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In this manuscript, we obtain common fixed point theorems in the neutrosophic cone metric space. Also, notion of (®, ¥)-weak
contraction is defined in the neutrosophic cone metric space by using the idea of altering distance function. Finally, we review
many examples of cone metric spaces to verify some properties.

1. Introduction

The concept of fuzzy sets was introduced by Zadeh [1]. The
study of fuzzy topological spaces was initiated by Chang
[2]. The notion of intuitionistic fuzzy sets was introduced
by Atanassov [3]. The notion of intuitionistic L-topological
spaces was introduced by Atanassov and Stoeva [4] by
extending L-topology to intuitionistic L-fuzzy setting. The
notion of the intuitionistic fuzzy topological space was
introduced by Coker [5]. The concept of generalized fuzzy
closed set was presented by Balasubramanian and Sun-
daram [6]. Smarandache extended the intuitionistic fuzzy
sets to neutrosophic sets [7]. After the introduction of the
neutrosophic set concept [8, 9] in 2019 by Smarandache
and Shumrani on the nonstandard analysis, the nonstan-
dard neutrosophic topology was developed. In recent years,
neutrosophic algebraic structures have been investigated.
Neutrosophy has laid the foundation for a whole family of
new mathematical theories, generalizing both their classical
and fuzzy counterparts, such as a neutrosophic theory in
any field, see [10, 11]. Recently, there were introduced
neutrosophic mapping and neutrosophic connectedness.
The concept of the neutrosophic metric space presented by
[12] Al-Omeri et al. is a generalization of the intuitionistic

fuzzy metric space due to Veeramani and George [13]. In
2019 and 2020, Smarandache generalized the classical
Algebraic Structures to NeutroAlgebraic Structures (or
NeutroAlgebras) whose operations and axioms are partially
true, partially indeterminate, and partially false as exten-
sions of Partial Algebra and to AntiAlgebraic Structures (or
AntiAlgebras) whose operations and axioms are totally
false. And in general, he extended any classical structure, in
no matter what field of knowledge, to a NeutroStructure
and an AntiStructure, see [14, 15]. In 2007, Huang and
Zhang [16] introduced the concept of cone metric space
and proved some fixed point theorems for contractive
mappings. Recently, Oner et al. [17] introduced the concept
of the fuzzy cone metric space that generalized the cor-
responding notions of the fuzzy metric space by George
and Veeramani [13] and proved the fuzzy cone Banach
contraction theorem. In 2010, Vetro et al. [18] extended the
notion of (®,¥)-weak contraction to fuzzy metric spaces
and proved some common fixed point theorems for four
mappings in fuzzy metric spaces by using the idea of an
altering distance function. Gupta et al. and Wasfi et al.
[19, 20] introduced the notions of E. A and common E. A
on the modified intuitionistic generalized fuzzy metric
space. They extended the notions of the common limit
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range property and E. A property for coupled maps on
modified intuitionistic fuzzy metric spaces. This paper is
devoted to the study of extending and generalizing the
(@, ¥)-weak contraction to the neutrosophic cone metric
space and prove some results. In Section 2, we will recall
some materials which will be used throughout this paper.
In Section 3, we give definitions and present the cone
neutrosophic metric space and explain a number of
properties. In Section 4, the results obtained from theorems
and theoretical application of the neutrosophic fixed point
are also presented. The last section contains the conclusions
of the paper.

2. Preliminaries

Definition 1 (see [21]). Let £ be a non-empty fixed set. A
neutrosophic set (briefly, NS) R is an object having the form
R ={{t,&x (1), 05 (1), g (1)): t € Z}, where &, (8), 0k (£), and
#r (t) which represent the degree of membership function
(namely, &, (t)), the degree of indeterminacy (namely,
£ (1)), and the degree of nonmembership (namely, #y (1)),
respectively, of each element t € T to the set R.

A neutrosophic set H = {{t, £ (t), oy (£), 1y (£)): t € T}
can be identified to an ordered triple (& (¢), oy (£), 517 (£))
in|07,1"] on T.

