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Elementary electronic excitation in three-dimensional electron gases
under free-electron laser radiations

W. Xu*
Department of Engineering Physics, Institute for Superconductivity and Electronic Materials, University of Wollongong,

New South Wales 2522, Australia
�Received 17 November 1997; revised manuscript received 6 February 1998�

I present a detailed theoretical study of the collective excitation associated with plasmon modes in three-
dimensional electron gases �3DEG’s�, subject to free-electron laser �FEL� radiations. Using the exact solution
of the time-dependent Schrödinger equation in which the effect of the electromagnetic �e.m.� radiation field is
included in the Coulomb gauge, I have derived the Green’s function, the density of states �DOS�, and the
density-density correlation function for free electrons in (K,t) and �K,�� representation. With these results, the
influence of the FEL radiations on plasmon spectrum in a 3DEG has been studied by employing the random-
phase approximation. It has been found that the presence of the linearly polarized terahertz laser fields will lead
to a strong modulation of the electron DOS and of the Fermi energy in a 3DEG structure. As a consequence,
the plasmon spectrum in an electron gas can be tuned by varying the intensity and/or frequency of the e.m.
radiation. A number of important and distinctive effects induced by the FEL radiations are presented and
discussed. �S0163-1829�98�05424-1�

I. INTRODUCTION

The investigation of collective excitations in electron
gases, such as plasmons, phonons, magnons, and nuclear
quanta, has played an important role in modern condensed-
matter physics and electronics. It is well known that in a
high-density electron gas, the electronic transitions via spin-
and charge-density oscillations will result in an elementary
excitation associated with plasmon oscillation modes. Ex-
perimentally, both far-infrared-absorption spectroscopy and
inelastic-resonant-light-scattering spectroscopy have been
used extensively to measure and to study the elementary ex-
citation spectra in electronic devices such as semiconductor
systems.1 In these optical measurements, the intensity of the
electromagnetic �e.m.� radiation applied is relatively weak so
that the probing fields do not vary the excitation spectrum
and one may assume that the radiation field affects very
weakly the basic electronic structure of the device system. In
the absence of the intense e.m. radiations, plasmons in three-
dimensional electron gases2 �3DEG’s� and in low-
dimensional electronic systems3–5 have been studied in detail
in the past, both experimentally and theoretically, and the
results are well documented in the literature.2–5

In recent years, there has been a rapid expansion in de-
veloping high-power and long-wavelength laser sources such
as free-electron lasers �FEL’s�. At present, the powerful far-
infrared �FIR� or terahertz (1012 Hz) FEL’s have become
available at, e.g., the University of California, Santa
Barbara6–8 and the Free Electron Laser for Infrared Experi-
ments, the Netherlands.9–11 The current generation of the
FEL’s has already been able to provide the tunable source of
linearly polarized terahertz radiations. Using the sources of
the FEL radiation, one can study the dependence of the
physical properties in an electronic device on frequency and
strength of the linearly polarized e.m. radiation. Recently,
experimental measurements have been carried out in inves-
tigating the nonlinear response of the semiconductor devices
to the terahertz FEL radiations. Some important and interest-

ing phenomena, such as resonant absorption of the terahertz
radiation,6 photon-enhanced hot-electron effect,7 terahertz-
photon-induced impact ionization,8 LO-phonon bottleneck
effect,9 terahertz-photon-assisted resonant tunneling,10 and
terahertz cyclotron resonance,11 were observed in different
semiconductor systems. It can be foreseen that the study of
terahertz-driven electron gases, using FEL radiations, will
make a significant impact on the investigation and character-
ization of condensed-matter materials such as low-
dimensional semiconductor systems and nanostructures.

At present, most of the research work on terahertz-driven
electron gases is focused on two-dimensional electronic sys-
tems �2DES’s� such as GaAs-based heterojunctions and
quantum wells. To have a better understanding of the elec-
tronic and optical properties observed experimentally in di-
mensionally reduced systems such as 2DES’s, it is important
to be able to know how an ideal 3DEG responses to such
intense terahertz e.m. field as provided by the FEL radia-
tions, and this is the main motivation of the present study.
When a 3DEG, realized from, e.g., a semiconductor system,
is subjected to intense terahertz e.m. field, the electron ki-
netic energy, the Fermi energy, the plasmon energy, the pho-
non energy, etc., in the system can be comparable to the
photon energy and to the energy of the radiation field. This
implies that the terahertz e.m. field may couple strongly to
the electronic system and, as a result, may vary significantly
the electronic structure of the device system. This has been
verified by a pioneering work done by Jauho and Johnsen.12

In the presence of the linearly polarized e.m. radiations, the
electron density of states �DOS� in ideal 3DEG and 2DEG
structures has been investigated recently12 by using the ap-
proach of the gauge-invariant spectral function. An impor-
tant radiation effect, such as the blueshift of the absorption
edge arisen from the dynamic Franz-Keldysh effect, has been
predicted theoretically.12 From the fact that the collective
excitations, such as plasmons, depend strongly on the elec-
tronic structure and on the electronic property of the device
system, one would expect that under the intense terahertz
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e.m. radiations the plasmon modes generated from an elec-
tronic device may differ significantly from those observed in
the absence of the radiation field.

So far, little theoretical work has been conducted regard-
ing the collective excitations in electron gases in the pres-
ence of the intense e.m. radiations. This paper attempts to
make a contribution to this topic, through examining the de-
pendence of the plasmon spectrum on intensity and fre-
quency of the FEL radiations. In the present study, I consider
a rather simple theoretical approach to calculate the Green’s
function �see Sec. II�, the DOS �see Sec. III�, and the
density-density correlation function �see Sec. IV� for nonin-
teracting electrons in a 3DEG subjected to e.m. radiations.
Using the results obtained, in Sec. V, I perform a detailed
study of the influence of the terahertz e.m. radiations on the
dielectric response function and the plasmon spectrum in a
GaAs-based 3DEG system. The conclusions obtained from
this study are summarized in Sec. VI.

