLp=1*ZPol*NSqPol"2
XLm=1*Z*Pol*SqPol~2
XLp1=1%ZPol*SqPol” (Q+1)*NSqPol" (Q+1)
XLm1=0

N=4 Q=5 Ep=1

XLp=-1*ZPol*NSqPol~2
XLm=-1%Z*Pol*SqPol~2

e The quadratic form @, with £ a non square.

N=4 Q=3 Ep=2

XLp=-1*ZPol*SqPol"~2
XLm=1%*ZPol*NSqPol"2

XLp1=0
XLm1=-1%ZPol*SqPol” (Q+1) *NSqPol~ (Q+1)

N=4 Q=5 Ep=2

XLp=-1*ZPol*SqPol"~2
XLm=-2%ZPol*NSqPol~2
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Appendix E

Alternative generation of the d;

invariants

E.1 The code to generate new invariants from the A; polynomials

This code implements the algorithm outlined in Chapter 6 in the case n =4, ¢ = 3 and & = Qs = z? + 23 + 23 + z2.
First we set up the variables and rings and generate the Aki. The code is given in Appendix C and uses the notation
Lp[K] and Lm[K] for A} and A; respectively.

We then define the Total Steenrod Operation is presented in Lemma 3.13.

--4) Calculating the Total Steenrod Operation on Lp[K] and Lm[K] for k=1,... n

--4a) Defining the Total Steenrod Operation, TSO, on the s[k]

Define TSO(X) N:=MEMORY.N; Q:=MEMORY.Q; S1:=NewMat(N+2,2);
S1[1,1]:=s[0]; S1[1,2]:=s[0]-2s[1]+s[0]"3;
For I:=1 To N Do S1[I+1,1]:=s[I];S1[I+1,2]:=s[I]-s[I-1]1"Q-s[I+1]+s[I]"Q EndFor;
S1[N+2,1]:=s[N+1]; S1[N+2,2]:=s[N+1]-s[N] Q+s[N+1]"Q; S2:=Subst(X,S1);

Return S2 EndDefine;

--4b) Calculating the Total Steenrod Operation on each of the Lp[K] and Lm[K],

--k=1, ..., n , denoting by Sp[k] and Sm[K] the operation on Lp[K] and Lm[K].

Sp0:=TS0(Lp0) ;Sm0:=TSO(LmO) ; Sp:=NewList(N1); Sm:=NewList(N1);
For K:=1 To N Do Sp[K]:=TSO(Lp[K]); Sm[K]:=TSO(Lm[K] EndFor;

The specializations of Fy[£p, &1, ..., &) to Fylx1, 2, ..., 2] are the ring homomorphisms deter-
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mined by the choice of quadratic form &;. When &y ~ @4+ the map is denoted Qpmap(N) and when
& ~ Q— denoted Qmmap(N).
When n = 4 these are the maps Q‘,;k and Qz’k respectively, as presented in Definition 6.1, as

in this case Q1 ~ Qs and Q_ ~ Q.

--5) Setting up the map from Xi to S defined by the quadratic form s[0].
--5a) Defining the map Qpmap(N), containing the image of the Xi variables

--under the map defined by the quadratic form s[0] of plus type

Define Qpmap(K) N:=MEMORY.N; Q:=MEMORY.Q; Qp:=NewList(N+3); Ep:=1; Qp[1]:=t;
For J:=0 To N+1 Do Xi:=Ep*x[1]°(Q~J+1); For I:=2 To K Do Xi:=Xi+x[I]~(Q~J+1) EndFor;
Qp[J+2] :=Xi; EndFor; Qpmap:=RMap(Qp);

Return Qpmap EndDefine;
--5b) Defining the map Qmmap(N) as 5a) but with s[0] of minus type, Ep is a non square.

Define Qmmap(K) N:=MEMORY.N; Q:=MEMORY.Q; Qm:=NewList(N+3); Ep:=-1; Qm[1]:=t;
For J:=0 To N+1 Do Xi:=Ep*x[1]~(Q~J+1); For I:=2 To K Do Xi:=Xi+x[I]~(Q~J+1) EndFor;
Qm[J+2] :=Xi; EndFor; Qmmap:=RMap(Qm);

Return Qmmap EndDefine;

Testing the conjecture regrding elements of the kernels of the above maps

--6) Testing the conjecture regarding the kernel of the maps Qpmap and Qmmap
Use S;
For K:=2 To 4 Do PrintLn ’K=’,K; If K=2 Then
Image (Lm[K-1] “3*Sp [K] -Lp [K+1]*Sm0~3, Qmmap (K-1) ) ;
mage (Lm [K-1] ~3*Sm [K]+Lp [K+1] *Sp0~3, Qpmap (K-1)) ;
Image (Lp[K-1] "3*Sp [K]+Lm[K+1]*Sm0~3, Qmmap (K-1) ) ;
Image (Lp [K-1] ~3%Sm[K]-Lm [K+1] *Sp0~3,Qpmap (K-1)) ;
Else
Image (Lm[K-1] ~3%Sp [K]-Lp [K+1]*Sm[K-2] "3, Qmmap (K-1)) ;
Image (Lm[K-1] ~3#Sm[K]+Lp [K+1]*Sp [K-2] ~3,Qpmap (K-1)) ;
Image (Lp [K-1] ~3%Sp [K] +Lm [K+1]*Sm [K-2] "3, Qmmap (K-1) ) ;
Image (Lp [K-1]1 ~3%Sm[K] -Lm [K+1] *Sp [K-2] "3, Qpmap(K-1)) ;
EndIf; PrintLn EndFor;

Calculating invariants with reference to Conjecture 6.12.
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-- 7) Calculating invariants: dividing elements of the kernel of the Qpmap and Qmmap.

- Divisibilty of expressions is checked by checking type.

Use Xi;
PrintLn ’Generation and type of the Bp[I], Bm[I], Cp[I], Cm[I]’;
For I:=1 To N Do
Bp:=NewList(N); Cp:=NewList(N); Bm:=NewList(N); Cm:=NewList(N);
If I=1 Then Um:=LmO; Up:=LpO Else Um:=Lm[I-1]; Up:=Lp[I-1] EndIf;
Sm:=TS0(Um); Sp:=TS0(Up);
If I=1 Then Vm:=1; Vp:=1 Elsif I=2 Then
Vm:=TS0(Lm0~3); Vp:=TSO(Lp0~3)
Else Vm:=TSO(Lm[I-2]"3); Vp:=TSO(Lp[I-2]"3)
EndIf; Println ’I=’,I;
Bp[I]:=(Up~3+TSO(Lp[I1)+Lm[I+1]1*Vm)/Lp[I]/Sp;Type(Bpl[Il);
Cpl[I]:=(Up~3*TSO(Lm[I])-Lm[I+1]*Vp)/Lm[I]/Sp;Type(Cpl[Il);
Bm[I]:=(Um~3+TSO(Lm[I])+Lp[I+11*Vp)/Lm[I]/Sm;Type(Bm[I]);
Cm[I]:=(Um~3*TSO(Lp[I])-Lp[I+1]*Vm)/Lp[I]/Sm;Type(Cm[I]);
PrintLln;

EndFor;

The invariants d* and d~ are generated from the matrix S, (X) defined in section 6.2.

The matrices are adjusted by removing the s[k| terms.

--7) Defining the invariants Dm and Dp

--7a) Defining the matrix S_n(X) as St(K), the dummy variable t is used for $X$.

Define St(K) Q:=MEMORY.Q; M:=NewMat (K+1,K+1);
For I:=1 To K Do M[1,I]:=s[I-1] EndFor; M[1,K+1]:=t;
For J:=2 To K+1 Do For I:=0 To J-1 Do M[J,I+1]:=s[J-I-1]1"(Q"I) EndFor;
For I:=J To K-1 Do M[J,I+1]:=s[I-J+1]1°(Q~(J-1)) EndFor;
M[J,K+11:=t"(Q"(J-1)); EndFor;
Return M

EndDefine;

--7b) Defining adjusted matrices Mm(I) and Mp(I) being the
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--St[k] matrices from which the s[k] terms have been removed.

--The dummy variable t is set to 1.

