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Drag reduction in a flat-plate turbulent boundary layer flow by polymer additives

Abstract

This paper presents a theoretical study on the velocity distribution and the friction factor of boundary
layer flows with polymer additives starting from the concept of “stress deficit.” A novel method of order of
magnitude analysis is developed, which converts the governing equations of boundary layer flow into a
solvable ordinary differential equation, thus the total shear stress distribution is obtained, then the
formulas for the mean velocity profiles and the friction factor for a boundary layer flow are derived after
introducing appropriate expressions for the “effective viscosity” and the thickness of viscous sublayer.
The derived velocity equation is able to depict the velocity from a solid wall to the outer edge of boundary
layer with or without polymer additives using only one fitted parameter D* that is a function of polymer
species, its concentration, and Reynolds number. By integrating the velocity profiles, the friction factor
and the thickness of boundary layer development are obtained. Experimental data agree well with the
theoretical results.

Disciplines
Engineering | Science and Technology Studies

Publication Details

Yang, S. & Dou, G. (2005). Drag reduction in a flat-plate turbulent boundary layer flow by polymer additives.
Physics of Fluids, 17 (6), 065104-1-065104-13.

This journal article is available at Research Online: https://ro.uow.edu.au/eispapers/2044


https://ro.uow.edu.au/eispapers/2044

HTML AESTRACT * LINKEES

PHYSICS OF FLUIDS17, 065104(2005

Drag reduction in a flat-plate boundary layer flow by polymer additives

Shu-Qing Yang® and G. Dou
Division of Civil and Environmental System Engineering, Korea Maritime University, Busan 606791,
Republic of Korea and Maritime Research Centre, Nanyang Technological University, Singapore 639798
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This paper presents a theoretical study on the velocity distribution and the friction factor of
boundary layer flows with polymer additives starting from the concept of “stress deficit.” A novel
method of order of magnitude analysis is developed, which converts the governing equations of
boundary layer flow into a solvable ordinary differential equation, thus the total shear stress
distribution is obtained, then the formulas for the mean velocity profiles and the friction factor for
a boundary layer flow are derived after introducing appropriate expressions for the “effective
viscosity” and the thickness of viscous sublayer. The derived velocity equation is able to depict the
velocity from a solid wall to the outer edge of boundary layer with or without polymer additives
using only one fitted paramet®. that is a function of polymer species, its concentration, and
Reynolds number. By integrating the velocity profiles, the friction factor and the thickness of
boundary layer development are obtained. Experimental data agree well with the theoretical
results. ©2005 American Institute of PhysidDOI: 10.1063/1.1924650

I. INTRODUCTION AND BACKGROUND velocity andV is the mean velocity in the flow direction;is
the pipe radius; and is the kinematical viscosity of the

It is well known that the addition of a small amount of ;4 | other words, the velocity profile in the absence of
macromolecular polymer to the Newtonian fluid can lead todrag reduction agent can be expressed by

dramatic reductions of fluid resistance and form a drag-

reduction flow. Such phenomenon, first discovered by Toms,  u*=y*, y*<11.6, (2)
can be utilized to give beneficial effect in engineering and in
saving energy resources. Scientists and engineers in the y*=25|ny*+55, y*>11.6, (3

fields of chemistry, physics, and fluid mechanics have hence

paid great attention to study it, many experimental andvhereu®=u/u., y*=u.y/v, Yy is the distance from a wall, and
theoretical studies have been carried out to investigate is the streamwise velocity. The viscous-sublayer velocity
the effects of polymer on a modification of the velocity given by Eq.(2) applies only foru.y/v<5, but often is
distributions. applied up to its intersection with EB) at 11.6.

Although this phenomenon has been known for a long  When the Reynolds number is larger than the threshold,
time and thousands of research studies and publications haitgs found that in the turbulent core of polymer solution, the
been devoted to the subject over the last 50 years, becauselof law is shifted by an amouB, with no change of slope,
the complexity of the problem, the physical mechanism thathus the velocity follows
causes this drag reduction has still not been clearly identi-
fied. The experimental studies on drag reduction flows have
been mainly conducted in pipes and channels by research

2 24
such as Virk; Seyer argd Metzgne'sr,James and Acosfa,  giate of maximum drag reducti¢DR). Virk* found addi-
Reischman and TiedermarRudd,” etc. It has been found tionally that all the dilute polymer systems have an

from experiments that the drag-reducing effect starts at gqympiotic behavior: Maximum drag reduction is limited by
certain Reynolds number; below this threshold the flow beyng 6. called Virk's MDR asymptote. Virk believed that this
haves like a Newtonian fluid, i.e., there is no drag reduction,sy mpiote must be a feature of the turbulent flow; it is this
in the flow of dilute polymer solutions, the flow resistance 'Shypothesis that makes the drag-reducing effect so extremely
similar to that of water in the absence of additives and fo"interesting from the view point of turbulent research.
lows the well-known Prandtl-Karman relationship, i.e., Virk* proposed that there is an elastic region between the
viscous sublayer and the turbulent core, with the ultimate
=4.0 IogLO(Re\G) - 0.4, (1)  velocity profile that is

ut=2.5Iny" +5.5 +AB. (4)

& Xperiments also show that a dilute polymer solution has a

N

/

N

—h

ut=11.7 Iny*-17. (5)
in which f is Fanning’s friction factor, @/V% Re=/r/v
where u. is the shear velocity that is also called “friction” Virk's three-layer model includes the viscous sublayer, buffer
layer, or elastic layer and the turbulent core. In the elastic

