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Abstract We derive an explicit expression for the 1/c con-
tribution to the Virasoro blocks in 2D CFT in the limit of
large ¢ with fixed values of the operators’ dimensions. We
follow the direct approach of orthonormalising, at order 1/c,
the space of the Virasoro descendants to obtain the blocks
as a series expansion around z = 0. For generic conformal
weights this expansion can be summed in terms of hyperge-
ometric functions and their first derivatives with respect to
one parameter. For integer conformal weights we provide an
equivalent expression written in terms of a finite sum of undif-
ferentiated hypergeometric functions. These results make the
monodromies of the blocks around z = 1 manifest.

1 Introduction

Conformal symmetry is a powerful tool to constrain the cor-
relators in two-dimensional CFT. It implies that four-point
functions of primary fields on the sphere are given by (pos-
sibly infinite) sums of conformal blocks,! which are func-
tions of the complex harmonic ratio: each block encodes the
contributions of all the Virasoro descendants of a primary
field. Given the central charge ¢ and the conformal dimen-
sions i; and h of the external and internal primary fields,
conformal symmetry determines in principle the full func-
tional dependence of the blocks on the harmonic ratio z. The
infinite dimensionality of the 2D conformal algebra, which
makes this powerful statement possible, also makes the task
of computing conformal blocks particularly difficult. Multi-
ple efforts have been made devoted to this task since the sem-
inal work of [1], but the general form of the Virasoro blocks
for generic values of ¢ remains unknown. Various perturba-

! We use the terms conformal and Virasoro block as synonymous.
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tive expansions of the blocks can be generated via recursion
relations [2—4]. Combinatorial formulae for the coefficients
in the z-expansion of the blocks have been found in [5], based
on the AGT correspondence [6] between 4d supersymmetric
gauge theories and 2d CFT.

When the CFT admits a holographic dual, it is interest-
ing to study the conformal blocks in the limit of large cen-
tral charge. It is well known that in the ¢ — oo limit with
fixed h; and h—a limit that we will call the LLLL limit—
the conformal blocks reduce to the global ones, associated
with the projective subgroup of the local conformal group.
This result can be extended in various directions: one can
consider the so called HHLL limit, in which one keeps fixed
the dimensions of the internal and of two (light) external
operators and sends to infinity the dimensions /. of the two
remaining (heavy) external operators, keeping the ratio s g /¢
fixed when ¢ — oo. The leading contribution to the blocks
in this regime has been derived in [7,8], and the sublead-
ing corrections have been studied in [9—12]. One could also
consider a classical limit in which all the dimensions %; and
h are rescaled together with ¢ [13—15]. Conformal blocks
have also been analysed from a bulk perspective exploiting
their connection with geodesic Witten diagrams and Wilson
lines [16-26].

In this technical note we focus on the LLLL regime and
derive exact expressions for the correction to the Virasoro
blocks at order 1/c. Our main motivation comes from holog-
raphy, since this correction contributes to the connected part
of correlators in the supergravity approximation. In Sect. 2
we compute the blocks by a direct method, summing over the
Virasoro descendants that contribute at the desired order in
the ¢ — oo limit. This produces the result (2.21) given as a
series expansion in the “direct channel” z — 0. In Sect. 3 we
also make various attempts at summing the z-series to have
access to the behaviour of the blocks also away from z = 0.
We first decompose the blocks into three contributions—
denoted as f,, f», f¢ in (3.1)—according to their dependence
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on the external dimensions /;. Two first two terms, f, and fj,
were computed with the Wilson-line approach in [24], and
we verify the agreement with our results. An explicit expres-
sions for the last term was recently derived in [26] by analyt-
ically continuing to a generic dimension /4 the result for the
W> minimal model obtained via the Wilson-line approach
developed in [25]. Here we provide two alternative exact
expressions for f.. Equation (3.13) applies to generic real
values of the internal dimension /, but involves derivatives
of generalised hypergeometric functions with respect to one
of their parameters. We also check that this result agrees with
that of [26], thus providing a further non-trivial confirmation
of the Wilson-line approach at the quantum level. Then we
find that for integer values of & the block can be written as a
finite sum of undifferentiated hypergeometric functions (see
(3.16)). We also make some comments on the somewhat sur-
prising singularity structure of the result: we find that the
1/c correction to the block has a leading singularity around
z = 1 that goes like log?(1 —z), as opposed to the log(1 — z)-
singularity of the ¢? contribution. Since terms proportional
to log?(1 — z) cannot arise in the expansion of the correlator
in the crossed (z — 1) channel, we speculate that these sin-
gularities have to cancel when an infinite series of conformal
blocks is summed to produce a physical correlator.

