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Abstract. We realize the Hecke C*-algebra Cg of Bost and Connes as a direct limit of
Hecke C*-algebras which are semigroup crossed products by N, for F a finite set
of primes. For each approximating Hecke C*-algebra we describe a composition series of
ideals. In all cases there is a large type I ideal and a commutative quotient, and the
intermediate subquotients are direct sums of simple C*-algebras. We can describe the
simple summands as ordinary crossed products by actions of Z3 for S a finite set of primes.
When |S| = 1, these actions are odometers and the crossed products are Bunce—Deddens
algebras; when |S| > 1, the actions are an apparently new class of higher-rank odometer
actions, and the crossed products are an apparently new class of classifiable AT-algebras.

0. Introduction

In [2], Bost and Connes studied a particular Hecke C*-algebra Cq arising in number
theory. The algebra Cgy can be realized as a semigroup crossed product C*(Q/Z) x4 N*
by an endomorphic action « of the multiplicative semigroup N* on the group C*-algebra
C*(Q/Z) (see [8]), and this realization has provided useful insight into the analysis of Co
(see [6, 16]). Since individual elements of QQ/Z and N* involve only finitely many primes,
C*(Q/7Z) x4 N* is the direct limit of subalgebras C*(G r) x4 N, where F is a finite set of

|| Current address: Department of Mathematics, University of Oslo, P.O. Box 1053, Blindern, N-0316 Oslo,
Norway.
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primes, G r is the subgroup of Q/Z in which the denominators have all prime factors in F,
and N acts through the embedding (np) — ]_[peF p"r of NF in N* (see §1). One can
therefore hope to understand the Hecke algebra Cqy in terms of the finite-prime analogues
C*(GF) xg NF.

Our goal is to analyse the structure of these finite-prime analogues of the Bost—Connes
algebra. We started this analysis in [11], where we described a composition series for the
two-prime analogue and identified the subquotients in familiar terms: there is a large type I
ideal, a commutative quotient isomorphic to C (T?), and the intermediate subquotient is
isomorphic to a direct sum of Bunce-Deddens algebras. Here we describe a composition
series for C*(Gr) xq NF. Again there is a large type I ideal and a commutative
quotient, and the intermediate subquotients are direct sums of simple C*-algebras. We can
describe the simple summands as ordinary crossed products by actions of Z5 for § C F.
When |S| = 1, these actions are odometers and the crossed products are Bunce—
Deddens algebras; when |S| > 1, the actions are an apparently new class of higher-rank
odometer actions, and the crossed products are an apparently new class of classifiable
AT-algebras.

We begin with a short section in which we describe the algebras we intend to study.
In §2, we describe our composition series for the semigroup crossed product C*(G ) X
NF. It has | F| + 1 subquotients, and all but two of them are direct sums of algebras stably
isomorphic to ordinary crossed products of the form C(U(ZF\s)) x 75, where S C F and
U(ZF\s) is the group of units in the ring [ ] per\s Lp- Our main tools are the analysis of
invariant ideals in semigroup crossed products from [10] and some technical lemmas on
sums and intersections of ideals in C*-algebras. We also use the general results of [19] to
see that the simple summands are classifiable.

In §3, we show that when §' = {q} is a singleton, C(U(Zf\s)) % 75 is a direct sum of
finitely many Bunce—Deddens algebras; as in [11], the number of summands depends on
the orders of ¢ in the finite groups [ pq U(Z/p'Z) for large | € N. We then consider the
case where § = {g, r}. By computing the K -theory of C(U(ZF\s)) % Z5, we can see that
they are not Bunce—Deddens algebras, for example. We expect these summands to be even
harder to recognize when |S| > 2.

In §4, we use techniques like those of §2 to identify subquotients of the Bost—Connes
algebra C*(Q/Z) x4 N*. These include algebras stably isomorphic to C (U (Zp\s)) * 75
when S is a cofinite subset of the set P of all primes; in this case, though, these crossed
products are themselves simple, and even though the general theory of [19] no longer
applies, we can see using results from [1] that they are classifiable AT-algebras. We finish
with a purely number theoretic Appendix A in which we identify the orders of an odd
integer in the groups U(Z/p'Z) and their products. As in [11, Theorem 3.1], these
are needed when we want to identify the number of simple summands in the various
subquotients.

1. Preliminaries

We denote by N* the semigroup of positive integers under multiplication, and by N the
semigroup of non-negative integers under addition. It was shown in [8, Proposition 2.1]
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that there is an action o of N* by endomorphisms of C*(Q/Z) such that

1
() = Z 8s forr € Q/Zandn € N*.

ns=r

The corresponding semigroup crossed product C*(Q/Z) x4 N* is isomorphic to the Hecke
C*-algebra Cg of Bost and Connes [8, Corollary 2.10]. We denote by (i, in«) the
canonical covariant representation of (C*(Q/Z), N*, «) in C*(Q/Z) x4 N*.

Let F be a set of prime numbers. The rational numbers of the form k( I peF pml’)_1
form a subgroup of Q, whose image in Q/Z we denote by G . The integrated form of
themapr — &8, : Gg — UC*(Q/Z) is a homomorphism iy of C*(G ) into C*(Q/Z);
a standard duality argument shows that ir is injective, so that we can identify C*(G )
with the subalgebra i (C*(G r)) of C*(Q/Z). When n has all of its prime factors in F,
ay leaves this subalgebra invariant, and hence composing « with the map (m,)per =
]_[peF p™r gives an action of N¥ on C*(GF), which we also denote by . The pair
(ir, in*|yr) is a covariant representation of (C*(GF), NF, @) in C*(Q/Z) x4 N*. Since i
is injective, we can deduce from the main theorem of [12] (or by minor modifications to
the argument in [8, §3]) that the corresponding homomorphism

ir X ins|nr 1 C*(GF) o NF = C*(Q/Z) x4 N*

is also an injection. We use this injection to identify C*(G r) % Nf* with a subalgebra of
C*(Q/Z) x4 N*,

The crossed product C*(Q/Z) x, N* is spanned by the elements of the form
iA(8;)inx(m)in=(n)* [8, Lemma 3.2]. If F contains all of the prime factors of m, n and the
denominator of r, then i 4 (8, )in+(m)in+(n)* lies in C*(G r) X NF. Thus, C*(Q/Z) x4 N*
is the direct limit |, C*(G r) %o N over increasing finite subsets F of the set P of prime
numbers.

