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Expedited Broda-Damas bracket abstraction

Abstract

A bracket abstraction algorithm is a means of translating A-terms into combinators. Broda and Damas, in
[1], introduce a new, rather natural set of combinators and a new form of bracket abstraction which
introduces at most one combinator for each A-abstraction. This leads to particularly compact
combinatory terms. A disadvantage of their abstraction process is that it includes the whole Schonfinkel
[4] algorithm plus two mappings which convert the Schonfinkel abstract into the new abstract. This paper
shows how the new abstraction can be done more directly, in fact, using only 2n - 1 algorithm steps if
there are n occurrences of the variable to be abstracted in the term. Some properties of the Broda-Damas
combinators are also considered.
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EXPEDITED BRODA-DAMAS BRACKET ABSTRACTION
M. W. BUNDER

Abstract. A bracket abstraction algorithm is a means of translating A-terms into combinators. Broda
and Damas, in [1], introduce a new, rather natural set of combinators and a new form of bracket abstraction
which introduces at most one combinator for each A-abstraction. This leads to particularly compact
combinatory terms. A disadvantage of their abstraction process is that it includes the whole Schonfinkel [4]
algorithm plus two mappings which convert the Schonfinkel abstract into the new abstract. This paper
shows how the new abstraction can be done more directly, in fact, using only 2n — 1 algorithm steps if
there are n occurrences of the variable to be abstracted in the term. Some properties of the Broda-Damas
combinators are also considered.

§1. The Broda-Damas combinators. The class of Broda-Damas combinators &
and the class of combinatory terms €/ are defined below.

DEFINITION 1. The set of combinator indices 2

(i) The empty word § € 2
(i) a,peUA=c -a,b-a,(ap)c

Thus b,e,b-c, ¢c-b-b,(b-c,(c,b)-b) etc are combinator indices.

If o € A we let #a be the number of b’s and ¢’s in «.
The indices b and ¢ are related to the standard combinators B and C.

DEFINITION 2. The class of Broda-Damas (or B-D) combinators £
(i) Keg
(i) aeA= D, € A

O, ,, O, etc will often be written as @y, @y, etc.

In the following we assume that we have a class of variables V.

DeriNiTION 3. The class of combinatory terms €/

(i) xeV=xeel
(i) rC el
(iii) X,Y e €l = (XY) € €l.
As usual we assume association to the left for combinatory terms.

Weak reduction is defined by the following axioms as well as the usual rules:

DEeFINITION 4. Weak reduction >, is given by:
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K KXY >, X

Dy PpX >y X

(I Do XX ... Xttar1 Dlow o, X oo Xggar1 X

D). Qp.o XX ... Xtgay1 Drw X(PoXi... Xtai1)

(I)(a_/;) (I)(a,ﬂ)Xl Xzl Y. Y#/;Z Dy PoXi... X#QZ((D/} Y, ... Y#/;Z).

>, is the reflexive, transitive closure of t>;,, and =, the symmetric closure of >,,.

§2. The Broda-Damas bracket abstraction algorithm. Lambda terms are defined
by:

DErFINITION 5. The class of A-terms A
(i) VCA

(i) M\N e A= (MN)e A

(ili) x e V&M € A = (Ax.M) € A.

These can be transformed into combinators by the transformation ( )y defined in
terms of a bracket abstraction 1™ x:

DEFINITION 6. ( )i

Og:A—cl
where (x)y = x,
(MN)y = MyNy,
and (Ax.M)y = A*x.My.

Definition 6 applies for most translations from A-terms into combinators, in [1]
the bracket abstraction A" x is defined using the Schonfinkel [4] algorithm and two
mappings.

DEFINITION 7. [x] (Schdnfinkel bracket abstraction)

() [xlx=1
(k) [x]U =KU ifxgU
(n) x]lUx=U ifxgU
(b) [x]UV = BU([x]V) ifxgU
(&) UV = C([x0)V  iftxgV
(s) [x1JUV = S([x]U)([x]V)
[ X)X =[x, X ]([21X0).

