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Overdetermined problems for p-Laplace and
generalized Monge-Ampére equations

Behrouz Emamizadeh ! Yichen Liu | Giovanni Porru*

Abstract

We investigate overdetermined problems for p-Laplace and generalized
Monge-Ampére equations. By using the theory of domain derivative we
find duality results and a characterization of the overdetermined boundary
conditions via minimization of suitable functionals with respect to the
domain.

Key Words: Overdetermined problems, Domain derivative, Duality results, Do-
main functionals, p-Laplace equations, Generalized Monge-Ampére equations.
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1 Introduction

Let D be a bounded smooth domain in RY. A point z € D will be denoted
with x = (z1,--- ,2"). We also denote u; = %, U =
derivatives of w.

Let us recall the following well known overdetermined problem. Let ¢ be a

constant. If there exists a solution u to the Dirichlet problem

etc, the partial

9%u
OzidxI

(1) Au=1 inD, u=0 on 0D
such that u satisfies the additional condition

(2) |Vu| =c¢ on 0D
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then D must be a ball. This result has been proved by J. Serrin [15] on 1971
using the moving plane method. At the same time, H. Weinberger [19] yields a
different proof of the same result by using a Pohozaev identity and the maximum
principle applied to a suitable P-function. The method of Weinberger requires
less regularity of the boundary 0D, but the method of Serrin can be easily
applied to a large class of non-linear and fully non-linear operators. These two
celebrated papers have inspired a great number of mathematicians, and the
corresponding literature is nowadays very prominent. We refer to [2, 3, 5, 9,
11, 17] and references therein. For recent progress on this topic, we refer to the
survey [10]. Among several ideas related to this overdetermined problem, we
recall the following duality result [11].

Theorem 1.1 Let u € C%*(D) N CY(D) be a solution to Problem (1). The
following statements are equivalent:

(i) u satisfies condition (2).

(i1) The identity

(3) /Dvdx:c/aDudo

holds for all functions v harmonic in D.

Motivated by this result, we shall prove duality theorems for overdetermined
problems involving p-Laplace equations as well as generalized Monge-Ampére
equations. In case of generalized Monge-Ampére equations, the overdetermined
boundary condition is not the same as (2), but condition (27) below. In the
linear case (k = 1) condition (27) reduces to the familiar condition |Vu| = ¢ on
0D. If 1 < k < N, this condition involves Vu as well as the second derivatives
of u throughout the Newton tensor Tj_1(u). Furthermore, we consider suitable
functionals of the domain D whose minimizers must satisfy the overdetermined
boundary condition (2) for the p-Laplace problem, and condition (27) for the
generalized Monge-Ampére problems. A crucial tool serving us shall be the
domain derivative.

The paper is organized as follows. In Section 2 we introduce the notion of
domain derivative. Some of our descriptions are formal, for a precise treatment
of the domain derivative we refer to [16]. In particular, we find a sort of linearized
equation of the p-Laplace equation Aj,u = f(u) (see equation (10)), as well
as a linearized equation of the generalized Monge-Ampére equation Si(u) =
f(u) (see equation (19)). These linearized equations are crucial to get our
duality results. Sections 3 and 4 contain our main results. Section 3 is made
of two subsections. In Subsection 3.1 we prove a duality result for a p-Laplace
boundary value problem (see Theorem 3.1). In Subsection 3.2 we prove a duality
result for a boundary value problem corresponding to a generalized Monge-
Ampére equation (see Theorem 3.2). Also Section 4 is made of two subsections.
In Section 4.1 we introduce a special functional associated with our p-Laplace
equation in a domain D. We shall prove that the minimum of such functional
with respect to D under the condition |D| = constant yields a condition for Vu



on 9D which is the same as used in Theorem 3.1 (i). In Section 4.2 we introduce
a special functional associated with a generalized Monge-Ampére equation in a
domain D. We shall prove that the minimum of such functional with respect to
D under the condition |D| = constant yields a condition for Vu on 9D which
is the same as used in Theorem 3.2 (i).

