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Abstract

We investigate the maximal size of distinguished submatrices of a Gaussian random matrix. Of
interest are submatrices whose entries have an average greater than or equal to a positive constant,
and submatrices whose entries are well fit by a two-way ANOVA model. We identify size
thresholds and associated (asymptotic) probability bounds for both large-average and ANOVA-fit
submatrices. Probability bounds are obtained when the matrix and submatrices of interest are
square and, in rectangular cases, when the matrix and submatrices of interest have fixed aspect
ratios. Our principal result is an almost sure interval concentration result for the size of large
average submatrices in the square case.
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1. Introduction

A Gaussian random matrix (GRM) is a matrix whose elements are i.i.d. standard normal
random variables. Gaussian random matrices have been a fixture in the application and
theory of multivariate analysis for many years. Recent work in the field of random matrix
theory has provided a wealth of information about the eigenvalues and eigenvectors of
Gaussian and more general, random matrices (see, e.g., Anderson, Guionnet and Zeitouni
[2]). This paper considers a different problem, namely, the maximal size of distinguished
submatrices in a Gaussian random matrix. We consider submatrices that are distinguished in
one of two ways: (i) the average of their entries is greater than or equal to a positive
constant, or (ii) the optimal two-way ANOVA fit of their entries has average squared
residual less than a positive constant.

Our goal is to identify maximal size thresholds, and associated probability bounds, for large
average and ANOVA-fit submatrices. Results are obtained when the matrix and the
submatrices of interest are square, and when the matrix and the submatrices of interest are
rectangular with fixed aspect ratios. In each case, the maximal size of a distinguished
submatrix grows logarithmically with the dimension of the matrix and depends, in a
polynomial fashion, on the inverse of the constant that constitutes the distinguishability
threshold. In the rectangular case, the aspect ratio of the submatrix plays a more critical role
than the aspect ratio of the matrix itself. Our principal result establishes almost sure upper
and lower bounds for the size of large average submatrices in the square case. In particular,
for nx nGaussian random matrices, we establish that the size of the largest square
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submatrix with average greater than a positive constant T is eventually almost surely within
an interval of fixed width that contains the critical value 4t=2(In 72— In(41~2 In 7)).

Results of the sort established here fall outside the purview of random matrix theory and its
techniques. Nevertheless, random matrix theory does provide some insight into the
logarithmic scale of large average submatrices. This is discussed briefly in Section 1.2
below.

1.1. Bipartite graphs

Our results on large average submatrices can also be expressed in graph-theoretic terms, as
every mx nmatrix Xis associated in a natural way with a bipartite graph G=(V, £). In
particular, the vertex set VVof Gis the disjoint union of two sets V4 and V5, with |V4|=m
and | V5| = n, corresponding to the rows and columns of X; respectively. For eachrow / V4
and column /. V; there is an edge (/, /) £ with weight x; ;. There are no edges between
vertices in V4 or between vertices in V5. With this association, large average submatrices of
Xare in 1: 1 correspondence with subgraphs of G having large average edge-weight. The
complexity of finding the largest subgraph of G whose average edge weight is greater than a
threshold appears to be unknown. However, it is shown in [4] that a slight variation of this
problem, namely finding the maximum edge weight subgraph in a general bipartite matrix,
is NP-complete. A randomized, polynomial time algorithm that finds a subgraph whose edge
weight is within a constant factor of the optimum is described in [1], but this algorithm
cannot readily be adapted to the problem of identifying the large average submatrices
considered here.

1.2. Size thresholds and random matrix theory

The results of this paper are combinatorial in nature and do not rely on the spectral
techniques employed in random matrix theory. Nevertheless, existing results in random
matrix theory provide insights into the relationship between the large average submatrices
studied here and the singular value decomposition. These results indicate that there is a
significant gap between the logarithmic size thresholds at which large average submatrices
become significant, and the root-# size thresholds at which they are detectable by standard
spectral methods.

Let Whbe an m x n Gaussian random matrix, and let T > 0 be fixed. Define a rank-one matrix
S=(1+0d)tat, whered>0anda {0,1}7" b {0, 1}"are indicator vectors having kand /
non-zero components, respectively. The outer product a4’ defines a submatrix {/whose rows
and columns are indexed by the indicator vectors aand 4. Let Y= W+ Shbe the sum of W
and S, which we regard as a perturbed version of S. Suppose that the dimensions /m, ngrow
in such away that m/7 - awitha [1, o), and that the dimensions &, /grow in such a
way that A/log n — o and &//remains bounded away from zero and infinity. It follows from
Proposition 4 that the probability of finding any & x /submatrix with average greater than T
in the unperturbed matrix Wis vanishingly small. On the other hand, the average of the A% /
submatrix U of Y has distribution .#/(1 + 8)T, (k)~1), which is greater than T with
probability very close to one when kand /are large. We might expect to see evidence of the
submatrix U/ in the first singular value of the matrix Y; or its associated left and right
singular vectors. However, in a sense we make precise below, this is not the case.

