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PURELY INFINITE PARTIAL CROSSED PRODUCTS

THIERRY GIORDANO! AND ADAM SIERAKOWSKI?

ABSTRACT. Let (A, G, a) be a partial dynamical system. We show that
there is a bijective correspondence between G-invariant ideals of A and
ideals in the partial crossed product A X, G provided the action is
exact and residually topologically free. Assuming, in addition, a techni-
cal condition—automatic when A is abelian—we show that A x4, G is
purely infinite if and only if the positive nonzero elements in A are prop-
erly infinite in A X, G. As an application we verify pure infiniteness
of various partial crossed products, including realisations of the Cuntz
algebras O, Oa, On, and Oz as partial crossed products.

1. INTRODUCTION

In the theory of operator algebras, the crossed product construction has
been one of the most important and fruitful tools both to construct examples
and to describe the internal structure of operator algebras (in particular the
von Neumann algebras).

Partial actions of a discrete group on C*-algebras and their associated
crossed products were gradually introduced in [14] and [36], and since then
developed by many authors. Several important classes of C*-algebras have
been realised as crossed products by partial actions, including in particular
AF-algebras, Cuntz-Krieger algebras, Bunce-Deddens algebras, among oth-
ers (see for example [5, 12, 13, 15, 16, 19, 26]). The description of C*-algebras
as partial crossed products has also proved useful for the computation of
their K-theory.

In this paper we pursue the study of partial C*-dynamical systems and
their crossed products associated. We begin by recalling (in Section 2 and
Appendix A.1) the construction of the partial crossed product A x4, G
associated to a partial action o (a compatible collection of isomorphisms
ar: D1 — Dy, t € G of ideals in A).
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2 THIERRY GIORDANO AND ADAM SIERAKOWSKI

In Section 3, we study the ideal structure of partial crossed products,
generalising the results on C*-dynamical systems obtained by the second
author in [43]. Recall that a partial action « on a C*-algebra A has the the
intersection property if every nontrivial ideal in A x,, G intersects A non-
trivially. Then (Definition 3.1) we say that a partial C*-dynamical system
(A, G, @) has the residual intersection property if for every G-invariant ideal
7 in A, the induced partial action of G on A/Z has the intersection property.
We establish in Theorem 3.2 a one-to-one correspondence between ideals in
A X, G and G-invariant ideals of A provided—in fact if and only if—the
partial action « is exact and has the residual intersection property. When
the partial action « is minimal (no nontrivial G-invariant ideals in A), then
the ezactness (any nontrivial G-invariant ideal Z in A induces a short exact
sequence at the level of reduced crossed products) is automatic.

In [19], having defined a topologically free partial action (by partial home-
omorphisms) on a locally compact space X, Exel, Laca, and Quigg proved
the simplicity of the partial crossed product Co(X) X4, G under the pres-
ence of minimality and topological freeness of a. In [34], Lebedev extended
the definition of topological freeness to non-commutative partial actions and
showed that a topologically free partial action has always the intersection
property. With Lebedev’s result, we recover in Corollary 2.9 the theorem of
Exel, Laca, and Quigg.

Theorem 3.2 allows us also to extend Echterhoff and Laca’s work on
crossed products: We show that the canonical map J — J N A between
ideals in A x , G and G-invariant ideals of A restricts to a continuous map
from the space of prime ideals of A %, G to the space of G-prime ideals in
A. This restriction is a homeomorphism provided « is exact and residually
topologically free, where residual topological freeness is an ideal related ver-
sion of topological freeness. When A is separable and abelian we show that
the space of prime ideals of A X, G' is homeomorphic to the quasi-orbit
space of Prim A.

In Section 4 we generalise some of the main results in [41], by Rgrdam and
the second named author, to partial C*-dynamical systems. In particular we
give sufficient conditions for a partial crossed products to be purely infinite
in the sense of Kirchberg and Rgrdam. One of the keys assumptions of The-
orem 4.2 goes back to Elliott’s notion of proper outerness (an automorphism
a of A is properly outer if ||a|z — 3| = 2 for every a-invariant ideal Z in
A and any inner automorphism S of 7). Based on Kishimoto’s work, Olsen
and Pedersen proved that an automorphism « of a separable C*-algebra A
is properly outer if and only if inf{||z(ad)z| : © € By, ||z|]| = 1} = 0 for
every a € A, and every nonzero hereditary C*-algebra B in A, where ¢ is
the unitary implementing «, i.e, a(a) = dad* in A x4 Z. Moreover Archbold
and Spielberg proved that topological freeness of an action a ensures that
oy, t # e is properly outer. In Proposition 3.10, generalising these results,
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we prove the equivalence of the following statements for a partial action «
on an abelian C*-algebra A:

(i) « is topologically free,
(i) [Jat|z —id|z]| = 2 for every as-invariant ideal Z in D;-1 (and ¢ # e),
(iii) inf{||z(ads)x|| : x € By, ||z|| = 1} = 0 for every a € Dy, and every
nonzero hereditary C*-algebra B in A (and ¢ # e).

Without assuming that A4 is commutative and under the assumption of
property (iii) for actions of G on A/Z for any G-invariant ideal Z in A and
exactness of o we once again obtain a one-to-one correspondence between
ideals in A X4, G and G-invariant ideals in A. However, in this context
we can state in Theorem 4.2 sufficient and necessary conditions for pure
infiniteness of the partial crossed products: A X, G is purely infinite if and
only if every nonzero positive element in A4 is properly infinite in A 3, G
(under presence of ideal property of A).

In the second part of Section 4, we study pure infiniteness of partial
crossed products A X, G when A is abelian. We establish a geometrical
condition sufficient—and sometimes also necessary—to obtain pure infinite-
ness of partial crosses products. Specifically we show in Theorem 4.4 that
an exact and residually topologically free partial action on a totally dis-
connected locally compact Hausdorff space X gives a purely infinite partial
crossed product Co(X) X4, G provided that the compact and open subsets
of X are (G, 7x)-paradoxical (Definition 4.3).

In Section 5, we apply our results to a variety of known examples of partial
crossed products:

(i) Hopenwasser constructs a partial action of the semidirect product
Qn x57Z of n-adic rationals by the integers Z on the Cantor set X¢ such that
the partial crossed product C(X¢) X (Qy, XsZ) is isomorphic to the Cuntz
algebra O,. We verify that for this (exact and residually topologically free)
action the compact and open subsets of X¢ are (Qy, x;Z, Tx,, )-paradoxical.

(i) For a {0, 1}-valued n by n matrix A = [a;;] with no zero rows Exel,
Laca, and Quigg realised O4 = C*(s1,...,8p : Zj sj8; = 1723‘ ijs;js; =
stsi) as a partial crossed product C(X4) xq Fy,, where F,, denotes the free
group of rank n. The algebra O4 was defined by Astrid an Huef and Raeburn
as an universal analogue of the Cuntz-Krieger algebra. When « is exact and
residually topologically free we prove that C(X4) x4 F, is purely infinite if
and only if the compact and open subsets of X4 are (IF,,, 7x , )-paradoxical.
We use graph C*-algebraic results by Raeburn, Kumjian, Pask, Raeburn,
Renault, Mann, Sutherland, Hong and Szymanski among others.

(iii) Boava and Exel showed that for each integral domain R with finite
quotients R/(m), m # 0, the semidirect product K x K* of K by K\{0}
(where K is the field of fractions of R) acts on the Cantor set Xp such
that the partial crossed product C(Xg) X4 (K x K*) is isomorphic to the
regular C*-algebra [R] of R. We verify that for this (exact and residually
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topologically free) action the compact and open subsets of Xp are (K x
K>, 1x,)-paradoxical.

In [1], Abadie described a class of partial crossed products Co(X) Xq, G
Morita-Rieffel equivalent to ordinary crossed products. In Section 6, we
prove that for such a partial crossed product Co(X) x4, G if the compact
and open subsets in the spectrum of the the original C*-algebra of the partial
crossed product are paradoxical, then the same property must hold for the
corresponding (ordinary) crossed product.

Much of the work described in this paper was done while the second
author held a postdoctoral fellowship at the University of Ottawa. He wishes
to thank the members of the Department of Mathematics and Statistics at
the University of Ottawa for their warm hospitality.

2. DEFINITION OF PARTIAL CROSSED PRODUCT.

Let A be a C*-algebra and G be a discrete group. We recall the definition
of a partial dynamical system and the corresponding partial crossed products
(see Appendix A.1 for more details).

Definition 2.1. Let A be a C*-algebra and G be a discrete group. A partial
action of G on A, denoted by «, is a collection (D;)icq of closed two-sided
ideals of A and a collection (ay)ieq of *-isomorphisms «;: Dy—1 — Dy such
that

(i) D, = A, where e represents the identity element of G;
(ii) az'(DsNDy-1) C Dyg)-1;
(iil) a0 as(r) = aus(z), YV € a;(DsNDyr).

The triple (A, G, ) is called a partial dynamical system. The equivalence
between this definition of partial action by Dokuchaev and Exel in [9] and
the original definition of McClanahan ([36]) was proven in [39]. For the case
when A is abelian we refer to [1, 12, 19].