2 Perturbative Virasoro blocks at large ¢

Let us consider a 2D CFT and focus on the correlator

1
- 69z, 2),

20y =2hy _2hy=2h>
212 212 2347334

(01(21) 01(22) 02(23) O2(24)) =
2.1

where O; are primary operators, z;; = z; — 2, and z is the
following projective invariant cross ratio:

212234
1=

. 2.2)
213324

We can use projective invariance to send z; — 00, z2 — 1
and z4 — 0, so the cross ratio is identified with z3. We denote
with P, ; the projector on the subspace spanned by the Vira-
soro descendants of the primary state |/, ). By inserting this
projector in the correlator above, we isolate the contribution
of a specific Virasoro block to the full correlator,

(01(00) 01 ()P, j; 02(2) 02(0))

= C114Chaz 222V, (2)7h 22 Vi@, (2.3)

where (01(00)...) = limy, 00 27" 21" (01(21) - ) Ciin

are the 3-point couplings between the exchanged operator
Oy, and the external operators O; with i = 1, 2. The factor

@ Springer

of 7", z" are just a convention so as to normalise to 1 the
Virasoro blocks V;,(z), f/;, (z) in the z, Z — O limit.

The most naive approach to the derivation of V,(z) is to
try and construct the projector P, ; by using an orthonormal
basis spanning the space of descendants of |/)
L LM k), (2.4)
where for notational simplicity we focussed on the holomor-
phic sector. It is well known that this is a difficult task in
general, but it is doable in perturbation theory in the large
central charge limit. The reason is that the norm of the states
in (2.4) is proportional to ¢92 T4 and so the elements of the
orthonormal basis are suppressed by a factor of ¢ for each
Virasoro generator with mode lower than —1. Thus in the
strict ¢ — oo limit, it is sufficient to focus on the descen-
dants obtained by acting with L_1, which implies that at
leading order in ¢ the Virasoro blocks reduce to the global
conformal blocks. Here we are interested in the first sublead-
ing correction, so we need to consider the space spanned by
descendants that have at most one L _; generator with s > 2.
At level ¢ we have to deal with the following states:

H, = {L‘11|h>, LooLf ), o L LTy, L,q|h>}.
2.5)
A convenient orthogonal basis is |s),, with s = 1,...,4¢,
where
I)g =L, 1h),
s—1 )
1)g = L—s LT’ |h) - Zaéé?s)(h)lj)q with s=2,...,¢q
j=1
(2.6)

Since 4 (s|s)4 ~ ¢ whenever s > 1, all aéé?s) are of order 1/c¢

except for j = 1 where we have a coefficient all s) of order

1. So at leading order the norm of [s), comes from its first
term in (2.6)
q(1|1)q = qY(2h)q ,
q(s1s)g = (WL [Ls, L 1LY |0y + 0(c%)
- %s <s2 - 1) (RILI L by + 0 (co> 27

_ %s (32 _ 1) (@ —$)Qh)y_s + 0 (c0> L s> 1,

where we denote by (h), the rising Pochhammer symbol,
I'th+q)

(h)y = — L.

I'(h)

Similarly we can calculate the leading part of the mixing
coefficient a((cl[) S)(h), which is the only one contributing at

order O(c%)

(2.8)
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g(1L_s LT |h)
¢(11)g

[A(s + 1)+ (g — )]

o®
gy () =

(2h)g—s
(2h)y

+ 0 (cil) .
(2.9)

A simple way to compute the correlators appearing in (2.7)
and (2.9) is to use the standard conformal Ward identity (see
for example Chapter 6 of [27]), which states that in a cor-
relator containing primary operators at the points z; and a
Virasoro descendant evaluated at z, the operators L _,, can be
replaced by the differential operators £_,,,

(n — Dh;
Lw>Lws= Z [ (zi —2)"

Forn = 1itis convenient to write £_1 as d,, which is equiva-
lentto — ) ; d;; thanks to translation invariance. Acting with
the appropriate ordered string of £_,, on the two-point func-
tion (Op(z1)Op(z2)), and then taking z; — 00,70 — O,
leads to the results in (2.7) and (2.9).