Author to whom correspondence should be addressed. Telephone: 82-51€9I0N, REiSChman f_md Tiedemzaﬂltematively suggested
4104466. Fax: 82-51-4104415. Electronic mail: csqyang@ntu.edu.sg  that the velocity profile follows
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u*=7.687 Iny* - 8. (6) uw |
ui09 R < Nevvtonian fluid

Undoubtedly, dividing the velocity profile of drag-reducing 082 %o ® with polymer |
flow into three regions would be useful to empirically ex- 0747
press the velocity distribution for the flow of polymer solu-
tion. This is probably why Virk’s model has been widely 0873 Pl el
adopted by researchers, such as by Lafsbin et al, ' 051+ u
Gasljevicet al,*? etc. 0a " i °

Turbulent structures in drag-reduction flows have also [T t .,
been observed and reported. Early one-dimensional laser- 031 o
Doppler-anemometeilLDA) measurement in polymer drag- D21*
reducing flows was carried out by Rufldhen followed by 0.1 uy *
Reischman and Tiedermdn,Berner and Scrivenéf, ' v
Berman®* etc. Two-component LDA measurements were 0 ' ' ' ' '
conducted by Durset al,'® Willmarth et al,*® Luchik and @ o 100 20 300 400 st
Tiedermart’ Harder and Tiedermalf,wei and Willmarth'® — 1
etc. Other researchéfé* applied particle image velocimetry ~ —2% _
(PIV) to a channel flow with polymer additives. These ex- B0 o o Newtanian T3
perimental results show that the Reynolds shear stress and 08 R wih pomer_—
the normal velocity fluctuations decrease after a polymer is 07 co =
added. Of particular interest is the existence of “stress defi- 06 .
cit” in the drag-reducing flow as reported by Willmarét ' ot °
al.,*® Gyr and Tsinobef? Den Toondert al,?® Warholic et 05 e
al.? etc. They found that the total shear stress in drag- 0.4 4+— —
reduction flow is greater than the sum of viscous shear stress 03l e
(=vdu/dy) and the measured Reynolds shear stréss
-u'v’). Gyr and Tsinobéf defined the deficit in the follow- 0.2
ing form: 014 ikl

0 . ¥ . 2
(b) 0 500 1000
T u —
G(y) = ; B {Va/ +(-u'v )] ! () FIG. 1. Measured Reynolds shear stress in Newtonian and drag-reduction

flows (a) pipe flow and(b) boundary layer flow.

whereG(y) is the stress deficit; is the total shear stress, and
—-u’'v’ is the Reynolds shear stress.

For turbulent flows of a Newtonian fluid the influence of Gly) = Veﬁd_u, (8)
the viscous shear stress decreases with the wall distance and dy
can be neglected at or above a wall distance of about 80 in
viscous units or about 0.15 in distance scaled with the pipevhere v is the effective viscosity. The shear deficit indi-
radius? andG(y) must be equal to zero. But for flows with cates that the viscoelasticity should be the most important
polymer additives, experimental researchers found @&is} property of a dilute polymer solution, the importance of
is essentially non-negligible, regardless of pipe flows orshear deficit shown in Eq8) has been realized by direct
boundary layer flowgsee Figs. (@) and Xb)]. Typical re- numerical simulation modelers, such as Minal 101
sults from pipe flows are shown in Fig(dl, in which the It can be seen that the current studies provide valuable
Reynolds shear stress in Newtonian fluid flows denoted bynsights into polymer drag reduction, yet there still are no
the void symbols was measured by Wei and WillmaPth, available phenomenological equations that can predict the
while the shear stress in flows with polymer additives wasdrag reduction by polymer agents. Beginning with the study
measured by Luchik and Tiederm&hMin et al’® used the  of Wells and Spanglé? it is widely agreed that the polymer
data shown in Fig. (B) to verify the existence of “stress must be in the near-wall region for drag reduction to occur.
deficit” caused by polymer. Obviouslg(y) can be repre- Tiedermanet al?’ confirmed experimentally that the drag
sented by the difference of measured Reynolds shear stresgesluction occurs only when the polymer appears in the re-
shown in Fig. 1a) whenu.y/v is greater than 80. Fontaine gion near a boundary, thus the application of polymer drag
et al® also observed similar stress deficit phenomenon in aeduction to boundary layer flowsr a marine systejrcould
boundary layer flow with polymer injection, the results arebe very useful in the theoretical development and practice.
presented in Fig. (b). Petrieet al?® reported that the turbulent friction of boundary

These results indicate that the stress deficitGgy) is  layer flows could be reduced as much as 60%, thus the drag-
mostly positive due to the elastic effect of polymer; Gyr andreducing applications for ocean-going vessels could poten-
Tsinobef? expressed it as follows: tially result in saving energy resources.
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However, the theoretical and experimental attemptdl. MEAN VELOCITY DISTRIBUTION
made on the velocity distribution and the friction factor in
boundary layer flows with polymer additives are extremely =~ One of the most interesting features in turbulent drag
lacking relative to pipe/channel flovt&, except Larson’s reduction of a dilute polymer solution is the stress deficit, as
stud)? in which reasonable conclusions have been obtainedhentioned above. For a two-dimension@D) flow, Min
but have not been verified by experimental data. et al™ derived the total shear stress from an Oldroyd-B
This study deals theoretically with the mean velocity model: 7=prdu/dy-p u'v’ + 7, and they termedr, as the
profile and the friction factor of the boundary layer flow with time averaged stress deficit. It can be seen thi identical
polymer additives, starting from EG7) in which the residual  to G(y) in Gyr and Tsinober’s expressi%?nshown in Eq(7).
stress or stress deficit caused by polymer additives is exsubstituting this relationship into the governing equation of