Here I, K, B, C and S are the standard Schonfinkel or Curry (see Curry and
Feys [3]) combinators, with weak reduction given by:

I IX > X

(K) KXY > X

(B) BXYZ > X(YZ)
(C) CXYZ > XZY
(S) SXYZ > XZ(YZ)

i, which maps Schdnfinkel combinatory terms into 2, is given by:
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1852 M. W. BUNDER

DEFINITION 8. i

iH=90
i(CXY)=c-i(X)
i(BXY)=b-i(Y)
i($XY)=(i(X),i(Y))

iX=b otherwise.
Another function r maps these terms into a sequence of €/ terms.

DEFINITION 9. 7
r() =0
where ) representstheempty sequence
r(CXY) = Yr(X)
r(BXY) = X,r(Y)
r(SXY) = r(X),r(Y)
rX)=X otherwise.
We can now define 4 x. X .
DEFINITION 10. A*x.X
(i) If[x]X € @ (i.e. it doesn’t contain I, B, C or S) then
A x.X = [x]X.
(i) If[x]X € €I, a = i([x]X) and X|,..., X, = r([x]X) then
xX=0,X...X,.
Most abstracts are simpler in terms of B-D combinators, a few are not.

ExamPpLE 11.

[x].xyz = C(Cly)z
i([x]xyz) =c-c
r([x]xyz)=zy

so by Definition 10(ii):  A*x.xyz = ®...zy
by Definition 10(i): Nzyx.xyz = O,
while [z, y,x].xyz = C(BC(CI))

EXAMPLE 12.
[z]y(xz) = Byx
i([z]y(xz)) =b-b
r([z]y(x2)) = y, x
so  A'z.y(xz) = Opyyx
YA z.y(xz) = CDyyx
(YA zy(xz)=c-b
r(y]Az.y(x2)) = x, Dy
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2 yzy(xz) = OupxDyy,
Similarly Vxyz.y(xz) = Oup@pp Doy
while [x,y,z]y(xz) = CB

§3. An expedited algorithm. Definition 7 is simple and convenient because it
defines [x]X in terms of bracket abstractions of simpler terms. We can do the same
for A*x.X.

TaueoREM 13. If x € Ux € V, x ¢ T, 2’'x.U = O X, ... Xpo and X*x.V =
(I)/g Yi... Y#/; then:

(1) /I*x.TU = (I)b.aTX| . .X#a
(11) }.*X.UT = (I>C.aTX1 .. .X#a
(111) }.*X.UV = (D(a,/;’)Xl oo X#a Y] e Y#ﬂ.

If 2" x.U is not of the above form we have (i), (ii) and (iii) witha = band X| = 2*x.U.
If A*x.V is not of the above form we have (iii) with p = b and Y, = 2" x.V .
Proor. (i) [x]TU = BT ([x]U).
If 2*x.U has the above form then
i([x]TU)=b-i([x]U) =b -«
and r([x]TU) =T, r([x]U) =T, X1, ... , X¢ta
If A*x.U is not of that form
i([x]TU)=b-b
and r([x]TU) = T, [x]U
So in the former case A*x.TU is as in (i) and in the latter case as in (i) but with
a=band X, = 1"x.U.
(i1) and (iii) are similar. -
In bracket abstraction, as defined in Theorem 7, the first clause used determines
the leftmost combinator of the abstract (if any) and later uses of clauses determine
other combinators. In the abstraction given by Theorem 13, where only one combi-

nator is formed, this combinator is being enhanced with further subscripts at each
use of a clause after the first.

ExampLE 14. By Theorem 13(i) and (ii):
Vxz(xyz) = OpozX) ... Xug
where A xxyz = B X, ... Xig
N'x.xyz =@ppzY) ... Yap
where Vxxy =Y, ... Yy
Nxxy =Dy yZ) ... Zy,
where Vxx=0,Z...Zy,.
Theny =0, #y =0, f=c, Y=y, # =1, a=c-cand X =z, X, = y.
So
Vxz(xyz) = Bp.eczzy.
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This process can be carried out more simply in reverse, by noting that the simplest
directly abstractable forms are, for x ¢ Y

VxxY=0.Y
and VxYx=Y
Example 14 now becomes:
Mxxy=®.y
then by Theorem 13 (ii), Vxxyz =0, zy
and by Theorem 13 (i), Vx.z(xyz) = Op.c.c2zy.
This example makes it clear that Theorem 13 can be used as part of an algorithm,

provided we abstract from the inside of a term outwards. Such an algorithm is
described below.