2 Domain derivative

The theory of domain derivative is very useful in fields as shape optimization.
From a mathematical point of view, it goes back to Hadamard [8] and Schiffer
[14]. We recall shortly the definitions and refer to [16] for a careful treatment.
If £(u) is a differential operator, we consider the Dirichlet problem:

(4) L(u)=f(u) in D, u=0 on 0D,

where f is a smooth function such that problem (4) has a unique solution. Let
I be the identity map. For a smooth (C? is enough) vector field V : RN — RV,
and |t| small, define

D' = (I +tV)(D).

Now, we consider the Dirichlet problem in D?:
(5) L(u') = f(u") in D', u'=0 on 0D

For x € D we define

. ul(z) —u(x)
©) ofa) = lim L))

Clearly, since D* depends on the vector field V, also v depends on V. By [16],
v satisfies the boundary condition

(7 v(z) = —% (V-v) on 9D,

where v = (v1,--- , V) is the unit exterior normal on dD.

To obtain the equation for v, we compute

(8) lim % [£(u!) — L(u)] = lim ~[f(u) — f(w)].
If f is differentiable, we have
fh) = f(u) = f'lu+0(u’ —u)(u' —u). 0<6<1.

Therefore,

) lim ©



The computation of the left hand side of (8) depends on the structure of the
differential operator £. If L(u) = Au we find

lim 1 [Aut — Au] = Av.

t—0 t

Consider now the p-Laplacian £(u) = div(|Vu[P~2Vu). We have
|Vu! P2V — |VuP~?Vu = |VulP (V' — Vu) + (V! P72 — [VulP~?) V'

Therefore,

1
lim — (|Vut|”_2Vut - |Vu|p_2Vu) = |Vul|P 2V + (p—2)|Vu|P~*(Vu - Vv)Vu.

Hence, in this case, the equation corresponding to (8) for v reads as

(10) div(\Vu|p*2Vv +(p—2)|VulP~(Vu - W)vu) = f'(w).

Now we recall the definition of generalized Monge-Ampére operators. Let
1 <k < N, and let S, (u) be the k-th elementary symmetric function of the
eigenvalues of the Hessian matrix H = D?u = [u;;] (that is, the sum of all
principal minors of order x of H). Clearly, we have Si(u) = Au (Laplace
operator) and Sy (u) =det[D?u] (Monge-Ampére operator). Given a positive
smooth function f(t), we consider the problem

(11) Se(u)=f(u) in D, u=0 on 9D.

Suppose the domain D C R¥ is bounded and smooth. In addition, for  fixed
such that 2 < k < N, we assume the following property:

(Prc) Ok—1 Z ﬂ on 8D,

where (3 is a positive constant and o._1 is the (k — 1)-th elementary symmetric
function of the principal curvatures of 0D with respect to its inner normal, see

[4, 18]. If we denote by 71,72, -+ ,7n—1 the principal curvatures of the surface
0D we have:
1= Z Tis 02 = Z TirTigs ON—1=T1T2 " *TN-1-
1<i<N—1 1<i1 <ia<N—1

Note that condition (Py) means that € is strictly convex. Moreover, if  enjoys
property (P,) then also Dt = (I+tV)(D), for |t| small, enjoys the same property
(possibly with a smaller constant 3). Finally, f(¢) is a positive smooth function
such that problem (11) has a unique admissible solution. As usual, a solution
is admissible if the operator Sy (u) is positive definite. In this situation, the



solution w is negative in D and v = % on the boundary dD. We refer to
[4, 18] for a careful discussion of this problem.

It is convenient to define the matrix

_ 08,(u)

ij
(12) Tnfl(u) 8’[1,”

, 4,j=1,--- N.
We put Typ(u) = I, the identity matrix. The matrix T, (u) is known as the x-th
Newton tensor associated with H. We have [13]

T.(u)=8u(u) —T,_1(w)H, k=1,--- ,N—1.

