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Abstract

Robotic exoskeletons can provide solutions of motion assistance for human
such as rehabilitation training, strength enhancement for elders, workers or
soldiers. While many exoskeletons for physical assistance have been devel-
oped, most of them show limitations in achieving high performances in safety
and interaction with human subjects due to their rigid actuation systems.
Compliant exoskeleton which incorporates with a compliant actuation sys-
tem is needed to overcome the limitation for safe and comfortable physical
human-robot interaction (pHRI).

This thesis deals with compliant actuator and its use in upper-body ex-
oskeletons. The focus is on the design, modelling and testing of compliant
actuator with variable stiffness. The control methods of the actuator applica-
ble for upper-body exoskeletons are also presented.

The thesis first introduces a novel mechanism design to realize a com-
pliant joint with multiple stiffness behaviors. Stiffness model is developed
for the mechanism to analyse the influences of design parameters. Variable
stiffness can be realized, and three working modes including linear, harden-
ing and softening modes can be observed by adjusting design parameters. A
prototype is built, with which its stiffness model is validated experimentally.

The model of the novel compliant joint was extended for general cases. A
unified stiffness model is developed for comprehensive stiffness analysis. The
model allows designing new mechanisms for desired stiffness performances.

The dynamic modelling of the compliant joint was studied, showing that
the dynamic performance varies widely with the stiffness of joint. New ac-
tuator is developed and demonstrated experimentally with a prototype in
dynamic test. Dynamic characteristics of the actuator is obtained for further
use in the exoskeleton control.

A control method for the compliant joint is finally investigated, which
can deal with the variable stiffness of designed actuator. Both simulations
and experiments are conducted to evaluate the control performance, and re-
sults reveal the effectiveness of designed actuator for exoskeleton system in
improving the dynamic adaptability.

This thesis contributes the state-of-the-art of compliant actuator design.
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A novel mechanism design is employed in designing new compliant actuator
for desired stiffness performances. The new design in the project features the
capabilities of stiffness adjustment in multiple modes, namely, hardening,
softening and linear modes, which are desirable for improving performance
of compliant actuator in exoskeletons.



Resumé

Exoskeletter anvendes til understøtte, forstærke eller skabe menneskelig bev-
ægelse. De kan anvendes til en lang række formål indenfor områder såsom
genoptræning, support til ældre og produktion Der er idag udviklet en lang
række forskellige eksoskeletter. De fleste af disse er karakteriseret ved anven-
delsen af stive strukturer, som giver begrænsninger i deres brug på grund af
udfordringer med sikkerhed og brugervenlighed. For at kunne realisere sikre
såvel som brugervenlige exoskeletter, der det derfor nødvendigt at udvikle
fleksible og eftergivende (compliant) exoskeletter, baseret på fleksible (com-
pliant) aktueringssystemer.

Denne afhandling omhandler fleksible aktuatorer og deres anvendelse ex-
oskeletter for overkroppen. Fokus er på design, modellering og test af aktua-
torer med variabel stivhed. Derudover behandles også styringen af aktuator-
erne.

Afhandlingen introducerer først et nyt mekanismedesign til at realisere en
aktuator med variabel stivhed. En stivhedsmodel for mekanismen er udviklet
for at analysere effekten af forskellige designparametre. Variabel stivhed kan
realiseres ved at justere designparametre. En prototype er bygget, hvormed
stivhedsmodellen kan valideres eksperimentelt.

Modellen for den aktuatoren blev derefter udvidet til det generelle til-
fælde. En samlet stivhedsmodel er udviklet til brug for mere omfattende
stivhedsanalyser. Modellen muliggør designet af nye mekanismer baseret på
ønsker om stivheden.

En model af de dynamiske egenskaber af aktuatoren blev udformet, hvilket
viste det at de dynamiske egenskaber varierer meget med aktuatorens stivhed.
En ny aktuator blev udviklet og testet eksperimentelt med en prototype
i dynamiske test. Dynamiske egenskaber for aktuatoren identificeres for
yderligere brug til styring af exoskelettet.

Slutteligt udvikles en styring for den udviklede aktuator, som kan realis-
ere den variable stivhed. Simuleringer såvel som eksperimenter udføres for
at evaluere den udviklede styring og for at undersøge effektiviteten af den
udviklede aktuator.

Afhandlingen bidrager til state-of-art indenfor compliant aktuator design.
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Et nyt mekanisme design er anvendt til at realisere en aktuator med de
ønskede stivhedsegenskaber. Det nye design giver mulighed for at justere
stivheden i flere tilstande, som er ønskelige for at kunne realisere compliant
aktuatorer til exoskeletter.
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Chapter 1

Background and motivation

Traditional robots are commonly working in isolated environments. Their
joints are made very rigid to achieve high position accuracy. However, this
leads to the fact that these robots are impossible to perform safe pHRI if us-
ing them directly to interactions with human. With the development of tech-
nology, the need of advanced robots having close collaboration and direct
interaction with human has became necessity. In this regard, traditional stiff
joints cannot meet this requirement. An effective solution for this problem
is to introduce mechanical compliance into robotic joint, thereby realizing a
compliant joint. On one hand, the compliance is able to improve the system
adaptability in dealing with unstructured environments. On the other hand,
it enables the energy storage capacity of joint, which helps to reduce or elim-
inate the damage to both actuation system and human in case of collision.

Figure. 1.1. AXO-SUIT [5].
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Chapter 1. Background and motivation

Compliant joints were developed first for applications in humanoid robot
[1, 2] and legged robots [3]. In recent years, the compliant joints have found
increasing applications in robotic exoskeletons. Exoskeleton is wearable de-
vice attached to the human body to assist human motion for strength en-
hancement or rehabilitation training [4–12]. Fig. 1.1 shows a wearable ex-
oskeleton, namely AXO-SUIT, which was developed at Aalborg University
[5]. For such a system, the human safety is of the highest priority. Use of
compliant joints in exoskeleton system will be helpful in achieving a safe and
comfortable pHRI, as well as a good torque control. A large number of com-
pliant joints have been developed, and some of them have been employed in
exoskeleton systems. Some noticeable devices such as MINDWALKER [13],
HARMONY [14], NEUROExos [15] and LOPES [16] et al. have been tested
and evaluated in laboratories, showing advantages of compliant joints in im-
proving pHRI safety and comfort. However, designing such compliant joint
for exoskeleton applications is still a tough task, and the following factors
potentially bring challenges to the development of compliant joint for upper-
body exoskeletons.

• Size and weight: The compliant joint should be designed very compact
in the fact that the size and weight of an exoskeleton are very limited.
A light-weight compliant joint is desirable to reduce the inertia of ex-
oskeleton links which is considered as a dominant factor to the system
bandwidth. Most of adjustable compliance joints use at least two ac-
tuation units, usually one for joint stiffness and the other for position.
By this way, it is possible to regulate the joint stiffness online [17, 18],
and to adapt the compliance to different tasks automatically. However,
two-motor setup highly increase the size and weight of the compliant
joint, which are not desirable for the wearable exoskeleton applications.
Moreover, to be able to adjust stiffness, these joints are usually designed
much more complex than a traditional rigid actuator.

• Stiffness range: A broad stiffness range is beneficial to increase exoskele-
ton adaptability to task change. For example, a high stiffness setting
may be desirable for robot-in-charge task, where the human body is
drove to follow the exoskeleton motion, while a soft setting make the
exoskeleton compliant to human motion, which is needed for human-
in-charge task. The exoskeleton for the task in this work, i.e. physical
assistance, needs to be worked in the mode of human-in-charge. There-
fore, the exoskeleton can achieve a completely soft setting is preferable.

• Stiffness behavior: A linear behavior makes it easy to model the system
dynamics. However, a nonlinear behavior is more flexible in chang-
ing its stiffness curve than a linear one. Some compliant joints with
nonlinear behaviors might be beneficial to improve pHRI safety, system

2



stability and energy efficiency [19–22]. However, most of them only
have fixed stiffness behaviors. In other words, they cannot adjust stiff-
ness performance achieving multiple behaviors. Thus, new compliant
joint design that has ability to change stiffness behavior is desirable for
improvement of system performance.

• Potential energy: The potential energy stored in the compliant joint is
determined by the used elastic element, which can be formulated as

U =
∫

τ (θ, ks) dθ (1.1)

where θ is joint deflection, ks is the stiffness of elastic element, and τ is
joint torque which is a function of θ and ks. A compliant joint allowing
to conveniently change elastic element of different stiffness will make
it flexible for different tasks. Moreover, as can been from Eq. (1.1), the
potential energy is closely related to joint torque and deflection. For
any given potential energy capacity, the maximum torque and deflec-
tion of compliant joint can be changed through modifying the torque
function τ (θ, ks). For example, to enlarge the maximum joint torque
and deflection, a method is to modify the joint to exhibit hardening
behavior which has low torque/stiffness for small deflection and high
torque/stiffness for large deflection [19]. This has implication in the ne-
cessity of designing a compliant joint with multiple stiffness behaviors.

• Torque resolution and bandwidth: For compliant joints with fixed com-
pliance or with constant stiffness behaviors, a common problem is the
tradeoff between torque resolution and bandwidth. A soft setting of the
compliant joint results in a high torque resolution but a low bandwidth,
while a stiff setting achieves an increased bandwidth but reduces torque
resolution. To overcome this limitation, some research efforts have been
made. A solution is to optimize the stiffness for compliant joint with
nonlinear stiffness behavior [22, 23]. In a very recent work [22], Zhao et
al. have proposed a method using the perceptivity and responsiveness
index (PRI) to achieve optimal stiffness behaviors enabling increased
torque resolution and bandwidth. However, the optimal stiffness be-
havior varies with application change. For practical reasons, it is still
a difficult work to achieve such a variable stiffness mechanism with
desired behavior.

In the light of the above challenges, novel design principles and imple-
mentation methods of compliant joints are needed to enhance their perfor-
mance of physical HRI. Therefore, the initial objective of this thesis is to in-
vestigate a novel compliant joint design which is applicable for upper-body
exoskeletons to improve physical HRI.

3



Chapter 1. Background and motivation

This thesis consists of eight chapters.
Chapter 1-3 presents the background and motivation, and gives a through

review of the compliant joints including their mechanical designs and control
methods. Based on the review studies, objectives of this thesis are given.

Chapter 4-7 are the representative articles corresponding to the thesis sub-
jects, which is described as follows:

• Chapter 4 proposes a novel design of joint mechanism to realize com-
pliant joint with multiple stiffness behaviors.

• Chapter 5 extends the work from Chapter 4 by investigating a unified
stiffness model of the compliant joint. Based on the unified model,
mechanism design method for desired stiffness performances is also
studied in this chapter.

• Chapter 6 focuses on the dynamic modelling of the compliant joint.

• Chapter 7 presents mechatronics design and control method of the com-
pliant joint.

Chapter 8 concludes the work in this thesis, with a summary from the re-
sults of the Ph.D. project and contributions. Future works are also suggested
for further investigations.
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Chapter 2

Review of compliant joints

This chapter gives an overview of the compliant joint. The mechanical de-
signs of the compliant joints were explored at first. Implementation of nonlin-
ear stiffness systems were reviewed. The control methods for the compliant
joint are investigated finally.

2.1 Compliant joints

In this thesis, a compliant robot joint is defined as the joint with mechanical
compliance, which allows deviations from its equilibrium position when the
external torque/force exerted on the joint [24]. According to stiffness char-
acteristics, compliant joints can be classified into two main categories [25],
i.e. the joints of fixed compliance and the joints of adjustable compliance, are
used to classify the compliant joints, as shown in Fig. 2.1. In this section, the
state-of-the-art of compliant joints in each category will be presented to give
an overall review of the compliant joint, and their applications in wearable
exoskeletons will also be introduced.

Joints of adjustable 

compliance

Adjustable compliance through varying 

transmission ratio between output and spring

Adjustable compliance through adjusting the 

physical properties of spring

Adjustable compliance through changing the 

spring preload

Joints of fixed 

compliance

Compliant joints

Figure. 2.1. Classification of compliant joints.
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Chapter 2. Review of compliant joints

2.1.1 Joints of fixed compliance

Actuation 

unit

Output 

link

k

Figure. 2.2. Basic configuration of the fixed compliance type joint.

In this category, the Series Elastic Actuator (SEA) is the most well-known
example, and it is also considered as the first attempts towards the imple-
mentation of active compliant joints. In 1995, Pratt and Williamson first
presented the concept of SEA. In their work [1], the SEA is realized by in-
tegrating a spring between the actuator output and the motor gearbox. The
introduced elasticity from spring reduces the mechanical impedance of the
system, thus help to improve the adaptability of the actuator in dealing with
unstructured environments. Moreover, the spring isolates the motor gear-
box from load, which brings benefits in protecting drivetrain from external
shocks. Afterwards, many SEAs have been developed for robotic applications
including assistive exoskeletons, rehabilitation robots and legged robots. The
basic configuration of SEA is shown in Fig. 2.2. The spring in SEA can be
used as a force sensor and a force generator in consideration of the spring
force-elongation relationship. The spring constant builds a linear relationship
between the force applied by the actuation unit and the compression of the
spring, which is expressed as

k =
F
x

(2.1)

where F is the force delivered by the actuation unit, x is the spring compres-
sion, and k is the spring constant.

SEA, as a new actuation technology, has advanced in recent years. In [14],
Kim et al. proposed a SEA which has been used in an upper-body rehabil-
itation exoskeleton, namely Harmony, as shown in Fig. 2.3 (a). In Harmony
system, the SEA used can provide low impedance and precise torque control,
which are essential in robot-aided therapeutic exercises. Yu et al. [26] pro-
posed a SEA which is used in a lower-body exoskeleton, as shown in Fig. 2.3
(b). This actuator has similar mechanical structure to the one proposed by
Pratt and Williamson [1], but it is of more compact size. In [27], Yu et al.
has further verified the feasibility of the actuator in human-robot interaction
control. In [28], Kong et al. developed an orthosis robot for lower-limb reha-
bilitation training, in which rotary SEAs were used, as shown in Fig. 2.3 (c).
The rotary SEA can generate ideal torque for the control in human gait reha-
bilitation training. In [29], another SEA for knee orthosis was also proposed
by Kong et al. Compared with the SEA presented in [28], the new one used
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2.1. Compliant joints

(a) (b)

(c) (d)

Figure. 2.3. (a) Harmony [14], (b) knee-ankle-foot robot integrated with SEAs [26, 27], (c) lower-
limb orthosis actuated by RSEA [28], and (d) active knee orthosis integrated with a rotary SEA
[30].

a torsional spring with a lower stiffness to achieve a lower impedance and a
higher torque resolution for the actuator. As shown in Fig. 2.3 (d), a custom-
designed spring was presented and used in an active knee orthosis to achieve
an accurate torque sensing capability [30]. In [31], a SEA proposed by Kim
et al. was used for a lower extremity exoskeleton to generate accurate inter-
action forces between robot and user during walking. The above mentioned
compliant actuators were used for exoskeleton applications, and some other
applications can be found in legged robots. For example, Curran and Orin
used a SEA in an articulated leg to improve its jump performance [32]. An-
other noticeable example can be found in [33], in which serial elasticity was
introduced in a legged robot to enhance its power modulation. Verstraten et
al. have made a systematic investigation on the influence of the serial elastic-
ity on the power and energy consumption [34]. Studies show that due to the
fixed compliance, the energy efficiency can only be improved when the joint
motion frequency matches the system natural frequency.

The fixed compliance type joints have been used to various applications,
especially in the field where human friendly environment is needed. How-
ever, since the fixed compliance, this type of joint commonly has a very lim-
ited force/torque resolution and bandwidth [24, 35, 36]. For example, a joint
with high compliance is sensitive to small force/torque, but results in a low
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Chapter 2. Review of compliant joints

bandwidth of system. A low compliance has advantage in increasing the
bandwidth, but reduces the torque resolution. These limitations highly re-
duce the adaptability of the fixed compliance type joint to application vari-
ability and change.

2.1.2 Joints of adjustable compliance

Actuation 

unit 1

Actuation 

unit 2

Output 

link

VSM

Figure. 2.4. Basic configuration of adjustable compliance type joints.

Another category is the joints with adjustable compliance. Their applica-
tions can be found in exoskeletons [37, 38], legged locomotion robots [39–41]
and robotic prosthetics [49, 50]. A typical configuration of the adjustable
compliance type joints is shown in Fig. 2.4. As can be seen from this figure,
two actuation units are usually used in the joint, one for joint position and
the other for joint stiffness.

The joint can achieve adjustable stiffness through integrating a variable
stiffness mechanism (VSM) between the actuation unit and the output. The
VSM can be implemented by taking advantage of the following three meth-
ods [25]: varying transmission ratio, adjusting the physical properties of a
spring, and changing the preload. In this section, we will investigate the
development of the adjustable compliance type joints based on the stiffness
variation methods.

Varying transmission ratio between output and spring

ForceSpringsPivot

(a) (b) (c)

ForceSprings PivotForceSprings Pivot

Beam Beam Beam

Figure. 2.5. Three configurations of lever mechanism.
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2.1. Compliant joints

Changing the transmission ratio between output and spring is an effective
way to vary stiffness, thus it has been widely adopted in the designs of com-
pliant joint. The lever mechanisms shown in Fig. 2.5 are commonly used to
realize the change of the transmission ratio. A lever mechanism consists of a
beam, spring and three principal points (the pivot, the spring attachment and
force points). The effective lever arm between the pivot point and the spring
point can be adjusted by altering the position of any of the three points. For
example, as shown in Fig. 2.5 (a), the pivot and force points are kept fixed,
and the spring attachment point can be moved along the beam to change the
effective length of lever arm, thereby enabling transmission ratio change. The
joint stiffness of the lever mechanism can be expressed as [42]

K = 2ksl (2.2)

where K is the equivalent stiffness of the lever mechanism, ks is spring stiff-
ness, and l is the effective length of lever arm.

In recent years, numerous compliant joints based on lever mechanism
have been developed. Among of them, AwAS [42], AwAS-II [43], CompAct-
VSA [44], vsaUT [45] and vsaUT-II [46] are very noticeable.

(a) (b) (c)

Figure. 2.6. (a) AwAS [42], (b) AwAS-II [43], and (c) vsaUT [45].

Fig. 2.6 (a) shows the design of AwAS, which was reported by Jafari et
al [43]. AwAS was designed with the lever mechanism shown in Fig. 2.5
(a), in which the stiffness adjustment is achieved through altering the spring
position. In the prototype of AwAS, two motors were used, one for regulating
joint position, and the other motor (M2) attached to a ball screw is used to
vary the spring position for stiffness adjustment, as shown in Fig. 2.6 (a).

Jafari et al. also proposed another compliant actuator, namely AwAS-II,
as shown in Fig. 2.6 (b). This actuator can be considered as the evolution of
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Chapter 2. Review of compliant joints

AwAS. AwAS-II was designed with the lever mechanism shown in Fig. 2.5
(b), in which the position of pivot point is moved along the beam. The joint
stiffness of AwAS-II is zero when the pivot and spring attachment points co-
incide, and the joint can achieve infinity stiffness when the pivot point reaches
to the force point. As the very high stiffness range does not depend on the
length of lever, AwAS-II was designed to be more compact than AwAS. Due
to the very large stiffness adjustment range of the lever mechanism shown
in Fig. 2.5 (b), this mechanism is also used in other compliant joints, such as
CompAct-VSA [44] and vsaUT-II [46].

Fig. 2.6 (c) shows the design of vsaUT presented by Visser et al. [45]. Vari-
able stiffness of vsaUT is achieved through changing the position of force
point in lever mechanism. A main property of vsaUT is that its stiffness
can be regulated without changing the potential energy of spring, which en-
hances the energy efficiency of system. However, vsaUT has a very complex
structure, which bring limitations in robotic applications.

Spring

F

Slope

θ 
ks

x

Figure. 2.7. Variable stiffness achieved by changing transmission angle θ.

The mechanism shown in Fig. 2.7 is also able to achieve variable stiffness,
which is done by changing the transmission angle. In this mechanism, an
external force F can be balanced by spring force, and cause a displacement x.
The stiffness along the force direction can be formulated as [39]

keq =
ks

(tan θ)2 (2.3)

where keq is equivalent stiffness, ks is spring stiffness, and θ is slope angle,
i.e. transmission angle. We can see from Eq. (2.3), the equivalent stiffness is
a function of θ. In other words, the stiffness can be adjusted by changing the
transmission angle. Based on this stiffness adjustment method, Vu et al. have
developed a compliant actuator, namely MESTRAN, for legged robot [47,

10



2.1. Compliant joints

48]. In MESTRAN, two motors were used, enabling independent control of
position and stiffness. Moreover, MESTRAN is capable of regulating stiffness
with a high speed and a very large range. In [39], Vu et al. further verified
that the actuator with proper stiffness is able to improve the hopping energy
efficiency of the legged robot at a particular hopping frequency.

For the compliant joint based on varying transmission ratio, its main ad-
vantage is that the potential energy in the springs is not reduced by adjust-
ing the joint stiffness, which means no energy is need to tune the stiffness.
Thus, this type of joint is suitable for legged robots where high energy effi-
ciency is needed. Moreover, the joint is able to achieve a very wide stiffness
range, which bring benefits in improvement of system adaptability. How-
ever, this type of joint is very complex, which brings limitations to use them
in lightweight and portable devices, such as wearable exoskeletons.

Adjusting the physical properties of spring

Rollers

Active coil region Inactive coil region

Spring Nut

l

Leaf spring

(a) (b)

Figure. 2.8. (a) Jack spring and (b) leaf spring.

Stiffness variation can be achieved by changing the physical properties
of a linear spring. To understand this method, the elasticity of the spring is
considered herein, which is

ks =
Gd4

8 × D3n
(2.4)

where G is shear modulus, d is spring wire diameter, D is spring coil di-
ameter, and n is the number of active coils of spring. Eq. (2.5) implies that
the stiffness can be adjusted through changing any of four parameters G, d,
D or n. In reality, the simplest way is to adjust the active coils’ number, n.
Fig. 2.8 (a) shows the design of Jack spring mechanism which was proposed
by Hollander et al. [49, 50]. Jack spring mechanism can be treated as a helical
spring which is able to change its number of active coils through rotating the
nut as shown in Fig. 2.8 (a).

Stiffness variation can also be achieved by changing the physical proper-
ties of a leaf spring. For a leaf spring, its elasticity can be expressed as [51]
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Chapter 2. Review of compliant joints

ks =
EA

l
(2.5)

where l is the effective length of leaf spring, E is the material modulus, and
A is the cross-sectional area of leaf spring. According to Eq. (2.5), stiffness
adjustment can be achieved by changing the design parameters of leaf spring.
Fig. 2.8 (b) shows a method to change the effective length l. We can see from
Fig. 2.8 (b), the effective length l can be easily changed through moving the
roller. The leaf spring with variable effective length have been adopted in
some compliant joints. Fig. 2.9 shows some design examples of compliant
joint using leaf spring. Among of them, MeRIA was successfully used in a
lower limb exoskeleton for motion assistance or rehabilitation training [54],
as shown in Fig. 2.9 (c).

Leaf 

spring

Motor 1

Motor 2

Motor

Output 

link

Motors

Output 

shaft

Harmonic 

gear

Linkage

Leaf 

spring

(a) (b) (c)

Figure. 2.9. (a) Leaf spring-based VSA [52], (b) VSJ [53], and (c) MeRIA [54].

An advantage of compliant joints using either Jack spring or leaf spring
is that they are easy to construct due to their simple structure and easy to
control since the stiffness and position variation are totally independent [25].
However, compliant joints using Jack spring or leaf spring have a lower en-
ergy storage capacity than the ones using the transmission ratio variation or
spring preload methods respective to the weight and size [55].

Changing the spring preload

Compared with methods of variation of transmission ratio or adjusting the
physical properties, changing the spring preload is the easiest way to tune
the stiffness setting, which has been received increasing interests in recent
years. This method can be employed in combination with an antagonistic or
independent motor setup, as shown in Fig. 2.10.

In the joint with antagonistic motor setup, two motors and two nonlinear
springs are arranged in a bidirectional antagonistic configuration. The joint
position can be controlled through rotating the motors in the same direction,
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Actuation 

unit 1
Changing 

preload 

Changing 

preload 

Output 

link

Actuation 

unit 2

Actuation 

unit 1
Changing 

preload 

Actuation 

unit 2

Output 

link

VSM

(a)

(b)

Figure. 2.10. Compliant actuators with (a) antagonistic motor setup and (b) independent motor
setup.

