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Abstract

The currently accepted standard model of cosmology uses general relativity with a ACDM
matter content to describe the universe on the largest scales. It is an overwhelmingly suc-
cessful theory, consistent with all observational tests. Despite this, theoretically unsatisfying
elements to the theory exist and these have motivated various theories of modified gravity
that challenge general relativity. In order to pass the stringent observational tests on a solar
system level, the deviation of modified gravities from general relativity must be suppressed.
This is known as screening, and different modified gravity theories use different screen-
ing mechanisms. We motivate modifying gravity and the need for screening mechanisms.
Three explicit models of modified gravity which exhibit screening are presented. These
are the Galileon, K-mouflage and Chameleon models. In this thesis we investigate several
aspects of these models.

We study astrophysical black holes in Galileon and K-mouflage theories. The no-hair
theorem of General Relativity states that, under certain specific assumptions, the scalar field
is trivial around a black hole. The assumptions going into the no-hair theorem are the ab-
sence of external matter and time independence. An astrophysical black hole typically has
an accretion disk, so automatically circumvents the no-hair theorem. We display the scalar
field profile around such black holes, compute the fifth force and demonstrate that the work
done by the fifth force is small compared to the energy lost due to radiation in General
Relativity. Further we drop the assumption of a static black hole and investigate the time-

dependent solution of the scalar field in both theories. We find exact time-dependent vacuum
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K-mouflage black hole solutions and further consider time-dependent solutions with an ac-
cretion disk. For K-mouflage the solution is similar to the time-independent one whereas
the Galileon theories solutions resembles closely the time-dependent vacuum solution.

The most general coupling of the scalar field to matter contains both a conformal and
disformal term. We investigate the effect of a disformal coupling in K-mouflage theories,
calculating the cosmological background evolution of the theory and extending our results
on the behaviour of the scalar field around a black hole to include the disformal coupling.
We find that large regions of the parameter space provide only percent level deviations from
the ACDM evolution, despite qualitative differences from the conformal-only case.

Often spherical symmetry is assumed to demonstrate the screening of K-mouflage theo-
ries. We present preliminary calculations exploring the effect the shape of a source object
has on the scalar field it generates. We find that the shape dependence is similar to that of
the D-Blon, another theory that screens when the first derivative of the field is large. In par-
ticular we find that screening is strongest for planar objects, in contrast to Galileon theories
for which screening is entirely absent.

We move on from K-mouflage theories to consider Chameleon theories. We propose a
logarithmic potential, which differs from the standard power law potential usually assumed,

and use observational data to constraint the parameter space of the theory.
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Chapter 1

Introduction

At the beginning of the twentieth century conventional wisdom dictated that the universe
was static and eternal. Having formulated his theory of General Relativity [46], which
still stands as the currently accepted theory of gravitation, Einstein added a "cosmological
constant" into his field equations to ensure that this was the case, as otherwise General
Relativity only permits an expanding or contracting universe. However in 1929 Hubble
discovered that nearby galaxies were receding from us, and in particular that the recession
velocities increased linearly with distance [57]. This discovery of an expanding universe led
Einstein to abandon the cosmological constant, which he famously described as his "greatest
blunder."

In the final decade of the twentieth century our understanding of the universe was again
shaken. Observations of type 1A supernovae indicated that, not only was the universe ex-
panding, but that the expansion was accelerating [75]. The rate of expansion is consistent
with the existence of a cosmological constant and in modern cosmology this mysterious
substance is termed dark energy. Its nature is unclear. Quantum field theory provides a
candidate substance that behaves like a cosmological constant -the vacuum energy of stan-
dard model particles - but radically overestimates its size. If the vacuum energy is taken to

be around the Planck mass then it is roughly one hundred and twenty orders of magnitude



2 Introduction

greater than the observed cosmological constant value [60]. This can be partially remedied
if the vacuum energy is taken to be around the weak scale, as would be predicted by super-
symmetry [49], but the vacuum energy is still sixty orders of magnitude too large. Our
current working model relies on almost exactly cancelling out this vacuum energy: a level
of fine tuning that is theoretically unsatisfying.

We will introduce the standard model of cosmology [12] in section 1.2. This model uses
General Relativity to describe the universe on the largest scales and passes all observational
constraints. However its failure to explain the cosmological constant problem, along with
other issues detailed in section 1.3, means that it is, at best, incomplete. This has spawned
the consideration of a number a rival gravitational theories in the hope that some of the
model’s problems can be addressed. To be a viable candidate, any theory must pass a range
of tests from laboratory experiments to observations of the cosmos, from the dynamics of
the solar system to the strong gravity regime of black holes and neutron stars. This thesis
discusses various proposed gravitational theories that modify General Relativity in a range
of physical scenarios. Observations of the solar system are particularly stringent and so
various mechanisms have been developed to suppress (or screen) the effects of the modifi-
cation in the solar system whilst still allowing meaningful modifications on a cosmological
scale. We will consider only theories with such a screening mechanism. Before we discuss
modifying gravity, we recapitulate the fundamental features of General Relativity and the
standard model of cosmology.

We will first introduce General Relativity in section 1.1 before moving on to discuss in
section 1.2 how this is used to formulate the standard model of cosmology. We will then
motivate modifying gravity in section 1.3 and introduce specific models of modified gravity
in section 1.4. In section 1.5 we will discuss the three main mechanisms for screening the

deviations of the predictions of these models from General Relativity in the solar system. As
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chapter 2 discusses black holes, we will review black holes in these theories in section 1.6.

The chapter will conclude with a summary of the thesis in section 1.7.

1.1 General Relativity

General Relativity [46] was born in 1915 as a theory of gravity that unified Newtonian
gravity [70] and Special Relativity [44].

Special Relativity (1905) postulates that the laws of physics are invariant under Lorentz
transformations. In particular this means that the previously distinct notions of time and
space are not separate, and can differ from observer to observer. This is incompatible with
Newtonian gravity which relies upon global notions of time and space.

Additionally, in Newtonian gravity there are two distinct notions of mass; the inertial
mass, which is the mass in F = ma and which quantifies the response of an object to an
external force; and the gravitational mass, which is the strength with which an object couples
to an external gravitational field. These can be measured to be very close in value, but
Newtonian theory provides no explanation to this. The weak equivalence principle (WEP)
states that the two masses are equal, a principle that guided Einstein in his search for a new
gravitational theory and a principle that is indeed made manifest by the geometrical nature
of General Relativity.

Furthermore, although Newtonian gravity describes the dynamics of the solar system
well up to around one part in ten thousand, it cannot explain the precession of the perihelion
of Mercury. Famously, the Newtonian calculation is incorrect by around 43 arc-seconds per
century. The motion of bodies differs in General Relativity to Newtonian gravity, and that
General Relativity provided an explanation [45] for the missing 43 arc-seconds per century

was further evidence of its validity.
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Today General Relativity still stands as a theory consistent with all observational data,
despite the fact that modern day technology provides a number of precise observational
probes that were not available in Einstein’s time.

The Einstein-Hilbert action of General Relativity is
4 M : [
S:/ﬁxwfg(T%R—A)+&Mw@ng (1.1)

where ly(i) are the matter fields and varying this action gives rises to Einstein’s field equa-

1

tions
8nG
Guv +Aguv = C_4Tuv (1.2)
where
1
G[JV - Ruv - ERguv (1.3)
is the Einstein tensor,
- A A A TP P 1A
Ryv = 8,11““ — BVFM —l—Fp/lF“v - FMFVP (1.4)
1s the Ricci tensor and
R= gu‘,R“v (1.5)
is the Ricci scalar. The Christoffel symbols are
I = Lo (g0 + gy — 0 16
uv =58 (dvgpu + ugpv — Ipgvu) (1.6)

and the energy momentum tensor is defined to be

Tuv —_ HV'
V—80g

"'We have re-introduced the speed of light here, but for the remainder of the thesis will work in units with
¢ = h =1 unless otherwise stated.

(1.7)
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We discussed above the WEP, which can be restated as "uncharged free-falling test par-
ticles should follow the same trajectory if they have the same initial position and velocity".
The Einstein equivalence principle (EEP) goes further. It states that "WEP is valid, and
to free falling observers the laws of special relativity hold locally and are independent of
position or velocity". These hold in General Relativity because all matter fields are mini-
mally coupled to a single metric. We will follow the calculation of Ref. [84] to demonstrate
below that the diffeomorphic invariance (which is essentially the absence of a preferred co-
ordinate system) of the matter action leads to the conservation of the energy momentum
tensor, which in turn means that test particles follow geodesics of the metric to which they
are coupled, and thus WEP is ensured. Diffeomorphic invariance of the matter action says
that

OSm oS

s e gy itev! =0 (1.8)

£eS = 5y

where £z denotes the Lie derivative with respect to EH. The field equations of the matter

fields are
5Sm
m =0 (1.9)
and for a diffeomorphism
SghV = VIHEY), (1.10)

Thus using eqgs. (1.7), (1.9) and (1.10) in eq. (1.8) gives us
TuwwVHEY =0. (1.11)
Integrating over a space on the boundary of which £* = 0, gives

/dx4\/—_gT’““’Vu§v =0. (1.12)
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Integrating this by parts gives

/dx4\/—_gVuT“V§v =0 (1.13)

because that boundary term vanishes. Furthermore £ is arbitrary away from the boundary,

thus the only way eq. (1.13) can be satisfied is if the energy momentum tensor is conserved:
VuTHY =0. (1.14)

We have shown that the energy momentum tensor is conserved. We now show that this leads
to the geodesic motion of test particles.
Consider the energy momentum of a test particle, which we take to be an infinitesimal

volume element of a pressureless fluid. This is given by
™ = pu*u" (1.15)

where p is the mass density of the fluid and u* is its four-velocity. Taking the covariant

derivative of this gives

Vulp)utu¥ +pVy(ut)u¥ + put V(1) =0. (1.16)
Due to the normalisation of the four velocity, u¥u, = —1, we have that
l/lvV“(l/lv) = V“(uvuv)/zzo. (1.17)

Thus contracting eq. (1.16) with uy gives

Vu(p)u* +pV, (u*) = 0. (1.18)
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The first two terms in eq. (1.16) cancel, which implies that four velocity of the fluid elements
obey
UtV () =0 (1.19)

which is precisely the geodesic equation. Thus test particles follow geodesics of the metric
and, in turn, WEP is respected.

At any point in spacetime we can take g = 1), and then minimal coupling ensures that
the matter Lagrangian will locally reduce to that of Minkowski space, thereby ensuring EEP
is respected. The fact that the WEP and the EEP are ensured by minimal coupling of the
matter fields to a single metric will be significant when we come to attempting to modify
gravity in a viable way.

The above justifies the form of the matter Lagrangian in General Relativity. Lovelock’s
theorem [66] justifies the choice of the Einstein-Hilbert term for the gravitational sector. It
says that the term is the unique choice given diffeomorphic invariance, second order field
equations for the metric, a four dimensional spacetime, and no fields other than the metric
appearing in the gravitational sector. Thus the form of eq. (1.1) is justified, with the con-
stant in front of the Einstein-Hilbert term chosen such that the weak field limit recovers

Newtonian gravity.

1.2 Cosmology

To describe cosmology we need to specify both our theory of gravity and the matter content
of the universe. As we have said, the standard model of cosmology uses General Relativ-
ity and we have briefly reviewed some of its features above. We now move on to discuss
cosmology. This will involve finding the form of the metric on cosmological scales, speci-
fying the matter content of the universe and then solving eq. (1.2) to find the cosmological

evolution of the universe.
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The cosmological principle states that on the largest scales the universe is isotropic and
homogeneous. This implies that, on the largest scales, the metric of the universe can be
written as

ds* = —dt?* +a*(t)y;dx'dx’ (1.20)

where 7; jdxidxj is the metric for an isotropic, homogeneous 3-space. In particular spatial
slices must have constant curvature, which means, in polar coordinates, they must take the
form

j/ijdxidxj = 1%—}’;2+r2d92+r2sin29d¢2 (1.21)
where 1/k has units of length squared, and & is zero, positive or negative for zero curvature,
positive curvature or negative curvature respectively. Thus our metric is given by

d 2
ds* = —dtz-l-az(t)(l_—rkrz+r2d92+r2sin29d¢2)- (1.22)

This metric is unchanged by the transformation

a— Aa
r—r/A (1.23)

k— A%k,

This freedom is used to set the value of the scale factor, a, to one at the present time, a(tg) =
1.

Now that we have the form of the metric which describes the universe on the largest
scales, we need to discuss how it evolves with time. The standard model of cosmology uses
General Relativity, and therefore we can plug eq. (1.22) into the left-hand side of eq. (1.2).

If one performs this calculation [12] one finds that the only non-zero components of the
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Einstein tensor are

G% =3((a/a)*+k/a?) (1.24)
G'j = (2i/a+ (a/a)* +k/a*)8. (1.25)

We now need to specify the right-hand side of eq. (1.2). That is, specify the types of
matter that make up the universe.

Homogeneity and isotropy of the energy momentum tensor implies that it must be of the
form

™, = (p + P)U*U, — PS5} (1.26)

where U* is the four velocity of the fluid particle, and we identify p and P as the mass
density and pressure of the fluid in its rest frame, respectively.

Most of the constituents of the total energy momentum have a constant equation of state,
® = P/p. We use the value of ® to categorise the different constituents.

Matter is defined to be a substance with @ = 0 and radiation is defined to have @ = 1/3.
Matter accounts for just over 30% of the universe’s present day energy budget. Around 15%
of this matter is protons, neutrons and electrons, collectively termed baryons by cosmolo-
gists, but the other 85% is termed "cold dark matter". Very little is known about cold dark
matter, but it appears to be non-relativistic (cold) and not to interact with photons (dark).
Its presence can be inferred from its gravitational effects, such as its effect on the rotation
curves of galaxies [76]. The main component of radiation is photons, however for most of
their history neutrinos have also behaved like radiation.

Finally we have that dark energy has @ = —1. It is standard practice to move the second
term on the left-hand side of eq. (1.2) onto the right-hand side. It can then be interpreted as
a constituent of the energy momentum with @ = —1.

The standard model of cosmology is known as ACDM as it supposes the existence of

dark energy, A, and cold dark matter, CDM.
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It follows from the conservation of the energy momentum tensor that
. a
p+3;(p+P):O. (1.27)

This implies that
p o< q31+0) (1.28)

and so, denoting today’s value with a subscript zero, we have

P = Pmo/d (1.29)
pr=pro/a’ (1.30)
PA = Mp A =pag (1.31)

where the subscripts m, r and A denote matter, radiation and dark energy.

Now that we have described the matter content of the universe we are in a position to
write down the Friedmann equations. These are the equations that govern the evolution
of the scale factor of the universe and are attained by substituting eq. (1.26) into eq. (1.2),

which using egs. (1.24) and (1.25) gives
(22 =p/3M3, —k/d? (1.32)
a

S = —(p+3P)/6M3, (133)

It is usual to write eq. (1.32) in terms of the Hubble parameter H = d/a and to break the

energy density up into its constituent parts. We define the density parameters to be

Q= Pmo/3HIM3, (1.34)
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Q, = pro/3HM3, (1.35)
Qu = pao/3HIM, (1.36)
Q= —k/H;. (1.37)

Using eqs. (1.34) to (1.37) and eqs. (1.29) to (1.31), eq. (1.32) can be re-written as

H?/HE = Q. /a* + Qu/a® + Q) a® + Q. (1.38)

The observed values of the density parameters [12] are

Q, ~0.32 (1.39)
Q,~1074 (1.40)
Qp ~0.68 (1.41)

1| <1072, (1.42)

Because of the different dependencies of the terms in eq. (1.38) on the scale factor, differ-
ent energy momentum constituents have dominated at different times in the history of the
universe, as depicted in fig. 1.1. A period of radiation dominance preceded a matter domi-
nated period and it now appears that the universe is exiting the matter dominated period and

entering a dark energy dominated epoch.

1.3 Motivations for Modifying Gravity

As we have summarised in the previous section the universe is observationally consistent
with gravity described by General Relativity and a ACDM matter content. Why then do we

wish to modify gravity?
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log [ A(t) ] sL matter ]

radiation

t cosmological constant \_
Lo il ol o opvumilil v .,

1074 1073 1072 107 1

a(?)

Fig. 1.1 Relative sizes of energy density during the universe’s history. Figure from Ref. [12]

There are multiple motivations, but the most pressing seems to be what is known as "the
cosmological constant problem". Essentially, this is the (large) disparity between the ob-
served value of the cosmological constant and the value one would expect from considering
the vacuum energy of standard model fields.

We have already shown that we observe dark energy to compose around seventy percent

of the present day energy budget. That is
Aops ~ 107120013, (1.43)

However we have not ascribed the physical source of this energy momentum. In fact,
the vacuum energy of standard model particles does provide a source of energy momentum
with equation of state equal to minus one. However the theoretical size of the cosmological
constant, Aspeory, that the vacuum energy would provide is radically different from A,p,.
The problem is least troublesome if we assume super-symmetry [49], for which particles
with masses below the weak scale contribute to Asje,ry, but particles with masses above the
weak scale do not because above this scale contributions from fermions and bosons cancel

each other out. However, even making this assumption, one would expect [60]

Asheory ~ 1070M3,. (1.44)
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The cosmological constant problem is the fact that A, and A, differ by at least sixty
orders of magnitude. One is left with the unsatisfying solution that the bare cosmological
constant in the Lagrangian must be fine-tuned to at least sixty decimal places in order to
(almost) cancel out the vacuum energy and give the observed cosmological constant value.
There is no justification for doing this, other than to give the observed value.

The cosmological constant problem is sometimes split into two: the "old cosmological
constant problem" and the "new cosmological constant problem". The old problem can be
phrased as "why do we not observe the gravitational effect of the vacuum energy?" The
new problem is "why does the cosmological constant take the value that it does?" Proposed
solutions to the old problem include anthropic string theory arguments [88] and arguments
that, in the absence of matter or radiation, Minkowski space solutions exist despite the non-
zero vacuum energy; this is known as self-tuning [32, 31, 35]. The new problem is often
addressed by pre-supposing that the old problem has been solved, and the cosmological
constant due to the vacuum energy is exactly zero. A mechanism is then proposed that
generates a cosmological constant of the observed value.

A related problem in cosmology is known as the coincidence problem. This is the prob-
lem that the present day energy densities of matter and dark energy are of the same order
of magnitude. We showed in eqgs. (1.29) and (1.31) that matter and dark energy scale differ-
ently with the scale factor. Therefore that we happen to exist within, on cosmological time
scales, the small time window in which the two energy densities are of similar size appears
to be a coincidence.

No quantum description of gravity exists but string theory [49] attempts to provide a
possible answer . A generic problem with string theories is that scalar fields remain at low
energies, and Kaluza-Klein theories have a scalar related to the size of a compactified fifth
dimension. This provides further motivation for looking at scalar fields in a gravitational

context, in addition to attempting to address existing problems in cosmology.
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Although many modified gravity models were spawned by an attempt to address the
cosmological constant problem, or other problems in cosmology, no compelling answer has
been found. The field of modified gravity now fulfils a wider brief of attempting to explore
the ways in which gravity can be modified or extended, in a plausible, observationally viable
way. At the very least, these modified gravity models provide inspiration for finding novel

ways of testing General Relativity that would not have been thought of otherwise.

1.4 Theories of Modified Gravity

1.4.1 Equivalence Principles

In section 1.1 we discussed the importance of the equivalence principles to Einstein during
his development of General Relativity. In this section we first discuss the equivalence princi-
ples in the context of modified gravity and then move on to describe scalar-tensor theories.
We specified at the end of section 1.1 the four conditions that pin down the Einstein-
Hilbert action as unique for the gravitational sector. As Ref. [84] describes, relaxing any
of these assumptions will generically lead to more degrees of freedom. In a theory that
contained higher derivatives, more derivatives of the field would need to be specified in
the initial data. A theory that is not diffeomorphically invariant can be made so by adding
in extra fields and choosing them to transform in a certain way. These fields are called
Stuckelberg fields and this is known as the Stuckelberg trick [87]. Finally, we would expect
a higher dimensional theory to have an effective four dimensional theory which, in order to
differ from General Relativity, would have to violate one of the other three requirements.
Thus extending General Relativity usually involves adding in extra degrees of freedom.
However note that the argument given in section 1.1 that WEP and EEP hold for General
Relativity relies only on the fact that matter fields are minimally coupled to a single metric,

and (in the frame of this metric) assumes nothing about the gravitational sector. Thus scalar-
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tensor theories are simple extensions to General Relativity in which a scalar is added to the
gravitational sector’ and matter fields minimally coupled to the metric, so WEP and EEP
are automatically satisfied.

We now briefly comment on the third equivalence principle. The strong equivalence prin-
ciple (SEP) extends EEP such that massive gravitating objects follow the same trajectories,
as well as test particles. This holds in General Relativity but it is violated in scalar-tensor
theories. This is because the charge to mass ratio of objects can vary, which affects how ob-
jects fall in an external field. The details vary between particular scalar-tensor theories, but
in all theories a black hole falls differently to a test particle, which is one of the reasons that
the study of black holes maybe a fruitful area to test scalar-tensor theories against General
Relativity. It has been used [58, 80] to analyse the offset of supermassive black holes from

the centre of their host galaxy.

