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TWISTED k-GRAPH ALGEBRAS ASSOCIATED TO BRATTELI
DIAGRAMS

DAVID PASK, ADAM SIERAKOWSKI, AND AIDAN SIMS

ABSTRACT. Given a system of coverings of k-graphs, we show that the cohomology of
the resulting (k+1)-graph is isomorphic to that of any one of the k-graphs in the system.
We then consider Bratteli diagrams of 2-graphs whose twisted C*-algebras are matrix
algebras over noncommutative tori. For such systems we calculate the ordered K-theory
and the gauge-invariant semifinite traces of the resulting 3-graph C*-algebras. We deduce
that every simple C*-algebra of this form is Morita equivalent to the C*-algebra of a
rank-2 Bratteli diagram in the sense of Pask-Raeburn-Rgrdam-Sims.

1. INTRODUCTION

Elliott’s classification program, as described in [I1], has been a very active field of
research in recent years. The program began with Elliott’s classification of AF algebras
by their Ky-groups in [9] (see also [§]). Elliott subsequently expanded this classification
program to encompass all simple AT-algebras of real rank zero [10], and then, in work
with Gong, expanded it still further to encompass more general AH algebras [13], leading
to the classification of simple AH-algebras of slow dimension growth and of real rank
zero [16, 28]. Paralleling these results for stably finite C*-algebras is the classification by
K-theory of Kirchberg algebras in the UCT class by Kirchberg and Phillips in the mid
1990s (see [16], 28]).

Shortly after the introduction of graph C*-algebras, it was shown in [19] that every
simple graph C*-algebra is either purely infinite or AF, and so is classified by K-theory
either by the results of [9] or by those of [10, 28]. As a result of this and results of
Szymanski [33], the range of Morita-equivalence classes of simple C*-algebras that can
be realised by graph C*-algebras is completely understood. The introduction of k-graphs
and their C*-algebras in [18] naturally raised the analogous question. But it was shown
in [25] that there exist simple k-graph algebras which are direct limits of matrix algebras
over C'(T) and are neither AF nor purely infinite. The examples constructed there are,
nonetheless, classified by their K-theory by [10], and the range of the invariant that they
achieve is understood.

The general question of which simple C*-algebras are Morita equivalent to k-graph
C*-algebras is far from being settled, and the corresponding question for the twisted k-
graph C*-algebras of [22] is even less-well understood. In this paper we consider a class
of twisted k-graph C*-algebras constructed using a procedure akin to that in [25], ex-
cept that the simple cycles there used to generate copies of M,,(C(T)) are replaced here

Date: 18 March 2014.

2010 Mathematics Subject Classification. 46L05.

Key words and phrases. Graph Algebras.

This research was supported by the Australian Research Council.
1



2 DAVID PASK, ADAM SIERAKOWSKI, AND AIDAN SIMS

by 2-dimensional simple cycles whose twisted C*-algebras are matrix algebras over non-
commutative tori. When the noncommutative tori all correspond to the same irrational
rotation, we compute the ordered K-theory of these examples by adapting Pimsner and
Voiculescu’s computation of the ordered K-theory of the rotation algebras. Computing
the ordered Ky-groups makes heavy use of traces on the approximating subalgebras, and
we finish by expanding on this to produce a detailed analysis of traces on the C*-algebras
of rank-3 Bratteli diagrams.

Remarkably, it turns out that our construction does not expand the range of Morita-
equivalence classes of C*-algebras obtained in [25]: For every rank-3 Bratteli diagram
E and every irrational 6 such that the corresponding twisted C*-algebra C*(Ag, d.cj) of
the rank-3 Bratteli diagram Ag is simple, there is a rank-2 Bratteli diagram I" as in [25]
whose C*-algebra is Morita equivalent to C*(Ag, d.ch) (see Corollary. However, this
requires both Elliott’s classification theorem and the Effros-Handelman-Shen characteri-
sation of Riesz groups as dimension groups. In particular, the rank-2 Bratteli diagram I"
will depend heavily on the value of 6 as well as the diagram FE.

In Section 3] following a short introduction on twisted (k + 1)-graph C*-algebras asso-
ciated to covering sequences (A, p,) of k-graphs, we look at the categorical cohomology
of such (k + 1)-graphs. We prove in Theorem that each 2-cocycle on the (k + 1)-
graph A associated to a covering sequence (A,,, p,) is — up to cohomology — completely
determined by its restriction to the k-graph A;.

In Section 4| we extend the notion of a covering sequence to a Bratteli diagram of
covering maps for a singly connected Bratteli diagram E. We construct a (k+ 1)-graph A
from a Bratteli diagram of covering maps between k-graphs (A,),ego and — upon fixing a
2-cocycle c on A — we show how to describe the twisted (k4 1)-graph C*-algebra C*(A, ¢),
up to Morita equivalence, as an inductive limit of twisted k-graph C*-algebras, each of
which is a direct sum of C*-algebras of the form M,,, (C*(A,,c|a,)) (see Theorem |4.4)).

In Section [B, we prove our main results. We consider a particular class of 3-graphs
associated to Bratteli diagrams of covering maps between rank-2 simple cycles; we call
these 3-graphs rank-3 Bratteli diagrams. We show in Theorem how to compute the
ordered K-theory of twisted C*-algebras of rank-3 Bratteli diagrams when the twisting
cocycle is determined by a fixed irrational angle . We investigate when such C*-algebras
are simple in Corollary and then prove in Corollary in the presence of simplicity
these C*-algebras can in fact be realised as the C*-algebras of rank-2 Bratteli diagrams in
the sense of [25]. In Section |§| we briefly present some explicit examples of our K-theory
calculations. In Section |7} we describe an auxiliary AF algebra C*(F') associated to each
rank-3 Bratteli diagram A, and exhibit an injection from semifinite lower-semicontinuous
traces on C*(F') to gauge-invariant semifinite lower-semicontinuous traces of C*(A, c¢). We
show that when ¢ is determined by a fixed irrational rotation #, the map from traces on
C*(F) to traces on C*(A, ¢) is a bijection.

2. PRELIMINARIES AND NOTATION

In this section we introduce the notion of k-graphs, covering sequences of k-graphs, and
twisted k-graph C*-algebras which we can associate to covering sequences. These are the
main objects of study in this paper.

2.1. k-graphs. Following [18, 24] 30] we briefly recall the notion of k-graphs. For k > 0, a
k-graph is a nonempty countable small category equipped with a functor d: A — N¥ that
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satisfies the factorisation property: for all A € A and m,n € N¥ such that d(\) = m +n
there exist unique u, v € A such that d(p) = m, d(v) = n, and A = pr. When d(\) =n
we say A has degree n, and we write A" = d~!(n). The standard generators of N* are
denoted ey, ..., e, and we write n; for the i*" coordinate of n € N¥. For m,n € NF,
we write m V n for their coordinate-wise maximum, and define a partial order on N* by
m < n if m; <mn,; for all i.

If A is a k-graph, its vertices are the elements of A°. The factorisation property implies
that these are precisely the identity morphisms, and so can be identified with the objects.
For a € A the source s(«) is the domain of a, and the range r(«a) is the codomain of
a (strictly speaking, s(«) and r(«) are the identity morphisms associated to the domain
and codomain of «).

For u,v € AY and E C A, we write uFE := ENr~*(u) and Ev := EN s '(v). For
n € N¥, we write

AS":={x € A:d(\) <nand s(A\)A% = () whenever d(\) 4 e; < n}.

We say that A is connected if the equivalence relation on A° generated by {(v,w) €
A% x A : wAw # 0} is the whole of A% x A°. We say that A is strongly connected if vAw is
nonempty for all v,w € A°. A morphism between k-graphs is a degree-preserving functor.
We say that A is row-finite if vA™ is finite for all v € A® and n € N* and A is locally
convez if whenever 1 <i < j <k, e€ A%, f e A% and r(e) = r(f), we can extend both
e and f to paths e¢’ and ff’' in A%T%. For A\, u € A we write

AR ) o= {(0,B) : Aa = i and d(Aa) = d(\) V d()}
for the collection of pairs which give minimal common extensions of A and pu.

A standard example of a k-graph is T}, := N* regarded as a k-graph with d = idy.

2.2. Covering sequences. Following [20] a surjective morphism p : I' — A between
k-graphs is a covering if it restricts to bijections T'v + Ap(v) and v — p(v)A for v € T°.
A covering p: ' — A is finite if p~'(v) is finite for all v € A°.

Definition 2.1. A covering sequence (A, p,) of k-graphs consists of k-graphs A,, and a
sequence

Ay Ay As

p1 p2 p3

of covering maps p,: Api1 — A,

Given a covering sequence (A, p,) of k-graphs [20, Corollary 2.11] shows that there
exist a unique (k+1)-graph A = lim,, (A, p,), together with injective functors ¢,, : A,, — A
and a bijective map e : | | o, AY — A%+1 such that, identifying N*™ with N* ¢ N,

(1) d(tn(X) = (d(N),0), for X € A,

(2) tm(A) (1 10(A) = 0, for m £ 1,

(3) Lzt tn(An) ={A € A d(A)s1 = 0},

(4) s(e(v)) = tns1(v), 7(€(v)) = t(pa(v)), for v € A2, |, and

(5) e(r(A)tns1(N) = tu(pn(X))e(s(A)), for X € Ay i.
We often suppress the inclusion maps ¢,, and view the A,, as subsets of A. For n > m we
define py, = Pm © Pmt1 0+ O P2 0 Py : Ay = Ay we define p,, = ida,, -
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2.3. Twisted k-graph C*-algebras. Let A be a row-finite locally convex k-graph and
let ¢ € Z2(A,T). A Cuntz-Krieger (A, ¢)-family in a C*-algebra B is a function s : A — sy
from A to B such that

(CK1) {s,:v € A% is a collection of mutually orthogonal projections;

(CK2) s,s, = c(p, v)s,, whenever s(u) = r(v);

(CK3) s3sx = ss(n) for all A € A; and

(CK4) sy =D cppzn 528} for all v € A and n € N,

The following Lemma shows that our definition is consistent with previous literature.