Figure. 2.11. Biological inspired joint and nonlinear spring device proposed by Migliore et
al. [56].
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Chapter 2. Review of compliant joints

while the joint stiffness is adjusted by changing the spring preload through a
counter-rotation of motors.

The antagonistic type joints have been studied extensively, and they are
used mainly in biological systems, because antagonistic actuations are com-
mon in biology. Fig. 2.11 shows a biological inspired joint with a basic antag-
onistic setup, presented by Migilore [56]. The stiffness variation of joint can
be achieved by changing the preloads of two nonlinear spring devices. Not-
ing that, for an antagonistic type joints, the spring needs to be nonlinear to
obtain the adaptable stiffness of the joint. Other noticeable joints in this type
can be found in [15, 55, 57]. Some of them have been used in exoskeletons.
NEUROexos is one of the most well-known example, which was designed by
Vitiello [15]. The elbow joint of NEUROexost was actuated by hydraulic pis-
tons through Bowden cables. As such, the actuation system can be mounted
away from the exoskeleton joint. In [57], an upper limb exoskeleton, namely
One-DOF PEHA was presented, in which two pneumatic artificial muscles
were used to actuate the exoskeleton joint through generating antagonistic
contraction forces. Bowden cables were also used in One-DOF PEHA to
transmit contraction forces to the joint. The actuation system can thus be
located apart from the joint, which makes it easy to achieve a compact and
low-weight joint design. However, using two actuation units to actuate sin-
gle joint makes the system bulky and heavy. Moreover, the spring used in
the systems with antagonistic setup needs to be nonlinear to enable the joint
positioning and stiffness variation simultaneously.

(b)(a)

Motor 1

Motor 2

Spring

Output link

Motor 1

Motor 2

Spring

Output link

Motor 1

Motor 2

Spring

Output link
Motor 1

Motor 2

Spring

Output link

Cam Cam

Lever arm

Lever arm

Figure. 2.12. (a) MACCEPA [3] and (b) MACCEPA 2.0 [58].

Many compliant joints have also been designed with independent motor
setup, in which some examples such as MACCEPA [3], MACCEPA 2.0 [58],
VS-joint [59], FSJ [60], SJM I [61] and SJM II [62] et al. are very noticeable.
Fig. 2.12 (a) shows the design of MACCEPA proposed by Van Ham et al. [3].
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2.2. Nonlinear stiffness systems

In MACCEPA, two motors are used, one for controlling lever arm position,
and the other for controlling spring preload. Noting that a linear spring
is used, but MACCEPA exhibits nonlinear stiffness performance due to the
nonlinearity from the geometry of MACCEPA. Van Ham et al. also pro-
posed an evolution version of MACCEPA, namely MACCEPA 2.0, as shown
in Fig. 2.12 (b). In the new version, a profiled cam replaced the lever arm
in MACCEPA, hence a desired stiffness behavior can be obtained by shaping
the cam profile. MACCEPA has a very simple structure allowing it to fit in
the wearable exoskeleton applications. Some examples based on MACCEPA
concept are shown in Fig. 2.13. Other spring preload based actuators can be
found in [68–72].

MACCEPA 

actuators

(a) (b) (c)

Figure. 2.13. (a) Lower limb exoskeleton proposed by Grosu et al. [63], (b) MIRAD sit-to-stand
exoskeleton developed by Vantilt et al. [64], and (c) active ankle foot orthosis developed by
Moltedo et al. [65–67].

2.2 Nonlinear stiffness systems

A nonlinear stiffness system has a nonlinear relationship between force/torque
and displacement/deflection. Compared with the compliant joint with con-
stant stiffness, the joint with nonlinear stiffness is more flexible in shaping
its behavior to match different requirements in applications. Some compliant
joints which can produce nonlinear stiffness behaviors have been developed.
They are desired in enhancing pHRI safety, increasing energy efficiency or
improving system bandwidth and torque resolution [19, 20, 78]. Nonlinear
behaviors in compliant joints can be generally divided into two categories:
hardening and softening behaviors. Stiffness hardening means an increase
in the stiffness with increasing of joint deflection, while softening is the op-
posite, i.e. a reduction in the joint stiffness [73]. Fig. 2.14 shows the torque-
deflection relationships with hardening and softening behaviors.
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Figure. 2.14. Torque-deflection relationships with (a) hardening behavior and (b) softening be-
havior.

In [20], a compliant joint with hardening stiffness behavior was developed
by Austin et al. The hardening behavior allows this joint to achieve a good
compromise in terms of obtaining both high bandwidth and high torque res-
olution. In [55], Wolf et al. suggested to modify the torque function as a
hardening behavior to enlarge the torque and deflection ranges of the com-
pliant joint with the same elastic energy, as shown in Fig. 2.14 (a). In [74, 75],
two springs, i.e. one with low stiffness and the other with high stiffness, were
used in one robotic joint to achieve both high force fidelity and bandwidth.
When a low torque is applied on the joint, the spring with low stiffness is
compressed, and the joint stiffness is thus low. With the increase of applied
torque, the low stiffness spring is fully compressed becoming inactive, then
the spring with high stiffness is active, thus the system has a high stiffness.
In [76–78], a compliant joint with softening stiffness behavior was presented
by Park et al. The softening stiffness behavior can guarantee that the joint
maintains high position accuracy for a low external force and has high col-
lision safety for a large external force. In [22], Zhao et al. focused on the
optimization of nonlinear stiffness behavior. In their work, a stiffness opti-
mization method was used to achieve both high torque resolution and high
bandwidth for a compliant joint. In [79], a predefined stiffness profile can
be obtained by adopting a custom-designed cam and linear spring. Different
stiffness behaviors can be obtained by redesigning the cam shape. However,
the geometry of the cam is needed to be changed, which is not convenient
for the adjustment of stiffness behavior.

Nonlinear stiffness is also usually found in antagonistic joints, as intro-
duced in Section 2.1.2. With a pair nonlinear springs, the antagonistic joint
is possible to control both position and stiffness, and its working principle
is very close to the mammalian joint which is commonly actuated by several
muscles and tendons that are arranged in an antagonistic way. The spring or
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2.3. Actuation and control of compliant joints

mechanisms shown in Fig. 2.15 can be used in an antagonistic joint. A first
option is to use progressive spring shown in Fig. 2.15 (a), in which the coils
are spaced differently or with different spring coil diameters. Cam-spring
mechanism shown in Fig. 2.15 (b) is also used to produce nonlinear behavior.
In this mechanism, the stiffness characteristic can be shaped by designing the
cam shape. Nonlinear stiffness behavior can also be generated by a four-bar
mechanism, as shown in Fig. 2.15 (c). Based on the nonlinear relationship
between input and output angles of the four-bar mechanism, a spring with
constant stiffness can be stretched in a nonlinear way. By appropriate selec-
tion of design parameters, the mechanism can be designed to realize desired
stiffness behaviors.

(a) (b) (c)

Figure. 2.15. Springs or mechanisms achieving nonlinear stiffness include (a) progressive
springs, (b) cam-spring mechanism, and (c) spring-loaded four-bar mechanism.

2.3 Actuation and control of compliant joints

The actuation unit is the power source for the compliant joint. The elec-
tric motor shown in Fig. 2.16 (a) is used in the majority of compliant joints
because it can generate desired force/torque with high speed and good con-
trollability. As introduced in Section 2.1, RSEA [28], AwAS [42], vsaUT-II [46]
and MACCEPA [3] et al. are the noticeable examples of using electric motor
as the power source.

(a) (b) (c)

Figure. 2.16. (a) Electric motor, (b) pneumatic artificial muscle, and (c) hydraulic actuator.

Except for electric motor, pneumatic artificial muscle (PAM) shown in
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Fig. 2.16 (b) is often used in compliant joints. PAM is operated by gas pres-
sure to generate contractile motion, which makes PAM inherently compliant.
McKibben muscle proposed by Chou et al. [80] is one of the most famous de-
sign. The compact shape of McKibben muscle makes it easy to be employed
in robotic devices. The plated PAM (PPAM) proposed by Verrelst et al. [81]
is also noticeable, which has been used in a biped robot. PAM usually has a
high power-to-weight ratio and its inherent compliance brings benefit in im-
proving safety of physical HRI in exoskeletons. However, a compliant joint
should be actuated by two or more PAMs, which usually results in a complex
actuation system. Moreover, compared with electric motor, PAM has a lower
accuracy in motion control due to its high hysteresis.

Few compliant joints are powered by hydraulic actuators as shown in
Fig. 2.16 (c). NEUROExos [15] is the most well-known example. In NEU-
ROExos, a hydraulic system which is mounted on a fixed support actuates
the elbow joint of exoskeleton through Bowden cables. The hydraulic actu-
ator can provide higher force/torque with good precision. However, a hy-
draulic system is usually bulky, which brings limitation in the application of
wearable exoskeleton.

In applications of compliant joints such as exoskeletons, their motion con-
trol is essentially a problem of force/torque control. Considering that the
high controllability of electric motor in generating desired torque, we use
electric motor as the power source in the compliant joint in this Ph.D. project.
Many control methods have been presented to control such compliant joints
to generate desired force/torque, in which PID, PD and PI controllers were
commonly used. Pratt and Williamson proposed a SEA [1] which was used
for Cog humanoid robot project [2]. In this SEA, an electric motor was used
and treated as a desired torque source. PI current control was performed to
let the SEA produce desired force. In [82], Robinson et al. developed a SEA
with linear motion for a biomimetic walking robot. In this SEA, a DC motor
is connected to a ball-screw to drive the linear motion. A linear spring was
used to isolate the ball-screw nut from external load. With such configura-
tion, the load applied on the SEA can be acquired through measuring the
spring compression with a potentiometer. PD force controller was performed
to realize feedback force control of the SEA. The control scheme of the above
two mentioned cases is shown in Fig. 2.17 (a). In the control scheme, the mo-
tor is treated as desired torque source. Backlash and friction effects from the
motor and drivetrain should be good quantified to improve the torque/force
control performance [82, 83].

Robinson suggested to treat the motor in compliant joint as a velocity
source rather than as a force/torque source [83]. The improved control
scheme is shown in Fig. 2.17 (b). In [86], Wyeth proved that treating the
electric motor as velocity source could be helpful in dealing with undesirable
effects from the motor and drivetrain, and the performance of SEA can be
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Figure. 2.17. Control methods of compliant joints with the motors treated as (a) torque source
and (b) velocity source.

greatly improved. In [85], Vallery et al. presented a control scheme for SEA,
in which the output torque of the SEA was tracked through a PID controller
which outputs the desired motor velocity, and cascaded PI controllers were
performed to control the motor to track the desired velocity. Both simulation
and experiment have been made to verify the effectiveness of this control
scheme. Based on PID, PD or PI torque control of compliant joints, some
methods including H∞ and gain-scheduled methods have been used to fur-
ther improve the controller stability [30, 87]. In [28, 88], disturbance observers
were used to compensate the modeling errors.

Above all mentioned compliant joints have fixed compliance. In other
words, these compliant joints themselves are unable to control the system
impedance. Therefore, the fixed compliance type joints need to be combined
with compliant control, e.g. impedance control to realize impedance vari-
ation. In [84], Sergi et al. presented a cascaded control scheme, in which
a PI torque controller was used in the inner loop, while a PD impedance
controller was performed in the outer loop to facilitate the impedance adjust-
ment. In [30], impedance control was also used to regulate the impedance of
an active knee orthosis for human walking assistance. However, due to the
fixed compliance of the above joints, they have a very limited control band-
width, which is determined by the mechanical impedance. Joint with ad-
justable compliance can overcome this limitation through regulate the joint
stiffness online or offline. The control methods for fixed compliance type
joints are also applicable for adjustable compliance type joints, but an addi-
tional position control for the motor regulating the stiffness online is needed.
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2.4 Summary

Among of the stiffness adjustment methods, changing the spring preload is
considered as the simplest way to achieve stiffness variation [55], because
only few simple mechanical components are used in the construction of com-
pliant joint. Based on this method, a large number of compliant joints have
been developed, and their applications are commonly found in lower-limb
exoskeletons. To achieve a compact compliant joint for upper-body exoskele-
ton applications, spring preload method is adopted in this work. However,
for a compliant joint based on spring preload, the stiffness range is usually
very small. Therefore, for such compliant joint, a new design to extend the
stiffness range is needed to increase its adaptability.

Regarding nonlinear stiffness systems, the performance of the compliant
joint for exoskeletons may benefit from adjustable compliance and multiple
stiffness behaviors. However, only few existing devices [20, 59, 79] are able to
adjust stiffness in multiple behaviors. Most of them are based on redesign-
ing cam shape, which is not convenient for adjusting stiffness performance.
Therefore, it is needed to propose a new compliant joint which is able to
adjust stiffness performance conveniently and to achieve desired stiffness be-
haviors. Noting that the nonlinear behavior also brings difficulty to analyse
the stiffness performance. Thus, an essential work in this thesis is to de-
velop a generalized or unified stiffness model which facilitates the stiffness
analysis.
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Chapter 3

Objectives and work scopes

The main objective of this thesis is to investigate new principles of compliant
joint design and implementation. The new concept of compliant joint design
is derived from a basic mechanism, as shown in Fig. 3.1.

This mechanism can be considered as a special case of four-bar linkage
which has a zero-length ground link and a compliant coupler [73]. For a
four-bar rigid-body linkage shown in Fig. 3.1 (a), the speed ratio between
the crank and the follower, a.k.a. mechanical advantage, is the function of
link lengths and rotation angle, so is the torque ratio. In a special case (see
Fig. 3.1 (b)) when the length of the ground link is zero, the torque ratio,
or the reciprocal of the speed ratio, becomes a constant of 1. The linkage
becomes singular when the three links are collinear. If we replace the coupler
with elastic element, a new mechanism can be obtained, and its stiffness at
this singularity is determined by the spring preload and the geometry of the
mechanism. According to [73], the joint stiffness is formulated as
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Figure. 3.1. Concept of designing a compliant joint by using a zero-length base link four-bar
linkage.
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where l1, l2 and l3 are the lengths of bar-1, 2 and 3, and θ is joint deflection,
k is spring stiffness, and F0 is spring preload. As can be seen from Eq. (3.1)
that the joint stiffness keq is associated with joint mechanism dimensions, ro-
tation angle, and also pretension as well. Thus, a joint mechanism of variable
stiffness can be achieved.

Compliant joint mechanism shown in Fig. 3.1 will be the focus of this
thesis. The following objectives will be achieved:

• Design a new compliant joint which is able to adjust stiffness in multi-
ple modes.

• Establish stiffness and dynamic model to investigate the performance
of the compliant joint.

• Develop a control method for the compliant joint to achieve safe pHRI.

• Experimentally study the feasibility of the compliant joint for upper-
body exoskeleton.

Design

Compliant joint 

for upper-body 

exoskeleton

Control

Mechanism design approach

Static and stiffness models

Dynamics

Control system design

Sensorless control 

Stiffness variation principle

Design implementation

Modeling

Figure. 3.2. Work scope in this Ph.D. project.
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To achieve the above objectives, the research works in this thesis are de-
fined, as shown in Fig. 3.2. The scope covers the design, modeling and control
of a novel compliant joint, which is closely in connection with the forthcom-
ing four chapters. The design approach, stiffness variation principle and
implementation of the compliant joint are studied in Chapter 4. Static and
stiffness models are built and analyzed in both Chapters 4 and 5. The dy-
namics are investigated in Chapters 6, and the control of the compliant joint
is implemented in Chapters 7.
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Paper I

A novel revolute joint of variable stiffness
with reconfigurability
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In this paper, a novel revolute joint of variable stiffness with reconfigurability (JVSR) is pre- 

sented. The JVSR is designed with a compliant joint mechanism, and is able to vary widely 

its stiffness in multiple modes, namely, linear, hardening and softening modes. This brings 

the joint for many potential applications in novel transmission and robotics. In the paper, 

mathematical models of joint stiffness are developed for the JVSR, with which influences 

of design parameters are analyzed. A prototype of JVSR is constructed and preliminary test 

results validate the model. A design case is included to illustrate the application of the 

JVSR in exoskeletons. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction 

Robotic joints with inherent compliance can find applications in rehabilitation robots [1–5] , wearable exoskeletons 

[6–9] , legged robots [10–12] and service robots [13–15] . In general, the compliant joints are used for increasing safe physical 

human-robot interaction (pHRI) or improving the dynamical adaptability with environment, as well as enhancing the en- 

ergy efficiency. Up to date, many compliant joints exhibiting different stiffness performance have been proposed. They can 

be classified into two types: the joints of fixed compliance and the adjustable compliance joints [1] . 

The fixed compliance type joints usually utilize linear springs in series with stiff actuators. The series elastic actuator 

(SEA) is the most famous example in this type. A rotary SEA presented in [7] was designed to actuate an orthosis. A helical 

torsion spring with constant stiffness is installed between a DC motor and a human joint to enhance pHRI safety. The de- 

vice was used as a torque generator as well as a torque sensor in robotic systems, thus a desired control performance was 

achieved. Another fixed compliance joint with a customized torsion spring is presented in [6] . Safe human-robot interaction 

and torque estimation were achieved by integrating the joint into a knee orthosis. In [11,16,17] , energy efficiency with fixed 

compliance joint was investigated. The study shows that, due to the constant stiffness, the energy efficiency of the robotic 

device is generally low and can only be improved when the trajectory behavior of robotic joint matches the natural fre- 

quency of the system. Moreover, SEA using linear spring experiences another limitation that the design needs to tradeoff

between system bandwidth and torque resolution [18,19] . As an alternative, fixed compliance joints with nonlinear behaviors 

have been developed in recent years, considering that nonlinear behavior offers more design parameters than a linear one 

and more flexible in shaping stiffness/torque-deflection profiles. In [19] , a nonlinear SEA with hardening stiffness behavior 
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Fig. 1. (a) The concept of constructing a compliant joint by utilizing a special case of four-bar linkage. (b) Kinematic and static diagram of the mechanism. 

was proposed to overcome the limitation of the design tradeoff, which can maintain a higher torque resolution at low de- 

flection and a larger response bandwidth for high deflection. In [20] , Park et al. designed a joint mechanism with softening 

stiffness behavior which can maintain high stiffness for a low external force, but reduce stiffness for a large external load, 

hence guaranteeing both position accuracy and collision safety. 

Contrary to the fixed compliance type joint, the adjustable compliance joints are able to change their stiffness dynami- 

cally. They can be designed with different principles, such as spring preload based principle [3,12,21–23] , transmission ratio 

based principle [24–29] , and special springs [30,31] . Ham et al. [12] proposed the MACCEPA where stiffness variation is 

achieved by adjusting the preload of a spring. The VS-joint [23] is another design based on spring preload principle where 

a cam disk of a specific shape is used to change the preload. Other adjustable compliance devices, such as AwAS [26,27] , 

MeRIA [28] , MESTRAN [29] , VSJ [30] , VSA-CubeBot [32] and CompactAct-VSA [33] are noticeable too. However, in most cases 

of adjustable compliant joints a secondary motor is usually used to actively tune an elastic element to achieve stiffness vari- 

ation. As a consequence, the adaptable compliance joint is heavy and complex. 

It is noticed that the existing designs, both fixed compliance and adjustable compliance joints, show limitations in achiev- 

ing nonlinear stiffness behavior. Only a few devices [19,23,34–36] are able to adjust stiffness performance achieving multiple 

behaviors. In the design in [34] , a hypocycloid mechanism was used to stretch a spring with linear stiffness in a nonlinear 

way. The mechanism can achieve approximate linear and hardening behaviors, excluding softening behavior. In [19,23,35,36] , 

different behaviors were achieved by redesigning cam shape, with which design parameters of the mechanism need to be 

adjusted. Some studies show that nonlinear stiffness behavior is helpful in improving energy efficiency [18] , collision safety 

[20] and stability [37] . Thus new designs that are able to adjust stiffness behavior are desirable for improving compliant 

joint performance. 

In this paper, a novel revolute joint of variable stiffness with reconfigurability is proposed. The new design attempts to 

achieve a variable stiffness with multiple modes and to ease the adjustment of stiffness. The idea of the compliant joint 

mechanism design is shown in Fig. 1 . Through the adjustment of the design preload, the variable stiffness can be achieved, 

and three working modes showing hardening, softening and linear behaviors can be realized. Moreover, a reconfigurable 

design based on the mechanism is proposed to effectively facilitate the adjustment of its stiffness and output-torque ranges. 

The proposed mechanism is novel in its capacities of reconfiguration and variable stiffness adjustment together with a 

compact architecture. 

The paper is organized as follows: Section 2 describes basic concept of stiffness variation based on a compliant joint 

mechanism and conducts the associated stiffness analysis. The design of JVSR is presented in Section 3 , followed by the 

stiffness modeling. In Section 4 , a prototype of JVSR and its test-rig are constructed, with which experiments are carried 

out to validate the ability of stiffness adjustment of JVSR. In Section 5 , a case study is described in which the proposed 

mechanism is scaled for joints of an upper-body exoskeleton. Section 6 concludes this work. 
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2. Basic concept of stiffness variation 

2.1. Kinematic principle 

The JVSR can be treated as a special case of the four bar linkage. For a four-bar rigid-body linkage, the speed ratio 

between the crank and the follower, a.k.a. mechanical advantage, is the function of link lengths and rotation angle, so is the 

torque ratio. In a special case when the length of the ground link is zero, the torque ratio, or the reciprocal of the speed 

ratio, becomes a constant of 1. The linkage becomes singular when the three links are collinear. If we replace one rigid link 

with elastic element, the stiffness at the singular configuration is zero. 

Fig. 1 shows the kinematic principle of the new design of joint with variable stiffness. By replacing the coupler, bar-2, 

with compliant material (e.g. spring, rubber, or thin metal strips) of stiffness k , a compliant joint mechanism is obtained. 

2.2. Stiffness model 

To facilitate the modeling, we assume that the bar-1 is the input link, while bar-3 is the output link. The angle between 

the output and the input links is denoted by θ . Furthermore, the input and the output links (bar-1 and 3) are considered as 

rigid and articulated with the base by pin joints. Let the lengths of bar-1, 2 and 3 be l 1 , l 2 and l 3 respectively, which satisfy 

the constraint 

l 2 2 = l 2 1 + l 2 3 − 2 l 1 l 3 cos θ . (1) 

Moreover, let F and T be the tension along bar-2 and the external equilibrium torque applied on the joint, respectively, 

then 

T = F ·
∣∣∣ˆ l 2 × �

 l 1 

∣∣∣ = J · F , (2) 

where ˆ l 2 is the unit vector of � l 2 , and J = 

∣∣∣ˆ l 2 × �
 l 1 

∣∣∣ = 

∂ l 2 
∂θ

∈ � 

1 is the linkage Jacobian, which is a scalar for the mechanism. 

The equivalent rotational stiffness of output link, K eq ∈ � 

1 , represents a linear relationship between the infinitesimal 

torque δT and the infinitesimal deflection δθ , which is described by: 

δT = K eq · δθ . (3) 

Combining Eq. (3) together with Eq. (2) , and given that δF = k · δl 2 , K eq can be obtained as: 

K eq = 

δT 

δθ
= J · δF 

δθ
+ 

δJ 

δθ
· F . (4) 

That is, 

K eq = J · k · J + 

δJ 

δθ
· F = J 2 k + 

δJ 

δθ
· F . (5) 

The stiffness K eq in Eq. (5) is composed of two terms, J 2 k and 

δJ 
δθ

· F , which are contributed by the stiffness of compliant 

coupler k and the internal tension F respectively. According to Hooke’s law, the internal tension F is given by 

F = k · ( l 2 − l 2 , 0 ) + k · ( l 2 , 0 − l 2 ,r ) = k · δl 2 + F 0 , (6) 

where l 2,0 represents the length of bar-2 when θ = 0 , and l 2, r is the free length of elastic element, and F 0 is the pretension 

of elastic element for θ = 0 . 

Substituting Eq. (6) into Eq. (5) and rearranging it, we get the equivalent stiffness K eq associated with the initial 

tension F 0 

K eq = J 2 k + 

δJ 

δθ
· k · δl 2 ︸ ︷︷ ︸ 

K eq, 1 

+ 

δJ 

δθ
· F 0 ︸ ︷︷ ︸ 

K eq, 2 

, (7) 

where K eq ,1 and K eq ,2 are the stiffness induced by the stiffness of compliant coupler k and the pretension F 0 respectively. 

