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Abstract— Micro/nano manipulation has been identified as one
of the key enabling technologies for many emerging challenges.
Within this scope, piezoelectric actuators have played major roles
in achieving the required nano-resolution motion. This paper
proposes a robust control framework for piezoelectric actuation
systems to follow specified motion trajectories. The basic concept
associated with this methodology lies in the specification of a
target performance and the robust control scheme formulation
for piezoelectric actuation systems to ensure the convergence of
the position tracking error to zero. This control methodology
is attractive as its implementation requires only the knowledge
of the estimated system parameters and their corresponding
bounds, including bound of hysteresis and external disturbances.
Feasibility study of the framework for piezoelectric actuation
systems in micro/nano manipulation is described. Simulation
results validated the suitability of the proposed control approach.

I. INTRODUCTION

Micro/nano manipulation has been identified as one of
the key enabling technologies for many research challenges
such as: biomedical engineering, micro/nano manufacturing
and assembly, micro/nano robotics, micro surgery, and nan-
otechnology, to name a few. In achieving these ultra-precision
tasks, piezoelectric systems have been identified as the key
component in motion actuation. Having high stiffness, fast
response, and physically unlimited resolution, there is no other
competitor in the current available technology that could offer
comparable properties. In recent years, the advancements in
piezoelectric actuator (PEA) designs, sensing devices (ca-
pacitive sensors, strain gauges), and combined with multi-
axis flexure stages [1] have enabled the progress towards the
steadily growing area of micro/nano-technology.

One major drawback of the PEAs is the presence of highly
nonlinear hysteretic behaviour between the input (applied)
voltage and the output displacement. This prevents the PEA
from providing the desired high-precision motion. A consid-
erable amount of research has been conducted in this area
to model and compensate for the hysteresis effect. Some
examples include the modelling of physical hysteresis [2],
dynamic model of hysteresis for a bi-morph beam [3], a
comprehensive voltage-input electromechanical model [4], and
a charge steering model that bypasses hysteretic problem
coupled with comprehensive model of mechanical dynamics
of the PEA [5].

Many approaches of control strategies have also been pro-
posed in the past. Recent examples include an adaptive control
using back-stepping approach [6], a combination of feed-
forward model with feedback control with an input shaper
[7], PID-based control with iterative learning plus disturbance
observer [8], and a sliding mode control augmented with
inverse hysteresis model [9].

In this paper, a robust control framework is established for
the PEA systems. This is motivated by the previous success
in development of a high-precision linear motion system
[10]. In this control framework, the variable structure control
approach [11] is employed to deal with not only the parametric
uncertainties but also the hysteresis of the PEA, including un-
modelled disturbances. The proposed robust control method-
ology will steer a PEA system to closely follow a desired
motion trajectory and drive the system to reach a specified
target performance. Implementation of the system requires
only the knowledge of the estimated parameters and their
corresponding bounds including bound of hysteresis and ex-
ternal disturbances. Simulation conducted in Matlab-Simulink
validated the feasibility of the proposed control approach. With
the capability of handling uncertainties, the control scheme is
very attractive in high performance PEA control applications,
through which robust micro/nano-manipulation systems could
be realised.

This paper is organized as follows. The model of a piezo-
electric actuator is presented in Section II, a target performance
is introduced in Section III, and modelling of uncertainties
is described in Section IV. A robust control methodology is
formulated in Section V and followed by simulation study in
Section VI. The simulation results are shown and discussed in
Section VII, and finally, conclusions are drawn in Section VIII.