Since H is symmetric, also T, is symmetric. It has several nice properties. For
example, we have

(13) (T¢(u)), =0, j=1,---,N,

where (T (u)), = f’Tg;E“), and here and in what follows, we use the summation

convention over repeated indices from 1 to N. To prove (13), we recall the
definition of the generalized Kronecker symbol

itz g  2<g<N,

Ji oJ2 g
where i1, -+ ,i, are distinct integers between 1 and N, and also ji,---,j, are
distinct integers between 1 and N. The value of the symbol is 1 (respectively
—1)if (j1,--- ,jq) is and even (respectively an odd) permutation of (iy,--- ,ig),

and is 0 in all other cases. If 1 < x < N — 1 we have (see [12])

(14) T (u) = % (;1 ;z ;Z ;) Wiy jy Wingo " " Ug,o g, -
We find
(TY (u)), = % (Z ;z ;: ;) (Wiy gy Winjo ** * Wi )i
Simplifying we can write
i 1 i1 Gy e g 0
(TKJ (u))l = m (Jl o e j> Uiy jrilings = Winjr -

We note that u;, ;,; is symmetric with respect to 7,7, while the Kronecker symbol
is skew-symmetric with respect to those indices. Thus, the sum over ¢1¢ vanish,
and (13) follows.

The proof in above can be extended to prove that, if also v is a smooth function,
we have

(15) <]1 j2 ]Z ]) (Uiljlui2j2"'ui,€jn)i =0, 7= 1,--- 7N_



We refer to Proposition 2.1 of [12] for details.

Another very interesting property is the following (see [12, 13])
1

(16) ;Tfij—l(u)uij =S.(u), K=1,---,N.

We are now ready to find the equation for v defined as in (6) with L(u) =
Sk (u). Let u' be the (admissible) solution to problem (11) corresponding to D*.
Using (16) and (13) we have

Si(u') = Sy(u) = %(lej—l(ut)uf] - Tg—l(”)“l])
an = (T8t - T )

K J

— [Tt - w) + (@) - Ty w)at) |.
We have L B
lim ST (u)(uf — wi) = T (u)o.

Using (13) again we find

N N g
(18) Jim (T4 ()t =) ) =T (v

Moreover, using (14), we have

(Tl (u') =T} (w))uf)
( ),

- 122 tk—1 2 t ot t t
BV Y L PR (W i Wy jma Wi Wi Wi 1) i
Hence,

i 7 (T2, () -T2y ()

t—0 t

= % (;1 ;z ;::1 ;) ((viljluizjz T uinfljmfl—i_' . '+Ui1jlui2j2 s ’Uin,ljh.fl)ui)j

= H,; . <;1 ;z ;Z:i ;) (Uiljluizjz T uin71j~71ui)j

= K;,; . <;1 ;z ;::1 ;) ((viljluifzjé e uin—ljﬁ—l)jui+viljl Ujpjy * Uim_ljﬁ_luij).



By using (15) and changing conveniently the indices we find

1 G g . k=1 /(47 49 -+ de_1 1
th_{% ; ((Té{l(u )_T;ij—l(u))ui)j = ! (.71 Go o e j:—l j Wiy jy Wiggo * Wi _1j._1Vij
= (k= DT, (u)vij,

where (14) has been used once more. From (17), (18) and the latter result we
find

lim S (ul) — S, (u)

1/ ) )
t=0 t T . (Tfij—l(u)vij + (k- 1)T,i]_1(u)vij> =T | (u)vy.

Hence, recalling (9), we find the equation for v:

(19) T (i = f'(u)v.

3 Duality results

In this section, we extend Theorem 1.1 to p-Laplace equations and to generalized
Monge-Ampére equations.

3.1 p-Laplace equations

Let D C RY be a bounded smooth domain, and let f : R — R be a C! positive
function such that the problem

(20) div(|Vu[P~*Vu) = f(u) in D, u=0 on 9D,

has a unique (negative) solution v € C*(D) N W'P(D). For example, one can
take, for 7 < 0, f(7) = (—7)%, 0 < a < p, see [6]. We have

Theorem 3.1 Let u be the solution to problem (20). Then the following state-
ments are equivalent.
(i) There is a constant ¢ such that

(21) [Vu| =¢ on 0D.