Remark 1 (see [21]). By using symbol H = {t, &} (£), oy (1),
g (O} for the NS, H = {<t, & (£), 04 (1), 1y (£)): t € Th

Definition 2 (see [13]). Let H = (& (1), 0y (1), 5 (¢)) be a
NS on I. The complement of H (briefly, C(H)) may be
defined as three kinds of complements:

(1) C(H) = {<r, 1= &4 (), 1 = gy (£)): t € T}
(2) C(H) = {<ryny (), 1 — o (1), & (1)): t € T}
(3) C(H) = {{ryny (1), 05 (£), &5 (1)): £ € T}

We have the following NSs (see [21]), which will be used
in the sequel:

(1) 1y ={{t,1,0,0): t € T} or

) 1y = {{(£1,0,1): t €T},

(3) 1y = {<t,1,1,0): t € T},

(4) Iy ={,1,1,1): t €T}

(1) 0y ={<t,0,1,1): t € I'} or

(2) 0y = {¢,0,0,1): t € T},

(3) 0y = {<,0,0,0): t € T},

(4) 0y = {<£,0,1,0): t € T}.

Definition 3 (see [21]). Let {Hj: je ]} be an arbitrary family
of NSs in T'. Then,

(1) NH; may be defined as follows:
() NH, = (6 A (0, A 0 (0, V 1y ()
(ii) NH; = <t, /\ sz(t) v QHl(t) V 11Hl(t)>
(2) UH; may be deﬁned as follows.
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() UH; = <8, V. £y (0), V. 041 (), A 135 (9))
(i) UH, = <1, v / & (8, A Qi (1), A 1 (1)

Definition 4 (see [21]). For any r # &, let neutrosophic sets R
and T be in the form R ={r,&;(r),0x(r),nz(r)} and
I ={r,&:(r), 0r (), (r)}. The two possible definitions of
R cTare as follows:

(1) RET &= &, (r) <&p(r), 0 (r) 2 op (1), and 1 ()
<np(r)

(2) ReT = & (r) <& (1), 0 (r) = 0p (1), and 15 (1)
>np(r)

Definition 5 (see [22]). A neutrosophic topology (NT for
short) and a nonempty set I' is a family & of neutrosophic
subsets in I' satistying the following axioms:

(1) Oy, 1y € E
(2) BynB, € E for any B},B, € &
(3) UB; € B, V{B;|i e I} CE

The elements of E are called open neutrosophic sets. The
pair (I, E) is called a neutrosophic topological space, and
any neutrosophic set in E is known as the neutrosophic open
set (NOS) in T. A neutrosophic set B is closed if its com-
plement is neutrosophic-open, denoted by C(B).
Throughout this paper, we suppose that all cone metrics have
nonempty interior.

For any NTSR in (I,E) [23], we
CI(R°) = [Int(R)]® and Int(R°) = [CI(R)]".

have

Definition 6. A subset y of X is said to be a cone in the
following cases:

(1) If both s € y and —s € y, then s = ¢
(2) Ifs,r €S, s,r>0,and u,v € y, then su+rvepy
(3) p is closed, nonempty, and u # {¢}

For a given cone, partial ordering (<) on X via yu is
defined by u<v iff v—u € p. u<v will stand for u<v and
u < v, while u# v will stand for v —u € Int(y).

If 3 a constant K > 0 such that for all I<u<v,u,v € X
implies [lu]| <K]v|l, and the least positive number K satis-
fying this property is called the normal constant of P, where
P is the normal.

Definition 7. Let I be a nonempty set and s>1 be a given
real number. A function d: I x I'»X is said to be a cone
metric on I' if the following conditions hold:

(1) d(m,m,) = d(m,,m,) for all m;,m, €T
(2) 0<d(m,,m,) for all m;,m, €T
)

d(my, my)<s(d (m,m,) +d (my, m;))Vm,,my,m; € I
(4) d(my,m,) =0 iff my =m,

The pair (I,d) is called a cone metric space (shortly,
CMS).
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Definition 8. A t-norm is continuous for any binary oper-
ation x: [0,1] x [0,1] — [0, 1] if % verifies the following
statements:

(1) % is continuous

(2) % is commutative and associative

(3) nyxn, <nyxn, whenever n, <n; and n, <n, for all

ny,ny, 1y, 1y € [0,1]
(4) nyx1 =n, for all n; € [0,1]

Definition 9. Let (I',d) be a CMS. Then, for any d, > 0 and
d,>0,d,,d, € Z,3d>0, and d € X such that d «d, and
d<d,.