Definition 2.2. Let (A, G, «) be a partial dynamical system. Let £ be the
normed *-algebra of the finite formal sums ), a;0;, where a; € Dy. The
operations and the norm in £ are given by

(ardt)(asds) = ap(ap-1(ar)as)ds, (ard)™ = ap-1(ay)d-1,

1D adell = llac.-

teG teG

Let B; denote the vector subspace D;d; of L. The family (B;)ieq generates
a Fell bundle. The full crossed product A x, G and the reduced crossed
product A X, G are, respectively, the full and the reduced cross sectional
algebras of (By)icq. Both crossed products are completions of £ with respect
to a certain C*-norm. We recall the construction of these crossed products
in Appendix A.1.
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We suppress the canonical inclusion map A — A X, G, a — ad. and view
A as a sub-C*-algebra of A x, G. All ideals (throughout out this paper) are
assumed to be closed and two-sided. The set 7x denotes the topology of a
topological space X. The C*-algebra of continuous functions vanishing at
infinity on a locally compact Hausdorff space X is denoted by Co(X). Every
abelian C*-algebra arises in this form. When the algebra is unital then X
is compact and we emphasise this fact by writing it as C(X).

3. IDEAL STRUCTURE OF PARTIAL CROSSED PRODUCT.

Before stating our results on the ideal structure of a partial crossed prod-
uct generalising [43] we need a few definitions.

Definition 3.1. Let (A, G, «) be a partial dynamical system. Then

(i) A closed two-sided ideal Z of A is G-invariant provided that a;(Z N
Dy-1) C T for every t € G.

(ii) The partial action is ezact if every G-invariant ideal Z of A induces
a short exact sequence

OHINOZ’TGHANQ/]‘GHA/INO(,TGHO

at the level of reduced crossed products.

(iii) The partial action has the residual intersection property if for every
G-invariant ideal Z of A the intersection of A/Z with any nonzero
ideal in A/Z %, G is nonzero.

Theorem 3.2. Let (A, G, «) be a partial dynamical system. There is a one-
to-one correspondence between ideals in A X, G and G-invariant ideals of
A if and only if the partial action is exact and has the residual intersection

property.

Proof. Sufficiency: Suppose that « is exact and has the residual intersection
property. Let E4: A x4, G — A denote the usual conditional expectation
on the crossed product (see Appendix A.1). Let Ideal[S] denote the smallest
ideal in A x,, G generated by S C A x4, G. Let ¢ denote the map
J — J N A from the ideals in A X, G into G-invariant ideals in A. Using
that Ideal[Z]N.A = Z, for any G-invariant ideals Z of A, ¢f. Proposition A.4,
we conclude that ¢ is surjective. To show ¢ is injective it is enough to show
that J = Ideal[E4(J)] for every ideal J in A x4, G. If we have two ideals
J1, J2 of A X, G with the same intersection it then follows that

J1 =1deal[E4(J1)] = Ideal[T1NA| = Ideal[J2NA] = Ideal[E4(T2)] = T2,
because the assumption J = Ideal[E4(J)] implies J N A = E4(J): From
Proposition A4, 7 NA C E4(J), and by assumption
EA(J) Cldeal[E4(T)|NA=TNA.
Fix any ideal J of A x4, G.
(i) J CIdeal[E4(J)]: Let T denote the (smallest) G-invariant ideal in A
generated by F4(J). By Proposition A.3 we have the commuting diagram
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(1) which we now consider. For each x € J* we have E4(x) € Z and hence
that E4/7(p(x)) = Ea(z) +T = 0. By exactness ker p C Ideal[Z] (not true
in general). Hence = € ker p = Ideal[Z] = Ideal[E4(J)]. Since every element
in J is a linear combination of positive elements J C Ideal[E4(J)].

(ii) Ideal[E4(J)] € J: Let Z denote the intersection J N.A. By exactness
we have a short exact sequence

0—>T XaypG—>Axg, G—> AJT x4, G—>0
With £ := I x,,G C J we can therefore make the following identifications:
p(J)=JTJ/K, A/L=A/KNA)=(A+K)/K.

Suppose that J /K and (A+ K)/K has a nonzero intersection. Then there
exist j € J and a € A such that j+K = a+ K # K. Since K C J it follows
that a € J and hence that a € J N A =7 C K. But then a+/X = K giving a
contradiction. We conclude that p(J)N.A/Z = 0. The residual intersection
property implies that p(J) = 0. Consider the commuting diagram (1) of
Proposition A.3. For each x € J we have that E 4,7(p(z)) = Ea(x)+Z = 0.
Hence E4(x) € T = J N.A. We conclude that Ideal[E4(J)] C J.

Necessity: Suppose that ¢ is bijective, where ¢ denotes the map J —
J N A from the ideals in A X, G into G-invariant ideals in A. As previously
let E4: AXqo,r G — A denote the conditional expectation on the crossed
product.

(iii) Exactness: Fix any G-invariant ideal Z of A. Consider the com-
muting diagram (1) of Proposition A.3. By assumption J := ker p has the
form (J NA) X, G, cf. Proposition A.4. This implies that E 4,7(p(J)) =
EA(J)+Z=0. Hence E4(J) C Z. By Proposition A.4 we also have that
JNAC EA(T). We conclude

kerp = (JNA) Xq,r G Cldeal[E4(T)] C T o, G.

(iv) Residual intersection property: Fix any G-invariant ideal Z of A and
any ideal J of A/Z x,, G with zero intersection with A/Z. Once again
consider the commuting diagram (1). By assumption J1 := p~1(J) has the
form (J1 NA) xqr G, cf. Proposition A.4. Hence

Exz(T) = Eaz(p(T1)) = Ea(T1) +T=(T1NA)+T
=EA(J1NA)+I=E 1(p(T1NA) C Eqz(p(T1)Np(A)
=E r(TNA/T)=TNA/T=0

By the faithfulness of the conditional expectation (on positive elements) we
conclude that 7 = 0. |

Remark 3.3. Exactness of a partial action is somehow mysterious because
of the lack of concrete examples of a partial action that is not exact (even
though existence has been established). Nevertheless, exactness plays an im-
portant role as we have seen above. Here is another result ([42, Proposition
2.2.4]), proved by the second named author, relying heavily on exactness:
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Let (A,G, ) be a partial dynamical system. The action « is exact and
Axar G =2 AXo G if, and only if, AJT Xo, G = AJ/T x4 G for every
G-invariant ideal T in A.

If A is a C*-algebra, let Prim A denote its primitive ideal space and A its
spectrum. Moreover, if J is a closed two-sided ideal of A, then supp J will
denote the subset {Z € PrimA: J ¢ T} and A7 = {[z] € A : n(J) # 0}.
Following Lebedev in [34], we define the map 6;: supp D;-1 — supp D, as
follows; for any point z € supp D;-1 such that & = ker 7, where [r] € AP+,
we set

Oi(x) =ker (moay-1), teaq.
Notice that we then have that (0;):cc is a partial action of G by partial
homeomorphisms of Prim A (see Appendix A.2 for more details).

Definition 3.4. Let (A, G, «) be a partial dynamical system.

(i) The partial action « is topologically free if for any finite set F' in
G \ {e} the union

U {z € suppD; : b(z) = z}
teF
has empty interior, cf. [34].
(ii) The partial action « is residually topologically free if the induced

action of G on A/Z is topologically free for every G-invariant ideal
T of A.

In [34], Lebedev shows that a residually topologically free action always
has the residual intersection property (see Appendix A.2 for details). Hence,
we have

Corollary 3.5. Let (A,G,«) be a partial dynamical system. Suppose that
the action is exact and residually topologically free. Then there is a one-
to-one correspondence between ideals in A o, G and G-invariant ideals in

A.

There is a useful consequence of Corollary 3.5 regarding G-prime ideals.
Recall that a G-invariant ideal Z in a C*-algebra A is called G-prime (resp.
prime if G is the trivial group) if for any pair of G-invariant ideals 7, KC of A
with J N CZ we have J CZ or K CZ, ¢f. [10]. Let Z(A) denote the set
of closed two-sided ideals in A. Imposing that the set {7 € Z(A): Z < J}
is open for any Z € Z(.A) defines a sub-basis for the Fell-topology on Z(.A).
This topology induces topologies on the sets of prime and G-prime ideals in

Z(A).
Corollary 3.6. Let (A, G, ) be a partial dynamical system. The map
T—INA, JeI(AxarG),

restricts to a continuous map from the space of prime ideals of A x4, G to
the space of G-prime ideals in A. Moreover, if the action of G on A is exact
and residually topologically free this restriction is a homeomorphism.
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Proof. The second statement is contained in [10] for ordinary crossed prod-
ucts and it is evident that the proof generalizes. The same argument applies
to the fact that the map J — J N A is continuous. We conclude that the
restriction is continuous (provided it is well defined).

The fact that it is well defined follows from: The ideal J N A is G-prime
for any prime ideal J in Ax, G. The proof is contained in [10] omitting one
detail. If Z and K are G-invariant ideals in A then (Z x4, G) N (KXo, G) C
(ZNK) N, G. To see this we use that the intersection of two closed two-
sided ideals equals their product and an approximation argument. It is then
sufficient to show that if ad; € Z x4, G and b6y € K X4, G then (ad;)(bds) €
(ZK) xq,r G. But this is evident from (ad;)(bds) = a¢(oy—1(a)b)dys. O

Remark 3.7. If a partial action of a discrete group G on a C*-algebra A is
exact then ();(Z; Xa,r G) = ((; Zi) Xa,r G for any family (Z;) of G-invariant
ideals, cf. [42].