In the next section, we describe a composition series for C*(G ) xq Nf when F is
a finite subset of P, and identify the subquotients in terms of ordinary crossed products
C(Xs) » Z° associated to subsets S of F. The underlying space Xy is the group of units
U(Zp\s) inthering Zp\s := ]_[peF\S Zp; as an additive group, Zp\s is the dual group of
G F\s. The action of a prime g € S on

CU(ZF\s)) C C(ZFp\s) = C*(GFp\s) C C*(Q/Z)

induced by « is multiplication by g on U(Zp\s) (see [11, Lemma 1.1]), which is an
automorphism because ¢ is a unit in Zg\ 5. Thus, the action of N Son CU(Z F\s)) extends
to an action o of Z3 such that

—1
O, (S)(x) = f<<l_[ pmf’> x) for (mp) € NS,
pesS

As a matter of notation, we view a crossed product A xg G by an action of a
group as the universal C*-algebra generated by a copy of A and a unitary representation
i : G — U(A xg G) satisfying the covariance relation B (a) = ig (s)aig(s)*.
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2. Finitely many primes
The object of this section is to prove the following theorem. For the definitions of
AT-algebra, real rank zero and stable rank one, see [23] and the references therein.

THEOREM 2.1. Let F be a finite set of primes. Then there is a composition series
(It | 1 <k < |F|} ofideals in C*(Gf) xq NF such that:

@@ [ = CUZp), KN,

®)  Ies1/ Ik = Bscr, 5 (CUZR\S)) X0 Z5) @ KA2NFV)) if |[F| = 2;

() (C*(GF)xNF)/Ijp = C(TF).

If|F| = 2, each CU(ZF\s)) Xo 73 is a finite direct sum of simple AT-algebras with real
rank zero and a unique tracial state.

The proof of the theorem will occupy the rest of the section. We need some notation
and a number of preliminary results.
Under the Fourier transform C*(G ) = C(ZF) the action o becomes

-1
f<< p””) x) ifx e < p””)Z
) () () = ,ﬂc ,ﬂc ’

0 otherwise

(see [11, Lemma 1.1]). For § C F, we set Zg := {a € Zf | ap = Ofor p € S}, and we
write Z,, for Z,). The next lemma identifies Co(Zf \ Zs) as the kind of ideal for which
taking crossed products behaves well (see [10]).

LEMMA 2.2. For S C F, Co(ZF \ Zs) is an extendibly invariant ideal in C(Zr).

Proof. 1t suffices by [10, Theorem 4.3] to show that for eachn € N F the endomorphism
x > ([1per P"7)x of ZF leaves both Zg and Z p\ Zs invariant. Certainly ([],c p"7) Zs
is contained in Zg. If x ¢ Zg, then x, # 0 for some r € S, ]_[peF p"rx, # 0 for this r,

and ([T,cp P'7)x & Zs. O

Theorem 1.7 of [10] now allows us to identify Co(Zfr \ Zs) X N¥ with an ideal Js in
C(ZF) xq NF such that (C(ZF) xq NF)/Jg = C(Z5) x NF'; we write J, for Jj,).

LEMMA 2.3. We have Js =3, Jp.

Proof. Since Zg = ﬂpes Zp,, wehave Zr \ Zg = Upes Zr \ Zp, and Co(ZF \ Zs) =
ZpES Co(ZF \ Zp). It follows from [10, Lemma 1.3] thatif /, J and I + J are extendibly
invariant ideals in (A, P),then (I +J) x P = (I X P)+ (J x P). Thus, the result follows
from Lemma 2.2. O

For1 <k < |F|, we define

= ] Js= [ Vs 2.1)
SCF, |S|=k SCF,|S|=k

It follows from [10, Lemma 1.3] that if / and J are extendibly invariant ideals in (A, P),
then
(IxP)YJxP)=UJ])xP,
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and hence I = Co(ﬂSCF’ iS1=k (ZF \ ZS)) x N¥ . Therefore,

I = co<ﬂ(zp\zp>) x NF = co(l"[(zp \ {0}>> x NF;

peF peF
since Z, \ {0} is homeomorphic to U (Z,) x N by [11, Lemma 2.3], Theorem 2.1(a)
follows from an argument similar to that in the last paragraph of [11, p. 176]. Similarly,
we can prove Theorem 2.1(c) by following the proof of (2.4) of [11], because (C*(G f) Xy
NF)/I\F| =C x NF,
To prove Theorem 2.1(b), we need some lemmas. The first contains some general facts
about families of ideals in C*-algebras.

LEMMA 2.4. Suppose that I, ..., I, are ideals in a C*-algebra B.
(a) With F, ={1,...,n}, we have

]_[ (Z 1,-) = Z (]‘[ 1.,'> forl <k <n. (2.2)
SCFy,|S|=k \ieS RCFy, |R|=n—k+1 \jeR
(b)  Suppose that K is an ideal such that I;1; C K for all i, j. Then (Z;’Z] I,-)/K is
naturally isomorphic to @}_,(Ii /I; N K).

