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PLANE-STRAIN MODELING OF SMEAR EFFECTS ASSOCIATED WITH
VERTICAL DRAINS

By B. Indraratna,' Member, ASCE, and 1. W. Redana’

ABSTRACT:

The present study provides a methodology to include the smear effect of vertical drains in a two-

dimensional (2D) plane-strain finite-element model, employing the modified Cam-clay theory. The analysis is
conducted by converting the radius of the smear zone and its permeability (axisymmetric) into equivalent plane
strain parameters. The introduction of smear effects improves the accuracy of the numerical model that is tested

for a Malaysian soft clay, in this study.

INTRODUCTION

The large-scale production of prefabricated band drains is a
result of the increasing popularity of installing vertical drains
in soft ground, especially during the last two decades. The
original axisymmetric analysis of vertical drains (Barron 1948)
has been extended by Hansbo (1981) to include the effect of
smear and well resistance. Hird et al. (1992) developed an
equivalent plane-strain analysis considering a unit cell of the
vertical drain, where geometric and permeability matching tech-
niques were adopted. Although a further refinement of this
method was reported later (Hird et al. 1995), the effect of
smearing has not been incorporated in the plane-strain approach.

The main objective of this study is to develop an analytical
model to quantify the smear effect, and to investigate its role
on soft-clay behavior, using the finite-element method. Al-
though the actual field conditions are three-dimensional (3D),
an equivalent plane-strain model is often sufficient and advan-
tageous with regard to the computational effort (Zeng and Xie
1989; Indraratna et al. 1994). The finite-element code, CRISP92
(Britto and Gunn 1987) has been extended to incorporate the
current analytical model representing the smear effect.

FUNDAMENTALS OF ANALYTICAL SOLUTION

The flow of water into a vertical drain is axisymmetric in
nature. Analytical modeling of radial flow to a central drain
involves a cylinder of soil around a single vertical drain with
simplified boundary conditions. In a two-dimensional (2D) fi-
nite-element analysis, in which the plane-strain model is used,
it is necessary to convert the system of vertical drains into an
equivalent drain wall (Fig. 1). Fig. 1(a) shows a unit cell with
an external radius, R, and an initial length, /. The radius of the
vertical drain and the smear zone are r, and r,, respectively.
According to Hansbo (1981), for axisymmetric flow, the av-
erage degree of consolidation U, on a horizontal plane at a
depth z and at time ¢ may be predicted from

=1 — exp (—%) ¢))]

= In(n/s) + (k,/k;) In(s) ~ 0.75 (smear effect only)
2. w = In(n/s) + (ky/ki) In(s) — 0.75 + wz(2l — 2)[(kn)/
(gw)] (with both smear and well resistance)

where
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3. p = In(n) — 0.75 (both smear and well resistance ig-
nored)

In the preceding, n = R/r,, and s = r,/r, (also see Fig. 1); and
g, = drain discharge capacity; k, = horizontal coefficient of
permeability; and k; = horizontal coefficient of permeability
in the smeared zone.

The vertical drain system may be converted into equivalent
parallel drain walls by adjusting the spacing of the drain wall
and the coefficient of permeability of the soil. In Fig. 1, the
appropriate conversion was conducted by assuming the plane-
strain unit cell to have a width of 2B. The width of the drain
may be determined by considering the total capacity of the
drain in both systems to be the same. For example, in a system
of vertical drains arranged at a spacing of S in a square pattern,
the width of the drain and the smear zone may be expressed
by

wrd ar

b,=—-and b, = 25

25 (24)

For drains arranged in a triangular pattern, the equivalent
widths are given by

14372 1.1437r?
1 T, and b, = 37r

3 S (2b)

b, =

where S is the field spacing (center to center) between any two
adjacent drains.
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FIG. 1. Conversion of Axisymmetric Unit Cell into Plane

Strain: (a) Axisymmetric Radial Flow; (b) Plane Strain
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MODELING OF PLANE-STRAIN SOLUTION

Axisymmetric analysis described by Hansbo (1981) may be
transformed to an equivalent plain-strain solution as follows.
Considering Darcy’s law, the velocity of water flow (v,) in the
undisturbed zone is given by the following equation:

v () ()

where k,, = coefficient of horizontal permeability, where the
subscript p represents the plane strain condition; v, = unit
weight of water, u = pore water pressure, and x = prescribed
direction of flow. In the smear zone, the corresponding relation
for flow in the same direction is assumed to be governed by

=)

where k;, and u’ are the coefficient of permeability and pore
water pressure in the smeared zone, respectively.

