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Abstract
Fringe pattern profilometry using triangular patterns and intensity ratios is a robust and computationally
efficient method in three-dimensional shape measurement technique. However, similar to other multiple-shot
techniques, the object must be kept static during the process of measurement, which is a challenging
requirement for the case of fast-moving objects. Errors will be introduced if the traditional multiple-shot
techniques are used directly in the measurement of a moving object. A new method is proposed to address
this issue. First, the movement of the object is measured in real time and described by the rotation matrix and
translation vector. Then, the expressions are derived for the fringe patterns under the influence of the two-
dimensional movement of the object, based on which the normalized fringe patterns from the object without
movement are estimated. Finally, the object is reconstructed using the existing intensity ratio algorithm
incorporating the fringe patterns estimated, leading to improved measurement accuracy. The performance of
the proposed method is verified by experiments.
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Abstract. Fringe pattern profilometry using triangular patterns and intensity ratios is a robust and computation-
ally efficient method in three-dimensional shapemeasurement technique. However, similar to other multiple-shot
techniques, the object must be kept static during the process of measurement, which is a challenging require-
ment for the case of fast-moving objects. Errors will be introduced if the traditional multiple-shot techniques are
used directly in the measurement of a moving object. A new method is proposed to address this issue. First, the
movement of the object is measured in real time and described by the rotation matrix and translation vector.
Then, the expressions are derived for the fringe patterns under the influence of the two-dimensional movement of
the object, based on which the normalized fringe patterns from the object without movement are estimated.
Finally, the object is reconstructed using the existing intensity ratio algorithm incorporating the fringe patterns
estimated, leading to improved measurement accuracy. The performance of the proposed method is verified by
experiments. © 2014 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/1.OE.53.11.112211]
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1 Introduction
As a noncontact three-dimensional (3-D) shape measurement
technique, fringe pattern profilometry (FPP) has attracted
intensive research over the past few decades.1–4 In contrast
to other technologies, such as stereo vision, laser scanning,
etc., FPP is advantageous by whole-field and reasonably
high resolution.1,3 According to the number of fringe patterns
used, FPP can be one-shot or multiple-shot.5 The one-shot
techniques employ only a single image pattern to probe
the object and, hence, are able to achieve fast measurement,
but the accuracy suffers from the influence of ambient light
and reflectivity variations. In order to achieve robust and
accurate measurement, various multiple-shot techniques
have been developed, e.g., phase shift profilometry (PSP)6–8

and intensity ratio approaches.9–13 In contrast to the one-shot
techniques, these multiple-shot ones are more robust and
able to achieve accurate measurement, but additional time
is required due to the use of multiple image patterns.
Besides, the object must be kept static during the projection
and acquisition of the multiple image patterns. When the
object moves during the measurement, errors will be intro-
duced in the result of the measurement. The errors can be
remedied by means of increasing the speed of digital projec-
tion and capture,14,15 which, however, usually leads to sig-
nificant increases in the hardware cost.

For the multiple-shot techniques that are based on phase
map, a number of approaches have been proposed to reduce
the errors caused by the object movement.16–18 In particular,
a method was presented in Ref. 18 to reduce the error fol-
lowing a number of steps. First, the information for the
movement of the object is acquired in real time. Then

analytical expressions are derived to describe the influence
of movement on the fringe patterns. Finally, the analytical
expressions are applied to the popular PSP algorithm,
leading to a modified expression for the 3-D shape capable
of achieving accurate measurement even when the
object moves.

The intensity ratio approach was proposed by Jia et al.12,13

based on projection of multiple triangular patterns. Instead of
calculating the phase map in the traditional phase shift pro-
filometry, this technique reconstructs the object by comput-
ing the intensity ratio from the captured triangular fringe
patterns. As the calculation of the intensity ratio does not
involve the arctangent function, the computational burden
of the intensity ratio is much less than the calculation of
the phase map.11 However, similar to all other multiple-
shot techniques, the intensity ratio approach also requires
that the object be kept static during the projection and acquis-
ition of the multiple triangular patterns. When the object
moves, errors will occur and there is no technique to tackle
the problem yet.

Inspired by Ref. 18, in this paper, we propose a new
approach to reduce the measurement error of intensity
ratio approach due to the movement of the object. Similar
to Ref. 18, we still consider the object is subject to a
two-dimensional (2-D) movement, which can be described
by a rotation matrix and translation vector. With the proposed
method, the rotation matrix and translation vector are
acquired in real time, which are incorporated into new
expressions for the fringe patterns acquired from the object.
These new expressions are then employed to form new for-
mulation of the 3-D shape of the object in motion.
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Experimental results are also presented to test the proposed
approach.