1.4.2 Scalar-Tensor Theories

The action of a scalar-tensor theory can be written in the Jordan frame as

S= [ a3 (FO)R+G(9.V6.999)) + Sy, Guv). (1.45)

The first part of the action is the gravitational sector, which includes non-minimal cou-
pling of the scalar to the Ricci scalar, together with a function to make the scalar dynamical.
The second term is the matter sector. In this frame the energy momentum tensor is con-
served, for exactly the same reasoning as in General Relativity, and test particles move on
geodesics of gyy. It is useful to make a conformal transformation g,y = A%(9) guv, such
that the non-minimal coupling of the scalar is removed. This means that the field equations

look like General Relativity, with the scalar contributing to the energy momentum of the

’this is a frame-dependent statement that is true in the Jordan frame
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matter fields. In this frame the action takes the form

2
5= [ar'vg (Z‘%Rw};w,w,vvm) Sy A2 O)g). (146)

The removal of the non-minimal coupling comes at the cost that the scalar now appears
in the matter sector. This means that the energy momentum tensor is not conserved and the
scalar mediates a "fifth force" between standard model fields. At the end of section 1.1 we
argued from the action that the conservation of the energy momentum tensor led to geodesic
motion. Now we are in the Einstein frame, conservation of the energy momentum tensor is

replaced by
dIlnA

d¢

A similar argument to that of section 1.1 then gives that, instead of geodesic motion, the

VuTH = gop TP ——V"¢. (1.47)

four velocity of a test particle is given by

B

utv,u¥ = ——VH (1.48)
H Mpy ¢
where
dinA
=M . 1.49
B Pl P (1.49)

The term on the right-hand side of eq. (1.48) is interpreted as a fifth force which causes the
particle to deviate from geodesic motion.

Observations, such as those in the solar system, place constraints upon the strength of
this force, and so screening mechanisms are needed to reduce the strength of the force in

high density environments, whilst allowing it to compete with gravity on the largest scales.
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1.4.3 Couplings to Matter

We showed in section 1.4.1 that the coupling of matter to a single metric was sufficient
to ensure that the WEP was satisfied and in eq. (1.46) we assumed that this metric was
conformally related to the Einstein metric. This is a standard assumption that most models
make; it is covariant and ensures that a vector that is timelike, null or spacelike with respect
to one metric is likewise with respect to the other. However in Ref. [13] Bekenstein showed
that a more general relationship between the two metrics is permitted. In a theory that obeys

causality, the Jordan frame metric can, in the most general case, take the form
8uv =A% (guv +BIu9dv9 /M) (1.50)

where the additional term is called a disformal factor, and B > 0. Furthermore, A and B
can be functions of both ¢ and (d¢)?. Disformal factors occur naturally in some theories
[40, 41] and it has even been suggested that a disformal screening mechanism exists [65].
We will discuss the effects of disformal couplings within K-mouflage theories in chapter 3
but for the rest of the thesis we will presume a conformal-only coupling. For conformally
coupled fields there are three classes of screening mechanism, which we shall introduce in

the next section.

1.5 Screening Mechanisms

Deviations from the inverse square law potential can be parameterised by the addition of a

Yukawa interaction, giving a potential of the form

V(r) :—G]:m(uae’/’l). (1.51)
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Fig. 1.2 Constraints on Yukawa couplings. Figure from Ref. [6]

A raft of solar system tests can then be used to constrain the o — A parameter space, the
results of which are shown in fig. 1.2. To suppress the deviations from Newtonian gravity
the second term in eq. (1.51) must be small. One way to achieve this is to have A large, or
equivalently, for the scalar to be heavy, and fig. 1.2a shows that if this is the case, o does
not need to be small.

However if A is not large, then to suppress deviations from Newtonian gravity & must

be to be small. For scalar-tensor theories without a screening mechanism

o =2p? (1.52)

and so B must be fine tuned. Therefore to avoid fine-tuning f to be small, any scalar must
either be sufficiently heavy, or have a screening mechanism. The Chameleon mechanism
allows the scalar to be sufficiently heavy on solar system scales for 8 to be unconstrained,
whilst also allowing the scalar to become sufficiently light on cosmological scales to influ-
ence cosmology. In contrast K-mouflage and Galileon theories use non-linearities in the

kinetic structure to suppress the field in the solar system.
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Screening mechanisms, can broadly be separated into three classes. Those that are poten-
tial based, the most widely studied of these is known as the Chameleon mechanism which
screens in regions of high Newtonian potential; those which screen when the Newtonian
gravitational force is sufficiently large, such as K-mouflage theories; and those that screen
when the curvature exceeds a certain value, such as Galileon theories. We now review these

mechanisms.

1.5.1 Chameleons

Chameleon models were first considered in Ref. [61, 62, 25]. They are usually formulated

in the Einstein frame, in which the action is

2
S = / dx*\/—g (A%R— %ww - V<¢>)) +Sm(v, A% (9)gpv) (1.53)

where typically
V()= A g" (1.54)

and

A(9) = exp(B¢/Mp;). (1.55)

One usually takes B > 0 and n a positive integer, although negative n behaviours have
also been considered. The key to the Chameleon mechanism is that the mass of the scalar is
environmentally dependent. In dense environments the field becomes heavy, and mediates
only a short range force, whereas the scalar becomes light in sparse environments and me-
diates a long range force. This means that the effects of the scalar can be screened in the
relatively dense solar system but not at cosmological densities.

The field equation for the scalar derived from eq. (1.53) is

O¢ =V'(¢)— BT /Mp,. (1.56)
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This motivates the definition of

Verr(9) =V(9)+plnA(9) (1.57)

where we have replaced the trace of the energy momentum tensor with the matter density,
and in so doing have assumed that the matter is non-relativistic. Now eq. (1.56) can be
recast so that the source term is given as the derivative of an effective, density dependent,

potential;

O¢ =V,.rr(9:p). (1.58)

One can check that the effective mass of the Chameleon,

82Ve min
miys(p) = —g{ﬁ ) (1.59)

where ¢,,;,;, obeys Ve’ ff(q)m,-,,) =0, is indeed an increasing function of the mass density, for
a potential and coupling function of the form of eqs. (1.54) and (1.55) and n positive. This
mechanism can be seen in graphically in fig. 1.3. The component of the effective potential
that depends on matter is a straight line with a gradient proportional to the matter density.
Therefore increasing this gradient pushes the minimum of the effective potential to a lower
value of ¢, and thus increases the curvature around the minimum of the effective potential.

To calculate the profile that a static spherically symmetric object sources one must solve
eq. (1.58). Under these assumptions eq. (1.58) becomes a second order ordinary differential
equation which needs two boundary conditions to solve. Imposing regularity at the origin
and that the field approaches the minimum of the effective potential at spatial infinity will
then specify the solution entirely. The full solution would need to be found numerically but
good estimates can be found which we detail below.

The heavy mass of the Chameleon field means that, for a dense object embedded in a

sparse environment, the field sits at the minimum of the effective potential for almost the
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V(¢) V(¢)

¢

Fig. 1.3 Graphical demonstration of the Chameleon mechanism. Low density environment
on the left. High density on the right. Blue line shows the bare potential and red line shows
the contribution from matter coupling. The dotted line is the effective potential. Figure from
Ref. [28].

entirety of the interior of the object, and therefore only a thin shell of the object sources an
external field. As the mass of the entire object sources the gravitational field, the fifth force
will be suppressed relative to the gravitational force.
We now follow Ref. [28] to explain how to calculate the thickness of the shell.
Consider a static spherically symmetric source of density p,,; and radius R embedded

in a background of density p,, where p,;; > ppg. Then eq. (1.58) becomes

1 d ,do

2 (m ) =V'(9)+Bp/Mp (1.60)

where we have restricted to the case of a constant . Restoring the dependence of 8 on ¢
does not change the argument provided the dependence is sufficiently weak, as is normally
assumed.

We first linearise eq. (1.60) about ¢ the minimum of the effective potential at the back-

ground density. Outside the object this amounts to

li(,ﬂﬁ
r2dr: dr

) =mj(¢— ) (1.61)
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where m3 = V" (9). Inside the object eq. (1.60) becomes

Ld ,dg

ﬁdr( dr) mg(9 — )+ B(Pobj — Pog) /M- (1.62)

In practice the second term will dominate over the first and so eq. (1.62) will become

1 d odf

r_zdr( d},) B(Pobj — Pvg)/Mp1 =~ BPosj/Mp. (1.63)

Deep inside the object ¢ will simply take the value ¢,;,; where V¢ (@opj; Pobj) = 0. We
then assume that the field remains at ¢ = ¢, ; up to a radius r., which we call the screening

radius. Integrating eq. (1.63) from the screening radius gives

do _ BM(r)—M(r.))
dr  4nMpr? (1.64)

where M (r) is the mass enclosed in a sphere of radius r. Integrating eq. (1.64) then gives

BM (r. /
— Qobj dr 1.65
(I) (pObJ 47'L'Mpl }” + 47'L'Mplr2 ( )
Applying integration by parts on the second term then gives
BM(r) —
O — Gobj = — 47:Mp,r / dr'azmpp;r’ (1.66)

Outside the object the solution to eq. (1.61) is given by

O—Poce ™y, (1.67)
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The coefficient can be found using eq. (1.64) to match the derivative of the scalar at the
surface of the scalar. Assuming that moR < 1, this gives that the exterior solution is
BM(R) —M(r+))

O—0=— PPy (1.68)

which is indeed the solution to the Poisson equation sourced by only the shell outside of the
screening radius.
To find the screening radius we evaluate both egs. (1.66) and (1.68) at R and subtract

one from the other. This gives an implicit formula for r.:

R
q= = [ dr'r poy, (1.69)

where we used that ¢,/ ¢ < 1. The eq. (1.69) can be re-written in terms of the Newtonian
potential,

Z_}'CI)N(F*):_F*CI);\I(’”*)- (170)

Because @), (r) > 0 the right-hand side of eq. (1.70) is always negative. Therefore to have
a solution one must have § < —®y(r.) =~ GM/R. The object will be fully screened if
X < GM /R, but unscreened if ¥ > GM/R.

Despite the screening mechanism, the Chameleon models are now well constrained by
a combination of laboratory and astrophysical observations [28]. The exclusion zones for

n = 1 Chameleon theories, in terms of M. = M, /B and A. are displayed in fig. 1.4.

1.5.2 Galileons

Galileons first appeared in the Dvali-Gabadedze-Porrati (DGP) braneworld scenario [42].
In braneworld scenarios the observable four dimensional universe exists on what is known

as a brane within a higher dimensional space. In DGP the Galileon describes the brane
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Fig. 1.4 Current bounds on n = 1 Chameleon models. Figure from Ref. [28]

bending of a four dimensional brane in five dimensional Minkowski space. Galileon scalars
have a shift symmetry ¢ (x) — ¢ (x) +c+ byx* which is inherited from Galilean invariance
of the higher theory, and gives them their name. Galileons have been used to attempt to
address cosmic acceleration [33, 82, 47] and inflation [8, 64, 26] and also appear as the
longitudinal polarisation in limits of massive gravity [89, 50]. Further to having the shift
symmetry, Galileons are required to have second order equations of motion. This is in order
to avoid the Ostrogradski ghost that appears generically in field equations with higher order

derivatives [92]. In four dimensions there are in fact only five possible Galileon terms:

Li=9, (1.71)

1 2
L= E<a¢) , (1.72)
Ly =09 (9¢)*, (1.73)

Ls = 120 ((00) ~ (2uu)). (1.74)
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and

Ls = %(a¢)2((m¢)3 +2(0udv$)* —30¢(uove)?). (1.75)

This gives an Einstein frame action of

M3 .
5= [ astv=s (T”“E?—lc#) + S (W, A%(0)gpv). (1.76)

To covariantise the Galileon, for the first three terms the usual prescription N,y — guv
and d, — 7/, suffices. However, for the quartic and quintic terms, non-minimal couplings
between the metric and scalar are required to ensure second order equations of motion for

both the metric and the scalar, giving

Le= 3 (90)(00) ~ (V0 Tv9) — 3 (V9)°R) 1.77)

and

Ls= %(v¢)2((D¢)3 +2(7u Vv 9)’ = 300(7u Vv 9)* = 6Gvp Vi 9 7 V9 7P 6).
(1.78)
Upon covariantising the shift symmetry ¢ — ¢ + c remains but the symmetry ¢ — ¢ + by x*
is lost. Galileons exhibit screening through what is known as the Vainshtein mechanism.
The field is screened when the second derivative of the field gets large compared with some
energy scale, usually inherited from a higher theory.
We now demonstrate the Vainshtein mechanism for the cubic Galileon in Minkowski

space. The Lagrangian for the cubic Galileon in Minkowski space can be written as

_ 2 % >, B
L =——(0¢) ///3D¢(a¢) +Mpz¢T' (1.79)

1
2
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For a static, spherically symmetric field around a point particle of mass M, eq. (1.79)

gives an scalar equation of

¢'(r)
r3

(pl(l") )2 — ﬁM
r3 ATMp; 313

+ o (1.80)

The left-hand side of eq. (1.80) is a polynomial in ¢’(r) /r.# 3. Therefore far away from

the object, when the right-hand side is small, the first term dominates and

, BM
N —— 1.81
O ()N M (1.81)
which is of gravitational strength. Close to the object the right-hand side will be large and

so the second term will dominate. This will give

o (BMAC )
47I(X3Mpﬂ‘ '

¢'(r) (1.82)

Because this scales like ~ 1/,/7 and the Newtonian force scales like ~ 1/r2, the fifth force
will be suppressed relative to gravity. The transition between the dominance of the different
terms happens at the Vainshtein radius, within which we have screening. The Vainshtein

radius is given by

1/2
_ 5M°‘3/ 1/3.

_ 1.
T (1.83)

ry

For 3 and a3 order unity, and .# =M, leg the Vainshtein radius of the Sun is much larger
than the solar system, and so the solar system is a screened environment. As the right hand
side of eq. (1.80) ~ V2®y and, in the Newtonian limit R ~ V2®y, the screening operates in
regions of higher curvature.

In part, interest in Galileons was developed because, on top of exhibiting a screening

mechanism, they also exhibit self-accelerating solutions [71] that dispense with the need for
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a cosmological constant. However these solutions have now been constrained by both vari-
ous observations [63, 67, 73] and theoretical considerations [7, 39]. Self-accelerating cubic
Galileons have now been ruled out [74]. This is due to their effect on the red shifting of pho-
tons; specifically cubic Galileon theories predict a negative integrated Sachs-Wolfe effect
that is in conflict with observations. Another particularly stringent constraint comes from
gravitational waves. Upon covariantisation, non-minimal couplings between the quartic and
quintic Galileons and the metric must be introduced to maintain second order equations
of motion, which implies that gravitational waves and electromagnetic waves can travel at
different speeds. The first direct detection of gravitation waves [1, 2] added a new tool
with which to probe modified gravity theories. Recently a binary neutron star merger [4, 3]
was observed. Both electromagnetic waves and gravitational waves were measured arriving
at Earth within seconds of each other after having travelled around 40Mpc across the uni-
verse. Consequently the speeds of gravitational waves and electromagnetic waves in these
theories must be extremely close and this heavily constrains the parameters of the theories
[79]. However, the cubic Galileon is unaffected as gravitational and electromagnetic waves

always travel at the same speed in this theory.

1.5.3 K-mouflage

K-mouflage theories are similar to, but less studied than, Galileon theories. The main dif-

ference is that the screening takes place when the first derivative of the field is made large,

as opposed to the second as is the case for Galileons. They were introduced in Ref. [10] as

a theory with an inherent screening mechanism and then made more relevant to cosmology

in Ref. [22]. These theories are formulated in the Einstein frame. The theories are usually

taken to be without a potential, and the canonical kinetic term in the Lagrangian, — % (09)2,
1

is replaced by the function .#*K () where y = —W(aw, A is some energy scale, and

the field is coupled to matter. This gives an action of
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2
S= /dx4\/—_g (A%RJr///“K(x)) + S, A%(9) g ). (1.84)

In this thesis we will simplify our analysis by considering only polynomial K (). Fur-

thermore we will restrict K() to the form
K(y)=—1+x+.. (1.85)

where the ellipsis denotes higher order powers of y. This restriction is made so that a
canonical scalar with cosmological constant is recovered in the weak field limit. In the
weak field regime the canonical term dominates, but in high density regions the non-linear
terms become dominant and so screen the field. This can be seen explicitly in Minkowski
space around a point mass. Take the illustrative example of K(y) = —1+ x — x2. For this

the Lagrangian is

1 1 B
L =—*—=(39) 99) + ——¢T 1.86
where T = —M &) (x). As we did for the Galileon, we impose staticity and spherical sym-

metry. Then, the equation of motion derived is

1 BM
/ re.\3
+— 1.87
o) ///4¢ (r) AMpr? (1.87)
At large r the field is simply
, BM
= 1.88
9'(r) ATtMp;r? (1.88)

and hence the fifth force, which is proportional to V# ¢, is of gravitational strength. However
at small r, the gradient of the field is

B BM.#*

(") =g (1.89)



1.5 Screening Mechanisms 29

and so is suppressed relative to gravity. This transition happens at the K-mouflage radius,

BM )1/2‘

Ry =(—F—
K 47'L'Mpl¢//2

(1.90)

For example if we take B = 1 and .#* = HiM, - natural choices as this has B of
order unity and .# around the dark energy scale - the K-mouflage radius of the Sun is
approximately 10000 AU and hence the solar system (around 100 AU in extent) is screened.
This is the essence of the K-mouflage mechanism: non-linearities suppress the scalar around
massive objects such as the Sun and so solar system tests can be passed while still allowing
the scalar to be a significant player on cosmological scales. Despite screening, constraints
do still exist as discussed in Ref. [11]. In particular K-mouflage models’ predictions of a
deviation from the Newtonian potential in the Earth-Moon system are used to constrain the
matter coupling, relatively independently of the functional form of K (), to have |A(¢) —
1| £0.1. Unlike Galileons, the right-hand side of eq. (1.87) ~ V®y and so K-mouflage
models screen in regions of high Newtonian gravitational force.

The cosmological behaviour of K-mouflage models was considered in Ref. [23] and
the parameters of the theory were constrained by imposing that background cosmological
evolution was matter dominated at early times and that the universe has entered a dark en-
ergy dominated era. Interestingly Ref. [15], which further constrained the theory using the
CMB power spectrum, found that significant constraints could be imposed upon forms of K-
mouflage theories that exactly reproduced the same expansion history as ACDM, which they
termed "K-mimic" theories. Screening of the solar system is a necessary but not sufficient
condition for a viable theory because the solar system tests are so accurate that they may
still be able to pick up the small deviations from General Relativity that exist in a screened
environment. Bounds on the fifth force from the Cassini Probe and the anomalous perihe-
lion of the Moon’s orbit from lunar ranging were used in Ref. [11] to constrain K-mouflage

further. K-mouflage theories have also been considered in Ref. [24].
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1.6 Black Holes and Scalar Fields

Black holes are one of the numerous environments in which modified gravity theories must
be tested. Black holes will form through gravitational collapse, a time-dependent process,
however we expect them to settle down to a time-independent solution. Thus it is of interest
to try to classify all stationary black hole solutions. In General Relativity a Kerr-Newman
black hole is the most general stationary black hole (modulo some assumptions of analytic-
ity) [52]. It is described by only three numbers - it’s charge, angular momentum and mass.

Wheeler termed this the "no-hair" theorem of black holes.

1.6.1 No-Hair Theorem

In scalar-tensor theories there are numerous no-hair theorems, but no general, all encom-
passing one. Standard scalar-tensor theories do have a no-hair theorem. We will now follow
Ref. [83] to review the no-hair argument.

By standard scalar-tensor theory we mean those for which the action, in the Einstein

frame, can be written as

2
5= [aty=5 (T2R= 5002 -V(O)) +Su(W A @) (19

This gives rise to the vacuum equations of motion
Do =V'(¢) (1.92)

Mp,Guy = VudVyd — guvVuoVH e /2 -V (9). (1.93)

We multiply eq. (1.92) by /—gV’'(¢) and integrate over a region ¥, bounded by part of the
black hole event horizon, a timelike 3-surface at infinity, and two spacelike surfaces, one of

which lies a unit parameter distance of the timelike killing vector field to the future of the
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other. This gives

| aév=g(Vi(©)0e-v'(9)?) =0, (1.94)

We integrate by parts on the first term of eq. (1.94) to give

/Wdf [Aln, VF oV (9) — [y dx*/=g (V"(9)VH V0 +V'(9)*) =0 (1.95)

where ny, is the unit normal to the boundary and # is the determinant of the induced metric
on the boundary. The contributions from the surfaces at the horizon and infinity vanish® and

contributions from the other two surfaces exactly cancel each other. This leaves

S = [j/dx4\/?g(V"(¢)V“¢Vu¢—i—V’((]))z) =0. (1.96)

V’(¢) > 0 is required for stability and so, assuming this, the integrand is non-negative, so
we must have ¢ = ¢y, a constant that satisfies V/(¢) = 0.