Example 1. n %n, = max{n,,n,} and n xn, = n;n,.

Example 2. n;On, = max{n;,n,} and m;On, = min{n;+
ny, 1}.

Definition 10. A t-conorm of a binary operation &: [0, 1] x
[0,1] — [0,1] is continuous if < verifies the following
statements:

(1) < is continuous
(2) < is associative and commutative
(3) 9,0, <g95<$q, whenever g, <g5 and ¢, <q, for all

91-9293-94 € [0,1]
(4) 9,01 = g, for all g, € [0,1]

Definition 11 (see [12]). (T, w, ¢, %, <) is said to be a neu-
trosophic cone metric space if y is NCMS of £, I is an
arbitrary set, <& is a N-continuous t-conorm, % is a
N-continuous #-norm, and v, ¢ are neutrosophic sets on
I° x Int(y), which satisfy the following statements:
Ve, &5, 6 € Iand n,m € Int(p) (thatis, n>> 04 and m > 0y):

(1) y (e, &, 85,m) >04Ve, 65,85 €T

(2) y(e,ep6,m)=1iff ¢, = ¢, =&

(3) 1//(81: 82; 83: m) = W(p{SI)SZ: 83}; m):
permutation

(4) v (e, &5 &5, m)%Y (&5, 85,1) <Y (€, &5, M + 1)

(5) ¥ (e, &, 85.): Int(w) — 07, 17| is neutrosophic-
continuous

where p s

Definition 12 (see [12]). Let (T, y, ¢, %, &) be a NCMS. For
m> 0¢, the open ball I'(x,s,m) with center ¢, and radius
s€ (0,1) is defined by (e,s,m)=1{e, €I: y(g,¢&,m)
>1-m,$(e,e,m)<s}h

Example 3. Let X =R'. 'Then, u={(py,pr P3):
P1> P2 P32 0} €2 is a normal cone, and P =1 is a normal
constant. Let sxt = st, T = R, and y: I° x int (u) — [0, 1],
defined by Ve, ey e5t) = (l/e(lsl—£z|+|£z—e3|+|s3—£1I/\Itl\))
Ve, &5, 6; €I and t > .

Definition 13 (see [12]). An (I, y, ¢,%,<) neutrosophic
cone metric is called complete neutrosophic if any sequence
which is Cauchy in NCMS (L, y, ¢) is convergent.

Definition 14 (see [12]). (T, w, ¢, %, <) is said to be a neu-
trosophic CMS if g is a neutrosophic cone metric (shortly,
NCMSY) of %, where I' is an arbitrary set, x is a neutrosophic
continuous t-norm, <> is a neutrosophic continuous t-
conorm, and ¥, ¢ are neutrosophic sets on I’ x Int(u),
which satisfy the following statements: Ve,,¢,,e; € I' and
m,n € Int(y) (that is, n>> 04 and m > 0,):

D) y(e,ep65.m)=1iff g =¢, =&

(2) v (e, &5 &5, m)%Y (&5, 85,1) <Y (&), €5, + M)

(3) y (e, &, 65, m) = Y(pley, &y, 63}, m), where p is
permutation

(4) v (e & 85,m) + (e, 65, 8)< 1

(5) v (e, &, &5,.): Int(u) — ]07, 17| is neutrosophic-
continuous

(6) ¢(£1’ &5 83’ m)<>¢(£2’ 83) n) > ¢(51, 83, m + 1’1)

(7) ¢(ep585,5,.): Int(u)O 07, 17| is neutrosophic-
continuous

(8) ¢ (&1, &5, €35,m) <0y

(9) ¢ (&1, 65,65,m) = 0, if and only if &, = ¢, = &

(10) ¢ (&, &y, €5, m) > 04Ve, 65,85 €T

(11) ¢ (e, &5, €5.m) = ¢(pley, &5, €5}, m), where p is
permutation

Then, (y, ¢) is called a neutrosophic cone metric on I

The functions v (¢;, &, m) and ¢ (¢, €,, m) are defined by
the degree of non-nearness between ¢, and ¢, with respect to
m, respectively.