Let x be a fixed element in Prim.A. Using the partial action (6;):cc of
G on Prim A define Gz := Uy for which zesupp D, {0:(x)}. The then quasi-
orbit space O(Prim A) of Prim A is defined as the quotient space Prim A/ ~
by the equivalence relation

z~y< G =Gy.

Recall that for A = Cy(X) the partial action « is induced by a partial action
0 of G on X, i.e., a collection of open sets (Uy)ieq and a collection (0;)ie
of homeomorphisms 6;: U,—1 — U, such that U, = X and 6 extends €506,
cf. [36, 16, 39] and Appendix A.2. Then « is given by oy (f)(z) := f(0;-1(z)),
f € Co(Us-1). So, here the ideals are D, = Cy(U;). As the canonical
homeomorphism from Prim A to X is G-equivariant we identify the actions
on Prim A and X. The next corollary and is proof is a generalisation of [10,
Lemma 2.5 and Corollary 2.6].

Corollary 3.8. Let (A, G, ) be a partial dynamical system with A abelian
and separable. Suppose that the action of G on A is exact and residually
topologically free. Then the space of prime ideals of A X, G is homeomor-
phic to the quasi-orbit space of Prim A.

Proof. We show that the following map is a homeomorphism:

2] = Ty %0y G, Ip:= (] Z, [z] € O(PrimA).
ZeGx
Well defined: Fix any [z] € O(Prim A) and define 7, := (rcq, Z. It
is evident that Z, is a closed two-sided ideal in A. Let 7 : A — B(H)
be the irreducible representation corresponding to z, i.e. x = kerm. Since

A = Cy(X) for some locally compact Hausdorff space [4, 11.6.2.9] ensures
that 7(f) = f(y) for some y € X, so x = Co(X \ {y}). Hence

0i(x) = ker(m o ay-1) = {f : ay-1(f)(y) = 0} = Co(X \ {6:(y)})-
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By continuity we obtain that Z, = Co(X \ Gy). This ideal is G-invariant
since Gy is G-invariant (and the complement of a G-invariant set is also G-
invariant). Let us verify Gy is G-invariant for completeness. Fix any s € G
and any 0;(y) € Gy N Ug-1, where Dy = Cy(Us). Since 0;(y) € Uy N Uy
[39, Lemma 1.2] ensures that y € 0,-1(U; N Ug-1) = Up—1 N Ugpy=1- In
particular 65(0:(y)) = 0s:(y). We conclude 65;(Gy N U,-1) C Gy making Gy
invariant. The fact that Gy is invariant is now a simple limit argument used
on GyNU,1 € GyNU,1. Let us verify that Z,, is G-prime. Suppose that
U,V are closed G-invariant subsets of X. If Co(X \U)NCo(X \ V) C Z, it
follows that y € U UV, hence either Co(X \U) CZ, or Co(X\V) CZ,. It
now follows from Corollary 3.6 that 7, x,, G is prime.

Surjectivity ([10, Lemma 2.5]): Let J be any prime ideal in A x4, G.
By Corollary 3.6 the ideal Z = J N A is G-prime. As 7 is G-invariant
Z = Cop(X \ V) for some nonempty closed G-invariant set V' in X. Let
p: Prim A — T denote the quotient map into the quasi-orbit space T :=
O(Prim A). To show that V = Gz for some x € X we verify that F := p(V)
is the closure of a single point in 7. Notice that T is totally Baire (every
intersection of an open and a closed subset is a Baire space) and second
countable. For such a space a nonempty closed subset F' is the closure of
a simple point if and only if F' is not a union of two proper closed subsets,
cf. [24, Lemma p. 222]. However such two proper closed subsets give raise
to two closed G-invariant subsets Uy, Uy C V with Uy U Uz = V and hence
two G-invariant ideals 71,71 2 Z with Zy NZy = Z. This contradicts G-
primeness of Z.

Injectivity: Fix any two prime ideals Z; X, o G and T X, o G in A X, o G
such that Z, X, oG = T, X, oG. By Proposition A.4 we obtain Co(X \Gz) =
I, =1I,=Co(X \ Gy). We conclude that z ~ y.

O

Corollary 3.9 (Lebedev [34]). Let (A, G, a) be a partial dynamical system.
Suppose that the action is minimal (i.e, A does not contain any nontrivial
G-invariant ideals) and topologically free. Then the crossed product Axq G
is simple.

The notation of topological freeness for partial actions is well known. We
recall it in Appendix A.2 and show that the following equivalent conditions
hold:

Proposition 3.10. Let (A,G,a) be a partial dynamical system with A
abelian. Then the following properties are equivalent:
(i) « is topologically free
(i1) ||ow|c — id|k|| = 2 for every ai-invariant ideal K in Dy—1 (and t # e)
(111) inf{||zaz(2)| : x € K4, ||z|| = 1} = 0 for every nonzero ideal KC in Dy-1
(and t # e)
(iv) inf{||z(ad)z| : * € By, ||z|| = 1} = 0 for every a € Dy, and every
nonzero hereditary C*-algebra B in A (and t # e)
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In [38], Pasnicu and Phillips have introduced in Definition 1.3 a very in-
teresting notion of spectral freeness for an action of a discrete group on a
C*-algebra. Then they prove in Proposition 1.10 that for group actions,
spectral freeness is equivalent to our definition of residual topological free-
ness (see Definition 3.4).

In [11], Elliott defines an automorphism « of a C*-algebra A to be properly
outer if for any nonzero a-invariant ideal Z of A and any inner automorphism
B of T,

lelz — Bl = 2.
Proper outerness for dynamical systems has been studied in [31, 37, 3, 42, 43]
among others. We will address in one of our upcoming works how one might
generalise the notion proper outerness beyond ordinary crossed products.

In the rest of the section, we generalize [19], Theorem 2.6, to the non-
abelian case using condition (iv) of Proposition 3.10. We first need the
following lemma.

Lemma 3.11. Let (A,G,«a) be a partial dynamical system. Suppose that
for every t # e, every a € Dy, and every nonzero hereditary C*-algebra B in

A

inf{||o(ad)al| : @ € By, |lal] = 1} = 0.
Then for every b € (A Xar G)+ and every € > 0 there exist a positive
contraction x € A satisfying

[eEA(b)z — x| <e,  [xEab)z| > [[Ea()] — e

Proof. Fix b € (A Xq, G)4 and € > 0.

(i) We may assume b € L£: Since £ is dense in A X,, G there exist
¢ € (Axq,rG)yNLsuch that [[c—b|| < e. Find a positive contraction z € A
satisfying ||t Ea(c)x — zcx|| < e, and ||[xrEa(c)z|| > ||Ea(c)|| —e. Then

|zEA(b)x — xbx| < ||xEA(b)r — xE4(c)x|| + ||[zEA(c)x — xzcx||
+ [Jxzex — zbx|| < 3e,
IEA®)| < [[Ea(b =)l + & + [lzEalc = D)z + [[xEa(b)x]|
< ||lxEA(b)z| + 3e.

(ii) We may assume E 4(b) has norm one: If b = 0 then any positive
contraction x € A works. For b # 0 define ¢ : = TELON ( i using F 4 is faithful.
Find a positive contraction z € A satisfying ||zE4(c)z — xcz|| < HE;:W’
and [[zEa(c)z| > [[Ea(c)ll — - Then

[zEA(b)z — xbx| <e, HH?EA(b)xH > [|Ea®)]| —e.

(iii) It is enough to show that: For every ¢ > 0, every by € A, with
lbo]| = 1, every finite set F© C G \ {e}, and every sequence of elements
(bt)ter, with by € Dy, there exist z € A, such that

lz|| =1, |lzboz|| > ||bol| — &, [|x(bde)z|| <e, teF.
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By (i) — (ii) we may assume that b = by + >, b0y for some finite set
F C G\ {e}, where by = E4(b) is positive (since E 4 is positive) and has
norm one. Using the assumption on by and the sequence (b;)icp choose
x € A4 such that

lz|| =1, |lzboz|| > ||bol| — &, [|x(bdi)z|| <e, teF.
We conclude that

[2EA®)x]| > [[EA®)]| — ¢,
lzEa(b)z — abz|| = 2(b = bo)al| < Y ||z (bidy)al| < |Fle.
teF
(iv) Finishing the proof: Fix ¢ > 0, by € A4, with ||bo| = 1, a finite
set FF C G\ {e}, and a sequence of elements (bt)icp, with by € D;. Let
f:[0,1] — [0,1] be a continuous increasing function taking the value zero
on [0,1 —¢] and one on [1 — 5,1]. Define 29 := f(bg) and set
By :={x € A: xzxg = xor = x}.

If g: [0,1] — [0,1] is a continuous increasing function equal to zero on [0, 1—
g

5] and one on [1 — £,1] then gf = fg = g and [|g(bo)|| = 1. We conclude
that Bj is nonzero. Using the C*-norm identify it follows that L = {z €
A: z*x € B} is a closed left ideal in A. Verifying that By = L N L* we
obtain that B; is hereditary. Write F' := {t1,...,t,}. Since by, € D;, and
B is nonzero hereditary in A

inf{|z(bs, 0, )2 : & € (B1)+, [|=]| = 1} = 0.