Considering the right-hand side of eq. (1.93), the scalar energy momentum tensor of
this solution is —V (¢)g,v and so asymptotic flatness requires further that V(¢) = 0. If
this is the case, eq. (1.93) becomes simply the vacuum equations for General Relativity. By

Wheeler’s no-hair theorem, the black hole must therefore be a Kerr-Newman black hole.

1.6.2 Evasions of the No-Hair Theorems

We now discuss possible evasions of the above argument. The first point is a subtle one. In
the above argument we assumed axis-symmetry, but Hawking’s rigidity theorem assumes

the weak energy condition. If this holds for the energy momentum of the scalar then this is

3The contribution from the surface at infinity vanishes because ¢ tends to a constant as r — co. The con-
tribution from the surface at the horizon vanishes because, by Hawking’s rigidity theorem [51], the spacetime
will be axis-symmetric. The normal to the horizon is a linear combination of the two killing vectors. Because
the scalar is assumed to respect the symmetries of the spacetime this implies that the integrand vanishes.
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fine. If it does not then the axis-symmetry would have to be assumed additionally, and so
stationary non-axis-symmetric solutions are not excluded.

Secondly we could alter the boundary conditions. For cosmological applications this
may be particularly relevant as boundary conditions can be used to try to embed the solution
in a cosmological setting. It has been shown that hair can be created as a result of time-
evolving boundary conditions, albeit suppressed by ratios of the relevant cosmological and
system timescales [55].

Also it was assumed above that the scalar field obeyed the same symmetries as the
metric. However this is not implied by the equations of motion. For example theories with a
shift symmetry ¢ — ¢ + ¢ have only derivatives appearing in the field equations, and hence
applying symmetries to the scalar itself is overly restrictive.

In this thesis we will exclusively consider real scalar fields, as is assumed in the argument
of section 1.6.1. However considering complex fields around a black hole is an active area of
research. In some instances [14, 72] no-hair theorems have been extended to cover theories
with complex fields, however it has also been shown that stationary hairy black holes do
exist [53, 54].

A further change one could make would be to add matter around the exterior of the black

hole. In this case eq. (1.92) is replaced by

Do =V'(¢)—A'(¢)Te/A(9) (1.97)

where Tf is the trace of the Einstein frame energy momentum tensor. Now for any hairless
solution to exist we require V/(¢) and A’(¢) to have zeroes that coincide. If this is the case
then the General Relativity solution ¢ = @y will exist, but it may not be unique. Around
compact objects it has been shown that the General Relativity solutions are energetically
preferable up to a certain threshold of compactness, beyond which non-trivial scalar field

profiles are energetically preferred - a phenomenon known as spontaneous scalarisation.
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This phenomenon can also be observed in black holes with external matter. Ref. [29]
showed that the density of external matter can affect whether or not the General Relativity

solution is energetically favoured.

1.6.3 Additional No-Hair Theorems

In this thesis we look at theories with non-canonical kinetic terms which therefore cannot be
written in the form of eq. (1.91). They do not have a general no-hair theorem - although for
vacuum, static, spherically symmetric solutions one is given in Ref. [59] and one for another
special case is given in Ref. [48]. The argument of Ref. [59] goes as follows and applies
to any theory with a shift symmetry ¢ — ¢ + c¢. This symmetry means that the equations of

motion can be written as a conserved current

V" =0. (1.98)

We take the metric to be

ds* = — fdt* + f~'dr* + R(r)?dQ? (1.99)

with the event horizon at a zero of f = f(r). By staticity and spherical symmetry J” is the

only non-zero component of J* and so eq. (1.98) implies that

R(r)?J" = Constant. (1.100)

Scalars must be smooth on the event horizon, thus J? = J? /f implies that J” vanishes on

the horizon and so by eq. (1.100) everywhere. The final part of the proof shows that, for a
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solution that decays at infinity, J” = 0 implies ¢’ (r) = 0 everywhere®*. This part of the proof
essentially holds because at large r we are in the weak field limit, and the theory looks like
a canonical scalar, J” = f(r)¢’. A constant ¢ field then means that the energy momentum
of the scalar field vanishes, and so the black hole solution coincides with that of General

Relativity.

1.7 Outline of the Thesis

In chapter 2 we will consider black holes with external matter in K-mouflage and Galileon
theories. We will first consider those that have settled down to a time-independent solution.
To simplify our calculation we will consider a spherically symmetric exterior matter dis-
tribution and scalar field. We then compute the fifth force of the resultant scalar field and
consider its effect on a stellar mass object falling into a supermassive black hole. In the
second part of chapter 2 we relax the assumption of time-independence. To ease calculation
we assume that the scalar has only a linear time-dependence, which allows the metric to
remain static. We find an exact vacuum black hole solution for K-mouflage theory. We then
add matter to this set-up and revisit the physical effects considered previously. We also dis-
cuss the effect of an accretion disk on the supermassive black hole argument [58]. This uses
the fact that, in Galileon theories, a linear gradient will penetrate a galaxy because linear
gradients are unsuppressed by the Vainshtein mechanism. As black holes do not couple to
the field, but ordinary matter does, the supermassive black hole at the centre of galaxies will
be offset.

In chapter 3 we consider the background cosmological evolution of K-mouflage with a
disformal coupling to matter. We show that the addition of a disformal coupling leads to

significantly different behaviour to the conformal-only case and attain necessary conditions

4[85] shows this is actually not true if a term of the form ¢G, where G is the Gauss-Bonnet invariant,
appears in Lagrangian, but this term does not appear for Galileons or K-mouflage. If the term does appear,
then hairy black hole solutions do exist.



1.7 Outline of the Thesis 35

for an observationally viable cosmological evolution. For the majority of the chapter we
consider the A = 1 case. In this case large portions of the parameter space are shown to
produce viable backgrounds, with only percent level deviations from ACDM. We then
explore further the effect of introducing ¢ dependence to A and conclude the chapter with
an analysis of disformal couplings in the context of the black holes that we looked at in
chapter 2.

Often we assume the source masses in our set-ups are spherically symmetric and it is
in this context that the screening mechanisms are usually demonstrated. However in many
physical set-ups this assumption will not hold true and in chapter 4 we consider how the
screening of K-mouflage theories depends on the shape of the source masses. We find
that they do indeed depend considerably on the shape of the source mass. Planar shapes,
for which screening is entirely absent for Galileons, are found to have the most powerful
screening which persists arbitrarily far from the planar object. The shape dependence is
compared with that of the D-Blon, another theory with a screening mechanism, which was
considered in Ref. [17].

We suggest a new form of Chameleon potential in chapter 5 which is logarithmic, as op-
posed to the standard power-law potential. We constrain the parameter space by considering
two solar system tests, measurements from the Cassini probe and Lunar Ranging.

The thesis concludes with final remarks in chapter 6 in which we summarise and discuss

our results.






Chapter 2

Black Holes with External Matter

2.1 Introduction

The standard cosmological model of ACDM within a framework of General Relativity is
in good agreement with all of our current data [34, 60]. There do, however, remain open
questions about gravity and considering whether modifying gravity can provide answers to
some of these questions is an active area of research. The use of a cosmological constant
requires unsatisfactory fine tuning [30] and many modified gravity theories attempt to find
self-accelerating solutions so that one can do away with the cosmological constant alto-
gether. At the other end of the scale a generic feature of string theories [49] that attempt to
provide a quantum gravity theory is that scalar fields remain in the low energy limit. These
issues have led to much research exploring how one can modify General Relativity in a way
that is consistent with all observational data. Satisfactory answers to these problems have
yet to be found and the field of modified gravity now has a wider brief: to elucidate the
nature of gravity, even if the theories at hand do not directly provide a solution to the cosmo-
logical constant problem or quantum gravity. This can still help us to build an understanding
of the behaviour or issues that any future candidate theory may have. At the very least it is

only by attempting to modify General Relativity that we can either find other theories that
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are equally adept at passing all the observational tests, or demonstrate how unique General
Relativity is as a theory that does so.

As discussed in chapter 1, modifications to gravity must be screened on solar system
scales. The screening mechanisms that we consider in this chapter, K-mouflage and Galileon
theories, replace the usual kinetic term with something more exotic, and the non-linearities
near a source object then suppress the field close to the object.

Given a gravitational theory we should consider its implications in a raft of different
regimes to allow us to use observations to constrain, or perhaps even verify, the theory at
hand. One such regime is the high curvature regime. Consideration of our theories in this
environment is particularly pertinent given that we now live in the age of direct gravitational
wave detections [4, 3, 1, 2] that provide an effective probe of this regime. Neutron stars and
black holes provide two such high curvature environments: in this chapter we consider black
holes.

A starting point for examining scalar fields around black holes is to consider the no-
hair theorems [48, 59] which tell us that the scalar field around a black hole is trivial and the
solutions simply coincide with those of General Relativity. However this is not the end of the
story. These theorems rely on assumptions that may not be accurate in a real astrophysical
environment. Firstly these theorems consider vacuum solutions, but astrophysical black
holes will have an accretion disk which, as the scalar couples to matter, we would expect
to source the scalar field. Furthermore many of them, including Ref. [59] which applies
directly to the specific theories we are considering, rely upon a time-independent scalar in
an asymptotically flat spacetime. Our universe is certainly not asymptotically flat and a
scalar that has something to do with the expansion of the universe may well have significant
time-dependence.

In this chapter we will show that breaking the assumptions detailed above does indeed

lead to non-trivial scalar profiles. This important result establishes that, in realistic scenarios
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the results of the no-hair theorems do not hold. We then go on to quantify the physical
effects that these non-trivial profiles will cause. Due to the simplifying assumptions that we
have made, these calculations are not concrete predictions of the physical effects. They are
instead an attempt to gain an approximate understanding of the size of the physical effects
generated.

Due to the nature of the black holes as astrophysical objects that do not emit light, their
nature is challenging to probe. Consequently, the study of accretion disks has, in part, de-
veloped as a tool to probe the strong gravity regime of black holes. The physical processes
involved in accretion disks are many and complex. A comprehensive treatment of accre-
tions disks would include analysis of electromagnetic fields generated by the accretion disk,
radiation emitted, and viscous fluid effects [5]. In the simplest case these effects can be
omitted and the accretion disk modelled as a perfect fluid. Even in this case there are mul-
tiple analytical accretion disk models. The dynamics of these types of accretion disk can
be categorised by the importance of pressure and speed of rotation. So called "slim" and
"thick" disks have high pressure and rotate quickly, whereas thin disks rotate quickly but
have low pressures. Slowly rotating accretion disks are known as "Bondi flows", due to the
work of Bondi [18] on spherically symmetric accretion, which can be seen as a limiting case
of slow rotation. For the purposes of this thesis we make assumption that the accretion disk
pressureless and spherically symmetrically, corresponding to the physical situation of slow
rotation with freely falling particles.

In this chapter we introduce the models that we are working with in section 2.2. In
section 2.3 we consider a static set up with external matter, and consider its physical effects
in section 2.4. In section 2.5 we consider time-dependent scalars, both in vacuum and in
combination with external matter. Following that, section 2.6 revisits the physical effects

in the light of the results of section 2.5. In section 2.7 we consider the black hole offset
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argument of Ref. [58] when black holes have an accretion disk. We conclude the chapter

with some remarks in section 2.8.

2.2 Models

The two models that we consider are K-mouflage and Galileon scalar-tensor theories of

gravity. In this section we will introduce the models and review their salient features.

2.2.1 K-mouflage

The first type of model we consider is the K-mouflage theories of gravity. These were
introduced in Ref. [10] as a theory with an inherent screening mechanism. They were
then rediscovered and made more relevant to cosmology in Ref. [22]. In these theories the
canonical kinetic term in the Lagrangian, —%(a¢)2, is replaced by the function .Z*K ()

L(29)?, and the field is coupled to matter. Thus in the Einstein frame, the

where ¥ = -5~

K-mouflage action is

2
5= [tz (SRR AKD) + 5uW A (O el

where y = —117(8(]))2, K(x) =Y,_,anx" and .Z is some energy scale. As we are inter-
ested in cosmology, we will take this to be the dark energy scale, .#Z* = H(%M%,l.
K-mouflage fields are screened when the first derivative of the field becomes large. In the
weak field regime the canonical term dominates, but in high density regions the non-linear
terms become dominant and so screen the field.
The coupling to matter is constrained to |A(¢) — 1| < 0.1 [11] by bounds derived from

lunar ranging experiments. This means that in practice we can take

Alp)=1+2F (2.2)
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and work to first order in ﬁ—z. Note also that the Lagrangian is unchanged by flipping the

sign of both ¢ and 3, thus we can assume, without loss of generality, that § > 0.

2.2.2 Galileons

Galileons are the second model that we have looked at. They first appeared in the decoupling
limit of the Dvali-Gabadedze-Porrati (DGP) braneworld scenario [42] in which they de-
scribe the brane bending of a four dimensional brane in five dimensional Minkowski space.
Ref. [29] then argued that any infrared modification to gravity due to a scalar which decou-
ples from matter at short scales (and is therefore screened) must be a Galileon. Galileons
have since cropped up in attempts to address both late time cosmic acceleration [33, 47, 68]
and inflation [26, 36] and in a plethora of differing theories such as massive gravity [40] and
Kaluza-Klein compactifications of Lovelock actions [90].

Galileon scalars in Minkowski space have two defining characteristics. The first is a
¢(x) = ¢(x) +c+ byx* shift symmetry which is inherited from Galilean invariance of
the higher theory, and gives them their name. The second is that they have second order
equations of motion [34]. This is in order to avoid the Ostrogradski ghost that appears
generically in field equations with higher order derivatives. In fact, in four dimensions the
Galileon must be a linear combination of five terms: L} = ¢, L, = %(8(1))2, Ly =0¢(d9)>,
a quartic and a quintic term.

The Galileon can be covariantised. For the first three terms the usual prescription
Nuv — guv and dy — 7 suffices. However, for the quartic and quintic terms, non-minimal
couplings between the metric and scalar are required to ensure second order equations of
motion for both the metric and the scalar. Upon covariantising the shift symmetry ¢ — ¢ +c¢

remains but the symmetry ¢ — ¢ + by x* is lost. Thus the Einstein frame action that we will
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use in this thesis is
M3 5 )
S= / dx*\/—g TP’R+ Y aiLi | +Su(w',A%(¢)gpv) (2.3)
i=1

where the L; are the covariantised versions of the five Galileon terms spoken about previ-
ously and the scalar is coupled to matter, just as it was for K-mouflage.

Galileons exhibit screening through what is known as the Vainshtein mechanism. The
field is screened when the second derivative of the field becomes large compared with some
energy scale, usually inherited from a higher theory. Beyond the Vainshtein radius the
field is canonical, but non-linear interactions suppress the gradient of the field within the

Vainshtein radius, and hence it is screened.

2.3 Field Profiles in Static Case

Astrophysical black holes are not surrounded by a vacuum, but accrete matter in a disk
around them, thus the assumptions of the no-hair theorem do not apply and we investigate
how this matter will affect the scalar profile. Observable black holes will have long since
finished their formation process and should have settled down to a steady solution. Our in-
terest is therefore restricted to stationary black hole solutions. We focus further upon static
solutions as these are the ones covered by the no-hair theorem of Ref. [59], though later
we will relax this assumption and consider solutions with some time-dependence. The dy-
namics within the accretion disk can be complicated in themselves, however as this is a first
calculation we do not consider these internal accretion disk dynamics and instead consider
the salient features that can be captured with a spherically symmetric matter distribution.
That is that within the innermost stable orbit, and beyond a finite distance (that we take to
be fifty Schwarzschild radii), there is indeed no matter, but in-between these two radii we

have a non-zero matter distribution. The features that we find may well extend to beyond the



2.3 Field Profiles in Static Case 43

simple case that we have considered here. For example Ref. [38] considered Chameleons,
another class of scalar-tensor theories with a screening mechanism, around a black hole with
an accretion disk in a spherically symmetric set-up similar to ours. The authors followed
up with another paper [37] in which they considered Chameleons with a more realistic disk
shaped accretion disk, on the background of a spinning black hole and in fact found results
similar to those of the first paper. We will consider both stellar mass black holes, as these
have been observed directly through gravitational waves [1], and supermassive black holes,
such as the one that is believed to reside at the centre of our galaxy and has already been dis-
cussed in the context of Galileon theories [58]. We argue that the back-reaction of the scalar
and matter on the background metric should be negligible, and so our calculation amounts
to solving the equations of motion for the theories on a fixed Schwarzschild background.

We consider K-mouflage models first, and then Galileon models.

2.3.1 K-mouflage

A natural choice if we are interested in cosmological scales is to take .Z’ 4= M%,ZH(% in (2.1)
and set a; = 1 so that we have a canonical scalar at leading order. We take the scalar field

to be on a Schwarzschild background, that is
ds* = —f(r)dt* + f(r) " 'dr* + rdQ? (2.4)

where f(r) = 1 —ry/r and ry is the Schwarzschild radius of the black hole. We neglect the
back-reaction of the matter and the scalar field upon the background metric, which should
be reasonable provided the mass of the black hole is much larger than that of the matter, and

given that ./ is small. Varying the action with respect to ¢ gives the equation of motion

_ dinA(9)
=~

Iu(v/—80* oK' (x)) PE (2.5)

-
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where pp = —g*V T,y and T,y is the Einstein frame energy momentum. We take A(¢) =
L+ Bo ¢ , where B is a constant that we expect to be of order unity. As discussed previously,
A(¢) ~ 1. The matter densities in the Jordan and Einstein frames differ by a factor of A(¢)*
and a further definition that is sometimes used in the Einstein frame is prA~!(¢) because
this is non-relativistically conserved [19]. However all these definitions agree to first order

ﬁ ‘P . We only work to first order in this quantity, and so the right-hand side of eq. (2.5)

13

becomes p where

p = po(H(r—ro)—H(r—ri)) (2.6)

r1 > rg, Po 1s a constant and H the Heaviside function. The inner edge of the accretion
disk, rp, can be taken to be the innermost stable orbit and the outer edge to be at some point
r1, which we take to be 50r;. We then choose the disk to be of constant density to ease

calculation. We can integrate eq. (2.5) to give

v pMm(r)

7) NI

where this equation defines R(r). We have defined the dimensionless quantity

YK'(— =R(r) (2.7)

Y =/ f(r)o'(r)) > (2.8)

and
)
0 r<ro
M(r) = 4”%(1”3—1’8) ro<r<r (2.9)
M%(r% — rg) rn<r

is the mass of the accretion disk that is enclosed in a sphere of radius r, thus M,.. = M(ry).
We will refer to the regions with r < rg, ro < r < ry and r; < r as regions I, II and III

respectively. Note that the equation in region III is the same as that for a point mass of mass
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(@F(Y)=Y—3Y3 (b) F(Y) =Y +3Y3

Fig. 2.1 F(Y) for quadratic K-mouflage for different choices of the sign of the quadratic
term

M. This makes sense because M, is the scalar charge of the system. The behaviour of

the scalar depends on the function
N
FY)=YK'(-—=)=Y ay(—)" 'y . (2.10)

Not all forms of F(Y) have solutions. We consider F's which are monotonic for ¥ > 0.
This means that F is invertible and so we can write Y, and in turn ¢’, uniquely as a function
of r. Note that F' has a unique zero, Y = 0. This means that immediately we have that in
region I ¢'(r) = 0 and therefore no fifth force.

For asymptotic flatness we require that ¢’ — 0 as r — oo. This is indeed that case
because R(r) — 0 and so F, and in turn Y, tends to zero as r — oo. In fact as R(r) ~
BM,c/4nMp;.#*r* for large r, and F (Y) ~ Y for small Y, we recover the ¢’ ~ BM,./4Mp;r?
behaviour of a canonical field around an object of charge Q = M.

Thus, assuming that we have an invertible F, the scalar gradient will be zero in region
one, its value will grow inside the accretion disk, up to r = ry, where the scalar gradient will

begin to fall off back to zero at r = co. We can write the gradient of the scalar explicitly as
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Fig. 2.2 Profiles for K-mouflage (orange) and canonical (blue) fields for K(y) = x — % xz
with B = 1 and My = 10M,. Vertical dashed lines denote inner and outer edge of accretion
disk.
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where the unscreened region is the one in which the y term in K() dominates, and con-
versely the screened region is one in which the highest power of K(y), ayx”", dominates.
Inside the accretion disk, and once r/rq is reasonably large, then M(r) ~ 73, and so in the
unscreened region ¢’(r) ~ r, and in the screened region ¢'(r) ~ 7291 This can be seen in
fig. 2.2 which gives the profile for quadratic K-mouflage.