We introduce a length ratio λ = l 1 /l 3 , ( λ∈ (0, 1)) and substituting it into Eq. (7) gives 

K eq = kl 2 3 ̂
 K eq, 1 ( λ, θ ) + F 0 l 3 ̂  K eq, 2 ( λ, θ ) , (8) 

where 

ˆ K eq, 1 ( λ, θ ) = 

K eq, 1 

k · l 2 
3 

= 

ˆ J 2 + 

δ ˆ J 

δθ
· δ ˆ l 2 , (9) 

ˆ K eq, 2 ( λ, θ ) = 

K eq, 2 

F 0 · l 3 
= 

δ ˆ J 

δθ
, (10) 
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Fig. 2. Stiffness performance of ˆ K eq, 1 . (a) Stiffness ˆ K eq, 1 as a function of the deflection angle θ with λ = 0 . 5 . (b) Influence of λ = l 1 /l 3 on ˆ K eq, 1 . 

Fig. 3. Stiffness performance of ˆ K eq, 2 . (a) Stiffness ˆ K eq, 2 as a function of the deflection angle θ with λ = 0 . 5 . (b) Influence of λ = l 1 /l 3 on ˆ K eq, 2 . 

with 

ˆ J = λ sin θ/ ̂ l 2 and 

ˆ l 2 = 

√ 

λ2 − 2 λ cos θ + 1 . Note that ˆ K eq, 1 and 

ˆ K eq, 2 in Eqs. (9) and (10) are related only to the param- 

eters of λ and θ . In other words, they are factors that are influenced only by mechanism geometry. We herein investigate 

the properties of ˆ K eq, 1 and 

ˆ K eq, 2 , and look at the influences on the stiffness performance. 

As ˆ K eq, 1 and 

ˆ K eq, 2 change with respect to the joint deflection θ and the design parameter λ, we look into the influence 

of each parameter. Fig. 2 shows the change of ˆ K eq, 1 with respect to θ , and the influence of λ. As can be seen from Fig. 2 (a), 

the stiffness curve in the range [0, π /2]rad can be divided into two intervals, separated at the deflection angle θ | 
d ̂ K eq, 1 / d θ=0 

. 

The separation line divides the entire curve into two intervals of different behaviors, namely, hardening behavior and soft- 

ening behavior. Joint stiffness hardening means an increase in the equivalent stiffness, while softening is the opposite, i.e., 

a reduction in the equivalent stiffness. 

Two special points in Fig. 2 (a) should be noted. One is θ = 0 where the configuration stands for a singular point, thus 

the joint shows zero stiffness. The other is θ = θ | 
d ̂ K eq, 1 / d θ=0 

which is described as the position where the rate of the torque 

increase of Jk · δl 2 is maximum as θ increases within [0, π /2]rad. Through adjusting the ratio λ = l 1 /l 3 , different stiffness 

performances can be achieved as shown in Fig. 2 (b). In this figure, the white line of d ̂

 K eq, 1 / d θ = 0 represents all maximum 

ˆ K eq, 1 for any given ratio λ. We can also see that a larger λ will yield a smaller range of intervals for hardening behavior but 

a larger maximum value of ˆ K eq, 1 . 

Fig. 3 shows the change of stiffness ˆ K eq, 2 in the range [0, π /2]rad. As can be seen in Fig. 3 (a), the ˆ K eq, 2 monotonically 

decreases as θ increases. Moreover, it shows a softening behavior first. After ˆ K eq, 2 reaches zero at θ = θ | 
δ ˆ J /δθ=0 

, it shows 

a negative stiffness. Referring to Eq. (2) , the special point, θ | 
δ ˆ J /δθ=0 

, stands for the position where � l 1 and 

�
 l 2 are vertical. 

Fig. 3 (b) shows the influence of the ratio λ = l 1 /l 3 on 

ˆ K eq, 2 . We can see that a larger λ will yield a smaller range of intervals 

for softening behavior but a larger value of ˆ K eq, 2 at θ = 0 . 

Eq. (8) indicates that F 0 affects the overall stiffness by scaling ˆ K eq, 2 which can be observed from Fig. 4 showing the 

changes of K eq . In Fig. 4 , the solid line 
d K eq 

d θ
= 0 and dash line K eq = 0 separate the whole region into three parts. They 
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Fig. 4. The distribution of the equivalent stiffness K eq for varying deflection angle θ and the initial tension F 0 with λ = 0 . 5 , k = 1 N/mm and l 3 = 30 mm. 

Fig. 5. (a) Stiffness curves and (b) the corresponding torque curves for different pretensions, in which other parameters are assigned as λ = 0 . 5 , 

k = 1 N/mm and l 3 = 30 mm. 

Fig. 6. The variation of the equivalent stiffness K eq for varying deflection angle θ and the stiffness k with F 0 = 50 N, λ = 0 . 5 and l 3 = 30 mm. 

correspond to the hardening behavior area (in the lower-left corner), the softening behavior area and the negative stiffness 

area (in the higher-right corner). Moreover, recalling that ˆ K eq, 1 at singular point ( θ = 0 ) is zero, the joint stiffness is therefore 

solely determined by K eq ,2 . In Fig. 4 , the stiffness variation at point of θ = 0 for changing F 0 can be observed clearly. 

Fig. 5 shows two cases with F 0 = 5 N and F 0 = 30 N to illustrate further the influence of F 0 . The stiffness and torque curves 

are displayed in Fig. 5 (a) and 5 (b). In Fig. 5 (a), both hardening and softening behaviors can be observed from the curves, 

showing the influence of pretension F 0 on stiffness performance of the mechanism. 

Eq. (8) also indicates that the stiffness k influences the stiffness performance by scaling ˆ K eq, 2 . Fig. 6 shows the change of 

stiffness with respect to θ and k . 
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Fig. 7. Schematic design of JVSR, (a) an example design with n = 6 , (b) another example design with n = 4 . 

It is noted that the negative stiffness mentioned represents a decreasing equilibrium torque when deflection is increased. 

Taking the case for F 0 = 30 N in Fig. 5 as an example, the compliant joint mechanism shows negative stiffness when the 

deflection angle exceeds θ = 1 . 45 rad . At this point, the torque due to the spring force reaches the maximum and then 

starts to reduce when the deflection angle increases. The calculated equivalent stiffness thus becomes negative. 

3. Development of JVSR 

3.1. Design of JVSR 

Based on the aforementioned variation stiffness principle, a reconfigurable compliant revolute joint mechanism is pro- 

posed as shown in Fig. 7 . In this mechanism, the compliant joint mechanism is implemented as a cable wrapped on three 

pins (pulleys), one in the output link and the other two in the input link. The mechanism design is reconfigurable by wrap- 

ping the cable around different number of pins. In the design, the number of pins on the input shaft are two times of the 

number of pins in the output shaft. Herein, we use the number of pins on the output link, n , to describe the reconfigured 

design. Fig. 7 (a) and 7 (b) show two reconfigurations, n = 6 and n = 4 . In the mechanism, two coaxial shafts, input shaft and 

output shaft, are coupled through the cable. One end of the cable is reeled, while the other end of the cable is connected 

to a linear spring of stiffness k with pretension F 0 . 

With the new design, reconfiguration is feasible not only by changing the number of pins, but also by pattern of wrap- 

ping. Fig. 8 illustrates the reconfiguration of JVSR with n = 6 . It can be seen that six configurations can be implemented by 

different cable wrapping. In this light, we use one more number N ( N ≤ n ) to indicate the number of branches, namely, the 

number of pins on the output shaft that are wrapped by cables. 

3.2. Stiffness modeling of JVSR 

For the sake of simplicity, the following assumptions are made for the modeling: 

• The spring is the only compliant element in the system, cable and structure elements being considered rigid. 
• The system is frictionless. 

It should be noted that although the cable is considered as rigid, due to the stretch of the cable, the actual linear spring 

is replaced by an equivalent stiffness to compensate for it, as in Eq. (21) . 

The schematic of a single branch of JVSR is shown in Fig. 9 , which is slightly different to the compliant joint mechanism 

in Fig. 1 due to the real construction. All major geometrical parameters, except λ, l 3 and θ illustrated in the four-bar linkage 

model, have been labeled in Fig. 9 and defined as follows: 

• R 1 , R 2 and R 3 are the radii of pulley-1, 2 and 3 respectively, and are identical ( R 1 = R 2 = R 3 = R ). 
• b is the diameter of cable. 
• a is the distance between the axes of the pulley-2 and 3, which is given by 

a = 2 R 1 + R 2 + R 3 + 2 b ≈ 4 R. (11) 
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Fig. 8. Reconfiguration of JVSR ( n = 6 ) indicated by the number of pins wrapped. 

Fig. 9. The schematic of a single branch of JVSR. 

• α, β and γ are the contact angles between cable and pulley-1, 2, 3 respectively, which can also be expressed as ⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

α = β + γ

β = arccos 

(
a −2 l 1 sin θ√ 

4 l 2 
2 
−4 al 1 sin θ+ a 2 

)
− arccos 

(
a √ 

4 l 2 
2 
−4 al 1 sin θ+ a 2 

)
+ 

π
2 

γ = arccos 

(
a +2 l 1 sin θ√ 

4 l 2 
2 
+4 al 1 sin θ+ a 2 

)
− arccos 

(
a √ 

4 l 2 
2 
+4 al 1 sin θ+ a 2 

)
+ 

π
2 
. 

(12) 

In Fig. 9 , the cable length is calculated as 

l = 

a · α
2 

+ 

∣∣∣−→ 

DB 

∣∣∣ + 

∣∣∣−→ 

EG 

∣∣∣, (13) 

where 

∣∣∣−→ 

DB 

∣∣∣ = 

√ 

l 2 
2 

− al 1 sin θ, 

∣∣∣−→ 

EG 

∣∣∣ = 

√ 

l 2 
2 

+ al 1 sin θ . 

In order to distinguish from the symbols used in Section 2 , we use J 1 , K, K 1 and K 2 to represent the Jacobian, the 

equivalent stiffness of the joint, the induced stiffness K eq ,1 and K eq ,2 respectively. 

Based on the derivation of Eq. (2) , the Jacobian is obtained by differentiating Eq. (13) , which is given by 

J 1 = 

∂ l 

∂θ
. (14) 
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Fig. 10. Contour plots of c 1 and c 2 as a function of λ ( λ1 ) and θ , (a) c 1 with λ = 0 . 6 , (b) c 2 with λ = 0 . 6 , (c) c 1 with λ1 = 0 . 18 , (d) c 2 with λ1 = 0 . 18 . 

The torque model of Eq. (2) and the stiffness model of Eq. (7) are rewritten as 

T = J 1 · F , (15) 

K = J 1 · k · J 1 + 

δJ 1 
δθ

· k · δl ︸ ︷︷ ︸ 
K 1 

+ 

δJ 1 
δθ

· F 0 ︸ ︷︷ ︸ 
K 2 

. (16) 

The detailed expression of K is not included for clarity. So far, we have obtained the equivalent stiffness model of mech- 

anism in Fig. 9 . We define a ratio of λ1 = R/l 3 , which satisfies 

0 < λ1 < λ < 

√ 

1 + 4 λ2 
1 

− 2 λ1 . (17) 

Furthermore, we define c 1 = K 1 /K eq, 1 and c 2 = K 2 /K eq, 2 which describe the changes due to the geometry of mechanical 

parts, compared to the simplified model, and Eq. (16) can be rewritten as 

K = c 1 l 
2 
3 k ̂  K eq, 1 ( λ, θ ) + c 2 l 3 F 0 ̂  K eq, 2 ( λ, θ ) . (18) 

Fig. 10 shows the variations of c 1 and c 2 with respect to the changes of θ , λ and λ1 . The figure shows that when λ and 

λ1 are small, the two coefficients, c 1 and c 2 , are nearly unchanged even though the deflection angle θ increases. 

If N branches are utilized in JVSR, the total stiffness of the joint becomes 

K = N 

2 c 1 l 
2 
3 k · ˆ K eq, 1 + Nc 2 l 3 F 0 · ˆ K eq, 2 , (19) 

and the torque model of the JVSR becomes 

T = N 

2 kδlJ 1 + NF 0 J 1 . (20) 

This is the complete model of the JVSR, which can achieve multi-mode stiffness variation by reconfiguration and param- 

eter adjustment. The overall working principle of stiffness variation is shown in Fig. 11 . 
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Fig. 11. The overall working principle of stiffness variation. 

Fig. 12. JVSR design for experimental test. (a) CAD Model of the JVSR prototype. (b) Design of cable arrangement. 

Table 1 

Parameters for the JVSR prototype. 

Parameters Values 

Dimensions (length × width × height) 77 × 56 × 77 mm 

Weight 0.268 kg 

n 4 

Ratio λ 0.6 

Ratio λ1 0.18 

Length of bar-3, l 3 25 mm 

4. Prototyping and testing 

In this section, a prototype of JVSR along with its test rig setup is described. Experimental results with the prototype are 

presented, analyzed and compared with the results from analytical simulation. 

4.1. Prototype of JVSR 

The prototype model of JVSR is shown in Fig. 12 . The design is in accordance with the model described in Fig. 7 (b). A 

total of four configurations can be obtained. In the testing, the input shaft is fixed to the housing of JVSR (see Fig. 12 (a)) and 

cannot rotate in the experiments. Thus, there is only one equilibrium position, θ = 0 , in this prototype. In the future design, 

the input shaft can be connected to a position motor, thereby, the equilibrium position and stiffness can be independently 

controlled. Fig. 12 (b) shows the details of cable arrangement in the prototype. A nylon cable of 1 mm diameter is used in 

our JVSR prototype, which is able to sustain for a maximum tension of about 50N. Linear spring is connected to one end of 

the nylon cable. The other end of the nylon cable is fixed on the housing. 

The JVSR prototype is able to work in both softening and hardening modes for the controllable tension limit of ca- 

ble. Table 1 summarizes the main design parameters of JVSR prototype. To evaluate the influence of k on the stiffness 

performance of JVSR, two springs, spring 1 of k s, 1 = 0 . 6613 N/mm and spring 2 of k s, 2 = 0 . 214 N/mm, were used. Simula- 

tion of stiffness variation for different pretensions and configurations of spring 1 is shown in Fig. 13 . From this figure, all 

three modes of spring stiffness varying, namely, hardening, softening and linear modes can be observed. The solid lines in 

Fig. 13 (a) and 13 (b) differentiate hardening and softening modes. Within areas bounded by the dash lines the JVSR proto- 

type approximately exhibits constant stiffness, which can be considered as a linear spring. From Fig. 13 , we also see that the 
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Fig. 13. Simulation of JVSR prototype stiffness v.s. cable pretension F 0 and rotation deflection of output shaft θ for different configurations, (a) N = 1 , (b) 

N = 2 , (c) N = 3 , (d) N = 4 . 

Fig. 14. JVSR test rig constructed with (1) motor-gearbox, (2) winch, (3) linear spring, (4) load cell, (5) JVSR, (6) torque sensor, (7) encoder, (8) pendulum. 

area of hardening mode becomes larger with the increase of N , which is also in accordance with the expression of Eq. (19) . 

Moreover, a larger stiffness adjustment range under the same angle deflection θ can be obtained with the increase of N . 

4.2. Test rig and experiment setup 

The testing setup is depicted in Fig. 14 . A nylon cable is routed around a winch, which is used to adjust the cable tension 

in the experiments. A motor with gearbox which is installed along the winch provides an alternative to control the cable 

pretension automatically in this test rig. Standard linear spring is connected along the nylon cable. A load cell (model: 

Forsentek FS01 −10 kg) is mounted between the winch and spring, and this instrument ensures a measure of force with an 

accuracy of 0.1N. A torque sensor (model: Forsentek FTE −20 NM) is installed along the output shaft of JVSR to measure the 

applied torque on the shaft with an accuracy of 0.04N ·m. For the convenience of applying torque on the shaft, a pendulum 

is designed, and is connected to the torque sensor through the shaft. An absolute encoder (model: RLS RMB20) is used to 

measure the rotation angle θ of the pendulum with an accuracy of 0.5 °. The sensory data is acquired with an Arduino DUE 

board, which is also used for motor control by working together with the ESCON motor driver. 
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Fig. 15. The force-vs-elongation curves of the nylon cable, wherein the dots denote experiment results, and the solid line denotes the fitting curve. 

Fig. 16. Plot of torque versus deflection θ for varying pretension F 0 with N = 1 . All dots denote experiment results, and the dash-dot lines denote simulation 

results. 

Considering the stiffness of nylon cable k c , and the stiffness of the linear spring k s , the total stiffness of the cable can be 

found by 

k = 

k s · k c 

k s + k c 
. (21) 

Fig. 15 shows the cable tension F that were measured and the elongation of cable calculated using Eq. (13) with deflection 

angle of pendulum θ . Linear curve fitting yields 

F = 0 . 5804 x + 6 . 089 , (22) 

where x denotes the elongation of nylon cable. This curve fitting can achieve R-squared value of 0.9991, showing that 

it closely matches the experiment results. Therefore, the nylon cable stiffness k c is 0.5804N/mm, and the total stiffness 

k 1 = 0 . 309 N/mm for the use of spring 1 and the total stiffness k 2 = 0 . 156 N/mm for the use of spring 2 are then obtained 

based on Eq. (21) . 

4.3. Experiments 

Experiments were performed to assess the influences of pretension F 0 , configuration number N and spring stiffness k on 

the performance of stiffness. In the testing, external torque is applied on the pendulum to rotate the joint following the 

sequence, 0 → 0.7 → 0 → -0.7 → 0rad, and at least four periods of this sequence are recorded for every measurement. 

4.3.1. Effect of pretension F 0 
During the test, four different pretensions F 0 = 3 . 8 N, 12.8N, 21.2N, 26.3N were set in the test rig for N = 1 and k 1 = 

0 . 309 N/mm. The torque-deflection relationships based on different pretensions are shown in Fig. 16 . As can be seen, the 

simulation results indicated by the solid lines closely match the measurements of the dotted lines with maximum error 

±46N ·mm. Different stiffness varying behaviors can also be observed clearly. The joint shows first hardening behavior at 

beginning with F 0 = 3 . 8 N, and then transits to softening behavior with the increase of pretension, which is consistent with 
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Fig. 17. (a) Plot of torque versus joint deflection θ for varying pretension F 0 , wherein the dots denote experiment results, and the solid lines denote 

the fitting results, and the shadow areas denote the confidence intervals. (b) Plot of joint stiffness versus deflection θ for varying pretension F 0 . N = 1 , 

k 1 = 0 . 309 N/mm. 

Fig. 18. Plot of torque versus deflection θ based on different configurations for F 0 = 3 . 5 N, wherein the dots denote experiment results, and the dash-dot 

lines denote simulation results. 

the analysis in Sections 2 and 3 . Fig. 17 (a) shows the fitted curves for the measurements, obtained with fifth-order polyno- 

mials. Fig. 17 (b) shows the stiffness variation with respect to deflection obtained by derivation of the fitting curves. In both 

figures, we show only the results in the range of θ ∈ [0, 0.6]rad for clarity. The variations of stiffness behaviors with different 

pretension can be observed clearly. 

4.3.2. Effect of configuration N 

Different configurations of N = 1 , 2 , 3 , 4 were set in the JVSR for F 0 = 3 . 5 N and k 1 = 0 . 309 N/mm. As depicted in Fig. 18 , 

the measured results are generally in accordance with the simulated ones with maximum error ±110N ·mm. In Fig. 19 , the 

experimental results show that increasing N leads to a higher stiffness value as expressed in Eq. (19) . We also see that the 

hardening behavior is more evident with the increase of N . That is because the weight of ˆ K eq, 1 in Eq. (19) increases as N 

increases, and 

ˆ K eq, 1 shows hardening behavior around the position of θ = 0 as discussed in Section 2 . 

4.3.3. Effect of spring stiffness k 

Finally, a test was performed to evaluate the influence of spring stiffness k on the performance of JVSR for the condi- 

tion of N = 4 and F 0 = 3 N. The test results in Fig. 20 are generally in accordance with the simulated ones, although the 

mechanism shows hysteresis behaviors in the experimental results, in which the maximum error is ±122N ·mm. Fig. 21 

shows stiffness variation, wherein the influence of k on the stiffness performance can be observed clearly. As can be seen, 

the hardening behavior is more evident with a more stiff spring, which is in accordance with Eq. (19) , where the value 

of the hardening behavior related term, N 

2 c 1 l 
2 
3 

k ̂  K eq, 1 , is large for a high stiffness k . Moreover, the two curves meet nearly 

at the same point for θ = 0 , which demonstrates the zero-stiffness property of ˆ K eq, 1 at singularity of the compliant joint 

mechanism. 
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Fig. 19. (a) Plot of torque versus joint deflection θ of different configurations, wherein the dots denote experiment results, and the solid lines denote the 

fitting results, and the shadow areas denote the confidence intervals. (b) Plot of joint stiffness versus deflection θ for different configurations. 

Fig. 20. Plot of torque versus deflection θ for different springs with N = 4 and F 0 = 3 N, wherein the dots denote experiment results, and the dash-dot lines 

denote simulation results. 

Fig. 21. (a) Plot of torque versus joint deflection θ for different springs, wherein the dots denote experiment results, and the solid lines denote the fitting 

results, and the shadow areas denote the confidence intervals. (b) Plot of joint stiffness versus deflection θ for springs of different stiffness. 

5. A case of design 

We herein include a case to illustrate how the new joint mechanism is scalable to a specific application. In the case, the 

application considered is the joints of an upper-body exoskeleton [38,39] as shown in Fig. 22 . 

In the exoskeleton, three active joints (two for shoulder joint, and one for elbow joint) are used. The torque require- 

ments of joints are shown in Table 2 . The geometric parameters of JVSR are summarized in Table 3 , where N s and N e 
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Fig. 22. An upper-body exoskeleton [38,39] . 

Table 2 

Output torques and dimensions of the upper-body exoskeleton 

joints [38,39] . 

Joint Related torque Diameter 

Shoulder flexion/extension 11.2 N · m 95 mm 

Shoulder abduction/adduction 18 N · m 85 mm 

Elbow 10 N · m 95 mm 

Table 3 

Parameters of the compliant actuator. 

n λ λ1 l 3 k N e N s 

5 0.6 0.15 30 mm 2.3 N/mm 4 5 

stand for the reconfiguration numbers for the shoulder abduction/adduction joint, and elbow and shoulder flexion/extension 

joints, respectively. Considering the maximum deflection angle in a general compliance joint [8] , we define θ in the range 

of [ −0 . 45 , 0 . 45 ] rad . According to the torque model Eq. (20) and the above defined values, and given that F 0 = 40 N and 

T = 20 N ·m, the equivalent stiffness of elastic element can be calculated as k ≈ 2.3N/mm. Fig. 23 shows the functions of 

maximum output torque and the maximum stiffness with respect to the changes of deflection angles when different 

configurations are applied. We can see that in this case the JVSR with N s = 5 is applicable to the shoulder abduc- 

tion/adduction joint, and the JVSR with N e = 4 is applicable to the shoulder flexion/extension and elbow joints. 

It should be noted that the spring in the designed JVSR is selected to withstand the maximum tension, 

F max = Nkδl | θ= θmax 
+ F 0 = 131 N , (23) 

and the corresponding maximum tension length, 


L max = Nδl | θ= θmax 
+ 

F 0 
k 

= 56 mm . (24) 

The cable is selected considering its strength limitation to withstand the maximum tension. We choose a steel wire, and 

its cross-sectional area A satisfies [40] 

A ≥ F max 

σ f 

= 0 . 187 mm 

2 , (25) 

where σ f is the tensile strength for the steel material. A steel cable with a diameter of 0.9mm is selected, which can 

withstand the maximum tension without failure. To avoid the long extension of a linear spring, a torsional spring as shown 

in Fig. 25 is used. The stiffness k t of torsional spring satisfies 

k t = l 2 m 

· k s = 230 N · mm / rad , (26) 
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Fig. 23. Functions of (a) the maximum output-torque and (b) the maximum stiffness with respect to the changes of deflection angles for different config- 

urations for F 0 = 30 N. 

Fig. 24. The functions of (a) the spring tension and (b) the corresponding elongation length with respect to the changes of deflection angles of the JVSR 

with different configuration. 

Fig. 25. An embodiment of JVSR. (a) 3D model. (b) Design of cable arrangement. 
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Table 4 

Specifications of the steel wire and torsional spring. 