pressed by E(8). boundary layer flow, one has
The effective viscosity could be approximately related to

a characteristic velocity=u.) and a characteristic Ienéﬂw

(:r)1 Iev J 9 &2 aﬁ 9
u u u du
Uu_—t+tv—=v_5- - +_Tp—, (12
ax dy ay ay  pdy
Veff: asxUxI, (9)
. . . . Jdu  Jdv
where a- is the apparent viscoelasticity depending on the (9—+ ﬁ—:o, (13
X dy

type of polymer and its concentration. Equati@ is a phe-
nomenological representation of viscoelastic effects, it may
be simplistic relative to numerical simulations, such as those ) S )
by Min et al, 1! ptasinskiet al,*° Housiadas and Berf¥, wherev is the wall-normal velocity ity direction andx is the
and De Angeliset al,*? who have indicated a much more Streamwise direction.

complicated mechanism that causes the drag reduction, and The boundary conditions are the following: at the bed

[

these models show that the drag is reduced due to the actiohere y=0, u=v=-u'v'=0; at the outer boundary edge
of viscoelasticity on modifying the structure of large eddieswherey= 6, u=U.., ~u’v’=du/dx=du/dy=0, in which § is

in the flow. Thus, it is necessary to investigate whether théhe thickness of the boundary layersU.. is the free stream
apparent viscoelasicity. is a constant or a function of the Vvelocity. Thus, the left-hand sid&.HS) of Eq. (12) equals
distance from the wallu-y/v or u.r/v). zero aty=0 andy=4. Using the boundary conditions the

Substituting Eqs(8) and (9) into Eg. (7), one obtains LHS can be approximately expressed as follows:

5:(v+ veﬁ)j—;—u’v’ = vD*j—;—u’v’, (10 u%+vj—;:a1yn(5—y)m, (14
whereD- is the drag-reduction parameter, and in which a; is a coefficient,n and m are exponents to be
determined.
Equation(14) shows a way of order of magnitude analy-
Uel sis and it provides a mathematical framework to simplify the
c=1l4a—. (1) governing equation. By analyzing the velocity in laminar

flow, we found that the assumption £ 1.5 andm=1 yields

reasonable results for the streamwise and wall-normal ve-
It can be seen that the parameBr contains the effects of locities (see Tables | and )| this means that the shear stress
polymer species, concentration, and Reynolds number. distribution in a laminar boundaryllayer flow has been cor-

For a pipe flow, the total shear stress is expressed d§ctly modeled. These exponents, ireandm, could be also

71 p=uX1-y/r). The main objectives of this study include €xtended to the turbulent boundary layer flow with polymer
the following: (1) to obtain the expression of total shear 2dditives, because the profiles efpu? in the laminar and
stress in a boundary layer flow, herein a novel method ofurbulent flows should be similar to each other. This can be
order of magnitude analysis is developé®) to obtain the ~seen clearly from the pipe flows, in which the dimensionless
velocity profile in boundary layer flows with polymer addi- shear stresses for both the laminar flow and the turbulent
tives by solving the governing equation(8) to discuss the flow with polymer additives obey an identical law, i.e.,
friction factor and the boundary layer thickness; ddiito  7/pu?=1-y/r, in other words polymer will not modify the
verify the theoretical results with experimental data availableprofile of total shear stress/puZ. Therefore by substituting
in the literature. Eq. (14) into Eq.(12), one gets
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TABLE I. Velocity distribution in laminar boundary layer flows.

yINxvlIU,, y/é Howarth'su,/U.. Equation(39) Errors (%) yINxvlU,, yl S Howarth'su,/U., Equation(39) Errors (%)

0 0 0 0 2.8 0.519 0.812 0.805 0.9
0.2 0.037 0.0664 0.0666 0.3 3.0 0.555 0.846 0.840 0.7
0.4 0.074 0.133 0.133 0 3.2 0.593 0.876 0.873 0.3
0.6 0.111 0.199 0.199 0 3.4 0.63 0.902 0.902 0
0.8 0.148 0.265 0.264 0.4 3.6 0.667 0.923 0.926 0.3
1.0 0.185 0.33 0.329 0.3 3.8 0.704 0.941 0.946 0.5
1.2 0.222 0.394 0.391 0.8 4.0 0.741 0.955 0.963 0.8
1.4 0.259 0.456 0.453 0.7 4.2 0.778 0.967 0.976 0.9
1.6 0.296 0.517 0.508 1.7 4.4 0.815 0.976 0.986 1.0
1.8 0.333 0.575 0.569 1.0 4.6 0.852 0.983 0.992 0.9
2.0 0.37 0.63 0.622 1.3 438 0.889 0.988 0.997 0.1
2.2 0.407 0.681 0.673 1.2 5.0 0.926 0.992 0.999 0.7
2.4 0.444 0.729 0.720 1.2 5.2 0.963 0.994 0.999 0.5
2.6 0.482 0.772 0.765 0.9 5.4 1 0.996 1 0.4
2
a1y3’2(5—y)=i(v@—u’_v’+ﬂ-’> =1(9—T. (15) alz—s—si. (18)
ay\ " ay p/ pay 4 55
Integrating Eq.(15) with respect toy yields Substituting Eqs(17) and(18) into Eq.(16), one obtains the
profile of total shear stress
I:a1y7’2(§§—§)+a2, (16) L_l_z(x>2.5+§<x)3.5 19
p y o T 2\s) T2\s)

wherea, is an integration constant. At the solid wall where Inserting Eq.(10) into (19), one gets
y=0, 7=pu?, then coefficiens, in Eq. (16) is determined as ’

duf_2 7y2.55y3.5

azzu*Z_ (17) VD*@—UU —U*|:1—§<3> +5 —5 . (20)
At the outer edge of boundary layer where s, 7=0, Eq.  Similarly, in a turbulent boundary layer flold. can be writ-
(16) gives ten asaxUx 4.