Lemma 2.2. Let A be a row-finite locally convex k-graph and let c € Z*(A,T). A function
s: A > sy from A to a C*-algebra B is a Cuntz-Krieger (A, c)-family if and only if it is a
Cuntz-Krieger (A, c)-family in the sense of [35].

Proof. Recall that E C vA is ezhaustive if for every A\ € vA there exists p € E such that
A™ (N 1) # 0. According to [32], a Cuntz-Krieger (A, ¢)-family is a function s : A — sy
such that
TCK1) {s, : v € A%} is a collection of mutually orthogonal projections;
TCK2) s,s, = c(p, V)s,,, whenever s(u) = r(v);
TCK3) S;S,\ = Ss()) for all A € A;
TCK4) 5,8,555 = D (o gyeamin(au ShaSia for all p,v € A; and
(CK) Tl ep(ss — sas3y) =0 for all v € A® and finite ezhaustive E C vA.

So we must show that (CK1)-(CK4) are equivalent to (TCK1)-(CK).

First suppose that s satisfies (CK1)—(CK4). Then it clearly satisfies (TCK1)-(TCK3).
For (TCKA4), fix A, p € A. It suffices to show that s3s, = >, g)epmin(r ) €A, @)c(p, B)sash
(see [35, Lemma 3.1.5]). Define N := d(\) Vd(p) and E' := {(a, ) : Aa = uf, Ao €
r(A)A=N}. The proof of [30, Proposition 3.5] gives s3s, = >, 5cm ¢, a)c(u, B)sash.
Clearly A™n(\, p) C E' since r(\)AYN C r(A\)ASN. Conversely for any (a, 3) € E' we have
Ao = p3 by definition, and hence d(Aa) > N. Since Aa € ASY | we also have d(Aa) < N,
and hence we have equality. Thus E' = A™"()\, ). This gives (TCK4).

For (CK), fix v € A" and a finite exhaustive £ C vA. With N := \/,_pd()\) and
E' = {\w:\¢e Eves\AN"¥N we have ' = vASY by an induction using [30),
Lemma 3.12]. Relation (TCK4) implies that the s)s} where A € E commute, and that
the sy, s}, are mutually orthogonal. Also, (TCK2) implies that s, — sxs5 < s, — sxS85,
for all \v € F’, and so

* * *
H<S” —538y) < H (80 — 8u8,,) = 8y — E sus, = 0.
AEE neE! uEVASN

Now suppose that s satisfies (TCK1)-(CK). Then it clearly satisfies (CK1)-(CK3).
For (CK4), fix v € A and 1 < i < k with F := vA% # (. Then (TCK4) implies that
the sys3 for A € E are mutually orthogonal. Since £ C vA is finite and exhaustive (CK)

then gives
0= H(sy—s,\s}i) :sU—ZS,\si. O
AEE AEE

The twisted k-graph C*-algebra C*(A,c) is the universal C*-algebra generated by a
Cuntz-Krieger (A, ¢)-family.



TWISTED HIGHER-RANK-GRAPH C*-ALGEBRAS ASSOCIATED TO BRATTELI DIAGRAMS 5

3. COVERING SEQUENCES AND COHOMOLOGY

We will be interested in twisted C*-algebras associated to 3-graphs analogous to the
rank-2 Bratteli diagrams of [25] (see Section [5)). The building blocks for these 3-graphs
are covering systems of k-graphs. In this section we investigate their second cohomology
groups. Our results substantially simplify the problem of studying the associated C*-
algebras later because it allows us to assume the the twisting 2-cocycles are pulled back
from a cocycle of a standard form on Z* (see Remark [5.7)).

We briefly recap the categorical cohomology of k-graphs (see [22]). Let A be a k-graph,
and let A be an abelian group. For each integer r > 1, let A*" := {(A1,..., \) € [[i_, A :
s(A;) = r(Xiq1) for each i} be the collection of composable r-tuples in A, and let A** := A°.
For r > 1, a function f : A*" — A is an r-cochain if f()\,...,\.) = 0 whenever )\; € A°
for some i < r. A 0-cochain is any function f: A° — A. We write C"(A, A) for the group
of all r-cochains under pointwise addition. Define maps 6": C"(A, A) — C™(A, A) by

3°(f)(A) = f(s(A)) — f(r(N)) and
5T(f)()‘07--'7)‘7") = f()‘la---a/\r)

+ 3 (=D o5 Az Aict i A A
=1

+ (=D f(No, ..y Amy)  forr > 1.

Let B"(A, A) := im(6" ') and Z"(A, A) = ker(d"). A calculation [22] (3.3)-(3.5)] shows
that B"(A,A) C Z"(A, A). We define H"(A, A) := Z"(A,A)/B" (A, A). We call the
elements of B"(A, A) r-coboundaries, and the elements of Z"(A, A) r-cocycles. A 2-cochain
c € C?*(A, A) is a 2-cocycle if and only if it satisfies the cocycle identity c(\, p) +c(Ay, v) =
c(p,v) + c(, pv).

As a notational convention, if I' C A is a subcategory and ¢ € Z"(A, A) then we write

¢|r, rather than c|p« for the restriction of ¢ to the composable r-tuples of I'. If A and

[ are k-graphs and ¢: A — T is a functor, and if ¢ € Z2(T', A), then ¢.c: A*? — A is
defined by g.c(\, 1) = c(d(N), 6(1)).

In [22], the categorical cohomology groups described above were decorated with an
underline to distinguish them from the cubical cohomology groups of [21]. In this paper,
we deal only with categorical cohomology, so we have chosen to omit the underlines.

Definition 3.1. Let A = lim,(A,,p,) be the (k + 1)-graph associated to a covering
sequence of k-graphs. A sequence (c,) of cocycles ¢, € Z%(A,,, A) is compatible if there is
a 2-cocycle ¢ € Z?(A, A) such that c|s, = ¢, for n > 1; we say that the ¢, are compatible
with respect to c.

Let A = lim,, (A, p,) be the (k+1)-graph associated to a covering sequence of k-graphs.
For each v € A° there is a unique element &, of AYAN+1y; if v € AV then r(&,) = p1..(v).
The factorisation property implies that for each A € A there is a unique factorisation

(3.1) & od = T(A)B with () € A; and B € ANk,

We call the assignment A — m(\) the projection of A onto A;.

Observe that if A € A", then 7()\) = p1,(N), and if A € ANv+1 with r(\) € A2, then
©(A) = pra(r(\)). In particular, 7(§,) = r(&) = pia(v) for v € A). In general, if
r(A) € A% then we can factorise X = M)\ with ) € A, and )’ € AN+ and then
7(A) = pra(N).
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Lemma 3.2. Let A = lim,,(A,,, p,,) be the (k+1)-graph associated to a covering sequence of
k-graphs. The projection ™ of A onto Ay of (3.1) is a functor. The formula m.c(A1, \y) =
c(m(M), m(X2)) for (A1, A2) € A*? determines a homomorphism ,: Z*(Ay, A) — Z%*(A, A).

Proof. Fix (A, u) € A*?* and factorise A\ = va and p = Bv where v € A, v € A,,, and
a, 8 € ANew+1. The factorisation property gives m(Ap) = p1n(V)p1m(y) = 7(N)m(p):

pl,m(V) 7

pl,n(”) v

Hence 7 is a functor.

Since functors send identity morphisms to identity morphisms, it follows immediately
that m,c is a 2-cocycle. Since the operations in the cohomology groups are pointwise, m,
is a homomorphism. O

Using the covering maps between the k-graphs in a covering sequence we can build a
compatible sequence of 2-cocycles from a 2-cocycle on A;.

Theorem 3.3. Let A = lim, (A, p,) be the (k+1)-graph associated to a covering sequence
of k-graphs, and let ¢ € Z*(Ay,A). Let ¢, := (pin)«c for n > 1. Then each ¢, €
Z%(A,, A), and the ¢, are compatible with respect to € := T,c.

Proof. For A € A,,, repeated use of property (5) of A shows that m(\) = p;,()). Hence
¢la, = (m,, )«c = ¢, for n > 1. Lemma 3.2 implies that € is a 2-cocycle on A. Since the

restriction of a 2-cocycle is again a 2-cocycle it follows that ¢, = €|y, is a 2-cocycle on
A,. OJ

Theorem provides a map ¢ — ¢ from 2-cocycles on A; to 2-cocycles on A. It turns
out that this is essentially the only way to construct 2-cocycles on A (we will make this
more precise in Theorem |3.6)).