Let 51(V) = ... = 5,(V) denote the ordered singular values of an m x nmatrix V; and let

_ 2 . . .
||V||F—Zi7jvi,j denote its Frobenius norm. As si(-) is a norm, we have

51(Y) = s;(W)| < s1(Y = W) < ||y =W

o=(14+6)* 7%k, (1)
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where the second inequality makes use of the fact that the Frobenius norm of a matrix is the
sum of the squares of its singular values. By a basic result of Geman [5],

s1()
nl/2

— (1+a'?)

with probability one as /7tends to infinity. If k= o(m2) and /= o(/*/2), inequality (1)
implies that 77Y2|s;(Y) - sy(W)| - 0 with probability one, and therefore (2) holds with Yin
place of W. In other words, for fixed T, and dimensions &, /such thatlog n & / 2,
the embedded submatrix Uof Yis highly significant, but has no effect on the limiting
behavior of s1(Y). Under the same conditions, Uis also not recoverable from the top
singular vectors of Y. To be precise, let ¢4 and v, be the left and right singular vectors of Y
corresponding to the maximum singular value s;(Y). Using results of Paul [8] on the
singular vectors of spiked population models, it can be shown that az4 and £%v4 tend to zero
in probability as /7tends to infinity. Thus the row and column index vectors of Uare
asymptotically orthogonal to the first left and right singular vectors of Y.

1.3. Overview

The next section contains probability bounds and a finite interval concentration result for the
size of large average submatrices in the square case. Size thresholds and probability bounds
for ANOVA submatrices in the square case are presented in Section 3. Thresholds and
bounds in the rectangular case are given in Section 4. Sections 5-7 contain the proofs of the
main results.

2. Thresholds and bounds for large average submatrices

Let W= {w;; /, j= 1} be an infinite array of independent ./'0, 1) random variables, and for
nz1,let W,={w;; 1< j< n}bethe nx nGaussian random matrix equal to upper left-
hand corner of W. (The almost sure asymptotics of Theorem 1 requires consideration of
matrices W, that are derived from a fixed, infinite array.) A submatrix of W, is an indexed
collection U={w;; i A,j B}where A, B {1, ..., n}. The Cartesian product C= A x
Bwill be called the index set of U, and we will write U= W,[C]. The dimension of Uis |A|
x |B], where |A|, | B denote the cardinality of A and B, respectively. Note that rows A need
not be contiguous, and that the same is true of columns B.

Definition. For any submatrix U of W, with index set C= A x B, let
FU)= ! Z w 1 Z w
=T1AT i,j i,
Cladee ~ MAIBLATes
be the average of the entries of U. Note that {U) ~ /0, |Q™1).

We are interested in the maximal size of square submatrices whose averages exceed a fixed
threshold. This motivates the following definition.

Definition. FixT >0 andn= 1. Let Ki(W,) be the largest k= 0 such that W,, contains a k x
k submatrix U with HU) = 1.

As the rows and columns of a submatrix need not be contiguous, the statistic Ky(W}) is
invariant under row and column permutations of W/}, Our immediate goal is to obtain
bounds on the probability that Kz(IW})) exceeds a given threshold and to identify a threshold
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for K(W)) that governs its asymptotic behavior. To this end, we begin the analysis of
Ky(W,) using standard first moment-type arguments, which are detailed below.

Let I (7, T) be the number of A x ksubmatrices in W), having an average greater than or
equal to T. We begin by identifying the value of & for which AT 4(n, T) is approximately
equal to one. Let .74 denote the set of all k& x & submatrices of W}, Then

Ty(n,7)= "> I{FU) >}, -

UeS

and, consequently,
2 2
o [ n n —72K2/2
ETk(n,7)=|5%| - P (F(Wy) > r)_< & ) (1-9(1k)) < ( & > e , @)

where in the last step we have used a standard bound on 1 — ®(:). For s (0, 1), define

(bnﬂ_(s):(zﬂ_)—1/2nn+1/237871/2(n _ 3)—(n—s)—1/2€77252/4. )

n

Using the Stirling approximation of< K ) it is easy to see that ¢, () is an approximation

of the square root of the final expression in (4). In particular, the rightmost expression in (4)
is less than 2o, ¢ (K)2. With this in mind, let s(, T) be any positive, real root of the equation

Onr(8)=1. (8)

The next result shows that s(n, T) exists and is unique, and it provides an explicit expression
for its value when T is fixed and nis large.