Specification Values 

Material of the steel wire 304 stainless steel 

Tensile strength of the cable material σ f 700 MPa 

Diameter of the wire φ 0.9 mm 

Material of the spring SWP-B steel 

Desired maximum deflection of the spring ± 5.6 rad 

Mean diameter of the spring D 20 mm 

Wire diameter of the spring d 1.8 mm 

Number of turns of the spring 7 

where l m 

is the length of moment arm, which is set to 10mm. 

An embodiment of the design is shown in Fig. 25 . A worm gear is used to adjust manually pretension of the cable. The 

specifications of the selected steel cable and torsional spring are listed in Table 4 . The total mass of the designed joint is 

0.987kg, including the motor. 

6. Conclusions 

This paper presents an innovative design of revolute joint of variable stiffness with reconfigurability (JVSR). The design of 

JVSR features the capabilities of adjusting initial stiffness and changing stiffness behavior within a compact architecture. In 

this work, a mathematical model of JVSR is developed and validated experimentally. A design case is included to illustrate 

its implementation in robotic joints. 

The main contribution of this work is the novel reconfigurable design of the compliant joint mechanism. The new com- 

pliant joint is able to change its stiffness from zero to a specified range, which is determined through design parameters and 

configurations. Moreover, the new joint can vary its stiffness in different modes including linear, hardening and softening 

modes. The three modes can be observed in all configurations by adjusting spring pretension. The joint shows hardening 

mode first with small spring pretension, then transits to linear mode and finally softening mode with the increase of spring 

pretension. 

The novel revolute joint is able to achieve various stiffness performance and large range of stiffness variation. A potential 

application of JVSR is to be used as a passive compliant joint or to integrate into electric motors to build compliant actuators. 

The new compliant joint can find their applications in exoskeletons, rehabilitation robots and servicing robots. Moreover, 

it can be used in walking, hopping, and running robots where the energy storage capability is required to improve the 

efficiency. JVSR can also be applicable to new coupling device, which is very common in motion transmissions. For future 

work, implementation case of modular robot joint based on the proposed design will be exploited. 
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Nonlinear Stiffness Analysis of
Spring-Loaded Inverted Slider
Crank Mechanisms With a
Unified Model
A mechanism with lumped-compliance can be constructed by mounting springs at joints of
an inverted slider crank mechanism. Different mounting schemes bring change in the stiff-
ness performance. In this paper, a unified stiffness model is developed for a comprehensive
analysis of the stiffness performance for mechanisms constructed with different spring
mounting schemes. With the model, stiffness behaviors of spring-loaded inverted slider
crank mechanisms are analyzed. Influences of each individual spring on the overall perfor-
mance are characterized. The unified stiffness model allows designing mechanisms for a
desired stiffness performance, such as constant-torque mechanism and variable stiffness
mechanism, both being illustrated with a design example and experiments.
[DOI: 10.1115/1.4045649]

Keywords: stiffness analysis, inverted slider crank mechanism, constant torque
mechanism, variable stiffness mechanism, actuators and transmissions, compliant
mechanisms, multi-body dynamics and exoskeletons

1 Introduction
Mechanisms with inherent compliance, such as constant-force/

torque mechanisms [1–3], variable stiffness mechanisms [4,5],
and bistable mechanisms [6,7], can be used for applications
of service robots [8], exoskeletons [9], and vibration isolators
[10,11]. Conventionally, these inherent compliance mechanisms
can be obtained by adding springs to the joints of rigid-body mech-
anisms which exhibit nonlinear behaviors. A serial elastic actuator
with hardening behavior, which can maintain large response band-
width at large deflection and large torque resolution at low deflec-
tion, was reported in Ref. [12]. A new joint which can guarantee
both position accuracy and collision safety with a softening beha-
vior is described in Ref. [13]. Mechanisms of zero-stiffness with
constant-force/torque used to balance gravitational force or external
constant torque were reported in Refs. [14–16]. Passive vibration
isolators constructed with elastic elements of negative stiffness
were introduced in Refs. [10,11]. Mechanisms showing bistable
behavior were presented in Ref. [17].
Mechanisms with inherent compliance can also be achieved

by designing mechanisms with monolithic smart structures
known as compliant mechanisms. They are applicable in vibration
isolation systems [18], precision positioning systems [19], vibration
energy harvesters [20], elastic actuators [21], mechanisms with
constant torque/force outputs [2,22], and gravity-balancing
mechanisms [23]. Designing of compliant mechanisms can adopt
the pseudo-rigid-body approach [24,25], with which rigid-body
mechanisms are first designed, then converted into compliant
mechanisms.
The interest of this work is compliant mechanisms constructed

by adding constant-stiffness springs at the joints of a mechanism,
in particular, an inverted slider crank mechanism, as shown in
Fig. 1. The mechanism can produce multiple behaviors including
hardening, softening, negative stiffness, zero-stiffness, bistable

behaviors, and irrational nonlinearity which can be found in Refs.
[2,4,16,23,26–28]. Of these, the zero-stiffness property was utilized
to construct the gravity-balancing mechanism or constant-torque
mechanism. Hardening, softening, and linear behaviors of the
mechanism were used in designing a variable stiffness joint with
multiple modes [4]. It is noted that most of these works analyze
the stiffness for each spring separately, while stiffness modeling
and performance analysis accounting for the influences of all
springs are yet not described in the literature.
In this paper, a unified stiffness model is developed for nonlinear

behavior analysis of the spring-loaded inverted slider crank mecha-
nism. With the model, the influences of each individual spring on
the overall stiffness performance of the mechanism can be investi-
gated readily. Moreover, the model allows us to construct a mech-
anism to achieve a desired stiffness performance. Two designs,
one constant torque mechanism and the other variable stiffness
mechanism, are developed and tested experimentally.

(a) (b)

Fig. 1 Schematic diagrams of (a) a general type of inverted
slider crank mechanism and (b) a spring-loaded inverted slider
crank mechanism
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2 Modeling of a Compliant Inverted Slider Crank
Mechanism
2.1 Kinematics of Inverted Slider Crank Mechanism.

Figure 1(a) shows the schematic of an inverted slider crank mech-
anism, where θ, α, and β define the angle between the crank and
base link, the angle between the crank and output link, and the
angle between the output and base link, respectively. The lengths
of the crank and the base link are l1 and l3, whereas l2 defines the
displacement of the slider along the output link. The kinematics
of the mechanism satisfies

l2 =
���������������������
l21 + l23 − 2l1l3 cos θ

√
(1a)

α = arcsin
l1 sin θ
l2

+ θ (1b)

β = arcsin
l1 sin θ
l2

(1c)

Differentiating all equations with respect to θ, we obtain

dl2
dθ

=
l1l3 sin θ

l2
= J1 (2a)

dα
dθ

=
l1l22 cos θ − l21l3 sin

2 θ

l22

�������������
l22 − l21 sin

2 θ
√ + 1 = J2 (2b)

dβ
dθ

=
l1l22 cos θ − l21l3 sin

2 θ

l22

�������������
l22 − l21 sin

2 θ
√ = J3 (2c)

where J1, J2, and J3 are the Jacobians mapping the velocity from the
input to the outputs.
Some special configurations of the mechanism should be noted.

The first one is the singular configuration where the Jacobian is
equal to zero or infinity. Table 1 summarizes all singular positions
of the mechanism for θ∈ (− π, π] rad. Singular configurations of the
mechanism with l1 < l3 are shown in Fig. 2. Another special config-
uration is found at θ= 0 rad for the mechanism of l1= l3. In this

configuration, the mechanism produces highly irrational nonlinear-
ity [28] due to limθ→0+ J1 = 1 and limθ→0− J1 = −1.
We introduce here a length ratio λ= l1/l3. It is noted that an angle

θ = arccos λ stands for a position where the transmission angle
between crank and slider is zero. This transmission angle in the
mechanism, referring to Fig. 1(a) is found as

φ =

π
2
− α if 0 ≤ θ ≤ arccos λ

α −
π
2

if arccos λ < θ ≤ π

⎧⎪⎨
⎪⎩ (3)

The relationships between φ and θ for different λ are shown
in Fig. 3. As can be seen that, transmission angle φ decreases
from π/2 rad at θ= 0 rad and becomes zero when the mechanism
reaches singular position θ = arccos λ. Afterwards, φ increases
and reaches maximum π/2 rad at θ= π rad.
With the attachment of springs, the mobility of the linkage will be

affected. Normally, the crank has a full rotatability in an inverted
crank slider mechanism. For the mechanism in this study, the rotat-
ability of its crank is subject to the limitation of torsional spring.

2.2 Stiffness Modeling. By adding springs to the inverted
slider crank linkage as shown in Fig. 1(b), a mechanism with
lumped-compliance is constructed. In this work, all links are con-
sidered as rigid. Without loss of generality, springs are mounted
on three joints, namely, one tensile spring at the prismatic joint
and two torsional springs at revolute joints. The stiffnesses of
Springs 1, 2, 3, and 4 are noted by kAB, kA, kB, and kO, respectively.
An equilibrium torque TE applied on the crank is used to balance
the force/torques deduced by the springs’elongation/deflections.
According to the virtual work principle, we can obtain

TEδθ = FABδl2 + TAδ α + TBδβ + TOδθ (4)

where δl2, δα, δβ, and δθ are virtual elongation/deflections of
the springs, and FAB, TA, TB, and TO are the spring force/torques.
Combining Eq. (4) with Eq. (2), the static model of the mechanism
is derived as

TE = FABJ1 + TAJ2 + TBJ3 + TO (5)

According to Hooke’s law, all spring forces/torques are
expressed as

FAB = kAB l2 − l2,0
( )

+ kAB l2,0 − l f
( )

= kABδl2 + FAB0 (6a)

TA = kA α − α0( ) + kA α0 − α f

( )
= kAδα + TA0 (6b)

TB = kB β − β0
( )

+ kB
(
β0 − β f

)
= kBδβ + TB0 (6c)

TO = kO θ − θ0( ) + kO θ0 − θ f

( )
= kOδθ + TO0 (6d)

Table 1 Kinematic singularities of the inverted slider crank
mechanism

Ji= 0 or ∞ Positions θ ∈ −π, π( )rad( )

J1= 0 θ= 0 rad (l1≠ l3) and θ= π rad
J2= 0 θ = ± arccos l3l1 l1 > l3( )
J3= 0 θ = ± arccos l1l3 l1 < l3( )

(a) (b) (c)

Fig. 2 Different types of singularities of the inverted slider crank
mechanism for l1 < l3: (a) J1=0 (θ=0 rad), (b) J2=0 (θ= arccosλ
rad), and (c) J3=0 (θ= π rad)

Fig. 3 Plot of φ versus θ for different λ
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where FAB0, TA0, TB0, and TO0 define the spring pretensions which
are related to the initial position θ0 of the mechanism and the free
length/angles of springs, lf, αf, βf, and θf. Moreover, l2,0 and α0
denote the initial length/angles when θ= θ0.
The overall stiffness of the mechanism K is defined by

δTE = K · δθ (7)

The overall stiffness can be deduced from Eqs. (5) and (7) as

K = KAB + KA + KB + kO (8)

where

KAB ≡ kAB J21 +
δJ1
δθ

δl2
( )

+ FAB0
δJ1
δθ

= KAB,1 + KAB,2 (9a)

KA ≡ kA J22 +
δJ2
δθ

δα
( )

+ TA0
δJ2
δθ

= KA,1 + KA,2 (9b)

KB ≡ kB J23 +
δJ3
δθ

δβ
( )

+ TB0
δJ3
δθ

= KB,1 + KB,2 (9c)

As we can see from Eq. (8), Spring 4 has a linear influence on the
overall stiffness. We thus exclude kO from the model and focus on
the analysis of other springs. To this end, Eq. (8) becomes

K = KAB + KA + KB (10)

With length ratio λ introduced before, Eq. (9) is rewritten as

KAB = kABl
2
3K̂AB,1 + FAB0l3K̂AB,2 (11a)

KA = kAK̂A,1 + TA0K̂A,2 (11b)

KB = kBK̂B,1 + TB0K̂B,2 (11c)

Note that K̂AB,1, K̂AB,2, K̂A,1, K̂A,2, K̂B,1, and K̂B,2 in the equations are
functions of λ and θ. In other words, they are factors influenced only
by linkage geometry. The analysis on these factors can reveal the
influences of the mechanism kinematics on the stiffness perfor-
mance. Moreover, based on Eq. (11), the influences of geometric
parameters, spring stiffness, and preload on the stiffness behavior
can be studied separately.
The potential energy of the mechanism can be obtained by

U =
∫
TE dθ + U0 (12)

where U0 is the initial potential energy which is contributed by pre-
tensions of springs.

3 Stiffness Behaviors Analysis
The stiffness model shown in Eq. (10) indicates that the influ-

ences of Springs 1, 2, and 3 on the overall stiffness are the sum
of their contributions. In this section, we study separately the stiff-
ness properties of the mechanism for each spring, and look at the
influences of design parameters on the stiffness performance.

3.1 Stiffness Behaviors of the Mechanism With Spring 1
Mounted. According to Eq. (10), the stiffness model of the mech-
anism is solely determined by KAB. Based on Eq. (11), the influ-
ences of geometric parameters on the stiffness performance can
be investigated by looking into the properties of K̂AB,1 and K̂AB,2
which change with respect to the parameters of λ and θ.
Figure 4 shows the distribution of K̂AB,1 and K̂AB,2 for a specified

range of θ and λ. Different stiffness behaviors can be observed. For
clarity, in this work, the stiffness behaviors are labelled as follows:
① zero-stiffness behavior, ② hardening behavior, ③ softening beha-
vior, and ④ negative stiffness behavior.

(a) (b)

(c) (d )

Fig. 4 Influence of θ and λ on K̂AB,1 and K̂AB,2: (a) overall variation of K̂AB,1, (b) var-
iation of K̂AB,1 for λ=0.5, (c) overall variation of K̂AB,2, and (d) variation of K̂AB,2 for
λ=0.5
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Figure 4(b) shows a curve of K̂AB,1 generated for λ= 0.5. Its per-
formance shows significant differences in five intervals and the
curve is thus divided into five pieces, separated at the deflection
angle θ ∣K̂AB,1=0 and θ ∣dK̂AB,1/dθ=0. Four types of behaviors, namely
zero-stiffness, hardening, softening, and negative stiffness behav-
iors, can be identified. The influence of λ is shown in Fig. 4(a). A
larger λ will yield a smaller range of interval for hardening
behavior but a larger maximum value of K̂AB,1, whereas a larger
range of interval for negative stiffness behavior is achieved with
the increase of λ.
Figure 4(c) shows changes of K̂AB,2 with the variations of λ and θ.

Three types of behaviors including zero-stiffness, softening, and
negative stiffness behaviors can be observed. Figure 4(d ) shows
the stiffness curve for λ= 0.5. We can clearly see that K̂AB,2
monotonically decreases as θ increases in the range of
θ ∈ 0, π[ ]rad. Moreover, K̂AB,2 shows a softening behavior first.
After reaching zero at θ = θ ∣δJ1/δθ=0, K̂AB,2 becomes negative.
Equation (11) implies that kAB influences the mechanism’s stiff-

ness performance by scaling K̂AB,1, while the spring preload FAB0

influences the overall stiffness by scaling K̂AB,2. In other words,
kAB and FAB0 can be considered as the weight factors for K̂AB,1
and K̂AB,2 in the overall stiffness model. Figure 5(a) shows the
curves of the overall stiffness in which three different preload
values are separately applied on the spring. As shown in the
figure, the stiffness behaviors change with FAB0. A partial constant
stiffness curve shown in Fig. 5(b) can be obtained by incorporating
K̂AB,1 and K̂AB,2 with appropriate values of weight factors.
It should be noted that a mechanism with λ= 1 produces irratio-

nal nonlinearity at θ= 0 rad as discussed in Sec. 2. Figure 6 shows
the curves of K̂AB,1 and K̂AB,2 for λ= 1. As can be seen from
Fig. 6(b), K̂AB,2 curve for λ= 1 has a cusp point at θ= 0 rad.

The equilibrium position plays an important role in the stability
of mechanism. The variations of equilibrium positions can be inves-
tigated by looking into the potential energy of the mechanism.
According to Refs. [29,30], a local minimum of the potential
energy stands for a stable equilibrium position, while the unstable
equilibrium position refers to the local maximum of the potential
energy. Based on Eq. (12), the potential energy reaches a local
minimum point when TE is zero and K is positive. On the other
hand, the potential energy reaches a local maximum when TE is
zero and K is negative.
The potential energy of the mechanism is

U =
∫
FABJ1dθ +

1
2kAB

F2
AB0 (13)

The stable equilibrium positions are found as

θE,AB

=

0 if FAB0 ≥ 0

±arccos −
F2
AB0

2λk2AB
+
FAB0

λkAB
−
FAB0

kAB
+ 1

( )
if −2λkAB <FAB0 < 0

±π if FAB0 ≤ −2λkAB

⎧⎪⎪⎨
⎪⎪⎩

(14)

Two special values of pretension FAB0 should be noted. One
is FAB0= 0 N. The mechanism has only a single stable
position for FAB0 ≥ 0 N, but has double stable positions if
−2λkAB <FAB0 < 0 N. Moreover, if FAB0=−2λkAB, the spring has
a free length of (λ+ 1) · l3. The mechanism has stable equilibrium
positions at θ= π or −π rad for FAB0≤−2λkAB. The stable positions

(a) (b)

Fig. 5 (a) Changes of the overall stiffness, KAB, with the variation of FAB0 and
(b) constant stiffness behavior

(a) (b)

Fig. 6 Curves of (a) K̂AB,1 and (b) K̂AB,2 for λ=1

031011-4 / Vol. 12, JUNE 2020 Transactions of the ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/m

echanism
srobotics/article-pdf/12/3/031011/6481846/jm

r_12_3_031011.pdf by Aalborg U
niversity Library, li@

m
-tech.aau.dk on 18 February 2020



on different curves are demonstrated in Fig. 7 where the influences
of the spring preload can be observed clearly.

3.2 Stiffness Behaviors of the Mechanism With Spring 2
Mounted. For this mechanism, the stiffness of the mechanism is
solely determined by KA. According to Eq. (11), stiffness kA and
pretension TA0 affect the overall stiffness by scaling K̂A,1 and
K̂A,2, respectively. The influences of λ and θ can be investigated
by looking into the properties of K̂A,1 and K̂A,2.
Figures 8(a) and 8(b) show changes of K̂A,1 with respect to θ and

λ. As can be seen from Fig. 8(a), K̂A,1 varies in five regions, sepa-
rated at the deflection angle θ ∣K̂A,1=0. Each region stands for a spe-
cific stiffness behavior. Four types of behaviors, namely
zero-stiffness, hardening, softening, and negative stiffness behav-
iors, can be identified. Note that among these behaviors, the nega-
tive stiffness behavior can be observed only when the length ratio
λ is larger than 0.53. From Fig. 8(b), we can see that a λ larger
than 0.53 causes two zero-stiffness points in the range of
θ ∈ 0, π[ ] rad. Within the two points, K̂A,1 becomes negative.
Figures 8(c) and 8(d ) show changes of K̂A,2. As shown in

Fig. 8(c), the white line of K̂A,2 = 0, which refers to zero stiffness,
separates the whole region into two zones, one for positive stiffness
behavior and the other for negative stiffness behavior. In the posi-
tive stiffness zone, two types of behaviors, hardening and softening
behaviors, can be identified. The change of the range of each beha-
vior with the influence of λ can be observed clearly in Fig. 8(c).
Figure 8(d ) plots a specific curve of K̂A,2 for λ= 0.6.
It is noted that, when λ= 1, J2 is constant which is equal to 0.5,

and the stiffness of the mechanism is equal to 1
4 kA which indicates a

constant stiffness behavior.

As the potential energy increases monotonically with θ, only one
stable equilibrium position can be found in the mechanism. The
stable equilibrium position θE,A satisfies the following equation:

θE,A + arcsin
l1 sin θE,A

l2
−
TA0
kA

= 0, 0 < λ < 1 (15)

3.3 Stiffness Behaviors of the Mechanism With Spring 3
Mounted. For a mechanism constructed in this way, its stiffness
is solely determined by KB.
Figure 9(a) shows changes of K̂B,1 as a function of θ and λ. As

can be seen in the figure, four types of behaviors, namely
zero-stiffness, hardening, softening stiffness, and negative stiffness
behaviors, can be observed. The regions of these behaviors change
with the variation of θ and λ, which can be seen clearly in Fig. 9(a).
Figure 9(b) shows a specific curve of K̂B,1 for λ= 0.5.
Figures 9(c) and 9(d ) show changes of K̂B,2. In Fig. 9(c), the line

of K̂B,2 = 0 separates the whole region into a positive stiffness beha-
vior zone and negative stiffness zone. In the positive stiffness zone,
two types of behaviors, hardening and softening behaviors, can be
identified. The range of each behavior varying with λ is clearly
shown in Fig. 9(c). Figure 9(d ) shows a curve of K̂B,2 for λ= 0.5.
From the figure, each type of behavior can be observed clearly.
According to Eq. (11), both stiffness kB and pretension TB0 affect

the overall stiffness by scaling K̂B,1 and K̂B,2 respectively. In addi-
tion, we can see from the equation that the parameter of l3 has no
effect on the stiffness KB.
It is noted that, when λ= 1, J3 is a constant which is equal to

−0.5. The stiffness of the mechanism is 1
4 kB showing constant stiff-

ness behavior.

(a) (b)

(c) (d )

Fig. 7 Variations of stable equilibrium positions for FAB0=0.2, 0, −0.4, −0.8, and
−1 N, when kAB=1 N/mm and λ=0.4: (a) torque-angle curves, (b) stiffness-angle
curves, (c) potential energy UAB as a function of the deflection angle θ, and
(d) influence of spring preload FAB0 on UAB. In the figures, circles represent the
stable equilibrium positions
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(a) (b)

(c) (d )

Fig. 8 Influences of θ and λ: (a) overall variation of K̂A,1, (b) variations of K̂A,1
for λ=0.4, 0.53 and 0.6, (c) overall variation of K̂A,2, and (d) variation of K̂A,2 for
λ=0.6

(a) (b)

(c) (d )

Fig. 9 Stiffness performances of K̂B,1 and K̂B,2: (a) K̂B,1 as a function of θ and λ,
(b) variation of K̂B,1 for λ=0.5, (c) K̂B,2 as a function of θ and λ, and (d) variation of
K̂B,2 for λ=0.5
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For the mechanism, the potential energy becomes

U =
∫
TBJ3dθ +

1
2kB

T2
B0 (16)

The stable equilibrium positions of the mechanism are found as

θE,B =

− arccos λ if τB0 ≥ τB,s
arccos λ if τB0 ≤ −τB,s

arccos
1
λ

sin2
τB0
kB

±
����������������������������������
sin4

τB0
kB

− sin2
τB0
kB

λ2 + 1
( )

+ λ2
√( )( )

if −τB,s < τB0 ≤ 0

− arccos
1
λ

sin2
τB0
kB

±
����������������������������������
sin4

τB0
kB

− sin2
τB0
kB

λ2 + 1
( )

+ λ2
√( )( )

if τB0 < τB,s

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(17)

where τB,s = kB π/2 − arccos λ
( )

represents a critical preload of the
mechanism which determines whether the system at a singular posi-
tion of J3= 0 is stable or not. The system is stable at the singular
position if τB0≥ τB,s or τB0≤−τB,s. Figure 10 shows stable posi-
tions on different curves for demonstration, in which the influences
of pretension τB0 can be observed clearly.

4 Construction of a Constant-Torque Mechanism
The unified stiffness model allows us to design mechanisms for

desired stiffness behaviors. This can be obtained by mounting
appropriate springs on the joints and assigning appropriate values
of springs’ stiffnesses and preloads. In Sec. 3, the basic stiffness
characteristics, K̂AB,1, K̂AB,2, K̂A,1, K̂A,2, K̂B,1, and K̂B,2 are analyzed.
Based on these basic stiffness characteristics, it is possible to con-
struct a desired stiffness behavior by proper compliance design.

We herein show an example to construct a constant-torque mech-
anism. Similar mechanisms can found their applications in
dynamic-torque balancing systems and robots [14–16].

4.1 Method. A constant-torque mechanism shows zero-
stiffness behavior in its working range. Zero-stiffness behavior
can be achieved by incorporating a mechanism of positive stiffness
interval and a mechanism of negative stiffness interval. The method
is described as follows:

(1) Specifying a position of θ to achieve zero-stiffness and a
constant torque TC, and identifying a negative stiffness beha-
vior and a positive stiffness behavior from the mechanisms
studied in Sec. 3 for a given length ratio of λ.