II. MODEL OF PIEZOELECTRIC ACTUATOR

An electromechanical model of a PEA is given in [4], [5].
This mathematical model can be divided into three stages of
transformation from electrical to mechanical energy, and vice
versa. The schematic model as shown in Fig. 1 illustrates the
transformation, which consists of voltage-charge, piezo, and
force-displacement stages. Note that the model in Fig. 1 is
formulated for a voltage-controlled amplifier. The dynamic
equation from the electrical input to the output motion stage
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Fig. 1. Schematic model of a piezoelectric actuator

can be described by the following set of equations:

vin = vh + vz , (1)

vh = H(q), (2)

q = C vz + qz , (3)

qz = Tem x, (4)

fz = Tem vz , (5)

mz ẍ + bz ẋ + kz x = fz − fext, (6)

where vin represents the applied (input) voltage, vh is the volt-
age due to hysteresis, vz is the voltage related to mechanical
side of the actuator, q is the total charge in the ceramic, H is
the hysteresis effect, C is the linear capacitance connected in
parallel with the electromechanical transformer having a ratio
of Tem, qz is the piezo charge related to the actuator output
displacement x, fz is the transduced force from the electrical
domain, mz , bz , and kz are the mass, damping, and stiffness,
respectively, of the mechanical stage, and fext is the force
imposed by the external mechanical load. In PEA, hysteresis
causes a highly nonlinear input/output relationship between the
applied voltage and displacement. Goldfarb and Celanovic [4]
described the hysteresis effect as a nonlinear charge-dependent
phenomenon and noted that it appeared only in the electrical
domain.

For control purposes, (1) and (5) are substituted into (6) to
yield

mz ẍ + bz ẋ + kz x = Tem (vin − vh) − fext, (7)

and the PEA model is obtained by re-arranging the above,

m ẍ + b ẋ + k x + vh + fe = vin, (8)

where m = mz / Tem, b = bz / Tem, k = kz / Tem, and fe =
fext / Tem.

III. TARGET PERFORMANCE

In control of a system, it is desired that the system is
commanded to follow a specified motion trajectory with a
desired goal, which is defined as the target performance.

It is assumed that there exists an ideal model of (8), given
as:

md ẍ + bd ẋ + kd x + vh + fe = vin, (9)

where md, bd, and kd are the desired constant values of mass,
damping, and stiffness of the system, respectively, and the vh

and fe are known. The system (9) is commanded to follow a
desired motion trajectory xd(t) with a desired command,

vd = md ẍd + bd ẋd + kd xd + vh + fe. (10)

If the desired command in (10) is exactly the same as applied
voltage in (9), i.e. vd = vin, then the target performance can
be formulated by combining these equations and is given by
the error function:

md ëp + bd ėp + kd ep = 0, (11)

where ep(t) = x(t) − xd(t). With suitable choice of md, bd,
and kd, the error function (11) is stable (i.e. ep → 0) and
describes the closed loop dynamics of the system.

IV. MODELLING OF UNCERTAINTIES

In practice, the exact parameters of the system (8) are
difficult, if not impossible, to determine. The modelling of
parametric uncertainties is therefore introduced. It is stated
that the exact values of m, b, and k in (8) may not be known,
however the estimated values are available. The modelling of
uncertainties can also be extended to include the nonlinear
hysteresis in (8) and it is assumed that both the parametric
errors and hysteresis are bounded:

‖∆m ‖ = ‖m − m̂ ‖ ≤ δm,

‖∆b ‖ = ‖ b − b̂ ‖ ≤ δb,

‖∆k ‖ = ‖ k − k̂ ‖ ≤ δk,

‖ vh ‖ ≤ δvh, (12)

where ∆• represents the modelling error of • and •̂ represents
the estimated values of •. The symbol ‖•‖ denotes an absolute
value of • and the positive values δm, δb, δk, and δvh denote
the bounds of the variables. These bounds are known and
can be obtained experimentally. Generally, the bound δvh

could be further extended to incorporate other un-modelled
disturbances in the system provided that the overall bound of
the uncertainties is known.

V. ROBUST CONTROL METHODOLOGY

The motion control problem in the PEA system can be for-
mulated as a target performance reaching problem in designing
a control law so that the system described by (8) achieves the
target performance (11) and follows the required trajectory
xd(t) under parametric uncertainties and hysteresis (12). In
the following, a robust control methodology is formulated to
solve the problem.