The first expedited Broda-Damas algorithm (EBDA1)
Am. To evaluate the B-D abstract 1*x. X .

MEeTHOD.  STEP 1. (i) fx¢gYand X = Yx thenA*x.X =Y
(i) x ¢ X then 1*x.X = KX
(iii) if X = x then A" x.X = ®y.
SteP 2. For any parts UT, TU or UV of X where x € U, x € Vand x ¢ T, if
l*x.U = (DaXl oo X#a
and A*X.VE(D/;Yl Y#/;
then (i)  A*x.TU = @, TX, ... Xua
(i) AxUT =®.uTX ... Xua
(111) }.*X.UVE(I)(Q‘/;)Xl ...X#a Y] Y#/;.
If A*x.U is not of the above form o = b and X; = A*x.U in (i), (ii) and (iii). If
A*x.V is not of the above form 8 = b and Y| = A*x.V in (iii).
Step 2 is repeated till it applies to X.
It is clear from Theorem 13 and the definition of A*x.X that:
THEOREM 15. EBDA1 evaluates 1" x. X .
The new algorithm has the advantage that if x appears in disjoint subterms of X,
the abstractions with respect to x of these subterms can be done in parallel.
ExaMPLE 16. Evaluate A*x.x(xy)(zxy).

In parallel: A*x.xy = ®.y, A*x.x = @y and A" x.zx = z.

Then in parallel: NVxzxy = O, yz
and l*x.x(xy) = (D(@_(.)y.
Then A x.x(xy)(zxy) = O o) c.0) VY2

The algorithm can be made to work faster still if we combine several uses of Step 2
in EBDAL1. For example if x ¢ X ... X, we have:

(1) }.*X.xXl...XnE(I)(-anX,,_l...Xl

where @, stands for ®@.... where there are n ¢’s in the subscript.

This content downloaded from 130.130.37.84 on Thu, 21 Aug 2014 00:59:57 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

EXPEDITED BRODA-DAMAS BRACKET ABSTRACTION 1855

Similarly if x € Y) ... Y,, we have:
A*X.Yl(Yz... Yn_l(Ynx) ) = (I)bn Y)... Y,

The second expedited Broda-Damas algorithm (EBDA2)

Am. To evaluate the B-D abstract A*x. X .

MeTHOD.  STEP 1. If x € X then *x.X = KX, otherwise consider all parts Z
of X which have only one occurrence of x. Such a Z takes the form:

Z=Y(..(o(NX . X)) Yo Yi) Yor oo Yomy) oo« Yiem,

then
NxZ=®mpy cmrbemben Yimg oo Yer Yoo Yomy . Y1 Yo Yip ... Y1 1X5 .. X
unlessn =0, k = 1 and m; = 0, in which case 1*x.Z = Y.

StEP 2. For parts Z of X where

Z=Y(..(((UVX, ... X)) Yo Y1) Yor oo Yap) oo Yi,
where k > 0, each m; > 0, x appears only in UV;
VxU=0,W, .. Wy,
and A"x.V = ®4R; ... Ryp,
have been evaluated by Step 1 or a previous Step 2,
A xZ = O gy empemcn(af) Yim - Yiy Yic o
Yomy oo - Yo 1 VoY ... YU Y1 X . . Xi Wi oo Wia Ry ... Rygp.
Note. 1. A special case of Step 1 is
2Vx.x = @y.

2. Abstractions of disjoint subterms Z of X as in Steps 1 and 2 can be done in
parallel.

ExampLE 17.
A xuv(uy (xyuv)wo)uvw = @y 0. s wou(uv)vw (uy ) vuy
A xu(xvv)ww = @y 2 wwuv.