II. GREEN’S FUNCTION

When an ideal 3DEG is subjected to an e.m. field polar-
ized along the x axis, the single-electron Hamiltonian to de-
scribe the electron-photon system can be written as

H0� t ��
�px�eA� t ��2�py

2�pz
2

2m*
. �1a�

Here a parabolic-conduction-band structure has been consid-
ered, px��i��/�x is the momentum operator, A(t)
�„A(t),0,0… is the vector potential induced by the e.m. ra-
diation field polarized along the x direction, and m* is the
effective electron mass. Furthermore, I have used the Cou-
lomb gauge13 to describe the e.m. field. The usage of the
Coulomb gauge allows us to choose the vector potential A
and the scalar potential 	 for the radiation field such that
“•A�0 and 	�0. These gauge conditions correspond to a
situation where the charge density 
�0 and the current den-
sity j�0, which are true for the case of free electrons in a
3DEG in the absence of scattering, inhomogeneity, external
driving field, etc. After using the dipole approximation for
the radiation field and taking A(t)�A0sin(�t), with � being
the frequency of the radiation, the solution of the time-
dependent Schrödinger equation

i�
���R,t �

�t
�H0� t ���R,t � �1b�

is obtained as

�K�R,t ���K�R,0�e�i�E�K��2���t/�

�eir0kx�1�cos��t ��ei sin�2�t �, �2a�

where

�K�R,0��eiK•R. �2b�

Here R�(x ,y ,z), K�(kx ,ky ,kz) is the electron wave vec-
tor, E(K)��2K2/2m* is the energy spectrum of the 3DEG,
r0�eF0 /m*�2 with F0 being the strength of the radiation
electric field, �(eF0)2/8m*��3, and 2�� is the energy
of the radiation field. I have used the relation F(t)
��A(t)/�t�„F0 cos(�t),0,0… with F0��A0 .

From the time-dependent electron wave function given by
Eq. �2�, we can calculate the probability amplitude, which
describes a process that if one adds an electron in a state
�K�� at time t� to the system then the system will be in a
state �K� at time t , through

� d3R �K�
* �R,t���K�R,t ���K�,KR�K;t ,t��, �3a�

where

R�K;t ,t���e�i�E�K��2���� t�t��/�e�ir0kx�cos��t ��cos��t���

�ei�sin�2�t ��sin�2�t���. �3b�

Hence, by definition, the retarded propagator or Green’s
function in (K,t) space for non-interacting electrons is given
by

G��K�,K;t�t����K�,KG��K;t�t��, �4a�

where

G��K;t�t����
i

�
�� t�t��R�K;t ,t��. �4b�

Equation �4� is a two-time Green’s function, due to the shift
caused by the radiation field. Moreover, Eq. �4b� satisfies
�noting d�(t�t�)/dt��(t�t�)�

� i�
�

�t
�

��K�eA� t ��2

2m* �G��K;t�t����� t�t�� �5a�

in (K,t) space and

� i�
�

�t
�H0� t ��G��K;t�t���K�R,0���� t�t���K�R,0�

�5b�

in real space, where K is the quantum number. So G�(K;t
�t�) is the actual Green’s function in the (K,t) representa-
tion. Similarly, we can also calculate the probability ampli-
tude for a process that if one removes an electron �or adds a
hole� in a state �K�� at time t� to the system then the system
will be in a state �K� at time t . Thus the advanced propagator
or Green’s function for free electrons in the (K,t) represen-
tation is obtained as

G��K�,K;t�t����K�,KG��K;t�t��, �6a�

where

G��K;t�t���
i

�
�� t�t��R�K;t�,t �. �6b�

The Fourier transform �or average over time t�t�� of the
retarded Green’s function is given, after generating eix cos y

and eix sin y into the Bessel functions, by
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GK
��E ,t����

��

�

d� t�t��ei�E�i��� t�t��/�G��K;t�t��

� �
m���

� Fm�kx ,t��

E�E�K��2���m���i�
, �7�

where an infinitesimal quantity i� has been introduced to
make the integral converge. Here

Fm�kx ,t�����1 �mFm�kx� �
n���

�

inJm�n�r0kx�

�ei�n�t�� sin�2�t���, �8a�

where Re Fm(�kx ,t�)�Re Fm(kx ,t�), Im Fm(�kx ,t�)�
�Im Fm(kx ,t�), Jm(x) is a Bessel function, and

Fm�kx���
n�0

�
Jn��

1��n ,0
�J2n�m�r0kx�

���1 �m�nJ2n�m�r0kx�� . �8b�

To study the steady-state properties, we can average the ini-
tial time t� over a period of the radiation field. The averaged
Green’s function then becomes

GK*�E ��
�

2� �
��/�

�/�

dt�GK
��E ,t��

� �
m���

� Fm
2 �kx�

E�E�K��2���m���i�
. �9�

One can find that the energy sum rule for this Green’s func-
tion is exhausted by the imaginary part alone, i.e.,
���
� dE Re GK*(E)�0 and ���

� dE Im GK*(E)���, after us-
ing the identity �m���

� Fm
2 (kx)�1. Equation �9� is the

steady-state Green’s function in the �K,�� representation.
When a 3DEG is subjected to a linearly polarized e.m.

radiation field, the electron wave function can be character-
ized by a Floquet state,14 which is the analog to a Bloch state
when replacing a spatially periodic potential with a time pe-
riodic one. As can be seen in Eq. �2a�, the coupling of the
radiation field to the electronic system results in the follow-
ing: �i� The energy of the electronic system becomes E(K)
�2�� , shifted by a positive energy 2��
�(eF0)2/4m*�2 arisen from the e.m. radiation. This type of
blueshift has been observed in, e.g., the dynamical Franz-
Keldysh effect.12 �ii� The time evaluation of the electron
wave function will no longer be in the form ��eiEt/� due to
the time shift caused by the time-dependent driving field.
�iii� An anisotropic nature of the wave function can be ob-
served. The physical reason behind this is that the linearly
polarized radiation field has broken the symmetry of the
sample geometry. As a result, the Green’s functions given
above are also anisotropic, i.e., depending on kx .