Lemmal. Lett > 0 be fixed. When n is sufficiently large, equation (6) has a unique root
s(n, 1), and
4 4 4 4
=—lnn— —=In( =l —+o(1
s(n,T) = nn = n (7_2 nn> +T2 +o(1), @

whereo(l) - 0asn — o« .

We show below that the asymptotic behavior of the random variables K¢(W/},) is governed
by the root s(n, T) of equation (6). To begin, note that for values of & greater than (7, 1), the
expected number of k% ksubmatrices U of W, with A U) =T is less than one. The next
proposition shows that the probability of seeing such large submatrices is small.

Proposition 1. Lett > 0 be fixed. When n is sufficiently large,

4] 2r
P (K, (Wy) > s(n,7)+r) < 262/72”%(&)

T2

foreveryr=1, ..., n

The proofs of Lemma 1 and Proposition 1 are given in Section 5. The arguments refine those
in [11], with adaptations to the present setting. The asymptotic nature of the bound in
Proposition 1 results from the o(1) term in 57, T), and, in particular, approximations arising
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from the general form of Stirling’s formula. Using a more elementary bound, one may
readily obtain a non-asymptotic result for a size threshold that includes only the leading term
of s(n, T).

Proposition 2. Lett > 0 be fixed. Then

4
P (KT(W,,) > —2lnn+r> <n %
T

4
for every n, r= such z‘haz‘ﬁ Inn+r>2.

It follows from Proposition 1 and the Borel-Cantelli lemma that, with probability one,
K(W,) is eventually less than or equal to [s(n, T)] + 1 < (1, T) + 2. With this bound in
mind, it is of interest to know more about the asymptotic behavior of Kz(W). It turns out
that the limiting distribution of Ky(W,) is essentially degenerate. Our principal result, stated
in Theorem 1 below, makes use of a second moment argument in order to obtain an almost
sure lower bound on K3(W,) that is within a constant factor of the upper bound derived from
Proposition 1. The proof is given in Section 7.

Theorem 1. Let W, n= 1, be Gaussian random matrices derived from an infinite array W,
and lett > 0 be fixed. With probability one, when n is sufficiently large,

s(n,7) — 5 — —5— —4 < K (W) <s(n,7)+2. (9
T

Note that the difference between the upper and lower bounds in Theorem 1 is a constant that
depends on T, but is /ndependent of the matrix dimension ». In particular, the values of the
random variable K¢(WW},) are eventually concentrated on an interval that contains (7, T) and
whose width is independent of ». It follows from Theorem 1 that

K, (W)
47 2logn

almost surely as 77 — o . The lower bound in Theorem 1 can be slightly improved. An
examination of the argument in Lemma 4 in Section 7 shows the inequality of the theorem
still holds if the quantity 12 In 2 is replaced with any constant greater than 8 In 2.

Extending earlier work of Dawande et a/. [4] and Koyuturk et a/. [6], Sun and Nobel [10,11]
obtained a similar, two-point concentration result for the size of largest square submatrix of
ones in an i.i.d. Bernoulli random matrix. Bollobas and Erdés [3] and Matula [7], established
analogous results for the clique number of a regular random graph; see [11] for additional
references to work in the binary case. The proof of Theorem 1 relies on a second moment
argument, but differs from the proofs of these earlier results due to the continuous setting. In
particular, the proof makes use of the fact that, under the Gaussian assumption made here,
for any A x ksubmatrix U of W, there exists an upper bound and a lower bound on AR V) =
T) whose ratio is of order T4
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3. Thresholds and bounds for ANOVA submatrices

In this section, we derive bounds like those in Proposition 1 for the size of submatrices
whose entries are well fit by a two-way analysis of variance (ANOVA) model. A statistical
introduction to ANOVA can be found in Scheffé [9]. Roughly speaking, the ANOVA
criterion identifies submatrices whose rows (and columns) are shifts of each other.

Definition. For a submatrix U of W, with index set A x B, define

. 1
G(U)=min { (A =D (B[-1) Z (wij —a; —bj — 0)2} )

i€A,jEB

where the minimum Is taken over all real constants{aj. i A}, {b;.j B} andc.

Under the ANOVA criterion, a submatrix U will warrant interest if G(U) is less than a pre-
defined threshold. Note that by standard arguments,

G(U)_(|A]—1)(\B|—1)i€/§EB( = Wi — W),

where w;, w,and w. denote the row, column, and the full submatrix averages, respectively.

Definition. Given0 <t <1, let L{(W,) be the largest value of k such that W,, contains a k x
k submatrix U with G(U) < T.