To achieve robust control, a switching function σ is first
specified,

σ = ėp + ξ, (13)

where ξ is the state of a dynamic compensator used to shape
the tracking errors. The dynamic compensator can be designed
as

ξ̇ = α ξ + kp ep + kv ėp, (14)



where α is a constant scalar, α ≤ 0, kp and kv are constant
values which are related to the specified target performance
(11). Differentiating (13) with respect to time,

σ̇ = ëp + ξ̇. (15)

To examine the closed loop dynamics of the system under
the sliding mode control, equation (14) is substituted into (15)
and using (13) to eliminate ξ,

ëp + (kv − α) ėp + kp ep = σ̇ − α σ. (16)

By choosing

kp = m−1
d kd,

kv = m−1
d bd + α, (17)

(16) becomes

md ëp + bd ėp + kd ep = md (σ̇ − α σ). (18)

During sliding motion where σ̇ = 0 and σ = 0, (18) achieves
the target performance (11). A control law can therefore be
formulated to drive the system to reach the sliding mode.

Theorem: For the system described by (8) under parametric
uncertainties and hysteresis (12), the system achieves the target
performance (11) with the following robust control law

vin = m̂ ẍeq + b̂ ẋ + k̂ x + fe − ks σ − d
σ

‖ σ ‖ , (19)

where
ẍeq = ẍd − ξ̇, (20)

and d is governed by

d ≥ δm ‖ẍeq‖ + δb ‖ẋ‖ + δk ‖x‖ + δvh + ε, (21)

where ks and ε are any positive scalars.
Proof: For the system described by (8) with the control

law (19), a Lyapunov function u(σ) is proposed,

u(σ) =
1
2

m σ2, (22)

which is continuous and non-negative. Differentiating u(σ)
with respect to time yields

u̇(σ) = m σ σ̇. (23)

From (15) and (20),

σ̇ = ẍ − ẍeq, (24)

and (23) is rewritten as

u̇(σ) = σ (m ẍ − m ẍeq),
= σ (vin − b ẋ − k x − vh − fe − m ẍeq) (25)

where vin is obtained from (8). Substituting the control law
(19) to replace vin and using the bounds (12),

u̇(σ) = − ks σ2 − d ‖ σ ‖ + σ [−∆m ẍeq − ∆b ẋ

−∆k x − vh ],
≤ − ks σ2 − d ‖ σ ‖ + ‖ σ ‖ [ ‖∆m ẍeq ‖ + ‖∆b ẋ ‖

+ ‖∆k x ‖ + ‖ vh ‖ ],
≤ − ks σ2 − d ‖ σ ‖ + ‖ σ ‖ [ δm ‖ ẍeq ‖ + δb ‖ ẋ ‖

+ δk ‖ x ‖ + δvh ]. (26)

From (21),

u̇(σ) ≤ − ks σ2 − ε ‖ σ ‖. (27)

This shows that u(σ) → 0 (which in turn implies that σ → 0)
as t → ∞. Both the stability of the system and convergence
of the tracking are guaranteed by the robust control law (19)
driving the system (8) to reach the target performance (11).

In the implementation of the control law (19), the dis-
continuous function σ

‖σ ‖ will give rise to control chattering
due to imperfect switching in the computer control. This is
undesirable as un-modelled high frequency dynamics might
be excited. To eliminate this effect, the concept of boundary
layer technique [12] is applied to smooth the control signal.
In a small neighborhood of the sliding surface (σ = 0), the
discontinuous function is replaced by a saturation function
which is defined as

sat(
σ

∆
) =

⎧⎪⎨
⎪⎩

−1 : σ < −∆,

σ/∆ : −∆ ≤ σ ≤ ∆,

+1 : σ > ∆,

(28)

where ∆ is the boundary layer thickness, and the control law
(19) becomes

vin = m̂ ẍeq + b̂ ẋ + k̂ x + fe − ks σ − d sat(
σ

∆
). (29)

With the introduction of the saturation function (28) in the
control law (29), the accuracy of σ can only be guaranteed to
stay within the boundary layer. From the closed loop dynamics
(18) of the control law, the steady-state value, σss, of the
switching function within the boundary layer is given as

σss = − kd epss

md α
, (30)

where epss is the steady-state position error. As (30) describes
the relationship between the steady-state position error and
switching function, it can therefore be used to decide on the
boundary layer thickness ∆ in the control implementation.