Select 2} € (B1)+ such that ||| = 1 and || (b, 6, )2} || < . Let h: [0,1] —
[0,1] be a continuous increasing function equal to the identity on [0,1 — €]
and one on [1 — §,1]. With 21 := h(z]) we have (since gh = hg = g) that

21 € (Bi)4, |zl =1, Jlw1(by bzl < (24 [[be, e,

By :={x € By: zz1 = z12 = 2} 2 g(a}) # 0.
Since by, € Dy, and Ba is nonzero hereditary in A

inf{ o (bipdi)all : @ € (Ba)o, [z = 1} = 0.
Repeating the procedure above we obtain a sequence of hereditary C*-
algebras
By 2By 22 By,
and positive elements of norm one in them, x1, zo, ..., x,, fulfilling that
zi € (Bi)+, llwill =1, |l@i(be,br,)will < (2+ [|bg; e
With z := z,, we have that xx; = ;2 = x for 0 < i < n. It follows that
veds, fall =1, [z(bud)zl < @+ [blle, i=1,....n.

Finally, since f(t)%t > (1 —¢)f(t)? for every t € [0, 1], we get

xxoboror > (1 — e)xzoxox, ||zbox| > ||bol| — €.
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O

Theorem 3.12. Let (A, G, «) be a partial dynamical system. Suppose that
for every t # e, every a € Dy, and every nonzero hereditary C*-algebra B in
A

inf{||z(ads)x| : x € B4, ||z|| = 1} = 0.
Then every nonzero ideal in A X, G has a nonzero intersection with A.

Proof. The proof by Exel, Laca and Quigg in [19] for partial crossed product
with A abelian generalises to the non-abelian case by means of Lemma
3.11. O

Corollary 3.13. Let (A, G, «) be a partial dynamical system. Suppose that
the action is exact and that for every t # e, every G-invariant ideal T in A,
every a € D;/(DyNZI), and every nonzero hereditary C*-algebra B in A/T

inf{[lz(ad;)z] : x € By, [lzf| = 1} = 0.

Then there is a one-to-one correspondence between ideals in A X, G and
G-invariant ideals in A.

Proof. Using Theorem 3.12 we obtain that « has the residual intersection
property. The desired correspondence follows from Theorem 3.2. U

4. PURE INFINITENESS OF PARTIAL CROSSED PRODUCTS

We recall the definition of purely infinite C*-algebras with the ideal prop-
erty and the notion of paradoxical actions.

Let A be a C*-algebra, and let a, b be positive elements in .A. We say that
a is Cuntz below b, denoted a 3 b, if there exists a sequence (r,) in A such
that r}br, — a. More generally for a € My(A)+ and b € M,,(A)4 we write
a 3 b if there exists a sequence (ry,) in My, ,(A) with 73 br, — a. For a €
M, (A) and b € M,,(A) let a ® b denote the element diag(a,b) € My, 1m(A).
A nonzero positive element a in A is properly infinite if a ® a 3 a.

A C*-algebra A is purely infinite if there are no characters on A and if
for every pair of positive elements a, b in A such that b belongs to the ideal
in A generated by a, one has b = a. Equivalently, a C*-algebra A is purely
infinite if every non-zero positive element a in A is properly infinite, cf. [29,
Theorem 4.16].

Definition 4.1. A C*-algebra A has the ideal property if projections in A
separate ideals in A, i.e. , whenever Z,J are ideals in A such that Z ¢ 7,
then there is a projection in Z\ (Z N J).

The next result generalises the work in [41] on ordinary crossed products.
The proof is included for completeness.

Theorem 4.2. Let (A,G,a) be a partial dynamical system. Suppose that
the action is exact and that for every t # e, every G-invariant ideal T in A,
every a € Di/(DyNTI), and every nonzero hereditary C*-algebra B in A/T

inf{||x(ads)x| : x € B4, ||z|| = 1} = 0.
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Suppose also that A has the ideal property. Then the following statements
are equivalent
(i) Every nonzero positive element in A is properly infinite in A xq, G.
(i) The C*-algebra A Xq, G is purely infinite.
(111) Every nonzero hereditary sub-C*-algebra in any quotient of A Xq, G
contains an infinite projection.

Proof. The implications (iii) = (i7) = (i) are valid for any partial dynami-
cal system, cf. [29]. For (i) = (iii) let J be any ideal in A %, G and let B
be any nonzero hereditary sub-C*-algebra in the quotient (A x4, G)/J. We
show that B contains an infinite projection. By assumption on o and Corol-
lary 3.13 we have that (A Xq, G)/J = (A/I) X, G for T =T N A. Select
a nonzero positive element b in B such that ||E4,7(b)|| = 1. By Lemma 3.11
there exist a positive contraction x € A/Z satisfying

leEasz(b)e — abal < 1/4, |2Baz®)all > [Eaz(b)]| —1/4 = 3/4.

With a = (2 4/7(b)xr — 1/2)+ we claim that 0 # a 3 xbxr 3 b. Indeed, the
element a is nonzero because |[zE 4,7(b)x|| > 1/2, and a 3 xbx holds since
|z E 4/7(b)x — xbz|| < 1/2, cf. [40, Proposition 2.2]. By the assumption that
A has the ideal property we can find a projection g € A that belongs to the
ideal in A generated by the preimage of a in A but not to Z. Then ¢ + 7
belongs to the ideal in A /Z generated by a, whence ¢+Z 2 a 3 bin A/, G
(because a is properly infinite by assumption), cf. [29, Proposition 3.5 (ii)].
From the comment after [29, Proposition 2.6] we can find z € A/Z %, G
such that ¢ +7Z = 2*bz. With v = b'/2z it follows that v*v = ¢ + Z, whence
p = vv* = b/222*b'/2 is a projection in B, which is equivalent to ¢ + Z.
By the assumption ¢ is properly infinite, and hence so is ¢ + Z (since the
relation a ® a 3 a passes to quotients) and p. O

We now introduce a geometrical condition sufficient for the pure infinite-
ness of a large class of partial crossed product C*-algebras. It is not clear if
this geometrical condition is also a necessary one.

Definition 4.3. Let (Co(X), G, «) be a partial dynamical system, together
with the corresponding collection of homeomorphisms (6;: X;—1 — Xi)eq,
inducing «, cf. Appendix A.2. Let E denote a family of subsets of X.
A nonempty set V. C X is called (G,E)-paradozical if there exist sets
Vi,Va...,Vhim € E and elements 1,9, ..., th+m € G such that

n n—+m

U Vi = U Vi=V, V,C Xti_l’ etz(‘/;) cv, etk(vk)mgtz(w) = @,]{7 7& L.
i=1 i=n+1

We let 7x denote the topology of X.

Theorem 4.4. Let (Co(X),G, ) be a partial dynamical system. Suppose
that the action is exact and residually topologically free and that X is totally
disconnected. Suppose also that every compact and open subset of X is
(G, 7x)-paradozical. Then Co(X) Xqr G is purely infinite.
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Proof. The proof consist of two parts. First we show that for any (G, 7x)-
paradoxical, compact and open subset U C X the projection 1y is properly
infinite in Cy(X) X4, G. We then prove that proper infiniteness of such
projections is enough to ensure pure infiniteness of Co(X) X4, G. We do
not know if the second part follows from Theorem 4.2.

(i) Proper infiniteness: Recall that a is induced by a collection of open
sets (X¢)ieq and a collection (6;)icq of homeomorphisms 6;: X;,-1 — X,
such that X, = X and 0y extends 05 o 6;, cf. [36, 16, 39] and Appendix
A.2. The partial action a of G on Cy(X) corresponding to 6 is given by
ar(f)(x) == f(0i-1(z)), f € Co(Xy-1). So, here the ideals are D; = Co(Xy).
Let (V;, ti)?ilm denote the system of open sets of U and elements in G wit-

n+m

nessing the paradoxality of U. Find partitions of unity (h;);"; and (h;);Z"
for U relative to the open covers (Vi) and (V;)[Z"} |, respectively. For each

i=1,...,n+m we have that the (compact) support of h; lies in V; C X,-1.

Hence h; € D,~1 and we can define a; := ati(hi/Q), fort=1,...,n+m, and
the elements
n n+m
:U:Zaié‘tia Yy = Z aiétia p:]-U
i=1 i=n+1

Using that (a:0¢)(asds) = ap(ay-1(ar)as)ds and (apdy)* = oy—1(ay)dy—1 it
follows that
(aiéti)*(ajétj) = (O‘ti_l(azﬁ)ati_l)(ajétj)
¢ atfl(a;‘))aj)étflgj
= ;- (afaj)ét;ltj

_{ h; ifi=j

= at;1(ozi(

0 ifi#j.
We obtain that x*z = y*y = p and y*xr = 0. Moreover, since

1y (aids;) = ae(ae(1y)ai)det,
= (lyai)dy,
- aiétia

we have that px = x, py = y. This implies that za* + yy* < p, hence p is
properly infinite, cf. [29].