TABLE Il. Comparison of Eq(41) with Howarth’s solution on the wall-normal velocigy/x/ vU., in the laminar boundary layer.

yINxvlU,, ylé Howarth’sv/VvU../x  Equation(4l)  Errors(%) y/Vxv/U., ylé Howarth'sv/\vU./x  Equation(4l)  Errors(%)

0 0 0 0 2.8 0.519 0.5206 0.5168 0.71

0.2 0.037 0.0033 0.0033 0.13 3.0 0.555 0.5706 0.5679 0.47
0.4 0.074 0.0132 0.0132 0.02 3.2 0.593 0.6171 0.6193 0.34
0.6 0.111 0.0298 0.0297 0.17 3.4 0.63 0.6595 0.6658 0.96
0.8 0.148 0.0528 0.0525 0.45 3.6 0.667 0.6972 0.7082 1.58
1.0 0.185 0.0821 0.0814 0.78 3.8 0.704 0.7301 0.7458 2.15
12 0.222 0.1172 0.1159 1.10 4.0 0.741 0.7581 0.7780 2.62
1.4 0.259 0.1578 0.1556 1.41 4.2 0.778 0.7815 0.8047 2.96
1.6 0.296 0.2032 0.1998 1.67 4.4 0.815 0.8007 0.8255 3.10
1.8 0.333 0.2525 0.2478 1.85 4.6 0.852 0.8160 0.8408 3.04
2.0 0.37 0.3047 0.2988 1.92 4.8 0.889 0.8280 0.8509 2.76
2.2 0.407 0.3588 0.3520 1.88 5.0 0.926 0.8372 0.8565 2.30
2.4 0.444 0.4136 0.4065 1.71 5.2 0.963 0.8441 0.8587 1.73

2.6 0.482 0.4679 0.4628 1.09 5.4 1 0.8491 0.8590 1.17
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If, as Dou>3 postulated, that, similar to Prandtl's Substituting Eq(21) into (20), one has
mixing-length theorem, the velocity at an eddy center re-
mains unchanged along a certain distance and the size of

eddy follows the Gaussian distribution, then the following 2 7/v\25 5/v\3%]/du\?
Reynolds shear stress is obtained: _(25*)/‘)’2)<1‘X> 1‘_(X> _(X> <_>
y : 8 5 2\ s 2\ s dy
7 25 5 35
—{fu*y[l—5<x> +§<Z> :|+VD*}
For= Fuy T8 # s y2)<1 y)v(du)z o1 2 0 0
U =Juy=—e - - il Rl Wl 25 35
7 5
2 Tpdy o 8/pldy +[1-—(X> +-(¥> ]us=o. 22
2\ 6 2\6
wherex is the Karman constant=0.4 amd is the thickness
of viscous sublayer. The velocity gradientu/dy can be determined as follows:
7 2.5 5 3.5
EU*y|:1__<X) +_<X) +VD*
du _ 2 2\ 6 2\ 6
e R PR e
4 @Y=\t 5l ol
22 25 352
-y 50
—(2 —\2 -2 ——|Z B4
2 (25 y)(l 5){1 2\6 +2 S
x| 1- 1- (23

Strictly speaking, Eq.22) is quadratic and has two Therefore, the factor 1~(¥/8)%5/2+5(y/ 8)?°/2 in the two
roots, herein only the root shown in E(R3) is discussed terms on the right-hand side of E@4) can be dropped, and
because the other root generates unreasonable results. EBg. (24) is simplified as
pressing the square root in E@3) by the Taylor series and

2 2 _ 4
keeping only the first three terms, one obtains du__ w K (2ys -y y/35)u*. (258
dy K 8 K
7 y 25 5 y 35 VD* + EU*y (VD* + EU*y)
Bli--{=] +-°- _ . |
2 Inserting Eq.(259 into Eqg. (20), one obtains the Reynolds
du 2\ 6 2\6 K
o . shear stress
dy K 7y2.55y3.5 8 U’_v/ 7y2.52y3.5 1
Doty =2 )+ @ Tta\s) Ts\s) Tieayieny
2 2\6 2\6
2 2 +5:'_ +2
7(y\?* 5(v\*]’ e P e K
@ys. -y L-yodud| 1--| - +-|- 8) 8D?[1 + ky*/(2D+)]
21\ 21\4 where 8. =u. 8/ v.
B 7/y\25 5/y\35])3 ’ Integrating Eq.(2539 with respect toy yields
VD*+_U*y 1__<_) +_<_) 6D*
2680 +
(24  u « ot 2D.) 2\D. «
Equation(24) could be easily integrated, but the result 2D- y* 2 1 265+ 4D./k
would be too laborious to be used. A simplification could be 1+ P 2D*/—K+y" P +—5+

done as follows: in the near-wall region 1¢y768)%5/2 .
+5(y/ 8)>5/2~1 for y< &; and in the restbuty # ), vD- is ><< y ) ly (26)

; . +—=+c,
very small relative to another term, thus it can be neglected. 2D./k+y*) k&6
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whereé*=u.d/ v, ¢ is an integration constant; using the non- 12
slip condition aty*=0, u=0, thenc=0.