Proof. We prove (a) by induction on n. The statement is trivial for n = 1, 2. Suppose that
it holds for n — 1. When k = 1, both sides of (2.2) are ]_[l'-’zl I;, so we assume k > 2.
Writing the left-hand side (LHS) of (2.2) as ([],es)(IT,¢s) and applying the inductive
hypothesis to ;1 shows that

o (I 5, 5 1) e

|S|=k.nes ieS\{n} RCF,_1, |[R|=n—k \jeR

nes

As I, is an ideal and I,% = I, the first term of (2.3) simplifies to give

(e T (2,3, (10)
S'CF,_1,18'|=k—1 NieS' RCF,_1. |[R|=n—k \jeR

We can use the inductive hypothesis on F;_1 with k replaced by k — 1 to get
w2 (), 5 () e
R'CF,_y, |R'|=n—k+1 \jeR’ RCF,_1, |R|=n—k \jeR

which is contained in

> < [1 1.;')+ > <]_[ I,,'). (2.5)
RCF,_|, [RI=n—k \jeRUjn) R'CFy_y, [R/|=n—k+1 \jeR'

Since (2.5) is the same as the right-hand side (RHS) of (2.2), LHS C RHS. On the other
hand, every element of every [] jerr 1 arises in (2.4) because we can pick R C R/, so
RHS C LHS.

To prove (b), note that the map ¢; : a + I; N K + a + K is an injection of I; /(I; N K)
into (Y7, 1;)/K, and

¢ila+1;NK)pj(b+1;NK)=ab+ K =0 fori#j

because ab € I;I; C K. So the ¢; combine to give an injection ¢ of @(Z;/1; N K) into
( Yo I,-) /K, which is clearly surjective. a
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LEMMA 2.5. The ideals Iy of C*(G ) %o N defined in (2.1) satisfy

Iiy1 /I = @ <ﬂ JSU{p})/JS~
SCF,|S|=k \pgS

Proof. Lemma 2.4(a) gives lk+1 = Y pcr. |Rj=n—k ([ [,cr Jp)- The product of any two
ideals ]_[peR Jp with |R| = n — k has at least n — k + 1 factors J, and, hence, is contained
inly =) pcr |R\=n—k+1(HpeR Jp). Thus, Lemma 2.4(b) gives

@ l_[peR ‘IP
RCF, |R|=n—k I 0 (npeR Jp)

so()=, 3 () (1)

each of these summands has at least one factor J, for ¢ ¢ R, and is then contained in
Jq(]_[peR Jp). Using I N J = 1J again gives

(1) 511~ (54)(1 )

lv1/ Ik = (2.6)

Now

PER q¢R PER q¢R PER
and using the isomorphism (I 4+ J)/I = J/(I N J) and Lemma 2.3 gives
l_[peR Ip _ JF\R + (npeR JP)
LN (HpeR JP) JP\R

Finally we observe that

Jr\R + (H Jp> = H(JF\R +Jp) = l_[ J(F\R)U(p)

PER PER PER
and write S = F \ R to deduce the result. O

LEMMA 2.6. The ideals Js in C*(G ) %o NF satisfy

( N fsum) / Js = (CUZR\s)) 6 Z%) @ KU (NF\)).
peF\S
Proof. We first realize ( ﬂpeF\S Jsu{p})/JS as a semigroup crossed product:

ﬂ Jsugpy = Co( ﬂ (ZF \ ZSU{p})) x NF

peF\S peF\S

= Co(ZF\( U Zgu{p}>> x NF.
peF\S

() - ()
PEF\S PEF\S

_ co(( I zp\{0}> x (1‘[{0})> 5 NF

peF\S peS

Thus,

The arguments of Corollary 2.4 and Lemma 2.5 of [11] show that this last crossed product
is isomorphic to (CU(Zp\s)) X Z5) @ K> (NF\5)). O
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Theorem 2.1(b) follows immediately from Lemmas 2.5 and 2.6.

To finish the proof of Theorem 2.1, it remains to prove the statements about the structure
of CU(ZF\s)) Xo Z5. Corollary A.6 implies that H := 75 has finite index in U(ZF\s).
The argument at the end of the proof of [11, Theorem 3.1] shows that C(U(Zf\s)) Xo VA
is a finite direct sum of algebras isomorphic to C(H) x, Z5, which is simple because Z°5
acts minimally and freely on H. Since H is an open and closed subset of U(ZF\s), it is
totally disconnected and it follows from [19, Theorem 6.11] that C(H) X Z3 has real rank
zero and stable rank one.

The space U (Zp\s) is the inverse limit of the finite groups ¢(Z /( [Tyers p'?)Z) over
I=(p) € NF\S_ The diagonally embedded copy of N is cofinal in NF\5 and, hence,

U(ZF\s) = @u(%/( I p")z). 2.7)

peF\S
Let 7, denote the canonical surjection of U (Zp\s) onto U(Z/( ] pEF\S p")Z).

LEMMA 2.7. Let H, := m,(H) C U(Z/(HpeF\S p”)Z) and let 75 act on H, via
the embedding (ny) qus q"iof Z5 in Z. Then there are C*-subalgebras A, of
C(H) x4 75 such that A, = C(H,) x Z5 and C(H) x, 75 = | A,.