This paper is organized as follows. Section 2 presents the
principle of the intensity ratio approach. Section 3 is dedi-
cated to describe the proposed technique. The effectiveness
of the proposed method is verified by the experimental
results in Sec. 4. Section 5 concludes the paper.

2 Principle of the Intensity Ratio Approach
A schematic diagram of the triangular pattern phase shifting
profilometry is described in Fig. 1. For the sake of simplicity

in terms of expressions, we assume that the camera is
perpendicular to the reference plane.

With the intensity ratio approach, a set of (e.g., N) tri-
angular fringe patterns is projected onto the reference
plane and the object surface by the projector and captured
by the camera. The fringe patterns have the same spatial
period T, but are successively shifted by T∕N. With these
N fringe patterns, the following is employed to yield a func-
tion called intensity ratio:19,20

r0ðx; yÞ ¼
P

N
n¼1 ð−1Þnþ1snðx; yÞ −modðN; 2Þ × sminðx; yÞ

smaxðx; yÞ − sminðx; yÞ
× N ≥ 2; (1)

where snðx; yÞ is the n’th highest intensity value among the
N projected patterns at the location of ðx; yÞ. smaxðx; yÞ and
sminðx; yÞ are the maximum and minimum intensities of the
triangular patterns. Note that these fringe patterns are vertical
strips, with the light intensity being constant in y direction
but varying in a triangular way in x direction. It can be shown
that r0ðx; yÞ is still a triangular function with the period T∕N,
but its value is normalized into the range [0,1] by Eq. (1).
Then the following is applied to r0ðx; yÞ:

rTðx; yÞ ¼
8<
:

ð−1Þkþ1r0ðx; yÞ þ 2 × round
�
k−1
2

�
k ¼ 1; 2; : : : ; 2N;N is an odd number

ð−1Þkr0ðx; yÞ þ 2 × round
�
k
2

�
− 1 k ¼ 1; 2; : : : ; 2N;N is an even number

; (2)

where k is called the region number, by which each fringe
period T is divided into 2N equally spaced segments. With
the operation in Eq. (2), we can obtain a function rTðx; yÞ,
which monotonically increases over every fringe period T.
Then, rTðx; yÞ can be unwrapped to yield rðx; yÞ, which
monotonically increases over the whole image pattern
space. Note the above operations are applied to the fringe
patterns from the object surface and the reference plane,
yielding two unwrapped intensity ratios rdðx; yÞ and
rsðx; yÞ, respectively.

At last, the height of the object can be calculated as fol-
lows:

hðx; yÞ ¼ Δrðx; yÞ
Td0∕pl0 þ ð1∕l0ÞΔrðx; yÞ

; (3)

where hðx; yÞ is the height distribution of the object;
Δrðx; yÞ ¼ rdðx; yÞ − rsðx; yÞ is the unwrapped intensity
ratio difference between the object and reference plane; d0
is the distance between the projector and camera; l0 is the
distance between the camera and the reference plane; T is
the fringe pitch of the pattern generated by a computer;
and p is the fringe pitch on the reference plane. Note that
the parameters d0, l0, and p can be determined by system
calibration using a calibration board.21,22

Let us use an example where five triangular patterns are
employed to show the procedure described above. Figure 2
shows the cross-section of the five triangular patterns on the

reference plane. Figure 2(a) shows the intensity of the five
spatial shifted triangular fringe patterns. r0ðx; yÞ is still tri-
angular with the period T∕5 but normalized into the range
[0,1], and rTðx; yÞ has its value increasing from 0 to 10
over the period T.

The performance of the above depends on whether
Eqs. (1) and (2) yield a function monotonically increasing
over every fringe period T. This requires not only accurate
creation and projection of the fringe patterns, but also keep-
ing the object static during the measurement. Apparently,
when the object moves, measurement error will occur.

3 Proposed Approach
In order to reduce the error caused by object movement, we
need to figure out how the movement influences the fringe
patterns acquired from the object surface. Assuming that the
object is subject to a 2-D movement on the x − y plane, a
point ðx; yÞ on the object surface moves to the point
ðu; vÞ following the relationship below:
�
x
y

�
¼ R

�
u
v

�
þ T;

�
u
v

�
¼ R̄

�
x
y

�
þ T̄ ; (4)

where R, R̄, T, and T̄ are referred to as rotation matrixes and
translation vectors, which describe the relationship between
ðx; yÞ and ðu; vÞ, and they are given by

R ¼
�
r11 r12
r21 r22

�
; T ¼

�
t1
t2

�
; (5)