Arguments similar to those in the proof of Proposition 1, in conjunction with a probability
upper bound on the left tail of a x2 distribution, establish the following bound on Ly(W).
The proof is given in Section 6.

Proposition 3. Lett > 0 be fixed. When n is sufficiently large,

Inn 2r+42
P(Lr(Wy) > t(n, 7)+r) < 2e1+2/10) (_h : )> )
T

foreveryr=1, ..., n, where

4 4 4 4
t(n, T):mlnn — h(T) hl (h(fr) lnn> +h(7’) +2
and

h(r)=1—1—1log(2 —7). @0)

Proposition 3 and the Borel-Cantelli lemma imply that L (W) < ¢(n, T) + 1, eventually,
almost surely. The arguments used to lower bound K(W};) in Theorem 1 do not extend
readily to L{(W/,); we are not aware if a similar interval-concentration result holds in this
case.

Bernoulli (Andover). Author manuscript; available in PMC 2013 November 03.
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4. Thresholds and bounds for rectangular submatrices

The probability bounds of Propositions 1 and 3 can be extended to non-square submatrices
of non-square matrices by adapting the methods of proof, detailed in Sections 5 and 6,
respectively. We present the resulting bounds below, without proof. Similar results
concerning submatrices of 1s in binary matrices can be found in [11].

Definition. Let W(m, n) denote an m x n Gaussian random matrix, and leta >0 andff = 1
be fixed aspect ratios for the sample matrix and target submatrix, respectively.

a. Fort>0, let K(W: n, o, B) be the largest integer k such that there exists a [BK| x k
submatrix U in W([an), n) with RU) = T.

b. ForO<t<1, let Li{(W: n, a,B) be the largest integer k such that there exists a [BK]
x k submatrix U in W([an|, n) with G(U) < .

Proposition 4. Fixt > 0 and any € > 0. When n is sufficiently large,

Inn (B+1+4e)r
o

P(K,(W:n,a,B) > s(n,T,a, )+r)+ < n*(ﬁ+1)r<

foreachl1 < r< n, where

204671, 20487Y

2(1+671)
7-2 7-2 2

Inn

2
S(H,T,a,ﬂ): +§1na+cl(/67 T)

for some constant C;(B, 1) > 0.
Proposition 5. Fix0 <t <1 and anye > 0. When n is sufficiently large,

lnn ) (B+14e)r

P(L: (W, a,8) > t(n, 7,0, B)+r) < ”WH)T(h(r)

foreachl1 < r< n, where

t(n,T,a,ﬁ)zz Inn +h(T)_1lna+C2(,8, T)

(1+87Y, 20467 {2(1+ﬁ1)
h(7) h(7) h(7)

for some constant C(B, 1) > 0, where (1) is defined as in (10).

Remark. The bounds in Propositions 4 and 5 have a similar form. In each case, the bound is
of the form 7~ ®+1) times a polynomial in In 7, and the leading term in &() and £(:) are of the
form (1+B~1) In ntimes a function of the threshold T. The aspect ratio p of the target
submatrix plays a critical role in both the size threshold and the probability bound. This
reflects the dependence of the size of a [BA] x A'submatrix on . By contrast, the aspect ratio
a of the sample matrix plays a secondary role, its logarithm appearing only in the constant
term of s() and #(-).

5. Proof of Lemma 1 and Proposition 1

Proof of Lemma 1. Let T > 0 be fixed, and note that

Bernoulli (Andover). Author manuscript; available in PMC 2013 November 03.
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2.2
Ing, ~(s)= (n—l—%) lnn— (54—%) Ins— (n — s+%> ln(n—s)—%—%hﬁw. (12)

Differentiating In ¢, (5), with respect to s, yields

oo, -(s) 1 1 572
e —2(n_s)+1n(n s) 55 Ins R

The last expression is negative when 212 In n< s< 4172 In 17, we now consider the value of
In @, () for soutside this interval. A straightforward calculation shows that for 0 < s<
2121In n,

9 sT2 9 1 1
Ing, ~(s)s [ In(n — 27~ *Inn) — o~ In Inn — In27 — §lns - §1n27r,

which is positive when nis sufficiently large. In order to address the other extreme, note
that, from (11), we have

2 1
Ing, -(s) < s (ln(n —s)— % — 1ns> — Elns—i—(n—i—l/Q)ln (ﬁ) . (12)

It is easy to check that the right-hand side of the above inequality is negative when s> n- 2.
Considering separately the cases s+2 < n< (2 In 2)"1sIn sand 7= (2 In 2)1sIn s, one may
upper bound the final term above by (s1n 5)/2 + (In 2)/2 and 25+ (In 2)/2, respectively.
Thus, for s< n-2, we have

slns+ In2
2 2’

1
Ing, -(s) <s <]n(n —s5)— % — lns> — §lns—|—23—|—

when 7 (and therefore ) is sufficiently large. Thus for large 77 there exists a unique solution
s(n, T) of the equation ¢, (s) = 1 with (7, ) (2T72In n, 4172 In 7).

