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Abstract: In this paper, first we define the notion direct product of neutrosophic sets in INK-algebras,
neutrosophic set, neutrosophic INK-ideals, neutrosophic closed INK-ideals and direct product of
neutrosophic INK-ideals in INK-algebras. We prove some theorems which show that there is some
relation between these notions. Finally, we define the INK-subalgebra of INK-algebra and then we
give related theorem about the relationship between their Images and direct product of neutrosophic
INK-ideals.

Keywords: INK-algebra; neutrosophic set; direct product of neutrosophic INK-subalgebra; direct
product of neutrosophic INK-ideal.

1. Introduction

In 1986, Atanassov Introduced the Intuitionistic fuzzy set and later intuitionistic fuzzy set
was applied in BCI/BCK-algebra, Introduced by Imai and Iseki in the 1980s. Following this, various
researchers published articles using the intuitionistic fuzzy set concept. In 2005, Smarandache
invented the new notion of the neutrosophic set in 1998 and it is a common code from the
intuitionistic fuzzy set [1-8] and [15-20]. This has been followed by a lot of researchers publishing
various articles over the last few years. In [9], [10], [11], [13], [14] and [12] Kaviyarasu et. al published
an article using the fuzzy concept set in INK-algebra and later in solve they neutrosophic set in INK-
algebra. In this paper we have introduced a new code using two different neutrosophic sets called
direct product of neutrosophic sets in INK-algebra. We are also examining the relationship between

neutrosophic INK- subalgebra and neutrosophic INK-ideal and its conditions.

2. Preliminaries

Before we begin our study, we will give the definition and useful properties of INK-algebras.

Definition 2.1 An algebra (X, *, 0) is called a INK-algebra if it satisfies the following conditions for
any 3, € X.

) (@) *(@*0) *(zxw)=0

i) (@*o)x(b*0))*(axw)=0

iii) a*0=4q

iv) a*b=0andb*a=0implya=".
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A2 3]

where “*” is a binary operation and the “0” is a constant of X.
Definition 2.2. A non-empty subset S of a INK-algebra (X, *, 0) is said to be a INK-subalgebra of X,
ifa* b €S, whenever a, b € X.
Definition 2.3: Let (X, *, 0) be a INK-algebra. A nonempty subset | of X is called an ideal of X if it
satisfies
iy 0€]
ii) a*b €land® €limplya€]foralla,b € X.

Definition 2.4: Let I be a non-empty subset of a INK- algebra X. Then [ is called a INK-ideal of X, if

iy 0€]

ii) ((c xa) * (c *13)) €land b € [imply a € [ forall a,,c € X.
Definition 2.5. A neutrosophic set A in a nonempty set X is a structure of the form
A={(X, ¥ ! ¥ (a))| a € X}, where <™:X - [0,1]is a truth membership function <:X - [0,1] is a
indeterminate membership function and <*:X — [0, 1] is a false membership function.
Definition 2.6. A neutrosophic set A in X is called a neutrosophic INK-subalgebra of X if it satisfies
the following conditions, for all 3, € X.

i) «T(a*p) 2min{<(a), <F(b)}

ii) «<'(a*1b) <max {<' @), < (p)}

iii) <F (a* ) = min{«" (), <* (b)}
Definition 2.7. A neutrosophic set A in X is called a neutrosophicideal of X if it satisfies the following
conditions, for all 3, € X.

i) <7(0) =«" (@), < (0) < «!'(a)and <F (0) =<7 (a)

ii) «%(a) = min{<* (a *1), < (B)}

iii) <! (@) < max{«!' (a*n),<' (b)}

iv) <7 (a) = min{«<" (a*1), < (b)}.
Definition 2.8 A neutrosophic set A in X is called a neutrosophic INK-ideal of X if it satisfies the
following conditions, for all a,s, z € X.

i) <7(0) =<7 (a), <! (0) < «!(a) and <7 (0) =«" (a)

ii) <7 () =min{<" ((c*a) * (c*B)), <7 (b)}

iii) «! () < max{«! ((c*a)*(c*mp)), < ()}

iv) <F(a) = min{xF ((c *a) * (C * 'b)), AF ('b)}.