Note it is the requirement of asymptotic flatness that restricts the form F(Y) can take.
Any F for which there is a ¥, such that F(Y,) = 0, and which is an increasing function of
Y for Y, <Y, will solve (2.7), but the gradient of the field will not tend to zero at large r.
Further solutions do exist for some non-monotonic F's for some matter distributions. They

are however non-generic and we do not consider them here.
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In figure fig. 2.2 we can see that the K-mouflage field is indeed screened relative to a
canonical field. Screening depends on the magnitude of R(r). If R(r) < 1 then Y is small
and so Y > Y” for n > 1. This means the first term of F(Y) dominates and we simply
have Y ~ R(r): an approximately canonical field. However if R(r) > 1 then Y" > Y for
n > 1 and so the largest power of ¥ dominates. This gives that ¥ ~ R(r)ZN%l < R(r) =
Yeanonicar @nd so the field is screened. As R(r) is largest at r = r; we evaluate it here. We
choose cosmological values of our free parameters to get an explicit form for R(r). We take
ro=3rs, r1 = 50rg, po = 102\ HZM?3,, .#/* = H;M3, giving R(r1) ~ 2 x 10°BMpy /M. We
expect B to be of order unity and thus we have screening for all astrophysical sizes of black

holes.

2.3.2 Galileons

We consider the same physical set up, with the same matter distribution and A(¢), for the
Galileon as we did for K-mouflage. Due to the shift symmetry of the Galileons the field

equations can be written in terms of a Noether current
Vet = (2.12)

Ref. [86] gives the current for Horndeski theories. Horndeski theories are, by definition,
the most general scalar-tensor theories with second order equations of motion, and were
first written down by Horndeski in 1974 [56]. Galileon theories are the subset of Horndeski
theories with the additional requirement of a shift symmetry. The Galileon current can be
found by making the replacements K(X) = X,G3(X) = X,G4(X) = X? and G5(X) = X
in the current given in Ref. [86]. The eq. (2.12) can then be integrated easily to give the

scalar equation of motion. Setting the term in the Lagrangian proportional to L to zero and
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relabelling constants, this is

.

0 r<ro
¢’ 3r f re o Trg  2r2
F(r)e'x)(c2tes— (2= 7) e q>’2 +es5¢” SU-r )= 4%1(32 o <r<m
ﬁMthC
| amdtp? T1ST
(2.13)

The constants here are dimensional. Replacing them by dimensionless ¢; multiplied by the

appropriate power of some energy scale .# and normalising ¢, to match the canonical scalar

gives us
0 r<rop
Jr
— M(r
rd3 4711611:1(///)%3 ro = r<r @.14)
BMaCC
| iy ST
where
o RN SNE SRy S0 NG L VP )
= f(r L _(2-==2 r — 24 T8Y),
S 3 2r A3 S\ M3 r r2
(2.15)

We saw that for K-mouflage we could cast the equation of motion in terms of a function, F,
of a single variable Y. This cannot be done for Galileons but we can write the equation of
motion as F(Y(r),r) = R(r) with Y = ¢ —75 where F is a polynomial in ¥ with coefficients
that have r dependence. Nevertheless, if F (Y (r),r) is monotonically increasing in ¥ for all
r > ry then we can invert F to get a unique solution for the gradient of the field. Just as was
the case for the K-mouflage field, this solution will vanish in region I and asymptotically
decay like a canonical field at large r. For example, for the cubic Galileon F(Y) = f(r)Y (1 +
ay(2—3 52));if >0 then >0 forall r > ry and so F is invertible, and a unique solution

exists.
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Fix¥iri.r

Fig. 2.3 F(Y(r),r) for cubic Galileon. Shape is independent of the specific value to which
explicit dependence on r is fixed.

Whether other generic solutions exist for Galileons is less clear than it was for K-
mouflage. However as the polynomial coefficients are constant to first order in ry/r, their r
dependence does not seem strong enough to qualitatively change the behaviour that would

occur for an F with constant coefficients, in which there would be no other generic solutions.
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Fig. 2.4 Profile for the cubic Galileon with a3 = 1, o4 = a5 = 0 and B = 1, in units with
rg = 1. Vertical dashed lines denote inner and outer edge of accretion disk.

Thus, as for the K-mouflage model, the field will be constant in region I, react to the

matter and grow in region II and then decay back down to a constant as r — oo. Inside the
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Fig. 2.5 Profile for the quartic Galileon with ay = 1, i3 = a5 = 0 and 8 = 1, in units with
rg = 1. Vertical dashed lines denote inner and outer edge of accretion disk.

disk the right-hand side of eq. (2.14) can be written as

o
E(1- (7)3) (2.16)
where E = 3A£ ﬁ 0%3. If E is small then % must be small and so the canonical term domi-

nates i.e. we have no screening. If E > 1 then there will be a radius beyond which screening
will occur. Note this is different to the standard Vainshtein radius of an object within which

non-linear effects occur. This radius is given by
ry=ro(1—E~1)71/3, 2.17)

We can see that for E < 1 there is no Vainshtein radius, for £ = 1 the Vainshtein radius is
infinite, and, for large E,

ry & 1o (2.18)

and so almost the entire disk is screened. This is in contrast to the K-mouflage model. In
eq. (2.7) the right-hand side is approximately linear in r. This means that for any density of

the accretion disk, there will be screening provided r is large enough.
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We can evaluate £ for cosmological values of the parameters py = 1021M1231H§ and
M3 = H(%Mpl giving E ~ 102! /3. Thus r, & r( and the scalar is screened for almost the
entirety of the accretion disk. Note that this is independent of the mass of the black hole.

The fig. 2.4 shows the profile for a cubic Galileon, with the sign of o3 chosen such that
a solution exists. Inside the matter the ¢’(r) quickly becomes roughly linear in r. This is

3 and

because here we have Y2 ~ E. At r = 50r; we enter into region III, and have Y2 ~ r~
s0 ¢/ ~ r~1/2. The scalar stays in the non-linear regime well beyond the extent of the graph.
It will transition back at around the Vainshtein radius, R,, of the accretion disk, given by
BM e /A4nMp;. 2R3 = 1 which for our system is R, =~ 5 x 10%r.

Similarly fig. 2.5 shows the profile for the quartic Galileon, with o4 chosen to be positive
so that a solution exists. As for the cubic Galileon the profile quickly becomes linear in

region II. However in region III we have that Y3 ~ =3 and hence ¢’(r) stays constant.

Again this will persist until the Vainshtein radius is approached.

2.4 Physical Effects

2.4.1 Strength Versus Gravity

The most obvious physical effect to consider is the size of the fifth force. We will see that
this is small compared to the gravitational force. There are two reasons for this. The first is
that, as we have seen, the scalar is screened relative to a canonical scalar. The second is that
even the canonical scalar force is suppressed relative to the gravitational force. For an object
composed of non-compact matter, that is an object whose mass does not receive a significant
contribution from its gravitational binding energy, this is not the case. However our object
is a black hole with an accretion disk, and the black hole’s mass is entirely of gravitational
origin. The gravitational field is sourced by the mass density of the object but the scalar is

sourced by the trace of the energy momentum tensor. For non-compact objects these are
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K-mouflage Galileon

ng(rl)/Fcon(rl)
N=2 N large cubic quartic quintic

Mpy =10Mz 107" 1072 5x 107" 2x 107 4x 1071

Mpy =10'"Ms  107*  107% 5x 107" 2x 107 4x 10710

Table 2.1 Values of the ratio of fifth force of various theories to that of a canonical scalar
field, evaluated at ry.

K-mouflage Galileon

Fy(r1)/Fn(r1)
N=2 Nlarge cubic quartic quintic

Mgy =10M; 10719 10720 5x1072° 2x10732 4x10734

Mpy =10'Mo 10710 10712 5% 10717 2x10720 4x10722

Table 2.2 Values of the ratio of fifth force of various theories to that of gravity evaluated at
r.

approximately equal and so the scalar force is of gravitational strength. However the black
hole does not contribute to the energy momentum tensor, but does source the gravitational
field, and hence the gravitational force is much stronger than the canonical scalar force in
the case that we are considering. Evaluating at the outside edge of the accretion disk, the

ratio between the canonical scalar and gravitational force is

Boeon(r)  op2  Mace (2.19)
MplFN(l’l) MBH +Mac-c

We expect 3 to be of order unity, so that we get order unity alterations to gravity at cos-
mological scales, and our initial assumptions that the back-reaction of the matter on the
Schwarzschild metric is small enforces that M. < Mpy. Thus this ratio is small. Multiply-
ing this quantity by the ratios in table 2.1 gives the ratios of the scalar force to gravitational
force displayed in table 2.2. For each table we have calculated the quantities for typical

sizes of solar mass black hole and supermassive black hole.
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2.4.2 Classical Energy Estimate

Further to the fifth force strength calculation we can consider energy. We consider a stellar
mass object in-spiralling toward a supermassive black hole with an accretion disk. We can
then use the scalar profile that we have calculated as that of the supermassive black hole,
and take the stellar mass object to follow the path of a test particle. We wish to consider
whether the energy loss due to the scalar is comparable to that due to the quadrupole of

General Relativity. The work done by the fifth force gives an energy loss of

: By,
— (2.20)
& My ¢
where m; denotes the mass of the in-falling object. The energy loss in General Relativity
can be approximated by the quadrupole

: 8m>G>M?3
Ecr = <II,D_TV43H(12V2 — 11r'2)> (2.21)

where the angled brackets denote the time averaging an orbital period. We approximate 7
by first evaluating both the quadrupole and classical Newtonian energy, E, on a Newtonian

circular orbit, 7 = 0 and v* = GM%. This gives

: 32m>G*M3
Sor(r) = ——=55 (2.22)
—GmM,
E(r) = % (2.23)

We then equate the quadrupole with the change of energy

: d GMBHm .
Egr(r) = EE(;») - Ttr. (2.24)
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To show that the approximation of circular motion is valid we show that rate of change of

orbit radius is small compared to the speed of orbit,

i 16m? rg ) My

—=—(=)"—. 2.25
1% 5 r- M BH ( )
As we are considering a stellar mass object falling into a supermassive black hole, this is

indeed small. We now evaluate the ratio of the work done by the fifth force with that of the

quadrupole of General Relativity:

Eo. _ Y1)
éGR 2MP1FN.

(2.26)

We see that this is nothing other than half the ratio of the fifth force to Newtonian gravita-
tional force. As we have already seen the scalars are screened and this ratio is small. This
means that we expect the work done by the fifth force to be a small effect on the in-spiralling

motion.

2.5 Field Profiles with Time-Dependence

No-hair theorems make several assumptions and we have seen in section 2.3 that adding
matter to the exterior of the black hole, as would exist in an astrophysical situation in the
form of an accretion disk, is sufficient to generate a non-zero scalar profile outside the black
hole. Further to the absence of matter, Ref. [59] also assumes staticity of both the scalar
and the metric and asymptotic flatness. However in a cosmological setting we do not have
asymptotic flatness and there will at least be the time-dependence associated with the ex-
pansion of the universe. In this section we consider the scalar profiles of asymptotically de
Sitter solutions in the absence of matter, and then add matter to these solutions. It is com-

plicated to consider fully time-dependent solutions so we add only linear time-dependence
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to the scalar, and keep the metric static. As only derivatives appear in the scalar equation
of motion, this means that they remain easily solvable ordinary differential equations. As in
section 2.3, we will again consider both solar mass and supermassive black holes.

We first present a novel set of exact black hole K-mouflage solutions with a de Sitter-
Schwarzschild metric and then consider the scalar profile generated by a spherically sym-
metric matter distribution on this background. For Galileons we review the vacuum, asymp-
totically de Sitter solutions found in Ref. [9], and then consider the matter on top of this, in

the test field limit.

2.5.1 K-mouflage
Exact Black Hole Solution

First we demonstrate that exact de Sitter-Schwarzschild black hole solutions exist in K-

mouflage theories. The field equations without matter are:

Ml%l (G(xﬁ + Abaregaﬁ) =8ap jf‘K(%) + Kl(%)got(paﬁ () (2.27)

I
V-8

If K'(x) has a zero, X, then setting ¥ = ¥ solves eq. (2.28) and eq. (2.27) becomes

Iu(vV—gd"9K'(x)) = 0. (2.28)

MpGop + (MpiApare — 2K (%0))8ap =0 (2.29)
which is solved by a de Sitter-Schwarzschild metric
ds* = —(1- 2 —H*2)dr? + (1= 5 - 122 1dr? 4+ 2d 0> (2.30)
r r

with an effective cosmological constant
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Acfr =3H? = Apare — M *K(X0) /M3,. (2.31)

If K(x) has coefficients of order unity then we expect ¥y and K(¥) to be roughly of order
unity. Taking .Z* ~ H(%M%,l, the dark energy scale, then gives a contribution to the effective
cosmological constant of order Hg. This metric is Schwarzschild for H = 0 and de Sitter
for r¢ = 0. It has a black hole horizon near r = ry and a cosmological horizon near r = Ii{
From now on we denote f(r) = 1 — 2 — H*r?. Note that this solution does not exist for a
canonical scalar as the K'()9) = 0 condition can be imposed, since for a canonical scalar
K'(x)=1.
In the special case where ry = 0 we have de Sitter space. We can use the co-ordinate
relations
T:t—i-%lnh — H?*| (2.32)

and

1

p=re (1 -H*?)"2 (2.33)

to rewrite the metric in the more familiar "cosmological" coordinates, as opposed to the

"Schwarzschild-like" coordinates of eq. (2.30). In these coordinates the metric takes the

form
ds? = —dt* + 217 (dp? + p2dQ?). (2.34)
We now find the black hole solution explicitly, denoting o = —%. We take an ansatz
of
O =qt+y(r). (2.35)
The x = xo condition then gives
V() =+-L (1+£2(1—5—H2r2))1/2 (2.36)
fr) g r
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with the positivity of the square root imposing that g> > —C. Any solution to eq. (2.36) is

an exact black hole solution. However one should note that in the case C = —g” we have
that
9 Ts | g2 TqHT
=+——(—+H =——=+0 2.37
V/(r) f(r)(r+ I") 1—H2r2+ (rS/r> ( )
_ 4 2,2

Using eq. (2.32) we can see that when the minus sign is chosen in eq. (2.37), this partic-
ular solution tends toward the isotropic, homogeneous de Sitter solution that is linear in
comoving time:

¢ =qr. (2.39)

If the plus sign is chosen, then the solution tends toward an inhomogeneous de Sitter solu-
tion:

0 =q1— %ln\l — H2PTp?), (2.40)

As the time coordinate blows up at the horizon, we need consider regularity at the future
horizon of the black hole. To do this we trade our time coordinate for the ingoing Eddington
Finkelstein coordinate v =7+ r*(r), where r* is the tortoise coordinate defined by ‘fii: =1/f,

which covers the future horizon of the black hole. We have that
o =qt+y(r) (2.41)

O =qv+y(r)—qr. (2.42)

This implies that for ¢ to be regular at the horizon (at which v is finite), y(r) — r* must be
regular, which differentiating gives

v'(r) ~ (2.43)
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at the horizon. At the horizon % + H?r* = 1 and so this is only possible if the plus sign is
chosen in eq. (2.37). This means that solutions regular at the horizon with the asymptotics
of eq. (2.40) exist, as do solutions that are not regular at the horizon but have the asymptotics
of eq. (2.39). However solutions do not exist which are both regular at the horizon and, far

from the black hole, approach cosmological solutions that are linear in comoving time.

Adding Matter

We now solve the scalar equation of motion for the same accretion disk as used in the

previous sections, on the de Sitter-Schwarzschild background found above:

1

V=g

9u(V=gI" 0K (1)) M%pm. (2.44)

As \/—gg"d;,¢K'()) is independent of ¢ then the equation of motion is just an ordinary

differential equation in r, which we can integrate

B

- 47'[1”2Mp1

2 r
FOW K (s = 4V o)

M(r) (2.45)

where f(r) = 1—% — H?r* and M(r) = 4z ["dr'¥*p(r') is the baryonic mass contained
within a sphere of radius r.
We now focus only on quadratic K-mouflage, K'()y) = 1 — ¢y, with C = —¢>. The

requirement that K’ (%) = 0 implies that ¢ = zqi;. We define Y = —”f(/%/(r) and re-write

eq. (2.45) as

. / qz ) _ B
PG 72 T e o

(r). (2.46)

This function is displayed in fig. 2.6. Matter will drive the value of F' to beyond the

. . 1
value of the local maxima and so our solution must have Y > Y, , where Y = %(% —1)

]
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F(y'(n.n

Fig. 2.6 Shape of F for K(x) = x — x*

is the positive zero of F. F is invertible on this branch and so we have a unique solution
which, at large r, relaxes back to the solution that exists in the absence of matter. This is

Y =Y+. As in the static case F' is zero in region I and so

v(r) = %(’—: +H>)\? (2.47)

in region I. This means that if ¢ > 0 we have a solution which is regular at the horizon
with the asymptotics of eq. (2.40) and if ¢ < O we have a solution with the asymptotics of
eq. (2.39) that is not regular at the horizon.

We now describe the features of this solution.

As in the static case the solution in region I is exactly as if there were no matter at all. In
this respect the matter does not effect the scalar field here at all. However we do now have
a non-trivial scalar profile given by y/, (r) = % (= +H 2rz)%. We will consider the physical
effects of this later.

We assume ry < 1/H and consider region II, where f(r) = 1. In this case we have

Cy3 a BM(r)

N —— 248
2 47L'Mpl%2r2 ( )
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Fig. 2.7 K-mouflage de Sitter-Schwarzschild solution versus the canonical field on a
Schwarzschild background in units with rg=1. Vertical dashed lines denote inner and outer
edge of accretion disk.

When the right-hand side is large, which it is for almost the entirety of region II, this
coincides with the solution for the static case. In particular, the physical effects which were
calculated in the static case on the border of regions II and III will remain the same for the
time-dependent case.

In region III, the solution tends to one of the cosmological solutions, which one depend-
ing on the choice of sign of g. For the solution regular at the horizon, we must have g > 0,
and the asymptotics of eq. (2.40).

In fig. 2.7 we show the K-mouflage de Sitter-Schwarzschild solution versus the canonical
field on a Schwarzschild background. For the majority of the disk the K-mouflage force is
the same as that of the Schwarzschild case, however in region I we now have a non-zero

force.

2.5.2 Galileon
The Black Hole Solution

Ref. [9] found exact cubic Galileon black hole solutions with ¢ = gf + y(r) in static co-

ordinates, which tend to isotropic cosmological solutions far from the black hole. We fix
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Fig. 2.8 F(y/(r),r) for cubic Galileon, in the vicinity of the black hole (left) and for r 2>
V2 ighy

c3 = 3qLH so that cosmological solutions exist. In the test field limit these solutions have a

de Sitter-Schwarzschild metric. In this case the field equation is

;| aaf(n)y”? 3rg 22 C3q2(:—§—2H2r) _
fry +f(2_§_3H ro) — 270 =0. (2.49)

There are two solutions to this quadratic equation. However one of them blows up when

2— % —3H?r? = 0. It is the other one that we want.

Adding matter

We add matter to this test field case, for which the integrated equation of motion is

e f(OWR L 3y oo e (5 —2Hr)  BM(r)
(2.50)

That the matter drives F' to high positive values implies that we must have ¢ > 0. We
again take the solution that does not blow up when 2 — % —3H?r? = 0 to attain a unique
solution which relaxes back to the matter-less solution at large r. The zero of F' taken implies
that in region I ¥/(r) ~ % as f(r) — 0, which implies that the solution is indeed regular

at the future event horizon because we have chosen that g > 0, for exactly the same reason

as in the K-mouflage case.
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Fig. 2.9 Fifth force for Galileons with a black hole of mass 10Mg in units with rg = 1.
Vertical dashed lines denote inner and outer edge of accretion disk.

The figs. 2.9 and 2.10 show the profile for stellar mass and supermassive black holes
respectively. The fig. 2.9 shows the profile for a black hole with Mgy = 10M.,, in which
we have taken a cosmological value of ¢ = HyMp;. This figure shows that the introduction
of the matter has little effect on the gradient of the Galileon field. For the K-mouflage field
the presence of the accretion disk was noticeable due to the sharp changes in gradient of
the fifth force profile at the accretion disk edges. However no such change is noticeable for
the Galileon. This is because the ratio of the third term on the left hand-side of eq. (2.50)
and the right hand-side is roughly % which we have assumed to be large so that we can
neglect the back-reaction of matter. Thus the field profile for the Galileon in the presence
of matter is similar to that of the Galileon field in the absence of matter. If we ignore the
back-reaction of the matter for a large black hole, fig. 2.10 shows the profile for a black hole
with Mgy = 1010M@, and therefore has Mpy < M,... Now in region II the matter term in
eq. (2.50) dominates over the third term on the right hand-side. Consequently the fifth force
coincides with that of the static case. This is because the third term in F' can be dropped
and, as we are in the vicinity of the black hole, Hr < 1. This means F reduces to that of the

static, Schwarzschild background case. However, as before, there remains a nonzero force

in region .
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Fig. 2.10 Fifth force for Galileons with a black hole of mass 10'°M, in units with rg=1
2.6 Physical Effects Revisited

We now quantify the effect that adding the time-dependence to the solutions has had on the
fifth force. For K-mouflage we have already seen that the fifth force at r| is approximately
the same as that of the static case. We have also seen that there is now a fifth force in region
I. We thus evaluate this at ro. We take g = HyMp; in eq. (2.47). This gives us a ratio of fifth

force to Newtonian gravity of
Fy(r0)/Fn(ro) =4 x 102 (Mpy /M) (2.51)

which is again small for even the largest of black holes.
For Galileons we see that the Galileon term dominates for all sizes of black holes, giving

a similar force ratio to that of K-mouflage:
Fy(ro)/Fn(ro) =2 x 10722 (Mpp /M). (2.52)

We saw that for large black holes that the Galileon scalar profile was similar, around 7y,

to that of the static case. However for small black holes it was different. In this case the
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profile was similar to the vacuum profile, for which the ratio of the forces is
Fy(r1)/Fn(r1) = 1075 (Mp /Mp). (2.53)

In all cases the fifth force is highly suppressed relative to the Newtonian gravitational force.