The selection of target performance for the control system is
straightforward. By comparing (11) to a standard second-order
characteristic equation

s2 + 2 ζ wn s + w2
n = 0, (31)

where s, ζ, and wn are the Laplace operator, damping ratio,
and undamped natural frequency, respectively, the desired
parameters are obtained as

md = 1 , bd = 2 ζ wn , kd = w2
n. (32)

As the desired response is selected through ζ and wn, the
system control gains kp and kv in (17) can therefore be
calculated from (32).

VI. SIMULATION STUDY

In the process of developing a PEA system for micro/nano
manipulation, computer simulation is performed to study the
feasibility of the proposed control strategy. The simulation
model is constructed using the PEA model (8) and the control
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Fig. 3. Desired motion trajectory

law with saturation function (29). This is conducted in Matlab
[13] Simulink [14] as shown in Fig. 2.

The objective of the simulation is to study the effectiveness
of the proposed control algorithm such that the closed loop
method will follow a motion trajectory with a desirable
tracking ability. In the simulation, the proposed desired motion
trajectory is shown in Fig. 3 for position, velocity, and accel-
eration, respectively. The desired motion trajectory is made up
of different segments of quintic polynomial [15] for analysing
the tracking and steady-state performances of the system. With
the motion trajectory, the tracking ability of the control system
can be closely examined when it is subjected to parametric

uncertainties and hysteresis effects.
For a more realistic simulation, a model of hysteresis is

added to the ideal PEA model as shown in Fig. 2. As described
in (2), the PEA hysteresis is dependent on the charge q, which
is constituted by the useful piezo charge qz and charge in the
capacitor C as shown in Fig. 1. As qz is related to the actual
motion x in (4) and by assuming that x follows closely the
desired position xd, approximated polynomial functions are
utilised to construct the hysteresis model, which are dependent
on xd. The hysteresis vh of the PEA model (8) is approximated
by

vhf (t) = (xd − (5 × 10−6 + 0.4 xd + 8000 x2
d)) × 106 V,

vhb(t) = (xd − (5 × 10−6 + 1.5 xd − 14000 x2
d)) × 106 V,

(33)

where vhf and vhb are the voltage-drops representing the hys-
teresis effect when the PEA is moving forward or backward,
respectively. The resulting effect of the hysteresis model is
shown in Fig. 4.

It is assumed that no external force is applied to the system
and the term fe is ignored in both (8) and (29). However, a
constant bias is added in the simulation to offset the command
voltage to operate only in the positive region. Alternatively,
the bias can be treated as to represent a preloaded force to the
PEA in reality.

Table I summarises the values chosen for the simulation.
The PEA model (8) was simulated to possess dynamic coeffi-
cients as shown in the first column (labelled ”Exact Values”)
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TABLE I

PARAMETERS FOR SIMULATION OF PEA CONTROL SYSTEM

Exact Values: Est. Values: Bounds:

Mass (V s2/m) : m = 0.0005 m̂ = 0.0004 δm = 0.0002

Damping (V s/m) : b = 20 b̂ = 16 δb = 8

Stiffness (V/m) : k = 5 × 105 k̂ = 4 × 105 δk = 2 × 105

Hysteresis (V ) : δvh = 20

of the table. Assuming that only the estimated parameters and
bounds are available for the control law (29). The estimated
dynamic coefficients are listed in the second column (labelled
”Est. Values”) and the bounds of uncertainties are quantified
and listed in the third column. Note that the bound of the
hysteretic disturbance is also included in Table I according to
Fig. 4.

For an undamped natural frequency of wn = 1256.64 rad/s
(200 Hz) and a critically damped response, ζ = 1.0, the
desired parameters in (32) are calculated as

md = 1 V s2/m, bd = 2513 V s/m, andkd = 1579, 137 V/m.
(34)

The constant scalar α in (14) is set as α = −1 s−1 and the
control gains kp and kv in (17) are calculated from (32) as

kp = 1579, 137 s−2 and kv = 2512 s−1. (35)

The steady-state position error in (30) is specified as epss ≤
0.1 µm, σss ≤ 0.16 m/s, the boundary layer thickness ∆
in (28) is chosen as the maximum value of σss, i.e., ∆ =
0.16 m/s.