Define Mp(K) Q:=MEMORY.Q; Lp:=MEMORY.Lp;LpO:=MEMORY.LpO; Lm:=MEMORY.Lm;LmO:=MEMORY.LmO;
M:=Subst (St (K),t,1);
If K=1 Then U:=Lm0"Q Else U:=Lm[K-1]"Q EndIf;
For I:=0 To K Do M[I+1,1]:=M[I+1,1]%*U; EndFor;
M[K+1,1] :=M[K+1,1]-(-1) "K*Lp [K+1] ;

Return M EndDefine;

Define Mm(K) Q:=MEMORY.Q; Lp:=MEMORY.Lp;LpO:=MEMORY.LpO; Lm:=MEMORY.Lm;LmO:=MEMORY.LmO;
M:=Subst (St (K),t,1);
If K=1 Then U:=Lp0~Q Else U:=Lp[K-1]"Q EndIf;
For I:=0 To K Do M[I+1,1]:=M[I+1,1]*U; EndFor; M[K+1,1]:=M[K+1,1]+(-1) "K*+Lm[K+1];

Return M EndDefine;

--For I:=1 To N Do PrintLn ’Mm(’,I,’)=’,Mm(I);PrintLn ’Mp(’,I,’)=’,Mp(I) EndFor;

-- 7c) Generating the invariants Dm[I] and Dp[I]:
- by dividing out Lambda[I] and TSO(Lm[1]) or TSO(Lp[I]) from the determinants of the

- Mp(I) and Mm(I) respectively.

Dm:=NewList (N); Dp:=NewList(N);
Dm[1] :=Det (Mm(1))/Lambdal[1]/Sp0O; Dp[1]:=Det (Mp(1))/Lambda[1]/Sm0;

For I:=2 To N Do
Dm[I]:=Det(Mm(I))/Lambdal[I]l/Sp[I-1]; Dp[I]:=Det(Mp(I))/Lambdal[I]l/Sm[I-1];

EndFor;
--7d) Checking that the Dm(I) and Dp(I) are polynomials.

PrintLn ’Type of the Dm(I) and Dp(I)’;
For I:=1 To N Do PrintLn; PrintLn ’I=’,I; Type(Dm[I]); Type(Dp[I]) EndFor;

Introducing a dummy variable into the Total Steenrod Operation and M, ,;t

--8) Working with a dummy variable
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--8a) Defining the Total Steenrod Operation with dummy variable

Define TSOt(X)N:=MEMORY.N; Q:=MEMORY.Q; Nn:=N+1; S1:=NewMat(N+1,2);
S1[1,1]:=s[0]; S1[1,2]:=s[0]*t~4-2s[1]*t~2+s[0]"3;
For I:=1 To N Do S1[I+1,1]:=s[I];
S1[I+1,2]:=s[I]1*t~ (2% (Q"I+1))-s[I-1]1"Q*t~(2+%Q"I)-s[I+1]1*t"~2+s[I]"Q; EndFor;
S2:=Subst (X,S1);

Return S2 EndDefine;

--8b) Defining the augmented matrices with dummy variable Mmt(I) and Mpt(I)

Define Mpt(K) Q:=MEMORY.Q; Lp:=MEMORY.Lp;LpO:=MEMORY.LpO; Lm:=MEMORY.Lm;LmO:=MEMORY.LmO;
M:=St(K); If K=1 Then U:=Lm0"Q Else U:=Lm[K-1]"Q EndIf;
For I:=0 To K Do M[I+1,1]:=M[I+1,1]*U; EndFor;
M[K+1,1] :=M[K+1,1]-(-1) "K*Lp [K+1];

Return M EndDefine;

Define Mmt(X) Q:=MEMORY.Q; Lp:=MEMORY.Lp;LpO:=MEMORY.LpO; Lm:=MEMORY.Lm;LmO:=MEMORY.LmO;
M:=St(K); If K=1 Then U:=Lp0~Q Else U:=Lp[K-1]"Q EndIf;
For I:=0 To K Do M[I+1,1]:=M[I+1,1]*U; EndFor;
M[K+1,1] :=M[K+1,1]+(-1) "K+Lm[K+1] ;

Return M EndDefine;

Generating the Chern polynomials as defined in §3.3 so that we can check the new invariants against
the Chern Orbit classes.

-- 9) Defining the Chern polynomials for quadratic form of plus or minus type
- depending on the input value Ep as 1 or a non square.
Define ChCo(XK,Ep) N:=4; P:=MEMORY.P; Q:=MEMORY.Q; Ch:=1;
For A1:=0 To Q-1 Do For A2:=0 To Q-1 Do For A3:=0 To Q-1 Do For A4:=0 To Q-1 Do
Xi:=Ep*A172+A272+A372+A472;
If Mod(Xi,P)=K Then X:=Ep*A1xx[1]+A2xx[2]+A3*x[3]+A4*x[4]; Ch:=Ch*(t-X); EndIf;
EndFor EndFor EndFor EndFor;--PrintLn ’Degree of poly is ’,Deg(Ch);
ChCo:=Coefficients(Ch,t);

Return ChCo; EndDefine;

Implementing the algorithm for £y = Qs that is using the plus type map Qpmap. Thcode can also

be implemeted for £, = @, using the minus type map gmmap.
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-- 10) Implementing the algorithm for N=4 : Dimension 4 Plus type map with dummy variable
- 10a) Generation of the invariants:

-- Dp the reduced determinant of the augmented matrix Mpt(N)

-- Bp and Cp from section 6. (Noting that Dp~2=Bp*Cp)
Use Xi;
PrintLn; PrintLn ’Plus Type’;
Dp:=Det (Mmt (N) ) /Lambda [N] /TS0t (Lp[N-11)/t; -- Dp; Type(Dp);
Bp:=(Lp[N-1]~3*TS0t (Lp [N])+t " 2+Lm[N+1] *TS0t (Lm[N-2]~3) ) /Lp [N]1 /TS0t (Lp[N-11); --Bp; Type(Bp);
Cp:=(Lp[N-1]"3%TS0t (Lm[N]) -t~ 2*Lm [N+1]*TS0t (Lp [N-2]~3)) /Lm[N] /TS0t (Lp[N-11); --Cp; Type(Cp);
-- If Dp~2=Bp*Cp Then PrintLn ’Dp~2=Bp*Cp’ Else PrintLn ’False that Dp~2=Bp*Cp’ EndIf;

-- 10b) Finding new invariants from Bp/Dp.
-- The rational expression Bp/Dp cancels the common factors from Bp and Dp
-- so0 we proceed using the numerator and denominator
-- The coefficients of t in the numerator and denomiantor are found
-- In particular we take the coefficients of degrees q {n-1}-q~{n-2}

-- and q"{n-1}-q"{n-3} being the degrees of qth roots of the C(N,I) invariants

BDp:=Bp/Dp; Ep:=Num(BDp); Fp:=Den(BDp); -- Type(BDp); Ep~2=Bp; Ep*Fp=Dp; Fp~2=Cp;

CEp:=Coefficients(Ep,t);

For I:=1 To Len(CEp) Do If NOT Den(CEp[I]/Lp[N-1])=1 Then
PrintLn ’Coefficient of t~’,Len(CEp)-I,’ is: ’,CEp[I] EndIf

EndFor;

DELp3:=CEp[19]; DELp2:=CEp[25]; -- DELp2; DELp3;

CFp:=Coefficients(Fp,t);

For I:=1 To Len(CFp) Do If NOT Den(CFp[I]/Lp[N-1])=1 Then
PrintLn ’Coefficient of t~’,Len(CFp)-I,’ is: ’,CFp[I] EndIf

EndFor;

DFLp3:=CFp[19]; DFLp2:=CFp[25]; -- DFLp2; DFLp3;

--10c) Mapping the Ep and Fp invariants to the ring S and dividing by factor Lp[N-1].