In the presence of the e.m. radiations, electrons in the
system can interact with the radiation field, accompanied by
the processes of absorption and emission of photons by elec-
trons. In the Green’s functions given above, m�1,2,3, . . .
(�1,�2,�3, . . . ) corresponds to the absorption �emission�
of one, two, three, etc., photons with the frequency �. This

also reflects the fact that the emission and absorption of pho-
tons by electrons can be achieved via multiphoton channels
where �m��1. When F0�0 �and thus r0��0�, due to the
feature Jm(0)��m ,0 , the Green’s functions given above be-
come the well-known results obtained in the absence of the
e.m. radiation.

III. DENSITY OF STATES AND FERMI ENERGY

In the study of an electron gas driven by an e.m. radiation
field, the electron DOS is one of the central quantities to
determine and to understand almost all physically measur-
able properties. In the �K,�� representation, the electron
DOS is determined by the imaginary part of the Fourier
transform of the Green’s function, namely,

D�E ���
gs

� �
K

Im GK*�E �

�
1

2�2 � 2m*

�2 � 3/2

�
m���

�

��E�2���m���

��E�2���m�� Rm�E�2���m���,

�10a�

where gs�2 accounts for the spin degeneracy and

Rm�x ���
0

1

dy Fm
2 � y�2m*x

�2 � . �10b�

When F0�0, so that r0��0 and Rm(x)��m ,0 , Eq. �10�
becomes the well-known result for electron DOS in the ab-
sence of the e.m. radiation, i.e.,

lim
F0→0

D�E ��
1

2�2 � 2m*

�2 � 3/2

��E ��E . �11�

The contribution due to different optical processes to the
electron DOS is shown in Fig. 1 at a fixed radiation field.
From Eq. �10a� we see that the contribution to the DOS from
the process of m-photon absorption (m�0) or emission (m
�0) becomes possible when the condition E�2��
�m���0 is satisfied. With increasing electron energy E ,

FIG. 1. Contribution from different optical processes to the elec-
tron density of states at a fixed radiation field with intensity F0 and
frequency �. m�0 and m�0 correspond, respectively, to the chan-
nels of m-photon absorption and emission. When F0�5 kV/cm and
�/2��1 THz, ���4.14 meV and 2���4.19 meV.
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the opening up of the new channels for optical absorption
and/or emission leads to an increase in the DOS. In contrast
to the case of F0�0 �see Fig. 2 and Eq. �11��, the electron
DOS for a 3DEG under an e.m. radiation can be present in
the energy regime E�0. This arises from the processes of
the photon emission, as can be seen in Fig. 1. From Fig. 1 we
note that �i� in the presence of the e.m. radiations, a non-E1/2

dependence of the DOS can be observed; �ii� in the low-
energy regime, the electron DOS comes mainly from the
processes of the photon emission; �iii� in the energy regime
E�2�� , the contribution to the DOS from a process of
(�m��1)-photon emission is smaller than that from an
�m�-photon emission process; and �iv� the contribution due to
the processes of multiphoton absorption can only be ob-
served weakly in high-energy regime. Hence, in low-energy
regime, which is more possibly occupied by electrons, the
electron DOS comes mainly from the processes of photon
emission.

The numerical results of this paper pertain to GaAs-based
3DEG structures. For GaAs, the effective electron mass is
m*�0.0665me , with me being the rest electron mass, and
the dielectric constant is ��12.9. In all of the calculations in
this paper I consider n-type-doped GaAs with the typical
electron density ne�1017 cm�3. To calculate Fm(x) given
by Eq. �8b�, I have taken n�0,1,2, . . . ,20. Furthermore, the
contributions from m�0,�1,�2, . . . ,�20 are included in
the calculations. The inclusion of more m and n affects only
the results in low-frequency radiations.

The influence of the strength and frequency of the tera-
hertz radiation field on the electron DOS in 3DEG structure
is shown in Figs. 2 and 3. With increasing radiation intensity
F0 and/or decreasing radiation frequency �, the DOS in
high-energy regime decreases, mainly due to the increase in
 and r0 . For the case of very low-frequency radiations �e.g.,
�/2��0.5 THz in Fig. 3�, the contributions from multipho-
ton emission and absorption to the DOS can become larger
in comparison to the situation of high-frequency radiations.
Under the relatively low-frequency radiations, the electrons
can interact with the radiation field via multiphoton channels
because of relatively small energy transfer. The theoretical
results obtained in this paper agree with those observed in
the dynamical Franz-Keldysh effect in a 3DEG system.12

The results shown above indicate that the processes of
optical absorption and emission may result in an increase in
the DOS. However, due to the blueshift by the energy 2��

of the radiation field and to the feature �Jm(x)��1, the over-
all DOS for electrons in a relatively high-energy regime will
be reduced in comparison to that at F0�0 �see Fig. 2�. This
effect is more pronounced for high-intensity and low-
frequency radiations. The electron DOS measures the maxi-
mum number of electrons that can occupy an energy range.
The e.m. field applied will drive electrons out of a certain
energy regime by a factor of 2��, so a reduced electron
DOS in some energy regimes can be achieved. Due to the
limiting feature limx→0Jm(x)��m ,0 , for a radiation with
relatively high frequency �e.g., �/2��3 THz in Fig. 3�
and/or low intensity �e.g., F0�0 in Fig. 2�, which leads r0
→0 and →0, the effects of the e.m. radiation on electron
DOS can be suppressed. Moreover, because r0�F0 /�2 and
�F0

2/�3, the radiation frequency has a stronger effect on
the DOS, as can be seen in Fig. 3.

A direct and important application of the electron DOS is
to determine the Fermi energy of an electronic system. Using
the condition of electron number conservation and assuming
that the total electron density ne in the 3DEG system is not
varied by the presence of the radiation field, the Fermi en-
ergy EF for a 3DEG subjected to an e.m. radiation can be
determined by

ne��
0

�

dE f �E �D�E �, �12�

where f (E)��e (E�EF)/kBT�1��1 is the Fermi-Dirac func-
tion. In the low-temperature limit �i.e., T→0�, we have
f (E)→�(EF�E) and

ne�
1

3�2 � 2m*

�2 � 3/2

�
m

��EF�2���m���

��EF�2���m���3/2Sm�EF�2���m���,

�13a�

where

Sm�x ��
3

2 �
0

1

dy�1�y2�Fm
2 � y�2m*x

�2 � . �13b�

When F0�0, we have Sm(x)��m ,0 and ne�KF
3 /3�2, where

KF�(2m*EF /�2)1/2.