3. Direct product of Neutrosophic INK-subalgebra and INK-ideal

Definition 3.1: Let Y and A are two neutrosophic sets in INK-algebras X; and X,. The direct
product of neutrosophic sets Y and A is defined by ¥ x A= (<" b *, ,y) and defined by

i) <"vxn (@ B) =min {7 (@), <7, ()}

i) <l xny @ B) =max {< (@), <\, (B)}

iil) <"y x 0 (@ B) =min{£7 (@), <7, (B)}

Foralla,» € X.

Definition 3.2: A neutrosophic sets ¥ X A= (<7 b fowxay) Of Xy and X, is called direct product of
neutrosophic INK-subalgebra of X; X X,, if

i) ‘T(va)((a\l:’bl) * (az,bz)) = min {AT(VXA) (az,B1), AT(va) (5\2"52)}

i) ’<I(v><A) ((a1,®1) * (a2, b2)) < max {KI(VXA) (az,B1), ’<I(Y><A) (a\Z'BZ)}
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iii) KF(va)((a\l'"bi) * (az,bz)) = min {KF(VXA) (a1, ®1), ‘F(vx/\) (az :’bz)}
foralla,» € X.

Definition 3.3: A neutrosophic sets ¥ x A = (<7 ! forxa ) of X; and X; is called direct product of
neutrosophic INK-ideal of X; X X,, if

i) ’<T(v></\) (0,0) = ’<T(v></\) (&)

i) '<[(va) 0,0) < /d(va) (a,®)

iii) ‘F(vx)\) (0,0) = ‘F(va) (a®)

V) KTy (@, B1) 2 min {&% < (@3, 3) * (A1, 51)) * (@3, P3) * (32,52))), <Fvxa) (2,2)}
V) <y xn (@r, 1) < max (£l (((@3,3) * (@1, B1)) * ((A3,53) * (A2, 52))) ' vx ) (32, B2)}
Vi) £ (v x) @1, p1) 2 min { £y xx) (((33,B3) * @1, 1) * ((A3,B3) * (32,52))) £ (v xa) (32,P2)}
foralla, » €X.

Definition 3.4: A neutrosophic sets ¥ x A = (<7 ! fovxa) ) of X; and X; is called direct product of
neutrosophic closed INK-ideal of X; x X, if it satisfies (Def 3.3 iv, v, vi) the following condition

i) ’<T(v></\) (0,0)*(a,B) = ‘T(va) (a,®)
ii) ’<1(va) (0,0) * (a,B) < ’<[(va) (@)
iii) F iy x ) (0,0) % (a,B) = <F(y ) (@ D), forallx, y €X

Theorem 3.5: Let Y and A be two neutrosophic INK-subalgebras of X; and X,. Then ¥ X A =
(<7 b F » ) is aneutrosophic INK-subalgebra of X; X X,.

Proof. For any (a; , 1), (a2, b,) € X; X X;. Then

A vxn (@) * (@2,82)) = v x (@ *32), (Br * B2))
= min{ <7 ((a * az), <"x (b1 * B2))}
= min {min {<%y (a1), <y (az)}, min {<7 (B1), <74 (b2)}
=min {min {<%y (a;), <%x (b1)}, min {<%y (a2), <74 (B2) }

KT(VXA)((al"bl) * (az,bp)) = min {AT(VXA) (a1, ®1), ‘T(VXA) (az :'bz)}/

Aaxn(@rp1) * (@2, 52)) = <y sy (@ *32), (b1 * B2))
= max { <l (& * a), <14 (b1 * B,))
< max {maa{<!y (a1), <%y (@)} max {<l\ (B1), <\ (b2)}
= max {maa{«!, (a;), <'x (b1)} max {<\ (a2), <'x (b2)}
Aoy xn(@r,p1) * (@2, 2)) < max {<lwn @1,B1), Ky xn (@2,P2)}
And
Avsxn((@rB1) * (A2,B2)) = A vx (@ *a2), (b1 * B2))
=min{ <7y ((@1 * a2), <"\ (b1 * B2))}
= min{min{<" (a;), <"y (@)} min {7, (B1), <74 (B2)}
=min{min{«" (a;), <7y (b1)}, min {7y (az), <74 (b2) }
‘F(va)((a\l:’bl) * (az,bp)) = min {AF(VXA) (az,B1), ’<F(va) (az :'132)}-
Hence, Y X A= (<™ (v x ) } is a neutrosophic INK-subalgebra of X; X X,.