Fig. 1 The schematic diagram of the measurement system.
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R̄ ¼
�
r̄11 r̄12
r̄21 r̄22

�
; T̄ ¼

�
t̄1
t̄2

�
: (6)

The relationship between ðR;TÞ and ðR̄; T̄Þ can be
expressed as

R̄ ¼ R−1; T̄ ¼ −R−1T: (7)

As the shape of the object surface does not change during
the movement, according to Ref. 18, the height distribution
of the object surface with movement becomes

h̃x−yðu; vÞ ¼ hx−yðx; yÞ ¼ hx−y½fðu; vÞ; gðu; vÞ�; (8)

where the subscript x − y denotes the coordinate system in
which the functions are defined, and from Eq. (5), we have

fðu; vÞ ¼ r11uþ r12vþ t1;

gðx; yÞ ¼ r21uþ r22vþ t2:
(9)

Without loss of generality, ðu; vÞ can be replaced by
ðx; yÞ, yielding the following:

h̃x−yðx; yÞ ¼ hx−y½fðx; yÞ; gðx; yÞ�: (10)

Assume sðx; yÞ is one triangular fringe pattern from the
reference plane and the corresponding fringe pattern on the
object can be described by dðx; yÞ. According to the model
described in Ref. 23, the deformed fringe pattern dðx; yÞ is a
shifted version of sðx; yÞ.

dðx; yÞ ¼ s½x − uðx; yÞ; y�; (11)

where uðx; yÞ is the shift function, which varies with the
height of the object. The height distribution of the object
is given by

hðx; yÞ ¼ l0uðx; yÞ
uðx; yÞ þ d0

: (12)

Corresponding to Eq. (11), the fringe patterns of the
object with movement can be expressed as follows:

d̃x−yðx; yÞ ¼ s½x − ũðx; yÞ; y�; (13)

where d̃x−yðx; yÞ is the fringe pattern of object with move-
ment and ũðx; yÞ is the shift function of object with move-
ment. From Eq. (12) we can see a corresponding relationship
between the height distribution and the shift function, and
hence, a similar relationship to Eq. (10) should also hold
for the shift function without and with movement.

ũðx; yÞ ¼ u½fðx; yÞ; gðx; yÞ�: (14)

Substituting Eq. (14) into Eq. (13) yields the following:

d̃x−yðx; yÞ ¼ sfx − u½fðx; yÞ; gðx; yÞ�; yg: (15)

Note Eq. (15) is defined in x − y coordinate system. Now
let us consider Eq. (15) in a new coordinate system ξ − η,
which has the relationship to the x − y system as follows:

Fig. 2 Five-step triangular pattern phase shifting method: (a) cross-section of the five triangular patterns
shifted by T∕5 of the fringe period; (b) cross-section of the triangular shape intensity ratio; (c) cross-sec-
tion of the intensity ratio ramp after removal of triangles.
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�
x
y

�
¼ R̄

�
ξ
η

�
þ T̄: (16)

In ξ − η coordinate system, Eq. (15) becomes

d̃ξ−ηðξ; ηÞ ¼ d̃x−y½f̄ðξ; ηÞ; ḡðξ; ηÞ�
¼ s½f̄ðξ; ηÞ − uðξ; ηÞ; ḡðξ; ηÞ�; (17)

where from Eq. (6) we have

f̄ðξ; ηÞ ¼ r̄11ξþ r̄12ηþ t̄1; ḡðξ; ηÞ ¼ r̄21ξþ r̄22ηþ t̄2:

(18)

Equation (17) is the expression of the fringe patterns in
the ξ − η coordinate system. When ðR̄; T̄Þ are available,
d̃ξ−ηðξ; ηÞ can be obtained. As Eq. (17) holds for arbitrary
2-D movement, it can be rewritten in a general form as
follows:

d̃ðx; yÞ ¼ s½f̄ðx; yÞ − uðx; yÞ; ḡðx; yÞ�: (19)

Equation (19) reveals the influence of the object move-
ment on the fringe patterns. Obviously, direct use of these
patterns in the intensity ratio method in Eqs. (1) and (2)
will result in measurement error. However, when f̄ðx; yÞ
and ḡðx; yÞ are available, Eq. (19) can also be utilized to esti-
mate the fringe patterns without movement. Instead of the
fringe patterns acquired, these estimated fringe patterns
will be used to compute the intensity ratios, which will
lead to reduction of the measurement error. This is the
basic idea of the proposed approach.