Proof. The homomorphism 7, induces an injection n,f of C(H,) into C(H), and then
CH) = U,en7}(C(Hy)). On 75 C H, m, is reduction modulo ]_[peF\S p", somr
converts the action o into the canonical action of Z5 by multiplication on H,. Thus, oy
induces a homomorphism ;' x id of C(H,,) x 7S into C(H) x4 Z5. The homomorphism
¥ is faithful on C(H,) and intertwines the dual actions and, hence, a standard argument
shows that 7 x id is faithful on C(H,) x 75 (see, for example, [11, Lemma 4.2]).
Since Un my(C(Hy)) is dense in C(H ), we therefore have

C(H) x5 Z5 = U ¥ % id(C(Hy) x Z5),
neN

as claimed. ]
We can identify the subalgebras A, explicitly.

PROPOSITION 2.8. Let F be a finite quotient of ZF. Then C(F) x ZF is isomorphic to
C(T*, MjF|(C)).

Proof. Let H be the subgroup of Z¥ with F = Z¥/H. Then H is itself a free abelian group
of rank k, and hence has the form AZ* for some A € M. (Z) N GLi(Q). The matrix A has
a Smith normal form: there are matrices P, Q € GLi(Z) such that B := P~'AQ " is
diagonal [15, §3.22]. Then H = AZF = PBQZF = PBZF = BZ¥K = b\ Z & - - - ® bii Z.
In other words, multiplying by P~! gives an automorphism of Z¥ which carries H into
@ b,‘,’Z. Thus,

k k
C(F) x 7k = C(H(Z/b,-,Z)) x 7k = ®<C(Z/b,~,~Z) X1 Z),

i=1 i=1

where 7 is the action of Z by translation.
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By [17, Corollary 2.5], C(Z/bZ) % Z is isomorphic to the induced algebra

Indg]Z)L(C(Z/bZ) x¢ (Z/bZ),7),

which is described in terms of a generator B of the dual action T as the mapping torus
MT(B) ={f :10,1] > C(Z/bZ) X+ (Z/bZ) | f(1) = B(f(O)}. (2.8)

Since C(Z/bZ) % (Z/bZ) = B(*(Z/bZ)) = M| (C), the automorphism B is inner
and there is a continuous path f; in Aut M5 (C) such that gy = id and B = B.
Now ¢ (f)() = ,B,_I(f(t)) defines an isomorphism ¢ of (2.8) onto C(T, M) (C)).
We therefore have

k
C(F) x Z* = Q) C(T, Mpp,; | (C)) = C(T*, My, 1, (C)).
i=1

and the result follows on observing that [ ; |b;;| = |det B| = |[det A| = |F]|. O

It follows from Proposition 2.8 and the decomposition C(H) x, Z5 = m that
C(H) x4 ZS is an AH-algebraf, see [23]. The K-theory of C(H,) % 75 is torsion-free and
this property is preserved under inductive limits, so C (H) x, Z3 has torsion-free K-theory.
Since C(H) %, Z5 is a simple AH-algebra with real rank zero and no dimension growth,
it follows from [20, Lemma 7.5], using the results of Elliott [4, Theorems 8.3 and 4.3] and
Lin [13, Proposition 2.6, 14, Theorem 5.2], that it is an AT-algebra.

We also use the decomposition C(H) X, Z5 = m to prove that C(H) X, Z5 has
a unique tracial state. Let y denote the Haar measure on H C U(Zp\s). The action o
permutes the cylinder sets {z, !(m) | m € H,}, so every invariant probability measure
agrees with p on cylinder sets. Since the characteristic functions of such sets span a
dense subspace of C(H), it follows that p is the only invariant probability measure and
C(H) x Z5 has a unique tracial state by [3, Corollary VIII.3.8].

This completes the proof of Theorem 2.1.

3. The structure of CU(Zp\s)) Xo L5

3.1. When S contains just one prime. We consider C(U(ZF\s)) Xo ZS when |F| > 2
and § = {q}. To simplify the notation, we relabel F \ {q} as F. The following result
generalizes [11, Theorem 3.1] in two directions: to sets F' with |F| > 1 and to sets F
containing the even prime 2. If 1 = (/) € N¥ is a multi-index, we write 01(q) for the order
of g in [],ep UZ/p2).

THEOREM 3.1. Suppose that F is a finite set of primes and q is a prime which does not
belong to F. Then there are a multi-index K = (K ) € N and d € N such that

ok+1(q) = d(l_[ plp) foreveryl € NF, 3.1

peF

¥ To see that an inductive limit m is an AH-algebra, it suffices to show that each A, is a corner in a matrix
algebra My (C (X)), or, equivalently, that A, is a homogeneous algebra with vanishing Dixmier—Douady class.
Since the Dixmier—Douady class §(A) of an m-homogeneous algebra satisfies ms(A) = 0 and H3(Tk, Z) has
no torsion, it suffices to prove that each A, is a homogeneous algebra with spectrum T*. In our situation we
could prove this in several ways. However, Proposition 2.8 makes the stronger statement that A, is isomorphic
to My, (C(TF)).
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and C(U(ZF)) Xo Z is the direct sum of(]_[peF(p - 1)pK1’_1)/d copies of a Bunce—
Deddens algebra with supernatural number d (]_[ peF poo).

The existence of K and d satisfying (3.1) is established in Proposition A.5. We saw
in §2 that C(U(ZF)) X Z is the direct sum of copies of the simple algebra C(H) X4 Z,
where H is the closure of qZ in U(ZF). It remains to prove that C(H) %, Z is a Bunce-
Deddens algebra and to calculate the index |U{/(ZF) : H|, which is the number of simple
direct summands.

Let {nt} be integers with ny > 2, and let X = {0, 1, ..., n;r — 1}. Addition by 1 with
carry over is a homeomorphism of the totally disconnected space X := [[. Xx called an
odometer action, and the resulting crossed product C(X) x; Z is a Bunce—Deddens algebra
with supernatural number n := ]_[k>0 ni (see [3, Ch. VIIL.4]).