Lemma 3.4. Let A = lim,(A,,, p,) be the (k+ 1)-graph associated to a covering sequence
of k-graphs, and let ¢ € Z*(Ay, A). There exists a unique 2-cocycle ¢ on A extending c
such that

(3.2) N\ p) =0 whenever A € AN+ or ;€ ANow+1,

Proof. Theorem implies that ¢ satisfies ¢, = ¢, and since 7(\) € AY whenever
A € ANew+1

¢\ p) = c(m(\), () =0  whenever A € AN+1 or g € ANOR+1

Now suppose that ¢ € Z%(A, A) satisfies (3.2)).
We claim first that

(3.3) ¢, uB) = ¢\, p)
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whenever a, 3 € AN#+1 and \, € A,,. To see this, observe that (3.2)) gives
d(a,\) =0, d(a, \uB)=0, d(u,B)=0 and Ay, B)=0.
Repeated application of the cocycle identity gives
(aX, uB) = (X, up) +¢(a, A) + ¢ (u, B)
= (o, AuB) + (A, puB) + (i, B) = (A, 1) + (A, B) = (A, ).
We now claim that
(3.4) C/</\7 1) = C/(pn()\)apn(#))>

for composable A\, € A, 1. To see this, use property (5) of A to find «, 5,7y in A%+! such
that oA = p,(\)5 and 1 = pa(j1)7:

5
Pn(ft) I
SR
Pr(A) A
P

Then
(Pn(N)B, 1) + ¢ (pa(A), B) = ' (pa(N), Bu) + (B, ),
and so gives ¢ (p,(N) B, ) = (¢ (pn(N), Bu). Now shows that

¢ (pn(A), () = ¢ (pn

We now show that ¢ = ¢ We have seen that both ¢ and ¢ satisfy , and so
they both satisfy (3.3). It therefore suffices to show that ¢/|x, = €|, for each n. Fix
composable A\, € A". We have ¢(\, 1) = ¢(p1n(N), pra(p)) by definition. Repeated
applications of give (A, 1) = ¢ (p1.n(N), p1.a(p)). Since ¢ extends ¢, we deduce that
(A ) =¢T(A, ). O

Lemma 3.5. Let A = lim,(A,,, p,) be the (k+ 1)-graph associated to a covering sequence

of k-graphs, and let ¢ € Z*(A, A). Let s, = m.(c|a,) as in Theorem . Then there
exists b € CY(A, A) such that

c— 6 = |y,
Proof. For v € A° let &, be the unique element of AYANes+19. For A\ € A define

b(A) = c(&r s A) — e(m(A), Esv))-

If X € A° then m()\) € A° as well, and so b(\) = 0. So b € C*(A, A).
Since the restriction of the maps b and 6'0(\, u) = b(A\) + b(n) — b(Au) to Ay are

identically zero, the cocycle ¢ := ¢ — 6'b extends c. To conclude that ¢ = ¢|s, it now
suffices, by Lemma [3.4] to verify that ¢ satisfies (3.2).
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We first prove that
(3.5) d(\ ) = 0 whenever A € ANer+1,

Fix such a composable pair \, u € A, and factorise p = 8’ with n € A,, and 5’ € ANew+1,
Let [ be the integer such that r(\) € AY. By property (5) of A there exist X', 3 in ANer+1

with 7(X) € AY and 7(3) € A9, and 7 € AR™ such that &mABY = pra(n)éan N B

7(Y) = pr.m(7y). We prove ({3.5)) in three steps.
0 and ¢(A\3,7) = 0. The cocycle identity gives
c(&r(

,B). Since &8 = & (), the definition of b

We have 7(u) = 7(n) = p1a(n)
(1) First we show that (3,

(niys B7) + e(B.7) = el +

gives

QH

d(B,7) = c(B,7) = b(B) = b(7) + b(B7)
= c(8,7) = (cl&3, B) = 0) = (el ) = cprn(1): &) )
+ <C<§r(5); B7) = c(pra(7), fsm)))
= (el&rs B +e(8,7)) = (8.7 + (s, ) = 0

Applying this calculation to A5 rather than § gives ¢/ (A8,v) = 0 as well.
(2) Next we show that (A, 3) = 0. We have (&), A8) + (X, ) = (&, B) +
C/(fr()\), )\) Since fT()\)A = fr(g) it follows that

¢(AB) = e(A B) — b(Y) — b(B) + b(A5)
= e B) = (el ) = 0) = (el&r ) = 0) + (<& A8) = 0)
= (cl&rn:A8) + X B)) = (el&rnhs B) + elErin: ) = 0.

(3) Finally, to establish (3.5, we apply the cocycle identity ¢(A3,7v) + (A, B) =
(N, By) + d(B,7) and steps (1) and (2) to see that

d\p) =d(\np") =d(\By) =0.
It remains to show that
(3.6) d(\p) =0 whenever p € ANer+1,

Fix such a composable pair \, i € A, and factorise A = an with a@ € ANs+1 and n € A,,.
Using the factorisation property, we obtain o € A%® 1/ € A% and v € AX that make
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the following diagram commute.

pl,n(ﬁ) n v

Equation ({3.5) gives ¢(a,n) = 0 and ¢/(«, nu) = 0. By the cocycle identity ¢ (an, u) +
d(a,m) = (a,nu) + ¢'(n, ). So we need only check that ¢/(n,u) = 0. We consider the
cocycle identity

c(PLm(7)s &y it) + &y 1) = (D1 (V)Erys 1) + (Prim (V)5 Er(w))-

Since &) = &r(uytt, We have py (1) = prm (7). Since &y = &rguy and Py (7)Ex( &
we obtain

(3'7) C(?l,n(ﬁ% gs(n)) - C(ST(M), N) - C(pl,m(7>v 58(7)) = _C<§r(u’)777 :u)'

Hence

d(n,p) = c(n, ) — b(n) — b(p) + b(nu)
= c(n, 1) — b(n) — b(p) + b(p'y)

(. 1) ~ ((@w) Pra(n), Escn) )

— (el 1) = 0) + (€lEourys 17) = ePrm(3). &)
=c(n,p) —c (&«(rz), 1) 4 &y 1Y) = (& ) by B.7)
= C(n7 /L) - c(&"(u’% 77) + 6(57‘(#’ ), N ) - (£T(M’ 7, M) - 07
establishing (3.6). O

Theorem 3.6. Let A = lim,(A,,p,) be the (k + 1)-graph associated to a covering se-
quence of k-graphs. The restriction map c — c|a, from Z*(A\, A) to Z*(Ay, A) induces an
isomorphism H?(A, A) = H%*(Ay, A).

| |
A
=

Proof. Surjectivity follows from Lemma [3.4l To verify injectivity fix 2-cocycles ¢, co on
A such that ci|a, — ca|a, = 00 for some b € C'(Ay, A). Lemma3.5| gives by, by € C1(A, A)
such that

c1 — 0 = m(ci|a, ), and cy — 0'by = T.(ca|a, ).
Hence

Cl — Cy = 7T*(01|A1) +51b1 — 7T*<62’A1) — 51b2
= 51b1 — 51b2 + 7T*<(31’A1 — C2|A1>
= 6y — 0%by + 7. (8%D).

We have 7,(b) € C*(A, A) and m,(6'0) = §'(m.b), so we deduce that ¢; and ¢, are coho-
mologous. 0

Remark 3.7. Since twisted C*-algebras do not “see” a perturbation of a 2-cocycle by a
coboundary [22] Proposition 5.6], Theorem says that a twisted k-graph C*-algebra
C*(A, ¢) associated to a cocycle ¢ on the (k + 1)-graph associated to covering sequence
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(A, pn) is determined by the covering sequence and ¢|,,. One might expect that a similar
statement applies to traces; we addresses this in the next section.

4. BRATTELI DIAGRAMS OF COVERING MAPS

We now consider a more complicated situation than in the preceding two sections:
Rather than a single covering system, we consider Bratteli diagrams of covering maps
between k-graphs. Roughly speaking this consists of a Bratteli diagram to which we
associate a k-graph at each vertex and a covering map at each edge. In particular, each
infinite path in the diagram corresponds to a covering sequence of k-graphs to which we
can apply the results of the preceding two sections. We show how to construct a (k + 1)-
graph A from a Bratteli diagram of covering maps, and how to view a full corner of a
twisted C*-algebra C*(A,c) as a direct limit of direct sums of matrix algebras over the
algebras C*(A,, c|a, ).

We take the convention that a Bratteli diagram is a 1-graph E with a partition of E°
into finite subsets E° = | |°° | EY such that

E'=| | ESE'E),,.

We let E* denote the set of finite paths in E. Following [0] we insist that
vEr #£ ( for allv, and E'v # () forall v € E°\ EY.

This implies that each E? is non-empty. In the usual convention for drawing directed

graphs the vertex set E° has levels E° arranged horizontally, and edges point from right

to left: each edge in E points from some level EY_ | to the level E immediately to its left.
We say that a Bratteli diagram E is singly connected if |vElw| <1 for all v,w € E°.

Definition 4.1. A Bratteli diagram of covering maps between k-graphs consists of a
singly connected Bratteli diagram E, together with a collection (A, ),cpo of k-graphs and
a collection (pe)eepr of covering maps pe: Age) = Are)

A Bratteli diagram of covering maps is sketched below.

Ph Pk pj
Aa‘ Ab‘ Ac‘
Pm
P
d<l76 f‘T'.. AdTAB , Af‘pT"'
Ag oo

Given a Bratteli diagram of covering maps between k-graphs there exist a unique (k+1)-
graph, denoted Ag (or simply A), together with injective functors ¢, : A, — A, v € E°,
and a bijective map e : UUGEO\E? A% x Flv — A®+1 such that

(1) d(eo(A)) = (d(A),0) for A € A,

(2) tp(Ay) Nty(Ay) =0 for v # w € E°,

(3) Wpemo to(Ao) ={A € A d(N)p1 = 0}

(4) se(w, f)) = to(w) and r(e(w, ) = to(p)(ps(w)) for v € EO\EY and (w, f) €

A x Elv, and
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(5) e(r(), Fia(N) = i) (psN)e(s(N), f) for v € EOVEY and (A, f) € A9 x E'v.
The construction of the (k + 1)-graph A is taken from [20], with the exception that we

describe the underlying data as a Bratteli diagram rather than a sequence of {0, 1}-valued
matrices. We will view each A, as a subset of A.