Use S;
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DELp3Ip:=Image (DELp3,Qpmap(4)); DELp2Ip:=Image(DELp2,Qpmap(4));
LpIp:=Image(Lp[N-1],Qpmap(4));
DEp3:=DELp3Ip/Lplp; DEp2:=DELp2Ip/Lplp;

DFLp3Ip:=Image (DFLp3,Qpmap(4)); DFLp2Ip:=Image(DFLp2,Qpmap(4));
LpIp:=Image(Lp[N-1],Qpmap(4));
DFp3:=DFLp3Ip/Lplp; DFp2:=DFLp2Ip/Lplp;

--10d) Checking the relation between the new found invariants and the Chern orbit classes

ChCo2p:=ChCo(2,1); ChColp:=ChCo(1,1);

If DEp2=ChCo2p[25] Then PrintLn ’DEp2=ChCo2p[25]’ EndIf;
If DEp3=ChCo2p[19] Then PrintLn ’DEp3=ChCo2p[19]’ EndIf;

If DFp2=ChColp[25] Then PrintLn ’DFp2=ChColp[25]’ EndIf;
If DFp3=ChColp[19] Then PrintLn ’DFp3=ChColp[19]’ EndIf;

-- 10d) Alternative for minus type map

ChCo2m:=ChCo(2,-1); ChColm:=ChCo(1,-1);

If DEm2=ChCo2m[25] Then PrintLn ’DEm2=ChCo2m[25]°’ EndIf;
If DEm3=ChCo2m[19] Then PrintLn ’DEm3=ChCo2m[19]°’ EndIf;

If DFm2=ChColm[25] Then PrintLn ’DFm2=ChColm[25]°’ EndIf;
If DFm3=ChColm[19] Then PrintLn ’DFm3=ChCoim[19]’ EndIf;
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E.2 CoCoA output: generation of invariants when n=4 and q=3

We give the output for the plus type and minus type maps

Testing elements of the kernels of the restriction of the Qpmap(k-1), Qmmap(k-1)

Image (Lm[K-1] ~3*Sp [K]-Lp [K+1]*Sm[K-2] "3, Qmmap (K-1))
Image (Lm[K-1] "3*Sm[K] +Lp [K+1] *Sp [K-2] "3, Qpmap (K-1))
Image (Lp [K-1]~3%Sp [K]+Lm [K+1] *Sm[K-2] ~3, Qmmap (K-1))
Image (Lp [K-1]"3*Sm[K]-Lm[K+1]*Sp [K-2] "3, Qpmap(K-1))

0000
K=3
0000
K=4
0000

Calculation and checking of the Bp[I], Bm[I], Cp[I], Cm[I]

I=1
POLYPOLYPOLYPOLY
I=2
POLYPOLYPOLYPOLY
I=3
POLYPOLYPOLYPOLY
I=4
POLYPOLYPOLYPOLY

8: Type of the Dm(I) and Dp(I)

I=1
POLYPOLY
I=2
POLYPOLY
I=3
POLYPOLY
I=4
POLYPOLY
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Plus Type

—————
;;;;=ChCo2p[19;__ -
T
;;;;=Ch001p[19;__ -

We give here the final output for the minus type map

Minus Type

DEm2=ChCo2m[25]

DEm3=ChCo2m[19]

DFm2=ChCo1m[25]

DFm3=ChCo1m[19]
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E.3 Explicit presentation of the invariants as, as

We present the new invariants, generated as above, explicitly for the case n = 4 and ¢ = 3 with

quadratic form Q.

A43:=-x[1]"12x[2]"6 - x[1]"10x[2]"8 - x[1]1°8x[2]"10 - x[1]"6x[2]"12 - x[1]"12x[2]"4x[3]"2

+

x[1]1710x[2]"6x[3]1"2 + x[1]178x[2]1"8x[3]1"2 + x[1]1"6x[2]"10x[3]1"2 - x[1]1"4x[2]"12x[3]"2

x[1]1712x[2]"2x[3]1"4 + x[1]1"10x[2]"4x[3]1"4 + x[1]"4x[2]1"10x[3]"4 - x[1]"2x[2]"12x[3]"4

- x[11712x[3]176 + x[1]1710x[2]"2x[3]1"6 - x[1]1"6x[2]"6x[3]1"6 + x[1]1"2x[2]"10x[3]1"6 - x[2]1"12x[3]1"6
- x[11710x[3]1"8 + x[1]"8x[2]"2x[3]1"8 + x[1]1"2x[2]"8x[3]1"8 - x[2]1"10x[3]"8 - x[1]"8x[3]"10

+ x[1176x[2]1°2x[3]1710 + x[1]174x[2]1"4x[3]1"10 + x[1]1"2x[2]"6x[3]1"10 - x[2]1"8x[3]1"10

- x[1]1°6x[3]1712 - x[1]1"4x[2]"2x[3]"12 - x[1]"2x[2]"4x[3]1"12 - x[2]"6x[3]"12

- x[11712x[2]"4x[4]1"2 + x[1]1710x[2]"6x[4]1"2 + x[1]1"8x[2]"8x[4]1"2 + x[1]1"6x[2]"10x[4]"2

- x[1]174x[2]"12x[4]"2 - x[1]1"12x[2]"2x[3]"2x[4]1"2 - x[1]"8x[2]"6x[3]"2x[4]"2

- x[1]76x[2] "8x[3]"2x[4]"2

x[1]1"2x[2]"12x[3]"2x[4]"2 - x[1]"12x[3]"4x[4]"2
+ x[1]1°8x[2]"4x[3]"4x[4]"2 + x[1]"4x[2]°8x[3]"4x[4]"~ - x[2]~12x[3]"4x[4]"2 + x[1]1"10x[3]"6x[4]"2
- x[1]1°8x[2]"2x[3] “6x[4]"2

x[1]1"2x[2]"8x[3]"6x[4]"2 + x[2]~10x[3]"6x[4]"2 + x[1]"8x[3]"8x[4]"2
- x[1]176x[2]"2x[3]1"8x[4]1"2 + x[1]1"4x[2]"4x[3]"8x[4]"2 - x[1]"2x[2]"6x[3]"8x[4]"2

+ x[2]178x[3]178x[4]1"2 + x[1]1"6x[3]1"10x[4]1"2 + x[2]"6x[3]1"10x[4]1"2 - x[1]1"4x[3]"12x[4]"2

- x[1]172x[2]"2x[3]1"12x[4]"2 - x[2]"4x[3]"12x[4]1"2 - x[1]1"12x[2]"2x[4]"4 + x[1]"10x[2]"4x[4]"4

+ x[1174x[2]1"10x[4]1"4 - x[1]1"2x[2]"12x[4]1"4 - x[1]1"12x[3]1"2x[4]1"4 + x[1]178x[2]"4x[3]"2x[4]"4

+ x[1174x[2]"8x[3]"2x[4]"4 - x[2]"12x[3]"2x[4]1"4 + x[1]1"10x[3]1"4x[4]1"4 + x[1]1"8x[2]"2x[3]"4x[4]"4
- x[1176x[2] "4x[3]1"4x[4]1"4 - x[11"4x[2]"6x[3]1"4x[4]1"4 + x[1]1"2x[2]"8x[3]"4x[4]"4

+ x[2]1710x[3]1"4x[4]1"4 - x[1]1"4x[2]"4x[3]"6x[4]"4 + x[1]1"4x[2]"2x[3]"8x[4]"4

+ x[117°2x[2]1"4x[3]1"8x[4]1"4 + x[1]1°4x[3]1"10x[4]1"4 + x[2]1"4x[3]1"10x[4]1"4 - x[1]1"2x[3]1"12x[4]"4

- x[2]72x[3]1"12x[4]1"4 - x[1]1"12x[4]"6 + x[1]1"10x[2]"2x[4]1"6 - x[1]"6x[2]"6x[4]"6

+ x[117°2x[2]1"710x[4]1"6 - x[2]1"12x[4]1"6 + x[1]1710x[3]1"2x[4]1"6 - x[1]"8x[2]"2x[3]1"2x[4]"6

- x[1172x[2]"8x[3]1"2x[4]1"6 + x[2]"10x[3]1"2x[4]1"6 - x[1]"4x[2]"4x[3]1"4x[4]"6

- x[11"6x[3]1"6x[4]1"6 - x[2]1"6x[3]1"6x[4]1"6 - x[1]1"2x[2]"2x[3]1"8x[4]1"6 + x[1]1"2x[3]"10x[4]"6

+ x[2]172x[3]1"10x[4]1"6 - x[3]1"12x[4]1"6 - x[1]1"10x[4]1"8 + x[1]"8x[2]"2x[4]1"8 + x[1]1"2x[2]"8x[4]"8

- x[2]1710x[4]1"8 + x[1]178x[3]1"2x[4]1"8 - x[1]1"6x[2]1"2x[3]1"2x[4]1"8 + x[1]1"4x[2]"4x[3]"2x[4]"8

- x[1172x[2]"6x[3]1"2x[4]1"8 + x[2]"8x[3]1"2x[4]1"8 + x[1]"4x[2]"2x[3]"4x[4]"8

+ x[117°2x[2]1"4x[3]1"4x[4]1"8 - x[1]1"2x[2]"2x[3]1"6x[4]1"8 + x[1]"2x[3]1"8x[4]1"8 + x[2]"2x[3]"8x[4]1"8