Our claim that C(H) X4 Z is a Bunce—Deddens algebra will follow from the next
proposition, which generalizes [11, Proposition 3.6].

PROPOSITION 3.2. Suppose {G; |€ N} are finite groups and G = l(iLn(Gl, m). Fixge G
and let L denote the closed subgroup of G generated by g. Consider the action o : 7, —
Aut C(G) such that o, (f)(x) = f(g7"x). Let 0;(g) denote the order of w;(g) in G; and
let

d 00(g) ifl =0
o1(g)/oi-1(g) il >1.

Then C(L) x4 Z is a Bunce—Deddens algebra with supernatural number | | 1>04l-

(3.2)

Proof. Let X := ]_[120{0, 1,...,d;—1}. The argumentin the proof of [11, Proposition 3.6]
shows that the continuous maps 4; : X — G given by

hi({an}) = my(g@radotradodi-diry (3.3)

combine to give an equivariant homeomorphism /2 : X — L, which induces the required
isomorphism. a

Our subgroup H of U(ZF) is the inverse limit l(iglm(H ), where m; : U(ZF) —
u (Z / ( I peF pKrtl )Z) is the canonical surjection. Then Proposition 3.2 and (3.1) imply
that C(H) X, Z is a Bunce-Deddens algebra with supernatural number d (] | peF p)° for
d = ok (q). By Corollary A.6, we have that

UZp): H| = (H(p - 1)p’<ﬂ—1)/d, (34)

peF

which finishes the proof of Theorem 3.1.

3.2. When S consists of two primes. We now analyse C(U(Zp\s)) % 7S5 when S =
{g. r}. For simplicity, we consider only the case F = {p, ¢, r}, so that we are interested in
the crossed product C(U(Zp)) Xs 72, where

Oman(f)x) = flg™"r "x).
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THEOREM 3.3. The C*-algebra CU(Zp)) Hq 7% is a finite direct sum of copies of
a simple AT-algebra A which has real rank zero, a unique tracial state and K -theory

satisfying two short exact sequences:
0— Z[p~™'1 — Ko(A)—Z —> 0 35)
0— Z — K{(A)—Z[p~'1 —> 0. '

Everything except the assertion about K -theory was proved in Theorem 2.1; the simple
C*-algebra Ais C(H) X, 72, where H is the closure of quZ inU(Zp). We aim to analyse
C(H) g Z? by writing it as an iterated crossed product (C(H) Xyq Z) % Z. The inside
crossed product is not simple unless ¢Z is dense in H and it is helpful to reduce to this case
using the following lemma.

LEMMA 3.4. Let H, denote the closure of ¢% in U(Zp). Then Hy has finite index 1 (q) in
H and, hence, is an open and closed subset of H. The inclusion of C(Hy) in C(H) induces
an isomorphism of C(Hy) X (Z x 1(q)Z) onto the corner xp,(C(H) x4 Zz)xyq.

Proof. Corollary A.6 implies that H, has finite index in U/(Z)), so it certainly has finite
index in H. The inclusion of C(H,) in C(H) and the map

(m. L(@)n) > xm,izp(m, T(@)n) xn,

form a covariant representation of (C(Hy), Z x 1(q)Z, o) in xu,(C(H) Xq ZZ)XHq and,
hence, give a homomorphism

¢ : C(Hy) %o (Z x 1(Q)Z) = x1,(C(H) o Z*)XH,.

We can identify (Z x 1(¢)Z)" with T?/(Zx I (¢)Z)* = T?/(1x Cj(4)), where C,, denotes
the group of nth roots of unity, and then ¢ carries the dual action 67y, ;] into 6y, ;; now a
standard argument implies that ¢ is injective (or we could apply [22, Corollary 4.3], for
example). We have

x, (Figz(m.n)xu, = (f xu,)ize(m. n)xu, = izz(m,n)o, (f Xa,)XH,-

Since the support of a,;yln (f xH,) is contained in ¢ ~"'r ™" Hy = r ™" Hy, we have

o (fxm,)  if 1(q) divides n

1 —
O XH) XH, = :0 otherwise

and

, izp(m,n)o ) (fxn) if I(g) dividesn
xHq(fzzz(m,n»xHq:{OZ i

B {qb((fxyq)izz (m,n)) if I(q) divides n
0 otherwise.
Thus, every xu, (fizz2(m, n))xn, is in the range of ¢ and ¢ is surjective. O
COROLLARY 3.5. Define y : Z — Aut(C(Hy) Xsa Z) by
Ym(fiz(n) = 0y, (Piz®n). (3.6)
Then (C(Hy) Xga Z) Xy, Z is isomorphic to a full corner in C(H) X4 72.
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Proof. Theorem 4.1 of [18] gives C(Hy) X (Z x 1(q)Z) = (C(Hy) Xga Z) ¥ 1(q)Z, so
the result follows from Lemma 3.4 on replacing I (¢)Z by the isomorphic group Z. a

The analysis in §3.1 shows that C(H;) Xs¢ Z is a Bunce-Deddens algebra.
The K -theory of Bunce—Deddens algebras is well known. To state the version we need,
recall thatif n = (nx)x>0 is a sequence with ny > 2, then Z[n~!] denotes the set of rational
numbers with denominator Ny = ]_[f-‘:O n; for some k > 0.

PROPOSITION 3.6. Suppose that m = (np)k>0, Xk = {0,....,np — 1}, X = [[ Xk
and t : 7Z — AwtC(X) is the associated odometer. Then there are isomorphisms
¢o : Ko(C(X) x; Z) — Z[n~'] such that Do X7 (ag,....a0]) = N,:l for each cylinder
set J(ao, ...,ar) and ¢1 : K{(C(X) X Z) — Z such that ¢1(iz(1)) = 1.