For the plane-strain model, consider a horizontal slice of
thickness dz, as shown in Fig. 2, for the unit cell. It is pos-
tulated that the flow in the slice at a distance x from the cen-
terline of the drain is equal to the change in volume within a
block of soil of width (B — x), such that

e
U = <E> B —x) 3

where € is the strain in the z direction. Substituting (3) into
(5) and rearranging them gives the following equation for the
pore pressure gradient in the undisturbed soil domain outside
the smeared zone:

() ()
(ax>_<khp> (6!) (B X), Bszbs (6)

In the smeared (disturbed) zone, the corresponding pore pres-
sure gradient is then given by

e\ () ()
(ax> - (k,i,,) <6I) (B X)x b, > x = bw (7)

For vertical flow in the z direction of the drain, the change of
flow from the entrance to the exit of the slice dg, is given by

T 'x

Idz

X

" Unit cell: width = 2B o

FIG. 2. Plane Strain Unit Cell

_ (&) (%u
= () (5F) e

The horizontal inflow to the drain slice from each side dg, is

determined from
khp du
dg. =2V =) dzd 9
o= () (5 o 2

For ensuring continuity of flow, the following equation needs
to be satisfied (Fig. 2):

dgq, + 2dq, =0 (10)

It is assumed that at the boundary of the drain (x = b,) there
is no sudden drop in pore pressure, hence, u = 4’. Substituting
(8) and (9) in (10) and subsequent rearranging with the above
boundary condition yields

u’ q, (o'
Z) s L (2} -0 11
( ox )nbw 2Ky ( o7 );-bw an

Substituting (11) into (7) and integrating in the z direction
subject to the following boundary conditions: at z =0, ¥’ = 0;
atz=2l, u' =0; and at z = I, du'/9z = 0, the pore pressure in
the smeared zone u' may be determined by

2By, [k 3¢ Z
’ = —t ] = - = 12
(u )x-bw . (k;.,;) at <IZ 2 ( )

Integrating (6) and (7) in the x direction with the same bound-
ary conditions as stated previously, and by assuming u = u’ at
the interface x = b, (see Fig. 2), gives the following two ex-
pressions for u and u':
Y., 9€ 1 2B ki, N
u=—— l:x(ZB x) + K iz - 2) — b(2B + b,)]
(13)

w 1 2Bk,
w=2 —e—[ (B — x) + —2 2z — 2) — b.(2B — bw)]
hp q:
14

Let & be the average excess pore water pressure between the
smeared and intact zones, at depth z and for a given time, ¢

B b,
J’ udx+J’ u' dx
bl bw

a= B 15)

The solution of (15) by substitution from (13) and (14) gives
the following expression for the average excess pore water
pressure at any given depth, z, and time, ¢.

- Bzyw J€ k”P
= l:a + X, B) + (8)(2z zz):] (16a)
3 2
where a = = — 46, + 26, _ 2b, (16b)

3 38 B B
B2 B 2B, 2b.b, bbb,

B=E—W—W— 7 +E+-§-3—and (16¢)
2k;,  2b,ki,
= Ef o (16d)

Eq. (16) may now be combined with the time-dependent com-
pressibility governed by the following well-known consoli-
dation expression:
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where m, = coefficient of volume compressibility and c,, =
horizontal coefficient of consolidation. Substituting (17) into
(16), and then integrating, subject to the boundary condition
that at t = 0, & = i, gives the following expression:

B*y,.m, i
=——2 Inf—
t 2%, @, In <ﬂ0> (18)
where p, = {a + (B)(k,,)/ (k)] + (0)(2liz — 2%)). Clearly the
term (#/i,) in (18) is directly related to the average degree of
consolidation (U,,) and the time factor (T,,) for plane-strain
conditions, represented by

- 7 ~8T,

U,,,,:l—?:l—exp( ””) (19)
o Hop

At each time step and at a given stress level, the average de-

gree of consolidation for both axisymmetric (U,) and equiva-

lent plane strain (U,,) conditions are made equal, hence:

U,=0, 20)

A combination of (19) and (20) with the original Hansbo
(1981) theory (1), defines the time factor ratio by the following
equation:

2
L= 2 @n

For a square and triangular patterns of vertical drains, the di-
ameter of influence for each drain (D = 2R) is given by D =
1.13S, and D = 1.05S, respectively (Barron 1948). In the
equivalent plane-strain model, the spacing S is equal to the
total width of the unit cell, 2B. Therefore, for simplicity, the
writers have assumed the magnitudes of R and B to be the
same, which results in the following expression for the equiv-
alent plane strain permeability:

k
k, [a + (B) k—*" + (0)2lz — z’)]

[m <5> + (ﬁ> In(s) = 0.75 + w(2lz — 2 ﬁ]
K ky Gw

Ignoring the well resistance in (22), where all terms containing
! and z are omitted, the influence of the smear effect can be
isolated and represented by the ratio of the smear zone per-
meability to the undisturbed permeability as follows:

ky, = (22)

by _ B (23

=
" [ln (—’2> + (-k—'}> In(s) — 0.75 — a:|
s kp

The influence of well resistance is not pronounced when sig-
nificant flows (g,, and g,) take place within the drains, whereby
the parameter 8 becomes small in comparison with the smear
effect terms. If both smear and well resistance effects are ig-
nored, then the simplified ratio of plane strain to axisymmetric
permeability is readily obtained, as proposed earlier by Hird
et al. (1992)

Knp 0.67

—_— 24

k, [In(n) — 0.75] @4
In this study, both (23) and (24) are incorporated in the nu-
merical analysis employing CRISP92 to analyze a case history
as discussed in the proceeding section.

APPLICATION OF MODEL TO CASE HISTORY

The validity of the mathematical model was examined in
relation to the performance of an embankment stabilized with

vertical drains on soft Muar clay in Malaysia (Indraratna et al.
1994). Fig. 3 shows the cross section of the embankment, the
subsoil profile, and the prefabricated vertical drains (mandrel
driven) installed in a triangular pattern at a spacing of 1.30 m.
The equivalent drain diameter, the diameter of the axisym-
metric influence zone for each drain, and the extent of the
smear zone were estimated to be 70 mm, 1.365 m, and 0.4 m,
respectively, according to Hansbo (1981). For the triangular
pattern of vertical drains, the equivalent width of the drain and
smear zone were calculated using (2b) to give b, = 0.34 cm
and b; = 11 cm, respectively.

The embankment (86-m wide), composed of compacted
sandy clay, has a unit weight of 20.5 kN/m®. During the first
stage of construction, the embankment was raised to a height
of 2.57 m in 14 d. Following a rest period of 105 d, an ad-
ditional fill was placed (the second stage) until the embank-
ment reached a height of 4.74 m in 24 d. The settlements and
excess pore water pressures were monitored for about 400 d.

The numerical analysis was based on the modified Cam-
clay model (Roscoe and Burland 1968) incorporated in the
finite-element code, CRISP92. The Cam-clay parameters for
each soil layer (Table 1) include the gradients of volume
against log-pressure relations for consolidation and swelling
(A and k, respectively), slope of the critical state line based
on effective stress (M), void ratio on critical state line (CSL)
at unit normal effective pressure (e,), Poisson’s ratio (v), shear

. 43 m *4.74m *S.Sm

depth (m)

o .. [T | weathered clay
very soft

6 — - - - {[{HHHHEY ey .
soft silty clay

18— AR “medium dense
to dense silty
sand

24 —
55 band drains at 1.3 m spacing

(triangular grid)
FIG. 3. Cross Section through Centerline of Embankmentwith
Subsoil Profile

TABLE 1. Cam-Clay Parameters Used in Numerical Analysis

Depth
(m) K A 6, | M v | ve (KN/M?)
(1) ] OEROBEONEC) ()
0-1.75 0.06 | 016 {3.10 | 1.19 | 0.29 16.5
1.75-5.50 006 | 016 |3.10| 1.19 | 031 15.0
5.50-8.0 0.05 | 013 | 3.06 | 1.12 | 029 15.5
8.0-18.0 0.035 | 0.09 | 1.61 | 1.07 | 0.26 16.0

TABLE 2. Coefficients of Permeability Used in Numerical
Analysis

No Smear* |With Smear*
Depth ks, K. Kno Ko
(m) (m/s) (m/s) (m/s) (m/s)
(1) () 3) (4) (5)
0-175 | 64x107° | 3.0x10°}19x 10° | 79 x 107
1.75-550 | 52 %107 | 27X 107 | 1.6 X 10™° | 7.2 X 107"
550-80 |31x107°|14X107°]95x%x 10|37 x 10"
8.0-180 | 13 x107° [ 06X 10° 39X 107 | 1.6 X 1072

*ki, and k,, are determined from (23) and (24), respectively.
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modulus (G), and the saturated unit weight of soil (). To
estimate the undisturbed soil permeability, laboratory consol-
idation tests were conducted on both vertically and horizon-
tally oriented specimens. In the smear zone, the horizontal
permeability was assumed to be equal to the vertical perme-
ability. The measured horizontal and vertical permeability co-
efficients of the undisturbed soil (k, and k,) and the equivalent
plane-strain values based on (28) and (29) are given in Table
2.