Definition 4.2 (c.f. Definition 3.1)). Let A = Ag be the (k + 1)-graph associated to a
Bratteli diagram of covering maps between k-graphs, and let ¢, € Z?(A,, A) for each
v € E° The collection of 2-cocycles (c,) is called compatible if there exists a 2-cocycle
c € Z?(A, A) such that c|p, = ¢, for all v € EY.

Definition shows how to build a twisted (k + 1)-graph C*-algebra from a Bratteli
diagram of covering maps. We will exhibit this C*-algebra as an inductive limit. This
involves considering homomorphisms between twisted k-graph C*-algebras associated to
subgraphs of the ambient (k+ 1)-graph Ag associated to the Bratteli diagram of covering
maps. In keeping with this, we use the same symbol s to denote the generating twisted
Cuntz-Krieger families s: A — s, of the C*-algebras of the different subgraphs. It will be
clear from context which k-graph we are working in at any given time.

Lemma 4.3. Let A = Ag be the (k + 1)-graph associated to a Bratteli diagram of cov-
ering maps between row finite locally convex k-graphs, together with a compatible collec-
tion (c,) of 2-cocycles. For each e € E' there exists an embedding to: C*(Ay(e), Crie)) —
C*(Ag(e)s Cs(e)) such that

Lte(sy) = Z s, forall N € Ayey.
Pe(m)=A
Proof. We follow the argument of [20, Remark 3.5.(2)] (which applies in the situation

where ¢,() = c5(¢) = 1). The argument goes through mutatis mutandis when the cocycles
are nontrivial. 0J

With slight abuse of notation, in the situation of Lemma4.3|, given n > 1, we also write
. for the induced map 1™ : M, (C*(Ayeys er(e))) = Mp(C*(Ag(e, Cs(e))) given by

air ... Qip Le(an) Ce Le(aln)

Apl .. Qpp te(@n1) .. te(@py)

Theorem 4.4. Let A = Ag be the (k+1)-graph associated to a Bratteli diagram of covering
maps between row finite locally convexr k-graphs, together with a compatible collection
(cy) of 2-cocycles. Let ¢ € Z*(N,T) be a 2-cocycle such that c|, = c,. The projection
Py = > ep weno Sw @8 full in C*(A,c). Forn € N, let A, := span{s,s; : p,v €
A, d(p)gs1 = d(V)gy1 =n}. Then each A, C A,iq, and

P()C*(A, C)PO = Un An
For each a =« ...a, € EYE*E?, let F(a) :={pu =1 ... j, € A"+ 2 r(p;) € Ag(ai) for
i <n, and s(p,) € A° y}. Then each Ty i= 37 (o) Su 18 a partial isometry, and there

s(an

is an isomorphism wy: D, cpo Mpoge,(C*(Ay, ¢y)) = Ay such that

wn<(<aaﬁ>a,ﬂ€EgE*v)v) = Z Z TaaaﬁTE.

v CV,['}GE?E*’U
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We have w41 o (diag.c iy, Le) = Wy, and so

PyC* (A, )Py = lim @ Moo (C* (A, ), Z ay — Z diag,c g1y, (te(ar(e)))

vEEY vEE] weES |

Proof. We follow the proof of [20, Theorem 3.8], using Lemma in place of |20, Re-
mark 3.5.2]. O

5. RANK-3 BRATTELI DIAGRAMS AND THEIR C*-ALGEBRAS

We are now ready to prove our main results. We consider a special class of 3-graphs,
which we call “rank-3 Bratteli diagrams” (see Definition . We will compute the K-
theory of the twisted C*-algebras of these 3-graphs associated to twists by irrational
angles using the inductive-limit decomposition just described and the well-known formula
for the ordered K-theory of the irrational rotation algebras. We will deduce from Elliott’s
theorem that these C*-algebras are classified by K-theory whenever they are simple, and
deduce that such C*-algebras, when simple, can all be realised by rank-2 Bratteli diagrams
as in [25].

Recall that a Bratteli diagram is singly connected if [vE'w| < 1 for all v,w € E°. Our
rank-3 Bratteli diagrams will be constructed from singly connected Bratteli diagrams of
coverings of 2-graphs where the individual 2-graphs are rank-2 simple cycles. The lengths
of the cycles are encoded by an additional piece of information: a weight map on the
underlying Bratteli diagram.

Definition 5.1. Let E be a Bratteli diagram. A weight map on E is a function w: E° —
N\{0} such that w(r(e)) divides w(s(e)) for all e € E'. A weighted Bratteli diagram is a
Bratteli diagram E together with a weight map.

An example of the first few levels of a singly connected weighted Bratteli diagram is
sketched below (the weight map w is identified by labelling the vertices):

1 2 6
[ @ <« [ )
(5.1) oo .

To construct our rank-3 Bratteli diagrams, we need to recall the skew-product construc-
tion for k-graphs. Following [18], fix a k-graph A and a functor 7 : A — G into a countable
group G. The skew product graph, denoted A x,, G, is the k-graph with morphisms A x G,
source, range and degree maps given by

r(Ag) = (r(A), ), s(A g) = (s(A),gn(N), d(A,g) =d(}),
and composition given by (A, g)(u, h) = (A, g) whenever s(\, g) = r(u, h).

Definition 5.2. Let E be a singly connected weighted Bratteli diagram. For v € E°,
let a,,b, be the blue and red (respectively) edges in a copy Ty of Ty. For each v, let
1: Ty — Z/w(v)Z be the functor such that 1(a,) = 1(b,) = 1, the generator of Z/w(v)Z.
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The rank-3 Bratteli diagram Ag (or simply A) associated to E is the unique 3-graph
arising from the Bratteli diagram of covering maps given by

A, =T5 x4 ZJw(v)Z, v e E",
pr(a bl m) = (a5 bl sy, m mod w(r(f)), s, t €N, feE'meZlw(s(f))~.
To keep notation compact we write {(v,m):m =0,...,w(v) — 1} for the vertices of A,.

Figure [1]illustrates the portion of the skeleton of a rank-3 Bratteli diagram correspond-
ing to the portion of a weighted Bratteli in (5.1]).

FIGURE 1.

Remark 5.3. Our definition of rank-3 Bratteli diagram relates to the rank-2 Bratteli di-
agrams introduced by Pask, Raeburn, Rgrdam and Sims. Both constructions are based
on Bratteli diagrams as initial data, with the difference that here we construct 3-graphs
rather than 2-graphs. See [25] for the details.

Given a T-valued 2-cocycle ¢ on Z* and a k-graph A, we obtain a 2-cocycle d,c on A
by (d.c)(u,v) = c(d(u),d(v)). An example of a T-valued 2-cocycle on ZF is the map

(5.2) ch(m,n) = e2momanm,

The 2-cocycle (5.2)) on Z? will be denoted cy. We let Ay denote the rotation C*-algebra
corresponding to the angle 6 € R (see |21, Example 7.7]).
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Our main theorem describes the ordered K-theory of the twisted C*-algebras of rank-3
Bratteli diagrams corresponding to irrational §. We state the result now, but the proof
will require some more preliminary work.

To state the theorem, we take the convention that given a direct sum G = @, G; of
groups and g € G, we write gd; for the image of ¢ in the i direct summand of G.

Theorem 5.4. Let A = Ag be the rank-3 Bratteli dmgmm associated to a singly connected
weighted Bratteli diagram E, and take 0 € R\Q. Let ¢j € Z*(Z>,T) be as in (5.2), and let
c=d.cj € Z*(N,T). Forn €N, define A, : ®pepo( (1 L+ 0Z) = Syepo, (w(u)Z + 07)
and By, : Dvero 72 — @UEESHZ by

An(ﬁp—keq)&j =3 (w(lv p+00)og  and
By(p. q)d, = e@ZEl (p + (1 - wfus((;)))) Z(US(S))@ Os(e)-

Endow ling (@’UEEO (w(v 7+07), An> with the positive cone and order inherited from the

approximating subgroups. Then there are an order isomorphism
1
hot Ko(C* (A, ¢)) = i (€D ( ). 40)
0 0( ( C)) E @) W(U)

and an isomorphism

hy: K (CH(A, elg(@ZQ )

veEY

with the following properties: Let v € EY, let i < w(v), let p; be the unique element of
(v, YA and let v; be the unique element of (v, )AL ™Y Then

ho([S(vZ ]) = 'w('u)(; < ®UGEO< - Z+6)Z>
hl([sui + Ej;éis(v,j)]) = (1,0), € @ueEg Z2, and
hl([sw + Zj;ﬁi S(w‘)]) = (Ov 1)5v € @ueEg Z?.

There is an isomorphism 0: K1(C*(A, c)) — Ko(C*(A), ¢) such that hooﬁohfl((a, b)5v) -
ois + (a+ )8 for all v € E® and (a,b) € Z2.

Remark 5.5. If we regard the maps A,: @ycpo ( Z +07Z) — @ueEO (w(u 7+ 07) as
EY x EY. | matrices of homomorphisms A, (v, u): ( Z + 07 — e )Z + 0Z, then each
A, (v,w) is the inclusion map — L +0Z C : oL+ 0Z. Likewise, if we think of each B,

w(v) w(u)
as an EY x EY | matrix of homomorphisms B, (v,u) : Z* — Z?, then writing [(v, u) :=

w(u)/w(v), each B, (v,u) is implemented by multiplication by the matrix (é 11_(11}(1;;) >

Remark 5.6. In the preceding theorem, given v € E?, it is not so easy to specify explic-
itly the projection in C*(A, ¢) which maps to 65, € @, (5 (1 54 + 07). However, the

description of the connecting maps in K in Lemma [5.10] ylelds the following description:
Lemma 8 describes an isomorphism ¢: A, ()6 ® My()(C) = C*(Ay, ¢), and if pg denotes
the Rieffel projection in A9, then hg carries the Ko-class of ¢(pg @ Ow(w)—1) to 09,.
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Remark 5.7. Theorem applies only when ¢ = d.cj € Z?(A,T) for some 6. But
Theorem suggests that this is a fairly mild hypothesis. To make this precise, first
suppose that v,w € EY have the property that there exist & € vE* and 8 € wE* with
s(a) = s(B). By choosing any infinite path = in F with range s(a) we can pick out
covering systems corresponding to ax and to fx, and then Theorem implies that ¢,
and c¢,, are cohomologous. Now consider any connected component C' of E. An induction
using what we have just showed proves that the ¢, corresponding to vertices v in C' are
all cohomologous. So, decomposing, E into connected components, we see that C*(Ag, ¢)
is a direct sum of subalgebras C*(A¢, ¢) in which v +— ¢, is constant up to cohomology.