FIG. 2. Electron density of states as a function of electron en-
ergy E at a fixed radiation frequency � for different strengths of the
radiation field F0 .

FIG. 3. Density of states for electrons in GaAs as a function of
electron energy E at a fixed radiation intensity F0 for different
radiation frequencies �.
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The dependence of the Fermi energy in a 3DEG on the
strength and frequency of the terahertz laser fields is shown
in Figs. 4 and 5, respectively. Because of the reduction of the
electron DOS by the radiation field, especially at the low-
frequency and high-intensity radiations, the Fermi energy in-
creases rapidly with increasing radiation intensity and/or de-
creasing radiation frequency. From Eq. �13� we can find that
for a radiation field with very high intensity and low fre-
quency so that 2��	�� , the Fermi energy is EF
�2���(F0 /�)2, which can be seen in Figs. 4 and 5.
Under the high-frequency �e.g., �/2��2 THz in Fig. 5�
and/or low-intensity �e.g., F0�2 kV/cm in Fig. 4� e.m. ra-
diations, the Fermi energy in a 3DEG depends very weakly
on the radiation. In Figs. 4 and 5, I also plot the results for
the energy E�2�� of the radiation field �dotted curves�.
One can find that in some radiation intensity and frequency
regimes, the Fermi level EF may be below the energy of the
radiation field E. This implies that in these regimes, the pro-
cesses of the photon emission will be the major channels to
determine the Fermi energy. A significant conclusion that I
draw from these results is that by varying the strength and
frequency of the terahertz e.m. radiation, one can control the
Fermi level in the device system.

The theoretical results obtained here indicate the follow-
ing. �i� In high-intensity and low-frequency radiations where
E	�� , the Fermi energy is determined mainly by the en-
ergy of the radiation field via the dynamical Franz-Keldysh

effect. In this case, noting that �m���
� Fm

2 (x)�1, we have
ne�KF*

3/3�2, where KF*��2m*(EF�2��)/�2�1/2. �ii� In
the intermediate radiation intensity and frequency regime,
the Fermi energy is mainly determined by the emission of
the photons, including the multiphoton emission channels,
which results in EF�E. In this case, photon absorption,
which requires a relatively large energy �see Fig. 1�, affects
weakly the DOS and consequently affects very weakly the
Fermi energy. �iii� In low-intensity and high-frequency ra-
diations, the relatively large photon energy and small energy
of the radiation field will lead to a weak interaction between
electrons and photons. In this case, it is less possible for
electrons to gain the energy from the radiation field, and the
processes of photon emission and absorption require a large
energy transfer. Therefore, a high-frequency and low-
intensity e.m. field affects weakly the DOS and the Fermi
energy.

IV. ELECTRON DENSITY-DENSITY CORRELATION
FUNCTION

In the study of the elementary excitations and the many-
body properties in an electron gas, the electron density-
density (d-d) correlation function �or so-called pair bubble�
plays an important role. We now derive this function for a
3DEG subjected to a linearly polarized e.m. radiation field.
Here I consider a Fermi system at finite temperatures. In this
case and in the absence of the electron-electron interactions,
the pair bubble in the (K,t) representation is defined as15

�i��Q;t ,t����igs�
K

1

�

� �
n���

�

� iG��K;t�t��e�i�n� t�t���

�� iG��K�Q;t�t��ei�n� t�t��� , �14�

where ��1/kBT , �n�(2n�1)�/� , and Q�(qx ,qy ,qy).
After introducing the retarded �Eq. �4b�� and advanced �Eq.
�6b�� Green’s functions for the case where an e.m. radiation
field is present, using the usual way of introducing the modi-
fied free propagator, and employing the integral representa-
tion of the step function through

�� t�t�����
��

� d�

2�i

e�i�� t�t��

��i�
, �15�

Eq. �14� is then in the form

�i��Q;t ,t���e�ir0qx�cos��t ��cos��t���

��
��

� d�

2�i
�0�Q ,��e�i�� t�t��, �16a�

where

�0�Q ,����
gs

� �
K,n

�
��

� d�1

2�

�
1

���n��1��E�K��2���i�

FIG. 4. Fermi energy as a function of radiation intensity F0 for
different radiation frequencies. ne is the electron density of the
3DEG and dotted curves are the energies 2�� of the radiation
fields.

FIG. 5. Fermi energy as a function of radiation frequency �/2�
for different radiation intensities. Dotted curves are the energies of
the radiation fields.
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�
1

���n��1����E�K�Q��2���i�
.

�16b�

The method to calculate �0(Q ,�) for a Fermi system at
finite temperatures is standard and has been well
documented.15,16 Following Ref. 16, we obtain

�0�Q ,��

�gs�
K

f „E�K��2��…� f „E�K�Q��2��…
���E�K��E�K�Q��i�

,

�16c�

where f (x) is the Fermi-Dirac function. After using Eq. �15�
again, the electron d-d correlation function in the (K,t) rep-
resentation is obtained as

��Q;t ,t���gs

i

�
�� t�t��e�ir0qx�cos��t ��cos��t���

��
K

� f „E�K��2��…

� f „E�K�Q��2��…�
�e�i�E�K�Q��E�K��� t�t��/�. �17�

The Fourier transform �or average over time t�t�� of the
electron d-d correlation function is given by

��Q;� ,t����
��

�

d� t�t����Q;t ,t��ei���i��� t�t��

� �
m ,m����

�

im��mJm�r0qx�Jm��r0qx�

�ei�m�m���t��0�Q ,��m��. �18�

At a steady state, after averaging the initial time t� over a
period of the radiation field, the Fourier transform of the
electron d-d correlation in the �K,�� representation is ob-
tained as

��Q,��� �
m���

�

Jm
2 �r0qx��0�Q ,��m��. �19�

Here again an index m corresponds to different optical pro-
cesses for emission and absorption of photons with a fre-
quency �, the presence of the linearly polarized radiation
field results in an anisotropic d-d correlation function, and
when F0�0 so that r0��0 and Jm

2 (0)��m ,0 , �(Q,�)
��0(Q ,�) is the well-known result obtained in the absence
of the e.m. radiation.