Then we can write the approximate projector on the Vira-
soro block of O, as

g ] e 19)g g8l
Ph—ZTDq-FZZ——}-...,

q=1 1

3.,
e Zl)n—l] . (2.10)

@2.11)

where, again, we are focussing just on the holomorphic part.

The first term yields the leading (global) block
VO(2) = 2 Fi(h, h; 2h; 2) . (2.12)

We now focus on the second term that captures the subleading
1/c correction V}(;U

V,(l])(z) = g2ha—h 22ha—h

oo q
> (01(00)01(Ds)q 4(5102(2) 02(0))

g Ci11rCh22 ¢ (sls)q

(2.13)

Here we need to calculate the numerator and the denominator
to the leading order, that is, respectively, at O(CO) and O (c);
the subleading correction in any of the two will contribute to
V), at order O (¢~2) and so can be neglected. To compute the
three-point function

(01(00)01(D)]s)q
= (01(c0) 01 (1) L_sL? " |h)

al) (1)(01(00) 01()LY k) + O(c ™),

ag (2.14)

we can use again the operators (2.10), apply them on the
three-point function

Ciin
(01(21)01(22) On(z3)) = S Th o (2.15)
212 213423

and then take z; — 00, z2 — 1, z3 — 0. This gives
(01(00) 01 (1)L LT " |h)
=Cip [hiGs =1+ (h+q—5)](h)g—s (2.16)

and

(01(00) O1(WLY k) = Crip (). 2.17)

One thus obtains, keeping only the O (c°) contribution in the
large ¢ limit

(01(00) 01 (D)ls)g
Ciin
= (TG = D+ (g = 91 g5 = (g aly) ()
= Bl (his h) . (2.18)

By using (2.9) for the mixing coefficient ozg) 5 We have

B, (his h) = { [Ai(s =D+ +q—5)](h)g—s

(2h)g—s
2h),

—[h(s + 1D+ (g —9)] (h)q}-
(2.19)

Similarly we find

q(s102(2)0L(0))

= 2ata 2o g (b k). (2.20)
Ch22

Thus we can write the 1/c correction V}(ll) (z) to the full Vira-
soro block as follows:

W 12 5 [ s Bl (B3 h) By (has ) |,
Vi@ = Z[Zs(s 1)(q—s)!(2h)qs]z

q=2

221

A closed form expression for all the coefficients in the z-
expansion of V}(ll)(z) was obtained recently in [26] (see
Egs. (4.40) and (4.42)), based on the approach developed
in [25]. It is straightforward to check by using Mathemat-
ica that (2.21) agrees with the result of [26] as an expansion
around z = 0.

3 Exact Virasoro blocks at large ¢

The result (2.21) allows one to easily derive the behaviour
of the conformal block around z = 0. It might be useful, in
particular when applying the conformal bootstrap method,
to have a non-perturbative control over V;(ll)(z) away from
z = 0, and for this purpose one needs to sum the double
series in (2.21). This is easily done for the identity block
(h = 0) and one obtains the result in Eq. (2.36) of [4]: this is

@ Springer
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nothing but the global block of the stress tensor 7', which is
the only quasi-primary among the descendants of the identity
that contributes at order ¢!,

For general & performing the summation in closed form is
non-trivial. One can distinguish three terms in (2.21), accord-
ing to their dependence on the external conformal dimensions
hi and hj:

[fa(h: 2) hihy + fi(h; 2)(hy + ho) + fe(h; 2)].
(3.1)

qzz = Dm0 X

Re-organising the sums as 22022 Do
with m = g — s, one finds

12
V}(ll)(z) = -

falh; 2) = ,;)SX; m,ss(s +11) (h()z’"h()}:m, (3.2)
folhiz) = “><h- 2 - (2)(h'z) (3.3a)
(3.3b)
A2 = ii 2o [t o] Gnls,
(3.3¢)
feh;2) = (P2 = 2fP () + [P (h;2), (B4
fOh: ) = mzosz’"'s(:s‘ 5 i Jr(;;l));h)’"]z, (3.4b)
fPh;2) = sz|s(’:+s (h(s + 1) +m)
g o
FEh: ) = ZZ — (2 e e+ D+ m)?
2
oyt

Using the series representation of the generalised hypergeo-
metric functions

o (@) - (ap)n "

F,(ai,...,a, . b1,...,by:7) = o pn
pRalt e @b by ,go(b])n...(bq)nn!
(3.5)

one sees that the m-series can be summed in terms of 3 F,
for the case of fc(3) (h; z) and in terms of , F for all other

@ Springer

cases. The remaining sum over s can also easily be done for
fa(h; z) and fb(l)(h; 7), where the m and s-dependence fac-
torise, and for fb(z) (h; z), where one exploits a partial cancel-
lation between the two terms in the square bracket in (3.3c).
One thus obtains

fulhi 2) = (2 PGl (G Z)> 2Fi(h. I 21 2)
) 3.6)
and
£V 2)
—h (1 i w-%) SFi(h, b+ 15203 2),
’ (3.7a)
f,f2)(h' 2)
B (Wm1 (Wm42 2" 2% h(h+1)
2 Z QMymea  m! 4 2h 41 °
Fl(h—i— 1,h+2; 2h+2; 2). (3.7b)

The full f;(h; z) can be simplified to

fo(h;z) = hoFi(h, h; 2h; 2)

+h(1 —2z)log(l —z)
Z

2F1(h, h+ 1; 2h; 2).
(3.8)

The above results for f,(h;z) and fp(h; z) agree2 with
Egs. (3.22) and (3.23) of [24], which were derived with the
Wilson-line approach. The same expressions can be derived
by expanding at first order in 4 i /c the HHLL blocks at order
0(c®) computed in [8].

The genuinely new term is f.(h; z), and it is also the
hardest to compute. In [24] the first few terms in the expan-
sion around z = 0 were given and it can easily be checked
that these terms agree with (2.21). Of the three contributions

D (h;z) with i = 1,2,3, only £ (h;z) can easily be
summed; f, @ (h; z) and fc(g) (h; z) can be re-organised as a
sum of series over s containing hypergeometrics of the , Fj
and 3 F>-type. All the series are of the form

p+1ﬁ (ai,...,ap,a;b1;...,by;2)
z* 1_[ (ap)r
Z p+1Fy
T1, bg)s
X(al+s,...,ap+s,0!;b1+s,-..,bq+s;z),
(3.9)

2 Note that our definition (2.3) of the conformal blocks Vj,(z) differs
from the one of [24] by the overall factor =212 The equivalence of
the two expressions for f}, follows from Gauss contiguous relations for
the hypergeometric functions.
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where p = g = 1 for fc(2> (h;z) and p = g = 2 for with zﬁl defined as in (3.12) and

fc(3)(h; z); a;, b; are functions of 4. To sum these series we . d

can use the identity [28] 2F1(a,byc;z) = %2F1(a,b;c+,3;z)|ﬂ:0. (3.15)

i B)s 2* T1p(ap)s

T L 1
st T, 701

x(ay+s,...ap+s,a;b1+s,...b; +5;2) =

s=0

= pr1fylar,...ap, a0+ B; by, ...by: 2),
(3.10)
and the fact that
d
%(ﬂ)slﬁ:():(s— D! (3.11)
so that
priFglar, ... ap.aibii. . byiz)
= % pr1Fylar, ...ap, o +,8;b1,...bq;z)|ﬁ:0.
(3.12)

Collecting all the terms we arrive at a final general expression
for f(h; z):

fe(h; z2) = —
_ W2 (1=2)log(1-2)

h—1)2
%ZFl(l’hh;zh; 2)

2Fi(h+1,h + 1;2h; 2)

2
— 1z =2)2F1(h+ 1,h +1; 2h; 2)
2h2h —1)
_¥2F1(h,h+l;2h— 1;2)
2h2h —1)
+¥2F1(h—l,h+l;2h—2;z)
h? .
+ @ =30+ 1 h+1,2h52h, 205 2)

(3.13)
n 2(2}2—_1)2 (3ﬁ2(h,h,2h; 2h—1,2h — 1;2)
+3F(h—1,h —1,2h: 2h —2,2h — 2: 2)
—23Fy(h — 1, h, 2h; 2h — 2,2h — 1;z)).