Each A, is the quotient of the 2-graph A, (see [21, Examples 2.2(5)]) by the canonical
action of {(m,n) : m+n € w(v)Z} < Z?, and so [21], Theorem 4.9] shows that Hy(A,, T) =
T; in particular {[d.c] : 0 € [0,27)} is all of Hy(A,, T). So for each connected component
C of E, there is some 6 such that ¢, ~ d,cy for each vertex v in C.

The first step to proving Theorem is to describe the building blocks in the direct-
limit decomposition of Theorem [£.4] for a rank-3 Bratteli diagram. Recall that if E is
a singly connected weighted Bratteli diagram and n = w(v), then A, = T3 Xy Z/nZ as
illustrated below:

0.

1

(a,0) || (5,0)

(5.3) \

When n = 1 the C*-algebra C*(A,, d.c}) is isomorphic to the irrational rotation algebra
Ay (see [21]). We prove that, in general, C*(A,, d.cj) is isomorphic to M, (As).

Lemma 5.8. Let A be the 2-graph Ty x1 Z/nZ of (5.3)). Let ¢ = d.cy for 8 € R. Let
u, v denote the generators for Ang, and ((; ;) the standard matriz units for M, (C). Let u;
(resp. v;) denote the unique element in A of degree (n,0) (resp. (n — 1,1)) with source
and range (v,i), and let oy, . . ., a,_1 be any elements in T such that e*®a;_y = a;. Then

there is an isomorphism
¢: Ang @ M, (C) = C*(A, ¢)

such that
n—1 n—1
¢(U ® 1n> = Spis ¢(U ® 1n> = Z QiSy;, and ¢(1 ® Cj,j+1) = S(a,j—1)-
i=0 i=0

Proof. Define elements U,V and e; 1, j < n of C*(A,c) by

|_|

n—

U= Sy, V= g a8y, and €; 1 = S(aj-1)

s
Il
=)
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The set {ej 41 :7=1,...,n — 1} generates a system of matrix units (e; ;); j=1,.n. Each
e;j is non-zero by [30, Theorem 3.15]. Straightforward calculations show that U and V
are both unitaries, and that these unitaries commute with the e; ;11 and their adjoints.

We claim that VU = e*™™UV . Since s(u;) = r(v;) only for i = j, we have

n—1
uv = (Z SM) (Z O‘ZSW) = Z a;c(fti, Vi)Su,,  and similarly

1=0

0 (S (So) = Sactrons

Since (s 11) = ¢o((n,0), (n — 1,1)) = 1 and e(vi. ) = cp((n — 1,1), (n,0)) = e, we
obtain VU = €™V as claimed.
By definition the elements U, Ve, ; (and {s) : A € A}) belong to the algebra generated

by the elements {5(4,0),---,S®n-1)}. Conversely, for j < n we have
(5.4)
Uen ifj=n-—1 Vena ifj=n-—1
S(a,g) = . and 50,5 = —omifTTH :
€j+1,+2, otherwise, e U*Vejr1j42  otherwise.

Hence C*(A,) is generated by U,V and the e; ;.
The universal property of A,y ® M,(C) gives a surjective homomorphism ¢: A,y ®
M, (C) — C*(A, ¢) such that

Pu®ly) =U, ¢(v®l,) =V, and ¢(1®Gy)=ei;.
The formulas (5 . describe a Cuntz-Krieger ¢-representation in the sense of [21), Definition
7.4}, so the universal property of C(A) gives an inverse for ¢, and so ¢ is an 1som0rph1smE|
Hence A, ® M,(C) = Cj(A) = C’* (A, c) by [22, Corollary 5.7]. ]

Lemma 5.9. Let A = Ag be the rank-3 Bratteli diagram associated to a singly connected
weighted Bratteli diagram E together with a compatible collection (c,) of 2-cocycles. Take
e € E', and suppose that ¢,y = d.cy and cye) = dicy where § € R\Q. Let n = w(r(e)),
m =w(s(e)) and | = m/n. Let te: C*(Ar(ey; crie)) = C*(As(e), Cs(e)) be as in Lemma
and let ¢, Apg @ Mp(C) = C*(Ape)s Cr(e)) and ¢s: Ay ® M ((C) — C*(Ay(e)s Cs(e)) be
the isomorphisms obtained from Lemma- Let u, and v, be the generators of Amq, and
let pr: Ki(Ang @ M,(C)) — Z? be the isomorphism such that p,([u, ® 1,_1]) = ((1]) and
or([or ®1,4]) = ((1)); define ug, vy and ps: Ki(Ame @ M,,(C)) — Z? similarly. Then the
diagram
Ki(te
(5.5) Ki(C* (Are)s Cr(e))) il Ki(C"(As(e), Cs(e)))
TKl(@') TKl(‘ﬁs)

K1(Apy ® M,(C)) K1 (Amp @ My (C))

T

72 A

commautes.

LOf course, if 6 is irrational then Ay and hence Ay ® M, (C) is simple, and so ¢ is automatically
injective.
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Proof. Recall n = w(r(e)), m = w(s(e)), and [ = m/n. Since the maps a — a @ 1,,_; and
b— b® 1,1 induce isomorphisms in K7, the classes [u, ® 1,_1] and [v,. @ 1,,_1] generate
Ky (An @ M,(C)) and [us & 1,,-1] and [vs & 1,,_1] generate K (A9 @ M, (C)).

We claim that K (t.) maps [¢,(u, @ 1,-1)] to [¢ps(us & 1,,-1)]. To see this, for i < n,
let 1] denote the unique element of (r(e), Z)A(? % and let

n—1
U, := Z Sur € C*(Ar(e), CT(e)).
i=0
By Lemma U, = ¢r(u, ® 1,,), and so
= ¢p(u, ®1) = H@ i D ur @ 1yi).
Hence [U,] = S0 [0 (Li @1y ® 1oy 1)] = n[ép(u, ®1,1)]. An identical argument shows
that if pf denotes the unique element of (3(6),i)AiZ’)O) for i < m, then U, := >7 ! Spus

satisfies [Ug] = m[¢s(us @ 1,,—1)]. Direct computation using that in = m shows that ¢,
maps (3170 s,ur) to 70" s, . We have

m[or(u, ® 1,-1)] = In[d,(u, & 1,,1)] = [U,] = [( 7:1 Su;“)l]'
Hence . :
Kifue)mln (e @ Loa)]) = | 3 sy | = 0] = ml6(us @ 1)

Since 6 € R\Q, we have K (A,y @ M,(C)) = {[u, D 1,_1], [, ®1,_1]) = Z?, and we deduce
that K;(c.) maps [¢,(u, ® 1,-1)] to [¢s(us ® 1,-1)]-

We now show that K (t.) maps [¢, (v, ®1,-1)] to [¢s(vsD L—1)]— (1—1)[¢s(usB Lp—1)].
Let v}, be the unique elements of (r(e),i)Ag(Le_)l’l) and (s(e),j)Ag(Z)_l’l) for each 1, .
Let W, = Z?:_OI syr. Fix ag,...,0n_1 in T such that e*™o; ; = ;, and set V, =
Z;:Ol @;s,r. Lemma ﬁ gives V., = ¢.(v, ® 1,,). Since V, = W, - Z?:_Ol QiS(r(e),i), and
since [1] =[S0 @is(re)q)] it follows that n[é,(v, @ 1,1)] = [V;] = [W,]. Similarly
mlps(vs ® 1ino1)] = [Z:iol Sl@-]u and

n[qbr(vr S 1n—1)] + (l - 1)n[¢r(ur D ln—l)]

= W]+ (- (v = [( ) ( ) | = n[z S
For j < n, we have p; (v (uf)) = {vf, v, .. ., Viy -1yt Hence
K (1) (n[ér(vr ® 1n1)] + (L= Dnfop(ur & 11)])
= n[%(‘suir(u;)l*l)} = [mz Suf] = m|ds(vs D Lin-1)].

Since m = nl, we deduce that Ki(t.) sends [¢p,(v, & 1,-1)] + (I — 1)[pr(ur & 1,,-1)] to
lps(vs®1-1)]. We saw above that Kl(Le)((l— Dor(ur®1,-1 ]) =(—1)[ps(us®1m-1)],
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so subtracting gives K (t.) ([6, (v, @ Lo-1)]) = Us(vy @ Ln1)] = (I = D[dsuty & L),
So the diagram ([5.5)) commutes as claimed. 0

Let T(A) denote the set of tracial states, i.e., positive linear functionals with the
trace property and norm one, on a C*-algebra A. For any 7 € T(A) there is a map
Ko(r): Ko(A) — R such that Ko(7)([p] — [¢]) = >_; 7(pii — qii) for any projections
p,q € My(A). When 7 = Tr, the unique tracial state on Ay ® M;(C) for § € R\Q,
the map Ko(7) is an order isomorphism of Ko(Ag ® My(C)) onto +Z + 27 [29].