It should be noted that in the presence of the time-
dependent driving field such as e.m. radiations, the electron
d-d correlation function in the �K,�� representation, ob-
tained from first handling the pair bubble in (K,t) space and
then doing the Fourier transform of it �method I�, differs
sharply from that obtained from first doing the Fourier trans-
form of the Green’s functions and then handling the pair
bubble in the �K,�� representation �method II�. In contrast,

in the absence of the radiation field, two theoretical ap-
proaches lead to an identical final result. Because we are
dealing with the time-dependent problem, method I is the
only way to calculate correctly the electron d-d correlation
function in the �K,�� representation.

In the presence of the e.m. radiation field, the real and
imaginary parts of the Fourier transform of the electron d-d
correlation function are given, respectively, by

�1�Q,���
�2m*/�2�3/2

8�2�Q
1/2 �

m
Jm

2 �r0qx�

��
0

�

dx f �x�2���

�ln
am

2 ��Q
2 �4x�Q�4�Q�x�Q

am
2 ��Q

2 �4x�Q�4�Q�x�Q

�20a�

and

�2�Q,����
�2m*/�2�3/2

8��Q
1/2 �

m
Jm

2 �r0qx�

��
�am��Q�2/4�Q

�

dx� f �x�2���

� f �x�2���am�� . �20b�

Here �Q��2Q2/2m* and am����m�� . In the low-
temperature limit �i.e., T→0�, we have

�1�Q,����
m*KF*

�2�2 ��EF�2���

� �
m���

�

Jm
2 �r0qx�Im�Q ,�� �21a�

and

�2�Q,����
m*

16��2Q3 ��EF�2���

� �
m���

�

Jm
2 �r0qx�IIm�Q ,��. �21b�

Here KF*��2m*(EF�2��)/�2�1/2 is the radius of the ef-
fective Fermi sphere shifted by the energy of the radiation
field, qm

2 �2m*(��m�)/� ,

Im�Q ,���
1

2
�

4Q2KF*
2��Q2�qm

2 �2

16Q3KF*

�ln	2QKF*�Q2�qm
2

2QKF*�Q2�qm
2 	� 4Q2KF*

2��Q2�qm
2 �2

16Q3KF*

�ln	2QKF*�Q2�qm
2

2QKF*�Q2�qm
2 	 , �21c�

and

IIm�Q ,�����4Q2KF*
2��Q2�qm

2 �2�
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��4Q2KF*
2��Q2�qm

2 �2�

���4Q2KF*
2��Q2�qm

2 �2�

��4Q2KF*
2��Q2�qm

2 �2� . �21d�

Moreover, for the small Q case where Q
1, so that �r0qx�

1 and �am�	�E(K)�E(K�Q)�, the real part of the elec-
tron d-d correlation function in the T→0 limit is given, after
expanding it with respect to Q, by

�1�Q,���
2Q2KF*

3

3�2����2 ��EF�2���

��1�
A
�2 �B

3�2��2

��2��2�2 �O�Q4�� .

�22�

Here A�3Q2VF*
2/5�Q2, with VF*��KF*/m* being the ef-

fective Fermi velocity, and B�(r0qx)2�2/2�Q2. In Eq.
�22� the term associated with B arises from the processes of
photon emission and absorption. When the expansion is ter-
minated with the Q2 terms, the optical processes associated
with m�0 and �1 contribute to the electron d-d correlation
function. When the higher orders of Q are taken into ac-
count, more optical channels have to be included.

V. PLASMON SPECTRUM

A. Dynamical dielectric function

With the electron d-d correlation function given above,
we can derive the dynamical dielectric function of a 3DEG
in the presence of the intense e.m. radiations. In the present
study, we limit ourselves to the case where the calculations
are carried out within the random-phase approximation
�RPA�. It has been proved in the past2–4 that the RPA dielec-
tric function is quite accurate in the study of the plasmon
spectrum in different electron gases in the absence of the
intense e.m. radiation. Since we are dealing with a time-
dependent problem, we have to first look into the effective
electron-electron (e-e) interaction in (K,t) space. In the
(K,t) representation, the RPA diagrams for the e-e interac-
tion are given in Fig. 6. Using these diagrams, the effective
e-e interaction can be calculated through

�iVeff�Q;t ,t�����iV�Q ���� t�t��

���iV�Q ����i��Q;t ,t�����iV�Q ��

��
t�

t

dt1��iV�Q ����i��Q;t1 ,t���

���iV�Q ����i��Q;t ,t1����iV�Q ��

�¯ . �23a�

Here V(Q) is the space Fourier transform of the matrix ele-
ment for the bare e-e interaction induced by the Coulomb
potential in the second quantization representation, namely,

V�Q��
4�e2

�Q2 � d3R1d3R2��K�Q* �R1 ,t ��K�R1 ,t ��

���K*�R2 ,t ��K�Q�R2 ,t ��eiQ•�R1�R2�

�
4�e2

�Q2 , �23b�

where � is the dielectric constant. In (K,t) space, V(Q) is
independent of t , which is in line with the fact that the bare
e-e interaction in an electronic system is time independent.
Introducing the pair bubble obtained in (K,t) space �see Eq.
�17�� into Eq. �23a�, the effective e-e interaction can be writ-
ten as

Veff�Q;t ,t���
V�Q �

��Q;t ,t��
. �24�

Hence, by definition, the inverse dielectric function of an
electron gas in (K,t) space is obtained as