Taking logarithms of both sides of the equation ¢, () = 1 and rearranging terms yields the
expression

11 n il n ( _’_1)1 tsin( ) 7252 In2n 13
—In nln — [ s+= ) Ins+sln(n — 8) — —=—.
2 n—s n—s 2 4 2 (13)

The argument above shows that the (unique) solution of this equation belongs to the interval
(2t2In n, 4172 In 1), so we consider the case in which sand n/stend to infinity with 7.
Dividing both sides of (13) by syields

Bernoulli (Andover). Author manuscript; available in PMC 2013 November 03.
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2 1
In(n —s) — % —Ilns=—-1+0 (E> ;

S

which, after adding and subtracting terms, can be rewritten in the equivalent form

2 _
Inn — 22 _In lnn=In <i> —In (n S) - 140 <]I1_S) - (19
4 Inn n S

For each n> 1, define A(n) via the equation

s(m, 7’):47'_21nn — 47 %n lnn+R(n).

4 4
Plugging the last expression into (14), we find that R(”)Zﬁ(l - ln§)+0(1), and the
result follows from the uniqueness of §(7, 1)

Proof of Proposition 1. Fix 1> 0. If [s(n, T) | + r> n, the bound (1) holds trivially; in the
case of equality, it follows from a standard Gaussian tail bound when nis sufficiently large.
Fix n= 1 for the moment, and suppose that /= [s(n, T) | + r< n- 1. By Markov’s inequality
and the definition of ¢ ("),

P (E-(Wy) 2 s(n,7)+r) =P (K;(W,) > 1) =P (Ii(n,7) > 1) < ETy(n,7) < 267 (1) < 267, - (s(n,7)+7).

Lety= e‘T2/4, and, to reduce notation, denote s(#, T) by s, Under the constraint on r, a
straightforward calculation shows that one can decompose the final term above as follows:

207, (1) =207 - (50)7"*" [An (1) Ba (r)C(r) D ()] (16)

where

o —n4r+sp,—1/2 —sn—1/2 _ r
Anlr)= (") Balr)=(T2) )= (B ) Dalr)=

n— s, 43S,

It is enough to bound the right-hand side of (16) as nincreases, and 7= 7(n) is such that [ (1,
T)| + r< n- 1. By definition, 9,1 (s, = 1, and
2,}/2rsn

max———————— — Oasn — oo.
r>1 n=2r(4lnn/72)

Thus it suffices to show that the product A1) BL(n CAnND,{1 is uniformly bounded in . To
begin, note that for any fixed 0 < 4 < 4,

C’n 1/T:u Sn L ﬁ Sno T
(r) r+sn7 _sn7 —4-96

The last term will be less than one when 6 is sufficiently small and #is large. The term B,(1)
< 1 for each r=1, so it only remains to show that max,~1 A{n-D,(7) is bounded as a
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function of n. A straightforward calculation shows that In A,(7) < r, and consequently,

7_2,r,2
In(An(r) - Dn(r)) < 7 = ——, a quadratic function of rthat is bounded from above by 1/72,
Proof of Proposition 2. Let k= [4172 In n1] + r2 3. Following the argument in (15), we find
that

2 212 on\ 2 212
P(K,(W,)>k) < El"k(n,T):< Z > exp {— ; } < <?> exp {—Tk} =exp {2k(1

+Ilnn — Ink)

272
=exp {2k (1

2
k
+Ilnn — Ink — TT <exp{2k(1

-2
—Ink — =" <exp{

The second inequality above makes use of the standard bound
k
n en
( K ) <(%)-

The penultimate inequality follows from the fact that A= 3.

6. Proof of Proposition 3

For any kA x ksubmatrix U of the Gaussian random matrix W, it follows from standard
arguments that (k- 1)2G(U) has a x? distribution with (k- 1)2 degrees of freedom. In order
to bound the quantity A G(U) < 1), which arises in the analysis of Li(WW};), we require an
initial result relating the right and left tails of the x2 distribution.

Lemma 2. Suppose that X ~? for some € = 3. Then for0 < t< 8 - 2 we have

P(X <t)<P(X >20—4—1).