As mentioned above, for Newtonian fluid flows, the ac-
tual limit of the viscous sublayer occurs at abgtit5, in 1

other words, turbulence affects the velocity distribution in
the boundary layer frony*=5 outward. However, as com-
mented by Crowe, Elger, and RobersSrthe effect is not

appreciable up to/*=11.6 where the velocity-distribution
curves for the viscous sublaypr Eq.(2)] and the logarith-
mic velocity distributionfor Eq.(3)] intersect. In derivations

and analyses involving the turbulent boundary layers, it is?®
not uncommon to assume that the thickness of viscous sub
layer is 8. " =u. 8./ v=11.6.

For turbulent flows with polymer additives, LumF@y

found that the only difference in the boundary layer turbu-
lence structure between the Newtonian flows and the drag:
reducing flows is that polymer molecules are expanded in the ,,

flow outside the viscous sublayer due to possible stretchinc
of the polymer moleculdif the strain rate in the turbulent
flow is large, this causes an increase in the effective viscos-

ity, which in turn damps dissipative eddies. This effectively
leads to a thickening of the viscous sublayer leading to a
decrease in the velocity gradient at the wall. Consequently, 4

the Reynolds shear stress at the wall decreases, thus leadir
to a reduction in the dral. Based on some experimental 09 1

observations, Dot expressed the thickening of the viscous
0.8

u'y & Klebanoffs (1954) data C=0
ul —Eq 29Ds=1
A
A
&
04
ki
3
i} T T T T
(@) o 02 04 08 08
.y . —
|~ ug " - o —:
» i & - — e -
- -

sublayer with the following relationship:

Us O+

14

=11.02.

Finally, the mean velocity for drag-reducing boundary

07

06

layer flow is obtained as follows: 05 —
/‘ ] - & Klebanoff's (1954) data, C=10
322_5<1_23.2D§+ 15D*>In<1+ y+> 04 — Eq 29Dx=1
X 5 5D+« 03 [; ' — — Eq29D+=125
5D.\( vy |2 ‘L:‘ ' .- -Eq29Dw=15
2 il )
+(5'8D*+1'25)<1+ S5 ><5D*+y+> 02 } .
|
23. D3+ 10D. y* ) 0.1 J ' ¥ —
+251+ ' =
5( S )<5D* +y* [ )
0 ; . . ; ;
y (b) o 0.005 0.m 0015 0.02 0.025 003

+2.5. 28
p (29

FIG. 2. Reynolds shear stress distribution in boundary légemain flow

Equation(28) becomes the equation of velocity distribution "9°" @nd®) near-wall region.

for Newtonian fluid boundary layer flows whéh =1.
Similarly, Eq.(25b) can be rewritten as follows:

_u/_vr_l_z<x)2.5+2<x)3.5_ 1

v oo2\s 5\6 1 +y*/(5Dx)

~ (1 _ X) 0.464/'D. - 0.02y*/D-)?
8 [1+y*(5D)]3

theory the presence of walls plays a major role for drag-
reducing flows, and the Reynolds shear stress at wall de-
creases due to the thickening of viscous sublayer, thus the
Reynolds shear stress in the near-wall region is particularly
plotted in Fig. Zb) that clearly shows that, as assumed by
Lumley®® and Thirumalai and Bhattacharjgethe Reynolds
Figures 2a) and Zb) show the Reynolds shear stress distri-shear stress at the wall decreases with the increaBe of
bution calculated from Eq(29), in which Klebanoff’'s ex- the thickening of viscous sublayer.

perimental dat¥ in a Newtonian fluid flow are included for In the region near the solid wall whey&< 5D+, one has
comparison, and good agreements have been achieved. The . . .
Reynolds shear stress distribution in the whole boundary In(1+ y )z vy . 1+y_%
layer is shown in Fig. @). However, according to Lumley’s 5D 5D, 5D«

(29)

1;
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+ \2
1) 5D«
then Eq.(28) becomes
u Wy
—=— 30
Usx VD* ( a)

Equation(309 states that the velocity distribution in the re-
gion very near the wall is linear. In the turbulent core where

u-y/(5vD+)>1, Eq.(28) can be rewritten as

u 23.2D3 + 15D, y*
—=251-——"—""—In

) +(5.8D%+1.25

Us s 5D.
><<1 +&> + 2.5(1 +M> +25.
5 5 )
(30b)

Equation(30b) states that far away from the boundary, the

velocity u/u- is proportional to the logarithmic distangg,

Phys. Fluids 17, 065104 (2005)

U, —u 5( 23.23§+15D*> (5) 5( y)
=25 1-———F"——In| - |+251-=

Uk s y )
z2.5|n(§)+2.5<1—z).

y 1)

It can be seen from Ed35) that in the turbulent core the
velocity defect depends only oy 6, and polymer agents
have no influence on the velocity defect in this region.