1

��Q;t ,t��
��� t�t���

i

�
�� t�t��

�e�ir0qx�cos��t ��cos��t���

��
j�1

�

��gsV�Q �� jI j�Q;t ,t��. �25�

Using the notations

� f j� f „E�Kj��2��…� f „E�Kj�Q��2��…
�26a�

and

�E j�E�Kj�Q��E�Kj�, �26b�

the functional form of I j(Q;t ,t�) in Eq. �25� is given by

I1�Q;t ,t����
K1

� f 1e�i�E1� t�t��/�, �27a�

I2�Q;t ,t��� �
K1 ,K2

� f 1� f 2� e�i�E1� t�t��/�

�E1��E2
�

e�i�E2� t�t��/�

�E2��E1
� ,

�27b�

and

FIG. 6. Diagrams for the effective electron-electron interaction
under the random-phase approximation in (K,t) representation.
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I j�Q;t ,t��� �
K1 ,K2 ,.. . ,Kj

� f 1� f 2¯� f j

�� e�i�E1� t�t��/�

��E1��E2�¯��E1��E j�

�¯�
e�i�E j� t�t��/�

��E j��E j�1�¯��E j��E1�
� .

�27c�

The Fourier transform of the inverse dielectric function is
given, after generating eix cos y in Eq. �25� into the Bessel
functions, by

1

��Q,�;t��
��

��

�

d� t�t��
1

��Q;t ,t��
ei���i��� t�t��

� �
m ,m����

�
im��mJm�r0qx�Jm��r0qx�e

i�m�m���t�

1�V�Q ��0�Q ,��m��
,

�28�

where �0(Q ,�) is given by Eq. �16c�. At a steady state,
after averaging the initial time t� over a period of the radia-
tion field, the Fourier transform of the inverse dielectric
function of a 3DEG under an e.m. radiation is obtained, in
the �K,�� representation, as

1

��Q,��
�

�

2� �
��/�

�/� dt�

��Q,�;t��

� �
m���

� Jm
2 �r0qx�

1�V�Q ��0�Q,��m��
. �29�

Here, once more, the index m corresponds to the process of
the emission (m�0) or absorption (m�0) of m photons, the
presence of the radiation field results in an anisotropic di-
electric function that depends on qx , and when F0�0, so
r0��0 and Jm

2 (0)��m ,0 , �(Q,�)�1�V(Q)�0(Q ,�)
is the well-known result obtained in the absence of the e.m.
radiation field. From Eq. �29� the real and imaginary parts of
the inverse dielectric function in �K,�� space are given, re-
spectively, by

Re� 1

��Q,���� �
m���

� Jm
2 �r0qx��1�V�Q �Re �0�Q ,��m���

�1�V�Q �Re �0�Q ,��m���2��V�Q �Im �0�Q ,��m���2 , �30a�

and

Im� 1

��Q,���� �
m���

� Jm
2 �r0qx��V�Q �Im �0�Q ,��m���

�1�V�Q �Re �0�Q ,��m���2��V�Q �Im �0�Q ,��m���2 . �30b�

Furthermore, the dielectric function in �K,�� space is given by

��Q,���

�
m���

�

�1�V�Q ��0�Q ,��m���

�
m���

�

Jm
2 �r0qx� �

j��� , j�m

�

�1�V�Q ��0�Q ,�� j���

. �31�

The RPA dielectric function in the �K,�� representation,
obtained here from using the diagrams in (K,t) space �given
by Fig. 6� and then doing the Fourier transform of it, differs
from that obtained from using directly the RPA diagrams in
�K,�� space with the pair bubble in the �K,�� representa-
tion. For the case where the radiation field is absent, there is
no difference of the final result determined by these two
approaches. When a time-dependent external field is applied
to an electron gas, the response of an electron to the driving
field applied depends not only on the time difference t�t�
but also on the time shift induced by the time-dependent
field. As a result, the Fourier transform done at different
stages may lead to different final results. The theoretical ap-
proaches used in the present study to determine the quantities
such as the Green’s function, the d-d correlation function,
and the inverse dielectric function in the �K,�� presentation
from those obtained in (K,t) space are essentially equivalent
to the fast approximation17 employed for the Fourier analysis

according to time ‘‘center of mass’’ �i.e., T�(t�t�)/2� and
relative coordinates �i.e.,  �t�t��. For the case of an e.m.
radiation field that is periodic in time, the usage of generat-
ing eix cos y and eix sin y in the Bessel functions results in the
complete spectrum of an electronic quantity being present in
the  direction and only the zeroth term of it existing in the T
direction �here T�t��.

B. Analytical results

For small values of Q �i.e., Q
1� and in the low-
temperature limit (T→0), we have Im �0(Q,�)�0 and

Pm�Q ��V�Q �Re �0�Q ,��m��

�
�p

2

���m��2 �1�
A

���m��2 �O�Q4�� , �32�

where
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�p��p��EF�2���
KF*

3/2

�3�2ne�
1/2 �33�

and �p�(4�e2ne /�m*)1/2 is the plasmon frequency in the
absence of the radiation field. For small values of qx so that
r0qx
1, we have

Jm
2 �r0qx���m ,0�

�r0qx�
2

4
��m ,1�2�m ,0��m ,�1��O�qx

4�.

�34�

Here the contributions up to the Q2 term have been included
through A�Q2 in Eq. �32� and qx

2 in Eq. �34�. Thus the real
part of the dielectric function becomes

Re ��Q,���
�1�P1�Q ���1�P0�Q ���1�P�1�Q ��

�1�P1�Q ���1�P�1�Q ���cB ,

�35�

where B�qx
2 and c��p

2(3�2��p
2��2)/��2(�2��2)2� .

The collective excitation spectrum induced by the charge-
density excitation is determined by the condition of the van-
ishing of the real part of the dielectric function, namely, by
Re �(Q,�)→0. For the case of Q�0 �and thus A�B�0�,
we have ���p , which indicates that in the presence of the
e.m. radiations, �p given by Eq. �33� is the plasmon fre-
quency in the long-wavelength limit. Under the e.m. radia-
tions, the plasmon frequency is the functional form of the
radiation frequency and intensity. When F0�0, �p��p .
Furthermore, in the Q→0 limit, only the zero-photon pro-
cess contributes to the plasmon excitation, without taking
into consideration the dependence of the Fermi energy on
different optical processes.