- x[31710x[4]1°8 - x[1]1"8x[4]1"10 + x[1]1"6x[2]1"2x[4]1"10 + x[1]1"4x[2]1"4x[4]1°10 + x[1]1"2x[2]"6x[4]1"10
- x[2]78x[4]"10 + x[1]"6x[3]"2x[4]"10 + x[2]"6x[3]"2x[4]"10 + x[1]~4x[3]"4x[4]"10

+ x[2]174x[3]174x[4]1710 + x[1]1"2x[3]1"6x[4]1"10 + x[2]"2x[3]"6x[4]1"10 - x[3]1"8x[4]1"10 - x[1]"6x[4]"12
- x[1]174x[2]"2x[4]1"12 - x[1]1"2x[2]"4x[4]1"12 - x[2]"6x[4]1"12 - x[1]1"4x[3]"2x[4]"12

- x[1172x[2]"2x[3]1"2x[4]1"12 - x[2]"4x[3]1"2x[4]1"12 - x[1]1"2x[3]1"4x[4]1"12 - x[2]1"2x[3]"4x[4]"12
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- x[3]°6x[4]"12;

A42:= x[1]1°12x[2]"8x[3]1"4 + x[1]1710x[2]1"10x[3]1"4 + x[1]1"8x[2]"12x[3]1°4 + x[1]1"12x[2]"6x[3]"6

x[1]1710x[2]"8x[3]1"6 - x[1]178x[2]1"10x[3]1"6 + x[1]"6x[2]"12x[3]"6 + x[1]1"12x[2]"4x[3]"8
- x[11710x[2]"6x[3]1"8 - x[1]1"6x[2]1"10x[3]1"8 + x[1]1"4x[2]1"12x[3]1"8 + x[1]1"10x[2]"4x[3]1"10
- x[1]178x[2]"6x[3]1"10 - x[1]1"6x[2]"8x[3]1710 + x[1]174x[2]1"10x[3]1°10 + x[1]178x[2]"4x[3]"12
+ x[1]76x[2]"6x[3]"12 + x[1]"4x[2]"8x[3]"12 + x[1]~12x[2]"8x[3]"2x[4]"2

+ x[11710x[2]710x[3]1"2x[4]1"2 + x[1]1"8x[2]"12x[3]1"2x[4]"2 - x[1]"12x[2]"6x[3]"4x[4]"2

+ x[11710x[2]1"8x[3]1"4x[4]1"2 + x[1]1°8x[2]"10x[3]"4x[4]1"2 - x[1]1"6x[2]"12x[3]"4x[4]"2

- x[11712x[2]"4x[3]"6x[4]1"2 - x[1]1"10x[2]"6x[3]1"6x[4]1"2 + x[1]"8x[2]"8x[3]"6x[4]"2

- x[1]176x[2]"10x[3]"6x[4]1"2 - x[1]1"4x[2]1"12x[3]"6x[4]1"2 + x[1]1"12x[2]"2x[3]"8x[4]"2

+ x[1]1710x[2]"4x[3]"8x[4]1"2 + x[1]1°8x[2]"6x[3]"8x[4]"2 + x[1]"6x[2]"8x[3]"8x[4]"2

+ x[1174x[2]1710x[3]1"8x[4]1"2 + x[1]1"2x[2]"12x[3]"8x[4]1"2 + x[1]1710x[2]"2x[3]"10x[4]"2

+ x[1178x[2]1"4x[3]1"10x[4]1"2 - x[1]1"6x[2]"6x[3]1"10x[4]1"2 + x[1]1"4x[2]"8x[3]1"10x[4]"2

+ x[117°2x[2]1710x[3]1"10x[4]"2 + x[1]178x[2]"2x[3]"12x[4]1"2 - x[1]"6x[2]"4x[3]"12x[4]"2

- x[1]174x[2]"6x[3]1"12x[4]1"2 + x[1]1"2x[2]"8x[3]1"12x[4]1"2 + x[1]"12x[2]"8x[4]"4

+ x[11710x[2]1"10x[4] "4 + x[1]178x[2]1"12x[4]1"4 - x[1]1"12x[2]"6x[3]"2x[4]"4

+ x[11710x[2]1"8x[3]1"2x[4]1"4 + x[1]1°8x[2]"10x[3]1"2x[4]1"4 - x[1]1"6x[2]"12x[3]1"2x[4]"4

+ x[11710x[2]"6x[3]1"4x[4]1"4 + x[1]"8x[2]"8x[3]"4x[4]1"4 + x[1]1"6x[2]1"10x[3]"4x[4]"4

- x[11712x[2]"2x[3]"6x[4]1"4 + x[1]1710x[2]"4x[3]1"6x[4]1"4 + x[1]1"4x[2]"10x[3]"6x[4]"4

- x[1172x[2]"12x[3]"6x[4]1"4 + x[1]1"12x[3]1"8x[4]1"4 + x[1]1710x[2]"2x[3]"8x[4]"4

+ x[117°8x[2]1"4x[3]1"8x[4]1"4 + x[1]1"4x[2]1"8x[3]1°8x[4]1"4 + x[1]"2x[2]1"10x[3]"8x[4]1"4

+ x[2]1712x[3]1°8x[4]1"4 + x[11710x[3]1"10x[4]1"4 + x[1]1"8x[2]"2x[3]"10x[4]"4

+ x[1176x[2]1"4x[3]1"10x[4]1"4 + x[1]1"4x[2]"6x[3]1"10x[4]1"4 + x[1]1"2x[2]"8x[3]1"10x[4]"4

+ x[2]1710x[3]1°10x[4]"4 + x[1]1°8x[3]1"12x[4]1"4 - x[1]1"6x[2]"2x[3]"12x[4]"4

- x[1172x[2]"6x[3]1"12x[4]1"4 + x[2]1"8x[3]1"12x[4]1"4 + x[1]1"12x[2]"6x[4]1"6 - x[1]1"10x[2]"8x[4]1"6
- x[11°8x[2]"10x[4]1°6 + x[1]1"6x[2]"12x[4]1"6 - x[1]1"12x[2]"4x[3]"2x[4]1"6

- x[11710x[2]"6x[3]1"2x[4]1"6 + x[1]1°8x[2]1"8x[3]1"2x[4]1"6 - x[1]1"6x[2]1"10x[3]1"2x[4]1"6

- x[1174x[2]1"12x[3]1"2x[4]1"6 - x[1]1"12x[2]1"2x[3]1"4x[4]1"6 + x[1]1"10x[2]"4x[3]1"4x[4]1"6

+ x[1174x[2]1710x[3]1"4x[4]1°6 - x[1]1"2x[2]1"12x[3]1"4x[4]1"6 + x[1]1"12x[3]1"6x[4]"6

- x[11710x[2]"2x[3]1"6x[4]1"6 - x[1]1"2x[2]"10x[3]"6x[4]1"6 + x[2]1"12x[3]"6x[4]1"6

- x[11710x[3]1"8x[4]1"6 + x[1]1"8x[2]"2x[3]1"8x[4]1"6 + x[1]1"2x[2]"8x[3]1"8x[4]1"6 - x[2]"10x[3]1"8x[4]1"6
- x[11°8x[3]1"10x[4]1"6 - x[11°6x[2]"2x[3]1"10x[4]1"6 + x[1]1"4x[2]"4x[3]"10x[4]1"6

- x[1]"2x[2]"6x[3]"10x[4]"6 - x[2]"8x[3]"10x[4]1"6 + x[1]1"6x[3]1"12x[4]"6

- x[1]"4x[2]"2x[3]1"12x[4]"6 - x[1]"2x[2]"4x[3]"12x[4]°6 + x[2]"6x[3]1"12x[4]"6

+ x[11712x[2]1"4x[4]1°8 - x[11710x[2]"6x[4]1"8 - x[1]1"6x[2]1"10x[4]1"8 + x[1]1"4x[2]"12x[4]1"8
+ x[1]1712x[2]"2x[3]"2x[4]"8 + x[1]1"10x[2]"4x[3]1"2x[4]1°8 + x[1]1"8x[2]"6x[3]"2x[4]"8

+ x[1176x[2]1"8x[3]1"2x[4]1"8 + x[1]1"4x[2]1"10x[3]1"2x[4]1"8 + x[1]1"2x[2]"12x[3]"2x[4]"8
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+ x[1]1712x[3]"4x[4]"8 + x[1]1"10x[2]"2x[3]"4x[4]1"8 + x[1]1"8x[2]"4x[3]"4x[4]"8