(ii) Pure infiniteness: This part follows by inspection of the proof of
Theorem 4.2. The difference is that we do not assume that every nonzero
element a € A/Z is properly infinite (in A/Z %, G) and we can therefore
not conclude that the selected nonzero projection ¢ + Z in the ideal in A/Z
generated by a fulfils that ¢ +Z = a (in A/Z %, G) using [29, Proposition
3.5 (ii)]. Instead we find ¢ € A fulfilling 0 # ¢+Z = a as follows: Since X is
totally disconnected we get that A and A/Z have real rank zero and every
projection in A/Z lifts to a projection in A, cf. [6, Proposition 1.1, Theorem
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3.14]. We can therefore select any nonzero projections in the hereditary sub-
C*-algebra of A/Z generated by a and lift it to a projections g € A. Since
0 # g + Z is contained in the hereditary sub-C*-algebra of A/Z, ¢+ Z = a,
[29, Proposition 2.7]. O

5. EXAMPLES

Ezample 5.1 (The Cuntz algebra O,). The Cuntz algebra, denoted by O,,
n > 2 is the universal C*-algebra generated by isometries sq, So,..., S, sub-
ject to the relation

n
g sis; =1
i=1

Let Q, be the group {%: p € Z,k € NU{0}} of n-adic rationals. We will
denote by Q,, X 5Z the semidirect product: Q, xsZ = {(r, k) : r € Qp, k € Z}.
The two group operations are given by: (s,j)(r,k) = (55 + s,j + k) and
(r,k)~' = (—=nFr, —k). Hopenwasser constructs in [26] a partial action o of
Qn x5 Z on the Cantor set X such that C(X) xqr (Q X5 Z) = O,

Proposition 5.2. Let X be the Cantor set and let (C(X),Q, Xs Z,«) be
the partial dynamical system described in [26]. Then every clopen subset of
X is (Qn x5 Z, Tx)-paradozical.

Proof. Let X denote the Cantor set based on [0, 1] where each n-adic rational
r (exempt 0 and 1) is replaced by a pair r—, rT, such that 7~ is the immediate
predecessor of v+ (i.e. there are no nontrivial elements z in X such that
r~ < x <rt). To simplify notation we will identify 07 with 0 and 1~ with
1.

Let U be any nonempty clopen subset of X. Recall that sets of the
form [(-)*, (-%)7] (with p,¢ € NU{0}, and k,l € N) form a basis for the
topology on X consisting of compact and open sets. It follows that U is a
finite disjoint union of such sets (because we can cover U by finitely many
such subsets of U and then remove the parts where they intersect). Since
a disjoint union of compact open (Q,, x5 Z, Tx)-paradoxical sets is again
(Qn x5 Z,7x)-paradoxical we can assume that U = [(£)*, (4)~] for some
p,q € NU{0}, and k,l € N. Rewriting the fractions allows us to assume
Il = k. Since U is nonempty p < ¢q. Suppressing the index + we have
that U is a disjoint union of sets [, pnikl], e [qn;kl, -4-]. We can therefore
assume that ¢ = p+ 1. If U C X -1 for some s € Q, x4 Z it follows that
U is (Q, x5 Z, Tx)-paradoxical if, and only if, 05(U) C X, is (Q,, X5 Z,Tx)-

paradoxical. Using the relations

1
1], e(fnik,o)([

m7
X1 =0, 7] 00,1 ([0, 7]) = X

p p+1
nk’ pk ])

P B ko),

_1:[ nk‘
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we can assume that U = X. It is evident that X is (Qy, x5Z, Tx )-paradoxical.
In fact just like the crossed product associated to the action of the Baumslang-
Solitar group on R, ¢f. [30], we also have here an action that mimics both
translation and scaling. By first shrinking two copies of X and then translat-
ing one of subsets away from the other, we naturally obtain the paradoxical
property of X. O

Example 5.3 (The Cuntz-Krieger algebra O4). Let A = [a;] be a {0,1}-
valued (n X n)-matrix with no zero rows. We define the algebra O4 to be
the universal C*-algebra generated by n partial isometries {s;}7_; satisfying
that

g sjs; =1, and g aijsjs; = s;si  fori=1,2,...,n.
J J

We have chosen to define O4 as a universal object, as in [2], because it
allows us to identify it with a partial crossed product. If the matrix A
satisfies Condition (I) of Cuntz and Krieger, which implies the uniqueness
of the C*-algebra C*({s;}) provided that s; # 0 for every ¢, we obtain the
well known Cuntz-Krieger algebra introduced in [7].

Proposition 5.4. Let X be a compact totally disconnected space and G =
F,, be the free group on n generators {gi,ge,...,gn}. Let (C(X),G,a) de-
note the partial dynamical system described by [19] such that

C(X) Har G = O4y.

If A is such that the action is exact and residually topologically free, then
the following statements are equivalent

(i) Every compact and open subset of X is (G, Tx)-paradoxical
(11) The C*-algebra C(X) Xo, G is purely infinite.

Proof. The implication (i) = (ii) follows form Theorem 4.4. For the con-
verse implication (i3) = (i) we need to recall the construction of the par-
tial crossed product. An infinite admissible path is an infinite sequence
p = pipia ... of generators of G such that A(uj, puj41) = 1 for every j € N
(where we identify A(g;,g;) with A(7,7)). Let X be the path space of in-
finite admissible paths with the relative topology inherited as a closed and
hence compact subspace of the infinite product space [17°,{g1,...,9n}. Let

|t| (= k) denote the length of a reduced word ¢ = giillgij;1 - -gil in G. An
action 6 of G on X is called semisaturated if 6;5 = 6, 0 8, for every t,s € G
with |ts| = |t| + |s| (i.e. when there is no reduction in the concatenation

of the reduced words ¢ and s). By [19]' we have that C(X) x4, G = Oa,
where the partial action is the unique semisaturated partial action of G on
X such that

Xy = {ne X: A(gi, 1) = 1} = domain(y, ),
Og, = 11— gift,

IThe version on arxiv.org has an additional section on this topic. See also [16, p. 55].
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where g¢;u means concatenation of g; at the beginning of u. Using the iso-
morphism between O4 and C(X) x4, G, we have that s; = 1 X,,0g;» Where
Xg, = 0g,(X, 71), cf. [19, Theorem 7.4] and [17, Theorem 6.5]. In particular
sis; =1 X, -

Let U be any compact and open subset of X. Recall that the cylinder
sets in X (i.e. the sets consisting of infinite admissible paths with the same
finite initial sequence) form a basis for the topology on X. In particular
U is a finite disjoint union of cylinder sets. Since a finite disjoint union of
compact open (G, Ty )-paradoxical sets is again (G, Tx )-paradoxical we can
assume that U is a cylinder set. If U C X -1 for some s € G it follows that U
is (G, 7x )-paradoxical if, and only if, 05(U) C X, is (G, 7x )-paradoxical. We
can therefore translate U until it has the form U = X, for somei =1,...,n.

We recall the definition of the C*-algebra corresponding to a directed
graph, cf. [22]. Let E = (E°, E',r,s) be a directed graph with count-
ably many vertices E° and edges E', and range and source functions r, s :
El — E° respectively. The C*-algebra C*(E) is the universal C*-algebra
generated by families of projections {p, : v € E°} and partial isometries
{s¢ : e € E'}, subject to the following relations:

(i) pupw = 0 for v,w € E°, v # w.
(ii) stsf=0fore, f € E', e # f.
(iii) s7se = py(e) for e € E'.
(iv) sest < py(e) for e € BT
(V) pp = Z sest for v € EY such that 0 < |s~!(v)| < oo.
{e€E": s(e)=v}

Let E be the graph corresponding to the matrix A, where the genera-
tors for G' are the vertices and where we draw an edge from g; to g; when
A(i,7) = 1. It follows form [33, Proposition 4.1] that C*(E) = O4. Us-
ing the isomorphism to identify elements in O4 and C*(E) we have that
s = Z{eeElz s(e)=g;} Se and se = ss(e)sr(e)s;ﬁ(e), cf. [35]. This gives us that

* *
ly =1x,, = sis; = Z 8¢S, = Dg; -
{eeEI: s(e):gi}

Since C*(FE) is purely infinite, then 1y is properly infinite (since every
nonzero positive element in a purely infinite C*-algebra is properly infinite),
but we need a bit more work to obtain the (G, Tx)-paradoxical property of
U.

We will now argue that U = X, is a finite disjoint union of sets of
the form X, ;. ..., Where there is a loop based at the last vertex jigq1.
By a loop based at g, we mean a sequence gg, Gk, - - - gk,,,, With [ > 1,
k;j € {1,...,n} such that A(k;,kj;1) = 1 and ki1 = ki. If there is a
loop based at g; we are done (k = 0). Otherwise we consider all g; in
{91, -..,9n} such that A(i,j) = 1. As A has no zero rows we have the union
Xy = U{j:A(i,j):l} Xgig; is nonempty. We now look at each g; to see if
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there is a loop based at g;. If there is a loop based at g; we keep Xy, . as it
is. If not, we consider all g; € {g1,...,gn} such that A(j, k) = 1 and rewrite
Xogig; 8 U a(jky=1} Xgig590- We now look at each gi, to see if there is a
loop based at gi. If there is a loop based at g we keep Xg,g.q, as it is. If
not, we rewrite X, 5.5, as U{l:A(k,l):l} Xgigigng- We continue this process
until U is rewritten into the desired form. This process is finite because we
pick a new element in {g1,...,g,} every time we do a rewriting (if a vertex
appears a second time when doing a rewriting then there must be a loop at
that vertex, hence we never started the rewriting at that particular vertex
to begin with).