Proof. As K1(C(X)) = 0, the Pimsner—Voiculescu sequence for the system (C(X), Z, 1)
reduces to

0 — Ki1(C(X) x: Z) = Ko(C(X)) L% Ko(C(X)) -5 Ko(C(X) 3p Z) —> 0.
Now let Cy = {J(ap, ..., ar)} be the set of cylinder sets of length k + 1 and note that
C(X) = Uk:l Ay, where Ay = span{yy; | J € Cy}. Each xj for J € Cj is the
sum of nyi basis elements of Ag41, so the maps [xj(a,....ar)] = Nk*] of Ay into R
combine to give a homomorphism ¥y of Ko(C(X)) = 1i_n>1K0(Ak) into R with range
Z[n~ 1. Since the generating automorphism t = 71 permutes Cy, the kernel of ¥ is the
range of id —t, and, hence, ¥ induces the required isomorphism ¢y of Ko(C(X) Xy Z)
onto Z[n’]]. To verify the statement about K, recall that § is the coboundary map for
the Toeplitz extension of C(X) x; Z (see [21, §2]) and compute the index of [iz(1)] in
Ko(C(X) ® K) = Ko(C(X)). d

Proof of Theorem 3.3. We saw in the proof of Proposition 3.2 and in the paragraph
following it that the homeomorphism / of szo X, onto the subgroup H, of U(Z))
satisfies

mr(h({an})) = JTk(qa°+a'0p(q)+"'+“k0p(q)pk_]) fork > 0,
and hence carries J (ag, . . ., ax) onto Z(q“0+‘“01’(‘1)+“‘+“k"ﬂ(‘1)1’k71), where
Zi(n) = {x e U(Zp) | i (x) = mp(n)}.

So we deduce from Proposition 3.6 that there is an isomorphism ¢ of Ko(C(Hy) Xs Z)
onto (1/0,(¢))Z[p~'] such that
Bo(lxzem)) 1
0(LXZ =<7
Y o) PF

for every integer m which lies in H,,.

Multiplying by the unit r—/@! carries Zi(m) into Zi(r—'@!m) and, hence, ¢o o
(¥« = ¢o. Thus, (y1)« is the identity on Ko(C(H,) X5 Z). It is also the identity on
K1(C(Hy) X Z) and, hence, the Pimsner—Voiculescu sequence for ((C(Hy) X5 Z), Z, y)
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collapses to the two short exact sequences

0— ZIp~'1 — Ko(C(Hy) x Z*)—7 —> 0

1
op(q)

0 —> Z —> K{(C(H,) ZQ)HLZ[,;*‘] — 0.
op(q)
From this and Corollary 3.5 we can deduce (3.5); since the isomorphism induced by
Corollary 3.5 scales the class of [1], we have removed the factor o, (q)*] by a further
scaling to ensure that the final statement does not depend on the order of factors in our
decomposition. a

Remark 3.7. The number of simple summands in Theorem 3.3 is |L/(Z),) : H| and we can
compute this using [11, Lemma 3.7]. For example, if p is odd and [ is large, we have from
(A.1) that

[ (H)| = [0,1(q). 0,0 ("] = [p' "7 Do,(q). 'L D0, ()]

= pl DL, (g), 0) ()]

thus we deduce

-1 min(L ,(q),Lp(r))—1
U,y : H = UZ)p'T) () = LD

lop(g), 0p(r)]

We could carry out a similar analysis when |F| > 1, although it would not be so easy to
work out some of the indices explicitly.

Remark 3.8. Theorem 2.1 implies, in particular, that C(H) X 72 satisfies the hypotheses
of the classification theorem of Elliott for AT-algebras [23, Theorem 3.2.6]. We can tell
from the computation of K-theory in Theorem 3.3 that C(H) X, Z? is not a Bunce—
Deddens algebra, but it is still closely related to an odometer. The homeomorphism of
[14>0 X« onto H, identifies the action of the first copy of Z (multiplication by ¢ on Hy)
with an odometer (addition of 1 with carry over). The action of the second copy of Z
(multiplication by r on H,) also acts as a permutation on each Xj: it moves X around in
a different order and this action carries over into X when the marker in X returns to the
starting point. So we can think of the action of Z? as two independent odometers on the
same set. We can normalize the scale so that either copy of Z acts by addition of 1 with
carry over, but not so that both act this way at once.

4. The Bost—Connes algebra

The Hecke C*-algebra Cg of Bost and Connes [2] is isomorphic to the semigroup crossed
product C*(Q/Z) x4 N*. The Fourier transform takes C*(Q/Z) onto the algebra of
continuous functions on the compact group Z := [] pep Lp and carries « into the action
given by (see [7, §3.1])

f(x/n) ifndivides x

0 otherwise.

an(f)(x) =
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Lemma 2.2 is valid with F replaced by P and Zr by Z. Thus, for S C P, an application
of [10, Theorem 1.7] gives that Jg := Co(Z \ Zs) x4 N* is an ideal of Cg = C(Z) x N¥,
with quotient isomorphic to C(Zs) x N*. Choose a € Z such thata, =0 <= p € S.
Then {Q%a N Z} has closure Zg, so Co(Z \ Zs) is the kernel of the representation 7,
considered in [9, p. 440], and it follows from [11, Lemma 4.2] that Jg is the kernel of the
representation 7, x V described in [9, p. 440]. We can now deduce that § +— Jg, as S
runs through the proper subsets of P, is the parametrization of (Prim Cg) \ @ given in
[9, Theorem 2.8].