+ x[1]174x[2]°8x[3]"4x[4]"8 + x[1]"2x[2]~10x[3]~4x[4]1"8 + x[2]~12x[3]"4x[4]"8

- x[1]710x[3]"6x[4]°8 + x[1]"8x[2]"2x[3]"6x[4]"8 + x[1]"2x[2]"8x[3]"6x[4]"8 - x[2]~10x[3]"6x[4]"8
+ x[1]176x[2]"2x[3]1"8x[4]°8 + x[1]"4x[2]"4x[3]"8x[4]"8 + x[1]"2x[2]"6x[3]"8x[4]"8

- x[1]1°6x[3]1"10x[4]1"°8 + x[1]"4x[2]"2x[3]"10x[4]1"8 + x[1]"2x[2]"4x[3]"10x[4]"8

- x[2]°6x[3]"10x[4]1"°8 + x[1]"4x[3]1"12x[4]"8 + x[1]"2x[2]"2x[3]"12x[4]"8 + x[2]"4x[3]"12x[4]"8

+ x[11710x[2] "4x[4]"10 - x[1]1°8x[2]"6x[4]"10 - x[1]"6x[2]"8x[4]"10 + x[1]~4x[2]"10x[4]"10

+ x[11710x[2]"2x[3]1"2x[4]1"10 + x[1]1"8x[2]"4x[3]1"2x[4]1"10 - x[1]"6x[2]"6x[3]"2x[4]"10

+ x[1]174x[2]"8x[3]"2x[4]"10 + x[1]"2x[2]"10x[3]"2x[4]"10 + x[1]"10x[3]"4x[4]"10

+ x[1]78x[2]"2x[3]"4x[4]"10 + x[1]"6x[2]"4x[3]"4x[4]"10 + x[1]"4x[2]"6x[3]"4x[4]"10

+ x[1]72x[2]"8x[3]"4x[4]"10 + x[2]~10x[3]"4x[4]~10 - x[1]"8x[3]"6x[4]1"10

- x[1]76x[2]"2x[3]1"6x[4]1"10 + x[1]"4x[2]"4x[3]"6x[4]1"10 - x[1]"2x[2]"6x[3]"6x[4]"10

- x[2]1°8x[3]"6x[4]"10 - x[1]"6x[3]1"8x[4]1"10 + x[1]"4x[2]"2x[3]"8x[4]"10

+ x[1]72x[2]"4x[3]"8x[4]"10 - x[2]"6x[3]1"8x[4]"10 + x[1]~4x[3]~10x[4]"10

+ x[1]1°2x[2]"2x[3]"10x[4]"10 + x[2]"4x[3]1"10x[4]"10 + x[1]"8x[2]"4x[4]1"12 + x[1]"6x[2]"6x[4] 12
+ x[1]174x[2]1"8x[4]"12 + x[1]"8x[2]"2x[3]"2x[4]"12 - x[1]"6x[2] "4x[3]"2x[4]"12

- x[1]1"4x[2]"6x[3]"2x[4]"12 + x[1]"2x[2]"8x[3]"2x[4]"12 + x[1]"8x[3]"4x[4]"12

- x[1]1°6x[2] "2x[3]"4x[4]1"12 - x[1]1"2x[2]"6x[3]"4x[4]"12 + x[2]"8x[3]"4x[4] 12

+ x[1]76x[3]"6x[4]"12 - x[1]"4x[2]"2x[3]"6x[4]1"12 - x[1]"2x[2]"4x[3]"6x[4]"12

+ x[2]"6x[3]1"6x[4]"12 + x[1]"4x[3]"8x[4]"12 + x[1]1"2x[2]"2x[3]"8x[4]"12 + x[2]"4x[3]"8x[4]"12;
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Appendix F

Investigations in the ring

RO — Fq<€0» 517 517 dga d2>

F.1 Code to calculate expressions in the ring Ry = F (&, &1, &1, ds, do)

We present code for calculating given expressions in terms of the polynomials &, &1, &1,ds and d2. The expressions
are input as Pol following the input of the ring generators and d;.

Output from the code defining &3 and d; in terms with of the generators is given in Appendix F.2.

N:=4; MEMORY.N:=N; P:=3; MEMORY.P:=P; D:=1; Q:=P°D; MEMORY.Q:=Q;
I:=3; MEMORY.I:=I; Nm:=N-1;
Use RR::=Z/(P) [t,x[1..N],s[0..Nm],d[2..3]];RR;

-- C calculates Dickson invariant C(N,I)from Dickson matrix DM(N)

-- CF is the list of coefficients of powers of t in the determinant of DM in descending order

Define C(N,I) Q:=MEMORY.Q; DM:=NewMat (N+1,N+1);
For A:=1 To N+1 Do For B:=1 To N Do
DM[A,B] :=x[B]~(Q~ (A-1))
EndFor; DM[A,N+1]:=t"(Q~(A-1)) EndFor; -- Println DM;
CF:=Coefficients(Det(DM),t); C:=CF[Q"N-Q~I+1]1/CF[1];

Return C EndDefine;

-- The procedure Xi(I) generates the Xi(j)s from Xi(0):=x[1]"2+....+ x[n]~2
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Define Xi(I) Q:=MEMORY.Q; N:=MEMORY.N; Xi:=0;
For A:=1 To N Do Xi:=Xi+x[A]~(Q"I+1) EndFor;

Return Xi EndDefine;

-- D43 and D42 having been generated previously are given explictly

D43:=x[1]1"18 - x[1]1"16x[2]1"2 - x[1]1"14x[2]1"4 - x[1]1"12x[2]"6 + x[1]1"10x[2]"8 + x[1]1"8x[2]"10

x[1]176x[2]712 - x[1]174x[2]1"14 - x[1]1"2x[2]"16 + x[2]1"18 - x[1]1"16x[3]1"2 - x[1]1"12x[2]"4x[3]"2
+ x[11710x[2]"6x[3]1"2 + x[1176x[2]1"10x[3]1"2 - x[1]1"4x[2]"12x[3]"2 - x[2]"16x[3]"2

- x[11714x[3]1"4 - x[1]1"12x[2]"2x[3]1"4 + x[1]1"10x[2]"4x[3]1"4 + x[1]1"4x[2]"10x[3]"4

- x[1]172x[2]"12x[3]"4 - x[2]"14x[3]"4 - x[1]1"12x[3]"6 + x[1]"10x[2]"2x[3]"6

- x[1]1"6x[2]"6x[3]1"6 + x[1]1"2x[2]"10x[3]1"6 - x[2]1"12x[3]"6 + x[1]1710x[3]1°8 + x[2]"10x[3]"8
+ x[117°8x[3]1710 + x[1]1"6x[2]1"2x[3]1710 + x[1]174x[2]"4x[3]1"10 + x[1]1"2x[2]"6x[3]1"10

+ x[2]178x[31710 - x[1]176x[3]1712 - x[1]1"4x[2]"2x[3]1"12 - x[1]1"2x[2]1"4x[3]1"12 - x[2]"6x[3]"12
- x[1174x[3]1"14 - x[2]"4x[3]1"14 - x[1]1"2x[3]1"16 - x[2]1"2x[3]1"16 + x[3]1"18 - x[1]1"16x[4]"2

- x[11712x[2]"4x[4]1"2 + x[1]1"10x[2]"6x[4]1"2 + x[1]1"6x[2]"10x[4]1"2 - x[1]1"4x[2]"12x[4]"2

- x[2]"16x[4]"2 - x[1]~12x[2]"2x[3]"2x[4]"2 + x[1]"10x[2]~4x[3]"2x[4]"2

+ x[1174x[2]1710x[3]1"2x[4]1"2 - x[1]1"2x[2]1"12x[3]"2x[4]1"2 - x[1]1"12x[3]"4x[4]"2

+ x[11710x[2]"2x[3]1"4x[4]1"2 - x[1]"6x[2]"6x[3]"4x[4]1"2 + x[1]1"2x[2]"10x[3]"4x[4]"2

- x[2]1712x[3]174x[4]1"2 + x[1]1710x[3]"6x[4]"2 - x[1]"6x[2]"4x[3]"6x[4]"2

- x[1]1°4x[2]"6x[3]"6x[4]"2 + x[2]~10x[3]"6x[4]"2 + x[1]"6x[3]~10x[4]"2

+ x[1174x[2]1"2x[3]1710x[4]1"2 + x[1]1"2x[2]"4x[3]1"10x[4]1"2 + x[2]"6x[3]"10x[4]"2