Lemma 5.10. Let A = Ag be the rank-3 Bratteli diagram associated to a singly connected
weighted Bratteli diagram E together with a compatible collection (c,) of 2-cocycles. Take
e € E' and suppose that ¢,y = dicg and cye) = dycg where § € R\Q. Let n = w(r(e))
and m = w(s(e)). Let te: C* (M), Cre)) = C*(As(e), Cs(e)) be as in Lemma and
let ¢p: Apg @ My (C) — C*(Areys Cr(e)) and ¢g: App @ M, (C) — C*(Age), cs(e) be the
isomorphisms obtained from Lemma [5.8 Let 7, and 75 be the unique tracial states on

Apg @ M, (C) and Apg @ M,,(C). Then the diagram

KO(Le)

(5.6) Ko(C*(Ar(e)s Criey)) — Ko(C*(As(e); Cs(e)))
o e
Ko(Ans @ M,(C)) Ko(Amg ® M, (C))
lKO(TT) jKo(Ts)
17,407 - Lz+0z2

commautes.

Proof. Define | = m/n. Let p, and ps denote the Powers-Rieffel projections in A, and
A,ng respectively. Since the maps a — a®0,,_; and b — b&®0,,_; induce an isomorphisms
in Ky, the elements [1®0,_;] and [p,®0,,_1] generate Ky(A,p@M,(C)), and [160,,_1] and
[ps @ 1,,—1] generate Ko(Ayg® M, (C)). Then Ko(t.) maps [¢,(1®0,,—1)] to [[¢s(1D0,,—1)]
because

Ko(te) (n[¢r(1 D Onfl)]) = K0<L€>([1C*(Ar(e))]) = [10*( Agey) ] m[¢, (1 D 0p1)],

and m = nl.

We show that Ky(t.) maps [¢,(p, @ 0,-1)] to [¢s(ps ® 0,_1)]. Let 7, := 7. 0 ¢' and
Ty := Ty 0 ¢, ! be the unique tracial states on C*(A, (), ¢r(e)) and C*(Ag(e), Cs(e))- Since
Le(C*(Ar(eys Cr(e))) € C*(As(e), Cs(e)) uniqueness of 7. implies that 7, 0 ¢ = TT, and since
the unique tracial state Tr on Ang satisfies Tr(p,) = nf, we have 7,.(p, ®0,,_1) = 6. Hence

7s 0 te(@r(pr © Op1)) = T (@r(pr © Ona)) = 7o(pr @ On1) = 0 = T(¢s(Ps © Or))-
In particular
Ko(7s 0 te)([¢r(pr & Ona]) = Ko(7)([9s(ps  Om1)]).
Since 6 is irrational, Ko(7;) is an isomorphism, and so we deduce that Ko(ce)([¢,(p, &

0n-1)]) = [¢s(ps ® 0,,—1)], and that the diagram (5.6) commutes. O

Corollary 5.11. Let A = Ag be the rank-3 Bratteli diagram associated to a singly con-
nected weighted Bratteli diagram E together with a compatible collection (c,) of 2-cocycles.
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Let v € E° and suppose that ¢, = d.cy for some 0 € R\Q. Then the ordered K-theory of
C*(Ay, ) is given by

(Ko, K K)) = (ﬁz +0Z, (ﬁz v ez) N[0, 00), Z2>.

Proof. The irrational rotation algebra Ay is a stably finite unital exact C*-algebra with a
simple, weakly unperforated Ky-group [29, 5] (see also [2], p. 36]). Hence [2, p. 42] gives

Ko(C*(Ay, )T = {0} U{z: Ko(7)(x) >0 for all 7 € T(C*(Ay,cy))}-

Since C*(Ay, ¢,) = Ag ® M;(C) admits a unique tracial state 7, the map Ko(7): Ko(Ag
Mi(C)) — R* is an order isomorphism onto its range, and so Ko(Ag @ Mi(C))*
(+Z + 27Z) N [0,00). The result follows.

Proof of Theorem[5.4 Theorem [4.4] shows that
KL(CH (A, ¢)) = KL (RC*(A)Py)
=ty () K (M (€ ().

veEY

K*< Z y — Z diageeElw(Le(ar(e))D).

vEEY weE? |

Uil

Each K.(Mgop-,(C*(Ay, ¢,))) = K (C*(Ay, ¢,)) and these isomorphisms are compatible
with the connecting maps. Lemmashows that each C*(A,, ¢y) = Au(w)9 @My () (C) and
hence has K-theory (ﬁZ +0Z,7?), and Lemmas and [5.10|show that the connecting
maps are as claimed. The order on K follows from Corollary [5.11]

1

For the final statement, observe that under the canonical isomorphisms WZ—F@Z >~ 72,
the inclusion maps A, (v, u) of Remark are implemented by the matrices (w(“)éw(“) (1))
(see also the proof of Lemma [5.10)). The corresponding maps B, (v,u) are implemented

by the matrices (} '=*®/*())_ Fix e € E', let v = r(e) and u = s(e) and | = w(u)/w(v),

and calculate:
0 1 1 1-1\ (0 1\ (L O 01
1 1 0 l A1 1) \0 1 1 1

So the automorphisms T, := @,cpp (V1) 1 Dyem Z° = B,ep Z° satisty T, B, = A, T,
and so there is a group isomorphism hﬂ(@v cmo 22, By) = hﬂ(@v cmo 27, A,) that carries
each (a, b)d, to (b,a + b)d, according to the communing diagram

225, —= A7+ 02— L7925 72,
T (v,0) [ T (u,u) ]
725, P 725,
After identifying each Z26, with $Z + 07 as above, we obtain the desired isomorphism
K1 (C*(A),c) 2 Ko(C*(A), ¢). OJ

Having computed the K-theory of the C*(A, ¢), we conclude by observing that they are
all classifiable by their K-theory. We say that a weighted Bratteli diagram is cofinal if
the underlying Bratteli diagram is cofinal.
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Corollary 5.12. Let A = Ag be the rank-3 Bratteli diagram associated to a singly con-
nected weighted Bratteli diagram E. Take 6 € R\Q, let ¢; € Z*(Z>,T) be as in (5.2), and
let ¢ = d.ci € Z*(N,T). Then C*(A,c) is an AT-algebra of real rank zero, and is simple
if and only if E is cofinal, in which case it is classified up to isomorphism by ordered
K -theory and scale.

Proof. Each Ay, is an AT algebra [I2], and has real rank zero since it has a unique
trace (see, for example, [4, Theorem 1.3]). Since direct limits of AT algebras are AT and
since direct limits of C*-algebras of real rank zero also have real rank zero, C*(A,c) is
also an AT-algebra of real rank zero.

It is straightforward to verify that E is cofinal if and only if A is cofinal. Hence [32),
Lemma 7.2] implies that if £ is not cofinal then C*(A,c¢) is not simple. Now suppose
that E is cofinal. Following the argument of [1, Proposition 5.1] shows that any ideal of
C*(A, ¢) which contains some s, is all of C*(A,¢). So if 9 is a nonzero homomorphism
of C*(A,¢), then v (s,) # 0 for all v. That is 9|c+(a,,¢) is nonzero for each v € E°. But
each C*(Ay,c¢) = Aywig @ My (C) is simple, and it follows that 1 is injective on each
C*(Ay, ¢) and hence isometric on each €D, cp C*(Ay,¢). So ¢ is isometric on a dense
subspace of C*(A, ¢) and hence on all of C*(A, ¢). Thus C*(A, ¢) is simple.

The final assertion follows from Elliott’s classification theorem [10]. O

Corollary 5.13. Let A = Ag be the rank-3 Bratteli diagram associated to a singly con-
nected cofinal weighted Bratteli diagram E. Take 0 € R\Q, let c; € Z*(Z3,T) be as
in (5.2), and let ¢ = d.cj € Z*(A,T). Then there is a rank-2 Bratteli diagram T' (as
described in |25, Definition 4.1]) such that C*(I") is Morita equivalent to C*(A,c).

Proof. We have seen above that C*(A, ¢) is a simple AT algebra of real rank zero. We claim

that Ko(C*(A,c)) is a Riesz group in the sense of [7, Section 1]. To see this, observe that

it is clearly a countably group satisfying na > 0 implies a > 0 for all a € Ko(C*(A,¢)),

Fix finite sets {a; : i € I'} and {b; : j € J} of elements of G such that a; < b; for all 4, j;

we must find ¢ such that a; < ¢ < b; for all ¢, j. We may assume that the a;, b; all belong
1

to some fixed @, ESWZ + 07, and since the order on this group is the coordinatewise

partial order, it suffices to suppose that they all belong to some fixed (ﬁZ +60Z)d,; but
this is a totally ordered subgroup of R, so we can take ¢ = max; a;.