Proof. Let fdenote the density function of Xand let0 < #< £ - 2. Since
20—4

P(X < )= / J(s)dsandP(X 220 —4—1) > / L s

it suffices to show that

f(s)

—————— < lfor all £ —2.
FRl—4—s) = or all0<s< 17

Bernoulli (Andover). Author manuscript; available in PMC 2013 November 03.
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To this end, note that the ratio in (17) can be rewritten as follows:

f(s)
f20—4—5)
$(6=2)/255/2

(20— 4 — 3)(5—2)/26—(25—4—@/2
0-2)/2
_ [(1 2-4- 25) eg(g_z_s)/(z—z)]( )/ (18)

20—4—s
(e—2)/2
:[(1 — l) ez/@“*l)] withu
u
AU —d—s
WU —4—2s

As stends to £ - 2, utends to infinity, and therefore

im ¢: lim <1 — l) e2/(2u=1)_1
s—>(l—2)f<2€ —4 — 5) U—00

Thus, it suffices to show that for ¢z (1, o ), the final term in (18) is an increasing function
of . Differentiating with respect to we find that

>0

d (1 B 1) o2/ _ (20— 1)% — 4(u — DY 2/(2u-1)

du u u?(2u — 1)

where the inequality follows from the fact that ¢> 1. Inequality (17) follows immediately.

Proof of Proposition 3. To begin, note that if X has a x2 distribution with £ degrees of
freedom, then by a standard Chernoff bound,

—t)2
P(X>r)< min (1- 23)_€/2e_": Kg) e(r/e_l)] . (19)
0<s<1/2 r

Let 0 < T <1 be fixed. Fix 7> 1 for the moment and let 7> 1 be such that k= [¢(n,T) | + r<
n, where £(n, T) is defined as in the statement of Proposition 3. Let Ube any & x ksubmatrix
of W, and let £ = (k- 1)2. As noted above, the random variable £G(U) has a x2 distribution
with £ degrees of freedom, so by Lemma 2 and inequality (19),
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P(G(U) < T)=P((G(U) < (r) < P(LG(U) > (2 — )t

—4) <exp{
L [w

2 V4

. l—}—lnwﬁ]}
e L
o

~ e {[2+50 (1- 5 )]} < e
-5la
—7)—1In(2

—T)]}exp{Q— 237_}~

The second term in the last display is, at most, e. It follows from a first moment argument
that

2 2 2
P(L.(W,) > k) < ( Z ) PGU)<T) < e( Z ) g*D* < e( i " . ) g% 2,

where

a=exp{3]~(1 — T)+in(2 - 7]}

The quantity A1) =(1-1) - In(2-1)=20as 0 <1< 1 Define

o= \/h(T): \/(1 —7)—1n(2 - 1),

and note that

4 4 4 4
k:fmlnn — G In <h(7’) 1nn) +h(7)w+2+r > s(n,70)+2+7,

where (1, Tp) is defined as in Lemma 1. Following the argument after inequality (15) in the
proof of Proposition 1, and using the monotonicity of ¢+, for sufficiently large 77, we find
that
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2 2
no ey
(<52)s

2
:< e ) e < 2 (k

—1) <20, , (s(n, 70)
ln_n)z’"“ s
7

+r+1) < 2e2/T3(

Inn \27+2
—0u2/h(7) —or—2
2e (—h(’T)) n .

The result then follows from (21).

7. Proof of Theorem 1

In what follows we make use of standard bqunds on the tails of the Gaussian distribution,
namely that (39)2e=572 < 1 - d(s) < s"te~*/2 for s> 3. The proof of Theorem 1 is based on
several preliminary results. The first result bounds the ratio of the variance of I' (T, ) and
the square of its expected value, a quantity that later arises from an application of
Chebyshev’s inequality.

Lemma 3. FixT > 0. There exist integers ny, ko = 1 and a positive constant C depending on
T but independent of k and n, such that for any n= my and any k = kg,

()0 () ()
Mgcz&ii ! k—1 r k—r exp{ﬁ<1+k2_rl>}- -

(Erk‘(Ta n))Z I=1r=1 n n 2 k2+7‘l

k k

Proof. Let .7, denote the collection of all A x & submatrices of W, Itis clear that

2
ETy(n,7)= Y P(F(U)>7) =( . ) (1-0(k7)). @)
Ues,
In a similar fashion, we have
ET{(n,7)= Y P (F(U)>7andF(U;)>7).
U7j7Uj€ey/k
Note that the joint probability in the last display depends only on the overlap between the

submatrices U;jand U;. For 1 < r, /< kdefine

G(r,1)=P (F(U)>randF(V)>7),
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where Uand Vare two fixed & x ksubmatrices of Whaving rrows and /columns in
common. Note that G(r, ) =0 if 2k— r> nor 2k—- /> n. A straightforward counting
argument shows that