(2) Assigning θ, λ, and the stiffness and the pretension of the
spring generating negative stiffness behavior to Eqs. (5)

0.5N·mm -0.5N·mm

0N·mm
-0.2N·mm

0.2N·mm

×10-4

-0.5N·mm 0.5N·mm

0N·mm

0.2N·mm-0.2N·mm

U
B

(J
)

×10-4

0.5N·mm-0.5N·mm

0N·mm -0.2N·mm

0.2N·mm

(a) (b)

(c) (d )

Fig. 10 Variations of stable equilibrium positions for TB0=±0.2, ±0.5 and 0 N/mm,
when kB=1 N/mm/rad and λ=0.4: (a) torque-angle curves, (b) stiffness-angle
curves, (c) potential energy UB as a function of the deflection angle θ, and (d) influ-
ence of spring preload TB0 on UB. In the figures, circles represent the stable equilib-
rium positions.
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and (10), and letting K= 0 and TE= TC to find the stiffness
and the pretension of the spring generating positive stiffness
behavior.

(3) Identifying the range of the zero stiffness interval. Herein, we
consider that the mechanism works in the zero stiffness
mode, if the torque satisfies

ξC =
TE,max − TE,min

TC

∣∣∣∣
∣∣∣∣ × 100% ≤ 5% (18)

4.2 Design of a Constant-Torque Mechanism. A constant-
torque mechanism was designed to justify the proposed
method for achieving zero stiffness. The mechanism is designed
with zero-stiffness behavior at θ= π/3 rad and has constant torque
TC= 380 N/mm within θ= π/3± 0.5 rad.
Following the proposed method, mechanisms which have posi-

tive stiffness behavior and negative stiffness behavior should be
found at first. This can be achieved readily by using the results of
stiffness analysis in Sec. 3. From the results, a positive stiffness
behavior and a negative stiffness behavior can be generated at θ=
π/3 rad by including Spring 1 and Spring 3 in the mechanism.
The mechanism utilizing Spring 1 is constructed with a cable

wrapped on three pulleys, one on joint A and the other two on
the ground, as shown in Fig. 11. The ends of the cable each are con-
nected to a linear spring (Spring 1) and the ground with preload
FAB0. With such a design, the linear spring is stretched as the
crank OA rotates. The elongation l′2 of the spring is thus a function
of θ. The Jacobian of the mechanism is given by

J ′1 =
dl′2
dθ

(19)

From the kinematics of the mechanism shown in Fig. 11, the
following equation is found:

l′2 = c · l1 + l2 − l3( ) (20)

where c≈ 2 is a factor describing the influences of real construction
on the mechanical advantage J1. The detailed expression of c can be
found in the Appendix.
Figure 12 shows the design of the mechanism with Spring 3

mounted. In the design, a torsion spring is mounted as such that
one leg is fixed to the ground, and the other leg is rotated around
joint B as the crank OA rotates. A pulley embedded bearing is used
between the crank and the leg of spring to reduce friction. Noting
that, as shown in Fig. 12, the deflection angle β′ of torsion spring is
a function of geometric parameters r1, r2, and θ, which is found as

β′ = arccos
r2 − r1

l2
− arccos

r2 − r1
l3 − l1

+ β (21)

where r1 and r2 are the radii of the pulley and torsion spring.

The Jacobian of the mechanism is rewritten as

J ′3 =
dβ′

dθ
(22)

In the design, the mechanisms shown in both Figs. 11 and 12
were combined to generate zero stiffness behavior as shown in
Fig. 13(a). In the mechanism, the cable is routed around a winch
to facilitate adjustment of preload FAB0 of the linear spring. The
geometric parameters of the mechanism are given in Table 2.

Fig. 11 Schematic design of a mechanism with Spring 1
mounted for generating positive stiffness behavior

Fig. 12 Schematic design of a mechanism with Spring 3
mounted for generating negative stiffness behavior at θ= π/
3 rad. Dashed line connected to the leg of torsion spring shows
the kinematic constraint of prismatic joint.

Fig. 13 (a) Schematic design of a constant torque mechanism
and (b) test rig used for the constant torque mechanism
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Following the proposed method, a set of desired springs’ param-
eters are found, which is summarized in Table 3, in which the spec-
ifications of commercial springs selected for testing are also listed.
The constant-torque design was validated experimentally. A pro-

totype of the mechanism has been built and used for testing.
Figure 13 shows the test rig setup. In the test rig, a Forsentek
FSSM-200N force sensor is used to measure the tension of linear
spring. A Forsentek FTE-20NM torque sensor is placed along the
output shaft of the prototype to acquire the applied torque on the
shaft. A pendulum is designed, and is connected to the torque
sensor through the shaft. The rotations of the pendulum are mea-
sured using a RLS RMB20 encoder. An Arduino DUE board is
used for acquiring the sensor data.
Quasi-static experiments were performed to acquire the torque–

deflection characteristics of the mechanism prototype. Three cases
for the experiments were considered. In Case-1 and Case-2, the
linear spring (Spring 1) and the torsion spring (Spring 3) were
used separately in the tests to acquire TAB and TB. In Case-3, both
the linear and torsion springs were used to acquire TE. For each
testing, we applied torque on the output shaft of the prototype
through offsetting the pendulum. The data of applied torque and
deflection were acquired by sensors.
Figure 14 shows torque–deflection curves of the measurements

for CCW rotation, along with simulation results. As can be seen
in the plot, the simulations are in accordance with experimental
results. Stiffness behaviors of the mechanism for different sets of
condition can be observed clearly. An approximate constant
torque interval with TE= 380± 19 N/mm can be found in the
range of 0.54, 1.6[ ] rad, which validates the mechanism design.

5 Construction of Variable Stiffness Mechanism With
Multiple Modes
We include one more example of the constructing mechanism

with desired stiffness behavior. Herein, the construction of a vari-
able stiffness mechanism (VSM), which can achieve multiple stiff-
ness behaviors including hardening behavior, softening behavior,
and constant stiffness behavior, is described. VSMs can find their
applications in constructing variable stiffness actuators and serial
elastic actuators. Such a design that is able to adjust stiffness beha-
vior is desirable for improving actuator performance in terms of
collision safety, stability, and energy efficiency [13,31,32].
From Fig. 4, we can see that K̂AB,1 is equal to zero when θ= 0 rad

for any given λ with in the range of (0, 1). In other words, the
mechanism stiffness at θ= 0 rad is solely determined by K̂AB,2.
Thus, variable stiffness can be achieved through changing spring

preload FAB0. We can also see from the figure that, in the range

of θ ∈ −θ ∣dK̂eq,1/dθ=0 , θ ∣dK̂eq,1/dθ=0

[ ]
, K̂AB,1 and K̂AB,2 exhibit hard-

ening behavior and softening behavior, respectively. Also, a cons-
tant stiffness behavior can be obtained by assigning appropriate
values of kAB and FAB0, as shown in Fig. 5. Therefore, three stiffness
behaviors including hardening behavior, softening behavior, and
constant stiffness behavior can be achieved by using the mechanism
with Spring 1. Such a mechanism is constructed as shown in
Fig. 13(a).

Table 2 Geometric parameters of the constant torque
mechanism

Parameter Description Value (mm)

r1 Radius of pulley 5
r2 Radius of torsion spring 9.7
l1 Length of crank OA 15
l3 Length of base link OB 30

Table 3 Spring parameters

Spring Type

Design parameters Spring selected

Stiffness Preload Stiffness Model

Spring 1 Linear
spring

0.275 N/mm 5.35 N 0.28 N/mm T081-120-500

Spring 3 Torsion
spring

506 N/mm/rad 0 506.4 N/mm/rad E02400312750S

Fig. 14 Plot of torque versus deflection angle θ. The solid
curves denote simulation results and the circles denote experi-
ment results.

(a)

(b)

Fig. 15 (a) Plot of torque versus deflection angle θ for different
pretensions FAB0, wherein the solid curves denote simulation
results and the circles denote experiment results. (b) Plot of stiff-
nessKAB0 versusdeflection angle θ for different pretensions FAB0.
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The mechanism was tested for its variable stiffness performance.
Case-1 where only the linear spring (Spring 1) is used in the mech-
anism was tested. Moreover, different spring preloads (FAB0=1,
6.5, and 11 N) were set to assess the influences of FAB0 on stiffness
performance. In the testing, external torque is applied on the output
shaft through offsetting the pendulum.
The torque–deflection curves for different preloads are shown in

Fig. 15(a). The simulation results in the figure match the measure-
ments with a maximum error of about 25 N/mm. As depicted in
Fig. 15(b), different stiffness behaviors, namely hardening, soften-
ing, and approximate constant stiffness behaviors, can be observed
clearly. The mechanism for the condition with FAB0= 1 N shows
first hardening behavior in the range of 0, 0.8[ ] rad, and then transits
to softening behavior as θ increases. The softening behavior
becomes evident with increasing of spring preload FAB0. The
mechanism for the condition with FAB0= 11 N shows only soften-
ing behavior. An approximate constant stiffness behavior interval
in the range of 0, 0.66[ ] rad can be observed from the curve of
FAB0= 6.5 N. Moreover, the joint stiffness at θ=0 rad increases
when the spring preload FAB0 increases, which is consistent with
the analysis in Sec. 3.
The VSM designed is able to vary its stiffness with different

behaviors including hardening, softening, and constant stiffness
behaviors. These characteristics can find some potential applica-
tions in exoskeletons, service robots, and walking robots. Herein,
an application of the mechanism in the wearable elbow exoskeleton
is included.
Figure 16(a) shows an embodiment of VSM, in which three

branches are arranged in a circular pattern using a cable wrapped
on a number of pulleys to extend the range of stiffness variation
of VSM. Each branch is constructed with a cable wrapped on
three pulleys, as shown in Fig. 11. In the VSM, the spring preten-
sion is adjusted through the pretension wheel connected with a
worm gear. A prototype of the VSM was built as shown in
Fig. 16(b).

Figure 17(a) shows a compliant actuator designed with the pro-
posed VSM. The VSM is connected to a motor through a worm
gear, which is used as a compliant coupling between the motor
shaft and the output shaft, leading to the ability to reduce the
peaks of force from hard impact. The prototype of the compliant
actuator is shown in Fig. 17(b). The prototype has a compact size
and light weight structure, and can be further used in the wearable
elbow exoskeleton as shown in Fig. 17(c). The adoption of the com-
pliant actuator in the exoskeleton can help to protect human and
motor from hard impact, thus increase safety of the physical
human–robot interaction.

6 Discussion and Conclusions
In the paper, a unified stiffness model is developed for stiffness

analysis of a spring-loaded inverted slider crank mechanism. With
the model, stiffness performance with the influences of all design
parameters can be readily analyzed, thanks to the basic stiffness
characteristics, namely K̂AB,1, K̂AB,2, K̂A,1, K̂A,2, K̂B,1, and K̂B,2. Mul-
tiple stiffness behaviors including hardening behavior, softening
behavior, negative behavior, zero-stiffness behavior, bistable beha-
vior, and irrational nonlinearity can be found in the mechanism.
Based on the results of stiffness analysis,mechanismswith desired

stiffness behaviors can be synthesized. In this paper, a new constant-
torque mechanism was constructed in a simple design. Moreover,
a variable stiffness mechanism which can achieve three stiffness
behaviors including hardening behavior, softening behavior, and
constant stiffness behavior was constructed. Prototypes of the
mechanisms were built to validate the designed stiffness behaviors.
The main contribution of this work is the comprehensive analysis

of the stiffness performance of the spring-loaded inverted slider
crank mechanism with a unified stiffness model. Stiffness character-
istics of each individual spring were analyzed. The results can be
employed in designing new mechanisms for desired stiffness
behaviors.

Spring

Pretension
wheel

Worm gearHousing

Steel cable

Pulley

Output shaft

Input flange

21mm

(a) (b)

Fig. 16 An embodiment of VSM: (a) CAD model and (b) prototype

Motor

Worm gear

VSM Output shaft

(a) (b) (c)

Fig. 17 (a) CAD model of the compliant actuator designed with the VSM, (b) the compliant
actuator prototype, and (c) the wearable elbow exoskeleton mounted on the human arm
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It is noted that some assumptions are applied for the force and
stiffness analysis in this work. One is that the static equilibrium con-
dition is assumed for the force analysis of the mechanism. This indi-
cates that the analysis in the work is only valid for low speed and
negligible link mass condition. Another assumption is that the
joints of the mechanism are free of friction. Friction is indeed a
factor that has to be considered in real constructions of mechanisms.
In this work, pulleys embedded bearings are used for physical pro-
totype constructions to reduce the influence of friction. With this
effort, the mathematical model shows a good prediction to experi-
mental results. However, a stiffness model with the factors of
mass and friction will be helpful to improve the accuracy, which
will be investigated in future work.
Compared with the mechanisms analyzed in this work, compliant

mechanisms of monolithic structures can eliminate friction and
backlash from relative motions between rigid links. However, as
the monolithic compliant mechanisms highly rely on the material’s
elasticity to transfer movement, the stress and strain relationships of
the material must be considered, which brings challenges to accu-
rate stiffness modeling. The model and method proposed in this
work provide flexibility in designing compliant mechanisms. Non-
linear stiffness analysis of such mechanisms with a unified stiffness
model will be investigated in future work.
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Appendix
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a b s t r a c t 

In this paper, the mechanical design of a novel variable stiffness mechanism (VSM) with 

reconfigurability is presented. The design of VSM is based on a zero-length base link four- 

bar linkage, integrated with a linear spring. The VSM is able to achieve variable stiffness in 

adjustable ranges, due to its reconfigurable design. Compared with other similar designs, 

the new VSM is compact and light weight, and can be used as a standalone module, or 

integrated with electric motor to build variable stiffness actuator which can be further ap- 

plied in wearable exoskeletons. In the paper, mathematical models are developed for VSM 

to reveal the stiffness/torque performance limits. The mathematical models are validated 

experimentally with a prototype in both static and dynamic tests. The proposed VSM is 

finally integrated in a wearable elbow exoskeleton. 

© 2020 Elsevier Ltd. All rights reserved. 

1. Introduction 

Recent years have witnessed increasing interests in wearable exoskeletons. Compared with robots in industrial appli- 

cations, exoskeletons are meant to work in synergy with humans, in which adaptability and safety are critical rather than 

motion precision and repeatability [1–6] . This led to the development of new actuation techniques represented by compliant 

actuators. A compliant actuator is able to absorb shocks and deal with unstructured environments for a safe and comfortable 

physical human-robot interaction (pHRI) [7–9] . Up to date, various compliant actuators have been proposed and exploited in 

robots. Among them, serial elastic actuator (SEA) and variable stiffness actuator are examples that were extensively studied. 

The concept of SEA was first reported by Pratt and Williamson [10] . In their paper, an elastic element with constant stiff- 

ness was introduced in series between the motor gearbox and the actuator output, as shown in Fig. 1 (a). This concept has 

been subsequently employed in different applications including hopping and walking robots [11–14] , rehabilitation robots 

and assistive exoskeletons [15–19] . However, the SEA owns only constant stiffness, which limits its dynamic performance in 

the tradeoff between system bandwidth and torque resolution. 

To overcome the limitations of SEA, efforts have been made to develop variable stiffness actuators, or VSA in short. 

Based on the motor setup for actuator positioning and stiffness variation, VSAs can be classified into two groups, namely, 

actuator with antagonistic motors and actuator with independent motors [20] . In the first group, two or more motors working 

in an antagonistic manner are connected in parallel to control joint position and stiffness simultaneously [21–23] . In [21,22] , 

∗ Corresponding author. 

E-mail address: shb@mp.aau.dk (S. Bai). 

https://doi.org/10.1016/j.mechmachtheory.2020.103905 

0094-114X/© 2020 Elsevier Ltd. All rights reserved. 
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Fig. 1. Configurations of (a) SEA and (b) VSA. 

VSAs in this group were used to actuate the joints of elbow exoskeletons through Bowden cables. In these exoskeletons, 

the actuation systems can be mounted away from the joints, which leads to low weight and compact design of exoskeleton 

joints. However, as two motors are required to actuate each single joint, the actuation system is heavy, which is still a 

concern in the application of wearable devices. Moreover, antagonistic systems also require a nonlinear spring to enable 

the simultaneous mechanical stiffness and position control. This greatly contributes to the mechanical complexity of such 

systems. 

For the VSA in the second group, a typical configuration can be described in Fig. 1 (b). The VSA in this group can achieve 

adjustable compliance through a variable stiffness mechanism (VSM) which connects to a position motor in series. The 

adjustment of stiffness can be done automatically or manually. In stiffness adjustment, three working principles can be 

adopted: (1) varying transmission ratio between output and spring, (2) adjusting the physical properties of the spring, and 

(3) changing the spring preload. Some noticeable VSAs include AwAS [24] , vsaUT [25] , SVSA-II [26] , PLVL-VSA [27] which are 

based on the principle of (1), and MeRIA [28] , VSJ [29] which are based on the principle of (2), and MACCEPA [31] based 

on the principle of (3). The adjustable stiffness of VSAs brings benefits to exoskeletons where a natural and safe pHRI is 

required. In [5] , VSA was used in a lower limb wearable ankle robot, namely VS-AnkleExo, to reduce interaction forces and 

improve joint tracking performance. In [8] , a MeRIA-based knee joint was tested for the rehabilitation training purpose, 

showing benefits of VSA in pursuing a good tradeoff between system bandwidth and stability. In [30] , a VSA, namely ARES, 

was incorporated into the ATLAS exoskeleton joint to achieve a reduction of energy consumption in actuation and a better 

adaptability to disturbances. In the above-mentioned exoskeletons, VSAs were designed with two independent-setup motors, 

one for position and the other for stiffness. With such VSAs, the position and stiffness of the exoskeletons’ joints can be 

controlled simultaneously. However, having two-motor setup increases the weight and complexity of VSAs, which brings 

limitations to achieve light-weight and portable exoskeletons. 

Some other designs are noticeable. MACCEPA adjusts its stiffness by changing the preload of a spring [31] . The simple 

structure of MACCEPA allows the device to fit in the wearable exoskeletons where their size and weight are very limited 

[1,32–35] . Actuators or mechanisms based on spring preload principle can also be found in Liu et al. [36] , Wu and Lan 

[37] , Li et al. [38] . However, for a spring preload based VSA, its stiffness can only be adjusted in a fixed range, which highly 

depends on the spring properties. A method to adjust the stiffness variation range without changing mechanical components 

is desirable for wide applications. 

In this paper, a novel design of variable stiffness mechanism with reconfigurability is proposed. The VSM is able to 

achieve variable stiffness in adjustable ranges, due to its reconfigurable design. The new VSM features a compact and light 

weight structure, and can be used as a standalone module, or integrated with electric motor to build VSA. Compared with 

our previous work done by Li and Bai [39] , the work in paper has the following contributions: (1) a detailed mechanical 

design of the VSM, (2) mathematical modeling to reveal performance limits of VSM, (3) static and dynamic tests on the 

VSM prototype, and (4) a wearable elbow exoskeleton designed with the novel VSM. 

The paper is organized as follows. In Section 2 , variable stiffness principle and mechanical design of VSM are presented. 

Stiffness modeling of VSM is developed in Section 3 , followed by the analysis of performance limits. The dynamics of the 

VSM is analyzed in Section 4 . In Section 5 , a prototype of VSM and its test rig are described, with which both static and dy- 

namic experiments are conducted to evaluate the performances of VSM. Section 6 illustrates the application of the proposed 

VSM in a wearable elbow exoskeleton. Section 7 concludes this work. 

2. Mechanical design of VSM 

2.1. Basic concept of stiffness variation 

The variable stiffness concept of the proposed VSM was introduced in Li and Bai [39] . Herein, the concept is reviewed 

briefly for completeness. The mechanism is essentially based on a special case of four-bar linkage, as shown in Fig. 2 (a). In 

the linkage, bar-1 and 3 are mounted to the base via a pin joint at point A. A compliant coupler, bar-2, having a stiffness 

k , connects bar-1 and bar-3 with pin joints at points B and C respectively. The deflection between bar-1 and bar-3, due to 

elasticity of the compliant coupler, is noted by θ . The tension force within the compliant coupler is noted by F . External 
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Fig. 2. Concept of constructing a variable stiffness mechanism. (a) A special case of four-bar linkage. (b) Implementation of mechanism with pulleys and 

cable. 

joint torque to balance the torque induced by F is noted by τ . According to the virtual work principle, we can obtain 

τ = 

∣∣∣ˆ l 2 × �
 l 1 

∣∣∣ · F = J · F (1) 

with 

J = 

∣∣∣ˆ l 2 × �
 l 1 

∣∣∣ = 

∣∣� l 2 × �
 l 1 
∣∣

l 2 
= l 1 sin α = 

l 1 l 3 sin θ

l 2 
= 

l 1 l 3 sin θ√ 

l 2 
1 

+ l 2 
3 

− 2 l 1 l 3 cos θ
(2) 

where l 1 , l 2 and l 3 represent the lengths of bar-1, 2 and 3, and 

ˆ l 2 represents the unit vector parallel to � l 2 . According to 

Hooke’s law, the tension force F can be described as 

F = k · ( l 2 − l 2 , 0 ) + F 0 = k · δl 2 + F 0 (3) 

where l 2,0 represents the length of bar-2 when θ = 0 , and F 0 is the spring pretension. 

The joint stiffness is obtained by differentiating Eq. (1) with relation to θ , which is given by 

K = 

(
J 2 + 

∂ J 

∂θ
δl 2 

)
· k 

︸ ︷︷ ︸ 
K 1 

+ 

∂ J 

∂θ
· F 0 ︸ ︷︷ ︸ 

K 2 

= c 1 · k + c 2 · F 0 (4) 

where two terms, K 1 and K 2 , represent the influences induced by the stiffness k and the pretension F 0 respectively. In 

Eq. (4) , c 1 and c 2 are related only to the geometry of the mechanism, and change nonlinearly with respect to joint deflection 

θ . 

2.2. Mechanical design of VSM 

The linkage shown in Fig. 2 (a) can be practically implemented by using pulleys and cable, as shown in Fig. 2 (b). Based 

on the concept, a new design of VSM was proposed as shown in Fig. 3 . The VSM consists of two coaxial shafts, output 

shaft and input shaft. Two flanges, output flange and input flange, are separately designed on the output and input shafts. A 

number of pulleys are mounted on the two flanges. A steel cable wrapping around the pulleys is used to couple the motion 

from the input to the output. One end of the steel cable is connected to a tension spring of stiffness k . The other end is 

reeled by a pretension wheel which is connected to a worm gear to adjust manually pretension of the spring. Noting that, 

in the design, the housing of VSM is mounted on the input flange, which moves with the input shaft. Moreover, the tension 

spring is not the only choice of elastic element. Other elastic elements including compression springs and rubber springs 

[38,40] are also available in the design of VSM. 

The designed VSM is reconfigurable by wrapping the steel cable with different patterns, as shown in Fig. 4 . We can see 

from Fig. 4 that the number of branches in the VSM is changed with respect to patterns of cable wrapping. Herein, the 

number of branches is noted by N , representing the configuration parameter of VSM. 

Compared with other VSMs, the new design introduces some new features as follows 

1. The proposed VSM is reconfigurable, and three configurations can be achieved. 

2. The VSM is designed as a standalone module, which allows the VSM to be easily integrated with existing systems for 

various applications. 

3. The VSM allows to change spring of different stiffness, which makes the VSM flexible for fitting different application 

requirements by choosing appropriate spring. 
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Fig. 3. CAD model of VSM. (a) Front view, (b) back view and (c) internal view of VSM. 

Fig. 4. Reconfigurations of VSM. 

3. Analysis of VSM 

3.1. Stiffness modeling 

As shown in Fig. 3 , the designed VSM takes a form of three branches, each being constructed with steel cable wrapped 

on three pulleys, two on input flange and the other one on output flange. The geometry of one branch is shown in Fig. 2 (b). 

In the figure, the radius of pulley is noted by r , and the distance between the axes of pulley-1 and 2 is a ≈ 4 r . Referring to 

Eq. (1) , the static model of VSM is given by 

τ = J 1 · F = J 1 kδl + J 1 F 0 (5) 

where δl represents the elongation of spring, and J 1 is the Jacobian of the mechanism, which is a scalar in this case. From 

the geometry of VSM shown in Fig. 3 , following equations are found 

δl = cNδl 2 (6) 

and 

J 1 = cNJ (7) 
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Fig. 5. Plot of c as a function of θ . 