It now follows from [7, Theorem 2.2] that Ky(C*(A,¢)) is a dimension group. We claim
that it is simple. Indeed, suppose that J is a nontrivial ideal of Ky(C*(A,c)). Then each

J,:=JnN (ﬁZ + 07Z)4, is an ideal in this subgroup, and therefore the whole subgroup

since each ﬁZ + 0Z is a simple dimension group. Since J is nontrivial, we may fix

v € EY, say v € E) such that J, # (), and therefore .J, = (ﬁZ—i— 07)6,. Choose v' € EY,

say v' € EY; we just have to show that J, is nontrivial. Since F is cofinal, there exists
n sufficiently large so that s(v'E™) C s(vE*) (see, for example, [23, Proposition A.2]).
It follows that the element 19, of (%,)Z + 0Z)6, satisfies 10,0 = > pn 105u). Let

w( HEV
N :=|v'E™|. Then
N, =N Y )= Y Nazhn
veyEmtn—p u€E9n+n,vE*u#@

Since N§, € J and J is an ideal of the Riesz group Ky(C*(A,c)), it follows that 6, € J.
Hence Ko(C*(A,c)) is a simple dimension group.
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For any v, we have (— s L+ 07)6, = Z? as a group, so Ko(C*(A,c)) is not Z. Now the

argument of the proof of [25, Theorem 6.2(2)] shows that there is a sequence of proper
nonnegative matrices A], € M,, ,..,(N) such that Ky(C*(A,c)) = lig(Zq", Al). We may
now apply [25, Theorem 6.2(2)] with B,, = A, = A) and T,, = id,, for all n to see that
there is a rank-2 Bratteli diagram I' such that C*(I") is simple and has real rank zero and

ordered K-theory is identical to that of C*(A,c). So the two are Morita equivalent by
Corollary O

6. EXAMPLES

In this section we present a few illustrative examples of our K-theory calculations from
the preceding section.

Example 6.1. Consider the rank-3 Bratteli diagram A associated to the singly connected
weighted Bratteli diagram E pictured below.

1 2 4
® <« 0 « ® «

Let v, be the vertex at level n, and let e, denote the unique edge with range v,. Let
0 € R\ Q, let ¢j € Z*(Z3 T) be as in (5.2), and let ¢ = d.cj € Z*(A, T); this is (up to
cohomology) the unique 2-cocycle extending ¢; = d.cy € Z*(A1, T). By Theorem the
twisted 3-graph C*-algebra C*(A, ¢) is Morita equivalent to lim (C*(Ay,, o), Le,). Hence

Ko(CH(A0) = | (Q%Z 1 oz),

with positive cone (Z[3] 4+ 0Z) N [0, 00), and K;(C*(A, ¢)) = Ko(C'A, ¢)) as groups.

Fxample 6.2. Let A = Ag be the rank-3 Bratteli diagram associated to the singly con-
nected weighted Bratteli diagram E given by

/
\

A A

For each n > 1 let v, ; denote the j'th vertex of I at level n counting from top to bottom,
and for each n > 2 let e, ; denote the unique edge of source v, ;. Let § € R\ Q, let
ca € Z*(Z3,T) be as in (5.2), and let ¢ = d.cj € Z*(A, T). Then

KI(O*(A7C>> = KO(O*(Avc)) = (@(Z+92),a = (a7a)> )

i=1

which is isomorphic to (Z+607)>* C R*, with positive cone carried to (Z+607)>N|[0, 00)>
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Example 6.3. Consider the rank-3 Bratteli diagram A associated to the singly connected
weighted Bratteli diagram E pictured below.

2 2 2
° - ® < ® <
X AKX
o« [ ® « e

Let § € R\ Q, let ¢§ € Z*(Z?,T) be as in (5.2)), and let ¢ = d.cj € Z*(A, T). Then

K1(C*(A,0)) = Ko(C(A, ) = 1im ((Z + 0Z) & (Z + 0Z), (i311)) ,
which is isomorphic to Z[3] 4+ Z[4] with positive cone (Z[3] + Z[4]) N [0, c0).

7. RANK-3 BRATTELI DIAGRAMS AND TRACES

In this section we show how to identify traces on twisted C*-algebras associated to
rank-3 Bratteli diagrams.

First we briefly introduce densely defined traces on C*-algebras, following [27]. (Note
that there are other definitions of a trace; see for example [17].) We let AT denote the
positive cone in a C*-algebra A, and we extend arithmetic on [0, 0o] so that 0 x co = 0.
A trace on a C*-algebra A is an additive map 7 : AT — [0, 00] which respects scalar
multiplication by non-negative reals and satisfies the trace property t(a*a) = 7(aa®),
a € A. A trace 7 is faithful if 7(a) = 0 implies a = 0. It is semifinite if it is finite
on a norm dense subset of AT ie, {a € At :0<7(a) < oo} = AT. A trace 7 is lower
semicontinuous if T(a) < liminf, 7(a,) whenever a, — a in AT. We may extend a
semifinite trace 7 by linearity to a linear functional on a dense subset of A. The domain
of definition of a densely defined trace is a two-sided ideal I, C A.

Following [27,,134] a graph trace on a k-graph A is a function g: A° — R satisfying the
graph trace property

g(v) = Z g(s(\)) forall v € A and n € N¥,

AEvAST

A graph trace is faithful if it is non-zero on every vertex in A.

Lemma 7.1 ([27]). Let A be a row-finite locally convex k-graph, and let c € Z*(A,T). For
each semifinite trace T on C*(A,c) there is a graph trace g on A such that g(v) = 7(s,)
for allv e A°.

Proof. Fix v € A Since 7 is semifinite we may extend it to the two-sided ideal I, =
{a : 7(a) < o0}. Choose a € (I.)4 such that ||s, —al] < 1. Then ||s, — syas,| < 1,
and so s, = bsyas, € I, where b is the inverse of s,as, in s,C*(A,c)s,. In particular
g(v) = 7(s,) < oco. The graph trace property follows from applying 7 to (CK4). O

It turns out, conversely, that each graph trace corresponds to a trace. This however
requires a bit more machinery which we now introduce. Recall that each twisted k-
graph C*-algebra C*(A,c) carries a gauge action v of T* such that v,(sy) = 24MVs,.
Averaging against Haar measure over this action gives a faithful conditional expectation
®7: a > [;7.(a)dz onto the fixed-point algebra C*(A, ¢)?, which is called the core. We
have ®7(s,55) = O4(u),dw)Susy, and so C*(A, c)? = span{s,s; : d(u) = d(v)}. For every
finite set F© C A there is a smallest finite set 7 C A such that FF C F" and Ap =
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span{s,s; € C*(A,¢)? : p,v € F'} is a finite dimensional C*-algebra [31, Lemma 3.2].
For two finite sets F' C G C A, we have F' C G’ so Apr C Agr. So any increasing sequence
of finite subsets F,, such that |J,, F,, = A gives an AF decomposition of C*(A, ¢)".

The following lemma was proved for ¢ = 1 by Pask, Rennie and Sims using the aug-
mented boundary path representation on ¢2(9A) ® (2(Z*) (see the first arXiv version of
[27]). When ¢ # 1 it is not clear how to represent C*(A, ¢) on ¢*(JA), so we proceed in a
different way:

Lemma 7.2. Let A be a row-finite locally convex k-graph and let ¢ € Z*(A, T). There is
a faithful conditional expectation E of C*(A,c) onto span{s,s,} which satisfies
. S8t ifu=v
Elspsy) = { Oﬂ ' oti/;erwise.
Proof. Recall that the linear map E : M, (C) — M,(C) such that E(6;;) = 9,0, is a
faithful conditional expectation.

Fix a finite set ' C A. Select the smallest finite set F' C A such that ' C F’ and
Apr = span{s,s} : p,v € F',d(pu) = d(v)} is a finite-dimensional C*-algebra. There exist
integers k; and an 1som0rphlsm Ap = @, My, (C) which carries span{s,s, : 4 € F'}
to span{f;}, and carries each s,s; with H # v into span{f;; : i # j} [32 Equa-
tion (3.2)]. Hence the map s,s;, — 5u vSuSy,, from Ap into its canonical diagonal subal-
gebra span{su :p € F'} is a faithful condltlonal expectation. Extending this map by

continuity to C*(A, ) = Up Ap glves a norm-decreasing linear map ¥ : C*(A,¢)? —
span{s,s;} satisfying W(s,s;) = 0,,5,5,. This ¥ is an idempotent of norm one, and is
therefore a conditional expectation by [3| Theorem I1.6.10.2]. Since ¥ agrees with the
usual expectation of the AF-algebra C*(A, ¢)” onto its canonical diagonal subalgebra, it is
faithful. Hence the composition F := Wo®7 is the desired faithful conditional expectation
from C*(A, c) onto span{s,s;}. O

Lemma 7.3 (c.f. [27, Proposition 3.10]). Let A be a row-finite locally convex k-graph and
let c € Z*(\,T). For each faithful graph trace g on A there is a faithful, semifinite, lower
semicontinuous, gauge invariant trace 7, on C*(A, c) such that 14(s,s}) = 0,.,9(s(p)) for
all pyv € A.

Proof. Take a finite ' C A and scalars {a, : 1 € F'}. Suppose that )

N = \/ueF d(p). Relation (CK) implies that zﬂep Zaes
G :={ua:p € Fa € s(u) AN} and for A € G, let by := 2 e G- Then

. * _ *
0= g E ApSpasye = g brsrS)-

REF aes(u)ASN—d(n) XeG

EF ausu = 0. Let

YASN—d(n) G#Suasua = 0. Let

Since (CK) implies that the s)s3 where A € G are mutually orthogonal, we deduce that
each by = 0. Now the graph-trace property gives

Do) = D agls(@) =D bag(s(

pneF pneF aes(u)ASNﬂi(u) AeG
So there is a well-defined linear map 7, : span{s“s; : € A} — R such that 7 (s,s%,) =
g(s(p)) for all pu. Let E : C*(A,c) — span{s,s}, : u € A} be the map of Lemma|7.2, Then
E restricts to a map from A, := span{s,s; : u,v € A} to span{s,s; : p € A}. Define
Ty =Ty 0 E: Ac — span{s,s; : p € A}.
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We claim that 7, satisfies the trace condition. For this, it suffices to show that
(7.1) To(5x8,,8,57) = Ty(sysisasy)  forall A, p,n, C.
Since E(s,s}) = 0 unless d(p) = d(v), both sides of (7.1)) are zero unless d(\) — d(p) =
d(¢) — d(n). We have

Tg(s,\s;snsz) = Z c()\,a)c(u,a)c(n,ﬁ)c((,ﬁ)Tg(s,\aszﬂ)

(., B)EA™ (1,m)

(7.2) = Y eha)e(p a)e(n, B)e(C, Bg(s(a)).