E ok 2
srien-yn(1) (1) (12) (1) (32 Yoo

In particular,

Varl'y(n, )
(ETx(n,7))°

(1)) ()

Here we have used the fact that \ k=l k Jisa probability mass function,
and that G(r, 0) and G(0, /) are eizther equal to zero or equal to (1 — ®(kT))2. When At =3 we
have (1 — ¢(kt))? = (3kt)‘2e"‘2 T, It therefore suffices to show that for 1 < r, /< k, such that
2k-r< nand 2k- /< n, one has

9 5 o TlT2 k% —1l
G(r,1) < Ck“exp {—k T -l—T <1+_k2—|—1‘1 v (23)

where C> 0 depends on T but is independent of kand n. Inequality (23) is readily
established when r= /= k; so we turn our attention to bounding the quantity G(r, /) when it
is positive and 1 < r/< A2. In this case

2
Vrl [ : k*r —rlt
G, )=~ / e2p( pwave) > BT gy,
Vor) e W2l

where U, Vare submatrices of W, having rrows and /columns in common. Let (D_(X) =1-
®(X). Note that G(r, /) = Dy + Dy where

NI 29-2 [ K21 —7rlt
Do= / e 297 (T ) [{k2r — rlt<1}dt
" Vor) e N { bt e

and
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D=

Vvrl /OO 12 /2 72 E2r —rlt 9
e " O | — | I{k*T — rlt > 1}dt.
V2r) —co VEk2 —1rl { - } (25)

Consider first the term D defined in (25). As r/# k% and k2T — r/t=> 1, the normal tail bound
yields

_ (K2 —rit k2 — 7l (K2 —rit)?) (k27 — rit)?
d ( o— rl) < N rlt)eXp {_72(1# ) } =0 (\/k2 — rl> exp {_72(152 =) } .

Plugging the last expression into (25), the exponential part of the resulting integrand is
(K =iy’ rie?
(k2 —7l) 2’
which (after lengthy but straightforward algebra) can be expressed as

rir? [ k2=l ik EEEN AN
—K2 1 - i (22 )
™ ( TR ) stz =y \ O e

It then follows that

l 2
Dy < O(k? — rl)exp {_k%u% (1

k2 — rl) E2—rl [ |ri(k24rl)

Ry K21l
2
ri(k?+rl) 7(k2 —7l)
—_—— —t4+—— dt.
2062 — rl) (T T

The term preceding the integral is less than one, and the integral is equal to one. Thus D is
less than the right-hand side of (23).

We next consider the term Dy defined in (24). Note that A2t — r/t< 1 is equivalent to > (k2T
- 1)/r/, and therefore

Dy < /OO ﬂefrth/Zdt:(i, KT —1 < k/rl o (k37=1)%/(2rl)~Ink
T kRr-n/r V2T Vrl ) T V2r(k2r — 1)

Comparing the last term above with (23), it suffices to show that when kis sufficiently
large,
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or, equivalently,

(k2 — rl)27'2 — 2k%7+41+2rllnk > 0. (26)

Suppose first that 71 > +° — k/ VInk_|n this case, the left-hand side of the expression above
is, at least,

—2k*T+142rlnk > —2k*7+14+2(k* — k/ VInk)Ink>0

when kis sufficiently large. Suppose now that ¥* — rl>k/ vInk_ As a quadratic function of
T, the left-hand side of (26) takes its minimum at T = A2/(k% - rl)?, and the corresponding
value is r[=2K2 + rl+ 2(K2 = r)? In K/(K2 - r))2. In this case, the assumption

K — rI>k/ Vink implies

— 2% +rl42(k% — 1) Ink>rl>0.

This establishes (26) and complete the proof.

Lemmad. Lett > 0 be fixed. When k is sufficiently large, for every integer n satisfying the
condition

4 4 4 12In2
k< 7—21nn — ﬁln T—ann - @

we have the bound

Varlg (7, n)2 < k2
(ETy(1,n))

Remark. For the proof of Theorem 1, it is enough to show that the sum over & of the ratio

above is finite, and, for this purpose, the upper bound &2 is sufficient.