Theorem 3.6: Let Y and A be two neutrosophic INK-ideals of X; and X,. Then ¥ X A =
(<™ b F(vx)\) )

M. Kaviyarasu, K. Indhira and V.M. Chandrasekaran, Direct product of Neutrosophic INK-Algebra



Neutrosophic Sets and Systems, Vol. 38, 2020 230

is a neutrosophic INK-ideal of X; x X,.
Proof. For any (a;,3y,33) and (by,b,, Bb3) € X; X X;.
Then <%y x 5y (0, 0) = min {<7, (0), <%, (0)}
= min {7 (a), <"y (p)}
= KTy xn @ B),
Alivxay (0, 0) = max {<1, (0), <, (0)}
< max {«!, (@), <\, (1)}
= «lyxn @ B),
And
Ky (0, 0) = min {<7y (0, <, (0)}
= min {<*y (), <7y (B)}
=K vxn @& B).
Now (a1,a2,a3) and (b1, by, b3) € X7 X X,.
ATy xn(@1, 1) = min { £ (a;), <% (1)}
= min {min {<%y ((@z *a;) * ((az *a2)), Ty (@2)} min {7, ((b3 * By ) * ((B3 * B2)), <7y (b2)}}
=min {min {<%y (@3 *a ) * (@3 *a2)), "4 ((b3 *B1) * ((b3 * b)) }, min {7 (az), <"y (b2)}}
=min {<yxn (@ 53) * (@ 1)) ((@353) * ((32,B2)), <Tvxn) (@2, P2)},
Al (@,br) = max { £ (1), <4 (1)}
< max {max {<!y ((az *a1) * (@3 * 2)), <!y (az2)} max {<!\ (b3 * By ) * (b3 * B2)), <1 (B2)}}
= max {max {<!, ((az* a1 ) * (@3 *a2)), <1 (b3 * 1) * ((b3 *b2)) }, max { <Yy (@), <1 (B2) 1}
=max {<lyxn (@ 53) * (@ P1)) (@ B3) * ((32,52)), <y xn) (@2, B2)},
And
A vxn(@1,1) = mIn{ <7 (a3), <75 (B1)}
= min {min {<"y ((az * a1 ) * ((@3 *a2)), <"y (@)}, min {<7, ((b3 * By ) * ((b3 * B2)), <1 (b2)}}
=min {min {<"y ((az * a1 ) * ((a3 *32)), "% (b3 *B1) * (b3 *B2)) }, min { 7, (@z2), "% (b2) }}
=min {<*(vxx ((@3P3) * (A1, 1)), ((A3,3) * (A2 52)) £ (vxn) @2, B2)]-
Hence, Y X A= (<™ b ¥,y ) is a neutrosophic INK-ideal of X; X X,.

Theorem 3.7: Let Y and A be two neutrosophlc closed INK-ideals of X; and X,. Then Y X A =
(<7 b (v x ») ) is a neutrosophic closed INK-ideal of X; X X,.

Proof. By using the theorem 3.6. ¥ X A = (<™ b ¥,y ) is a neutrosophic INK-ideal of X; X X,.
Now for any a,» € X; X X,, then

ATyxn) (0,0) % (@,B) = KTy x 0 ((0a),(0* D))

min { <%, ((0*a), <%, (0% B))}

min { <%y (@), %4 (p))},

Alivxny (0,0) % (1) = &Ly (0% ), (0* D))

max { <l ((0%a), <, (0* b))}

max { <\ (@), <}, (»))}

v

INA

And
‘;(v X A) (0,0) = (a, )

AT vxn ((0xa), (0 1))
= min { ,<*‘V ((O * 2\), KFA (0 * 'b))}

= min { <5, (@), <5, (B))},
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Hence, v x A= (<™ b ) IS a neutrosophic closed INK-ideal of X; x X,.