2.7 Supermassive Black Hole Offset

It has been discussed in Ref. [58] that supermassive black holes in Galileon theories should
be offset from the centre of the galaxy. This is because the non-relativistic equation of

motion for an object in an externally sourced scalar field is

)LC; = —Vd)N()?) - A%V(pext (2~54)

where M and Q are the mass and scalar charge of the object respectively. Black holes have
no scalar charge and so do not couple to external scalar gradients which are generated by
large scale structure, whereas the ordinary matter in the galaxy does. The black hole is
therefore offset from the centre of the galaxy such that the ordinary gravitational attraction
of constituents of the galaxy on the black hole is balanced by the scalar fifth force. A similar
effect has been discussed in Ref. [80] in the context of scalar gradients generated by galaxy
clusters. Both Ref. [58] and Ref. [80] focus on Galileon theories. Whether such an effect is
present in K-mouflage theories is unclear. The key difference is that K-mouflage theories do
not have the shift symmetry in the gradient of the field and so linear gradients are suppressed,
unlike in Galileon theories. Thus one would expect the host galaxy to suppress the external
gradient field and consequently, at the centre of the galaxy, it makes little difference whether

an object couples to this field or not.
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We note however that it is the entire black hole and accretion disk system that is offset,
and this does have a scalar charge; namely the mass of the accretion disk. This means
that the black hole and accretion disk feel a fifth force and therefore the offset is reduced.
An offset is still present because the scalar charge, M,.., does not equal the total mass,
M. +Mpp. The displacement, r, of an object of scalar charge Q and mass M in an external
scalar gradient can be found by equating the fifth force with the additional gravitational
force due to the offset from the galactic centre. An object of scalar charge Q and mass M
falls according to eq. (2.54). Therefore a test mass (which has Q = M) at the galactic centre

(which is the minimum of the Newtonian potential) will have an equation of motion

)‘_C;O = _A%V(Pext- (2~55)

The relative acceleration between the galactic centre and the object is zero and we take
V®y (X)) = Gm(r)/r?, where m(r) is the mass contained within a sphere of radius r centred

on the galactic centre. Thus

0. B
- M)IW_H‘V(P“[L (2'56)

2 =(1

As we can see black holes (with Q = 0) have the maximum displacement, and non-compact
objects (with Q = M) are not displaced. If we assume, as in Ref. [58], that the background
density is constant, then m(r) ~ > and so the displacement increases linearly with |V @ey|.
Putting Q = M. and M = M,.. + Mpy then gives us that the offset calculated in Ref. [58]

would be reduced by a factor of
MLICC
Mgy’

I+ (2.57)

In table 2.3 approximate values of this ratio are shown for various values of Mpy, where,
to calculate the mass of the accretion disk, we have assumed a disk-like accretion disk fifty

Schwarzschild radii wide, and a tenth of a Schwarzschild radius deep. We can see that for
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Mgy /M, 1 10 105 10°
Myce/(Mpp +Myee) 1071 10717 1077 107!

Table 2.3 Approximate values of the fractional offset reduction for various values of Mgy

small black holes, such as the one in our own galaxy, the difference is slight, however for

the larger black holes the difference is increased.

2.8 Discussion and Conclusion

In this chapter we have performed exploratory calculations to investigate the Galileon and
K-mouflage scalar profiles that can be generated by a black hole with an accretion disk. In
static setups, with no external matter, no-hair theorems [59] tell us that no scalar gradients
exist. However this setup is not truly representative of astrophysical black holes and we
have therefore considered setups in which some of the stipulations of the no-hair theorems
have been relaxed. We first investigated a static setup with an accretion disk, then a time-
dependent setup in vacuum, and finally a time-dependent setup with an accretion disk.

In section 2.3 we considered the profiles generated by a spherically symmetric accretion
disk, on a Schwarzschild background, with an r-dependent scalar. We showed that for both
theories the scalar gradient was zero inside of the inner edge of the accretion disk, grew
inside the disk, and then decayed to zero at large r. This is very much in contrast to the
potential based screening mechanisms investigated in Ref. [38]. In these the gradient was
pinned to zero within the relatively dense accretion disk, but attained non-zero values inside
of the inner edge of the disk. We evaluated the ratio of the scalar fifth force to gravitational
force at the outer edge of the accretion disk, with the values displayed in table 2.1. They are
small for two reasons. Firstly the scalar screening mechanisms work as usual, and secondly

the mass of the black hole contributes to the gravitational force, but not the scalar force.
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In section 2.5 we reviewed the time-dependent Galileon black hole solutions of Ref. [9],
and found exact vacuum black hole K-mouflage solutions. The solutions have a Schwarzschild-
de Sitter metric and a scalar with linear time-dependence. For K-mouflage theories we
found that the fifth force strength coincided with that of the time-independent calculation at
the outer edge of the accretion disk. However there is now a force inside of the inner edge
of the disk, albeit a small one. For the Galileon we found that the addition of the accretion
disk had little affect on the vacuum profile, and that the force was always small.

We also considered how the addition of an accretion disk alters the argument of Ref.
[58] that supermassive black holes are offset from the centre of their host galaxy in Galileon
theories. We argue that this effect should not be seen in K-mouflage theories, but that in

Galileon theories the addition of the disk should reduce the offset distance by a factor of

1 +Macc/MBH- (2.58)

Further to considering purely the ratio of the fifth force to the gravitational force, we
considered how the work done by this fifth force would affect an object in-spiralling towards
the black hole due to the loss of energy via quadrupole radiation. We found that this was

suppressed by the same ratio as the fifth force to gravitational force.






Chapter 3

K-mouflage Theories with a Disformal

Coupling

In the previous chapter we discussed Galileon and K-mouflage theories around a black hole
with external matter. The coupling to matter of both the Galileon and K-mouflage was via
a conformal coupling factor. Here we extend our study of K-mouflage models to include
an analysis of K-mouflage theories with an additional, disformal coupling to matter. These
couplings were first discussed by Bekenstein in Ref. [13] in which he argued that the most

general form of the metric to which matter couples is of the form
Zuv = A(guy +BAu 099 /M*) 3.1

where M is an energy scale and B is referred to as the disformal factor. Despite this the
majority of the literature focuses on conformal couplings to matter. In the first part of
the chapter we consider the background cosmological behaviour of the K-mouflage with a
disformal term and at the end of the chapter we reconsider the set-up of chapter 2 with the

addition of the disformal term.
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3.1 Background to Disformal Couplings

In scalar-tensor theories one has the freedom to change frames which amounts to defining a
new metric in terms of the old metric and the scalar field. Matter fields couple minimally to
the Jordan frame metric, gy, so it is this metric on which the matter dynamics take place.
For example test particles follow the geodesics of this metric. One can change frames to
write the Lagrangian in terms of another metric. Typically one chooses to write in terms of
the Einstein metric, g, which is the one for which the gravitational sector Lagrangian can
be written as a standard Einstein-Hilbert term. These two metrics differ, and conventionally
they are taken to be related by a conformal factor, g,v = Azguv. However Ref. [13] argued
that, although this was the simplest relation one could have a more general relation; that
if the theory was to obey causality and the weak equivalence principle then the relation
between the two metrics could only be a conformal factor plus a term comprised of the

outer product of the derivatives of the scalar
Zuv = A (guv + BAu9 v /M) (3.2)

where M is some energy scale and, in the most general case, A and B can be functions of
both ¢ and (d¢)?. This additional term is referred to as a "disformal coupling". Disformal
couplings can occur naturally, in for example massive gravity [40] or braneworld scenar-
ios [41], but have been investigated less in the literature, particularly so in theories with a
screening mechanism. It was shown in Ref. [77] that the non-relativistic limit of standard
scalar-tensor theories is unaltered by the addition of a disformal term. A related fact is
that, when expanded in powers of 1/M*, the first order term in the matter Lagrangian is

proportional to

Py dTs" (3.3)
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which vanishes for a static field and non-relativistic source;

T’ = —pg (3.4)
TV =T/ =0 (3.5)
J,¢ =0. (3.6)

In fact Ref. [20] showed that the matter Lagrangian, with no conformal coupling and a
constant disformal coupling, vanishes for all orders in 1/M* and so no classical force is pro-
duced. Quantum effects will produce a fifth force [20] but, nevertheless, standard fifth force
experiments are ill-suited to constraining a disformal coupling. Thus alternative physics has
had to be considered such as coupling to photons [21] and collider constraints [20].

Given that static set-ups are ill-suited to constraining disformal couplings, it is natural
to consider time-dependent situations. This is what we do in this chapter, firstly with regard
to the background evolution of the universe, and secondly in the time-dependent black hole

solutions discussed at the end of chapter 2.

3.1.1 Disformal Cosmologies

In this chapter we consider the cosmologies of theories with a disformal coupling to matter
and K-mouflage kinetic structures. So far, the literature has focussed on disformal couplings
in theories with a canonical kinetic term [77, 78], that is extending actions of the form
eq. (1.91) to include a disformal coupling, or theories with Galileon kinetic structures [95].
One problem that can occur when calculating the cosmologies of disformal theories is that
the determinant of the Jordan frame metric becomes singular, which happens when the
square root in the middle term of eq. (3.24) becomes zero. Numerical studies [94] have
shown that cosmological solutions slow down as the singularity is approached and this was

dubbed "a natural resistance to pathology". In Ref. [78] it was clarified that the singularity
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actually only occurs the infinite future. Nevertheless, it was still argued that cosmological
solutions that evolve toward this singularity are not viable because fifth forces diverge as
the singularity is approached. Ref. [78] further characterised the late time behaviour of
disformal cosmologies. It was found that viable models that avoid the singularity do exist,
but that the disformal term does not affect these end states, and therefore that disformal
cosmologies in standard scalar-tensor theories are of limited interest in terms of their late

time cosmological behaviour.

3.2 Background Cosmological Evolution

The background cosmological evolution of K-mouflage with a conformal-only coupling to
matter has been considered in Ref. [23]. There it was found that solutions screened at early
times existed and that these exhibited tracker behaviour. These solutions had ¢ — 0 and
x — o as t — 0. Although the scalar energy density blows up at early times, it does so
slower than matter, and so the universe is matter-dominated. This is despite the fact that the
equation of state of the scalar is not minus one, and can even diverge at a specific time point
in the evolution of the universe . As ¢ increases, ) decreases. Dependent upon the functional
form of K () solutions are discussed where y — 0 at late time, or when ) tends to a non-
zero value. The final fate of the universe is found to be a de Sitter universe. In between
the early and late times where the behaviour is indistinguishable from ACDM, percent level
differences between the Hubble rate and that of ACDM are found. The differences are
greatest for red shifts of around 1 <z < 5.

Our goal in this part of the chapter is to find solutions of this theory that demonstrate
ACDM-like behaviour. We consider the matter-era onwards and so our criteria amount to
having matter domination at early times, transitioning to a dark energy dominated universe,
and having the correct equation of state for this dark energy during the dark energy domi-

nated era.
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3.2.1 Preliminaries

Our action is the same as the K-mouflage action of chapter 2. It is
M2
[axtv= (7’”1e + ///4K(x)) + Sm(&uv) (37

where ¥ = —(9¢)?/2.4*, # is an energy scale, S,, is the matter Lagrangian. The differ-
ence is in the form of the Jordan frame metric, gy, which is related to the Einstein frame

metric, gyv, via the equation

B
Guv =A%) (8uv + 37799 9u0) (3.8)

where B > 0 is a constant. B is called a disformal factor and it is the introduction of this
term in the context of K-mouflage cosmology that is novel. As before we assume K()) is
of the form

K(x)=—1+x+.. (3.9)

where the ellipsis denotes higher powers of . When y is small K(x) ~ —1+ ). However
when y is large the higher powers of y will dominate. For the purposes of this work we
only consider K () to be a polynomial of . This means that for large y, taking the highest
power to be n, we have that K()) ~ x". For the purposes of generating numerical plots we
take

K(x)=—-1+x+kox" (3.10)

as this is a simple function that has the qualitative features of K()) that we desire. The
equations derived from varying the Einstein metric are unaffected by the way in which
matter is coupled to the metric, and they are simply the usual GR-like equations

MGy =Ty

uv“f‘T;?v (3.11)
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where Tlfv is the Einstein frame energy-momentum tensor and TL(tP v 1s the energy momentum

associated to the scalar. Explicitly we have

Ty = A K (X)guy +K'(X)9u90v9. (3.12)
All modifications to gravity appear in the equation of motion derived from varying the scalar,
which gives

1

\/_—gau(\/—_ga”wf/(x) —V/=8TE" 9v9B/M*) = —T " guvA'(9) /A(9) —T£* 0: 9y 9 (A (9)B/AM®).

(3.13)

3.2.2 Cosmological Equations

We look for homogeneous isotropic cosmological solutions. This amounts to having
ds? = —dt* + a(t)*dz? (3.14)

¢ =0(1). (3.15)

In this work we are focusing on the matter-dominated era onwards. We assume a spa-
tially flat universe and ignore contribution to the Einstein frame energy momentum other
than matter. That is we take

T = pE (3.16)
7Y =T =0. (3.17)

Combining these assumptions leaves us with the standard Friedmann-like equations with a

contribution of the scalar energy momentum

3MpHE = pE + Py (3.18)
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— 2Mp,HE = pE + Py + Po (3.19)

with
py = —M*K(x)+ 22K (1) (3.20)
po = A*K(X). (3.21)

These equations are the same as for the conformal case, however the evolution equation for
the scalar is modified to become

(@K (1) + apedB/MY) = pied (0)/A(9) — pe®*A'(9)B/AMY. (3.22)

The Einstein frame energy momentum is not conserved and therefore the Einstein frame
matter density does not obey the usual evolution equation of matter. However the Jordan
frame energy momentum is conserved because in this frame the modifications to General
Relativity appear in the gravitational sector. Therefore the usual argument that the diffeo-
morphic invariance of the matter Lagrangian implies the conservation of the energy momen-
tum follows through. We use this fact to substitute out the Einstein frame matter density in
favour of a matter density that is conserved (with respect to Einstein frame time). To do this
we must consider the relation between the two frames. We take the Jordan frame metric to
be

ds” = —di* + a(7)2dx. (3.23)

We can now use eq. (3.8), along with eq. (3.14) and eq. (3.15) to give the relations

T i A
di = A\J1 — B(0,9)*/M*dr V(e (3.24)

alt) = a(7)/A. (3.25)
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We include the relation between df and dt in both Einstein frame time and Jordan frame
time for completeness, but will use exclusively the first equality of eq. (3.24). We will also

require the relation between the Einstein and Jordan frame energy momentum tensors [95]

T} =A%\ /1—2BX /MATHY (3.26)

where X = —g"Vd,¢0dy¢ /2. From eq. (3.26) we can calculate the relation between the

matter densities of the two frames:

pe=T¢ =A%\[1 - B30 /M T = 4%\ 1 B0 )2 /M T (T =A%)\ /1~ B30/ M

(3.27)
where tilded quantities are those in the Jordan frame. As stated above conservation of the

Jordan frame energy momentum implies the usual conservation equation for matter

d
d—f(a3/3) =0 (3.28)

which, re-written in terms of Einstein frame quantities is

%(CﬁpE /A\/1—2BX/M*) =0. (3.29)

This motivates us to define the quantity

p = pr/A\/1—2BX /M* (3.30)

which obeys the usual matter conservation equation in the Einstein frame,

p = —3Hgp, (3.31)
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and so

po = pa> (3.32)

is a conserved quantity. We also define

Peff = P¢ +P(Ay/1—2BX /M*—1) (3.33)

and use eq. (3.32) and eq. (3.33) to re-write eqgs. (3.18) to (3.22) into the final form that we

shall use
3MpHE =+ Pesy (3.34)
—2MpH = P+ Pesr + Do (3.35)
py = — M (K(x) = 22K (X)) (3.36)
py = M *K(x) (3.37)
®p = P/ Pess (3.38)

%(a%K’(z) +PopodA/T—2BxB/.A") = —B(9)po(1—2Bx)**/Mp  (3.39)

where B(¢) = MpA’'(¢)/A(¢) and we have set M = .#, which is without loss of generality

because the difference can be absorbed into B.

3.2.3 Early Time Limit

A physically realistic universe must be matter-dominated at early times. This can be achieved

if porr/p and py/p are both small. In this case eqgs. (3.34) and (3.35) become
3M3Hz ~ p (3.40)

—2M3,Hp =~ p (3.41)



78 K-mouflage Theories with a Disformal Coupling

which is solved by
ar (3pot /4Mp;)' /3. (3.42)

We now consider the conditions required to have a matter-dominated universe, that is, one

with a® ~ 1. Integrating eq. (3.39) gives that at early time

—Po®A\/T—2BYB/.A ~—pod(0)A(9(0) /1~ 2By (0)B/.# — Bpo(1—2Bx(0))*/*/Mpi.
(3.43)
Unlike conformally coupled K-mouflage, which has ¢ — oo at early times, we are free to
choose the initial value of ¢. Whatever this is chosen to be, Py and py will be fixed to an
initial, finite value therefore, because p — o as t — 0, both py/p and py/p will tend to
zero as t — 0. From eq. (3.33) at early time p,¢¢/p ~ A\/T—2By — 1, therefore to ensure

matter domination we must choose initial conditions such that

A(¢(0))/1—=2Bx(0) ~ 1. (3.44)

This condition will be sufficient to ensure that at early times the right-hand sides of egs. (3.34)
and (3.35) will be dominated by matter and the scale factor will have the correct dependence
upon time.

In the above argument we have shown that eq. (3.44) is sufficient to have a’ ~ > at early
time. However, this is the Einstein frame scale factor and what we really need in order to
have a matter-dominated universe is for the Jordan frame quantities to obey the equivalent
relation, that is @ ~ 2. We now show that this is indeed the case. To do this we need to
calculate the relation between the Hubble rates, Hg = %In(a(r)) and H = %In(a(7)), which,

—dt di
using eqs. (3.24) and (3.25), is

Hp = —(H — —In(A)) (3.45)
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Hg =A+/1—-2BxH — B¢ /Mp,. (3.46)

Given eq. (3.44), that Hg diverges as ¢ — 0 and that ¢(0) is finite, we have that, at early

time, t ~ 7 and Hg ~ H and so we do indeed have early time matter domination.

3.2.4 Late Time Limit

Our universe appears to be entering an era of accelerated expansion driven by a dark energy
with equation of state of minus one. We therefore impose that, in addition to early time
matter domination, any solution that we find must have this behaviour in the large ¢ limit.
That is, we seek a late time de Sitter solution, with Hr = 0 and a ~ exp(Hgt). Because

p — 0 ast — oo, at late times we must have
Pesf+po =24 XK' (1) ~0. (3.47)

Thus ¢ must tend towards either zero or a zero of K’(). Integrating eq. (3.39) and taking ¢

to be large gives late time behaviour of
0K’ (%) = —PBooPo(1 — 2BY=0)**t Mpia® (3.48)

where Y. = lim;_,.. ¥ and we assume that B = lim;_,.. 8 is finite. The right-hand side
of this equation tends to zero and so ¢ tending to either zero or a zero of K'()) appear
to both be valid asymptotic behaviour of solutions to eq. (3.39). Indeed Ref. [23] has
discussed solutions of both these forms for conformally coupled matter. However, as we did
for the early time behaviour, we must ensure that de Sitter solutions in the Einstein frame
correspond to de Sitter solutions in the Jordan frame. Consider first those solutions which

have ¢ — ¢ # 0. We evaluate eq. (3.46) on this solution and differentiate. Using eq. (3.24)
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this gives

0=Hg= %(A 1 —2Bxe)H + (A/1 — ZBX"")Z%H+ B'(¢)92/Mp, (3.49)

which, evaluating eqs. (3.33), (3.34) and (3.46) on these solutions and substituting in, gives

ditfl = —(BGoo (M * /=K (Yo0) /3 + B o) +2Mpy tt* B (§) 1o0) /A M3, (1 — 2By..). (3.50)

For this to be zero we require the numerator to be zero. If 8 tends to a non-zero constant
then this cannot happen, unless the zero of K () is chosen specifically so that the value of
¢ is such that the numerator is zero. Alternatively the functional form of B could be chosen
specifically to force the numerator to be zero. These cases are highly contrived and we will
not consider them here but will return to the § = 0 case later.