Proof of Lemma 4. Let nsatisfy condition (27). By Lemma 3, it suffices to show that

k(

k n—=k k n—=k
l

c (TR TRy
k42 nk : nk exp{ l2 <1+I;2—_|_7qll)}§k2~ (28)
("

I=1r=1 ( & )

In order to establish (28), we will show that each term in the sum is less than A~8. To begin,

note that
k n—=k k —1
(G (F)reo oy
< :<l>kl(n—k),

n) N (n— k)"

k

and that (7 - K)~/= O(7 when /< k= O(*+2). Thus for some constant C> 0,
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2k 4
Rewriting (27) as Inn > T+1ﬂ(§1n7l)+3ln2 yields the bound

2 2 _ —(r+) 2 2
(4 riT k ril —3(r-DIn2 4 T 2k
= )exp{ 5 <1+ P < e 3(rtn ﬁlnn expq o le2+rl —

Lo |

an

4
Combining the last three displays, and using the fact that ¥ < o) In nby assumption, it
suffices to show that

k k —3(r+1)In2 7__2 2k2 _E -8
<r ) ( I )e exp 5 rl—k2+rl 2(r+l) <E" (29

3k
In order to establish (29), we consider two cases for 7+ / Suppose first that 7+ < VR By
elementary arguments,

k k 2k k2 (r+0)* 262 (r41)?
< < (2k) Mandrl < < .
(r)(l)‘(r—i—l)_() MRS T RS 2

It follows from these inequalities that

() (1)t

— —(r+l) < exp{

2k2
k247l
(r+1)*
2

rl

72
2

_ 5(7«

72(r+1) [(r+0)
2 [ 2

+0)] +(r+1)In2k=exp {

2 T2 2 8
k 4 2In2k
2 72 '

As the exponent above is negative when ks sufficiently large, (29) follows. Suppose now

E 2Iln2k 2(r41) 13k
_k 2o Sexp{ﬂrﬂ[_

3k
that 7+ > - From the simple bounds r+{ > 2 Vrl and K+l > 2V k2rl we find that
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2k2 k orlk?
— _Z(r41) < ——— — kV7ri=0,
= 2(7qu )< 2Vk2rl "

and it suffices to bound the initial terms in (29). But, clearly,

( k ) ( 1;‘ >e3(r+l)ln2 < 9%k . 9=9k/4.
T

which is less than &8 when ks sufficiently large.

Proof of Theorem 1. Proposition 1 and the Borel-Cantelli lemma imply that eventually,
almost surely, Ke(W,) < [s(n, T)] + 1. Thus, we only need to establish an almost sure lower
bound on K7 (W})). To this end, define functions

4 4 4
f(n)zﬁlnn — ﬁln (—lnn>

T2

12In2

72

andg(k)=min{n > 1, | f(n)] =k}

for integers 7= 1 and k= 1, respectively. It is easy to see that f{) is strictly increasing for
large values of 1, and clearly f{7) tends to infinity as 72tends to infinity. A straightforward

argument shows that g(k) has the same properties. Thus for every sufficiently large integer
n, there exists a unique integer k= k(1) such that g(k) < n< gk + 1).

Fix m= 1 and consider the event A, that for some 7= mthe random variable Ki(W}) is less
than the lower bound specified in the statement of the theorem. More precisely, define

12In2 4
A= ngm {KT(TVn) < s(n,T) — = T3 3} .

To establish the lower bound, it suffices to show that A(A,) — 0as m — o . To begin, note
that when mis large,

A, C U U {KT( i
k>[f(m)] g(k)<n<g(k+1)

Fix n= msufficiently large, and let k= 4(r) be the unique integer such that g(k) < n< g(k
+1). The definition of g(k) and the monotonicity of 7() ensures that k= | {g(K))] < F(n) < k
+1. In conjunction with the definition of 7(n7) and Lemma 1, this inequality implies that

I=k+1=k>[(n) = f(9(K))] = f(n) = f(9(K))=s(n,T) = s(9(K), T)+0(1),

and therefore s(n, T) < S(g(K), T) + 1+ o(1). Define

)= |stoto).m) - 5 - 5.

From the bound on (77, T) above and the fact that Ky(Wjyx) < Ke(W;), we have
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{KT(W,Z) < s(n,T) — g — — — 3} C { K (W) < (k) —14+0(1) } € {Kx (Wy)) < (k) 1},

T2 T

where the last relation makes use of the fact that K7 and 7(k) are integers. Thus we find that

A, C oo {KT (Wg(k)) <r(k)— 1} .

Consider the events above. For fixed £,

Varr'r(k:) (T7 g(k))
(BT, (T, 9(k)))?

p (KT (Wyw) < (k) - 1) =p (Fr(k)(Tv 9(k))=0) < (30)

where we have used the fact that for a non-negative integer-valued random variable X

P(X=0) < P(|X — EX| > EX) < VLXQ
(EX)

by Chebyshev’s inequality. As (k) < F(g(K)), Lemma 4 ensures that the final term in (30) is
less than £~2, and the Borel-Cantelli lemma then implies that AA,;) — 0as m — oo . This
completes the proof of Theorem 1.
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