In “Appendix A” we show how this result can also be obtained
from the integral formula of [24]. A formula that is similar
in spirit to (3.13) follows from the approach of [26]:

2

h
fe(h;2) = — 5 2 Fi(h, h;2h; 2)
h2 (1 —2)%log(l —

—ngﬂ(}H—l,h%-l;Zh;Z)

Fhth—1) [zﬁl (h, b 2h; 2) + 2 Fy (B, b 2 z)] ,

(3.14)

We have checked that (3.13) and (3.14) agree for several
values of h; this guarantees that the results of the Wilson-
line approach are also valid non-perturbatively in z.

As the behaviour of the generalised hypergeometric func-
tions around z = 1 is known for generic values of the param-
eters (see for example [29]), one could use either (3.13) or
(3.14) to infer the singularity structure of general confor-
mal blocks. In many applications, and especially in theories
admitting holographic duals, it is useful to consider primaries
with integer dimensions, and one might thus ask if a simpler
form for f. could be obtained for integer /4. The fact that
B.5)(hi = 0;h = 1) = 0 implies that f.(h = 1,z) = 0.
Inspecting the behaviour of f, for various integer values of
h > 2, one finds that f,. contains four type of terms: terms
containing, respectively, 10g2(1 —2),Liz(z),log(1—z) times a
rational function of z, or terms containing only rational func-
tions. The log?-terms only come from the last term in the first
line of (3.13). The Lip-terms come from the functions 31:"2
and they can always be expressed as linear combinations of
undifferentiated hypergeometric functions 3 F», with constant
coefficients: a closed form expression for these coefficients,
for generic integer &, can be obtained by trial and error. Sub-
tracting this linear combination from f,, one can similarly
generate the log-terms of the remainder by a linear combina-
tion of  F: an educated guess is sufficient to determine all
coefficients but one, which can be inferred by looking at the
z — 0 limit. Remarkably, one verifies that also the rational
part of f, is reproduced. Finally, we arrive at the following
explicit expression for f,, which we conjecture to be valid
for any integer h > 2:

h2
fe(h; 2) = 5 2Fi(h, h;2h; 2)

B h_2 (1—z)*log(1—z)
z

5 2F i (h+1,h + 1;2h; 2)

(1
htk k'’

h—1
+ D=1 )
k=0

x Fy(h, h, h — k: 2h, 2h: 7) (3.16)

h—1 (h+k71)
+hY (D=,
k=1 (h—k—l)

x Fi(h,h —k; 2h; z) + b(h) 2 F1(h, h; 2h; 2),

with
h—1 h—1 htk—1
_ (h) (h—l)
bh) = (=" "h(h = 1) —hYy (k=
Zownn"E )
(3.17)

@ Springer
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With the help of the Mathematica package developed in [30],
we have checked? that (3.13) and (3.16) agreeupto h = 10
exactly in z. We have also checked that the expansion of
(3.16) around z = 0 is in agreement with (3.4) for generic /
up to order z%.

As mentioned at the beginning of this section, we can
use these results to derive the monodromies around z = 1
of the Virasoro block at order 1/c¢ from the knowledge of
the non-analytic behaviour of the hypergeometric functions.
This is particularly straightforward in the case of integer con-
formal weights where we can use (3.16) (together with (3.6)
and (3.8) which are valid in general). A new feature of the
1/c corrected Virasoro block is the presence of terms propor-
tional to log?(1 — z), which are absent in the global blocks.
Using well-known results for the non-analytic behaviour of
2 F1 [31], one finds that the 1og2(1 — z) terms of f,, fp and
fc are

'h) 2 -z
fa(h; z) = Fg—(h;

Jo(h;2) =~ h(h — 1)

2Fi(h, b 151 — 2)log?(1 — 2),

r'h) 1 -z
r2(h) =z

X Fi(h,h+1;2;1—2)log>(1 —z), (3.18)

h2(h — D2 T2h) (1 —2)?
4 r2h)  z

x Fi(h+1,h+1:3; 1 —2)log>(1 — 2).