Table 1 

Geometric parameters of VSM. 

Parameter Description Value [mm] 

r Radius of pulley 6.6 

d Diameter of steel cable 0.8 

a Distance between pulley-1 and 2 26.5 

l 1 Length of bar-1 13.5 

l 3 Length of bar-3 30 

where c is a factor describing the influences of geometry of mechanical parts on the cable elongation, and also the mechan- 

ical advantage J 1 as well. The detailed expression of c can be found in Appendix A . Fig. 5 shows changes of c with respect 

to θ , in which the geometric parameters are given in Table 1 . 

The tension force F of cable in the VSM is given by 

F = cNkδl 2 + F 0 (8) 

According to Eq. (5) , the stiffness model of VSM can be obtained as: 

K = N 

2 ·
(

c 2 J 2 + c 2 
∂ J 

∂θ
δl 2 + c 

∂c 

∂θ
Jδl 2 

)

︸ ︷︷ ︸ 
ˆ K 1 

· k + N · c 
∂ J 

∂θ︸︷︷︸ 
ˆ K 2 

· F 0 (9) 

where expressions of ∂c 
∂θ

and 

∂ J 
∂θ

are included in Appendix A . 

From Eq. (9) , we can see that the stiffness of VSM changes with respect to configuration parameter N , stiffness k and 

spring pretension F 0 . Moreover, the stiffness changes nonlinearly due to joint-dependent Jacobian and its derivative, as well 

as the geometry of mechanical parts. 

3.2. Stiffness simulations of VSM 

Based on Eqs. (5) and (9) , simulations were conducted in Matlab to reveal the performance limits of the designed VSM. 

In simulations, geometric parameters of VSM are given in Table 1 . Such geometric parameters allow the VSM to be designed 

in a compact form. The steel cable can withstand the maximum tension of 460 N without failure. 

The stiffness of spring plays a key role in determining the performance of the proposed VSM. Eq. (9) implies that the 

spring stiffness k influences the overall stiffness K by scaling ˆ K 1 , while the pretension F 0 influences K by scaling ˆ K 2 . Fig. 6 

shows changes of ˆ K 1 and 

ˆ K 2 with respect to θ . We can see that ˆ K 1 and 

ˆ K 2 exhibit totally different stiffness behavior. Fig. 7 (a) 

shows changes of K with variations of spring stiffness k , where the stiffness performance of ˆ K 1 becomes evident with in- 

creasing of spring stiffness k . Moreover, for any given θ � = 0 in the range of [0, 1.2] rad, the joint stiffness K increases as 

k increases. Fig. 7 (b) shows the corresponding torque curves for different spring stiffness k . We can see that for any given 

θ � = 0, a larger k will yield a larger τ . For all the curves shown in Figs. 6 and 7 , the values of geometric parameters are 

given in Table 1 . 

To look into the influences of stiffness k , we take two linear extension springs (model: MiSUMi AWFM12-40 and SODE- 

MANN 32450) for simulations and tests. The properties of the springs can be found in Table 2 . Due to the physical limitations 

of the designed VSM, the selected springs need to satisfy { 

l max ≤ 66 mm 

D e ≤ 21 mm 

F max ≤ 460 N 

(10) 
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Fig. 6. Stiffness performances of (a) ˆ K 1 and (b) ˆ K 2 . 

Fig. 7. (a) Stiffness curves and (b) torque curves for different spring stiffnesses k with F 0 = 40 N, N = 1 . 

Table 2 

Specifications of the springs. 

Parameter Specification Value Unit 

Spring-1 Spring-2 

l f Free length 40 41.2 mm 

l max Maximum loaded length 59.2 56 mm 

F max , spring Maximum load 101.29 198 N 

F 0 , spring Initial load ∗ 14.71 29.28 N 

D e Exterior diameter 12 15 mm 

k s Stiffness 4.5 11.4 N/mm 

∗: preload applied to a tension spring when fabricated. 

It is also noted that, as the proposed VSM is essentially a mechanism with cable transmission, the elasticity of cable used 

should be included in the mathematical models. Herein, the elasticity is approximately calculated as follows 

k c = 

EA 

l c 
(11) 
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where E = 1 . 9 × 10 5 N/mm 

2 is elastic modulus of steel cable, and A = 0 . 503 mm 

2 is cross-sectional area of cable, and l c is 

cable length. l c depends on the configuration of VSM. Based on data in Table 1 , l c is obtained as 

l c = 

{ 

224 . 4 mm , N = 1 

298 . 8 mm , N = 2 

373 . 2 mm , N = 3 

(12) 

Considering the elasticity of steel cable k c , and the stiffness of the linear spring k s , the total stiffness k in Eqs. (5) and 

(9) can be found by 

k = 

k s · k c 

k s + k c 
(13) 

Specifically, k is obtained as 

Spring-1 : k = 

{ 

4 . 45 N/mm , N = 1 

4 . 44 N/mm , N = 2 

4 . 42 N/mm , N = 3 

, Spring-2 : k = 

{ 

11 . 1 N/mm , N = 1 

11 N/mm , N = 2 

10 . 91 N/mm , N = 3 

(14) 

According to Eqs. (5) and (9) , the output torque and stiffness of the designed VSM are nonlinear functions of deflection 

angle θ . The following specifications are considered when studying the performance limits of a nonlinear VSM, 

• Initial stiffness K 0 , i.e., the stiffness value when θ = 0 . 
• Stiffness range K ∈ [ K min , K max ] . 
• Maximum allowable torque τmax . 
• Maximum deflection θmax . 

Fig. 8 shows the torque-deflection characteristics of VSM for different configurations under the influence of spring pre- 

tension F 0 . In the figure, the dash line indicates the minimum pretension that has to be applied to the VSM to overcome 

the initial tension F 0 , spring of the selected spring, which is given in Table 2 . The white solid curves represent the maximum 

tension that the spring can withstand F max , which is given by 

F max = cNkδl 2 + F 0 = F max,spring (15) 

In Fig. 8 , we can see that, for any given configuration N , a larger F 0 will yield a smaller range of deflection θ , if the 

external torque is fixed. The maximum deflections θmax for both N = 1 and N = 3 are found at the points where F = 101 . 29 N 

and F 0 = 14 . 71 N, which are shown clearly in the figure. The maximum allowable torques τmax for both N = 1 and N = 3 are 

noted in Fig. 8 (a) and (c), and they are found at the points where F 0 = 14 . 71 N and θ = θmax . Moreover, τmax changes 

significantly with respect to configuration N . τmax increases from 2.84 Nm for N = 1 to 6.59 Nm for N = 3 . Fig. 8 (b) and (d) 

show the curves of τ for N = 1 and N = 3 respectively, in which different pretensions are applied on the spring. 

Fig. 9 shows the stiffness of VSM for varying spring pretensions, joint deflections and configurations. In Fig. 9 (a) and (c), 

the lower and upper tension limits are represented by dash lines and white solid lines respectively. The black solid line 
d K 
d θ

= 0 separates whole area into two, namely, the hardening behavior area and the softening behavior area. Joint stiffness 

hardening means an increase in the stiffness, while softening is the opposite. In Fig. 9 (a) and (b), as θ increases, the stiffness 

K for any given spring pretension F 0 monotonically increases before d K 
d θ

= 0 and then decreases after d K 
d θ

= 0 . The maximum 

stiffness K max of the VSM for N = 1 is at the point where F 0 = 101 . 29 N and θ = 0 , and the minimum stiffness K min is at 

the point where F 0 = 14 . 71 N and θ = 0 , which are given in Fig. 9 (a). In Fig. 9 (c) and (d), only hardening behaviors can be 

observed. Thus, for any given spring pretension, K increases as θ increases. The maximum stiffness of K max for N = 3 is at 

the point where F 0 = 14 . 71 N and θ = θmax . From Fig. 9 , it is seen that the VSM is able to achieve variable stiffness in a 

wide range changing from K min = 0 . 72 Nm/rad to K max = 26 . 91 Nm/rad thanks to its reconfigurable design. 

Fig. 10 shows the torque-deflection characteristics of VSM for Spring-2. It is noted that both the maximum load F max 

and stiffness k s of Spring-2 are much larger than that of Spring-1, as shown in Table 2 . As a consequence, the maximum 

allowable torque τmax of VSM with Spring-2 is larger than the one with Spring-1 for any given configuration N , which can 

be observed clearly in Fig. 10 . The maximum allowable torque τmax for Spring-2 can reach to 11.69 Nm when N = 3 , while 

the one shown in Fig. 8 (c) is 6.59 Nm. Noting that, in the Fig. 10 (a) and (c), τmax is determined through the lower and upper 

tension limits represented by the dash lines and the white solid lines respectively. For any given configuration N , τmax is 

found at the point where F 0 = 29 . 28 N and θ = θmax . θmax is the maximum deflection of VSM, which is found at the point 

where F = 198 N and F 0 = 29 . 28 N for any given N in Fig. 10 (a) and (c). Fig. 10 (b) and (d) show the changes of τ for N = 1 

and N = 3 under the influences of F 0 . In the figures, the actual torque-deflection curves are shown clearly. 

Fig. 11 shows the stiffness-deflection characteristics of VSM for Spring-2. In Fig. 11 (a) and (c), the dash lines and the 

white solid lines represent the lower and upper tension limits respectively. The black solid curve shown in Fig. 11 (a) repre- 

sents d K 
d θ

= 0 , which separates the entire plot into two sub-areas, one showing hardening behavior and the other showing 

softening behavior. As shown in Fig. 11 (c), the mechanism for N = 3 only exhibits hardening behavior in the range of mo- 

tion. The stiffness characteristics can be observed clearly from the curves in Fig. 11 (b) and (d). The maximum stiffness K max 

and the minimum stiffness K min for any given configuration N are noted clearly in Fig. 11 (a) and (c). We can see that the 
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Fig. 8. VSM output-torque τ as a function of N, F 0 and θ with Spring-1, (a) overall variations of τ with N = 1 and k = 4 . 45 N/mm, (b) variations of τ with 

F 0 = 20, 40, 60, 80N, N = 1 and k = 4 . 45 N/mm, (c) overall variations of τ with N = 3 and k = 4 . 42 N/mm, (d) variations of τ with F 0 = 20 , 40, 60, 80N, 

N = 3 and k = 4 . 42 N/mm. 

Table 3 

Performance of the proposed VSM. 

Spring. N τmax [Nm] K min [Nm/rad] K max [Nm/rad] K 0 [Nm/rad] θmax [rad] 

Spring-1 1 2.84 0.72 4.97 [0.72, 4.97] 1.04 

2 5.01 1.44 14.41 [1.46, 9.92] 0.67 

3 6.59 2.17 26.91 [2.17, 14.87] 0.53 

Spring-2 1 5.26 1.44 9.74 [1.44, 9.74] 0.89 

2 9.01 2.87 31.37 [2.87, 19.41] 0.59 

3 11.69 4.31 56.13 [4.31, 29.15] 0.47 

VSM with Spring-2 is able to vary stiffness in a wider range of [1.44, 56.13] Nm/rad than the one of the VSM with Spring-1, 

which is in the range of [0.72, 26.91] Nm/rad. 

According to Eq. (9) , the initial stiffness K 0 of VSM is only determined by its second term K 2 due to K 1 = 0 when θ = 0 . 

Thus, K 0 is a function of F 0 and N . As F 0 and N increases, the initial stiffness K 0 increases linearly. In Figs. 9 and 11 , the 

values of K 0 when F 0 = F 0 ,spring and F 0 = F max are shown clearly. 

Based on the simulations, the torque/stiffness/deflection space of the proposed VSM for both Spring-1 and Spring-2 are 

summarized in Table 3 , where the performance limits of VSMs for N = 2 are also included. 

It is noted that the selected springs also bring limitation to the energy storage capability of VSM. For the VSM, the energy 

storage capability follows 

U = 

1 

2 

k 

(
l max −

(
l f + 

F 0 − F 0 , spring 

k 

))2 

(16) 
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Fig. 9. Stiffness K as a function of N, F 0 and θ with Spring-1, (a) overall variations of K with N = 1 and k = 4 . 45 N/mm, (b) variations of K with F 0 = 20 , 

40, 60, 80 N, N = 1 and k = 4 . 45 N/mm, (c) overall variations of K with N = 3 and k = 4 . 42 N/mm, (d) variations of K with F 0 = 20, 40, 60, 80N, N = 3 and 

k = 4 . 45 N/mm. 

which is a function of pretension F 0 and spring stiffness k . Eq. (16) implies that the potential energy stored in the spring 

due to the spring pretension cannot be used to store energy from VSM output. 

4. Dynamics analysis 

4.1. Dynamic modeling 

Fig. 12 shows the schematic of a VSA where the proposed VSM is used as a compliant coupling between motor drive and 

output link (pendulum). The dynamic equation of the system is expressed as 

I p ̈θp + ( B p + B v sm 

) ̇ θp + T c,p sign ( ˙ θp ) + m p gl p sin ( θp ) = τ ( θ ) (17) 

( I m 

+ βI g + βI v sm 

) ̈θm 

+ ( B m 

+ βB v sm 

) ̇ θm 

+ nβT c,g sign ( ˙ θm 

) + βτ ( θ ) = T m 

(18) 

with 

θ = θg − θp = 

θm 

n 

− θp ; β = 

1 

n 

2 ηg 
(19) 

where all parameters in Eqs. (17) –(19) are described in Table 4 in combining with properties derived from a real construction 

of test rig shown in Fig. 15 . In Eqs. (17) and (18) , the Coulomb friction is modeled as a constant torque with speed dependent 

direction, which can be obtained experimentally [41] . 
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Fig. 10. VSM output-torque τ as a function of N, F 0 and θ with Spring-2, (a) overall variations of τ with N = 1 and k = 11 . 1 N/mm, (b) variations of τ

with F 0 = 40 , 60, 80, 100 N, N = 1 and k = 11 . 1 N/mm, (c) overall variations of τ with N = 3 and k = 10 . 9 N/mm, (d) variations of τ with F 0 = 40 , 60, 80, 

100 N, N = 3 and k = 10 . 9 N/mm. 

Table 4 

Descriptions of dynamic parameters. 

Parameter Description Value 

I p inertia of the pendulum 0.001784 kgm 

2 

I m inertia of the motor 1 . 1 × 10 −7 kgm 

2 

I g inertia of the gearbox 6 × 10 −8 kgm 

2 

I vsm inertia of the VSM 3 × 10 −5 kgm 

2 

B p viscous damping coefficient of the pendulum −
B m viscous damping coefficient of the motor 3 . 96 × 10 −6 Nms/rad 

B vsm viscous damping coefficient of the VSM (refer to Table 5 ) 

T c,p torque due to Coulomb friction at the pendulum shaft 0.005 Nm 

T c,g torque due to Coulomb friction at the gearbox output shaft −
m p mass of the pendulum 0.08043 kg 

T m output torque of the motor −
τ ( θ ) load torque of the VSM −
l p distance between the center of mass and the rotation axis of pendulum 0.06226 m 

θ joint deflection of the VSM −
θ p , θm , θ g rotations of the pendulum, motor and gearbox −
n gear ratio of the gearbox 1:63 

ηg gearbox efficiency 70 % 
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Fig. 11. VSM output-torque K as a function of N, F 0 and θ with Spring-2, (a) overall variations of K with N = 1 and k = 11 . 1 N/mm, (b) variations of K with 

F 0 = 40 , 60, 80, 100N, N = 1 and k = 11 . 1 N/mm, (c) overall variations of K with N = 3 and k = 10 . 9 N/mm, (d) variations of K with F 0 = 40 , 60, 80, 100N, 

N = 3 and k = 10 . 9 N/mm. 

Fig. 12. Schematic diagram for simulation in which a motor is connected in series to the proposed VSM. 

Eq. (17) denotes the dynamics of the subsystem of link side, while Eq. (18) represents the dynamics of the subsystem 

of motor side. Combining both equations, we can obtain the dynamics of the entire system as 

T m 

= ( I m 

+ βI g + βI v sm 

) ̈θm 

+ ( B m 

+ βB v sm 

) ̇ θm 

+ nβT c,g sign ( ˙ θm 

) 

+ β
(
I p ̈θp + ( B p + B v sm 

) ̇ θp + T c,p sign ( ˙ θp ) + m p gl p sin ( θp ) 
)

(20) 

So far, we have derived the system dynamics, and we now further analyze the frequency response. 
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In Eq. (17) , the load torque τ ( θ ) is a nonlinear function of θ , as described in Eq. (5) . For any angle of θ , τ ( θ ) can be 

linearized as 

τ = k l ( θ − θ ∗) + τ ∗ (21) 

where θ ∗ is a working point that is close to θ , and τ ∗ is the corresponding spring torque. To investigate the frequency 

response, we simplify the problem by setting the working point at θ ∗= 0, for which 

k l = 

2 Nl 1 l 3 F 0 
l 3 − l 1 

(22) 

which is the VSM stiffness induced by the pretension F 0 at θ = 0 . 

The dynamics of the entire system Eq. (20) is discontinuous due to the Coulomb frictions. For the sake of simplicity, the 

Coulomb friction terms were neglected in simulations [41] . By this way, the dynamics of the entire system can be rewritten 

as 

( I m 

+ βI g + βI v sm 

) ̈θm 

+ ( B m 

+ βB v sm 

) ̇ θm 

+ β
(
I p ̈θp + ( B p + B v sm 

) ̇ θp + m p gl p θp 

)
= T m 

(23) 

With Eqs. (17) and (19) , Eq. (23) can be rewritten as a function of θp , which is 

Aθ ( 4 ) 
p + Bθ ( 3 ) 

p + C ̈θp + D 

˙ θp + Eθp = T m 

(24) 

with ⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

A = nk −1 
l 

I p ( I m 

+ βI g + βI v sm 

) 
B = nk −1 

l 
( B p + B v sm 

) ( I m 

+ βI g + βI v sm 

) + nk −1 
l 

I p ( B m 

+ βB v sm 

) 
C = nk −1 

l 
( I m 

+ βI g + βI v sm 

) ( m p gl p + k l ) + βI p 
D = nk −1 

l 
m p gl p ( B m 

+ βB v sm 

) + n ( B m 

+ βB v sm 

) 
E = βm p gl p 

(25) 

Similarly, the dynamics of the subsystem of link side, Eq. (17) , can be simplified as 

I p ̈θp + ( B p + B v sm 

) ̇ θp + m p gl p θp = k l θ (26) 

Replacing θ in Eq. (26) by Eq. (19) , the equation of motion is rewritten as 

k l θm 

= I p n ̈θp + ( B p + B v sm 

) n 

˙ θp + ( m p gl p + k l ) nθp (27) 

Transforming this equation to the frequency domain, a transfer function is found as 

G ( jω ) = 


p ( jω ) 


m 

( jω ) 
= 

k l 

nI p ( jω ) 
2 + n ( B p + B v sm 

) jω + nm p gl p + nk l 
(28) 

Considering the damping effect, the damped natural frequency of the link side subsystem is found as [42] 

f n,p = 

1 

2 π
ω n,p 

√ 

1 − ζ 2 
p (29) 

with 

ω n,p = 

√ 

m p gl p + k l 
I p 

; ζp = 

B p + B v sm 

2 

√ 

I p ( m p gl p + k l ) 
(30) 

Due to the fact that B p + B v sm 

is very small, we can calculate directly the natural frequency, 

f n,p = 

1 

2 π

√ 

m p gl p + k l 
I p 

(31) 

The natural frequency of the system is a function of the linear component of the mechanism stiffness k l , inertia I p and 

mass m p . According to Eq. (22) , k l can be adjusted through changing the pretension F 0 and configuration N of VSM. It is 

noted that, due to the nonlinear stiffness characteristics of the VSM, the natural frequency of the system varies also with 

θ . The influence of the nonlinear stiffness characteristics on the natural frequency will be analyzed in the simulation with 

MATLAB/SimMechanics. 

4.2. Simulation analysis 

The SolidWorks model of system shown in Fig. 15 was imported into SimMechanics. In the simulation model, Eq. (5) was 

used to generate the load torque caused by VSM. To evaluate the natural frequency of the system, the input shaft of VSM 

was fixed, and simulations on the dynamic response of VSM were conducted in the form of free vibration. In the simulation, 

the pendulum was released from different initial positions ( θp = θ = 0 . 1 , 0 . 2 , 0 . 3 , 0 . 4 rad). The dynamic responses of the 

system in the frequency domain are shown in Fig. 13 . We can see from the figure, the natural frequency increases with the 

increase of joint deflection of VSM. This is caused by the hardening behavior of VSM, where the joint stiffness increases as 

deflection θ increases. The natural frequency calculated from Eq. (31) is 7.97 Hz, which closely matches the simulated one 

at θ = 0 . 1 rad. Eq. (31) defines the lowest limit of resonant frequency of system for any given parameters of N and F 0 . 
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Fig. 13. Frequency responses of VSM for different pendulum positions with k = 10 . 91 N/mm, N = 3 , and F 0 = 30 N. 

Fig. 14. (a) A VSM prototype, and (b) internal pictures of the prototype with different configurations. 

5. Experiments 

5.1. Prototyping and test rig setup 

A prototype of the VSM has been built at Aalborg University, Denmark, as shown in Fig. 14 . The size of the prototype is 

113.5 × 89 × 21 mm (length × height × width), and the weight is about 0.214 kg including the spring. The geometric 

parameters are given in Table 1 . Two linear extension springs which are given in Table 2 are separately used for tests. 

Fig. 15 shows the test rig setup. In the test rig, the input shaft of VSM prototype is connected to a Maxon EC-max motor 

(40 W) through a Koaxdrive KD 32 gearbox (gear ratio: 1:63). A Forsentek FSSM-200N force sensor is used to measure the 

spring tension with an accuracy of 0.2N. A Forsentek FTE-20NM torque sensor is placed on the output shaft of the VSM 

prototype to measure the applied torque with an accuracy of 0.04 Nm. A pendulum is designed to facilitate applying torque 

on the output shaft of VSM, and is connected to the shaft through torque sensor. The rotations of the pendulum are acquired 

using a RLS RMB20 encoder with an accuracy of 0.5 ◦. The sensor data are acquired with Arduino DUE board. 



14 Z. Li, S. Bai and O. Madsen et al. / Mechanism and Machine Theory 151 (2020) 103905 

Fig. 15. Test rig used for experiments, which was constructed with (1) VSM prototype, (2) load cell, (3) torque sensor, (4) absolute encoder, (5) pendulum, 

(6) base, (7) motor and gearbox. 

Fig. 16. Plot of torque v.s. deflection angle for varying pretension with N = 3 and k = 4 . 42 N/mm. 

5.2. Static characterization 

Quasi-static experiments were performed on the test rig to acquire the torque-deflection characteristic of VSM. In the 

experiments, the input shaft of VSM was fixed, and torque was applied on the output shaft of VSM through offsetting the 

pendulum, the value being measured by the torque sensor. 

5.2.1. Torque-deflection characteristics for varying pretension F 0 
Three different spring pretensions, namely F 0 = 20 N, 40 N and 60 N, were applied to the VSM with N = 3 and k = 

4 . 42 N/mm. Fig. 16 shows the torque-deflection curves of the measurements, along with the simulation results. As can 

be seen, the simulation results are in accordance with experimental results with maximum absolute error 0.43 Nm, or 

maximum 10.8% of relative error, showing an accurate mathematical model we developed. The relative error e p is calculated 

from 

e p = 

e a 

τmax 
× 100% (32) 

where e a denotes the absolute error, and τmax is the maximum measured torque. 

As the pretension increases, the joint stiffness increases, as shown clearly from the experimental torque-deflection rela- 

tionships. Also, the nonlinear torque-deflection characteristics with hardening behavior can be observed, which is consistent 



Z. Li, S. Bai and O. Madsen et al. / Mechanism and Machine Theory 151 (2020) 103905 15 

Fig. 17. Plot of torque v.s. deflection angle for varying configuration with F 0 = 40 N and k = 4 . 42 N/mm. 

with the simulations in Section 3 . The experiment results shown in Fig. 16 were measured for both loading and unloading 

phases. Due to the system hysteresis, the torques measured in loading phases for a given deflection are slightly higher than 

the ones in unloading phases. The maximum hysteresis is 9% of measurements between loading and unloading phases. The 

hysteresis is obtained from 

e h = 

max ( τd ( θ ) − τud ( θ ) ) 

τmax 
× 100% (33) 

where τ d ( θ ) and τ ud ( θ ) denote the torque values for any given θ in loading and unloading phases respectively. 