THEOREM 4.1. Suppose that S is a proper subset of P.
(@ IfP\ S is infinite, then Js = (1 )¢5 Jsu(p)-
d) IfO0 < |P\ S| < oo, then

(ﬁ JSU{p}) / Js = (CUZp\s)) xo Z5) @ KA (N7V)).
PES

(©) Co/Jp is isomorphic to C*(Q*) = C(Q%).
Moreover, C(U(Zp\s)) Xo 75 is a simple AT-algebra with real rank zero and a unique
tracial state.

It follows from [9, §2] that every basic open neighbourhood of Jg has the form
Us={Jr|TCP, TNG =0}

for some finite subset G of P\ S. When P \ § is infinite, there are always lots of Jgu(p) in
Ug,and thus Js € {Jsu(p) | p ¢ S}; this states precisely that ﬂp¢s Jsu(py C Js. The other
inclusion is trivial and (a) follows. Part (c) is true because Zp = {0}. To prove (b) we just
need to replace F by P and Zr by Z in the proof of Lemma 2.6.

It remains to prove the statements about C(U(Zp\s)) Xo Z5. The Chinese Remainder
Theorem implies that Z is dense in Zp\s and, hence, 75 =7NnU (Zp\s) is dense in
U(Zp\s). Thus, 7S acts minimally and freely on U(Zp\s) and CU(Zp\s)) Xo Z5 is
simple. However, since |S| = oo, we cannot apply the results of [19] to conclude that
CU(Zp\s)) ¥s ZS5 has real rank zero and stable rank one, as we did in §2 for C(H) x4 Z5.
Instead we aim to use Theorems 1 and 2 of [1], and to do this we need to show that
CU(Zp\s)) Xo 75 is an AH-algebra with the extra property of slow dimension growth.

Since P \ § is finite, we have as in (2.7) that U (Zp\ s) is the inverse limit of the finite
groups U(Z/(T1,ep\s P'7)Z) overl = (1) € NP\S. Hence, U(Zp\s) = lim F,, where

F, = u(z/(pel;[\s p">z). 4.1)

We denote the canonical surjection of U(Zp\s) onto F, by m,. The analogue of
Lemma 2.7 for F, and the canonical action of Z5 by multiplication on F, implies that
C(U(Zp\s)) ¥ Z5 is the closed union of C*-subalgebras isomorphic to C(F,) x Z5.
Towards applying Proposition 2.8, we note that the infinite direct sum Z5 is the union of
the subgroups ZF associated to finite subsets E of S. Thus, by using an argument similar to
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that in Lemma 2.7 we have that C(F,,) x Z5 is the closed union of subalgebras isomorphic
to C(F,) »x Z. However, by choosing a particular sequence E, of finite subsets of S, we
can show that C(U(Zp\s)) Xo 75 has slow dimension growth.

Indeed, since Z/(]_[p p")Z = ]_[p 7/p"Z, we have F, = HPEP\SU(Z/p"Z).
Thus, Fj, is a product of at most |P \ S|+ 1 cyclic groups (the +1 allows for the possibility
that 2 € P\ §) and, hence, has a generating set {x, ;} with at most |P \ S| + 1 elements.
By Dirichlet’s Theorem, there are primes g, ; such that

qn,i = Xn,i <m0d l_[ Pn),

peP\S

and each ¢, ; belongs to S because it is a unit modulo HpeP\S p". Now let E}, := {gn.;},
list the primes in S as {r,, | n € N} and take

E, = (U E,'n) U{ry,...,m}
m<n
We then have 7, (ZF") = F,,, E,, C E, form <n,and | J E, = S.

We have now realized C(U(Zp\s)) Xo 75 as the closure of an increasing union
U,en Bn in which By, is isomorphic to the crossed product C(F,;) x ZEn by a transitive
action of ZF». By an argument identical to that at the end of §2 we conclude that
CU(Zp\s)) * 7S has a unique tracial state.

We prove next that CU(Zp\s)) x ZS is an AH-algebra with real rank zero.
Proposition 2.8 implies that B, = C(F,) x ZE» = C(T!E»!, Mg, (C)). However,

|Edl _ n(P\S|+2)
1Fal = T1,(p — Dp!

and, thus, the sequence B, = C(F,) x ZEn of subalgebras of C(U(Zp\s)) x Z5 has

slow dimension growth. It now follows from [1, Theorem 1] that C(U(Zp\s)) x Z5 has

topological stable rank one. Since the projections in C(U (Zp\s)) » 7S trivially separate

the unique tracial state, [1, Theorem 2] implies that C (U (Zp\s)) » 7S has real rank zero.

The K-groups of C(U(Zp\s)) » 7S are inductive limits of torsion-free groups and, hence,

are themselves torsion-free, so it follows as in §2 that C(U (Zp\s)) ¥ 75 is an AT-algebra.
This completes the proof of Theorem 4.1.

— 0 asn — oo,

A. Appendix. The orders of a prime in groups of units

For p prime and m € N such that (m, p) = 1, we denote by 0,1 (m) the order of m in
U(Z/p'Z). Tt was shown in [11, Theorem 3.1] that if p is odd, there is a positive integer
L, (m) such that

0,(m) if1 <1<L,(m)

(A1)
pl_Ll’(’")op(m) ifl > L,(m);

0,1(m) =

the proof uses that the groups U (Z/p'Z) are cyclic. We now show how to modify the
arguments of [11, §3] to obtain an analogue of (A.1) for p = 2, in which case U(Z/ 2'7)
are no longer cyclic.
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PROPOSITION A.1. Ifmisan oddinteger andm = 1 (mod 4), then there exists a positive
integer K = Ly(m) such that

1 ifl<l<K

0,1 (m) = (A2)
2 2K ifl > K;
if m =3 (mod 4), then there exists a positive integer L. = Ly(m) such that
1 ifl =1
0y (m) =12 ifl <l <L (A.3)

2-L=D s L

To prove Proposition A.1 we use general properties of cyclic groups as in [11, §3].
We begin with a lemma.