(ii) There is a constant d such that

(22) /D(f(u)fpiluf’(u))vdx:d/aDvdJ

for all solutions v to equation (10).




Proof. Multiplying (10) by —u, integrating over D and recalling that u = 0 on
0D we find

- / f(w)vudr = —/ div(|Vu|p_2Vv + (p—2)|VulP~*(Vu - Vv)Vu)udx
D D
= / <|Vu|p_2Vv + (p—2)|VulP~*(Vu - Vv)Vu) -Vudz
D
=(p-— 1)/ |Vu|P~2Vu - Vo dz
D
=(p— 1)/ \Vu|P~2Vu-vodo — (p — 1)/ div(|Vu[P~*Vu)v dz.
oD D
Since v = % on 9D, using equation (20), from the latter result we find
1
23 / u) — —— f'(u)u vdxz/ VulP~ v do.
(23) | (Fw) = = ) [ Ivu

If (i) holds, equation (23) yields (22) with d = ¢P~*.

If (ii) holds, from equations (22) and (23) we find

(24) / |Vu|P~ v do = d/ vdo.
oD oD
Using the boundary condition (7) we have
0
v:——uV-V:—|Vu|V~1/.
v

Therefore, from (24) we find

(25) / (|VulP = d|Vu|) V - vdo = 0.
oD

Since V is arbitrary, we must have
Vu|(|[VulP™' —d) =0 on 8D.

By Hopf’s Lemma |Vu| > 0, hence, |Vu| = d7T on &D. The theorem is proved.

3.2 Generalized Monge-Ampére equations

Let k be an integer such that 1 < k < N. Let D C RY be a bounded smooth
domain satisfying property (P,), and let f : R — R be a C positive function
such that the problem

(26) Se(u)=f(u) in D, u=0 on 9D,

has a unique admissible solution u € C*(D) N C*(D). We have



Theorem 3.2 Let u be the admissible solution to problem (26). The following
statements are equivalent.
(i) There is a constant ¢ such that

(27) Té{l(u)uiuj =c* on OD.

(ii) There is a constant d such that

(28) -/D(/if(u) —uf'(u))vde = d/

—— do
ap |Vl

hold for all solutions v to equation (19).

Proof. Multiplying (19) by —u, integrating over D, using (13) and recalling that
u =0 on dD we find

—/ uf’(u)vda::—/ uT? | (u)vy; da

D D

= —/ u(Ti{l(u)vi)j dx z/ u; T | (u)v; dz.
D D

Integrating by parts and using (13) again we find

/ u; T | (u)v; da :/ u; TV | (u)vi'do —/ ui; T (u) v d.
D aD D

(29)

Since T/ | (u)u;; = kf(u) in D and v*|Vu| = u; on D, from the latter equation
we find

(30) / ujT,ij;l(u)vi dx :/ Tﬁil(u)uiudea —/ kf(u)v dz.
D oD [Vul D
From (29) and (30) it follows that
(31) / (kf(u) —uf'(w)vde = / T,?_l(u)uluji do.
D oD [Vl
If (i) holds, equation (31) yields (28) with d = 2.
If (ii) holds, from equations (28) and (31) we find

.. v
32 / T (wuuj —d| = do = 0.
( ) BD[ 1( ) J ]|vu|

Finally, using the boundary condition (7) we get
/ [T,ij_l(u)uluj —d|V-vdo=0.
oD

Since V is arbitrary, (27) follows with ¢ = d. The theorem is proved.

Let us recall a result from [1].



Theorem 3.3 Let D be a bounded convex domain in the plane and let ¢ be a
constant. If there exists a conver solution u to the Dirichlet problem

(33) So(u) = upitgs —uiy =1 in D, u=0 on AD
such that u satisfies the additional condition
(34) Ugos + upiu3 — 2uipuius = ¢ on 0D,

then D must be an ellipse.