For the left-hand side of eq. (3.50) to tend to zero one could also have the denominator
blow up. However upon inspection of eq. (3.46) this will correspond to H — 0 which
we discount as unphysical. Although we cannot rule out the possibility that there will be
physically acceptable solutions in the Jordan frame that appear unphysical in the Einstein
frame, these would be difficult to find. We therefore limit ourselves to looking for solutions
in the Einstein frame that appear physical, and ensuring that the differences between the two
frames are small enough that physical behaviour can be inferred from the Einstein frame.

For the reasons explained above we will discount the solutions with asymptotic be-
haviour ¢ — @ # 0 and will require ¢ — 0 as t — oo. This gives satisfactory physical

behaviour, which using eqgs. (3.35) to (3.37), (3.46) and (3.48) is
O~ Ou (3.51)

¢ ~ —B(¢)pot /Mpia® (3.52)
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Pess M (3.53)

po ~ —M* (3.54)

Hg ~ 4% /Mp\/3 (3.55)

a(t) ~ exp(M°t /Mp\V/3) (3.56)
A~ 47 ]A(¢)Mp\/3 (3.57)
a(f) ~ exp( AT/ A(9-)Mp\/3). (3.58)

Recall that standard scalar-tensor theories with a disformal coupling [78] have late time
cosmological behaviour that is independent of the disformal coupling. Although eqs. (3.51)
to (3.58) do not depend on the disformal coupling explicitly, they do depend on @... And un-
like standard scalar-tensor theories, in which @ is the minimum of a potential and therefore

independent of B, in K-mouflage models ¢ is dependent on B.

3.2.5 A=1 Case

Before considering the more general case we will take some time to discuss the more
tractable case in which A = 1. This case is made particularly simple as there is no ex-
plicit dependence on ¢, only on its derivatives. As a consequence of Noether’s theorem,

this means that eq. (3.39) takes the form of a conservation equation:

%(a%‘m’(x) + pod/1—2BxB/.#*) = 0. (3.59)

Revisiting the late time behaviour discussed above, all of egs. (3.51) to (3.58) hold true,

except eq. (3.52), which instead has

¢ ~1/a. (3.60)
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Early and Late Time Behaviour in this Case

Considering the early time limit in this instance, if we impose eq. (3.44) exactly, then we
will have ¢(0) = 0 and therefore, from eq. (3.59), ¢(¢) = O for all time. This is simply a
cosmological constant. We instead allow eq. (3.44) to hold approximately and so achieve

modifications to gravity. We suppose that we have

limpeys/p = /1-2Bx(0)~1 =€ (3.61)

where € is small, which amounts to

(0)/.#4%=+/e(2—€)/B~+/2¢/B (3.62)

where we have chosen ¢(0) > 0, which is without loss of generality because eqs. (3.34)

to (3.37) and (3.59) are invariant under the inversion ¢ — —¢.

Behaviour of Solutions

We now integrate the equation of motion and determine the behaviour of ¢. We then con-
sider our original criteria for a physically realistic solution, and attain constraints from these
restrictions.

We integrate eq. (3.59) and rearrange to find for an implicit equation for ¢:

Bpo$(0)+/1—2Bx(0)/.#* (3.63)
&K' (1) + Bpoy/T— 2B A |

o=

Initially a is small, the second term of the denominator will dominate over the first and

so ¢ will remain fixed at its initial value. This will remain the case until the first term has
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become significant in size relative to the second term. We define this time ¢, by the equation

@ (t;y) = BPor/1—2Bx(0)/10.4* K’ (1(0)). (3.64)

At the time ¢, q) will have reached around ninety percent of its original value, and will,
from then on, decrease further. We take #;, as a ball park figure that denotes the time at
which ¢ starts to vary significantly from its original value.

If we reach a point where the first term of the denominator does dominate then we have
that

a>OK'(x) ~ constant. (3.65)

We have that @3 is increasing with time and have imposed that ¢ K’ (x) is an increasing
function of ¢. Therefore eq. (3.65) implies that ¢ must be decreasing with time, which in
turn means that 3K’ () is increasing. This means that once the first term of the denominator
starts to dominate, it will continue to do so. Thus #;, denotes a transition time, before which
¢ is approximately constant and after which ¢ starts to decrease. Once the first term of the

denominator starts to dominate eq. (3.63) is then approximated by

@ §K' () ~ BPo$(0)\/1—2Bx (0)/.*. (3.66)

As a increases with time, ¢ will eventually decrease towards zero.

We have now established that ¢ remains constant early at early times. At some point,
as defined by eq. (3.64), ¢ will begin to decrease, and the dynamics will transition from ¢
being approximately constant, to ¢ decreasing and finally asymptoting toward the behaviour
of egs. (3.51), (3.53) to (3.58) and (3.60). Note also that, because ¢ is decreasing, /T — 2By
will increase from its original value to unity. It is this quantity that vanishes for the pathologi-
cal, singular behaviour previously seen in disformal cosmologies, and therefore the problem

of singularity in the Jordan frame is not an issue for these solutions.



84 K-mouflage Theories with a Disformal Coupling

Constraining these Solutions

We now consider the third criterion of the requirements that we stated at the beginning of
the chapter. That is that the equation of state of scalar energy momentum is approximately
minus one during the dark energy dominated era.

Firstly, we consider the equation of state. From egs. (3.33) and (3.36) to (3.38) we have

24K (x)+p(yT—2Bx —1)/.4* (3.67)
—K(x)+2xK' () +p(T1-2Bx —1) '

CO¢:—1—}—

We wish to have @y ~ —1 and for this to be achieved we must have ¥ < 1. The time at
which the universe will leave the matter-dominated era and enter the dark energy dominated

era will be given by

ij Npeff- (3.68)

As we have already stated, to ensure the correct equation of state for the scalar energy
momentum at the time of transition between the matter and dark energy dominated eras, )

must already be small and so eq. (3.68) amounts to

Pt (3.69)

This gives us our definition of the time, fpg, at which the universe transitions between eras:

a’(tpe) = po/ A *. (3.70)

By the time we enter the dark energy dominated era, we require p.ss to be behaving like
a cosmological constant. For this to happen we have two options. The first is simply that
the initial value of ¢ was small, and that #,, is greater than the current age of the universe.
This means that ¢ has been fixed at its initial value for the entire age of the universe and the

scalar energy momentum has acted like a cosmological constant. This case is uninteresting
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as it is effectively just reproducing a ACDM universe. The other option is the one we shall
focus on. In this case p, s behaves like a cosmological constant because it is already close
to the late time asymptotics of eqgs. (3.51), (3.53) to (3.58) and (3.60). This means that ¢
must have the behaviour of eq. (3.60). Thus we require #, to happen during the matter-
dominated era, before the transition is observable as a change in the equation of state of the
dark energy. Combining egs. (3.64) and (3.70) with the requirement that ¢, < fpg then gives

us the constraint that

a(t,y)/a (tpp) S 1 = By/1-2Bx(0)/K'(x(0)) < 10. (3.71)
Re-writing this in terms of € rather than the initial values of the derivative of the scalar, gives
B(1—¢)/K'(e/B) < 10. (3.72)

This constraint will be violated for large B. This is because for large B the initial value of
x will be small, and we will effectively have cosmological constant-like behaviour. The
interesting question is whether eq. (3.72) can be violated for small B. Clearly this would
require K’(€/B) to be small. For the forms of K(J), given by eq. (3.10), analysed in our
numerical plots, K'(x) > 1 and therefore eq. (3.72) will not be violated. However there is
nothing in principal wrong with having K’() small for large x, as long as ¢K’(x) is an
increasing function of ¢.

As we have said, at fpg we must have ¥ < 1. We can impose this directly on eq. (3.63)

to get a further constraint. This gives

B$(0)\/1—2Bx(0)/.4> <1, (3.73)

1+B
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Again substituting for initial values gives us the constraint

m <1. (3.74)
1+B

In fact, the maximum value of the left hand side of this equation is 1/ 3v3fore=1 /3 and

B =1, so the constraint is always satisfied.

Plotting the Solutions

In the above subsection we have described the behaviour of the solution when A = 1 and de-
rived the constraint eq. (3.71). In this subsection we generate a number of plots to see explic-
itly the level of variation between these models and ACDM. We take our form of K () to be
given by eq. (3.10) and so our model is described by the six parameters (.#, P, B, €,Ko,m).
We will generate plots in which the latter four are varied but we will fix the first two.

We fix po by matching the Hubble rate at early time with that given by ACDM. The

eqs. (3.34) and (3.61) give that at early time

3MZ,HE ~ p(1—¢) (3.75)
and so
3M2,(1—2Bx)H? ~ po(1—€)/a’. (3.76)
Using eq. (3.61) once more gives
A% ~ po/3M2,(1 —€)a’. (3.77)

At early times ACDM has

H> ~ H}Q,/d’ (3.78)
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and thus we fix

Po = 3M3H3Q, (1 —¢). (3.79)

We fix .# by imposing the correct present day Hubble rate. Combining egs. (3.39)

and (3.46), imposing that H = Hj and evaluating at a = 1 gives

3M3,(1 —2Byo)H = por/1— 2Byo — A *K () + 220K’ ()t0) (3.80)

where Yo denotes the present day value of ¥ which can be found by evaluating eq. (3.63) at
a = 1 and inverting.

For each parameter that we have varied, we have created three plots which depict the
difference between the Hubble rate and that of ACDM, the value of ¢ /.# 2 and @y respec-
tively.

The fig. 3.1 shows how the solutions vary as B is changed. The eq. (3.62) gives the
initial value of ¢ /.#2, which in the B = 100 case is approximately 0.01. This means that
the behaviour is very close to that of ACDM because the scalar just behaves like a cosmo-
logical constant. Indeed fig. 3.1c shows that the equation of state is fixed at minus one. The
constraint eq. (3.72) is violated for B = 100 as this was calculated on the assumption that
we did not have this type of behaviour. For B = 1 the initial value of ¢ /.#? is again small
however in this case the left-hand side of eq. (3.72) is roughly 0.9. For this case the dark
energy dominated era begins at z4, ~ 0.4, z;» =~ 2 and the initial value of ¢ /.#? was small
enough that @y is already close to one at this time. In both the B =1 and B = 100 fig. 3.1b
shows that the Hubble rates are extremely close to those of ACDM. For the B = 0.01 case,
the Hubble rates still only differ by maximum of a couple of percent, despite the greater
variation in the value of ¢ /.# 2 In this case the constraint eq. (3.72) is easily satisfied. The
initial value of ¢ /.#? was large, but #;, was reached quickly and the value decreased so that

at 74, ~ 0.35, ¢////2 is small and @y ~ —1. In short, in all three cases, B =0.01, B=1
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Fig. 3.1 Variation of solutions with respect to B, with fixed (g,ko,n) = (0.05,1,3)
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and B = 100, the Hubble rates are all within percent differences of the ACDM Hubble rate
despite significant variations in the underlying dynamics of ¢. The small differences that
there are, tend to be larger for smaller B.

In fig. 3.2 the three plots demonstrate the different behaviour for three different values
of €. In each of the three cases € = 0.05, € = 0.2 and € = 0.25 the transition time occurs
at z;r = 2, 7 ~= 2.5 and z;, = 2.7 respectively. Indeed, fig. 3.2a shows that the value of ¢
stays close to its initial value until around these times. The value then decreases toward zero,
and correspondingly, fig. 3.2¢ show that @y tends toward minus one. Observable differences
between the models are shown in fig. 3.2b. It is clear that the largest differences occur at late
time, when dark energy is becoming roughly equal to matter density - for € = 0.05, € = 0.2,
and € = 0.25 the corresponding starts of the dark energy era are at zpg = 0.35, zpg = 0.45
and zpg = 0.5. It is also shown in fig. 3.2b that the larger values of € give larger deviations
from ACDM.

The effect of varying n is shown in fig. 3.3. In all three plots the variation of » makes little
difference. This is primarily because the initial value of y is approximately 0.5 and therefore
the linear term dominates, which is the same for all three. The small differences displayed
in fig. 3.3a and fig. 3.3b show that increasing n increases the value of ¢ but decreases the
deviation from the ACDM Hubble rate. However the absolute value of the Hubble rate
deviation is small for all three. The equations of state displayed in fig. 3.3c all tend toward
minus one. There are significant differences in the far past between the equations of state,
however these would not be measurable as they are deep into the matter-dominated era.

In the main body of this work we have assumed ky ~ 1, however fig. 3.4 shows the
differences that relaxing this assumption makes. For K()) of the form eq. (3.10) this means
that K () changes between linear and non-linear behaviour, not at y ~ 1, but at y ~ k(l)/ (m=1),
Thus increasing ko decreases the value of  for which K () becomes non-linear. In fig. 3.4a

the values of ¢ for ko = 0.01 and ko = 1 are shown to be similar. This is because for both
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K(x) is behaving linearly, whereas for ky = 100, behaviour is non-linear and the value of
¢ decreases more quickly. The initial value of ¢ /.#? ~ 1 and therefore the initial value of
K(yx) and K'() are larger for the smaller value of k. This means that despite the fact that
¢ is suppressed quicker for large kg, the overall deviation in the Hubble rate from that of
ACDM is larger, as shown in fig. 3.4b. We seen in fig. 3.4c¢ that all three models converge to
¢ ~ —1. However in the distant past they differ, and the equation of state in the ko = 100
case even changes sign.

Below we discuss the implications of the results displayed in figs. 3.1 to 3.4 on the via-
bility of disformally coupled K-mouflage models but leave a detailed analysis of the obser-
vational constraints on the parameter space (B, €,n,kp) to future research. Such an analysis
would involve ensuring that the deviations of the predicted Hubble rate against red shift of
disformal K-mouflage are consistent with observations [93]. These observations constrain
the parameters of General Relativity with a ACDM matter content to the percent level [81]
and figs. 3.1b, 3.2b, 3.3b and 3.4b plot deviations of the disformal K-mouflage Hubble rate
from that of General Relativity with a ACDM matter content. Thus for our discussion below
we consider those models which display a deviation of the squared Hubble rate from that of
the ACDM model of more than a few percent to be in tension with observations.

In each of figs. 3.1 to 3.4 we have fixed three of (B,€,n,kg) and varied the fourth. It
is clear that varying some of the parameters has more of an effect than varying others. For
example, when varying kg or n deviations of the Hubble rate from that of the ACDM model
were small for all values considered. Thus we would expect observations to only weakly
constrain these parameters and for the more stringent constraints to be on B and €.

In the B — oo limit, the model we have investigated coincides with General Relativity
with a ACDM matter content, and therefore, for sufficiently large B, the model will always
be unconstrained. Indeed fig. 3.1 shows that for B = 100 (¢ = 0.05,ko = 1,n = 3) deviations

from ACDM are minimal. The more interesting question is whether observationally viable
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models can occur with B not large. In fact, fig. 3.1b shows that for B =1 (¢ = 0.05,kg =
1,n = 3) deviations of the Hubble rate from that of General Relativity with a ACDM matter
content are still small, and even with B = 0.01, the maximum deviation between the squared
Hubble rates is around four percent, about the level we would expect to be coming into
tension with observations.

In fig. 3.2b we see significant variation of the Hubble rate as € is varied, indicating that
€ is amenable to constraint from observation. For € = 0.05 (B = 1,ky = 1,n = 3) deviations
are small, but for € = (0.2 deviations of the squared Hubble rates are around four percent
and for € = 0.25 they are up to eight percent. We would expect deviations of eight percent
to be ruled out observationally and therefore, on this basis, would expect constraints on €,

for B=1,kg=1,n=3,tobe around € < 0.1 —0.2.

Models with ¥y — y. % 0 at Late Time

To conclude the discussion of models with A = 1, we will briefly discuss forms of K () that
have late time behaviour of y = x. where K'().) = 0. As discussed in section 3.2.4 these
types of solution are generically unsatisfactory because, although the Einstein frame Hubble
rate tends to a constant at late time, the Jordan frame Hubble rate does not. However this is

not the case when A = 1. In this case eq. (3.46) becomes

Hg =+/1-2BxH (3.81)

and so asymptotically we have that

Hp ~ /1 —2By.H. (3.82)

Therefore, on these solutions, both the Jordan frame Hubble rate and the Einstein frame Hub-

ble rate are constant at late times. Additionally, from eq. (3.67), we still have the equation
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of state of the scalar energy tending to minus one. The asymptotics of eqgs. (3.51) to (3.58)

are replaced by

¢ ~ 9. (3.83)

Pess = —M K (%) (3.84)

po ~ M*K(x:) (3.85)

Hp ~ M*\/—K(x.) /Mp\/3 (3.86)
a(t) ~ exp(M*\/—K(x: )t /Mp;V/3) (3.87)

H~ . #*\/—K(x.)/Mp/3\/1—2By, (3.88)
a(f) ~ exp(M*\/—K (%) /MpiV/3\/1—2By). (3.89)

Note that to ensure that the overall energy density on the right-hand side of eq. (3.34) is
positive, necessary because the left-hand side is a square, we must have that K(),) < 0.
Consider eq. (3.63) for these solutions. As before ¢ will initially be fixed to its initial value
however, in contrast to the other solutions, there is no analogy of the transition time t;,,
because the first term of the denominator in eq. (3.63) will never dominate. Instead a*K’())
will approach a finite number. Nevertheless, by the time the universe enters the dark energy
dominated era the equation of state of the scalar energy density must be close to minus one
and therefore } must be close to . which constrains the parameters in the same way as

eq. (3.72) does.

3.2.6 A=A(¢) Case

Behaviour of Solutions

In sections 3.2.3 and 3.2.4 we showed that when A = A(¢), we have desirable early and late

time behaviour. We now discuss in more detail the evolution of the scalar. The starting point
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for this is eq. (3.39). Although we cannot solve it exactly, if (1 —2By)3/? varies slowly

with time, the solution can be approximated by

@K' (1) + PoPA/1—2ByB/.M* = pod (0)B/.4* — B (9)po(1 —2Bx)**t /Mp; (3.90)

where we have imposed eq. (3.44). We can, as we did for the A = 1 case, rearrange this to

find an implicit equation for ¢:

§— DO (OIB/ A"~ B(9)po(1 —2B1)" 1/ My, 3.91)
a*K'(x) + poAy/1—2BxB/.M*

For the A = 1 case we had the freedom to impose that ¢ > 0. For non-constant A this
freedom is lost. Instead the field equations, egs. (3.34), (3.35) and (3.39), are invariant under
the transformation (8,¢) — (—f,—¢). Therefore we can choose either (¢ (0)) or ¢(0) to
be non-negative. In this work we follow convention by setting 8 > 0. The sign of ¢ (0) will
greatly affect the behaviour of the solution. For example, for ¢(0) > 0, ¢ will pass through

zero and change sign, whereas for ¢(0) < 0 it will stay negative for all time. We define two

times. Firstly define

| L
) 28O B or §(0) 20 o

B (0)Mpy/B.4* for $(0) < 0.
This is the time at which the second term of the numerator starts to dominate over the first.
The extra factor of two when ¢ (0) > 0 is necessary because when both terms are of the same
sign, the numerator is dominated by the second term after the absolute value of the first and
second term are equal. When they differ in sign, the numerator is only dominated by the
second term when its absolute value is twice that of the first term. In fact, these differences

are unimportant as the time is simply a ball park figure for when behaviours change. The
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second time, t,, we define by

a(t2) = BpoA(0(2))/T— 2Bx (1) /4 *K (x(12)). (3.93)

This is the time beyond which the first term of the denominator dominates over the second.
Depending upon the ordering of these times the behaviour of the solution will vary greatly.
For example for 1| < 2, ¢ will go through a period in which it decreases linearly with time.
This is in contrast to the A = 1 case, in which the absolute value of the scalar was always
decreasing with time. Irrespective of the details of the behaviour of ¢, as long as matter is

dominant it will have little effect on the evolution of the universe.

Constraining the Solutions

What is observationally important is that, as for the A = 1 case, the equation of state of
the scalar energy momentum has already achieved a value close to minus one before the
universe leaves the matter-dominated era and enters the dark energy dominated era. The
reasoning is exactly the same for A = A(¢), and we must once again have 7pg given by
eq. (3.70) and K () in the linear regime at this time.

Considering eq. (3.91) at tpg gives

¢(0)B/ M * — B (¢ )ipE /Mpy
(1+A(¢)B)/ A* .

O(tpg) ~ (3.94)

To be in the linear regime, we need ¢ /.# 2 < 1. This can be achieved if the two terms of
the numerator either approximately cancel, or are both individually smaller than the denom-
inator. However in the former case, the derivative of ¢ /.4 will still be significant, and so

the rate of change of @, will be significant. This is not the behaviour that we seek because
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we require that @y remains close to minus one after zpg. We therefore require that

(b. (())B/%Z
and

ﬁ(‘Pw)tDE/MPl
(0 Au)B) A2~ " (3.96)

We can estimate tpg by assuming the universe is completely matter-dominated until 7pg.