Knowing that U is a finite disjoint union of sets of the form X, 4.1,
where there is a loop based the last vertex g1 (and that a finite disjoint
union of paradoxical sets is paradoxical), we can assume U = X, ;15 0015
with a loop based as at py1. With t = (uips ... px) "1 we have that

Xﬂk+1 = Olu,;l(X#kukH) = ngl(gulz_ll(XﬂkflﬂkﬂkJrl))

= 0,@1“;711 (Xuk—1ukuk+1) = H(Mk_l,uk)*l(XHk—WkukH)

= 0(#1@721%—1/%)_1(Xﬂk—QHk—lﬂkMk+1)

= Ht(Xul---MkMk+1) = et(U)

In particular we can assume that U = X, g; € {g1,...,9n} with a loop
based at g;. As C*(FE) is purely infinite then cf. [25, Theorem 2.3], the
graph E satisfies condition (K) (i.e., no vertex v € E° lies on a loop, or
there are two loops ', 3" based at v such that neither 5’ nor 3” is an initial
subpart of the other, cf. [33]). In particular there are two distinct finite loops
B', 8" based at g;. This implies that Xg U Xgr C X, where the union is
disjoint, and where Xz denotes the set of infinite admissible path starting
with the finite sequence [. If we follow the two loops 8’ and 3” we come
back to g;, implying the existence of ¢1,t2 € G such that 0;, (Xg) = X,, and
01,(Xpr) = Xg,. We conclude that U = X, is (G, 7x )-paradoxical. O

Ezample 5.5 (C*-algebras of integral domains). Let R be an integral domain
with the property that the quotient R/(m) is finite, for all m # 0 in R. Set
R* := R\{0}. Following Boava and Exel [5] we define the regular C*-algebra
2A[R] of R as the universal C*-algebra generated by isometries {s,,: m € R*}
and unitaries {u": n € R} subject to the relations

’ ’ _
SmSm! = Smmss WU = T s’ = u" sy, g ulsmsj;%u =1,

I+(m)eR/(m)

for m,m’ € R* and n,n’ € R.

Following Boava and Exel [5], let K denote the field of fractions of R, and
K> the set K\{0}. Let G be the semidirect product K x K* = {(u,w): u €
K,w € K*} equipped with the following operations (u,w)(u,w') = (u +
vw'w, ww') and (u,w)" = (—u/w,1/w). As in [5] we define a partial order
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on K* given by w < w' if w’ = wr for some r € R. Let (w) denote the ideal
wR C K.

Let X be the space of all sequences (uy + (w))yerx in [[,epx (R +
(w))/(w) fulfilling that w, + (w) = uy + (w) if w < w'. Then in [5], Boava
and Exel prove (see Appendix A.3 for a more detailed description) that

C(X) Xar G =AUAR],
where the partial action 6 of G on X is defined by
Xuw) = {4 (W) wr € X2 uy + (w) = u+ (w)},
H(u,w) = (uw’ + (wl))uﬂ = (u Tt WUyy—14y + (w/))W"

Note that the sets (X;)ieq are compact, open and form a basis for the
topology on X, cf. [5].

Proposition 5.6. If (C(X), G, «) denotes the partial dynamical system de-
scribed in [5] and recalled above, then every compact and open subset of X
is (G, Tx)-paradoxical. In particular Oy = U[Z] is purely infinite.

Proof. Let U be any compact and open subset of X. For w € K* and
Cw C(R+ (w))/(w) set

VO = (U + (W))y € X2 Uy + (W) € Cy}.

Boava and Exel showed in [5] that the family of sets (V.S*),cxx is closed
under complement, intersections and finite unions. It follows that U = V.S
for some w € K* and Cy, C (R + (w))/(w). Since a finite disjoint union
of compact open (G, 7Tx)-paradoxical sets is again (G, Tx)-paradoxical we
can assume that (', contains precisely one element, i.e. U = X; for some
t = (u,w) € G. Since X(, ) =0 < u ¢ R+ (w), cf. [5, Proposition 4.4], we
can assume that u € R+ (w). Using that X, ) = X(y4w,w) We can assume
u € R. Since Cy, # () it follows from an argument prior [5, Proposition 4.5
that Vv = VCwr with Cy, containing at last two elements for some? r in
R. In particular

U= U X(s,rw)y ’Crw| > 1.
s+ (rw)€ECrw

Using the relations (with s € R)

‘XV(O,S)*1 =X 9(0,3) (X(u,w)) = X(su,sw)a
X1 =X Ocs,1) (X(ww)) = X(stuw)
it follows that there exist a finite number of elements t1,...,t, in G and a
finite number of open, pairwise disjoint subsets Uy, ..., U, of U such that
U= |J Usn Il>1, 0,(U)=U; jef1,....n}
ie{1,...,n}

%In [5] it is stated that any non-invertible r in R will work, which is not true.
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This shows that U is (G, 7x )-paradoxical. Since G is solvable both the group
G and the action « is exact. It was shown in [5, Proposition 4.5] that the
action is residually topologically free. By Theorem 4.4 Oz = 2A[Z] is purely
infinite. O

Corollary 5.7. Let (C(X),G, ) be the partial dynamical system as above
with R =7 and G = Q x Q*. Then every compact and open subset of X is
(H, Tx)-paradozical, with H = Q x QY. In particular Oy = C(X) Xq, H is
purely infinite.

6. CONNECTION TO CROSSED PRODUCTS

Abadie showed in [1] that certain partial crossed products are Morita-
Rieffel equivalent to ordinary crossed products. Since pure infiniteness is
preserved under stable isomorphism (see [29]) one might also expect that the
mentioned Morita-Rieffel equivalence maps paradoxical sets in the realm of
partial actions into paradoxical sets in the realm of ordinary actions. This
is precisely the case.

Let us first recall the result of Abadie in [1].

Definition 6.1. Let (Co(X), G, «) be a partial dynamical system, together
with the corresponding collection of homeomorphisms (0;: X;-1 — Xy)ieq,
inducing «. The envelope space, denoted by X¢, is the topological quotient

space (Giix), where ~ is the equivalence relation given by

(r,x) ~(s,y) &z e X,—1,and 0,-1,.(z) = y.
The envelope action, denoted by h€, is the action induced in X¢ by the
action hS(t, x) — (st,x).
Theorem 6.2 (Abadie [1]). Let (Co(X), G, a) be a partial dynamical system
such that X€ is Hausdorff. Let o denote the action of G on Cy(X€¢) induced

by the envelope action. Then Co(X) Xq, G is Morita-Rieffel equivalent to
Co(Xe) Nae,r G.

We then have:

Theorem 6.3. Let (Co(X),G, ) be a partial dynamical system such that
X€¢ Hausdorff. If every compact open subset of X is (G, Tx)-paradozical,
then every compact open subset of X¢ is (G, Txe)-paradozical.

Proof. Let U€ be a compact open subset of X¢. Find a cover of U® consisting
of open subsets U® of the form M, with Uy € 7x and t € G. By
compactness we can assume the cover is finite. Moreover, we can assume
that

(i) The union is disjoint: Let p denote the canonical surjection G x X
X¢, and let X§, t € G, denote the complement of X; in X. Fix ¢t € G. For
each s € G and = € X;-1, we have that (t,x) ~ (s,0,-1,(x)). In particular
p_l({t}%X) = Useais} x 05-14(X;-15) is open in X, implying that {t}%x
is open in X°¢ Since X€ is Hausdorff the sets (X;)icq are clopen in X,
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cf. [12, Proposition 3.1]. Hence |J,cqo{s} X XS, d {t}%x

{t}xX

is open in X, an

is therefore clopen in X°. Since X = ;. we can, by compactness,

({t}%X)teF. By passing
FxX of

~

cover U¢ by finitely many clopen sets of the form

{t}XX)

to subsets of the sets (1 ==);cp we obtain a partition (V,¢)iep of
clopen subsets of X, fulfilling that V¢ C {t}%x With Uf = VeNU® we
have that U® = | J,c» U, where the union is disjoint. For each f € F' define
U :={x € X: p(x) € U} € 7x, where p;: X — X € denotes the (continues)
composition of z — (¢,z) and p. It follows easily that Uf = @, terl.

(ii) Each set Uy is compact: Fixt € F. Let (V;); be a cover of U; consisting
of open subsets of X. Notice that each V;® := @ is open in X¢ (since
Useaist x 05-1:(Vi; N X;—14) is open in X). The sets (V;* N V;¢); is a cover
of Uf consisting of open subsets of X¢ and, together with (V{).cp (13, a
cover of U¢. By compactness we can assume ¢ = 1,...,m for some m € N.
Intersecting with V¢ we have that Uf C |J2, VSN V,E C UL, VE. Tt follows
that U; C J", Vi. Hence Uy is compact.

(iii) U® is paradoxical: Each set of the form
open in X, is (G, Txe)-paradoxical: If (V;,#;)"4™ witness the paradoxical-
ity of U and k # [ are any natural numbers in 1,...,n + m if follows that
{6}%\/’“ N @ = () because V3NV, = (). We obtain that ({e}XVi L) wit-

~

{G}%U, with U compact and

ness the paradoxicality of MTXU A translate of a (G, Txe)-paradoxical set is
again (G, Txe)-paradoxical. Hence each w is (G, Txe)-paradoxical. A fi-
nite disjoint union of (G, Tx<)-paradoxical sets is again (G, Txe)-paradoxical.

We conclude that U€ is (G, Txe)-paradoxical. g

Remark 6.4. In a very interesting recent preprint [28], Kellerhals, Monod,
and Rgrdam proved that a countable group is non-supramenable if and only
if it admits a free, minimal, purely infinite action on the locally compact
non-compact Cantor set. Then they use this characterisation to associate
to such dynamical systems stable Kirchberg C*-algebras in the UCT class.