Proof. See Theorem 2.4 of [1].

Corollary 3.4 Let D be a bounded convex domain in the plane and let ¢ be
a constant. If there exists a convex solution u to problem (33) such that the
integral equations

v
35 Q/Udz:c2/ —— ds,
(35) D ap |Vl

hold for all solutions v to the equation
(36) U2V11 + U11V22 — 2u12v12 =0 in D,
then, D is an ellipse.

Proof. Since Tt (u) = uao, T2 (u) = T (u) = —uy2 and T2 (u) = u11, equation
(36) can be written as T}’ (u)v;; = 0, and condition (34) can be written as
T uju; = c. Hence, the corollary follows from Theorem 3.2 and Theorem 3.3.

4 Minimization of functionals

In this section we present a motivation of the overdetermined conditions (2) and
(27).

4.1 p-Laplace equations
Let D C RY be a bounded smooth domain, and recall the problem (20) below
(37) div(|Vu[P*Vu) = f(u) in D, u=0 on 0D,

where f is a positive function such that problem (37) has a unique (negative)
solution. Given D and the corresponding solution u to problem (37), we consider
the functional

(38) J(D):/D<|Vu|p+p/0uf(7)d7)dx.

10



Theorem 4.1 Let J(D) be defined as in (38). IfAﬁ is a minimum of J(D)
among all domains D having the same measure as D, then |Vu| is constant on
0D.

Proof. To prove the theorem, we use the notion of domain derivative. Recall
that I is the identity map. Let V : RY — RY be a smooth vector field, and let

l?t =T+ tV)ﬁ be a deformation of D. By the well known Lagrange principle,
D is a stationary point of the functional

(D) = J(D) + MK (D) —p), K(D)=|D|, p=|D|,

where A is a real parameter. Since D is a stationary point of I(D), we must
have dI(D,V) = 0 for every vector field V. Clearly,

(39) dI(D,V)=dJ(D,V)+ XdK(D,V).

We compute first d.J(D, V). Let u be the solution of problem (37) with D = D,
and let u® be the solution of problem (37) corresponding to Dt. We have

dJ(D,V) = lim J(Dt)t_J([))
:}iﬁn%1[/Dt<|Vut|p+p/out f(T)dT)dx—/1§(|Vu|p+p/0uf(r)dr)dx}
:tlig%i[/Dt(Wuﬂp+p/ou f(T)dT)dx—/DOVutp—i—p/Ou f(T)dT)dm]

+}LH51[/£)(|Vut|p+p/OUt f(T)dT)dx—/ﬁOVup—I-p/Ouf(T) dT)dl‘}.
Since u = 0 on D we find
}%1[At<|Vutp+pAUt f(T)dT)dx—/ﬁOVuﬂp—i—p/out f(T)dT)dg;}

:/A(|Vu|p—|—p/ f('r)dT)V'l/dO':/A|Vu|pV‘VdO'.
Js) 0 oD

Therefore, we find

dJ(ﬁ,V):/A |VulP V- vdo
ab
tip _ P uf d
(40) +1im/ Mdm—l—plim/ de
t—0 Jp t t—=0 Jp t

z/ \Vu\pV-uda—i—p(/ |Vu|p_2Vu~Vvdx+/ f(u)vdm),
aD D D
where v is defined as

_u'(@) —u()
o) = fny

11



Integrating the equation
—vdiv(|VulP7?Vu) = —f(u)v

over D we find

—/Av|Vu|p_2Vu-VdU+[ |Vu|p_2Vu-Vvdx:—/ f(w)v da.
oD D D

Recalling that Vu = |Vu|v on 8D and using the boundary condition (7), from
the latter equation we find

/ \Vul|P~2Vu - Vodz —|—/ fuw)vder = —/ [VulPV - vdo.
D D aD

By (40) and the latter equation we find

(41)

dJ(D,V) :/ |Vul? V~Vda—p/ [VulP V-vdo = —(p—l)/ |VulP V-vdo.
b aDb b

On the other hand (see [16] page 652 formula (12) with C'(u) = 1), we have

(42) dK(D,V)= [ V vdo.
oD

Insertion of (41) and (42) into (39) yields

dI(lA),V):—(p—l)/A |Vu|pV~uda+)\/AV~1/da
oD oD

_ /w(_(p_ DIVl + ) V v do.