Substituting a(t) = agt*/? into eq. (3.40) gives

ao ~ (3po/4M3)"/3 (3.97)
which setting
aottly ~ po)* (3.98)
gives
tpE ~ 2Mp; |32 (3.99)

Substituting this back into eq. (3.96) gives us a constraint in terms of the parameters of the

theory

B(9--)

FPAYe) 3.100
(1 A(0)B) ~ G100

3.2.7 Beyond A = A(¢) and Constant B

In this section we will discuss possible functional dependencies of A and B that we have not
considered in the main body of the chapter. One particular dependence to mention is when
A®B is constant. This is because it is a matter of convention as to whether the disformal

factor is defined as in eq. (3.2), or

guv:Azguv ‘f’B&/,L(Pav(P/M‘l- (3.101)
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If we take eq. (3.101) with B constant, the equation of motion is altered. It becomes

%(cﬁqﬂ(’( )+ PodA\/1— 2By (B+ xdyB)/ . #*) = Por/1—2By /Mp;. (3.102)

This is similar to eq. (3.39) with the difference being a factor of 1 — 2By on the right-hand
side. Thus although there will be small alterations, it seems that the behaviour would be
qualitatively the same.

As mentioned at the start of the chapter one can, in theory have A = A(y,¢) and B =

B(¢, ). If we consider only A = A(¢) then one has an equation of motion of

(@ OK (1) + PodAN/T=2BY(B+10,B)[.4*) = poA/T—2BY (~A'(0)/A+ X (2BA'(9) /A-+ 0sB)).
(3.103)
Inspecting this, one can see that, as before, one is free to impose an initial finite value of
¢. This once again means that the universe will be matter-dominated if the initial conditions
are chosen such that

A($(0))y/1—2Bx(0) ~ 1. (3.104)

Similarly the late time de Sitter universe of eqgs. (3.51) to (3.58) will be approached for
sufficiently regular A and B. To investigate the different behaviours possible in between
these times would require solving of eq. (3.103) which may well be involved. However,
in our work we analysed the A = 1 case because the ¢ — ¢ + ¢ shift symmetry occurs
when there is no explicit ¢ dependence, meaning that, as a result of Noether’s theorem, the
equation of motion is of the form of a conservation equation. This symmetry would be

preserved if A = 1 and B = B(}x) and an analysis of this case would be more tractable.
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3.3 Disformal Couplings Around a Black Hole

3.3.1 Recap

In the first part of this chapter we have considered the background cosmological evolution of
K-mouflage with a disformal coupling to matter and in chapter 2 we considered K-mouflage
theories with a conformal coupling to matter around a black hole. In the second part of this
chapter we consider the effect of introducing the disformal coupling that we have analysed
in this chapter to the physical set-up of chapter 2.

As we have previously discussed, in the static, non-relativistic limit, the addition of this
disformal coupling leaves the field equations unchanged. This is because only the time-time
component of the energy momentum tensor is non-zero and it is always contracted with a

derivative of the scalar. Therefore if the scalar is time-independent these terms are zero:
T*Voy¢ =TH 9,9 = 0. (3.105)

Thus to probe disformal couplings one needs to consider time-dependent solutions. The
addition of a disformal coupling will have no effect on the time-independent solutions
around a black hole that were found in chapter 2, because we did indeed assume that the
accretion disk was comprised of non-relativistic matter and the scalar had no time depen-
dence. However, in chapter 2 we also considered a scalar with linear time dependence. The
disformal coupling will affect this solution and this set-up therefore provides a probe for the
disformal coupling.

What we say will apply equally to Galileons and K-mouflage, and therefore we keep the

discussion as general as possible.
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3.3.2 Calculation

To start, consider again the action eq. (3.106) where we have not specified with which scalar-
tensor theory we are working, and instead denote the scalar sector with a generic term Ly:
4 MI%I j
S = /dx VB[R~ 2pare) + Lo + Sy ). (3.106)
As all we have changed is the form of the metric to which matter fields couple, the field

equations gained from varying the metric are unchanged in the Einstein frame:

M%I(G(xﬁ + Abaregocﬁ) = T/,?v + T[fv (3.107)

where T;?v is the energy momentum tensor of the scalar. For example in the case of K-

mouflage we have Tj’v = guv-#*K(x) +K'(x)du9dy¢. All changes occur in the field

equation gained from varying the scalar. This is

1 8y=gly 1
Vs 80 V=

O (VgTE" Dy OB/M*) ~T{" gunA'(0)/A(9) — TE* 00 9y 0A'(9) B/ AM
(3.108)

where, for simplicity, we have taken B to be a constant. As one would expect, given that we

have only altered the way that the matter fields couple to the metric, in the case that there

is no matter these equations are the same for both disformal and conformal only couplings.

In particular, that the vacuum solutions coincide means that the de Sitter-Schwarzschild so-

lutions found in chapter 2 for K-mouflage, and the solutions found in Ref. [9] for Galileons

are still valid. Recall that for K-mouflage these solutions were exact, whereas for Galileons

they were in the test field limit. Following the same methodology as before, we now add a

spherical accretion disk into the picture, and consider the scalar equation of motion on the

background of the vacuum solution.
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The requirement that the matter is non-relativistic amounts to the conditions:
=1/ =0 (3.109)
pr =T, (3.110)
Further to this we have that our ansatz for the scalar is
o =qt+y(r) (3.111)
and a de Sitter-Schwarzschild background metric:
ds® = —f(r)dt> +1/f(r)dr* + r?dQ? (3.112)
f(r)=1—ry/r—H*r* (3.113)
Substituting in these quantities, the righthand side of eq. (3.108) becomes
peA'(9)/A(9)(f(r) —4°B/M*) + dippqB/M*. (3.114)

We now wish to substitute out the time derivative of the matter density in eq. (3.114). We
can do this by using the fact that the Jordan frame energy momentum tensor is covariantly
conserved, and then relating this equation to Einstein frame quantities to gain an expression

for d;pg in terms of the scalar and pg. Specifically we have that

TuT* =0 (3.115)
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and the relation between the Einstein and Jordan frame energy momentum tensors [77] is

THY = A%\ /1 —2BX /MATH. (3.116)

From now on we take M = ., which is without loss of generality as the difference can be

re-absorbed into the definition of B. Using eq. (3.115) and eq. (3.116) we have that
91 (P /A®) = — (T +T00)pi /A°. (3.117)

fgo can be calculated directly using

f‘ﬁr = %guc(gvgro + argvo - Ggrv) (3.118)
and
B/M*
P = AO) Y s i0049%0) (3.119)
where dH ¢ = g"Va, 0.
This gives
[ = gA'(90)/A(9) — LY ) (f'(r) = A9y () f(r)/A(9)) (3.120)

DM*
where D = —1+2By. Instead of calculating it directly, to find fﬁo one can use the identity

Iy = dvLog(v/=g). (3.121)

Doing this gives

o =4qA'(9)/A(9). (3.122)
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Using eqgs. (3.117), (3.120) and (3.122) in eq. (3.114) gives us the final form of the scalar
equation. The left-hand side is exactly the same as the conformal case, with the disformal
modification taking the form of an alteration to the prefactor in the sourcing term:
1 o0—gL
5 L= pp(A(9)1(r)/A(9)+a*B2Y (r)(—f (r) +A ()Y (r) £(r) [A(9))/M*D).
v—8 00
(3.123)

When B = 0 this coincides with the conformal coupling case. If we consider B to be small
then we can estimate the effect of the additional term by evaluating the right-hand side
of 3.123 with the conformal solution. As we established in chapter 2, this has y'(r) > 0
which, because D < 0, means that the effect of the disformal coupling has been to reduce
the sourcing term. Upon increasing B further this perturbative treatment would break down

and one would have to solve eq. (3.123) directly.

3.4 Concluding Remarks

In this chapter we have discussed disformal couplings to matter. These are best analysed in
time-dependent situation and we have considered two such set-ups.

The first calculation that we did was to quantify the effect of a disformal coupling on the
cosmological evolution of the universe. We discussed the behaviour of solutions for both
the case of disformal only (A = 1) and conformal plus disformal (A = A(¢)). For the more
tractable A = 1 case we generated a number of plots, figs. 3.1 to 3.4, to quantify the effect
of the coupling. We found that a large proportion of the parameter space provided universes
close to that of ACDM. In particular we found that for models with large B, p.rs behaved
like a cosmological constant throughout the history of the universe and so provided a viable
model. This is perhaps unsurprising as taking B large amounts to taking the initial value of
¢ /.#* small. However for models with B small, in which case ¢ was initially large and

Perr did not behave like a cosmological constant, a ACDM-like universe was still achieved.
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This is because the large departures of p. sy from cosmological constant-like behaviour all
came in the matter-dominated era, and so were suppressed. By the time the universe entered
the dark energy dominated era, ¢ was small enough that p, rf was cosmological constant-
like and so deviations from ACDM were small. We also found that increasing €, defined by
eq. (3.61) led to the greatest departures from ACDM, as can be seen in fig. 3.2b.

The second time-dependent set up that we considered was to revisit the time-dependent
black hole solutions that were looked at in chapter 2, this time with the addition of a dis-
formal coupling. In this section we calculated the effect that the addition of the disformal
coupling had on the sourcing term of the scalar equation of motion. This calculation showed
that the addition of a disformal term reduced the magnitude of the sourcing term, thereby
reducing the gradient of the scalar field. This is, in some sense, a new screening effect. In
the absence of the disformal factor, the fifth force would be larger and potentially this could
lead to predications that rendered the theory incompatible with observations. However, we
have shown that with a disformal coupling, the fifth force is reduced and therefore theories
that are incompatible with observations may now be viable again. In other words, we have
shown that by considering time dependent effects in the presence of a disformal coupling,

fifth force constraints may be more easily passed.






Chapter 4

Shape Dependence of K-mouflage

4.1 Introduction

In chapter 3 we considered a subset of K-mouflage theories that had not previously been
considered in the literature - those with a disformal coupling - and in this chapter we will
further analyse K-mouflage theories. We will return to considering the K-mouflage theories
of chapter 2, those with only a conformal coupling, and will instead focus on analysing the
effect of the shape of a source on the scalar profile that it generates.

The highly non-linear nature of the K-mouflage field equations make them difficult to
solve for general source objects. Thus, when calculating the scalar profile generated by an
object, it is generally assumed that the sources are spherically symmetric. This a reason-
able assumption for stars and planets and it allows progress to be made in solving the field
equation. However it is under this assumption of spherical symmetry that the screening
mechanism of the K-mouflage model is demonstrated and in this chapter we will investi-
gate the field profile generated by non-spherical objects. To make the field equations easily
solvable we must assume symmetries and so we consider spherical, cylindrical and planar

symmetry.
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The shape dependence of Galileon and D-Blonic theories were investigated in Ref. [17].
It was shown that for Galileons screening is strongest in spherically symmetric setups,
weaker in cylindrical cases and non-existent in situations with planar symmetry. D-Blonic

theories are a specific form of K-mouflage theory with

K(x)=+/1+2y%. (4.1)

These theories screen in regions of high Newtonian gravitational force but the precise be-
haviour differs somewhat from the polynomial forms of K-mouflage that we have consid-
ered here. This is because at large values of y, K'()) cannot be taken to be dominated by
its highest power.

One of the most striking findings of Ref. [17] was that the Galileon terms vanish identi-
cally for planar sources and consequently the ratio of scalar fifth force to gravitational force
18 constant,

Fy/Fy = 2B (4.2)

Thus there is no Vainshtein distance and, for order unity couplings, the fifth force is of
gravitational strength. This is in contrast to the findings for the D-Blon in the planar case in
which the exterior profile was also constant but, depending on the parameters of the theory
could be either screened or unscreened. In the screened case, the force would be suppressed
arbitrarily far from the object.

More familiarly, in the cylindrical and spherical cases the Galileon has an associated
Vainshtein radius, beyond which the fifth force is of gravitational strength and inside of
which the fifth force is suppressed. For the cubic Galileon, in the cylindrical case, deep

inside the Vainshtein radius the ratio of scalar fifth force to gravitational force is

Fy/Fy ~ 4B%r/r, (4.3)
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and for a sphere the force ratio is given by
Fy/Fn = 4B°(r/n)’>. (4.4)

In the cylindrical and spherical cases the behaviour of the D-Blon is similar to the Galileon.
Deep inside the cylindrical screening radius the scalar force becomes constant, to give a

force ratio of

Fy/Fxn = 2B%(r/1), 4.5)

half that of the Galileon case, whereas in the spherical case the force ratio is
Fy/Fy = 2B°(r/r,)?, (4.6)

which is the same as the quartic Galileon, up to a factor of 3.

4.2 Set-up

We will consider three constant density objects: a sphere of radius rg, an infinite cylinder
of radius ry and an infinite plane of width 2z5. We will assume staticity and ignore the
curvature induced by the scalar energy momentum and the matter. We will further impose
the symmetries of the physical set-up upon the scalar, thus our calculation will amount
to solving the field equation for a scalar that depends on one coordinate on a Minkowski

background. As in previous chapters, we will assume a polynomial form for K(y) of

K(x)=—14+x+...+ca)" 4.7)
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The equation of motion for K-mouflage is

1

\/__g3u(\/—_g8“¢K’(x)) =Bp/Mpi (4.8)

and we define the canonical scalar to be the solution to

1

\/_—gau(\/__ga”%) = ﬁp/MPl (49)

Given that the Newtonian potential satisfies
V2oy = p/2M>, (4.10)

the canonical scalar is simply

¢o = 2BMp;Py (4.11)

and the ratio of scalar fifth force to Newtonian gravitational force is

Fy/Fy =2B7|V9|/|Veol. 4.12)

If |V@| is not suppressed relative to |V@| then B needs to be tuned to a small value in order
to avoid a gravitational strength fifth force.
In the one dimensional cases that we consider below one can simply equate the K-

mouflage current to the canonical current, that is

udK' (%) = udo. (4.13)

Squaring this gives

xK'(x)* = xo (4.14)
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which, presuming we can invert this relation, gives us

X = x(X0)- (4.15)
If o << 1then K'(x) ~ 1 and eqs. (4.14) and (4.15) become
X~ Xo- (4.16)

From eq. (4.12) we are then in an unscreened region. On the other hand, if o > 1 then,
eq. (4.14) becomes

Ay & xo. (4.17)

Dropping the numerical factor from the front, this gives
X~ Y, (4.18)
We then have from eq. (4.12) that the force ratio is given by
Fy/Fy ~2B% /), (4.19)

As xo>land (1 —n)/(2n—1) <0, the fifth force is indeed screened.

4.3 Spherical

In the spherically symmetric case we have

ds® = —di> +dr* + r*d6* + r’sin®0d @ (4.20)
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and
¢ =9¢(r). 4.21)
We take our matter distribution to be
po r<rnp
p(r)= (4.22)
0 r>ro

and eq. (4.9) becomes

) Bpor/3Mp;  r<rg
8h(r) = (4.23)

ﬁporS/Mper r>ry
where we have imposed regularity at the origin. This gives
—(r/ r,-)2 r<ro

X0(r) = (4.24)
—(re/r)4 r>r

where we have and identified exterior (7.) and interior (r;) screening radii as

3V2Mpy #*
ri= 3VaMp. 2 (4.25)
Bpo
and
Bripo
- oY (4.26)
N2
These are the r values for which yy = —1 and therefore represent the radius at which be-

haviour transitions between that of eq. (4.16) and that of eq. (4.18). The exterior field profile
depends only on the mass of the object, thus for an object of a given mass the (exterior)
screening radius will exist for a sufficiently small ry and will be independent of the size of

the object if it does exist. Substituting into eq. (4.19) gives the ratio of K-mouflage force to
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gravitational force

2> r<ri

2[32(1','/7")2(”_1)/(2”_1) r<r<ry

F®/Fy ~ (4.27)
Zﬁz(r/re)4("_l)/(2”_l) ro<r<r,

232 Fe <T

where we have assumed that r; < ry < r, else no screening would occur. For large n,
4(n—1)/(2n— 1) =~ 2 and therefore outside the object, but inside the exterior K-mouflage

screening radius the ratio of force will be roughly

2B2(r/r.)>. (4.28)

4.4 Cylindrical

We repeat the same procedure with an infinite cylinder of radius r. The metric, scalar and

matter distribution are given by

ds? = —dt> +dr* + r*de* + d2?, (4.29)
¢ =9(r) (4.30)
and
Po r<ro
p(r)= (4.31)
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In this case eq. (4.9) becomes
S (r9h(r) = ) (432)
0 r>ro

which we can solve to give

, Bpor/2Mp;  r<ry
Po(r) = (4.33)

ﬁpor%/ZMplr r>r

where we have imposed regularity at » = 0. This gives

—(r/r,-)2 r<ry
Xo(r) = (4.34)
—(re/r)2 r>ry

where we have defined the interior and exterior screening radii as

2
. — 2 Myt (4.35)
Bpo
and
ﬁPoi”(z)
PP, 436
" 2V 2Mp H? (4:36)

Thus the screening radius will exist if the object is sufficiently thin, and this radius will be
independent of the thickness of the cylinder (for a fixed mass per unit length). Substituting
into eq. (4.19), and again assuming that r; < ry < r,, gives the ratio of K-mouflage force to

gravitational force to be
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§
2[32 r<r;

2B2(r,-/r)2(”_')/(2”_1) ri<r<ry
F®/Ey ~ (4.37)

Zﬁz(r/re)z("*l)/@"*l) ro<r<r,

2B Fe <T.
(

For large n we again consider the region outside the object but within the screening radius

because this is the area of most interest. In this case we have

F®/Fy ~2B%(r/r.). (4.38)

4.5 Planar

We now consider the planar case, an infinite plane of thickness 2zp and proceed as we have

in the previous two sections. The metric, scalar and matter distribution are

ds® = —di*> +dx* + dy* + dz°, (4.39)
¢ =9(z) (4.40)
and
Po |zl <zo
p(z) = (4.41)
0 |z| > ro.

In this case eq. (4.9) becomes

d? Bpo/Mpr |z| <zo
L oo(z) = ’ (4.42)

dz
0 |z > zp.
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Thus, imposing a ¢(z) = ¢(—z) symmetry, gives

(

Bpozo/Mp  z> 20

00(2) = 4 Bpoz/Mp |2 <20

\_ﬁPOZO/MPl z2< -2

and

—(z/z)* |zl <=z0
20(z) =
—(Zo/Zi)2 7>20-

Here we have defined the interior screening distance as

B V2Mp

Z
Bpo

(4.43)

(4.44)

(4.45)

Whether screening occurs depends upon the mass per unit area of the matter. We note that in

contrast to the spherical and cylindrical cases there is no exterior screening radius: screening

persists infinitely far from the matter. The ratio of K-mouflage to gravitational force is

(

F?/Fy ~ 2B2(zi/2)* = D/CQn=1) < 2 < 29

232 z<z

2B2(Zi/ZO)2(n—1)/(2n—1) 20<2
\

(4.46)

where we have assumed z; < zg. Outside the matter, the force is suppressed, but by a constant

factor, not a power-law. If we consider n to be large, we have that outside the plane the ratio

of fifth force to gravitational force is

F¢/FN ~ Zﬁzzi/zo.

(4.47)
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4.6 Comparison with D-Blon

The D-Blon’s shape dependence was investigated in Ref. [17]. As it also exhibits screen-
ing when the first derivative of the field is large, we choose to compare the results for K-
mouflage theories against it in fig. 4.1.

In all three cases the force ratios at the edge of the object are minimal. The ratio is
around 0.1 for the plane and cylinder and smaller for the sphere and for all three objects it
is largest for the n = 2 K-mouflage and lowest for D-Blon. This is because, up to numerical
factors, integrating the equations of motion once simply amounts to multiplying though by
z or r. The ratio is least for the sphere, but this is in part because we fixed the exterior
screening radii to be equal. For the sphere this implies that the interior screening, which
obeys r;/ro = (ro/r.)* for the sphere and r;/ry = ry/r. for the cylinder, is 1/400 whereas
it is 1/20 for the cylinder. The ratio increases towards the centre of the object because the
gradient is zero here, and so screening is less.

The differences between the models are most pronounced on the exterior of the ob-
jects. Beyond the screening radius the ratio tends to 232, and the transition happens much
more sharply for n = 10 K-mouflage than it does for n = 2 K-mouflage or for the D-Blon.
For the sphere, close to the object all three theories are screened, with the higher order K-
mouflage becoming more screened than quadratic K-mouflage and displaying the behaviour
of eq. (4.28). The cylindrical profiles are similar to those of the spherical case but differ-
ences do exist. Must notably the power-law behaviour deep inside the outer screening radius
differs - in particular the large n K-mouflage now obeys eq. (4.38) - and the value of the ratio
at the edge of the cylinder is greater than at the edge of the sphere.

The behaviour in the planar case is qualitatively different from that of the sphere or
cylinder with a fixed force ratio extending arbitrarily far from the object. In particular this
means that the screening, which is maximised at the edge of the object, persists infinitely

far from the plane. Thus it appears that planar objects behave very differently for theories
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Fig. 4.1 Plots showing the ratio of fifth force to gravitational force for K(x) = x — 5x°,
K(x)=x- ﬁ)xlo and the D-Blon. We have set § = 1.
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that screen when the gravitational force is large as compared with Galileons, which screen
when the curvature is sufficiently large. In the planar case screening was non-existent for

Galileons whereas for K-mouflage models it is most effective.