From Eq. �35� we see that when the Q2 terms are taken
into account in the dielectric function, the plasmon frequency
is determined by the condition �1�P1(Q)��1�P0(Q)��1
�P�1(Q)��0 induced, respectively, by one-photon absorp-
tion, zero-photon emission and one-photon emission. In this
case, three plasmon frequencies corresponding to different
optical processes can be observed, which are given by

�m�Q ���m���p�1�
3Q2VF*

2

10�p
2 � , �36�

where m�1, 0, and �1.
It should be noted that �i� when F0�0 so that B�0 and

�p��p , the dispersion relation of the plasmon spectrum
determined by Eq. �35� becomes �0(Q)��p�1
�3Q2VF

2 /10�p
2�O(Q3)� , the well-known result obtained in

the absence of the e.m. radiation2; �ii� the plasmon dispersion
given by Eq. �36� is valid for the case of r0qx
1, ���
�m���	�E(K)�E(K�Q)�, and �p	�; �iii� under these
conditions, the process of zero-photon emission and that of
one-photon emission and absorption give rise to the plasmon
modes when the effect is included up to the order of Q2; and
�iv� when the higher orders of Q �e.g., Q4 terms� are taken
into account, one can observe the plasmon modes caused by
multiphoton channels. These theoretical results indicate that
by measuring the dispersion relation of the plasmon spec-
trum in an electron gas under intense e.m. radiations, we can
study the effect of different photon processes on collective
excitations. Moreover, it is interesting to note that for an

electron gas subjected to a linearly polarized e.m. radiation,
the electron wave vector �or momentum� along the direction
where the radiation field is polarized plays a role in switch-
ing channels for different photon processes. The variation of
qx will vary the possibility of the dielectric response occur-
ring around the Fermi level and accompanied by the events
of photon emission and absorption. In fact, the electronic
transitions, via emission and absorption of photons by elec-
trons, increase with qx of the electron wave vector. Hence
the possibility of the collective excitation associated with a
certain optical channel increases with qx . This also implies
that at a fixed radiation field, the intensity of the plasmon
excitation via multiphoton transition events increases with
increasing electron wave vector �or momentum� along the
direction where the radiation field is polarized.

In the present study, I consider only the case of the
charge-density excitation by taking into account the real part
of the dielectric function alone. The inclusion of the imagi-
nary part of the dielectric function will result in the spin-
density excitations that play a role in damping the charge-
density excitation and that occur in the relatively large Q
case. It is well known that the spin-density excitation, which
gives an imaginary part of the excitation spectrum, is rela-
tively weak for semiconductor systems. The physical reason
behind this is that the Coulomb interactions cannot flip the
electron spin and so the spin-density excitation is very
weakly screened. As a result, there are some more strict se-
lection rules for spin-density excitations in comparison to the
charge-density excitations. Theoretical results have shown
that when the frequency ��m� is too large to excite an
electron out of the effective Fermi level with only the change
of Q, the plasmon modes induced by spin-density excitations
are not dissipated rapidly above this frequency.

C. Numerical results

The influence of the FEL radiations on plasmon frequency
�p �see Eq. �33�� is shown in Figs. 7 and 8. Plasmons in an
electron gas are associated with the single-electron excita-
tions arisen from electronic transitions around the Fermi
level, namely, with the processes to excite an electron from
an occupied state �K� to unoccupied states �K�Q� with only
the change Q of the electron wave vector. In the presence of
the e.m. radiations, these processes can be achieved via op-

FIG. 7. Plasmon frequency �p as a function of radiation inten-
sity for different radiation frequencies. �p is the plasmon frequency
in the absence of the e.m. radiation. For GaAs at ne�1017 cm�3,
�p/2��3.07 THz.
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tical absorption and emission by electrons. Under the intense
e.m. radiations, due to electron-photon interactions and to
dynamical Franz-Keldysh effect, the initial electronic states
associated with optical absorption may become unoccupied
in some radiation intensity and frequency regimes �see Figs.
4 and 5�. In this situation, �i� the Fermi level is below the
energy of the radiation field �see Figs. 4 and 5�; �ii� the
electron DOS and the Fermi energy are mainly determined
by the processes of photon emission; �iii� as a result of �i�
and �ii�, the electronic transitions are mainly accompanied by
the events for scattering an electron from an occupied state to
unoccupied states via the channels of photon emission; and,
consequently, �iv� the electronic excitation is dominated by
the emission of photons and the plasmon excitation is sup-
pressed. From Eq. �33� and from Figs. 7 and 8 we see that
there is a cutoff of the plasmon frequency in the regime
where EF�2���0. In low-intensity �F0→0 in Fig. 7�
and/or high-frequency ��/2��5 THz in Fig. 8� radiations,
the plasmon frequency depends weakly on the radiation field
and �p��p . With increasing radiation intensity and/or de-
creasing radiation frequency, the plasmon frequency de-
creases and reaches the cutoff point due to the reduction of
the electronic states for optical absorption. Within the inter-
mediate radiation intensity and frequency regime, the elec-
tronic excitation via plasmon modes �photon emission� is
less �greatly� possible. From the fact that the dielectric func-
tion is connected to the refractive index N of an electron gas,
through N2��(Q,�), �p→0 �and thus N�1� implies that
the electron gas is transparent for the radiation. Therefore, I
predict here that when the effects of electronic scattering
mechanisms �such as impurities and phonons� are not taken
into consideration in a 3DEG, there exists a window for
propagating the terahertz e.m. wave in the intermediate ra-
diation intensities and frequencies. Further increasing F0
and/or decreasing �, more and more electronic states for
photon absorption become available and the Fermi energy is
mainly determined by the energy of the radiation field �see
Figs. 4 and 5� because of the larger . In this case, the plas-
mon becomes the major channel for electronic excitations
and, consequently, the plasmon frequency increases with in-
creasing radiation intensity and/or with decreasing radiation
frequency. An important conclusion that I draw from these
results is that using FEL radiations, the frequency tunable

plasmon excitations in semiconductor systems can be
achieved by varying the intensity and frequency of the radia-
tion field.