(o, 8)EA™™ (u,m)

Aa=(p
Similarly,
(7.3) T(spsissp) = ) ceha)e(p,a)e(n, B)e(C B)g(s(6))
(/3704)%/\:““(4)\)

The argument of the paragraph following Equation (3.6) of [14] shows that (a, 8) — (5, «)
is a bijection from the indexing set on the right-hand side of to that on the right-hand
side of , giving .

We now follow the proof of Proposition 3.10 of [26], beginning from the second sentence,
except that in the final line of the proof, we apply the gauge-invariant uniqueness theorem
[32], Theorem 3.15] with £ = FE(A) rather than [30, Theorem 4.1]. O

Theorem 7.4. Let A be a row-finite locally convex k-graph and let ¢ € Z*(A,T). The
map g — 74 of Lemma is a bijection between faithful graph traces on A and faithful,
semifinite, lower semicontinuous, gauge invariant traces on C*(A,c).

Proof. Combine Lemma [7.1] and Lemma [7.3] O

Remark 7.5. If g is a (not necessarily faithful) graph trace, then the graph-trace condition
ensures that Hy := {v € A° : g(v) = 0} is saturated and hereditary in the sense of [30]
Setion 5], and so A\ AH, is also a locally convex row-finite k-graph [30, Theorem 5.2(b)].
If Iy, is the ideal of C*(A,c) generated by {s, : v € Hy}, then [32, Corollary 4.5] shows
that C*(A, ¢)/1In, is canonically isomorphic to C*(A\ AHy, c|a\am,). It is easy to see that
g restricts to a faithful graph trace on A\ AH,, so Lemma gives a faithful semifinite
lower-semicontinuous gauge-invariant trace on C*(A\ AHy, c[x\apm,). Composing this with
the canonical homomorphism 7g,: C*(A,c¢) — C*(A\ AHgy, c|a\am,) gives a semifinite
lower-semicontinuous gauge-invariant trace on C*(A,¢). So Theorem remains valid if
the word “faithful” is removed throughout.

Definition 7.6. Let (E, A, p) be a Bratteli diagram of covering maps between k-graphs.
For each v € E, let g, : AY — R be a graph trace. We say that the collection (g,) of
graph traces is compatible if

gu(u) = Z Z gs@e)(w)  for all v € E” and u € A).
e€vEl pe(w)=u

We will show in Lemma [7.§ that the compatibility requirement is necessary and suf-
ficient to combine the g, into a graph trace on the (k + 1)-graph Ag associated to the
Bratteli diagram E of covering maps.
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Lemma 7.7. A function g: A° — R* on the vertices of a locally convex k-graph A is a
graph trace if and only if for allv € A® and i € {1,...,k} with vA% # () we have

(7.4) g(v) = > g(s(N).

AEVACi

Proof. 1t is clear that every graph trace satisfies ([7.4)). The reverse implication is a
straightforward induction along the lines of, for example, the proof of [30, Proposition
3.11]. 0

Lemma 7.8. Let A = Ag be the (k+1)-graph associated to a Bratteli diagram of covering
maps between row finite locally convex k-graphs. Let g,: A% — RY be a graph trace for
each v € E°. Define g: A — R* by gov, = g, for allv € E°. Then g is a graph trace if
and only if (g,) is compatible.

Proof. If g is a graph trace, then ([7.4) with i = k + 1 shows that the g, are compatible.
Conversely, if the g, are compatible, then ((7.4]) holds for i < k because each g, is a graph
trace, and for i = k + 1 by compatibility. So the result follows from Lemma [7.7] O

Lemma 7.9. Let A = Ag be the rank-3 Bratteli diagram associated to a singly connected
weighted Bratteli diagram E. Consider the Bratteli diagram F such that F° = E° and
F'= |, cmie} x Z/(w(s(e))/w(r(e))Z, with r(e,i) = r(e) and s(e,i) = s(e). For each
graph trace h on F, there is a graph trace g, on A such that g,((v,j)) = h(v) for all
veF°andj € Z/w()Z, and the map h — gy, is bijection between graph traces on F and
graph traces on A.

Proof. Given a graph trace h on F, define functions g, : A2 — [0, 00) by ¢,(v,i) = h(v)
for all 7. Since each (v,7)AS = (v,1)AS (v,i+1) = {(ay, i)} and (v,7)A? = (v,7) A2 (v, i+
1) = {(by,4)}, the g, are all graph traces by Lemma [7.7] Since h is a graph trace, each
h(v) = > .com M(s(e)). So each

go(v,1) = > h(s(e)) = >, 9se) (s(e), i+ juw(r(e)))

ecvF! ecvElj<w(s(e))/w(r(e))

= Z gs(e)(s(e)a j)
e€vEL pe(s(e)j)=(v,i)
So the g, are compatible, and there is a graph trace g as claimed.
Conversely, given a graph trace g on A, define h : F¥ — [0,00) by h(v) = g(v,0). Since
each (v,7)AS = {(ay,?)} and s(a,,i) = (v,i+ 1), we have g(v,i) = g(v,i + 1) for all i,
and so g(v,7) = g(v, ) for all v € E® and i, j € Z/w(v)Z. So each

h(v) = g(v.0)= D gls(@) = Y w(s(e))/w(r(e))g(s(e),0) = Y h(s(f)).

a€(v,0)A°3 ecvEl fevF!

So h is a graph trace, and g = gj. 0

Corollary 7.10. Let A = Ag be the rank-3 Bratteli diagram associated to a singly con-
nected weighted Bratteli diagram E, and take 6 € R. Let ¢ € Z*(Z®,T) be as in ,
and let ¢ = d.cj € Z*(A,T). Consider the Bratteli diagram F of Lemma[7.9 Let T be
a semifinite lower-semicontinuous trace on C*(F). There is a gauge-invariant semifinite
lower-semicontinuous trace 7 on C*(A, ¢) such that 7(peq)) = T(pv) for allv € F° and
i € Z/w(v)Z. The map T — T is a bijection between semifinite lower-semicontinuous
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traces on C*(F) and gauge-invariant semifinite lower-semicontinuous traces on C*(A,c).
If 0 is irrational then every semifinite lower-semicontinuous trace on C*(A,c) is gauge-
wnmvariant.

Proof. Lemma show that each semifinite trace 7 on C*(F') determines a graph trace
h = h, on F such that h,(v) = 7(p,). Lemma shows that there is then a graph
trace g = g, on A such that g(v,i) = h(v) = 7(p,) for all v € FY. Now Lemma |7.3| and
Remark [7.5] yield a gauge-invariant semifinite lower-semicontinuous trace 7 = 7, such that
T(Pws)) = g(v,i) = h(v) = 7(py) as claimed. We have

C*(F) =, span{s,s; : s(u) = s(v) € EY}.
Each span{s,s’ : s(u) = s(v) € E)} & D.cro Mro(C) via s,s; — 6, in particular
this isomorphism carries each p, to a minimal projection in the summand Mpg«,(C). So
each trace on C*(F') is completely determined by its values on the p,, and so 7 — 7 is
injective.

If p is a gauge-invariant semifinite lower-semicontinuous trace on C*(A, ¢) then Theo-
rem and Remark shows that p = 7, where g is the graph trace on A such that
9(v,71) = p(pws). Now Lemma shows that g = g, and gy(v,7) = h(v) for some
graph trace h on C*(F), and then Theorem and Remark give a gauge-invariant
semifinite lower-semicontinuous trace 7 = 7, on C*(F') such that 7(p,) = h(v). Hence
P(P(w,i)) = T(Pw)). Now p = 7 because they are both gauge-invariant traces, and so The-
orem (and Lemma shows that gauge-invariant traces are completely determined
by their values on vertex projections.

Suppose that 6 is irrational and that 7 is a semifinite lower-semicontinuous trace on
C*(A,c). For v € E° let ¢, := c|s,. Then 7 restricts to a trace on each C*(A,,c,).
Lemma [5.8 shows that each C*(A,,¢,) is isomorphic to M, ,)(A4p). The gauge-invariant
trace 7, on C*(A, ¢) determined by the graph trace g(v,i) = 7(p,) restricts to a trace
on each C*(A,, ¢,) such that 74(s,s}) = 0,,9(s(it)) = 0,7 (Ps(uy) for all p, v € A, and in
particular [|7glc«(a,.cll = 2iczjwwyz 95 ) = [ T|cx(Aven |- Since there is only one trace
on M) (Ag) with this norm, it follows that 7|c«(a, c,) = 74

C*(Av,c,) and in particular
(7.5) T(su8,,) = 0T (Ds(y)  for p,v € A,

Now suppose that o, 3 € A and s(a) = s(3). Write a = nu and 3 = (v where 1, € ANes
and p, v € 1,(A,) for some v € E°. Since d(n)s = d({)s = 0, we have ¢(n, u) =1 = ¢((, v).
This and the trace condition give

T(8a55) = T(8n5u8,,55) = T(Su8,5:5y)-

This is zero unless r(¢) = r(n), so suppose that 7(¢) = 7(n) € 1,(AY). Let m,n € N be
the elements such that v € E? and w € EY,. Since s(¢) and s(n) both belong to ¢,(A?),

we have d(¢) = d(n) = (n — m)es, and then sfs, = ¢ ,ps(c)- So (7.5) gives
T(SQSZ) = 0¢nT(545),) = 0cnOuwT (Ds(n) = 00,87 (Ps(a)) = Tg(sasfg).

So T = 74, and is gauge invariant as claimed. O
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