Virk's experimental dat&' show that no drag reduction
occurs in laminar flows, therefor®.=1 and -u'v’'=0.
Hence Eq.(20) can be expressed as

d 7/ v\52 712
V—UIZUE{l——<X> +§<X) ],
dy 2\¢o 2\¢5

where y; is the velocity in a laminar flow. Integrating Eq.
(36) with respect toy yields

u o, <y>5/2 5(y>7/2}
—= 1-{= +—| = .
U y[ s/ Tals

(35

(36)

(37)

its slope and intercept depend on the drag-reduction param- The relationship between the free stream velotity

eter D. and u.6/v. Becauseu. 6/ v generally is higher than
3000, we takeu 8/ v=3000 as an example; EO0b) can be
approximately represented by

M = 24310y +5.7 +AB, (31)
where
AB=5.8D%-1)-2.5InD.. (32)

It can be seen thaiB in Eq. (4) has been theoretically ex-
pressed; it is obvious thaAB vanishes whenD.=1 or
CY*ZO.
The free stream velocity., can be determined from Eq.

(28) using the conditiou=U,, aty=4,

5

5D*

5

n( 23.ZD;°’+15D*)<
=25In1-—""" """ in|1+
5
2
5D*+5*)
S5

5D« + 8"

U..

Us

+(5.8D2 + 1.25)(1 + 5;)(

+25<1+23.2D§+10D*>(
' S5

The velocity defect can be expressed as

) +2.5. (33

U, -u 5( 23.2D*3+15D*> <5D*+5”)
-~ —=251- n —
Us S5t 5D. +y
5D. st \?
5.8D%2+1.2 (1 ) ( )
+E8i 123145 { 5D, + &
( y* )2 5( 23.D3+ 1(]3*>
- +25 1+ ——
5D. +y* St

sy 2
><<5D*+5+ 5D. +y* *291 8) (39

In the turbulent core wherg">5D., Eq. (34) can be sim-
plified as

and the thickness of laminar boundary layecan be deter-
mined from Eq.(37) using the conditioru=U,, aty=3,

U _5uws

, 38
U 9 v ( )

thus, Eq.(37) can be rewritten as follows by introducing Eq.
(39):

i:g[x_()_/)7/z+§<¥>9/2]
U. 5[J \6 9\ o '

Equation(39) expresses the velocity distribution of laminar
flow in a drag-reducing boundary layer. A comparison of Eq.
(39) with the numerical solution of Howarthis shown in
Table I, in which5=5.4(xv/U.,)%° [see Eq(51)] is applied.
It can be seen from Table | that the maximum relative error
of Eq. (39 is only 1.7%, this indicates that E¢39) is ac-
ceptable to express the velocity for laminar flow of a New-
tonian fluid flow, and, by assumption, even when polymer
additives are present.

The wall-normal velocity in a laminar boundary flow can
be determined from Eq13) as follows:

v =_fyi<i>dy
U 0 IX\U,

(39

(40)

Substituting Eq(39) and §=5.4(xv/U.,)>® into Eq.(40), one
obtains

2 972 11/2

v _ 486 [1(2) _ Z(z) R i(x) ] (1)

U, JUXvL2\6 9\ 11\ 6
Comparison of Eq41) with Howarth’s numerical solution is
shown in Table II.

Table Il shows that the maximum relative error of Eq.
(41) is only 3.1%. The good agreements shown in Tables |
and Il indicate that the order assessment and exponents used
in Eqg. (14), i.e.,n=1.5 andm=1, are acceptable.

In the transitional region from the laminar to the turbu-
lent state, Schlichtir?ﬁ observed that the velocity profile fol-
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u/us u De=215;
3 & White (2004) DR=0 u,
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FIG. 3. Comparison of measured velocity distribution in boundary layerFIG. 4. Comparison of measured velocity distribution in a buffer region
flows with polymer additive measured with E@8). with Eq. (28).

lows the law of laminar flow during one period but shifts to Doppler velocimetefLDV) was applied for the experiment,
the log law during another period; in other words, the veloc-polyethylene oxide solutions were injected, and the polymer
ity profile in the region sometimes corresponds to the lami-averaged molecular weight wasx8.0°, the injection slot
nar distribution and sometimes to the turbulent one, the alwas located 0.292 m downstream of the plate leading.
ternative duration depending on the Reynolds nuritber.  Sedov? also injected PEO solutions into a flat-plate bound-
To express the velocity distribution in the region of the ary layer through a slot near the leading edge and the mo-

laminar to the turbulent transition, D3Usuggested lecular weight of polymer was 0:3310°. All these measured
u U u velocity profiles are replotted in Fig. 3 in which the drag-
L= r|u— +(1 —r|)u—, (42 reducing parametdD- is determined by the best fit of mea-

sured data when E@298) is applied, the drag reductidbR)
where u;, is the velocity in the region of laminar-turbulent shown in the legend is defined as the ratio of wall shear
transition,u, is determined by Eq(37), andu is determined  deficit to the wall shear of flow without polymer injection,
by Eq. (28). The parameter, is the probability of laminar AB is defined in Eq.(4). In Fig. 3, Virk's® and Reischman
occurrences which depends on the relative Reynolds numbend Tiederman’sultimate velocity profiles shown in Eq5)

8. 15" and can be estimated by the following equation: ~ and(6), respectively, are also included for comparison. Thus

w on it can be concluded that E8) is valid in Newtonian and
1 ﬂ(§> for 5" = & drag-reducing flows. It can be seen that the measured veloc-
rn=yelmn\s ' (43) ity profiles and Eq(28) are in good agreement, which indi-
1 for 5" < & cates that the concept of “effective viscosity” proposed by
' Gyr and Tsinobéf in Eq. (8) is workable.
wheres,” is the critical Reynolds number at which the lami- In this study, a crucial assumption has been made in Eq.