Based on the examples presented in Section 5, where the opens sets
(Xt)tec we used to construct the partial crossed products were clopen (en-
suring X ¢ is Hausdorff, see [12, Proposition 3.1]), and Proposition 6.3, we
obtain another class of examples of dynamical systems whose associated
crossed products are stable Kirchberg C*-algebras.

APPENDIX A

A.1. Basic definitions. Recall that a Fell bundle over a discrete group G
is a collection B = (By)eq of closed subspaces of a C*-algebra B, indexed by
a discrete group G, satisfying By = B;—1 and By;Bs; C By for all t and s in
G (cf. [16]). A section of B is a function {: G — | J;c Bt with the property
that {(t) € By for all t € B;. Let [1(B) denote the Banach *-algebra (cf. [36,
Proposition 2.1]) consisting of all sections £ of B with a finite [;-norm. The



22 THIERRY GIORDANO AND ADAM SIERAKOWSKI

operations and the norm in /;(B) are given by

=Y &s)n(sh), &) =<,

seG

Il =D llE@l-

teG

We define the full cross sectional algebra of B, denoted C*(B), to be the
enveloping C*-algebra of 11(B) (¢f. [21, Section VIIL.17.2]). Recall that a
right Hilbert A-module X is a right A-module X equipped with a map (-,-) 4

X x X — A that is linear in the second component and for x,y € X, a € A,

(i) (z,z)a > 0 with equality only if = 0;

(i) (z,y-a)a = (z,y)a0;

(iii) (z,y)a = (y,2)}; and

(iv) X is complete in the norm defined by ||z||} = ||{z, x)l|.
As in [27, Section 1.1.7], let l2(B) denote the right Hilbert B.-module con-
sisting of all cross sections £ of B fulfilling that the series x = Y, . &()*£(t)
converges unconditionally (i.e. for any € > 0 there exist a finite set F' C
G such that for every finite subsets H C G containing F' one has that
|z = > cn E@)*E(t)]] < e). We equip I2(B) with the inner product

=D&t n(t), &nely(B).

teG

Let L(I2(B)) denote the C*-algebra of all adjointable operators on l2(B)
(i.e. linear maps T': l2(B) — l3(B) with a linear map 7™ such that (£, Tn) =
(T*¢,m), for all &,n € 12(B)). With the *-homomorphism Ag: [1(B) —
L(l2(B)) defined (in [20, Proposition 2.6]) by

= &sin(s™'t), £€l(B), nely(B), t€G,

seG

we define the reduced cross sectional algebra of B, denoted C¥(B), to be the
sub-C*-algebra of L(I2(B)) generated by the range of Ag. Let ¢, s,t € G
denote the Kronecker symbol. Each B; is a right Hilbert B.-module with
the inner product (b,c) = b*c. Let j, € L(By,l2(B)) denote the adjointable
operator defined by (j(bt))(s) = 05,0, for by € B; and s € G. The adjoint
Jji € L(l2(B), By) is simply the map j;(§) = £(¢), £ € l2(B). Recall, cf. [16,
Definition 2.7], that for z € C%(B) and t € G the t'" Fourier coefficient of x is
the unique element Z(t) € By such that (j; oz oj.)(a) = &(t)a for all a € Be.
The map E: C:(B) — B, given by x — &(e) is a positive, contractive,
conditional expectation. Moreover, E is faithful on positive elements since
E(x*r) = Y ,cq2(t)*2(t) (unconditional convergence) for each x € Cj(IB)
(¢f. [16, Proposition 2.12]). Let C.(B) C [;(B) denote the set of finitely
supported sections of B.
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Let A be a C*-algebra and G be a discrete group. Recall (see [9]) that a
partial action of G on A, denoted by «, is a collection (Dy)¢eq of closed two-
sided ideals of A and a collection (v )ieq of *-isomorphisms ay: Dy—1 — Dy
such that

(i) D. = A, where e represents the identity element of Gj

(i) az'(Ds N Dy-1) C Dygg)-1;

(iii) a0 as(x) = aus(x), Va € agt(DsNDy).
The triple (A, G, «a) is called a partial dynamical system. Fix a partial dy-
namical system (A, G, ). Recall the corresponding Fell bundle B as defined
in Definition 2.2: We let £ be the normed *-algebra of the finite formal sums
ZteG a0, where a; € D;. We let B; denote the vector subspace D;d; of L.
The family (B;)iec generates the Fell bundle B. It follows that C.(B) = L.
Moreover, for = ), - aid; € C.(B), we have that E(Ap(x)) = a.

Lemma A.1 (McClanahan). Let (A, G,«) be a partial dynamical system.
For any G-invariant ideal T of A we have a canonical embedding of T Xy G
in Axq, G.

Remark A.2. To best of our knowledge our proof of Lemma A.l is new.
For a different proof using covariant representation we refer to the work in
[36]. Since our proof applies to general Fell bundles (and not only the one
defining crossed products) we have included it for completeness.

Proof. Fix an approximate unit (e, ) for Z, and the Fell bundle
E = (Et)iec, Eir=(DiNI)d,

equipped with the operations and norm coming from B. For each section
£ € la(B) let &: G — Ujeq Bv denote the map ¢t — £(t)e, contained in
I2(E). Let ¢: L(I2(E)) — L(l2(B)) denote the map ¢(T)¢ = lim, T'(&,).
For x € C.(E), ¢(Ar(z)) = Ag(x). We have that p(Ag(x)) = Ag(x) and
le(Ar(x))| = [[Ae(z)||, for any element x = )", - a¢; in C.(E), by direct
computation

le(Ap(@)]> = sup [lp(Ag(x))E]?
£eCe(B),[1€]I<1

= swp im0 ((ad)éa(t')) ((asds)én(s™ )l

£€Cc(B),|I€l=1 " t,s,reG

= swp [l Y ((@b)n(t ') ((asds)n(s™ )|

neCe(B),InlI<1 4 s req

= swp  [Ag(2)n’
nECe(B) Il <1

= || Ae(2)|?

The first and last equality above use the fact that the finitely supported
sections are dense in {%. The second and fourth equality follows from the
definition of the maps ¢ and Ag. For the third equality we obviously



24 THIERRY GIORDANO AND ADAM SIERAKOWSKI

have > after taking the limit. To get the < notice that if we remove
“Supgcc, (), |¢)<1 [imn” from the left hand side we have < since &, € {n €
Cc(E), [In]| < 1} for any n and any & € C.(B) with ||£|| < 1. The inequality
< remains valid when we take the limit and the supremum. In particu-
lar we obtain that the canonical embedding of C.(E) into C.(B), given by
a0y — a¢d¢, extends to an embedding ¢: 7 x4, G — A o, G. O

Let 7 be a G-invariant ideal of A. In order to introduce the map p: A x4, G —
A/T x4, G we can again turn to [16]. Let F, denote the Fell bundle

(Fi)tea, Fi=(Di/(TND,))d,

equipped with the operations and norm coming from B. The canonical
surjection of C.(B) onto C.(F), given by a;0; — (ar+ Dy NT)d:, extends to a
surjective *-homomorphism p: A x4, G = A/Z X4, G (cf. [16, Proposition
3.11]). In particular, by continuity of ¢, p, and E, we have the following
result:

Proposition A.3 (Exel, McClanahan). Let (A, G, a) be a partial dynamical
system. For any G-invariant ideal T of A we have the commuting diagram

(1) 0—>T %0, G—Axay G—= AJT 0y G—0
J/EI lEA lE.A/I
0 7 A AT 0

Using that E 4 is idempotent and identifying Z X, G with a subset of
A x4 G we have the additional properties:

Proposition A.4 (Exel, McClanahan). Let (A, G, «) be a partial dynamical
system. For any G-invariant ideal T of A and any ideal J of in A Xq, G
we have the following identities:

I Xar G)NA=Z, JTNACEAT), IdeallZ] =7 x, G,

where Ideal[S] denotes the smallest ideal in A xq, G generated by S C
AxarG.

A.2. Topological freeness. Let (A, G, a) be a partial dynamical system
with ideals (Dy)eq and *-isomorphisms (ay)ieq. If we replace the C*-algebra
A by a locally compact Hausdorff space X, the ideals D; by open sets X
and the *-isomorphisms a; by homeomorphisms 6;: X,-1 — X, we obtain
a partial action 6 of G on the space X. A partial action of a group G on a
space X induces naturally a partial action o of G on Cy(X). The ideals are
Co(Xy) and ay(f) = f 0 6;—1. The converse (still in the abelian case) is also
true (cf. [1, 23]).