5.2.2. Torque-deflection characteristics for different configurations N 

Fig. 17 shows the torque-deflection curves for different configurations, in which F 0 = 40 N was set, and Spring-1 was used. 

It can be seen that the measured results closely match the simulated ones. The maximum absolute error is about 0.32 Nm, 

which is about 9.2% of relative error. Hysteresis for measured results is observed in Fig. 17 . The maximum hysteresis is 8.8%. 

Moreover, the three torque-deflection relationships are very different to each other. This indicates that the proposed VSM is 

able to vary its stiffness in a wide range through changing configuration. 

5.2.3. Torque-deflection characteristics for different springs 

As the VSM can be rebuilt with different springs which affects performance of VSM, we tested the performance with two 

springs given in Table 2 . During the experiment, F 0 = 60 N and N = 3 were set. The torque-deflection curves for different 

springs are shown in Fig. 18 . From the figure, it is seen that the measurements agree well with simulation results, with 

maximum absolute error of 1.2 Nm or 14.6% relative error, which is mainly caused by machining errors and nonlinearity of 

steel cable [27,35,39] . The hysteresis is also observed in Fig. 18 , showing the difference of measured torque between loading 

and unloading phases. The maximum hysteresis is 3%, which occurs in the condition of k = 10 . 9 N/mm, F 0 = 60 N and N = 3 . 

Fig. 19 shows the torque-deflection curves for different cable pretensions F 0 = 60 , 120 N with k = 10 . 9 N/mm and N = 3 . We 

can see that the measured results match the simulated ones well. The maximum hysteresis for F 0 = 120 N is 16%, which is 

larger than the one for F 0 = 60 N. 

5.3. Dynamic characterization 

5.3.1. Resonant frequency of VSM 

Experiment in the form of free vibration was conducted to investigate the dynamic performance of the VSM. Our main 

interest is the resonant frequency of the mechanism, which is essential for the motion control development. In the ex- 

periment, the input shaft of VSM was fixed, and the pendulum shown in Fig. 15 was released from different positions 

( θp = θ = 0 . 1 , 0 . 2 , 0 . 3 , 0 . 4 rad). The absolute encoder was employed to record the position. The recorded positions were 

processed by conducting Fast Fourier Transform (FFT) in MATLAB R2017b. The resonant frequencies measured are shown in 

Fig. 20 . The measured frequency changes from 4.5 Hz to 15.8 Hz, showing the influence of VSM stiffness on the dynamic 

performance of system. Fig. 20 also shows the comparison between the measured and simulated results. We can see that the 

measurements meet nearly to the simulated ones obtained from MATLAB/SimMechanics as presented in Section 4 . Due to 
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Fig. 18. Plot of torque v.s. deflection angle for different springs with N = 3 and F 0 = 60 N. 

Fig. 19. Plot of torque v.s. deflection angle for varying pretension with N = 3 and k = 10 . 9 N/mm. 

the hardening behavior of VSM, the measured frequency increases as released position θp increases, which is in accordance 

with the simulation results. 

Moreover, with the free vibration experiment, we can obtain the damping coefficient of system. Regarding the construc- 

tion of test rig, B p shown in Eq. (17) is much smaller than B vsm 

. Thus, B p can be neglected in the dynamics. The Coulomb 

friction of the pendulum shaft is included in the simulation, of which the value is given in Table 4 . To fit the measured 

results and identify the damping coefficient, a nonlinear grey-box model built in Matlab R2017b, namely, idnlgrey was used. 

The estimated results are shown in Fig. 21 . As can be seen, the estimated friction coefficient B vsm 

varies in the range of 

[0.001, 0.0697] Nms/rad, depending on the spring pretensions F 0 and configurations N . The variation is mainly caused by 

the friction between cable and pulley. It is noted that, in the proposed VSM, pulleys with embedded bearings are used to 

reduce the influence of the friction. From the estimated results, B vsm 

is found very small, even if the use of pulleys increases 

the friction of VSM. For sake of simplicity in dynamics, the RMS values of the B vsm 

for different configurations are used, and 

they are given in Table 5 . Fig. 22 illustrates the time histories of free vibrations for the conditions of N = 1 and F 0 = 50 N, 

and N = 3 and F 0 = 50 N. It can be seen that the experimental results are generally in accordance with the simulated ones, 

showing that the estimated and actual friction coefficients are well matched to each other. Some deviations are noticeable 
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Fig. 20. The variations of resonant frequency for varying spring pretension F 0 and released position θ p in following four different conditions, (a) N = 1 

and k = 4 . 45 N/mm, (b) N = 3 and k = 4 . 42 N/mm, (c) N = 1 and k = 11 . 1 N/mm, and (d) N = 3 and k = 10 . 91 N/mm. In the figures, the red dots are 

measurements, while the blue grid surfaces are simulated resonant frequency distributions. (For interpretation of the references to color in this figure 

legend, the reader is referred to the web version of this article.) 

Fig. 21. Estimated results of viscous friction coefficient B vsm for varying spring pretension F 0 and configuration N . 
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Table 5 

Estimated results of B vsm . 

Parameter Estimated value (RMS) Unit 

N = 1 N = 3 

B 0.0012 0.0055 Nms/rad 

Fig. 22. Time history of free vibrations in the conditions of (a) N = 1 , F 0 = 50 N and k = 4 . 45 N/mm, and (b) N = 3 , F 0 = 50 N and k = 4 . 42 N/mm. 

Fig. 23. Experimental setup for dynamic response, in which a 1.1 kg payload is mounted on the end of the pendulum. 

at the end of vibration, which is likely due to the nonlinearity of the system and also the noise in measurement. As a matter 

of fact, the reading should be close to zero at the end, but due to noise, slight reading changes are observed in the results. 

5.3.2. Dynamic response 

Preliminary experiments were conducted to test dynamic response of system under different VSM stiffnesses. Fig. 23 

shows the experimental setup. To acquire a high load torque in the experiment, a 1.1 kg mass is attached at the end of the 

pendulum, where the distance between the mass center and pendulum rotation axis is 195 mm. In the experiments, the 

motor was commanded to follow a sinusoidal position trajectory with the control diagram shown in Fig. 24 . The reference 

position for the motor is described as 

θm,re f = A re f · sin 

(
2 π f re f t 

)
(34) 

where A re f = 0.5 rad and f re f = 0.5 Hz are the amplitude and frequency of the sinusoidal trajectory respectively, and t is time. 

Fig. 25 shows two experimental results of the system response to the sinusoidal motor position trajectory. Due to the 

compliance from the VSM, the system outputs θp does not follow exactly the motor rotation trajectory. As can be seen from 

the figure, θp is closer to θm 

with a higher pretension of VSM in which a larger stiffness is obtained. 
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Fig. 24. Schematic diagram of the motor control, where ESCON is a servo controller for Maxon motor. 

Fig. 25. Dynamic responses of system under different conditions, (a) F 0 = 20 N, k = 4 . 42 N/mm, N = 3 , and (b) F 0 = 60 N, k = 4 . 42 N/mm, N = 3 . 

Table 6 

Specifications of the elbow exoskeleton. 

Specification Value Unit 

Maximum output torque 11.69 Nm 

Range of stiffness [4.31, 56.13] Nm/rad 

Range of motion [0, 145] deg 

Weight 0.94 kg 

6. A wearable elbow exoskeleton 

The new VSM is a passive compliant rotary joint which can be used as a standalone module or integrated with electric 

motors to construct compliant actuators. Fig. 26 shows the 3D model of a compliant actuator designed with the new VSM. 

In the model, a Maxon EC-4pole motor (90 W) in combination with a GP 22 HP gearbox (gear ratio: 1:5.4) connects the 

proposed VSM through a worm gear (gear ratio: 1:50). The VSM in actuator is used as a compliant coupling between the 

motor and the output shaft, of which variable stiffness is achieved by adjusting spring pretension or changing the VSM 

configuration. 

The compliant actuator can then be applied for different applications. Herein, a case illustrating an application of compli- 

ant actuator in the joint of a wearable elbow exoskeleton is included, as shown in Fig. 27 . In the figure, the elbow exoskele- 

ton is mounted on an user’s arm through two cuffs, and can provide physical assistance to the elbow joint of user. According 

to the torque model Eq. (5) , the joint can output a maximum torque of 11.69 Nm, if the Spring-2 of k = 11 . 4 N/mm given 

in Table 2 is used, and N = 3 is set in the VSM. The exoskeleton can thus help users to lift a maximum payload of about 

8.0 kg, if the exoskeleton provides a 50% physical assistance to the elbow joint of user. The exoskeleton joint stiffness varies 

in the range of [4.31, 56.13] Nm/rad, which can fits the stiffness of human elbow joint [43] . With the compliant actuator, 

the joint of the exoskeleton is able to realize the range of elbow flexion/extension 0–145 deg, as shown in Fig. 28 . The total 

weight of the elbow exoskeleton is 0.94 kg excluding the weights of power source and controllers. The above characteristics 

of the elbow exoskeleton are summarized in Table 6 . 

Preliminary evaluation for usability testing on three subjects (A: height 1.8 m, weight 70 kg; B: height 1.73 m, weight 

65 kg; C: height 1.87 m, weight 85 kg) has been conducted, with positive response on perceived comfortability and changes 

of stiffness. Further testing will be conducted in connection with control algorithms. 
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Fig. 26. CAD model of compliant actuator used in the wearable elbow exoskeleton, which consists of (1) Motor and gear box, (2) worm gear transmission 

unit, and (3) VSM. 

Fig. 27. Wearable elbow exoskeleton prototype mounted on the arm of a subject. 
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Fig. 28. Range of rotation of the wearable elbow exoskeleton. 

7. Discussion and conclusions 

The main objective of this work is to design a variable stiffness mechanism which can be applicable to wearable ex- 

oskeletons. A new design of VSM which is simple, compact and light weight was achieved. In addition, the VSM employs a 

reconfigurable design, which allows the mechanism to vary stiffness in adjustable ranges. In this work, torque and stiffness 

models are developed for the VSM, with which the performances of VSM are analyzed. The models are validated experi- 

mentally with both static and dynamic tests performed. 

A main contribution of the work is the novel mechanical design of VSM. The new VSM is designed as a standalone 

module which can be integrated with motor to build variable stiffness actuator. In addition, the new design is able to 

change stiffness in adjustable ranges by multiple means including reconfiguration, change spring and varying preload. 

As mentioned in Introduction, some VSAs use a second motor to change their stiffness online [5,8] . By this way, the 

actuation system can automatically adapt the compliance to different tasks. These actuators are suitable for the devices 

mounted on fixed supports, such as rehabilitation robots. For the case of a wearable exoskeleton applications, design with 

only one motor, such as the one developed in this work, is more preferable. 

In this work, the frequency analysis of the mechanism has its implication in the motion control development. First. it 

limits the closed-loop bandwidth in both trajectory and force control, determining the minimal bandwidth. The analysis 

results show that the mechanism is able to change widely its natural frequency through varying the mechanism stiffness. 

This characteristic can enable a closed-loop bandwidth with a wide range, which makes the mechanism flexible in the 

usages of different applications. Secondly, the analysis can be helpful for mechanism design, for which the running speed of 

actuators should be away from the fundamental frequency. 

It is noted that the proposed VSM has nonlinear stiffness behaviors, which makes difficult to model and analyze the 

dynamics. The natural frequency of such mechanism is also varying with the amplitude of joint deflection of mechanism, as 

shown in Fig. 20 . The nonlinear stiffness behaviors are needed for many applications, with design examples of exoskeletons 

[1,32] . VSM can offer desirable interaction forces to human or environment. Moreover, a VSM improves energy efficiency 

and stability of the system [ 20,44,45,46 ], which will be a topic of future study for the proposed VSM. 

The proposed VSM can be easily integrated with existing systems for various applications, such as exoskeletons [47] and 

servicing robots [4 8,4 9] . In this work, a case is included to show an application of VSM in wearable elbow exoskeleton. 

For future work, we will focus on the motion control of a system integrated with the proposed VSM. In addition, other 

implementation cases of robotic joints based on the proposed VSM will be explored. 
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Mechatronics design and testing of a novel actuator
with nonlinear compliance

Zhongyi Li, Student member, IEEE, Muhammad Raza Ul Islam, Weihai Chen, Member, IEEE,Jianbin Zhang, and
Shaoping Bai, Senior member, IEEE

Abstract—In this paper, a novel compliant actuator of non-
linear stiffness is presented. The compliant actuator is designed
with a variable stiffness mechanism (VSM), thereby enabling
adjustable impedance of the actuator. Moreover, the VSM has
self-sensing function to detect torque applied, with high sensitivity
to small load. This makes possible for us to control torque
conveniently. In the paper, static calibrations are performed to
obtain the torque sensing capacity of the VSM. Torque control
of the actuator is realized using the VSM-based torque sensor.
Both simulations and experiments are performed to validate the
feasibility of actuator in controlling torque.

Index Terms—compliant actuator, variable stiffness mecha-
nism, torque control, physical human-robot interaction

I. INTRODUCTION

ROBOTS that interact with humans, such as assistive
exoskeletons and rehabilitation robots [1], [2], [3], [4],

have to be developed with a certain level of compliance. In
other words, the actuators in these robots need to have a low
impedance, so as to be compliant to the human motions. In
this regard, traditional stiff actuators in industrial applications
cannot meet this critical requirement. Instead, compliant actua-
tors represented by serial elastic actuators (SEAs) and variable
stiffness actuators (VSAs) can provide effective solutions for
the problem.

The concept of SEA was first proposed by Pratt and
Williamson in [5], in which a serial elasticity was introduced
between the motor and the actuator output. The introduced
elasticity reduces the mechanical impedance of the system,
thus help to improve the adaptability of the actuator in dealing
with unstructured environments. Moreover, considering the
torque-deflection relationship, the elastic element introduced
in the actuator can be used to measure the torque applied
on actuator output. These features make the SEA suitable
for robots which interact with human. Up to date, various
SEAs have been constructed, and some of them have been
employed in robots. In [6], Kong et al. proposed an orthosis
robot which is integrated with a rotary SEA. The rotary SEA
working with a torque control algorithm can generate ideal
torque when the orthosis interacts with a human. In [7],
another SEA for knee joint assistance was proposed by Kong
et al. too. Compared with the SEA presented in [6], the new
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Department of Materials and Production, Aalborg University, 9220 Aalborg,
Denmark e-mail: shb@mp.aau.dk.
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one used a torsional spring with a lower stiffness to achieve
a lower impedance and a higher torque resolution for the
actuator. In [8], a custom-designed spring was presented and
used in an active knee orthosis to achieve an accurate torque
sensing capability. The SEA concept was also employed in
hopping and walking robots [9], [10], [11], [12], enabling large
energy efficiency and high stability of these robots to shocks.
However, the SEA has a very limited force/torque resolution
and bandwidth resulting from the fixed compliance of the used
elastic element. A soft elastic element is sensitive to small
force/torque, but results in a low bandwidth of the actuator. A
stiff elastic element has advantage in increasing the bandwidth,
but reduces the torque resolution. These limitations highly
reduce the adaptability of a SEA to application variability and
change.

To overcome the limitations of SEAs, compliant actuators
with capacity of stiffness adjustment, i.e. VSA, have been
studied. A variable stiffness enables actuators to have a high
bandwidth at high stiffness level and high torque resolution at
low stiffness level. In general, a variable stiffness mechanism
(VSM) is used in VSA to regulate its compliance rather than a
fixed compliance in SEA. Stiffness variation of the VSM can
be achieved by taking advantages of different methods, e.g.
varying transmission ratio, adjusting the physical properties
of spring, and changing the spring preload. In [13], Jafari
et al. proposed a VSA, namely AwAS, where its stiffness
variation is achieved through changing the transmission ratio
of a lever mechanism. Based on the same principle, Jafari et
al. also presented another VSA, namely AwAS-II [14], which
is an evolution of AwAS with more compact size. Liu et al.
developed MeRIA, which was used in lower limb exoskeleton
for rehabilitation training [15]. In the MeRIA design, two
leaf springs were adopted, and their physical properties were
changed through varying the effective length, thereby enabling
the stiffness variation of actuator. Other VSAs, such as vsaUT
[16], SVSA-II [17], PLVL-VSA [18] JVSR [19] and VSJ [20]
are noticeable too.

In most of aforementioned cases, double-actuation con-
figuration is adopted. With such configuration, while these
actuators can change their stiffness online, and thereby be
adaptive to environments, the double-actuation configuration
leads to increased size, weight and complexity, which brings
limitations in employing actuators of this type in wearable
device.

In this paper, a novel nonlinear elastic actuator is presented.
The actuator is developed from a VSM which was recently
reported in [21]. The VSM is compact and lightweight, and



IEEE/ASME TRANSACTIONS ON MECHATRONICS 2

Motor

Gearbox

VSM

Worm gear

Output 

shaft

Fig. 1. CAD model of a compliant actuator constructed with a VSM.

can be readily integrated with motor to construct a compliant
actuator. In this work, the VSM is used as a torque generator,
as well as a torque sensor which enables feedback control
for the actuator. The variable stiffness of the VSM allows an
adjustable sensitivity for torque measurement, and results in a
variable control bandwidth. With the VSM, torque control was
realized on this actuator by using a position controller, with
which tests were performed to show the feasibility of actuator
in controlling torque. Both simulations and experiments are
carried out to evaluate the performance of the controller.

The paper is organized as follows: Section II presents the
mechanical design of the compliant actuator. In Section III,
the characteristics of the VSM in torque sensing, including
measurement range, hysteresis and repeatability, was obtained.
Section IV describes a controller design to implement torque
control. Test results were presented in Section V, and Section
VI concludes this work.

II. MECHANICAL DESIGN OF A COMPLIANT ACTUATOR

This section introduces the mechanical design and working
principle of a compliant actuator which is constructed by
integrating a motor with a variable stiffness mechanism.

Fig. 1 depicts the compliant actuator, in which a variable
stiffness mechanism (VSM) is employed to provide serial
elasticity between the worm gear and the output shaft. The
joint stiffness of the actuator can be adjusted thanks to the
employed VSM. A Maxon EC-4pole motor (power: 90W)
provides power source for the actuator, which is driven by
ESCON servo controller. The motor torque is transmitted to
the VSM through a gearbox (gear ratio n1= 1:5.4) and a worm
gear (gear ration n2= 1:50). The details about the actuator
specifications are given in Table I. Noting that, the stiffness
adjustment range and joint deflection of the actuator depend
on the employed VSM which is described as follows.

In the compliant actuator, the VSM plays double roles as
an buffer isolating the motor from external load, as well as a
torque sensing device. Herein, we briefly describe the working
principle and the mechanical design of the VSM. The variable
stiffness of the designed VSM is achieved based on a spring-
loaded mechanism, as shown in Fig. 2 (a). In the mechanism,
bar-1 and 3 are the output and input links respectively, which
rotate around a pin joint A. Bar-2 is a linear spring which

TABLE I
SPECIFICATIONS OF THE COMPLIANT ACTUATOR

Specification Value Unit

Maximum continuous output torque 9.6 [Nm]

Maximum stiffness 26.91 [Nm/rad]

Minimum stiffness 2.17 [Nm/rad]

Maximum deflection 0.53 [rad]

Dimension 200×97.5×58.5 [mm]

Weight 0.6 [kg]

θ 

l1

l2

l3

1

2

3

1

2

3

a

θ 

r

r

r
Pulley-1Pulley-2

Pulley-3

k

Steel cable

(b)(a)

T

A

B

C

Spring

Cable wheelPulley-1Pulley-2

Pulley-3

(c)

Fig. 2. Working principle of stiffness variation of the VSM, (a) two bars
coupled with a spring, (b) an implementation with cable and pulley, (c) a
configuration with three branches (N=3).

connects the output and input links at pin joints B and C,
thereby introducing serial elasticity between the output and
the input of the mechanism. According to the virtual work
principle, the relationship between joint deflection θ and joint
torque T of the mechanism can be obtained as

T = Jkδl2 + JF0 (1)

with
J =

l1l3 sin θ√
l21 + l23 − 2l1l3 cos θ

(2)

δl2 =
√
l21 + l23 − 2l1l3 cos θ + l1 − l3 (3)

where l1, l2 and l3 are the lengths of three bars, k is the spring
constant, F0 is the spring pretension applied at θ = 0.

In the VSM design, the spring-loaded mechanism is imple-
mented using the configuration shown in Fig. 2 (b). In this
configuration, pulleys and cable are used allowing the linear
spring to be placed away from the output and input links as
shown in Fig. 2 (c), thereby avoiding interference between the
spring and links. Based on the configuration shown in Fig. 2
(c), the VSM was constructed as shown in Fig. 3. In the VSM,
two flanges are design on two coaxial shafts, input and output
shafts. The two flanges are coupled through a cable-pulley-
spring system.

The VSM is constructed with three branches, and each
branch has the same configuration shown in Fig. 2 (b). Based
on Eq. (1), the static model of the VSM is formulated as

Tvsm = c2N2Jkδl2 + cNJF0 (4)
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(a) (b)

Output flange Input flange

Pulley

Steel cable
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wheel

Spring

Cable wheel 

shaft 
Worm gear

Input shaft Output shaft

Input shaft

(c)

Fig. 3. VSM design. The worm gear in (b) is used to adjust pretension F0.

where N is the number of branches in the VSM, and c ≈ 2
which is a factor describing the influences of geometry of the
VSM namely, dimensions of a and r in Fig. 2(b), on the spring
elongation [21].

According to Eq. (4), the stiffness model can be obtained
as

K = N2

(
c2J2 + c2

∂J

∂θ
δl2

)
+NcF0

∂J

∂θ
(5)

where
∂J

∂θ
=
l1l3 cos θ

l2
− l21l

2
3 sin2 θ

l32
(6)

Eq. (4) implies that the torque-deflection characteristic of
the VSM can be modified by adjusting the spring pretension
F0. Fig. 4 shows torque-deflection and stiffness-deflection
curves with the influences of F0, with which the changes of
Tvsm and K with parameter variation can be observed clearly.
The design parameters of the VSM for simulation are given
in Table II, which are also parameters of the prototype shown
in Fig. 3. It can be observed from the plots in Fig. 4 (b)
that the stiffness increases with the deflection. Moreover, the
mechanism exhibits zero stiffness at θ=0 if no pretention is
applied.

(a) (b)

Fig. 4. (a) Joint torque Tvsm versus deflection θ curves and (b) stiffness
curves.

III. VSM-BASED TORQUE SENSOR

Eq. (4) implies that the VSM, after calibration, can be used
a torque sensor. Static calibration was carried out by using
the test rig shown in Fig. 5. In the test rig, a torque sensor

TABLE II
DESIGN PARAMETERS OF THE VSM

Parameters Value Unit

l1 13.5 [mm]

l3 30 [mm]

k 4.42 [N/mm]

Motor

Gearbox

VSM

Torque sensor

Absolute encoder

Output link
BaseMotor encoder

(a)

(b)

Fig. 5. (a) CAD model and (b) real construction of the test rig.

(model: Forsentek FTE-20NM) is connected to the output shaft
of the VSM for calibration. An absolute encoder (model: RLS
RMB20) is used to measure deflection. The position of the
motor shaft is measured by using an encoder (model: Encoder
MR, Type ML). By fixing the input shaft of the VSM in
the calibration experiment, the joint deflection θ of the VSM
is identical to the output link rotation θout. Thus, the value
of θ can be directly measured by the absolute encoder. By
offsetting the output link, external torque was applied on the
VSM, and its value was measured using the torque sensor.
In the experiments, the sensors’ signals were acquired with
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F0=20 N

F0=60 N

Fig. 6. Static calibration results.

Arduino DUE board.
The torque-deflection characteristics of the actuator were

evaluated experimentally. Tests with two spring pretension
levels: F0 = 20 and 60 N, were considered. In the test for
F0 = 20 N, we applied torque on the output link to rotate the
joint following the sequence:

0 →︸︷︷︸
ld

0.5 →︸︷︷︸
ud

0 → −︸ ︷︷ ︸
ld

0.5 →︸︷︷︸
ud

0 rad

where ld and ud stand for the loading and unloading phase
respectively. The sequence was repeated for three times to
obtain the device’s repeatability. The sensor signals were
recorded in every 0.05 rad joint angle steps. Similar procedure
was followed for the test with F0 = 60 N, except the maximum
rotation angle changing to 0.35 rad.