Definition 15 (see [12]). Let (T,y,¢,%,<) be a NCMS,
¢, €T, and {¢,,,} be a sequence in I. Then, {¢,,,} is said to be
convergent to & if for all m > 0y and all s € (0,1), there
exists 1, € N such that y (e, €,,m)>1 —s,¢(eq,,€,m) < s
for any n>n, We defined that lim =¢ or
€, — & as n — 0.

n—oo€ln

Definition 16. A function ®: [0,00) — [0,00) is an al-
tering distance if @ (n) is monotone increasing and con-
tinuous, and ®(n) =0 iff n = @.

Definition 17. Let (I',d) be a metric space and let £ = R*.
Defined y,Op, = min{u, + uy, 1} and y; %y, = pyp, for any
1>ty € [0,1], and let T and y be fuzzy sets on I'° x int (y)
represented by v (e, &5, &5, 1) = (kt"/kt" + L D * (¢, &5, €3))
and  @(e, 8,8, 4) = (D* (e, &, &)mt" + £ D (g, ¢,,
£)).

3. Main Result

Definition 18. Let (T, y,¢,%,<) be a neutrosophic cone
metric space (CMS) and 7, %: I' — T be two mappings.
Mapping # is said to be neutrosophic (®,¥)-weak con-
traction if there exists a function ¥: [0, 0c0) — [0, co) with



Y (s)>0 and ¥(s) = 0 for s>0 and an alternating distance
function @ such that

1 1
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1

“’(w(mel),%(sz),%(sa),m) - 1‘*’) Sq’(w(menﬂ(sz

T (o)) 1‘*’) - ‘P(w(g(sl), (e)om) 1‘*’)’

T (&), T

O($(Z (e1). Z (&), Z (&), m)) < @ ($(T (&1), T (), T (e5):m)) = ¥ ($(T (&1), T (&), T (e5),m))-

hold forall ¢, &), &5 € y and each m > 0. If 7 is the identity
map, then # is called a neutrosophic (®,¥)-weak con-
traction mapping.

Definition 19. Let (T, v, ¢,%,<) be a neutrosophic cone
metric spaceand 7, #: I' — I be two mappings. Point v is
said to be a coincidence point in y of  and # if
5= )= (v).

Definition 20. Let {7} and {#,} be two finite families of
self-mappings on y. They are called pairwise commuting if
1) Fi,oj”j 91-91-, where i, j € {1,2,...,n}
Q) % ; = Vavan where 7, j € {1,2,...,m}

@) T H; =T ie{l,2,...,n}
jef{l,2,...,m}

where and

1

(1)

Theorem 1. Let (I, y, ¢, %, O) be a neutrosophic cone metric
space and F: I — T be a neutrosophic (©,¥)-weak con-
traction with respect to T: I — I. If Z'(y) < T (y) and
T (y) or I (y) is a complete subset of y, then T and I have
a unique common fixed point in y provided that ¥V is a
continuous function.

Proof. Lett, € y be an arbitrary point. Let point ¢, € y such
that 7 (t,) = 7 (t,). This can be done since # (y) €T (y).
Continuing this process, we obtain a sequence {t,} € y such
thats, = 7Z(t,) = 7 (t,,,)- We assume that s, #s,,,, for all
n € N; otherwise, I and # have a coincidence point. Now,
we get

1

o

— -1
1//(Sn’sn’ sn+1’m) ¢)

(D(w(%(tn),%’(

£, 7 (tyr)sm) 1¢)

1

SqD(w(

T (tn)’ T (tn)’ 7 (tn+1)’ m) Y

)

<o

<o

which suppose that J mapping is nondecreasing; hence,
V(S5 Sps Spa1> M) > W (Sy_ 5S> S m)VH € N Hence,

1
-v -1
(w(Ff () T (£,): T (e1)sm) “’)
(2)
! -1
v/(sn—l’sn—l’smm) ¢>
! -1
l//(Sn—l’Sn—l’sn”/n) ¢
! 1
W(Sn—l’sn—l’sn’m)_ °)
) ! 1, | <D ! 1 v ! 1
vom )=\ 1) T \vem 1)
(3)

W (S, 1>S,_1> S,» M) 1s an increasing sequence of positive real
numbers in (0, 1]. Let V (m) = lim,__, W (S,_1>S,_1> S ).
We prove that V (m) = 1Vm > 0. If not, there exists m > 0y
such that V (m) < 1. Then, from the above inequality on
taking n — 0o, we obtain

which is a contradiction. Therefore, y (s, s, S,.1,mM) — 1
as n — 00. Now, for each k>0, by Definition 18, we get
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m