VI. CONCLUSIONS

In this paper, I have derived the Green’s function, the
density of states, the density-density correlation function,
and the dynamical dielectric function for an ideal 3DEG in
the (K,t) and �K,�� representations, subject to linearly po-
larized e.m. radiations. These results are obtained directly
from the exact solution of the time-dependent Schrödinger
equation. With these results, I have studied the elementary
electronic excitation associated with the plasmon oscillation
modes via charge-density excitations, by using the usual
RPA approach in the (K,t) representation. The dependence
of the electron DOS, the Fermi energy, and the plasmon
energy on the frequency and intensity of the e.m. radiation
has been examined theoretically. The main results obtained
from this study are summarized as follows.

Using theoretical approaches developed in this paper, the
effect of electron interactions with the radiation field can be
included exactly in studying dynamical and steady-state
properties of the Green’s function, DOS, Fermi energy, di-
electric response, collective excitations, etc.

When a GaAs-based 3DEG is subjected to linearly polar-
ized terahertz laser radiations, the electron DOS in the sys-
tem will be modified strongly by the frequency and intensity
of the radiation field. It has been found that the presence of
the intense terahertz radiation results in the following. �i�
Both optical emission and absorption contribute to the elec-
tron DOS. �ii� In the low-energy regime, the DOS comes
mainly from the processes of zero-photon and photon emis-
sion. The optical processes via channels for absorption of
photons affect weakly the DOS �see Fig. 1�. �iii� The DOS
can be present in the energy regime E�0 due to optical
emission, in sharp contrast to the case when the radiation
field is absent. �iv� A photon-reduced electron DOS can be
observed in the high-energy regime under low-frequency
and/or high-intensity radiations �see Figs. 2 and 3�.

Due to the strong dependence of the electron DOS on the
radiation field, the Fermi energy in a 3DEG will be varied
significantly by the frequency and intensity of the e.m. radia-
tion. For a 3DEG subjected to an e.m. radiation field, the
energy spectrum of the electronic system becomes
�2K2/2m*�2�� , shifted by the energy 2��
�(F0 /�)2 of the radiation field due to the dynamical Franz-
Keldysh effect. I found that �see Figs. 4 and 5� �i� in high-
frequency and low-intensity radiation fields where the effect
of multiphoton emission and absorption is relatively weak,
the Fermi energy EF is larger than 2��; �ii� for a radiation
with intermediate frequency and intensity where the electron
DOS comes mainly from the processes of photon emission
�including multiphoton emissions�, EF may be smaller than
2��, the energy of the radiation field, so that the Fermi
energy is mainly determined by the channels of optical emis-
sion; and �iii� in low-frequency and high-intensity radiations
where 2��	�� , the processes of multiphoton emission
and absorption affect weakly the Fermi energy and EF de-
pends strongly on the energy of the radiation field.

A photon-modified Fermi energy will result in a strong

FIG. 8. Plasmon frequency �p as a function of radiation fre-
quency �/2� for different radiation intensities. �p is the plasmon
frequency in the absence of the e.m. radiation.
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dependence of the plasmon spectrum via, e.g., charge-
density excitations, on the frequency and intensity of the
radiation field. I found the following �see Figs. 7 and 8�. �i�
In high-frequency and low-intensity radiations where EF
�2�� , the plasmon frequency �p decreases with increas-
ing radiation intensity and/or with decreasing radiation fre-
quency. �ii� In the intermediate radiation frequency and in-
tensity regime where EF�2�� , the electronic excitation is
achieved mainly via the mechanism of the photon emission
and the plasmon excitation is suppressed �i.e., �p�0�. In
this case, the electron gas becomes transparent for the radia-
tion. This regime is a window for propagation of the e.m.
wave with the corresponding intensity and frequency, when
the effect of the electronic scattering mechanisms, such as
impurities and phonons, are not taken into account. �iii� In
low-frequency and high-intensity radiations where 	1 and
EF�2�� , �p increases with increasing radiation intensity
and/or with decreasing radiation frequency. These results in-
dicate that by varying the intensity and/or frequency of the
e.m. radiation, tunable elementary electronic excitations can
be achieved in a 3DEG device.

In the presence of the intense terahertz e.m. field polar-
ized linearly, the measurements of the dispersion of plasmon
can be used to study the influence of different optical pro-
cesses on elementary electronic excitations in an electron gas
device. With increasing electron wave vector �or momen-
tum� along the direction where the radiation field is polar-
ized, the collective excitation associated with more photon
processes becomes possible and so the plasmon modes in-
duced by electronic transitions via multiphoton channels can
be observed.

The dramatic terahertz radiation phenomena observed and

predicted in this paper can be understood physically by the
fact that when a GaAs-based 3DEG is subjected to an intense
terahertz e.m. field, the electron kinetic energy, the Fermi
energy, the plasmon energy, etc., are comparable to the en-
ergy �� of photons and to that 2�� of the radiation field.
As a consequence, �i� the terahertz e.m. field can couple
strongly to the electron gas, �ii� the optical processes accom-
panied by electronic transitions around the Fermi level via
emission and absorption of photons become greatly possible,
and �iii� the blueshift of the energy spectrum of the elec-
tronic system by the radiation via dynamical Franz-Keldysh
effect becomes significant. It has been found that the influ-
ence of an e.m. radiation on electronic and optical properties
of an electron gas device is achieved mainly through two
important parameters: r0�eF0 /m*�2 and 
�(eF0)2/8m*��3. For a GaAs-based 3DEG driven by a
linearly polarized e.m. field with F0�1 kV/cm and �
�1 THz, the conditions such as r0qx�1 and �1 can be
satisfied. Hence the features distinctive for electron-photon
interactions can be exposed.

Finally, the phenomena discussed in this paper are experi-
mentally measurable within the radiation intensity and fre-
quency regimes of free-electron lasers such as the UCSB

FEL’s �Refs. 6–8� and FELIX.9–11 We hope that these impor-
tant terahertz radiation phenomena could be verified experi-
mentally through using the FEL radiations.
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