- x[1]174x[3]1"12x[4]1"2 - x[1]1"2x[2]"2x[3]1"12x[4]1"2 - x[2]"4x[3]"12x[4]"2 - x[3]"16x[4]"2

- x[11714x[4]1"4 - x[1]1"12x[2]"2x[4]"4 + x[11"10x[2]"4x[4]1"4 + x[1]1"4x[2]"10x[4]"4

- x[1172x[2]1"12x[4]1"4 - x[2]"14x[4]"4 - x[1]1"12x[3]1"2x[4]1"4 + x[1]1"10x[2]"2x[3]"2x[4]"4

- x[1]1"6x[2]"6x[3]1"2x[4]1"4 + x[1]1"2x[2]"10x[3]1"2x[4]1"4 - x[2]1"12x[3]1"2x[4]1"4

+ x[1]1710x[3]1"4x[4]1"4 - x[1]1"6x[2]"4x[3]1"4x[4]1"4 - x[1]1"4x[2]1"6x[3]"4x[4]"4

+ x[2]1710x[3]1"4x[4]1"4 - x[1]1"6x[2]1"2x[3]1"6x[4]1"4 - x[1]1"4x[2]"4x[3]1"6x[4]"4

- x[11"2x[2]"6x[3]1"6x[4]1"4 + x[1]1"4x[3]1"10x[4]1"4 + x[1]1"2x[2]"2x[3]1"10x[4]1"4

+ x[2]174x[3]1710x[4]1"4 - x[1]1"2x[3]1"12x[4]1"4 - x[2]"2x[3]1"12x[4]1"4 - x[3]1"14x[4]1"4

- x[11°12x[4]1"6 + x[11"10x[2]"2x[4]1"6 - x[1]1"6x[2]1"6x[4]1"6 + x[1]1"2x[2]1"10x[4]1"6

- x[2]1712x[4]1"6 + x[1]1710x[3]1"2x[4]1"6 - x[1]1"6x[2]1"4x[3]1"2x[4]1"6 - x[1]1"4x[2]"6x[3]1"2x[4]"6
+ x[2]710x[3]1"2x[4]1"6 - x[1]1"6x[2]"2x[3]1"4x[4]1"6 - x[1]1"4x[2]"4x[3]"4x[4]1"6

- x[1172x[2]"6x[3]1"4x[4]1"6 - x[1]1"6x[3]1"6x[4]1"6 - x[1]1"4x[2]"2x[3]1"6x[4]1"6

- x[1]172x[2]"4x[3]1"6x[4]1°6 - x[2]"6x[3]1°6x[4]1°6 + x[1]1"2x[3]1"10x[4]"6 + x[2]"2x[3]"10x[4]"6
- x[31712x[4]1"6 + x[1]1710x[4]1°8 + x[2]"10x[4]1"8 + x[3]1"10x[4]1"8 + x[1]1"8x[4]1"10

+ x[1]°6x[2]1"2x[4]"10 + x[1]1"4x[2]"4x[4]1"10 + x[1]"2x[2]"6x[4]"10 + x[2]"8x[4]"10

+ x[1176x[3]172x[4]1710 + x[1]174x[2]"2x[3]1"2x[4]1"10 + x[1]1"2x[2]"4x[3]"2x[4]"10
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x[2]"6x[3]1"2x[4]1°10 + x[1]1"4x[3]"4x[4]"10 + x[1]"2x[2]"2x[3]"4x[4]"10 + x[2]"4x[3]"4x[4]"10
x[1]172x[3]"6x[4]"10 + x[2]"2x[3]"6x[4]"10 + x[3]"8x[4]1710 - x[1]"6x[4]"12
x[1]174x[2]"2x[4]1°12 - x[1]"2x[2]"4x[4]"12 - x[2]"6x[4]"12 - x[1]"4x[3]"2x[4]"12
x[1]72x[2]"2x[3]"2x[4]"12 - x[2]"4x[3]"2x[4]"12 - x[1]"2x[3]"4x[4]"12 - x[2]"2x[3]"4x[4]"12
x[3]176x[4]1"12 - x[1]1"4x[4]"14 - x[2]"4x[4]1"14 - x[3]"4x[4]"14 - x[1]"2x[4]"16 - x[2]"2x[4]"16
x[31-2x[4]"16 + x[4]"18;

D42:=-x[1]1"24 - x[1]1"22x[2]"2 + x[1]1720x[2]"4 - x[1]1"14x[2]"10 - x[1]1"10x[2]"14 + x[1]"4x[2]1"20

+

x[1172x[2]1722 - x[2]724 - x[1]1°22x[3]"2 + x[1]1"18x[2]"4x[3]1"2 - x[1]1"12x[2]"10x[3]"2
x[11710x[2]"12x[3]"2 + x[1]"4x[2]"18x[3]1"2 - x[2]"22x[3]"2 + x[1]"20x[3]1"4
x[1]1718x[2]"2x[3]1"4 + x[1]1710x[2]1"10x[3]1"4 + x[1]1"2x[2]"18x[3]1"4 + x[2]"20x[3]"4
x[1]1712x[2]"6x[3]1"6 + x[1]1"6x[2]1"12x[3]1"6 - x[1]1"14x[3]1710 - x[1]1"12x[2]1"2x[3]1"10
x[11710x[2]"4x[3]1710 + x[1]1"4x[2]1710x[3]1710 - x[1]1"2x[2]"12x[3]1710 - x[2]"14x[3]"10
x[1]1710x[2]"2x[3]1712 + x[1]1"6x[2]1"6x[3]1"12 - x[11"2x[2]"10x[3]1"12 - x[1]1"10x[3]"14
x[2]710x[3]1"14 + x[1]1"4x[2]"2x[3]1°18 + x[1]172x[2]1"4x[3]1"18 + x[1]174x[3]1720 + x[2]"4x[3]"20
x[1172x[3]1722 - x[2]"2x[3]"22 - x[3]1°24 - x[1]1"22x[4]1"2 + x[1]1"18x[2]"4x[4]"2
x[11712x[2]710x[4]1"2 - x[1]1710x[2]"12x[4]1"2 + x[1]1"4x[2]"18x[4]"2 - x[2]"22x[4]"2
x[1]1718x[2] "2x[3]1"2x[4]1"2 + x[1]1710x[2]"10x[3]1"2x[4]1"2 + x[1]1"2x[2]"18x[3]1"2x[4]"2
x[11718x[3]"4x[4]1°2 + x[1]1"12x[2]"6x[3]"4x[4]"2 + x[1]"6x[2]"12x[3]"4x[4]"2
x[2]1718x[3]1"4x[4]1"2 + x[11"12x[2]1"4x[3]1"6x[4]1"2 - x[1]1"10x[2]"6x[3]"6x[4]"2
x[1]176x[2]1"10x[3]"6x[4]"2 + x[1]1"4x[2]"12x[3]1"6x[4]"2 - x[1]1"12x[3]"10x[4]"2
x[1]1710x[2]"2x[3]1"10x[4]1"2 - x[1]1"6x[2]"6x[3]1"10x[4]1"2 + x[1]1"2x[2]"10x[3]"10x[4]"2
x[2]712x[3]1710x[4]1"2 - x[1]1710x[3]1"12x[4]1"2 + x[1]1"6x[2]"4x[3]"12x[4]"2
x[1]"4x[2]"6x[3]"12x[4]"2 - x[2]"10x[3]"12x[4]"2 + x[1]1"4x[3]"18x[4]"2
x[1172x[2]"2x[3]1"18x[4]"2 + x[2]1"4x[3]"18x[4]1"2 - x[3]1722x[4]"2 + x[1]1"20x[4]"4
x[1]1718x[2]"2x[4]1"4 + x[11"10x[2]1"10x[4]1"4 + x[11"2x[2]"18x[4]1"4 + x[2]"20x[4]"4
x[11718x[3]1"2x[4]1"4 + x[11"12x[2]1"6x[3]1"2x[4]1"4 + x[1]1"6x[2]1"12x[3]1"2x[4]"4
x[2]718x[3]1"2x[4]1"4 + x[1]1"12x[2]"4x[3]1"4x[4]1"4 - x[1]1"10x[2]"6x[3]"4x[4]"4
x[11°6x[2]"10x[3]1"4x[4]1"4 + x[1]1"4x[2]"12x[3]1"4x[4]1"4 + x[1]1"12x[2]"2x[3]1"6x[4]1"4
x[1]1710x[2] "4x[3]1"6x[4]1"4 - x[11"4x[2]"10x[3]1"6x[4]1"4 + x[1]1"2x[2]1"12x[3]1"6x[4]1"4
x[11710x[3]1"10x[4]1"4 - x[1]1"6x[2]1"4x[3]1"10x[4]1"4 - x[1]1"4x[2]"6x[3]1"10x[4]"4
x[2]710x[3]1"10x[4]1"4 + x[1]1"6x[2]1"2x[3]1"12x[4]1"4 + x[1]1"4x[2]"4x[3]"12x[4]"4
x[1172x[2]"6x[3]1"12x[4]1"4 + x[1]1"2x[3]1"18x[4]1"4 + x[2]"2x[3]1"18x[4]1"4 + x[3]"20x[4]"4
x[1]1"12x[2]"6x[4]1°6 + x[1]1"6x[2]"12x[4]"6 + x[1]"12x[2]"4x[3]"2x[4]"6
x[11°10x[2]"6x[3]1"2x[4]°6 - x[1]1"6x[2]1"10x[3]"2x[4]1"6 + x[1]"4x[2]~12x[3]"2x[4]1"6
x[1]1712x[2]"2x[3]1"4x[4]1"6 - x[11710x[2]1"4x[3]1"4x[4]1"6 - x[1]"4x[2]1"10x[3]1"4x[4]1"6
x[1]1-2x[2]"12x[3]1"4x[4]°6 + x[1]1"12x[3]"6x[4]"6 - x[1]1"10x[2]"2x[3]"6x[4]"6
x[1]1"6x[2]"6x[3]1"6x[4]1"6 - x[1]1"2x[2]"10x[3]"6x[4]1"6 + x[2]"12x[3]1"6x[4]1"6
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- x[1]°6x[2]"2x[3]"10x[4]"6 - x[1]"4x[2]~4x[3]"10x[4]1"6 - x[1]"2x[2]"6x[3]~10x[4]"6