nar flow becomes unstable. Therefore the velocity distribu{27) that statess; =u. 8. »=11.6D%. This assumption greatly
tion in the transitional region can be determined by &§) changes the velocity profile near the bed, particularly the
after the velocity profiles in the laminar and fully turbulent slope in the buffer zone, resulting to a velocity profile that
regions are determined. It is obvious that wh&n< 8", 1, moves upward parallel to the classical logarithmic law of
=1, Eq.(42) becomes Eq37); and whens*> 8", r;=0, Eq.  Newtonian fluid flow. It is necessary to check the validity of
(42) becomes Eq.28), therefore Eq(42) covers the velocity this assumption using experimental data. Kumor and
distributions in laminar, transitional, and turbulent regions. Sylevsto?11 especially measured the velocity profile in a tur-
Figures 3 and 4 show the mean velocity profiles in drag-bulent boundary layer. They conducted the experiment in a
reducing boundary layer flows measured by Whiteal,>>  boundary layer flow where the flow of water mixed with
Fontaineet al,?®> Kumor and Sylevstot! and Sedo? White  POE solutiongconcentrations of 9, 14, 16, 21, and 24 ppm
et al?! conducted the velocity measurement in a water tunnelvas observed using LDV. As it can be seen from Fig. 4, the
with a cross sectional dimension of 0.86.13 n?, a PIV  measured velocity profiles in the buffer zone agree well with
system was applied, and the polymer solutions of polyethylE£q. (28), which indicates that the assumption shown in Eq.
ene oxide(PEO with a mean molecular weight of 3.8 (27) is acceptable.
X 1P were injected into the boundary layer of flat plate In order to identify whether the drag-reduction param-
through a spanwise slot 0.15 mm wide located near the leadterD. is indeed constant or a function ofy/ v, the locally
ing edge. Fontainet al® measured the velocity profiles in a determined- values versus.y/ v are plotted in Fig. &), in
turbulent boundary layer with slot-injected polymer, laserwhich D« is obtained in the following method: at a given
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highly uncertain relative to the measurement in the main
flow region. The relationship between the measured drag re-
duction (DR%) shown in Fig. %a) and parameteD. is
shown in Fig. Bb). As it can be seen there, the drag reduc-
tion (DR%) is almost proportional to the drag-reduction pa-
rameterD..

Ill. FLOW RESISTANCE

The momentum thickness, of a flat-plate boundary
layer flow is defined as follows:

6
u u
+White (2004) DR=E7% 52:f U—<1 -U—>dy (44)
0 © o
& Sedov (1975) DR=52% . . .
0s « White (2004) DR=45% and the total resistance acting on the plate is expressed as
) _ X
« White (2004) DR=33% by Dy = j 7 ()bdx, (45)
o Sedov (1975) DR=22% N 0
(a)” " ' ' ' where 7. is the bed shear streds,denotes the width of the
0 200 0 sH0 s 1o0o plate; the relationship between the wall shear and the mo-
80 mentum thickness is
70 245
+(X) = pUs—=. 46
/ =¥ =pUi (46)
B0 . . .
- / Inserting Eq.(46) into Eq. (45) yields
% £0 Dy = pUZ8sb. (47)
g a0 / The dimensionless coefficient for the total skin friction is
£ / expressed as
£ 30 D
a / = —2 (48)
20 Puzxp
/ ’
1D/ Substituting Eq(47) into Eqg. (48), one obtains
0 . IDrag Re::luctmn ;llarametP:r De B 25,
® 1 12 14 15 18 2 22 Cr=" (49)

FIG. 5. Relationship between paramef@r and dimensionless distance i T i i
Ley/o (2) and drag reduction DRY®) For laminar flow, substituting Eq39) into Eq. (44) yields
5,=0.121 168. (50)

By comparing Eq.(50) with the theoretical result of5,
level from the wall, i.e.u.y/ v, the theoretical velocity in Eq.  =0.664xv/U..), one gets

(28) fully depends orD-, thus by adjusting the paramet@r,

one can match the theoretical and the measured point Y=9_ 5.4 | UX (51)
velocities?***Then the obtaine®. versus its location.y/ v v v

can be plotted and analyzed. It can be seen that for the regquSerting Eqs(50) and (51) into Eq. (49), one has
whereu.y/v>100, the parametdd. does not significantly ’

vary with u.y/v, in other wordsD. can be retreated as a = 1.3085 (52a)

constant in the main flow region. However, Figapalso

shows that in the near-wall region whewey/»<<100, the . . o ) ) o

calculatedD. is higher than the value obtained from the main Equation(52a is the friction factor in laminar flows which is

flow region. Noticing that for Newtonian fluid flows E¢gg) ~ Very close to the theoretical resufts:

does not predict measurement values by Waital*! in the 1.328

near-wall region(u.y/»<<100 very well (see Fig. 4 One Ct=T—-
. L . . VU XV

may attribute the variation ob. in the near-wall region

(ly/v<<100 to the systematical error because due to the-or fully turbulent flows in the flat-plate boundary layer with

technical difficulty, the measured velocity near a wall ispolymer additive, the friction factoc; can be determined

_VUwﬂV'

(52b
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& Measured by Froude
----Eg.B1, O=1r <l

ALY FIG. 6. Skin friction coefficient vs
“ Reynolds number for the boundary
N\ layer of a Newtonian fluidD.=1 or
a-=0) and data from Schlichting
A (Ref. 29.
™~
N\ U x
™~
1 — . ; i
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using the similar way mentioned, and Ed4) can be written & (uU,\3
in a dimensionless form f4(8") = 9y ds". (60)
O L

el )/
14 0 Usx 0 U

f,(8%)=/2 (ulu)dy*;
:fg (u/u.)?dy*. Equation(53) can be rewritten as follows:

Let f1(8Y) =U./us;

Yed2 _ (6 - 14(8908,(8).