LEMMA A.2. Supposel > 3. Then the group {n € U(Z/2'Z) | n = 1 (mod 4)} is the
cyclic subgroup (5), of U(Z,)2'Z) generated by 5.

Proof. Theorem 2’ of [5, Ch. 4.1] states that |(5);| = 2/~2. For k > 0 we have

k k
k k
Sk = (4 k — no_ n—1
4+1) Z(n>4 4Z<n)4 +1,
n=0 n=1
so 5 = 1 (mod 4). Hence, if n = 5% (mod 2!) for some 0 < k < 2/=2 thenn = 1
(mod 4). Since the order of {n € U(Z/2'Z) | n = 1 (mod 4)} is also 2/~2, the result
follows. O

COROLLARY A.3. An element of U(Z/2'Z) is congruent to 3 (mod 4) if and only if it is
congruent to —5% (mod 2') for some k satisfying 0 < k < 272,

COROLLARY A.4. Suppose m € Z satisfies m = 1 (mod 4). Then for everyl > 0 we
have

051+1(m) if 2 does not divide 051+1(m)

(A4)
0,1+1(m) /2 if 2 divides 0y1+1(m).

0,1 (m) = :

Proof. Since a number is coprime to 2/ if and only if it is coprime to 2/*1, the reduction
map 7 : U(Z/2'T'Z) — U(Z/2'Z) is a surjective homomorphism. Lemma A.2 implies
that m = 5" (mod 2!T1), where r = 0,41(5)/0y+1(m) = 2!=1 /0511 (m). Hence, by
applying [11, Lemma 3.2] to the restriction of 7 to a homomorphism of (5),,; onto (5);,
we have

0y (m) = o((5"))
2@ ogrm), 27 if 2/~ divides 2/~ /0,141 (m)
2@ oy (m), 2171)) if 271 does not divide 2! oy (m),

which simplifies to (A.4). O
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Proof of Proposition A.1. Suppose first that m = 1 (mod 4). For fixed N, there exists an
I € N satisfying m" < 2!. Then 0,1(m) > N and, hence, the sequence {0, (m) | [ € N}
must be unbounded. In particular, {0,/ ()} is not a constant sequence. Let K be the first
integer such that o,k (m) < 0,x+1(m). Then oy (m) = 02(m) = 1for1 </ < K and by
Corollary A.4 we have 0,x+1(m) = 202(m) = 2. Since 0,x+1(m) divides oy (m) for all
[ > K, it follows that 2 divides 0, (m) for all / > K. We now apply Corollary A.4[ — K
times to deduce that 0, (m) = 2/=K o0,k (m) = 2/7X.

Now suppose that m = 3 (mod 4). Certainly 02(m) = 1. For [ > 1, Corollary
A3 tells us that m = —5* for some 0 < k < 2/=2. Thus, m?> = 5% (mod 2') and,
therefore, m? € (5),. Let L be the first integer such that 051 (m?) < 05L+1 (m?). Applying
Corollary A.4 to m? and repeating the argument of the preceding paragraph gives (A.3)
because 0y (m) = 20y (m?). O

We now need to extend these results to cover actions on U (Z ) for an arbitrary finite set

F of primes. We write F = {p1, ..., p,} and fix a prime ¢ which is not in F. We denote
by 0q,....1,)(q) the order of (¢, ..., q) in [/, U(Z/p:" Z).
PROPOSITION A.5. There exist positive integers K1, . .., K, and d such that

O(K 1Kyt (@) = A1 py” (A.5)

forevery (I, ...,1,) € NF.

Proof. Suppose first that p1, ..., p, are distinct odd primes, and let L , (g) be as in (A.1).
Let

zi := max{z | p;* divides 0p;(q) for some j € {1,...,n}},
and define K; := Ly, (q) +z; and d := [0p,(q), ..., 0p,(q)], where [r1, ..., r,] is the
least common multiple of the integers r;. In general, if g; are elements of order r; in finite
groups G, then the order of (g1, ...,g,)in G| X --- x G, is [ry, ..., r,]. Thus, from the
properties of L. (¢) we obtain

(K1+1)—Lp, (q) (Kn+ln)—Lp, (q)
Ok it1yckirtn) @ =Py 0 (@), - "o @] (A6)

=1p{""0p, @) ... p 0, (@)]
=i " [0p (@), s 0p, (@),
which is (A.5).
Now suppose that 2 € F,say p1 = 2.If g =1 (mod 4), we let
z; :=max{z | p;* divides 0, (q) for some j € {2, ..., n}},

and define Ky := L2(q) +z1, Ki :== Lp,(g) +zifori > landd = [0p,(q), ..., 0p,(q)].
Reasoning as in (A.6) gives (A.5).
If g =3 (mod 4), we let

z1 = max (1, max{z | 2% divides op;(q) forsome j € {2,...,n}}),
zi = max{z | p;* divides 0p,(q) for some j € {2, ..., n}}
for i > 1, and define K1 := La(q) +z1 — 1, K; := L, (q) +z fori > 1 and
d:=1[2,0p,(q),...,0p,(q)]. Again, reasoning as in (A.6) gives (A.5). O
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COROLLARY A.6. The closure H oqu inU(ZF) is a subgroup of finite index

U@r) : H = (]‘[(pi - 1)p{‘i‘1)/d.

i=1
Proof. Apply Proposition A.5 tol = (I,1,...,1) to see that | (H)| = d([]/_, p!) for
large [ and the result follows from [11, Lemma 3.7]. O
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