+ x[1]°6x[3]1"12x[4]"6 + x[1]"4x[2]"2x[3]1"12x[4]"6 + x[1]"2x[2]~4x[3]"12x[4]"6

+ x[2]76x[3]"12x[4]"6 - x[1]"14x[4]1°10 - x[1]"12x[2]"2x[4]"10 + x[1]~10x[2]~4x[4]"10
+ x[1]74x[2]1710x[4]"10 - x[1]"2x[2]"12x[4]"10 - x[2]"14x[4]"10 - x[1]"12x[3]"2x[4]"10
+ x[11710x[2] "2x[3]"2x[4]"10 - x[1]"6x[2]"6x[3]"2x[4]"10 + x[1]"2x[2]~10x[3]"2x[4]"10
- x[2]712x[3]"2x[4]1"10 + x[1]1710x[3]1"4x[4]1"10 - x[1]1"6x[2]"4x[3]"4x[4]"10

- x[1]74x[2]"6x[3]"4x[4]1"10 + x[2]"10x[3]"4x[4]"10 - x[1]"6x[2]~2x[3]"6x[4]"10

- x[1]174x[2]"4x[3]1"6x[4]1"10 - x[1]"2x[2]"6x[3]"6x[4]1"10 + x[1]"4x[3]"10x[4]"10

+ x[1]72x[2]"2x[3]"10x[4]"10 + x[2]"4x[3]"10x[4]"10 - x[1]"2x[3]"12x[4]"10

- x[2]72x[3]"12x[4]1"10 - x[3]1"14x[4]710 - x[1]1"10x[2]"2x[4]1"12 + x[1]"6x[2]"6x[4]"12
- x[1]72x[2]"10x[4]"12 - x[1]"10x[3]"2x[4]"12 + x[1]"6x[2]"4x[3]"2x[4]"12

+ x[1]74x[2]"6x[3]"2x[4]"12 - x[2]"10x[3]"2x[4]"12 + x[1]"6x[2]"2x[3]"4x[4] 12

+ x[1]174x[2]"4x[3]"4x[4]"12 + x[1]"2x[2]"6x[3]"4x[4]"12 + x[1]"6x[3]"6x[4]"12

+ x[1]174x[2]"2x[3]"6x[4]"12 + x[1]"2x[2]"4x[3]"6x[4]"12 + x[2]"6x[3]"6x[4]"~12

- x[1]172x[3]"10x[4]1"12 - x[2]"2x[3]"10x[4]"12 - x[1]"10x[4]1"14 - x[2]"10x[4]"14

- x[3]710x[4]"14 + x[1]1"4x[2]"2x[4]"18 + x[1]"2x[2]"4x[4]1"18 + x[1]"4x[3]"2x[4]"18

+ x[1]172x[2]"2x[3]"2x[4]"18 + x[2]"4x[3]"2x[4]1°18 + x[1]"2x[3]"4x[4]"18 + x[2]"2x[3]"4x[4]"18
+ x[1]74x[4]1°20 + x[2]"4x[4]°20 + x[3]"4x[4]°20 - x[1]"2x[4]1"22 - x[2]"2x[4]"22

- x[3]172x[4]"22 - x[4]"24;

MEMORY .D43:=D43; MEMORY.D42:=D42;

--To find if Xi(3) in Fq[xiO,xil,xi2,d43,d42]
Pol:=Xi(3); DX:=Deg(Pol);
-- NExpr is the number of possible polynomials Exp(A,B,C,D,E) of degree equal to deg(xi3)
NExpr:=0;
AH:=Div(DX,24);
For A:=AH To O Step -1 Do BH:=Div((DX-A%24),18); For B:=BH To O Step -1 Do
CH:=Div((DX-A*24-B%18),10);
For C:=CH To O Step -1 Do DH:=Div((DX-A%24-B*18-Cx10),4);
For D:=DH To O Step -1 Do E:=(DX-A*24-Bx18-C*10-D*4)/2; NExpr:=NExpr+1;
EndFor EndFor EndFor EndFor;
PrintLn ’The number of possible forms Exp(A,B,C,D,E) of degree equal to deg(xi3) is ’,NExpr;
MEMORY . NExpr :=NExpr;

-- EDM is the matrix giving on each row a set of possible degrees of the generating polynomials

EDM:=NewMat (NExpr,5); Count:=1;
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For A:=AH To O Step -1 Do BH:=Div((DX-Ax%24),18);
For B:=BH To O Step -1 Do CH:=Div((DX-A%24-B*18),10);
For C:=CH To O Step -1 Do DH:=Div((DX-A*24-Bx18-Cx10),4);
For D:=DH To O Step -1 Do E:=(DX-A%24-B%18-C*10-D*4)/2;
EDM[Count,1]:=A; EDM[Count,2] :=B; EDM[Count,3]:=C;
EDM[Count,4] :=D; EDM[Count,5]:=E; Count:=Count+1;

EndFor EndFor EndFor EndFor;

-- NTerms is the maximum number of terms in the homogeneous polynomials of degree equal to that
-- of Deg(Pol) that have all even indices and that are distinct
-- (terms with permuted indices are not counted as distinct)
NTerms:=0; For Dx1:=DX To Div(DX,N) Step -2 Do
DR1:=DX-Dx1; Degl:=Min([DR1,Dx1]);
For Dx2:=Degl To Div(DR1,N-1) Step -2 Do
DR2:=DX -Dx1-Dx2; Deg2:=Min([DR2,Dx2]);
For Dx3:=Deg2 To Div(DR2,N-2) Step -2 Do NTerms:=NTerms+1;
EndFor EndFor EndFor;
PrintLn("The number of ’distinct’ terms is ", NTerms);

MEMORY .NTerms :=NTerms;

DEGS:=NewMat (NTerms,N); DegC:=1;
For Dx1:=DX To Div(DX,N) Step -2 Do
DR1:=DX-Dx1; Degl:=Min([DR1,Dx1]);
For Dx2:=Degl To Div(DR1,N-1) Step -2 Do
DR2:=DX-Dx1-Dx2; Deg2:=Min([DR2,Dx2]);
For Dx3:=Deg2 To Div(DR2,N-2) Step -2 Do Dx4:=DX-Dx1-Dx2-Dx3;
DEGS [DegC,1] :=Dx1; DEGS[DegC,2]:=Dx2; DEGS[DegC,3]:=Dx3; DEGS[DegC,4]:=Dx4;
DegC:=DegC+1;