In order to estimate the fringe patterns without movement,
we first normalize the fringe patterns from the reference
plane based on the peak points smaxðx; yÞ and the bottom
points sminðx; yÞ. Figure 3(a) shows an example of the nor-
malized fringe pattern s0ðx; yÞ with its value falling within
the range from 0 to 1. Then we convert the normalized pat-
tern into a monotonically increasing one, srðx; yÞ, as shown
in Fig. 3(b). srðx; yÞ ranges from 0 to 2. Finally, we unwrap
the results to yield the form monotonically increasing over
the whole image space, as shown in Fig. 3(c).

Because the fringe patterns on the object and reference
plane satisfy Eqs. (11) and (19), the unwrapped fringe pat-
terns should also satisfy the same relationship. As slðx; yÞ is
a linear function with respect to x, we have

dlðx;yÞ¼ sl½x−uðx;yÞ;y� ¼ slðx;yÞþsl½−uðx;yÞ;y�; (20)

d̃lðx; yÞ ¼ sl½f̄ðx; yÞ − uðx; yÞ; ḡðx; yÞ� ¼ sl½f̄ðx; yÞ;
ḡðx; yÞ� þ sl½−uðx; yÞ; ḡðx; yÞ�;

(21)

where dlðx; yÞ and d̃lðx; yÞ are the unwrapped fringe patterns
of object without movement and with movement,
respectively.

For the vertical fringe patterns used, the intensity values
are constant with respect to y direction.

sl½−uðx; yÞ; y� ¼ sl½−uðx; yÞ; ḡðx; yÞ�: (22)

Substituting Eqs. (20) and (22) into Eq. (21), we have the
following:

dlðx; yÞ ¼ d̃lðx; yÞ − sl½f̄ðx; yÞ; ḡðx; yÞ� þ slðx; yÞ: (23)

Equation (23) can be used to estimate the unwrapped
fringe patterns from the object without movement.

In order to have the triangular fringe patterns required for
computation of intensity ratio, dlðx; yÞ is wrapped based on
the inverse processes shown in Fig. 3, yielding estimation of
the normalized triangular fringe patterns of object without
movement d0ðx; yÞ.

In summary, based on the derivation above, the proposed
approach can be implemented by the following steps:

Step 1: Project N fringe patterns on to the surface of the
object and then normalize and unwrap the fringe
patterns acquired from both the object surface
and the reference plane.

Fig. 3 Transform of the triangular fringe patterns: (a) cross-section of
the normalized triangular fringe patterns; (b) cross-section of the
fringe pattern ramp; (c) cross-section of the unwrapped fringe
patterns.

Fig. 4 The mask with the circle marks.
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Fig. 5 Reconstructed result of the traditional triangular pattern phase shifting profilometry when the
object is static: (a) the triangular fringe patterns of the first step; (b) the front view of the reconstructed
result of the object; (c) the mesh display of the reconstructed result of the object.

Fig. 6 The captured triangular fringe patterns when the object has oblique movement: (a) to (e) the fringe
patterns of object from the first step to the fifth step.

Fig. 7 The reconstructed result of the traditional triangular pattern phase shifting profilometry when the
object has oblique movement: (a) the front view of the reconstructed result; (b) the mesh display of the
reconstructed result.
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Step 2: Calculate the rotation matrixes and translation vec-
tors for the movement of object when each fringe
pattern captured. Note that we can use the same
approach as described in Ref. 18.

Step 3: With the rotation matrix and translation vector, use
Eq. (23) to determine the estimation of the
unwrapped fringe patterns from the object without
movement.

Step 4: Construct the estimation of triangular patterns from
the object without movement.

Step 5: Construct the 3-D shape of the object using intensity
ratio-to-shape conversion relationship in Eq. (3).

4 Experiments
The experiment system includes a projector (Hitachi CP-
X260) with the resolution of 1024 × 768 and a camera
(Duncan Tech MS3100) with a resolution of 1392 × 1039.
The system parameters d0 and l0 are calibrated as 328.9
and 1280.0 mm; the fringe pitch on the reference plane p

Fig. 8 The normalized fringe patterns of object with movement: (a) to (e) the normalized fringe patterns of
the object with movement from the first step to the fifth step.

Fig. 9 The estimated normalized fringe patterns of the object without movement: (a) to (e) the normalized
fringe patterns of the object without movement from the first step to the fifth step.
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is 22.597 mm per period. A mask is measured to verify the
proposed algorithm in the experiment. The size of the mask
is ∼130 × 280 mm, and a five-step intensity ratio method is
used to reconstruct the object. Similar to the method
described in Ref. 18, three circle marks as shown in
Fig. 4 are used to calculate the rotation matrix and translation
vector. When the multiple fringe patterns are captured, the
locations of the center of the circle marks are extracted,
which are used as the corresponding points in the least-
squares fitting algorithm described in Ref. 24 for determin-
ing the rotation matrix and translation vector.