The discretized finite-element mesh near the drain boundary
is shown in Fig. 4, which contains six-node linear-strain tri-
angular (LST) elements with three pore-pressure nodes. Be-
cause of symmetry, it is sufficient to consider one half of the
unit cell. The clay layer is characterized by drained conditions
at both the upper and lower boundaries. The embankment
loading was simulated by applying incremental vertical loads
to the upper boundary. The excess pore-water pressures were
set to zero along the drain boundary to simulate complete dis-
sipation. The effect of well resistance was neglected, and (23)
was employed to model the effect of smearing.

The results of the plane-strain analysis together with the
measured settlements are plotted in Fig. 5(a). As expected, the
analysis based on perfect drain conditions (no smear, complete
pore pressure dissipation) overpredicts the measured settle-
ment, whereas the inclusion of smear effect significantly im-
proves the accuracy of the predictions. An excellent match is
obtained if the permeability of the smear zone is arbitrarily
increased by a factor of 2.5-3.0 for all subsoil layers. This is
not surprising because the permeability in the field can often
be larger than that of small laboratory specimens due to ground
anisotropy, natural fissures, etc. The predicted and measured
excess pore-water pressures under the centerline of the em-
bankment at depths of 9.1 m and 13.6 m below the ground
surface are compared in Fig. 5(b). The pore pressure increase
during loading in the first stage is well predicted, but the
postconstruction predictions (after loading in the second stage)
indicate a greater rate of pore-pressure dissipation in compar-
ison with the gradually decreasing field data. This retarded

¢
|
4 T
drain
boundary =18 m
—_—
centerline
of clay body
bgtwee tgvo.
Jacent drains
# 3 Note: width of drain
is not shown
>
B=0.65m

FIG. 4. Finite-element Mesh in Vicinity of Drain

0.0
[ a) Field measurements
o2k Finite Element Analysis:
IV — — — Perfect drain (no smear)
\ . eeeees with smear (bg = 11 cm)
£ 04r \ . — - - — smear with increased kj
= ael \
é 06 t' -~ — N ..
\ el
[ L N .
g 08 N N
® 10} \\ N .
N \ T
1.2 [ .. _ =
1 .4 —_— 1 . || " 1 n i "
0 100 200 300 400 500
Time (days)
@
16
E 14
o 12
2
g 10
S
P 8
g 6 wl 2
@ e Field measurements:
& 47— N 33331?3&%
3 Finite element analysis:
2y L depth: 9.1 m
0 L = dgpth: 1|3.6 m ,
0 100 200 300 400 500
Time (days)
(b)

FIG. 5. (a)Consolidation Settlement at Ground Surface of Em-
bankment Center; (b) Variation of Excess Pore Water Pressures
at Embankment Centerline for Piezometer at 8.1 m and 13.6 m
below Ground Level

pore-pressure dissipation in the field has been attributed to the
probability that a significant proportion of drains became par-
tially clogged (Ratnayake 1991; Indraratna and Balasubraman-
iam 1995).

CONCLUSION

In this study, a mathematical formulation has been intro-
duced to transform the actual axisymmetric conditions to an
equivalent 2D plane-strain model, incorporating the smear ef-
fect associated with mandrel-driven vertical drains. In this pro-
cedure, the width of the unit cell is taken to be the same as
the spacing between the drains, whereas the width of the smear
zone and the permeability of the smeared soil are converted
theoretically into equivalent plane-strain parameters. The va-
lidity of the method has been examined by analyzing an em-
bankment built on soft clay stabilized with vertical drains. The
introduction of smear effects improves the accuracy of settle-
ment predictions based on the equivalent plane-strain analysis.
However, the postconstruction pore-pressure dissipation in the
field is more gradual in comparison with the finite-element
predictions.
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