2

Se(h; z) =~

2

The large ¢ expansion of a CFT correlator generically con-
tains terms with logarithms, which are related to the 1/c cor-
rections to the conformal dimensions of multiparticle opera-
tors. However, there is no room, at order 1/c, for terms with
the logarithm squared such as the ones appearing in (3.18).
This probably means that in a large ¢ 2D CFT the correlators
always involve an infinite number of Virasoro primaries so
as to avoid the appearance of the log? terms that are present
in each block. If possible, it would of course be very inter-
esting to generalise what has been done by using the global
blocks (see for instance [32,33]) to the case of the Virasoro
blocks and exploit the full Virasoro algebra in the holographic
reconstruction of AdS3 physics.

Acknowledgements We would like to thank L. F. Alday and A. Bissi
for discussions and correspondence. This work was supported in part
by the Science and Technology Facilities Council (STFC) Consolidated
Grant ST/L000415/1 String theory, gauge theory & duality.

Data Availability Statement This manuscript has data included as
electronic supplementary material. The online version of this article
contains supplementary material, which is available to authorised users.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm

3 The interested reader might find a Mathematica notebook use-
ful to verify these identities at the following link: https://arxiv.org/
abs/1807.07886.

@ Springer

ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

Funded by SCOAP3.

Appendix A: Relation with the Wilson-line approach

In [24] the authors used the Wilson-line approach [23] to
provide a compact integral expression for the large ¢ Vira-
soro block; see Egs. (3.19) and (3.20) of the paper mentioned
above.* It is straightforward to show that from this formula-
tion one can find the same type of series that we encountered
in the main text and that can be summed by using (3.9).

The strategy is as follows: Eq. (3.20) of [24] involves four
integrals (over the two punctures z5 and zg of the exchanged
state O, and over the variables w1, w; included in the def-
inition of 7°); one can use the standard OPE expansions of
0p(25)0p(z6) ~ zs_ézh” and the stress tensor appearing in
(TT) to write the integrand in (3.20) explicitly; finally one
can fix a gauge for the position of the external states as done
in Sect. 2, perform the integrations over wj, w», which are
straightforward, and rewrite the remaining two integrals in
terms of the variables ys = z5/z and ys = 1/z¢, which both
run in the interval [0, 1].

The integrals for the terms that depend on the conformal
weights 1, hy of the external states have been already per-
formed in [24] and correspond to the contributions in (3.2)
and (3.3). Thus we can focus on the part of the integrand
independent of /1 and A,

(h — 1) T2(2h)

fe(hyz) = )

2z
1 1
x / dys / dye (1 — y5)" 231 72(1 — 3o 2y1=2(1 = ysyg)~2"
0

0
X { — Y5Y6 [(1 —y5)(1 = y6)z + ysy6(1 — 2)* log(1 — z)]
+y2 [yé(z —2)z2+2y6 — 1] log(1 — y62)
+ yé [ysz(z —2)z+2y5 — l] log(1 — ysz)

+ [—ygyé(z —2)z —4ysye + 2(ys + y6) — 1] log(1 — ysyez)} .
(3.19)

We notice that it is divided in three different types of terms:
contributions proportional to log(1 — y5yez), the ones pro-
portional to either log(1 — y5z) or log(1 — ysz) and those
without any such logarithms. In the latter case the integra-
tion over y5 and yg can be performed straightforwardly and,
by using the integral definition of the Gauss hypergeometric

4 Equation (3.20) of [24] should have an extra factor of 12_111231 and the
overall factor of (3.24) should read 1/24 instead of 1/2.
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function, one obtains the first line of (3.13). The terms pro-
portional to log(1 — ys5z) and log(l — yez) yield the same
result: it iS convenient to start integrating the variable that
is not present in the logarithm, then expand the logarithm
in series for small y; and integrate each term. In this way
one obtains exactly a series of the type of (3.9), which gen-
erates the terms proportional to L Fy in (3.13). Finally one
can treat in a similar fashion also the terms in the integrand
proportional to log(l — ys5yez). After expanding the loga-
rithm in series, the first integral (over ys for instance) yields
terms with a Gauss hypergeometric function and then the
second one (over ye) is a Euler type of integral that yields a
generalised hypergeometric 3 F>. All coefficients conspire to
produce a series of the type of (3.9), so the final result can be
written in terms of 3 F5. By combining all the contributions
one obtains (3.13).