Let Prim A denote the primitive ideal space of A with respect to the
Jacobson topology. Let A denote the spectrum of A with respect to the
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topology induced by the surjection r: A — Prim A, x([r]) = kerw. Fol-
lowing [34] recall how « defines a partial action of G on Prim. A and on
A:

For any ideal J of A we let supp J denote the subset {x € PrimA: J ¢
x}. It is known (see [8, Section 3.2.1] or [42, Section 1.4]) that the mapping
x — x N J establishes a homeomorphism supp J <> Prim J and supp J is
an open set in Prim A. Set also A7 = {[r] € A: m(J) # 0}. Then the
mapping [r] — [r|7] establishes a homeomorphism A7 <+ J and A7 is an
open set in A (see [8, Section 3.2.1] or [42, Section 1.4]). Let us define the
mapping 7;: AP+t — APt in the following way: For any [r] € AP+ we set

Al = froapl, teG.
The foregoing observations tell us that 7; is a homeomorphism. Let us also

define the mapping 6;: supp D,-1 — supp D, in the following way: For any
point © € supp D;-1 such that = ker m where [r] € APi=1 we set

O(x) =ker (moay-1), teQG.
Clearly 6; is a homeomorphism. For 7 and 6; defined in the above described
way we have that (7;)iec defines a partial action of G on A and (6;)ieq

defines a partial action of G of Prim A. Recall that the action « is called
topologically free if for any finite set {¢1,...,¢,}, t; # e the set

n

U {z e supp D, -1 : 0, (z) =z}

i=1
has empty interior. This condition can be also formulated in the follow-
ing way: For any finite set {t1,...tx} C G and any nonempty open set U
there exists a point z € U such that all the points 6;,(z), i = 1,...,k that
are defined (& 2 € suppD,-1) are distinct. Recall that the action « has
the intersection property if évery nonzero ideal in A x,, G' has a nonzero
intersection with A.

Theorem A.5 (Lebedev). Let (A,G,a) be a partial dynamical system.
Suppose that the action is topologically free. Then o has the intersection

property.
Theorem A.6 (Exel, Laca, Quigg). Let (A, G,«) be a partial dynamical
system with A abelian. Suppose that the action is topologically free. Then

for every b € A o, G and every € > 0 there exist a positive contraction
x € A satisfying

[zEA(b)x — abz|| <&, [zEa(b)z] > [|[Ea(b)] —e.
Proposition A.7. Let (A, G, a) be a partial dynamical system with A abelian.
Then the following properties are equivalent:

(i) « is topologically free,
(i) Fy ={x € U1 : O4(x) = x} has empty interior (t # e),
(i) ||aelic — id|k|| = 2 for every au-invariant ideal K in Dy—1 (and t # e),
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(17") ||| — id|xc|| # O for every az-invariant ideal K in Dy—1 (and t # e),

(#5i) inf{||xay(x)| : z € K4, ||z|| = 1} = 0 for every nonzero ideal K in Dy
(and t # e),

() inf{||z(b0)z|| : = € By, ||z|| = 1} = 0 for every by € Dy, and every
nonzero hereditary C*-algebra B in A (and t # ¢),

(iv") inf{||z(bde)x| : © € K4, ||z|]| = 1} = 0 for every by € Dy, and every
nonzero ideal K in A (t # e).

Proof. The implications (i) < (i) follows from [19, Definition 2.1, Lemma
2.2], and the implications (iv) < (iv') and (i) = (ii') are evident.

(#7") = (i7): Find some function f € Ky = Co(V)4 such that ay(f) # f.
Pick any = € C, where C :={y € V: |ou(f)(y) — f(y)| > 0}.

Notice & # 6;-1(x) in V. (If f(z) # 0 then—for h = ay-1(f) € K—
we have that h(6;-1(z)) = f(z) # 0, recalling that a.(f)(z) = f(0;-1(2)).
Hence Oi—1(x) € V. If f(x) = 0 then as(f)(x) = f(0;-1(x)) # 0. Hence

() € V. Tz = 1 (2) then 0 = |f(B1(2)) — F(2)] = Jou(F)(x) —

( )] > 0.) One can now easily find a function h € K such that |h(6;-1(z)) —

h(z)| = 2. Hence || — id|x]|| = 2.

(i') = (4i1): Assume not (i74). Find some ¢t # e and K = Cy(V) in
Co(Us-1) such that inf{|lzp(z)| : x € K4, ||z]| = 1} > 0, where 8 = o.
Suppose (i'). Then the U,-1-open set Ff = {x € U;-1 : 6i(x) # z} is
dense in U;-1. As V is U;-1-open it has a nonempty intersection with Ff.
Therefore we can find a nonempty U,-1-open set Y in V' such that ,(Y) is
disjoint from Y. Hence there is a function z in X1 of norm one such that
xfB(z) = 0. Contradiction, hence not (i').

(#4i) = (i7'): Assume not (i7’). Then there exists a nonzero ay-invariant
ideal K = Co(V) in Co(U-1) (for some t # e) such that ||a|xc — id|x|| = 0.
We conclude that ay(x) = x for all x € K. Hence inf{||zas(x)| : = €
K4, |x|| = 1} is nonzero implying not (7i).

(17") = (¢'): Assume not (/). Find t # e and a U;-1-open nonempty
subset V' in F; (recall that F; is U;-1-closed but has nonempty interior).
Since 0;(U;-1) = U; we see that each x € V' C U;-1 also belongs to U; and
0;-1(x) =z, x € V. Hence K := Cy(V) is ag-invariant (i.e. ax(f) = f =
a;-1(f), f € K). We obtain that ||ox|x — id|x|| = 0. Hence not (i7’).

(i11) = (i'): Fix any t # e, any b; € Dy, and any nonzero ideal K in
A. Define 7 := K N Dy-1. Suppose Z = 0. Fix any z € K. Using that
xby € Dy we get ay—1(xb;) € Dy—1 and oy—1(zby)z = 0. Hence x(bidr)r =
ay(a-1(xby)z)d = 0 and

inf{||obidr)z] : o € Ky, |l2l] = 1} = 0.
Suppose Z # 0. Then 7 is an ideal in D;—1 and
[ (bede)z || < [la(oy-1(wbe)) ()] < |belxae (@), = € L.
It follows from (i7i) that
inf{le(bidr)all @ € Ko, 2] = 1} = 0.
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(iv") = (ii1): Fix any ¢t # e and nonzero ideal K in D,-1. Define Z :=
DN K. Suppose Z = 0. Fix any 2 € K. Then = € D;-1, ay(x) € Dy,
ar(z)r € DN K, and ay(z)z = 0. Hence

inf{[|za;(z)] : # € Ky, [|=]| = 1[I} = 0.

Suppose Z # 0. Then Z := Cy(V) is a nonzero ideal in A. Pick any z € V.
Choose an open set U with compact closure such that

xrelUCUCV.

With K := U C V there exist by Urysohn’s Lemma a function h € Co(V)
such that
0<h<1, hlg=1
Using (iv) on by := h € D; and the nonzero ideal J := Cy(U) in A (and the
equality x(bidy)x = xboy(x)dy valid for every x € J CZ C K C Dy—1) we
obtain
inf{[lzbrar ()] - x € Ty, [lz]| = 1]} = 0.

Since h|y = 1 we have that zb; = x for every x € J, hence
inf{[|lza(x)|| : x € T, ||zl = 1|} = 0.
Since J C Z C K also
inf{{lza(x)|| : x € Ky, [lz]| = 1]} = 0.
O

A.3. C*-algebras of an Integral Domain. Let R be an integral domain
(i.e. a commutative unital ring without zero divisor). Set R* := R\ {0}.
Following Boava and Exel [5] we impose that the quotient R/(m) is finite,
for all m # 0 in R and let 2A[R| denote the reqular C*-algebra of R, i.e., the
universal C*-algebra generated by isometries {s,,: m € R*} and unitaries
{u™: n € R} subject to the relations

/

/
SmSm/ = Smm/, UtU = uT"

n __ . mn l * =l _
, S =u"" S, g USmSuu =1,

I+(m)ER/(m)

for every m,m’ € R* and n,n’ € R. As in [5] we let K denote the field
of fractions of R and let K* denote the set K\{0}. To form a group one
equip the semidirect product K x K* = {(u,w): v € K,w € K*} with the
following two group operations

(u,w)(v',w') = (u+v'w,ww'), (u,w)! = (~u/w,1/w).

Boava and Exel showed in [5] that the regular C*-algebra of R is a partial
crossed product by first showing that the algebra 2([R] is *-isomorphic to a
partial group algebra of K x K* (with certain relations R), and then use
that every partial group algebra is a partial crossed product. We will not
describe these isomorphisms but will instead focus on the the description of
the partial crossed product.
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We have a partial order on K* given by w < w' if w' = wr for some
r € R. For w € K let (w) denote the ideal wR C K. For each pair w < w'
in K* we have a canonical map py,: (R+ (v'))/(w') = (R+ (w))/(w)
given by
pw,w’(uw’ + (’UJ/)) = Uy + (w)
Boava and Exel proved that the inverse limit lim, {(R + (w))/(w), pww}
is isomorphic to the space X of all sequences

(ww + (W)werx €[] (R+(w))/(w)

weK X

fulfilling that w,s + (w) = uy + (w) if w < w’. When (R+ (w))/(w) is given
the discrete topology and (R + (w))/(w) the product topology X becomes

a compact topological space. Moreover, cf. [5], there is a partial action 6 of
G on X defined by

X(u,w) = {(u’w’ + (w/))w' € XUy + (w) =u+ (w)}v
e(u,w) = (uw’ + (w/))w’ = (u WUy =14 + (wl))w’a

for any (u,w) € K x K*. The partial actions 0 induces a partial dynam-
ical system (C(X),K x K*,a), and hence also a partial crossed product
C(X) Xar (K 3 KX).

Theorem A.8 (Boava-Exel). Let R be a integral domain with finite quo-
tients R/(m), m € R*. Suppose that R is not a filed. Then the maps

Up, > 1X5(n,1)) Sm 1X(O,m)6(0,m)

induce a *-isomorphism between A[R] and C(X) Xq,r (K x K*).
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