Since dI(D, V) = 0 for every vector field V, it follows that |Vu|? = p%l. There-

fore, |Vul is a constant on @D, and the theorem is proved.

4.2 Generalized Monge-Ampére equations

Now we prove a similar result for generalized Monge-Ampére equations. Assume
the domain D bounded, smooth and having the property (P). Let u be an
admissible solution to the problem

(43) Se(uw)=f(u) in D, u=0 on 9D.

Here 1 < k < N and f(¢t) > 0. Consider the functional

(44) B(0) = [ (T + o) | () dr)da,

where u is an admissible solution to problem (43).

12



Theorem 4.2 Let E(D) be defined as in (44). If D is a minimum of E(D)
amonyg all domains D having the property (P.) and having the same measure as
D, then we have

T

L (Wuwuy; = constant  on aD.

Proof. Let us find a different formulation for E(D). If we multiply (43) by u
and use (16) we have N
T (wuju = kf(u)u.

Integration over D yields

—/ T | (w)uiu; d:l?::“&/ f(uw)udz.
D D

Hence, the functional defined by (44) can be rewritten as

E(D) = /D<—/-£f(u)u+ (k + K?) /0“ f() dr)dx.

From now on, we shall use this formula for E(D).
By the well known Lagrange principle, D is a stationary point of the functional

I(D) = E(D) + N(K(D) — ), K(D)=|D|, p=|D],

where ) is a real parameter. For a smooth vector field V, let D* = (I + tV)D
be a deformation of D. We must have dI(D,V) = 0 for every vector field V.
Clearly,

(45) dI(D,V)=dE(D,V)+ AdK(D,V).

If u! is the solution to problem (43) corresponding to D*, we compute

dE(D,V) :/A (—/Qf(u)u—F(F&—I—HQ)/Ouf(T)dT)V-l/dO'

oD

+ lim 1 (—fi(f(ut)ut — f(wu) + (k + &?) /uut f(n) dT) dz.

t=01t Jp

Since u = 0 on 5‘15, the first integral vanishes. Hence,

D

dE(D,V) = / (—/Q(f'(u)vu + flu)v) + (5 + KQ)f(U)U) dx

(46)
= / (=K f'(w)ou + £ f(u)v) da.
)

As usual, the function v is defined as

. ul(z) —u(x)
o) =y PO

13



Now we multiply equation (19) by —u and integrate over D. We find

/ f (wvudr = f/ T | (u)vijude = / T | (u)usvj dx
b b

D

:/A T,i{l(u)uiijda—/Té{l(u)uijvdx.
oD b

Since 17 |Vu| = u; and v = —|Vu|V - v on 8D, and T | (u)us; = £f(u) in D,
from the latter equation we find

—/ kf (u)vude = —I*i/ , TV (wuu; V -vdo —/ w2 f(u)v da.
D ab b

In view of the latter result, from (46) we get

(47) dE(D,V) = -k / T | (wusu; V - vdo.

8D

Insertion of (47) and (42) into (45) yields

dI(D,V) :/ (—F;T,ij_l(u)uiuj —i—)\) V- vdo.

oD
Since dI(D,V) = 0 for every vector field V, it follows that T,ij_l(u)uiuj = %

Therefore, T;J_ 1 (w)u;u; is a constant on 9D, and the theorem is proved.

Corollary 4.3 Let D be a convex planar domain, let u be a convex solution
to problem (43) with N = k = 2 and f = 1. If E(D) is the corresponding
functional defined as in (44), and if D is a minimum of E(D) among all convex
domains D having the same measure as ﬁ, then D 1is an ellipse.

Proof. Tt follows from Theorems 4.2 and 3.3.
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