References

1. A.A. Belavin, A.M. Polyakov, A.B. Zamolodchikov, Infinite con-
formal symmetry in two-dimensional quantum field theory. Nucl.
Phys. B 241, 333-380 (1984)

2. A.B.Zamolodchikov, Conformal symmetry in two-dimensions: an
explicit recurrence formula for the conformal partial wave ampli-
tude. Commun. Math. Phys. 96, 419-422 (1984)

3. A.B. Zamolodchikov, Conformal symmetry in two-dimensional
space: recursion representation of conformal block. Theor. Math.
Phys. 73, 1088-1093 (1987)

4. E.Perlmutter, Virasoro conformal blocks in closed form. JHEP 08,
088 (2015). arXiv:1502.07742

5. V.A.Alba, V.A. Fateev, A.V. Litvinov, G.M. Tarnopolskiy, On com-
binatorial expansion of the conformal blocks arising from AGT
conjecture. Lett. Math. Phys. 98, 33—64 (2011). arXiv:1012.1312

6. L.F. Alday, D. Gaiotto, Y. Tachikawa, Liouville correlation func-
tions from four-dimensional Gauge theories. Lett. Math. Phys. 91,
167-197 (2010). arXiv:0906.3219

7. A.L. Fitzpatrick, J. Kaplan, M.T. Walters, Universality of long-
distance ads physics from the CFT bootstrap. JHEP 08, 145 (2014).
arXiv:1403.6829

8. A.L. Fitzpatrick, J. Kaplan, M.T. Walters, Virasoro Conformal
blocks and thermality from classical background fields. JHEP 11,
200 (2015). arXiv:1501.05315

9. M. Beccaria, A. Fachechi, G. Macorini, Virasoro vacuum block at
next-to-leading order in the heavy-light limit. JHEP 02, 072 (2016).
arXiv:1511.05452

10. A.L. Fitzpatrick, J. Kaplan, Conformal blocks beyond the semi-
classical limit. JHEP 05, 075 (2016). arXiv:1512.03052

11. H. Chen, A.L. Fitzpatrick, J. Kaplan, D. Li, J. Wang, Degener-
ate operators and the 1/c expansion: Lorentzian resummations,
high order computations, and super-Virasoro blocks. JHEP 03, 167
(2017). arXiv:1606.02659

12. A.L. Fitzpatrick, J. Kaplan, On the late-time behavior of Virasoro
blocks and a classification of semiclassical saddles. JHEP 04, 072
(2017). arXiv:1609.07153

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31

32.

33.

A.B. Zamolodchikov, A.B. Zamolodchikov, Structure constants
and conformal bootstrap in Liouville field theory. Nucl. Phys. B
477, 577-605 (1996). arXiv:hep-th/9506136

P. Menotti, On the monodromy problem for the four-punctured
sphere. J. Phys. A47(41), 415201 (2014). arXiv:1401.2409

P. Menotti, Classical conformal blocks. Mod. Phys. Lett. A31(27),
1650159 (2016). arXiv:1601.04457

E. Hijano, P. Kraus, R. Snively, Worldline approach to
semi-classical conformal blocks. JHEP 07, 131 (2015).
arXiv:1501.02260

E. Hijano, P. Kraus, E. Perlmutter, R. Snively, Semiclassi-
cal Virasoro blocks from AdS; gravity. JHEP 12, 077 (2015).
arXiv:1508.04987

E. Hijano, P. Kraus, E. Perlmutter, R. Snively, Witten diagrams
revisited: the AdS geometry of conformal blocks. JHEP 01, 146
(2016). arXiv:1508.00501