So

A xuv (uy (xyuv)wo ) uvw (u(xvv)ww)
= D(apc2.p.cd c2..c2) WU (U0)vw (1Y Jvuywwuvo.
The following lemma proves the correctness of Steps 1 and 2 of EBDA2.
Lemma 18. If x ¢ Y1... Y0 X1 ... X, Y11 ... Yy ... Y, and
Vx W =02, ... Zpa,
thenunlessn =0, k =1, m; =0and W = x,
Px Yl (WX X)) YY) Yar o Yawy) o Vi,
= @iy et per-a Yim - Yoy oo Y1 Ya¥ipy . YU V1 X X\ Z1 .. Zipr.
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Proor. By induction on k.
By EDBAL,
l*x.WXl e Xn = Q(-rx.ax7 .. .X121 . .Z#a,

the required result for k£ = 0.
For k > 0, unless » = 0 and W = x,

l*x.Y](WXl .. .X,,) = (I)b-c"~a Yan .o .X|Z] .. .Z#a,
and, unlessn = 0, W = x and m; = 0,
PxYiWXy ... X)) Yo Y = @omipeeng Yimy - Y1 Y1 Xy . X0 Zy ... Zger.

For any n, W and m; we have

}.*X.Yz()ﬁ(WX] ...X,,)Y]l Y],,,I)
= (Db.(’”l bl a Y2 Ylm| e Yl] Y]Xn .. .X]Zl .. .Z#a.

If we assume the result for k = r > 1, we have by Theorem 13(i):

Vx Y (Y (WX ... X)) Yo)
=O,cmp pena i1 Yom o Y1 Yoo . N1 Xy . . X012y ... Zyg
and by Theorem 13(ii) m,| times:
Ax Y, (Y, . Yi(WXy . X)) oo Yo ) Yostt o Yogim,,,
= Qumstpem poena Vit oo Yol Vo1 Yo, o Yo oo . X 0. X0 2y L Zga.

So the result holds. -

EBDA2 requires far fewer algorithm steps for evaluations of *x.X than EBDA1.

THEOREM 19. EBDA?2 evaluates A" x.X with, if there are n(> 0) occurrences of x
in X, exactly 2n — 1 uses of Steps 1 and 2.

ProoF. Lemma 10 confirms that EBDA2 evaluates 4" x.X. The rest of the theo-
rem is proved by induction on .

If X is in the form (of Z) given in EBDA2 Step 1, x appears once in X and
only one Step 1 is required to evaluate A*x.X. The only other case of » = 1 has
X = Y x (x € Y1) and again only one use of Step 1 is required.

If X is in the form (of Z) given in EBDA2 Step 2, where there are k occurrences
of xin U and n — k in VV (0 < k < n), there are, by the induction hypothesis
altogether 2k — 1+ 2(n — k) — 1+ 1 = 2n — 1 uses of Steps 1 and 2 required.

Note. The method employed in EBDA2 is not restricted to B-D abstraction. We
can construct a similar algorithm for Schonfinkel abstraction by using;:
If[x]W=SUVandx¢Y,... Y, X1...X, Y1, ... Yi, ... Ykmk then
[X]Yk(. .. (Yz(Yl(WXl N X,,)Y“ v Y],,,l)Yzl e Y2m2) e Ykmk)
=C™ (BYk(ka_' (BY_1... (C™(BY, (Cn(SUV)Xl X)) Y
v Yimy) o) Yoo Yo,
in Step 2 and something similar but simpler in Step 1.

This is useful if the speed of abstraction rather than the simplicity of the abstract
is important.
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§4. Broda-Damas and standard combinators. As all standard combinators can be
defined in terms of K and S, it is clear that all (standard or K-S) combinators can
be defined in terms of K and ®, ;). This leads to interrelations between the B-D
combinators such as

.5 KK = By
and (I)h,/,(l)@ = (I);,.
These are #-equalities - all we really have is
D, ) KKx =, Pyx
and @, ®gpx =, Opx.
Other bases of combinators are often considered (see [2]), here we will just look at

BCIW (or BCIS) - the combinatory counterpart to the Church lambda calculus.
This in fact corresponds exactly to the B-D combinators without K. We can define

B=®,,
C=0,,0.,0.,
1=
W=,y
and § = @ ).

The BCIW-definable A-terms are exactly terms in which every subterm Ax.Y has x
appear at least once in Y.

Itis clear from the EBDAT1 or 2 that all BCIW-definable A-terms can be abstracted
without the use of K.
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