%)

m
W(Sn’sn’smk’m) 21/’(‘sn’s > St )*V’( Snt1> Snt1> Snt2>

m
*oee *w<sn+k—1’sn+k—l’Sn+k’?>'
(4)
It follows that lim,_ W (S, S, Sy ) = 1xls - %1

= 1. At the same time, we have
D (B (s> Sps Sprrsm)) = C(G( (t,), H (8,), X (t011)>m))
<O(T (6T (1), T (t,2)m)
-v (¢ (9 (tn)’ e9~(tn)’ 9(tn+l)’ m))
< o (¢ (sn—l’ Sn—l’ Sn’ m))
-¥ (¢ (Srkl’ Sn-1>Sw> m))
<P (¢ (sn—l’ Sn-1>Sn> m))
(5)

1
x (k), # (k), T

q)(v/(

for every m > 0,, in which by letting n — oo,

li n—»ool//(%(k) %(k) (tn+1) )
= hmn—»ooV/(%(k) %(k) %(tn)’m) (8)
=y (Z (k), Z (k), T (k), m)
=1
(semat )
-1
v(T (p), T (p), T (p)m) *

o) 1¢> } q)(w(

in which considering that the I mapping is nondecreasing,
then @ (s,, S, Sps1> M) <P (S,155,-1, S, m)Vn € N, Thus,
¢(sn,1,sn,1,sn, m) is a decreasing sequence of positive real
numbers in [0,1). Let U (m) =lim,_, ¢ (s, 1,S,_1>S,» ).
We show that U (m) = 0y for all m > 0. If this is not the
case, there exists m >0, such that U(m)>0¢. Then, it
follows from (5), by taking n— o0, that
@ (U (m)) <@ (U (m)) — ¥ (U (m)), which is a contraction.
Therefore, ¢ (s, $,,,1,m) — 04 as n —> 0o. Now, for
each k>0, by Definition 14 (9), we have

1//(5,,,, Sp> Snaeo m) + (/) (Sn’ Sp> Snaoo m) < 1¢>’

lim [V/(Sn’ S Sk m) + ¢ (Sn’ Sp> Sk m)] < 1¢'

n—~oo

(6)

It follows that lim,, ¢ (s, S, Sk M) = 0. Hence, s,
is a Cauchy sequence. If 7 (y) is complete, then there exists
k € I (y) such that s, — k as n — 00. The same holds if
Z (y) is complete w1th ke (y). Letk e yand 7 (k) =

Now, we shall show that k is a coincidence point of and
Z . In fact, we have taken
L -1
x (k), % (k), Z (t,),m) ¢
<q>< ! 1 ) %
"\ (T 0,7 k), T (t,),m)
“mrmrim )
(7 (), T (k)T (t,),m) *)
Therefore, 7 (k) = # (k) = p. Now, we shall prove that
T (p) = p. If it is not so, then we have
R SR
v () Z (p), X (k),m) Y
<d>< 1 -1 )
T \v (T (P, T (p), T (k),m)
_w< ! . ) (©)
y(T(p), T (p), T (k),m) *
cp( ! - )
S\ (T (p),T(p)pm) ¢

1
(w(ﬂ”(p),&”

(p). prm) 1¢>’



which is a contradiction. By inequalities (4) and (5) we prove
the uniqueness. The desired equality is obtained. O

Example 4. Let (T, y, ¢, %, O) be a complete neutrosophic
cone metric space, I'={(1/n): n € N0y, & be a maxi-
mum norm, and % be a minimum norm. Let y,¢ be
defined by

Mathematical Problems in Engineering

m

v (e & 85,m) = 1

LO)

,

¢(€1) & 83,7’1’1) =1

Also, define
®(m) = (m/2) and

(®,¥): [0,00) —> [0, 00) by
V¥ (m) = (m/8), for all m>p,

1

, ifm>0,,
m+ (|t +s| +|s+ 7| +|r +1]) ¢
ifm:0¢,
(10)
[t +s| +|s+ 7| +|r+t] .

X 1fm>0¢,

m+ (|t +s|+|s+ 71| +|r+t])
0, ifm:0¢.