In the first experiment, the traditional five-step inten-
sity ratio method described in Ref. 13 is used and the
object is kept static, and the reconstructed 3-D shape is
shown in Fig. 5. Figure 5(a) is the triangular fringe pattern
for the first step. Figure 5(b) is the front view of the
reconstructed result, and Fig. 5(c) is the mesh display
of the result. The results clearly show that the traditional
intensity ratio method works well when the object is kept
static.

In the second experiment, we still use the traditional
intensity ratio method, but the object moves obliquely during
the projection of the five successive fringe patterns. Figure 6
shows the five fringe patterns captured from the object. The
object is moved to the right direction for 7.7 mm in the sec-
ond step, 4.3 mm in the left direction in the third step, and 3.5
and 2.7 mm in the left and down direction in the fourth and
fifth steps. The reconstructed results for the second experi-
ment are shown in Fig. 7. Figure 7(a) is the front view of the
reconstructed result, and Fig. 7(b) is the mesh display of the
result, which is significantly distorted.

Then, in the third experiment, we applied the proposed
method to the object moving in the same way as above.
Figure 8 shows the normalized fringe patterns acquired
from the object in motion.

With the proposed method, we are able to obtain estima-
tions of the normalized fringe patterns from the object with-
out movement, as shown in Fig. 9. It is seen that, compared
with the positions of the object in Fig. 8, the object is moved
back by the proposed method.

Fig. 10 The reconstructed results with the proposed algorithm when the object has oblique movement:
(a) the wrapped intensity ratio of the object; (b) the front view of the reconstructed result; (c) the mesh
display of the reconstructed mask.

Fig. 11 The captured triangular fringe patterns when the object has rotation movement: (a) to (e) the
fringe patterns of the object from the first step to the fifth step.
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Until now, the normalized fringe patterns of the object
without movement are obtained, which then can be used
in the traditional intensity ratio method with the results
shown in Fig. 10. Figure 10(a) is the wrapped intensity
ratio of the mask; Fig. 10(b) is the front view of the recon-
structed result; and Fig. 10(c) is the mesh display of the
result. Within contrast to the results in Fig. 7, the surface
of the mask is well reconstructed and, hence, significant
improvement is achieved.

In the fourth experiment, we consider the case when the
object is rotated clockwise around the bottom left corner dur-
ing the measurement. The rotation angle is 0.1671, 0.1446,
0.1356, and 0.1103 rad for the second step, third step, fourth
step, and fifth step, respectively. Figure 11 shows the captured
fringe patterns of object from the first step to the fifth step.

Figure 12 shows the reconstructed results obtained by the
traditional intensity ratio method, which are obviously dis-
torted in contrast to the original mask.

Then, the proposed approach is applied when the object is
subject to the same rotation in the fifth experiment. Figure 13
shows the normalized fringe patterns of object with move-
ment from the first step to the fifth step. With the proposed
approach, the fringe patterns of the object without movement
can be estimated, as shown in Fig. 14. With the estimation of
the normalized fringe patterns from the object without move-
ment, the 3-D shape of the object is reconstructed by the tra-
ditional intensity ratio technique. As shown in Fig. 15, the
results are much better than those in Fig. 12.

Table 1 shows the root mean square (RMS) error for the
experimental results presented above, with the measurement
result in Fig. 5 (the mask is kept static) as the reference. It is
seen that, without the proposed method, the RMS error is
63.559 and 89.251 mm, respectively. When the proposed
approach is employed, the RMS error becomes 0.381 and
0.426 mm. Hence, we can say that accuracy can be improved
significantly by the proposed method.

Fig. 12 The reconstructed result of the traditional triangular pattern phase shifting profilometry when the
object has rotation movement: (a) the front view of the reconstructed result; (b) the mesh display of the
reconstructed result.

Fig. 13 The normalized fringe patterns of object with the rotation movement: (a) to (e) the normalized
fringe patterns of the object with movement from the first step to the fifth step.
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5 Conclusion
In this paper, an approach has been proposed to improve the
accuracy of 3-D measurement of moving objects based on
triangular patterns and intensity ratio method. The proposed
method consists of the following steps. First, the fringe pat-
terns of the moving object are captured. Then the rotation
matrix and translation vector are calculated to describe the

movement of the object. Based on analysis of the influence
of the movement on the fringe patterns, normalized fringe
patterns of object without movement can be estimated,
which are utilized to compute the intensity ratio for the con-
struction of the 3-D shape of the object. The performance of
the proposed method has been confirmed by a series of
experiments.
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