Theorem 3.8: Let Y and A be two neutrosophic INK-ideals of X; and X,. Then

VX A= (Db Ry, & T L Fo ) is aneutrosophic INK-ideal of X; X X,.
Proof. Since by theorem 3.7, Yy X A = (<™ I v x 4y ) Is @ neutrosophic INK-ideal of X; x X,. Then,
fFvxn (0,0) = KTy p (@ B)
1=KTyxn (0,0) =1 = <Fyxp (8,D)
X Tvxn (0,0) <X Ty (@ B),
Alaxn 0,0) < <y (@m)
1=4lyun (0,0) <1 - <l (@D)
Zlxn (00) =%y p (@D)
And
AFvxn (0,0) = <Fyxp (a,B)
1=Ky xn (0,0) =1 = &7y 50 (@)
KTvxn (0,0) £ X Fryxp (@ 1)
Now (a,az,a3), (b1, B2, B3) € X3 X Xy.
A vxn @1,p1) = min (T (@3,83) * (A1) * (@3,3) * (@2 B2)), <Tvxn) (@2 P2)}
1=KTyxn @1rp1) = 1=min {<Txn ((@353) * ((@B1) * (@3 3) * (A2 B2)), <Tvxn) (@2)P2)}
X Tvxny @B) < max {1 =<Tyxn) ((@353) * (A1, p1)) * ((A3,3) * (@2, 52)) 1 =<T (v xn) (32,52)}
ZTvxny @B) < max { X Ty (@3,3) * (@ B1) * ((@3,P3) * (A2 B2)), X Tov ) @z, P2)}

Ao xny @1 br) < max (<l ((3353) * (A1, 1)) * (A3, B3) * (A2 B2))s v x ) (A2,52)}

1=y n (a1, 1) < 1—max {«ly ) (@3 b3) * (A0, B1)) * ((33,3) * ((32:52)), <Ly x ) (32, B2)}
Zlxny @) 2 min{l =<'y« (@3 13) * (a1, 1) * (@3, B3) * (@2, B2)), 1 =<y x ) (32,52)}
Zloxny @) 2 min { X 1y« ((33,53) * (@, p1)) * ((@s,53) * (@2, B2))s < v xn (@2, B2)}

A vx ) (@1,b1) = min {AF(VXA) ((az »3) * ((A1, 1)) * ((@3,b3) * ((@2,B2))s A (vx ) (%:52)}
1 =A%y xn @1,1) 2 1=min (< xx ((@33) * (A1) * ((A3,3) * (A2 B2)) £ (vxn) (@2, P2))
X Fovxn @) S max {1 =< v ((@3,b3) * (1)) * (@3, 3) * (A2, 2)), 1 =<7 (v xu) (a2, B2)}
ZFvxn @B) < max { X7 (@3 P3) * (@ B1) * ((A3,3) * (A2 52))s X Fivx ) (@2, B2)}-
Hence, Yy x A= (< I fovxay, X F b Forx ) IS a neutrosophic INK-ideal of X; x X,.

Theorem 3.9: Let Y x A = (<™ b *( .,y ) is a neutrosophic INK-ideal of X; X X,. Then

(v x )™ = (T b F o ym)is aneutrosophic INK-ideal of X; X X,.
Proof. For any (a, ) € X; X X,.
Then KTy x ) (0, 0) = KTy xp (8 B)
(om0 O™ > (<7, (3 W)
Avxn (0, 0™ = KTy py (@ BT

ATy x ym 0, 0) = Ay x ym (a »)