T (t) = (t/2), and F (t) = (t/4). Obviously, # (I') c T (I),
and ¥ is a continuous function. Then, we have

1
®<w<9(t),9(s),9(r>, m 1¢) - qj(wy(tw(sw(n, m 1"’)

3|t + sl +[s+r[+]r+£])
B 16m

>2(|t+s| +|s +r|+|r +t])
- 16m

(11)

1
B ®<w<%<t>,%<s>,%(r),m> B 1¢)'

From the above inequality and the fact that ¢ = 1, -y,
we conclude that the conditions (1) and (2) in Definition 2.18
are satisfied. Thus, # is a neutrosophic (® —¥)-weak
contraction with respect to 7.

Corollary 1. Let (I, y, ¢, %, O) be a neutrosophic cone metric
space and Z: I — T be a neutrosophic (®,¥)-weak con-
traction. If ¥ is continuous, then  has a unique fixed point.

Corollary 2. Let (I, y, ¢, %, O) be a neutrosophic cone metric
space. Then, Z: I'OI is a mapping satisfying

1 1
®<w(%(t>,%(s),%<r),m> i 1¢> Spq)(w(t,s,r,m) i 1¢>’
O (P (1), Z (s), X (1), m)) < pD (¢ (t,s,1,m)).

(12)
for each t,s,r € I, m> 0y, and p € (0,1).

Theorem 2. Let (I, y, ¢, %, O) be a neutrosophic cone metric
space and T ;, #; be two finite self-mappings on I' with T =
I9,.9,... 9, and H=H,%,...%, such that
i€{l,2,...,n} and je{l,2,...,m}. Suppose H be a

generalized neutrosophic (®,V)-weak contraction which is
given with respect to . If T (I') and # (I') < T (I') or F (I')
is a complete subset of I, then #;, T ; have a common fixed
point in which I is unique, provided a description of ¥ is a
continuous function and the families T ;, #; commute
pairwise.

Proof. By Theorem 1, we obtain that  and # have a
common fixed point that is unique, say p. In order to prove
that p remains as a fixed point of all self-mappings, let

= (%, %,... %,.)%,% ;(p)
:(%1%2...%,1,1)%]'%;1(1))

=K (I ... ) (P)
=, (5. 9,)(p)
=% (p)

=Z;(p)

(13)
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Since the other conditions are similarly proved, we can
show that ZT,;(p)=T,%(p)=T,(p), TT;(p)=
TT(p)=T,(p), and TH,(p)=,T (p)=%,(p),
which imply that Vi, j, #'; (p), and Int;(p) are other fixed
points of mapping {7, Z}. For the uniqueness of I and #
of self-mappings, we get p = Z';(p) = 7;(p), which shows
that p is a common fixed point of 7 ; and 7, Vi,j. O

Example 5. Let (T, y,¢,%,<) be a complete neutrosophic
cone metric space, k=R*, and T =[0,00). Define
®=Y: [0,00) — [0,00) by @(m)=(m/2),¥Y(m)=
(m/4), for all m> ¢ and two families of self mappings 7
and #; where i, j € {1,2,...,n} by

0, ifm:0¢,
, ifm>0,
[ x V6 ¢
(14)
0, 1fm>0¢,
Hi(x) =1 )
, ifm= 0¢
| x V2
Then, we have
O} ! 1
v(T (t),T(s),T (r)ym) ¢
-y 1 1
(T @), T (), T (r),m) ¢
3(z6|t6+56|+t6|s6+r6|+56|r6+t6|) (15)

2mt0s6r®

22|12+ $*| + 2|t + 2| + Pt + £
>
- 2mt?s2r?

1
- (D(w(%(t),?/(s),%(r),m) - 1¢>‘

From the above and the idea of ¢ = 1 — y, we get that
statements (i) and (ii) hold. All statements of Theorem 2
hold; therefore, 7 ; and #; have uniqueness.

4. Conclusion

In this paper, the definition of the neutrosophic cone metric
space is introduced and studied. Based on this definition, we
also stated and proved some fixed point theorems on the
neutrosophic CMS. We provided a description of the ex-
ample and investigated some properties in Section 3. We
established and extended the definition of the (®,¥)-weak
contraction in the intuitionistic generalized fuzzy cone
metric space.
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