M. Besken, A. Hegde, E. Hijano, P. Kraus, Holographic confor-
mal blocks from interacting Wilson lines. JHEP 08, 099 (2016).
arXiv:1603.07317

M. Besken, A. Hegde, P. Kraus, Anomalous dimensions from quan-
tum Wilson lines, arXiv:1702.06640

K.B. Alkalaev, V.A. Belavin, Classical conformal blocks
via AdS/CFT correspondence. JHEP 08, 049 (2015).
arXiv:1504.05943

K.B. Alkalaev, V.A. Belavin, Monodromic vs geodesic compu-
tation of Virasoro classical conformal blocks. Nucl. Phys. B904,
367-385 (2016). arXiv:1510.06685

H.L. Verlinde, Conformal field theory, 2-D quantum gravity and
quantization of teichmuller space. Nucl. Phys. B 337, 652-680
(1990)

A.L. Fitzpatrick, J. Kaplan, D. Li, J. Wang, Exact Virasoro blocks
from Wilson lines and background-independent operators. JHEP
07,092 (2017). arXiv:1612.06385

Y. Hikida, T. Uetoko, Correlators in higher-spin AdS3 hologra-
phy from Wilson lines with loop corrections. PTEP 2017, 113B03
(2017). arXiv:1708.08657

Y. Hikida, T. Uetoko, Conformal blocks from Wilson lines
with loop corrections. Phys. Rev. D97(8), 086014 (2018).
arXiv:1801.08549

P. Di Francesco, P. Mathieu, D. Senechal, Conformal Field Theory.
Graduate Texts in Contemporary Physics (Springer, New York,
1997)

A.P. Prudnikov, Y.A. Brychkov, O.1. Marichev, Integrals and Series
Vol.3: More special Functions (Gordon and Breach, Philadelphia,
1990)

W. Biihring, Generalized hypergeometric functions at unit argu-
ment. Proc. Am. Math. Soc. 114(1), 145-153 (1992)

T. Huber, D. Maitre, HypExp: a mathematica package
for expanding hypergeometric functions around integer-valued
parameters. Comput. Phys. Commun. 175, 122-144 (2006).
arXiv:hep-ph/0507094

N. Lebedev, R.R. Silverman, Special Functions and Their Appli-
cations (Dover Publications, Philadelphia, 1972). revised ed.

I. Heemskerk, J. Penedones, J. Polchinski, J. Sully, Holog-
raphy from conformal field theory. JHEP 10, 079 (2009).
arXiv:0907.0151

L.F. Alday, A. Bissi, E. Perlmutter, Holographic reconstruction of
AdS exchanges from crossing symmetry. JHEP 08, 147 (2017).
arXiv:1705.02318

@ Springer


http://arxiv.org/abs/1502.07742
http://arxiv.org/abs/1012.1312
http://arxiv.org/abs/0906.3219
http://arxiv.org/abs/1403.6829
http://arxiv.org/abs/1501.05315
http://arxiv.org/abs/1511.05452
http://arxiv.org/abs/1512.03052
http://arxiv.org/abs/1606.02659
http://arxiv.org/abs/1609.07153
http://arxiv.org/abs/hep-th/9506136
http://arxiv.org/abs/1401.2409
http://arxiv.org/abs/1601.04457
http://arxiv.org/abs/1501.02260
http://arxiv.org/abs/1508.04987
http://arxiv.org/abs/1508.00501
http://arxiv.org/abs/1603.07317
http://arxiv.org/abs/1702.06640
http://arxiv.org/abs/1504.05943
http://arxiv.org/abs/1510.06685
http://arxiv.org/abs/1612.06385
http://arxiv.org/abs/1708.08657
http://arxiv.org/abs/1801.08549
http://arxiv.org/abs/hep-ph/0507094
http://arxiv.org/abs/0907.0151
http://arxiv.org/abs/1705.02318

	A note on the Virasoro blocks at order 1/c
	Abstract 
	1 Introduction
	2 Perturbative Virasoro blocks at large c
	3 Exact Virasoro blocks at large c
	Acknowledgements
	Appendix A: Relation with the Wilson-line approach
	References