{’<[(va) (0’ 0)}m = {KI(VXA) (6\, 'b)}m
’<1(va) 0, )™ < ’<I(va) (@ »m™
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Alxym (0, 0) < £y ym (3, B)
And
{Kxn 0, 03" = {<7 @ B}
KT vxny (0, 0)™ = KTy x ) (8, B)™
Ay xym (0, 0) = <7y x ym (8, B).
Now (a1 ,az,a3), (b1, b2, b3) € X1 X X,
{Kxn (@)™ 2 min {<Fqxp (@3 53) * (@1 1)), (@3B3) * (A2, 2)) Fivxny @2oB2))
A @1op)™ Zmin {£xn ((@3,P3) * @1,1)) * (@3,B3) * @2, P2)))™ v xn) @2, B2)™)
Ay sym @z, 1) = min {£F e gm (((@3,53) * (@1,B1)) * ((A3,53) * (@2, 52))), <Fivxym (32, 2)}

{Alyxn (@)™ < max (Kl xn ((a353) * (@0 B1) (@3, B3) * (@2 2)) Ay sy (2,12}
Avxny @rp)™ < max {&y oy (((A3,B3) * (@1, 51)) * ((A3,B3) * (@2, 52)N)™, < vxn) (@2, B2)™}
Alvsenym @1, 1) < max (£l cgm (((@z,53) * @1, 51)) * ((33,53) * (@2,52))), <y xnm (B2, B2)}

And

(Ko (@1 BOY™ 2 min {7 (@b3) * (@ B1), (@3 b3) * (@2 2)), A vy (@2 B2}
Ay @uB)™ = min (£ ((@s53) * (@ b1) * (@30 B5) * (@2 52))™, v xy @2, 52)™)
A5y sam (@ B1) 2 min {&7 o om (g b3) * @1, B) * (3 B5) * (@2, B2))), <™y xm (3 2) )

Hence, (¥ X A)™ = (<% I v x ym ) is a neutrosophic INK-ideal of X; X X,.

Theorem 3.10: Let v x A= (<" b F  y) and Y x I' = (™ b *,, 1)) is a neutrosophic INK-
ideal of X; and X,. Then (¥ X A) N (Y X ') = (T b F o 5n (v xr) ) is a neutrosophic INK-ideal of
X, X X,.
Proof. For any (a,B) € X; X X,.
KT(VXA) (0, 0) 2’<T(\/></\) (a, B) and AT(va) (0, 0) 2’<T(Y><1") (@ )
AT(VXA) (0, 0), '<T(v></\) 0, 0) 2’<T(\r></\) (@, ), ’<T(Y><F) (@ »)
min{’a(vx A) (0,0), /<T(v X A) 0,0} = min{’(T(VxA) @ 'b):‘T(Y xTI) (@ m)}

A oxnnrxr) (0,0) L%y x yn(rxr) @B),

’<I(VXA) 0, 0) < ’<I(v></\) (a, ®) and ’<1(va) (0, 0) S'<[(}’><F) (@ »)
’<[(v></\) (0, 0), ’d(vx;\) 0, 0) S’<I(v></\) (@ ), ’<[(Y><F) (@ »)
maan{’(l(vxt\) (0,0), ’<I(v></\) 0,00} < maan{’d(vxn (&), ’<I(Y><1") (a,m)}

K[(vx)\)n(yxr) (0,0) S’<[(v></\)n(lf><1") (a,®),

A vxn (0,0) 247 0y (@B) and KTy x4 (0,0) 2<%« 1y (a,B)
AFaxn (0, 0), 550y (0, 0) 2Ky 5y @ B), ATrxpr (@ B)
min{’(F(va) (0,0), ‘F(va) 0,00} = min{’é(vxlx) @), ‘F(Yxr) (a,1)}

’<F(v><A)n(Y><r) (0,0) 2/<F(\(></\)n(1f><1") (am®).