4.7 Discussion

In this chapter we have compared the screening of K-mouflage models around a sphere,
a cylinder and a plane. We showed that screening exists for all three shapes, but that the
power-law behaviour around the object is shape dependent. In particular the planar object
differs because there is no screening distance associated with the object. If the object is
screened then screening will persist arbitrarily far from the plane. This is in contrast to the
conventional screening, exhibited in both the spherical and cylindrical case, for which there
is a screening radius beyond which the K-mouflage force is of gravitational strength.

We have already considered the ratio of fifth force to gravitational force for large n in

eqs. (4.28), (4.38) and (4.47). If we evaluate these ratios just outside the object we attain

B> Mp,

FO /R~ ToPo

(4.48)

in all three cases. We have ignored numerical factors, and for the plane ry should be replaced
by zo. Thus it is clear that the screening is of similar strength for all three objects.

The results for K-mouflage are broadly similar to those of the D-Blonic scalar analysed
in Ref. [17], which also screens for large values of the scalar gradient. In both theories
the power-laws are similar for the cylindrical and spherical cases and, in the planar case,
screening is either non-existent or persists arbitrarily far from the plane. This is very much
in contrast to the results for the Galileon in Ref. [17] for which planar objects are entirely
unscreened. For cylindrical or spherical objects the power-laws in Galileon theories are the

same as eq. (4.38) (cubic) and eq. (4.28) (quartic).
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The cosmological effects of the shape dependence of screening were considered in Ref.
[27] for the cubic Galileon. As the screening in this theory uses non-linearities, shape
dependent effects do not appear at first order in perturbation theory and so second order
effects must be considered. Ref. [27] analysed the matter bispectrum and found small
deviations of up to 2% for models whose linear growth rate deviated from that of ACDM by
up to 5%.

Given the difference in the behaviour around planar objects one would expect some
differences for the K-mouflage matter bispectrum. Additionally, although the power-law
suppression for Galileons are the same as K-mouflage in eqs. (4.28) and (4.38), these were
taken assuming n to be large. Therefore differences may be greater for quadratic or cubic
K-mouflage.

In the following chapter we will move on from considering K-mouflage theories to con-
sider another theory with a screening mechanism, Chameleon theories, which were intro-
duced in chapter 1. These theories differ from K-mouflage theories as they are potential
based, as opposed to screening based on the kinetic terms, and we will consider a form of

potential that differs from the standard form considered in the literature.



Chapter 5

Chameleon Theories with a Log Potential

In previous chapters we have investigated Galileon and K-mouflage theories, both of which
screen due to their unusual kinetic structure. In chapter 1 we categorised screening mecha-
nisms and introduced Chameleon theories as an example of theories which have potential-
based screening. We now move on to study these models, applying solar system constraints

to a new form of potential.

5.1 Recap Chameleon Models of Gravity

In this chapter we consider Chameleon gravity with a form of potential that has not previ-
ously been considered [25, 61, 62]. The literature has so far focused on power-law potentials

of the form

V(9)=A""/9". (5.1)

In this piece of work we have taken a different form of the potential, namely

V(9)=A*/Log(9/A)". (5.2)
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This is still decreasing for positive ¢, but does not have a power-law form, and the mass
of fluctuations around a background value is still an increasing function of the density of
the background, thus the potential is a viable candidate. We keep our coupling to matter as

given by the function A(¢) = Exp(B¢ /Mp;) ~ 1+ B¢ /Mp;, giving
Verr = A*/Log(9/A)" + ePO/Mrip (5.3)

and consider the constraints that arise from two gravitational tests. These are the constraints
of the Shapiro time delay, as measured by the Cassini spacecraft [16] and the relative accel-
eration of the Earth and Moon towards the Sun, as measured by lunar ranging experiments
[69]. We will find that large portions of the parameter space can be excluded on the basis of

these experiments.

5.1.1 Profile for an Isolated Object

For the tests we will need to calculate the profile for the Sun, Earth and Moon (denoted
using the subscripts ©, e and m respectively). We will now briefly review the solution for
an isolated spherical object described in chapter 1. To do this we calculate the screening

radius, r,, which is defined implicitly [28] by the equation

X=0/2BMp; = —Pp(r,) — rPy(r) (5.4)

where @y (r) is the Newtonian potential. For simplicity we consider the bodies to be of
uniform density. We then take the profile outside the bodies to be sourced only by the mass
outside of the screening radius, where we take r, = 0 if no solution to eq. (5.4) exists. In the

case where we have screening r, will be close to the radius of the object and therefore only



5.2 Constraint from Cassini Probe 123

a thin shell of mass will source the external field. This gives the profile to be

O(r) =B(M —M(rs))e™"" J4AnMpir + oo (5.5)

where m., is the mass of the field at densities far away from the source object and @.. min-
imises the effective potential at this density. For solar system objects this will be the galactic
density (p = 107?*g/cm?). Fields that are heavy at solar system scales (m..r > 1) will be
suppressed and will not be cosmologically relevant. However this case does not apply to
our calculation. For light fields we can neglect the exponential term and take the profile to
be

O(r) = B(M —M(r,)) [ATMpir + oo. (5.6)

5.2 Constraint from Cassini Probe

In Minkowski spacetime light travels in straight lines whereas in Newtonian gravity and
General Relativity the presence of mass bends the path of light rays, but by differing amounts.
This fact was famously used in the Eddington experiment of 1919 [43] as evidence in sup-
port of General Relativity. Eddington measured the position of a star in the sky during a
solar eclipse. This allowed him to see starlight that had passed close to the Sun and measure
that the star’s position in the sky had been deflected.

Different theories of gravity predict different deflection angles and time delays to null
geodesics, at first post-Newtonian order. Nowadays the most stringent constraints of this
type come from the Cassini-Huyens spacecraft [16]. During its mission it sent and received
radio waves to and from Earth which allowed constraints to be calculated on the deflection
angle and the Shapiro time delay caused by the presence of the Sun.

In this section we will review the terms in the PPN expansion that are relevant to our

calculation and then apply the Cassini constraints to our theory.
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5.2.1 PPN Formalism

In the weak gravitational regime of the solar system one can expand the metric about flat
space and the Parameterised Post-Newtonian (PPN) formalism systemises this process. The
constraints from Cassini then translate into constraints on the value of the coefficients in this
expansion. In fact, the defection angle and the Shapiro time delay depend on the same coef-
ficient, and it is the time delay that provides the stronger constraint. In the PPN formalism,
one takes an order of smallness and then expands in powers of it. This is taken to be the
Newtonian potential which is indeed small in the solar system. Consider a non-relativistic

body in a circular orbit. This has

V2 /r=GM/r* = ®dy/r (5.7)

and so we take velocities of bodies in the solar system to obey

Vv = 0(Py). (5.8)

The full treatment of all terms in a generic expansion can be found in Ref. [91] and, at
first post-Newtonian order one finds ten parameters to be constrained by experiment. How-
ever, only two of these are relevant to conformally coupled scalar-tensor theories [28]. We
begin the section by discussing the PPN expansion terms relevant to our calculation. We
will show that we need the metric to first order in the Newtonian potential and then calcu-
late the solution to this order. We will then compare the solution with the full PPN metric
expansion and identify the y parameter as the factor that is constrained.

To start we will recap the Newtonian limit for a non-relativistic body, and then move on

to finding the relevant corrections for a relativistic body.
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Newton’s equations state that a test body will undergo acceleration

a=Vody (5.9

where

Vioy =p/2M3,. (5.10)

We have also the action for a single particle

dx* dxv
S=-—mg [ dt=— —&uy————)"2d1 5.11
mo [ dv=—mo [ (~guv - 50) (5.11)
from which one can derive the geodesic equation
d?x* ~u dx® dxP
— —— =0. 5.12
a Tt an (5.12)
By the definition of proper time (g,vx*x" = —1), at lowest order 5—2 =1 and fl—’;i =v=
O(+/|®n]), and so eq. (5.12) amounts to
- 1 4.
d* = TGy = 58" G001+ O((v/®n)). (5.13)

2

Matching eq. (5.13) with eq. (5.9), together with the insistence that the metric tends toward
the Minkowski metric far from the source of the gravitation field, gives that at Newtonian

order

gt =g/ (5.14)
goo = —1+ 16xMpDy. (5.15)

We now move on to considering the motion of photons as this is what is relevant because

we are using the constraints from radio waves. Consider again our action eq. (5.11). We can
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write this as

S= /(—goo — 280V _gijViVj)l/zdl‘. (5.16)

Because the proper time of a photon is zero then the integrand of eq. (5.16) must vanish. At

lowest order, that is g,y = 1y, this gives that integrand as
L=(1-v)"2 (5.17)

For this to vanish we require v = 1. Thus in the Minkowski limit we recover that photons
travel at the speed of light in straight lines. To recover the first order correction to the path

of a photon we need to consider the next order corrections to eq. (5.16). This gives
1 — 16xM3 &N — 2802V — gi; 2]V = 0 (5.18)

where g,[2] denotes g, up to first order in the Newtonian potential.
Now that we have justified that we need to find the metric up to first order in the New-
tonian potential, we will re-write the Einstein frame solution in the Jordan frame in the

appropriate form so that it can be directly compared to the PPN expansion. This expansion

[91] has
g00=—1+2GM/r (519)
80i =0 (5.20)
g,-j:—5,~j+2}/GM/r5ij. (5.21)

The eq. (5.21) defines the parameter y, which is one in General Relativity. We model
the Sun as a static spherical object and ignore the scalar energy-momentum as that is sub-

leading. Thus in the Einstein frame the metric is the Schwarzschild metric, which together
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with eq. (5.5) gives our solution to be

goo = —(1—M/AnMpr)
g0i=0

(5.22)
gij = (1 =M /4nMpr)~' &

¢(r) = =B (M —M(r.)) [4MpiTr + @.

We can see that ¢ — ¢.. = O(Py) and so we were justified in ignoring the scalar energy
momentum. As M/4xM3,r = O(Py) we can take g;; = (1 +M /4TM3,r)5;;.
We now convert this solution into the Jordan frame, in PPN form. We have that g, =

A%(¢)guv and, to first order, we have

AX(9) = A%(9) +2A(9w)A’ (9:) (9 — )
= A%(¢e) (1 + 2B ($:0) (9 — o) /Mppy).

(5.23)

We want g,y — Ny at large r and so we must rescale the coordinates according to r —
t/A(¢) and r — r/A(¢). Furthermore the mass in eq. (5.22) is the Einstein frame mass
defined by

Mg =4rn / pe(r)r2dr. (5.24)

Rescaling the coordinates gives

Mg =4rn / PE(r JA(¢e))r?dr = 47A(9o0)? / pe (X r'*dr (5.25)

and substituting in for the Jordan frame mass density, p = A*(¢)pg, gives

Mg = 4mA(¢..)> / p(r) /A (o (F))dr . (5.26)
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As we are only considering our solution up to first order it is sufficient to approximate

A*(¢) = A*(¢..) within the integral. This gives
Mg = / P2 dr JA(9e) = M /A (o). (5.27)

Making this substitution and dropping the ~ on M, gives eq. (5.22)

800 = (1+2B(¢/Mp1) (9 — 9)) (— 1 + M [ATMF;r)

2 2
— 1 M£<M — M(r.)) /ATMpir+ M JATMZ -+ 0(Dy) (5.28)
Pl

=—1+

2_M(2ﬁ2<1 —M(r*)/M)—}— 1)_'_0((1)]\]).

r 8TM3,

By comparison of eq. (5.28) with eq. (5.19) we identify the effective Newton’s constant to

be
2
G = 220 =M ) /M) +1 5.29)
87rMPl
This gives us that
gij = (14+2B(9:)(9 — 9w.)) (1 + M /ATMp;r) 5
2
= (1 — ?ML(M—M(I’*))/47L'Mpﬂ’+M/47L'M}2)ll”)5i'
b (5.30)

2GM ,—2B2(1 —M(r,) /M) +1

8TM?
_ 6,"-1- ( p Pl
r 87rMPl

2B2(1 —M(r.)/M)+1

)( )6ij

2GM
= 8 (1= 4B%(1 = M) /M)
This is now in a form where we can compare it with eq. (5.21) and identify the y parameter
as given by

Y~ 1—4B*(1— Mo (r.)/Mo) (5.31)
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which is constrained [34] to

ly—1] < (2.1£2.3) x 107>, (5.32)

Thus, taking the upper limit of eq. (5.32) and substituting in eq. (5.31), we can exclude the

regions of parameter space that have

4B%(1— My (r)/Ms) > (4.4) x 107, (5.33)

5.2.2 Applying the Constraint

The fig. 5.1 plots the region of the A — M, plane, where M. = Mp;/f3, that eq. (5.33) ex-

cludes.

Exclusions from Cassini

Log4g(/\/eV)

L°910(M0/Mpl)

Fig. 5.1 Constraints from the Cassini probe
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For large A we have that Logo(M./Mp;) < 5/2 is excluded. This is because, for un-
screened objects 7, = 0 and so the constraint from the Cassini probe gives that 432 <
4.4 x 1073, or in terms of the coupling scale used in fig. 5.1, Log1o(M./Mp;) = 5/2. Thus
for large A the Sun is unscreened. For screened objects, My (r,) ~ M, and so eq. (5.33) is
less of a constraint. We can see that this is true for lower values of A, and that increasing n

reduces the size of the exclusion region.

5.3 Constraint from Lunar Ranging

The distance between the Earth and Moon can be measured by firing lasers at retroreflectors
that have been placed on the Moon [69]. Using these measurements the difference in free

fall of Earth and Moon towards the Sun can be constrained [61] to
|a,, —a,|/ay < 10713 (5.34)

where ay is the Newtonian acceleration.

Taking the Moon and Earth to be moving in the potential of the Sun we have
My Xm = _Mm(VCDN) - Qmﬁv¢/MPl (5.35)

M Xe = _Me(VCDN> - QeﬁV(P/MPl (5.36)

where O, and Q, are the scalar charges of the Moon and Earth respectively. Assuming the
Sun is spherical and of constant density, we can apply the analysis of section 5.1.1 to give

the profile of the Sun to be

O~ Qo — B(Mey—M(r.)) /ATMpyr. (5.37)
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Subtracting eq. (5.35) from eq. (5.36) then gives that
|a, —a,|/ay =2 X ﬁ2|rfm/an — rie/R§)|(1 — rf:@/R@). (5.38)

The fig. 5.2 shows the region of the A — M, plane constrained by eq. (5.34).
Exclusions from Lunar Ranging

10 S ———

i [ n=1

L [1 n=2

8 [ 1 n=5

Logqg(A/eV)

Logqo(Mc/Mg)

Fig. 5.2 Constraints from Lunar Ranging

In it we can see that lunar ranging constrains a large proportion of the A — M, plane,
including some areas that were unconstrained by the Cassini probe. One may note that the
top right region in fig. 5.2 is unconstrained. This is because eq. (5.34) constrains the relative
acceleration of the Moon and Earth, and so if they are both unscreened then eq. (5.34) is
satisfied. This is not a problem because this region has already been ruled out by the Cassini
probe constraint. The eq. (5.34) will be most constraining when one of the Earth or Moon

is screened and one is not; the Moon will always screen more easily than the Earth because
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the Newtonian potential at the surface of the Moon is less than the potential at the Earth’s

surface.

Regions with Moon Unscreened and Earth Partially Screened

8 I [ n=1
t n=2
8 n=5

6# [In=10

————— N=2.4meV

Log,,(\/eV)

-4

-15 -10 -5 0

Log, , (Mo/My)

Fig. 5.3 Region for which the Moon is unscreened and the Earth is (at least) partially
screened

Thus if the Moon is unscreened and the Earth is screened, eq. (5.34) will amount to

2B%(1 = Mo (r.)/Ms)) S 10715 (5.39)

which is more competitive than eq. (5.33), the constraint from Cassini. However as the
Newtonian potential at the surfaces of the Moon (®y ~ 4 x 10~!1) and Earth (®y ~ 8 x
10710) are within an order of magnitude, there is only a small region of the A — M, plane
for which this is true. The region for which the Moon is unscreened and the Earth is (at

least partially) screened is depicted in fig. 5.3. One can indeed see that this corresponds to
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part of the excluded area, including part of the area unconstrained by the Cassini probe. The

majority of the area constrained occurs when both the Moon and Earth are screened.

5.4 Conclusion

In this chapter we have considered the Chameleon theories with a logarithmic potential,
as opposed to the standard power-law potential. The theory has three free parameters; the
energy scale associated with the bare potential, A, the strength of the coupling of matter
to the scalar field, B and the power to which we raise the logarithm, N. We have used two
solar system tests to constrain this parameter space. The combined constraints are displayed
in fig. 5.4. One can see that large portions of the parameter space have been excluded: far
more than the corresponding tests for power-law potentials.

One obvious avenue for future research would be to apply further tests to this poten-
tial. However it seems unlikely that the logarithmic potential would evade any of the other
possible tests that one could envisage applying to it any better than the standard power-law
potential. We also showed that increasing the power, N, could reduce the exclusion zone by
a small amount, but we did not investigate how large N would need to be tuned in order to

pass the tests well.
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Combined Exclusions

Logqg(A/eV)

-15 -10 -5 0

Log1g(Mc/Mp)

Fig. 5.4 Total exclusion zone using both tests



Chapter 6

Conclusion

Despite the overwhelming success of General Relativity as a theory of gravitational physics,
modified gravity is an active area of research. In order to match observations these modifi-
cations to gravity must have mechanisms that screen the modification in regions where the
deviations from General Relativity are tightly constrained. In this thesis we have considered
three such theories - Galileon, K-mouflage and Chameleon - in various different physical
scenarios.

In chapter 2 we considered the K-mouflage and Galileon fields that would be present
around black holes. In the absence of matter no-hair theorems tell us that the scalar profile
will be trivial, but astrophysical black holes have accretion disks and this chapter presents
preliminary calculations of the effect that these have. We initially retain a static set-up
and conclude that the deviation from General Relativity is small. This is for two reasons.
Firstly the screening mechanisms suppress the fifth force relative to a canonical field, and
secondly because even the fifth force of an unscreened field is not of gravitational strength.
This is because the gravitational force is sourced by both the mass of the black hole and
the mass of the accretion, whereas the scalar field is sourced by the accretion disk only.
The no-hair theorems additionally assume time-independence. However time-dependent

vacuum black hole cubic Galileon solutions have been found in Ref. [9], and in chapter 2
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we demonstrate that de Sitter-Schwarzschild black hole solutions exist in K-mouflage with a
scalar that depends linearly on time. We further use these vacuum solutions as a background
on which to solve for a time-dependent scalar with an accretion disk. We find that the time-
dependent solution for K-mouflage is similar to the static solution, whereas for the Galileon
the addition of matter makes little difference to the vacuum solution. In chapter 2 we also
consider the argument of Ref. [58] that supermassive black holes should be offset from the
centre of their galaxy in Galileon theories. We argue that, when one considers the addition
of the accretion disk, this effect is reduced slightly.

In chapter 3 we extended our analysis of K-mouflage models to include a disformal
coupling to matter as well as the standard conformal coupling. These couplings are most
effectively analysed in time-dependent situations, therefore we calculated the background
cosmological evolution within these models. We also considered the effect of the coupling
on the time-dependent black hole solutions found in chapter 2. For the cosmological evolu-
tion we found that the behaviour was qualitatively different to that of the conformal-only
K-mouflage solution. The addition of the disformal term caused the time derivative of
the scalar to tend towards a finite value at early times, as opposed to diverging as in the
conformal-only case. We specified three necessary conditions for the theory to have an ob-
servationally viable cosmological evolution: matter domination at early times, a late time
dark energy dominated universe and the correct energy of state for this dark energy. We
showed that these conditions could be met by K-mouflage with a disformal factor. We ex-
plicitly calculated the background evolution for the case of constant conformal factor and
the plots that we generated showed that large regions of the parameter space provided only
small deviations from a ACDM universe.

The screening mechanism of K-mouflage is generally demonstrated under the assump-
tion of spherical symmetry and so in chapter 4 we compared the screening around a spherical

object against objects with cylindrical and planar symmetry. We then compared the results
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to those of the D-Blon, another theory with screening in regions of high Newtonian gravi-
tational force, for which the shape dependence of screening was analysed in Ref. [17]. For
all three shapes the level of screening just outside the object is similar. For spherical objects
and cylindrical objects the screening then persists up to a "K-mouflage radius". However
for planar objects screening persists arbitrarily far from the object. This is in contrast to
Galileon theories, for which there is no screening at all around planar objects.

We move on from derivative based screening mechanisms to consider Chameleon the-
ories in chapter 5. Chameleon literature has so far focused on power-law potentials so in
this work we considered logarithmic potentials. There are two free parameters within our
model, the coupling strength to matter and the energy scale associated with the potential,
and we constrain this parameter space with measurements from two solar system observa-
tions - lunar ranging and light bending from the Cassini-Huyens probe measurements. We
exclude large regions of the parameter space and conclude that this particular potential does

not warrant further investigation.
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