EndFor EndFor EndFor;

-- ExpCo extracts the coefficients of terms in a given polynomial that have constituent
-- indices even (In this work all terms with constituent indices odd have coefficient 0)
-- We call these the usable coefficients

-- Also to reduce size the ’symmetrical’ coefficients have been removed
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Define ExpCo(Ply) N:=MEMORY.N; Q:=MEMORY.Q; P:=MEMORY.P; Deg:=Deg(Ply);
NTerms:=MEMORY .NTerms; Count:=1; CoeffList:=NewList(NTerms) ;
For Dx1:=Deg To Div(Deg,N) Step -2 Do DR1:=Deg-Dx1; Degl:=Min([DR1,Dx1]);
For Dx2:=Degl To Div(DR1,N-1) Step -2 Do DR2:=Deg-Dx1-Dx2; Deg2:=Min([DR2,Dx2]);

For Dx3:=Deg2 To Div(DR2,N-2) Step -2 Do Dx4:=Deg-Dx1-Dx2-Dx3;
CoeffList [Count] :=Mod ((Coeff0fTerm(x[1] "Dx1*x[2] "Dx2+*x[3] "Dx3*x [4] "Dx4,Ply)*(1%P)),P);
Count:=Count+1;

EndFor EndFor EndFor;

Return CoeffList EndDefine;

-- CoMat is a matrix whose rows contain the "usable" coefficient of the

-- Exp(A,B,C,D,E) polynomials in the generators of the ring,RO, and of Xi(3)

CoMat :=NewMat (NExpr+1,NTerms) ;

Define Exp(A,B,C,D,E)
D43:=MEMORY.D43; D42:=MEMORY.D42; Exp:=D42~A*D43"B*Xi(2) C*Xi(1) "D*Xi(0) E;

Return Exp EndDefine;

For I:=1 To NExpr Do CoMat[I]:=ExpCo(Exp(EDM[I,1],EDM[I,2],EDM[I,3],EDM[I,4],EDM[I,5])) EndFor;
CoMat [NExpr+1] : =ExpCo (Xi(3));

--PrintLn("The matrix of the usable coefficients is ",CoMat);

-- The following prcedure reduces the transpose of the coefficient matrix to reduced row echelon
-- form giving the last column of the transposed matrix as the solution vector.
-- RowDiv returns the matrix M with Ath row scaled to give M[A,A]=1 if M[A,A]<>0

-- Needs the XInv procedure to find multiplicative inverse of M[A,A]

Define XInv(I)
For A:=1 To MEMORY.Q-1 Do B:=IxA;
If Mod(B,MEMORY.P)=1 Then XInv:=A EndIf; EndFor;

Return XInv; EndDefine;

Define RowDiv(M,A) Rows:=Len(M); Cols:=Len(M[1]); Pivot:=M[A,A];

If Pivot<>0 Then PDiv:=XInv(Pivot); --PrintLn(PDiv);
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For B:=1 To Cols Do M[A,B]:=Mod(M[A,B]*PDiv,MEMORY.P) EndFor; EndIf;

Return M EndDefine;

-- For each row, check whether M[A,A]<>0 and if so do Row Div and subtract M[B,A]l*Row A from
-- Row B row. If M[A,A]=0 then find a M[B,A]<>0 if possible and exchange rows then do above.
Define ColClear(M,A) Rows:=Len(M); Cols:=Len(M[1]);

If M[A,A]=0 Then Temp:=M[A]; For B:=A+1 To Rows Do

If M[B,A]<>0 Then M[A]:=M[B]; M[B]:=Temp; Break

EndIf EndFor EndIf;

If M[A,A]<>0 Then M:=RowDiv(M,A);

For B:=1 To Rows Do If B<>A Then Scal:=M[B,A];

For Bl:=1 To Cols Do M[B,B1]:=Mod(M[B,B1]-M[A,B1]*Scal,MEMORY.P) EndFor;
EndIf EndFor EndIf;

Return M EndDefine;

-- RowRed reduces an augmented matrix to reduced row echelon form
Define RowRed(M) Rows:=Len(M); Cols:=Len(M[1]); Reps:=Min(Cols-1,Rows);
For A:=1 To Reps Do M:=ColClear(M,A) EndFor;

Return M EndDefine;

-- Implementing the row reduce procedure to find the given form in terms of the generators
SM:=RowRed (Transposed(CoMat)); Cols:=Len(SM[1]); Colsl:=Cols-1;
SMT:=Transposed (SM) ; Sol:=Submat (SMT, [Cols],1..Colsl);Soll:=Sol[1];
PrintLn("Solutions for n=",N," and g=",Q," are ",Soll);
PolExp:=0;
For J:=1 To NExpr Do
P1:=S0l1[J]*d[2] "EDM[J,1]*d[3] "EDM[J,2] *s[2] "EDM[J,3]*s[1] “"EDM[J,4]*s[0] "EDM[J,5];
PolExp:=PolExp+P1l EndFor;
If PolExp= Subst(Pol, [[s[0],Xi(0)],[s[1],Xi(1)],[s[2],Xi(2)],[d[2],D42],[d[3],D43]])
Then PrintLn ’Pol=’,Pol Else PrintLn FALSE EndIf;;
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F.2 Owutput for code in Appendix F.1

Below we give the output of the above code with Pol:=Xi(3) giving in particular {3 as a polynomial
in &o,&1,81,d3, da.

Z/(3)[t,x[1..4],s[0..3],d[2..3]]

The number of number of possible polynomials Exp(A,B,C,D,E) of degree equal to
deg(xi3) is 22

The number of ’distinct’ terms is 47

Solutions for n=4 and g=3 are

(2, 0,2,2,0,1,0,1,0,0,2,0,2,0,2,0,1, 0,2, 0,0, 0]

Pol=-s[0]"8s[1]1"3 + s[0]"4s[1]1°5 - s[0]"7s[1]s[2] - s[1]1"7 - s[0]"3s[1]"3s[2] + s[0]"5d[3]
+ s[0]"2s[1]s[2]"2 - s[0]s[1]172d[3] - s[1]d[2] - s[2]d[3]

The code above calculates di, as defined in the statement of Conjecture 4.1, as a polynomial in the generators of the
ring Ro with Pol:=Xi(3); replaced by Pol:=D41. The explicit expression for D41 is included in the code as given in
the output in Appendix B.5.

The polynomial for d; in terms of &o, &1, &1, ds, d2 is then given below.

Pol=s[0]~11s[1] + s[0]1"7s[1]1°3 - s[0]"3s[1]°5 + s[0]-"6s[1]s[2] + s[0]-2s[1]1"3s[2] - s[0]"4d[3]
- s[0]s[1]s[2]"°2 + s[1]"2d[3]
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F.3 The kernel of the map Q;f

We give here the code used to calculate the generators of the kernel of the map QZ presented in

Definition 7.1 together with the output from the code. We have omitted the explicit expressions

for ds and ds as D43 and D42 to save space. These can be copied from the code in Appendix F.1.

Thus we have the relation on the ring Ry.

N:=4; MEMORY.N:=N; P:=3; MEMORY.P:=P; D:=1; Q:=P°D; MEMORY.Q:=Q;
Use S::=2/(3)[x[1..4]1]1;
RO::=Z/(3) [s[0..2],d[2..3]];

—-- The procedure Xi(I) generates the Xi(j)s from Xi(0):=x[1]"2+....+ x[n]"2

Define Xi(I)
Q:=MEMORY.Q; N:=MEMORY.N;
Xi:=0; For A:=1 To N Do Xi:=Xi+x[A]"(Q~I+1) EndFor;
Return Xi

EndDefine;

D43:=; --Copy expression for D43 from previous section

D42:=; --Copy expression for D42 from previous section

Qmap:=Alg.Map(’R0’,’S’, [Xi(0),Xi(1),Xi(2),D42,D43]1);
Use RO;

QmapKer :=Gens (Alg.Ker (Theta)) ;

QmapKer;

Eval (QmapKer, [0]) ;

[-s[0]~11s[1]1"2 - s[0]1"7s[1]1"4 + s[0]"10s[2] + s[0]"3s[1]1"6 - s[0]"6s[1]1"2s[2] - s[0]"2s[1]"4s[2]

+ s[0]174s[1]1d[3] + s[0ls[1]1"2s[2]"2 - s[0]1"3d[2] + s[1]173d[3] + s[2]"3]

[s[1]173d[3] + s[2]"3]
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