NOW (5\1 »a2, 5\3)' ('bl » b2, '133) € Xl X X2'
KT(VXA) (5\1"51) = min {KT(YXA) ((%'53) * ((5\1:131)), ((5\3'133) * ((5\2,'52))' KT(YXA) (alz:'bz)}/
A rxry @) = min {Fyxry ((@3P3) * (@ 1)), (@3 3) * (A2 P2)), <Trxr)y @z, B2))-
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{KT(va) (@1, P1), ATrxr) (@, P1)}

- {min{’(T(va) ((as,3) * ((a1, 1)), ((@3,3) * ((A2,B2)), T (vx ) (A2, B2) }
— min{<% xry (@3, b3) * ((az, 1)), ((@3,b3) * (@2, b2)), <Frxr) (@z,b2)

{min{ﬂ(v x ) (@3 3) * (a1, 1)), (@3, 3) * (A2, B2)), ATrxry (@) 1:3)}

> min ,
* (a1, 1)), ((@3,B3) * (A2, B2)), min{ ¥y x oy (A2, D2), LT ¥ xr) (A2, B2)

‘T(va)n(Yxr) (a1, B1)
2 {"T(YXA)n(Yxr) ((@3,3) * (a1, b1)), (@3, B3) * (A2, D2)) A (v x A) n (Y x 1) (%2'732)}'

Ay @) = max (< (@303) * (A1), ((@3,B3) * ((A2,52))s Alivxn (@2, B2)),
Al xry (@1, by) = max {Kl(rxr) (@3, p3) * ((a1, 1)), ((@3,B3) * (A2, 2)), ALy ) (3\2:732)}-
{‘I(VXA) ((a1,®1), ’<I(Y><F) (a1, 1)}
< {max{’(I(va) (@3, p3) * (3, 1)), (@3, 3) * ((42,B2)), <y x 0y (A2, B2) }
= max{<'y «ry ((@313) * (A1), (@3, B3) * (A2, 2)), Arxry (A2,2)

< max {max{‘[(vw\) ((a3, ®3) * (a1, 1)), ((a3, 3) * (a2, b2)), ,<1(er) ((3\3'53)}
B * (a1, 1)), (83, 3) * (32, B2)), max{ £y x ) (@2, 2), Alrxr) (@2, 52)
'<[(v><A)n(y><r) (a1, b1)
< {‘I(va) n(rxr) ((@s Bb3) * (@1, 1)), ((@3,B3) * (a2, B2)) A v x ) N(YxT) (Qz:%z)}

And
A vxny @,B1) =min (£ x ) (@353) * (@ B1)) ((@3,53) * ((@252))s v x ) (@2,DB2)},
A rxry (@, Bb) = min {’<F(Y><F) ((@3,p3) * (a1, 1)), ((@3,3) * ((A2,B2)), £ (rx1) (%2:32)}-
{KF(VXA) ((5\1 '131)' KF(Y' xT) (a\.l l'bl)}

- {min{f(vxm (@3 3) * (A, 1)), (@3, 3) * (@2, B2)), < (v x ) (&2"52)}
— min{<"y xry ((@3,3) * (A1, 1)), ((33,B3) * ((2,B2)), <" (r 1) (A2,P2)

i {min{KF(vxx\) ((as, b3) * (a1, b1)), (@3, B3) * (A2, B2)), K (rxr) ((as,%s)}
- * (311,1)1))' ((3\3'1’3) * (%'Bz)),min{ KF(V X A) (?%2 1132)' ’<f(Y>< r) (3\2 ’ 1’2)
AF(VXA)O(YXF) (3\1"131)
= {‘P(v x 0 n (rxr) ((@s p3) * (a1, b1)), (@3, b3) * (@2, B2)), A (vxnyn(rxr) (@ sz)}-
Hence, (v X ) N (Y X I') = (<™ b, )0 (rxr) ) is a neutrosophic INK-ideal of X; X X,.

4. Conclusion

In this paper we applied the notion of direct product of neutrosophic set to INK-ideal of INK-
algebra. We hhave Introduced the direct product the concept of neutrosophic INK-algebra and a
direct product of closed neutrosophic INK-ideal, and have Investigated several properties. We have
provided conditions for a direct product of neutrosophic set to be a direct product of neutrosophic
INK-ideal in INK-algebra.
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