Fig. 6 shows the calibration results, in which the torque-
deflection characteristics of both loading and unloading phases
are given. In Fig. 6, cubic polynomial curve fittings yield

f (θ, F0) = 30.066θ3 − 0.203θ2 + 4.011θ, F0 = 20 N (7)

f (θ, F0) = 41.283θ3 − 0.034θ2 + 7.799θ, F0 = 60 N (8)

These curve fittings achieve R-squared values of 0.998
and 0.999 for F0 = 20 N and F0 = 60 N, respectively.
Based on the calibration, the performances of torque sensing
by the VSM are obtained, as listed in Table III. Of these
performances, hysteresis is obtained from

ξh =
max

(
T̄vsm,d (θi)− T̄vsm,ud (θi)

)
Tvsm,max

× 100% (9)

where T̄vsm,d (θ) and T̄vsm,ud (θ) are the average values of
the loading and unloading joint torques measured at θ = θi,
and Tvsm,max is the maximum torque measured in the exper-
iments.

TABLE III
STATIC CALIBRATION RESULTS

Property
Value

F0 = 20 N F0 = 60 N

Range [Nm] [-5.8, 5.8] [-4.5, 4.5]

Repeatability 6.34% FS 8.6% FS

Hysteresis 3.16% FS 4.67% FS

∗FS: Full Scale

F0=20 N

F0=60 N

Fig. 7. Fitting results for deflection-torque curves of the VSM.

The repeatability is obtained by

ξr =

t0.95 ·max

(√
1
3

∑3
j=1

(
Tvsm (θi,j)− T̄vsm (θi)

)2)
Tvsm,max

× 100%

(10)
where Tvsm (θi,j) is the measured torque value at θ = θi for
j-th cycle, and T̄vsm (θi) is the average value of the measured
torques at θ = θi, and t0.95 = 4.303 is reliability factor [22].

Eqs. 7 and 8 build the nonlinear relationships between
the joint torque Tvsm and the deflection θ of the VSM. By
inverting these equations, the actuator’s compliance for an
applied torque is found as

θ = f−1 (Tvsm, F0) (11)

It is noted that, due to the complexity of the nonlinearity of
the VSM, f−1 (Tvsm, F0) cannot be obtained directly. In this
work, we use multilayer perceptron networks based regression
method, namely, newff, embedded in MatLab, to estimate the
compliance. In the networks, the input and output parameters
are the torque and deflection angle respectively. The data for
training regression models is obtained from Eqs. 7 and 8.
Two regression models for F0 = 20 and F0 = 60 N are
built in Matlab R2017b. The mean squared errors for the two
regression models are 3.2353× 10−6 and 3.6168× 10−8. The
fitting results are shown in Fig. 7. As can be seen that the
experimental results are close to the fitting curves simulated
from the regression models. Given a desired torque, the joint
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deflection can be predicted with a high accuracy through the
regression models. Thus, the built models can be further used
in the torque control, as presented in Section IV.

IV. TORQUE CONTROLLER DESIGN

In assistive applications such as exoskeletons, their motion
control is essentially a problem of torque control. The cali-
brated compliance model of the VSM allows us to convert a
torque control problem into a position control, which makes
it readily to implement.

It is noted that many control methods have been developed
for SEA and VSA [13], [23], for example, using a simple
proportional (P) controller or proportional derivative (PD)
controller, which can realize torque control with good stability.
Moreover, some methods including H∞ and gain-scheduled
methods have been used to further improve the controller
stability [8], [15]. In this work, a PD torque controller is
developed to validate the feasibility of the proposed actuator.

A. Control system

The control system includes a ESCON 50/5 servo con-
troller, maxon EC motor, encoders, Arduino DUE board and a
computer. The ESCON is responsible to control the motor in
velocity mode, of which the control commands are sent by the
computer through Arduino. The encoder readings are collected
by Arduino, and then the data is transmitted to computer
through serial communication with the frequency of 500 Hz.

Fig. 8 shows a block diagram of torque controller. In
this controller, given the desired joint torque Tvsm,ref , the
regression model built in Section III estimates the reference
deflection angle θref in real time from Eq. (11). The reference
deflection angle is tracked through a PD control which outputs
the desired velocity for the motor. The inner velocity control
loop is performed in the ESCON. The motor velocity θ̇m is
measured by a hall sensor built in the EC motor. The motor
rotation θm and the angle of output shaft θout are measured
by encoders.

B. Torque controller design

Fig. 9 illustrates the scheme of the dynamics of the compli-
ant actuator. According to Newton’s 2nd law, the motor torque
can be expressed as

Tm = Jeθ̈m +Beθ̇m + n2β2Tvsm (θ) (12)

with

Je = Jm + β1Jg + β1Jwg + β2Jww + β2Jvsm (13a)
Be = Bm + β2Bvsm (13b)

β1 =
1

n21ηg
and β2 =

1

n2ηg
(13c)

where all parameters are given in Table IV.
The joint deflection θ of the VSM can be found

θ =
θm
n
− θout (14)

TABLE IV
DESCRIPTIONS OF DYNAMIC PARAMETERS

Parm. Description Value

Im inertia of the motor 5.54 × 10−7 kgm2

Ig inertia of the gearbox 6 × 10−8 kgm2

Iwg inertia of the worm gear 4.46 × 10−6 kgm2

Iww inertia of the worm wheel 2.3 × 10−5 kgm2

Ivsm inertia of the VSM 3 × 10−5 kgm2

Bm viscous damping coeff. of the motor 1.35 × 10−6Nms/rad

Bvsm viscous damping coeff. of the VSM 5.5 × 10−3Nms/rad

n1 gear ratio of the gearbox 1:5.4

n2 gear ratio of the worm gear 1:50

n the total gear ratio of the drivetrain 1:270

ηg gearbox efficiency 84 %

For the purpose of analysis of torque control performance,
we set the output angle θout to zero [24]. In this way, the joint
deflection θ of the VSM is proportional to the rotation θm of
the motor,

θm = n · θ (15)

According to Kirchhoff’s voltage law, the dynamic model
of the motor is given by

U = Lİ +RI + ksθ̇m (16)

with
Tm = ktI (17)

where U is the motor voltage, and I is the actual motor current,
and ks and kt are the speed and torque constants, and L and
R are the terminal inductance and resistance respectively. The
motor parameters, ks, kt, L and R are available on the motor
datasheet. Herein, they are specified in Table V.

Combining Eqs. 12 and 16 yields the electro-mechanical
model of the whole system, which is expressed in state space
as

ẋ = f + gu (18)

where

x =
[
x1 x2 x3

]T
=
[
θm θ̇m I

]T
(19a)

u = U (19b)

f =
[
x2

−Bex1−n2β2Tvsm(x1)+ktx3

Je
−ksx2−Rx3

L

]T
(19c)

g =
[
0 0 1

L

]T
(19d)

So far, we have obtained the system dynamics, with which
the torque controller is designed. As shown in Fig. 8, the
desired compliance θm,ref is first calculated using Eq. (11).
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θ =f  
-1
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Tvsm, ref θref 

PD 
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Fig. 8. Schematic diagram of torque control of the system.

θm/n1

θout

θm/n

θm/nIm, Bm

Ig, n1, ηg

Ivsm, Bvsm

Iwg

Iww

Fig. 9. Dynamic model of compliant actuator integrated with the VSM.

The compliance is then tracked through the PD controller
which outputs the desired motor velocity

θ̇m,ref (s) = nkpperef (s) + nkpd ėref (s) s (20)

where eref (s) = θref (s) − θ (s), kpp and kpd are the propor-
tional and derivative gains, respectively.

The motor tracks the desired velocity θ̇m,ref through a PI
controller which is built in the ESCON. The PI controller is
formulated as

Iref (s) = kvpem (s) +
kvi
s
em (s) (21)

where em (s) = θ̇m,ref (s)−θ̇m (s), Iref is the desired current
for the motor control, and kvp and kvi are the proportional and
integral gains, respectively.

In the ESCON, a cascade PI current controller is imple-
mented to track the desired current Iref , which is given by

U (s) = kipei (s) +
kii
s
ei (s) (22)

where ei (s) = Iref (s)− I (s), kip and kii are the proportional
and integral gains, respectively.

The following limitations in velocity and current controllers
are applied for anti windup purpose,

TABLE V
MOTOR PROPERTIES

Parameter Description Value

ks speed constant 35.59 rad/s/V

kt torque constant 0.0281 Nm/A

L terminal inductance 1.005 × 10−4 H

R terminal resistance 1.15 Ω

θ̇m,ref =


θ̇m,max, θ̇m > θ̇m,max
θ̇m,ref , −θ̇m,max < θ̇m,ref < θ̇m,max
− θ̇m,max, θ̇m,ref < −θ̇m,max

(23a)

Iref =

Imax, I > Imax
Iref , −Imax < I < Imax
− Imax, I < −Imax

(23b)

where θ̇m,max = 1570 rad/s and Imax = 8 A are the
maximum allowable motor velocity and current.

(a)

(b)

Fig. 10. Simulation results of torque profile tracking.

C. Simulations

Simulations were carried out with MATLAB/Simulink to
evaluate the performance of the designed controller. In simu-
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(a)

(b)

Fig. 11. Simulation results for (a) F0 =20 N and (b) F0 =60 N, when the
desired torque is a chirp signal.

Fig. 12. Frequency responses of the torque control for the system in the
conditions of F0 =20 N and F0 =60 N.

lations, the control plant is defined by the model of Eq. (12),
in which the values of parameters are given in Table IV. The
values of control gains are specified in Table VI, which are
consistent with the ones in experiments in Section V.

In the simulations, the actuator was controlled to track a
torque profile which is defined as

Tvsm,ref = A · sin (2πf · t) (24)

where A =4 Nm, and f =0.5 Hz.
Fig. 10 shows the simulation results. We can see from

the figure that the actual torque profiles closely match the

TABLE VI
CONTROL GAINS

Parameter Description Value

kpp proportional gain of PD position controller 12

kpd derivative gain of PD position controller 0.4

kvp proportional gain of PI velocity controller 47

kvi integral gain of PI velocity controller 3.3

kip proportional gain of PI current controller 608

kii integral gain of PI current controller 8

reference ones. The maximum errors for F0 = 20 and 60 N
are 0.028 and 0.01 Nm respectively.

To investigate the control bandwidth, another simulation
was performed, in which the desired torque, Tvsm,ref , is
defined as a chirp signal which has amplitude of 1 Nm and
frequency varying from 1 to 15 Hz in 20 s.

Fig. 11 shows the time history of simulation results for
the system in conditions of F0 = 20 and 60 N. we can see
from the figure that the actual torque follows the reference
profile well at low frequency, but a noticeable attenuation of
the actual torque amplitude occurs at high frequency. This
is due to the motor current and velocity saturation limits
given in Eq. (23). When these limits are exceeded, nonlinear
disturbances are introduced into the system, which affects the
control performance [23]. Moreover, the joint stiffness affects
the attenuation speed. As can be seen from Fig. 11, a lower
joint stiffness (F0 =20 N) results in a faster attenuation. This is
due to that the deflection angle and motor velocity for F0 =20
N needed to achieve desired torque are larger than the one for
F0 =60 N. It is thus easier to exceed the saturation limits
for F0 =20 N. Bode plots of the torque controller are further
obtained, as shown in Fig. 12. The torque control bandwidth
for F0 = 20 and 60 N are 3.7 and 7.7 Hz respectively.

V. LOW IMPEDANCE TEST

The torque controller is able to generate a low impedance
in actuation, which is desirable to improve the system trans-
parency when it interacts with human. This is achieved by
setting the desired torque Tvsm,ref of the presented controller
to zero, so that the system does not generate any resistance
to the human. Tests were performed by manually pushing
the end of the output link to rotate back and forth. while
the desired torque Tvsm,ref sets to zero. The output link’s
rotating frequency varies from 0 to 0.6 Hz in 50 s, and with
an amplitude about 0.26 rad.

Fig. 13 shows the results of system responses to the human
motion. In the experiment, the spring pretension of the VSM in
system was set to 20 N. The motion of output link is assumed
to be totally contributed by the human. Fig. 13 (a) shows the
measured angles of θout, θm/n and θ. As can be seen from
this figure, the amplitude of the joint deflection θ of the VSM
increases as the frequency increases, and θ has a maximum
amplitude of 0.2075 rad at t = 48 s. Based on the data of
θ, the resistive torque to the subject can be calculated using
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(a)

(b)

(c)

Fig. 13. Experimental results of zero torque control for F0 = 20 N. (a) The
joint angles, (b) joint velocities and (c) VSM joint torque.

Eq. (7), as shown in Fig. 13 (c). We can see from Fig. 13 (b)
and (c) that the resistance is proportional to the joint velocities
of θ̇out and θ̇m, which is caused by the presence of damping
in the system.

In another test, the spring pretension F0 of VSM is set
to 60 N, which increases the joint stiffness. The results are
displayed in Fig. 14. As can be seen from Fig. 14 (a), the
maximum amplitude of the joint deflection θ for F0=60 N is
0.184 rad, which is slightly lower than the one for F0=20 N.
Due to the higher stiffness of the VSM joint for F0=60 N, the
system can generate a larger resistance to the subject with a
smaller joint deflection angle. We can see from Fig. 14 (c),
the maximum resistance torque is 1.69 Nm, while the one for
F0=20 N is 1.09 Nm.

The compliant actuation system was also controlled to
track a desired torque profile given in Eq. (24). Knowing
the desired torque, the joint deflection θ can be obtained
using the regression models built in section III. In the tests,
the output link of the system was fixed, and the motor was
commanded to track the reference deflection θref predicted by
the regression models. Fig. 15 shows the experimental results
for both F0 = 20 and 60 N. As can be seen from Fig. 15
that the measured torque can follow the reference profile well.
However, phase lags are noticeable in the torque control. This
is likely due to the intrinsic damping of the motor which
increases the response in motor velocity control, as well as the
limitation of communication frequency in control hardware.

(a)

(b)

(c)

Fig. 14. Experimental results of zero torque control for F0 = 60 N. (a) The
joint angles, (b) joint velocities and (c) VSM joint torque.

Fig. 15. Experiments results for F0 = 20 and 60 N, when the desired torque
varies as harmonic function.

On the other hand, the phase lag problem does not affect the
stability.

VI. DISCUSSION AND CONCLUSIONS

The aim of this work is to design and control of a novel
compliant actuator of nonlinear stiffness. In the design, a
VSM is used to provide adjustable compliance. The VSM is
used as a torque generator, as well as a torque sensor, which
makes the torque control to be implemented conveniently.
In this work, the torque sensing capacity of the VSM is
modelled and experimentally verified. Based on the VSM-
based torque sensing capacity, torque control of the actuator is
realized, and its feasibility is validated with both simulations
and experiments.
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The main contribution of this work is the novel design of
compliant actuator. In the new design, a VSM is integrated
into the system, enabling the stiffness adjustment capacity of
the actuator. This capacity allows the actuator changing torque
resolution and bandwidth, which makes the actuator flexible
in fitting various tasks in physical human-robot applications
such as exoskeletons.

The developed actuator can achieve a very low compliance
and a very large joint deflection angle, which has benefits in
increasing the safety of the actuator to impact loads. It has
to be noted that the low compliance also reduces the control
bandwidth. With low joint compliance, the motor must be
controlled to generate a large joint deflection to achieve a
desired torque. In other words, the motor should be worked
in a high velocity level, so that the desired torque can be
reached in time. However, this cannot be done as expected,
due to the velocity limitation of motor. This has been shown
in Fig. 11. Moreover, the control response is limited by the
communication frequency in control hardware. A common
problem is the delay in tracking the torque profile, as shown
in Fig. 15. To increase the control bandwidth, the motor
with higher maximum velocity, and the control hardware with
increased communication frequency can be used.

The proposed actuator has nonlinear stiffness behaviors.
Based on reported works, the nonlinear behaviors have benefits
in improving system stability and energy efficiency [25], [26],
[27]. However, they make it difficult to model the actuator.
Moreover, the compliance nonlinearity, as well as motor
current and velocity limitations, bring nonlinear distortions
[23] to the system, which reduces the tracking accuracy in
actuator control. In future, the nonlinear distortions will be
considered to improve the control performance.

In this work, the compliant actuator is tested with a test
rig mounted on fixed support to calibrate its torque versus
deflection characteristics and evaluate the performance of the
proposed torque controller. In future, we will focus on the
application of the compliant actuator in wearable exoskeletons
for motion assistance [28]. The performance of the proposed
torque controller will be evaluated in motion assistance tasks
with humans.
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Chapter 8

Conclusions

The main scope of this research work covers the mechanical design, mathe-
matical modeling and controlling of a novel compliant joint for upper-body
exoskeletons. The compliant joint was developed based on a new mecha-
nism which can adjust its stiffness in multiple modes. A unified stiffness
model was developed for comprehensive stiffness analysis of the joint. The
dynamics of the joint was analyzed, with which the natural frequency and
bandwidth of the joint are acquired. A torque controller for the joint was
developed and verified with both simulations and experiments.

8.1 Summary of papers

The research results are summarized in four articles.

Paper I

Paper I presents a new design of compliant joint mechanism. In this mecha-
nism, adjustable stiffness is achieved by changing spring pretension. More-
over, the mechanism has nonlinear torque-deflection relationships whose be-
haviors is varying with different spring pretensions. Based on the mecha-
nism, a revolute joint was developed. In the joint design, a reconfigurable
concept was implemented, which is helpful in increasing the stiffness ad-
justment range of the joint. Then, the stiffness model of the joint was built
for stiffness analysis with the effects of design parameters. Static tests were
performed with a prototype to validate the developed stiffness model. The
torque-deflection curves from experimental results match the ones predicted
from stiffness model well, verifying the accuracy of the model. Furthermore,
three stiffness behaviors, i.e. linear, softening and hardening behaviors can
be obtained by changing the spring pretension, which is as expected.
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In paper I, the revolute joint design was further optimized to be applicable
for an upper-body exoskeleton. An embodiment of the optimized joint was
presented in the article, which is very compact and light-weight. The size of
the embodiment is 92 × 89 × 88 mm, and the total weight is 0.987 kg. The
maximum torque and stiffness of the joint are 20 Nm and 75 Nm/rad, which
can fit the torque and stiffness requirements in physical assistance for human
upper-body.

Paper II

Paper II extends the work in paper I to develop a unified stiffness model of
mechanisms with inherent compliance, which enables us to comprehensively
analyze the stiffness performances of the mechanism presented in paper I.
With this model, the basic stiffness characteristics which only relate to the ge-
ometry of the mechanism can be formulated, which facilitates the systematic
stiffness analysis. Furthermore, based on the unified model, a new mech-
anism design approach for constructing mechanisms with desired stiffness
behaviors was proposed, with illustrations of two design cases. Prototypes
were built and tested. Experimental results show that the constructed mech-
anisms can exhibit desired stiffness behaviors as designed, verifying the fea-
sibility of mechanism design approach, as well as the accuracy of the unified
model.

Paper III

Paper III studies the dynamics of a novel compliant joint. This joint was de-
signed with the mechanism proposed in paper I, thereby enabling adjustable
stiffness. Torque and stiffness model were developed to investigate the static
performance of the joint. Afterwards, dynamic model for the compliant joint
was built, and dynamic analysis was performed to find its natural frequen-
cies with stiffness variation. The mathematical models were verified with
both static and dynamic experiments.

Testing results show that the designed joint can vary stiffness in adjustable
ranges due to its reconfigurability. The natural frequencies of the joint can be
changed widely through adjusting the joint stiffness. Moreover, the mecha-
nism can be scalable to various applications through changing configuration
and spring of different stiffness. In the paper, a design case illustrating the
usage of the developed joint for an elbow exoskeleton was introduced. With
the new joint, the exoskeleton can vary its stiffness in the range of [4.31,
56.13] Nm/rad, and can output a maximum torque of 11.69 Nm, which fits
the torque and stiffness of human elbow joint.
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Table 8.1. Torque sensing performance

Property
Value

F∗
0 = 20 N F0 = 60 N

Range [Nm] [-5.8, 5.8] [-4.5, 4.5]

Repeatability 6.34% FS 8.6% FS

Hysteresis 3.16% FS 4.67% FS
∗

: F0 denotes the spring pretension

Paper IV

Paper IV focuses on the mechatronics design of the compliant joint. The
joint can be controlled to generate a desired torque through a proper joint
deflection. Therefore, a torque control problem can be converted to a position
problem. In the paper, static calibration tests were performed to obtain the
torque sensing performance. The detailed performances are given in Table
8.1. Close-loop control of the joint can be realized using the VSM-based
torque sensor. Both simulations and experiments were performed to validate
the feasibility of actuator in controlling rotation and also torque.

The compliant joint is able to generate a low impedance in torque con-
trol, which is desirable to improve the system transparency when it interacts
with human. In experiments, when the input torque signal is set to zero,
the joint position can be controlled to follow the human motion well. The
generated resistance torque to the human was measured by the VSM-based
torque sensor. Results show that the resistance torque is affected by both
human motion frequency and amplitude, as well as joint stiffness. A higher
frequency, amplitude and joint stiffness result in a larger resistance torque.

8.2 Contributions

The work in this thesis is focused on developing a novel compliant joint for
upper-body exoskeletons to increase pHRI safety and comfort. The main
contributions are described as follows:

• Novel design of compliant joint mechanism with reconfigurability was
proposed. The new mechanism has capacity to vary stiffness in three
working modes, e.g. linear, softening and hardening modes. As far as
the author’s knowledge, this is the first time that these three working
modes are realized in a compliant joint. Moreover, spring preload based
approach was adopted in stiffness adjustment of the new mechanism.
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Compared with other mechanisms based on spring preload based ap-
proach, the new design enables an enlarged stiffness range due to its
reconfigurability.

• Secondly, a unified stiffness model of compliant joint mechanism was
built and experimentally validated. The model allows us to comprehen-
sively study the stiffness performance of the mechanism, with which
the influences of design parameters can be analyzed readily, and all
possible stiffness behaviors in the mechanism can be found and investi-
gated. The developed model can be applied to other mechanisms with
inherent compliance.

• A unified stiffness model was developed to analyze stiffness behaviors.
With the unified model, it is possible to achieve a desired stiffness be-
havior by proper compliance design. Two design cases were illustrated
to validate the method. More new mechanism designs for desired stiff-
ness behaviors could be implemented using this approach.

• Mechatronics design of the compliant joint for upper-body exoskeleton
was proposed. The joint is designed with the variable stiffness mecha-
nism, which enables adjustable stiffness, thereby allowing the actuator
to change system impedance for safe control. The developed joint has a
self-sensing function to measure torque, with high sensitivity to small
load, which makes possible to control torque accurately.

8.3 Future work

The following research works could be considered in the future:

• Design optimization will be implemented to get a compact and lightweight
design of compliant joint for the wearable exoskeletons applications.
Through optimization of the mechanical design, the size and weight of
proposed compliant joints can be reduced.

• The proposed compliant joints have nonlinear stiffness behaviors which
have benefits in improving system stability and energy efficiency. How-
ever, nonlinear behaviors bring nonlinear distortions to the system,
which reduces the tracking accuracy in both joint position control and
torque control. In future, the nonlinear distortions will be considered
in designing controller to improve control performance.

• As introduced in Chapters 6 and 7, the compliant joint developed can
achieve a very low compliance and a very large joint deflection angle,
which has benefits in increasing the safety of the actuator to impact
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loads. It has to be noted that the low compliance also reduces the
control bandwidth. With low joint compliance, the motor must be con-
trolled to generate a large joint deflection to achieve a desired torque.
In other words, the motor should be worked in a high velocity level, so
that the desired torque can be reached in time. However, this cannot
be done as expected, due to the velocity limitation of motor. Moreover,
the control response is limited by the communication frequency in con-
trol hardware. A common problem is the delay in tracking the torque
profile. To increase the control bandwidth, the motor with higher maxi-
mum velocity, and the control hardware with increased communication
frequency can be used.

• In this work, a novel compliant joint mechanism has been developed
for the active upper-body exoskeleton. In future, interesting work is
to employ this mechanism in the design of passive exoskeleton. This
can be done in the fact that the mechanism is able to produce both
active and negative stiffness behaviors which are essential for gravity
compensation. Parts of this work including a virtual embodiment of
passive lower-body exoskeleton have been completed. Other works in-
cluding prototyping and testing will be studied.
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