From Eq.(46), the relationship fox and " can be derived,

g ds
_ 2 2
X—fo 1‘1(5*)d ds'.

ds,/ds" can be determined from E@54) in the following

form:
(uwaz

v )_f3(5*)df1(5*)
ds*  f4sH d&

U
_'xd+.
U*)y

Inserting Eq.(56) into Eq. (55), one obtains

U.Xx

for
f4(5) = f3(8Y),
therefore, one has

DX ()5 — (8,

14

where

st
UX  t(5)a(6) - f ((8)1(5)d5"
v 0

(53) Inserting Eqgs.(54) and (59) into Eq. (49), one obtains the
formula of friction factor for the boundary layer flows,

o =120~ TS
T 18N (5 — fa(87)

The free stream velocity../u. in f; andf, can be obtained
(54) from Eqgs.(33), (39), and(42) as follows:

2
Ve v i BRI (1,7 )
u 9 5

f3(")

(61)

« St
tazaae )5S
(59) +(5.8D7 + 1.23(1 e e

+25<1+23.2Ef+10)< 5 >+25 62
' 5 5+5) 25 (62

where, when the flow is laminar,=1; and in the fully de-

(56)
om
cf
.
(57) “HERmete .
Sl ™ -
+ Bentshy C=0 TR T T e ee
o Kowdski C=0 T, g, e aeee
n Kowdski, C=10ppm b :t‘:"\
+  Kowdski, C=50ppm ek, N
(58) & Kowdski, C=20ppm Sap., ™
— — Eq 61, 0=0 M-
— — Eqg 61,00=0.00027
- - - «Eq. B1, 00 =00005 U %
— - - Eqg, 61,2.=0.00036 v
0.0 T
(59 1.00E+05 1.00E+06 1.00E+07

FIG. 7. Skin friction coefficient vs Reynolds number for the boundary layer
flow with polymer additiveq a» >0) and data from Sedo(Ref. 41).
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1.E+06
U8 s
Ay

— — Prandil's 1/7-th-power |aw o
En.59
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FIG. 8. Boundary layer thickness de-
velopment in a Newtonian fluid
boundary layer.

1.E+04
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<
I
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veloped turbulent regiom;=0; in the laminar-turbulent tran- Newtonian fluids is in good agreement with experiments

sition, 0<r;<1. over a wide range of Reynolds number. LarSoonducted a
The mean velocity/u- in f, andf; can be determined similar study. His model can also provide a reasonable agree-

using the aforementioned equations, i.e., &§). Thus one ment with Schlichting’s dafd over a range of Reynolds

is able to calculate the friction fact@; using Eqg.(61) nu-  number spanning from 200 1, but his model cannot pre-

merically, and the obtained results can cover the laminarlict the skin friction in the laminar-turbulent transition.

transitional, and fully turbulent flow regions for both New- Equation(61) is then applied to the turbulent boundary
tonian and drag-reducing fluid flows because B4 and layer flows (r;=0) with polymer additives; the results are
(62) can cover these three regions. shown in Fig. 7, in which the experimental data were com-

A comparison between E¢61) and the measured data is piled by Sedov?
shown in Fig. 6 in Newtonian fluid boundary layer flows, in Figure 7 shows clearly that with increasing polymer con-
which the experimental data were collected by Schlichtthg, centration the friction coefficient is reduced gradually, and
the theoretical results shown in Fig. 6 are calculated on théhe theoretical results and the experimental data are in good
basis of three input conditions, i.e,=0 (full turbulence; agreement.
ri=1 (fully laminar statug and 0<r;<1. For the condition The boundary thickness development in a Newtonian
0<r,<1, the critical Reynolds numbép,=78.4 orU.x/v  fluid flow is calculated using Eq59). The obtainedJ..s/v
=400 000 is assumed ang is calculated using Eq43). It  versusU.x/v is plotted in Fig. 8; in the calculation the criti-
can be seen from Fig. 6 that the predicted skin friction forcal Reynolds numbe#, is equal to 78, similar to that in Fig.

1.E+06
U5
W
—Fg.50 =0
— — Eg.592+=0.00027
= = = =Eg.59 x-=0.0005
1.E+05 FIG. 9. Comparison of boundary layer
’ thickness development in drag-
reduction flow.
U,z
Y
1.E+04
1.E+05 1.E+08
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6, this value is also used to calculate the probabilityThe mates the boundary layer thickness when the Reynolds
theoretical results show that near the leading edge, the Rey- number is less than:810’.

nolds number is less than the critical Reynolds number an@) This study shows that the introduction of polymer in a
the flow is laminar, thus Eq51) can be used for the calcu- Newtonian fluid flow attenuates the thickness of bound-
lation. As the Reynolds number increases, the flow becomes ary layer relative to that in a Newtonian fluid flow.
unstable in the region of laminar-turbulent transition. It is

seen from Fig. 8 that the calculated results gradually ap-

1 « . . .
: . _ '« B. A. Toms, “Some observation on the flow of linear polymer solutions
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; — 0.8 e o
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