The positive scalar ε in (21) is specified as ε = 1 V and ks

of the control law (29) is set to ks = 500 V s/m.

VII. RESULTS AND DISCUSSION

In Simulink, a Runge-Kutta 45 based ordinary differential
equation solver with variable step size was employed for nu-
merical integration of the acceleration to compute the velocity
and displacement of the PEA model. Simulated results are
shown in Fig. 5 to Fig. 8.
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Fig. 6. Command voltage and switching function

With the desired trajectory as shown in Fig. 3, the resulting
motion is shown in Fig. 5. Despite the uncertainties, the control
law was shown to be robust and stable. From the switching
function shown in Fig. 6, it was observed that the system
operated within the boundary layer with σ kept to a minimum.

The hysteresis effect and position tracking error are shown
in Fig. 7. The position tracking result showed that the control
law had successfully accommodated the hysteresis, without
any feed-forward model, treating the hysteresis purely as an
external disturbance. While the disturbance caused by the
hysteresis was significant (vh fluctuated from approximately
−10 V to 6 V - see Fig. 7 top), forming about one-third of
the reference (command) voltage (v in ranged from 0 to 35 V
- see Fig. 6), the effect of the resulting position tracking error
in (Fig. 7 bottom) was small compared to the disturbances. In
the simulation, the position tracking error was confined within
1 µm during motion in the displacement range of 50 µm (see
Fig. 8) and the steady-state error was almost zero. Fig. 8 shows
the resulting actuator position when plotted against the desired
position with a minimum hysteresis effect. This showed the
effectiveness of the proposed robust control framework.

On the whole, the robust control methodology was shown
to be stable, robust and capable of following the desired
motion trajectory under modelling of parametric uncertainties
and hysteresis. The control implementation required only the



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

−10

0

10

Si
m

ul
at

ed
 H

ys
t v

h (
V

)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
−5

0

5

Po
s 

E
rr

or
 (

 µ
m

)

Time (s)

Fig. 7. Hysteresis effect and position tracking error

0 10 20 30 40 50 60
0

10

20

30

40

50

60

Desired Position ( µm)

A
ct

ua
to

r 
Po

si
tio

n 
( 

µm
)

Fig. 8. Actuator position against desired position

estimated parameters and the bounds of the system.
For this methodology to be implemented on a physical

system, it is necessary to examine the issue of parameter
identification and controller realisation. Challenges lie in the
fact that micro/nano manipulation systems require different
strategies from conventional motion control. An experimental
set-up is being prepared to implement the algorithm through
a hard-real time system involving the PEA system driving
a parallel micro/nano manipulator based on flexure-jointed
monolithic structure. Position feedback will be provided by
non-contact capacitive sensors capable of sub-nanometer res-
olution. The result will form an important comparison to the
theoretical prediction and enhance our understanding towards
robust micro/nano manipulation.

VIII. CONCLUSIONS

A robust control framework is proposed for piezoelectric
actuation systems to follow specified motion trajectories. The
basic concept in this approach lies in the specification of a
target performance and the formulation of a robust control
law for a control system to drive its position tracking error to
converge to zero.

This control scheme is unique as a dynamic compensator
is introduced to form the switching function such that the

resulted sliding mode can be matched with the target per-
formance. Implementation of the control law requires only
the knowledge of the estimated parameters and their corre-
sponding bounds as well as bound of hysteresis in the actuator
including external disturbance.

Stability of the system is proven theoretically and the
control scheme is shown to be robust through simulation. The
immediate future effort is to implement this control scheme
onto a PEA system. An extensive experimental set-up is being
developed at this stage and it is expected that the experimental
results on the real system be available in the near future.

Being capable of handling uncertainties, the robust con-
trol scheme is very attractive in the field of micro/nano-
manipulation in which high performance PEA control appli-
cations could be implemented specifically in the biomedical
area.
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