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SMARANDACHE TYPE FUNCTIONS OBTAINED BY DUALITY
by

C.DUMITRESCU, N. VARLAN,ST.ZAMFIR,
E. RADESCU,N.RADESCU
and
FLORENTIN SMARANDACHE

Abstract

In this paper we extend the Smarandache function from the set N* of positive
mtegers to the set O of rationals.

Using the invertion formula this function is also regarded as a generating
function. We make in evidence a procedure to construct (numerical) functions starting
from a given function in two particular cases. Also scme conections between the
Riemann’s zeta function are etablished.

1. Introduction
The Smarandache function {13] is a numerical function S:¥ -V defined by

Stn)= min { m!: mis divisible by n }.

From the definition it results that if n:pla’.p;l. .pk,a' (1

Key words and phrases:Smarandache function, prime numnbers.
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—C Dumitrescu N Varlan St Zamfir E Radescn N Radesen F Smarandache
is the decomposition of n into primes then S(n)= maxS(p,.ai) (2)
and moreover, if [n,n,] is the smallest common multiple of 7, and n, then

S([n,n,D) =max{S(n,),8(n,)} (3)
The Smarandache function characterizes the prime numbers in the sense that a
positive integer p>4 is prime if end only if it 1s a fixed point of S.

From Legendre’s formula:

DS
m, :Hpizl P (4)
P

it results [2] that if a (p)= ((’;n —11)) and b (p)=p" then considering the standard

numerical scale

[p] : by@).0,(D),....0 (D)....
and the generalized scale

[p] : ap).a,p),...ap),..
we have

S 9=pla,),, (5)

that is S(p*) is calculated multiplying by p the number obtenained writing the

exponent « in the generalised scale [p] and “reading”™ it in the standard scale (p).
Let us observe that the calculus in the generalised scale [p] is essentilly different from

the calculus in the usual scale (p), because the usual relationship b_,(p)=pb (p) is
modified in a,_,(p)=pa (p)+1 ( for more details see [2]).

In the following let us note S,(@)=S(p®) . In [3] it is proved that
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_  Smoarandache type finction obtamed hy duality
S @=(p-Da-o,(a) (©)

where Oy, (®) 1s the sum of the digits of & written in the scale [p] and also that

Sp<a>=@—;ﬁ<E,,<a>+a>+P;o@<a>+ow<«> ™

where 0,(e) 1s the sum of the digits of « written in the standard scale (p) and

E (o) 1s the exponent of p in the decomposition into primes of «!. From (4) results

that Ep(oc)zz [-9—_] , where [h] 1s the integer part of h. It is also said [11] that
: izl p!

K —o(p)(a)

E (@)= )

we can observe that this equality may be written as
N o
!jp(a):( ['p‘](p_))[p]

that 1s the exponent of p m the decomposition into primes of «! is obtained writing the
integer part of a/p in the base (p) and reading in the scale [p].
Finally we note that in [1] it 1s proved that

s @-pla-14-1222)) )
P p

From the definition of S it results that Sp(Ep(a)):p{ﬁ]:a—ap ( o, 1s the
p

remainder of o with respect to the modulus m) and also that
E(S(a)2a; E(S(@)-1)<e (10)

SO
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Sp(“)‘o@)(sp(a))>a S(e)-1 ‘0@)(Sp(“)‘1)<a
p-1 - p-1

Using (6) we obtain that Sp(a) 1s the unique solution of the system

o(p)(x)solp](a)sow(x—l)ﬂ (11),

2. Connection with cllasical numerical functions
It 1s said that Riemann’s zeta function is  {(s)= Z —_
n-1 )?

We may etablishe a connection between the functions Sp and Riemann’s function as

follows:

< al . B . . P
Proposition 2.1. If n:H p; " 1s the decomposition into primes of the pozitive
ho

integer n then

)—p,

C(s—l) p
e IE

Proof. We first etablishe a connection with Euler’s totient function ¢. Let us

observe that for -2 p® 's(p-la  (p)-1 . so 0 4p" =p  Then by means of
(6) it results (for «>2 )that

Sp® D=p-1p* Loy p™ N=p(p)+p

Using the well known relation between ¢ and( given by
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Smarandaghﬁ_t;qm_ﬁmpﬁnn obtained by doality
C(S—1)=E o(n)
C(s) w1 n”

and (12) 1t results the required relation.
Let us remark also that if n 1s given by (1), then

#0011 o)1 S,@")p)
and

S(n)=max(¢(p;" )+p,)

Now it is said that 1+@(p)+...+@(p; )=p," and then

o,-}
Y Spp)-(e,-Dp=p;”
k-1
Consequently we may write
o -1
S(m)=max(SY_ Spp,)~(e,~1)p)
k=0
To etablishe a connection with Mangolt’s function let us note

d

A =min ,\/ =max A = the greatest common divisor and V/ = the smallest
d

common multiple.
d
We shall write also ”1/\ n,=(nn,) and ”1\/ ny=[nn,] .
d
The Smarandache function S may be regarded as a function from the lattice

d
g =N",A.,V) into the lattice 2=(N",A\.V) so that
d .

SCV m)=V Sy (14)

i1k i=Tk
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Of course S is also order preserving in the sense that n, < J=3(n, )<8(n,)
It is said [10] that if (V,A\,V) is a finite lattice, Vo, xp,..%,} with the

induced order < , then for every function f/~N the asociated generating function

1s defined by
F(JCFZJ(V) (15)
Maglot’s function A is

A(n)= { Inp if n=p'

otherwise

The generating function of A in the lattice &, is

Fim=Y" Alk)=lnn (16)

ke

The last equality follows from the fact that

ks p=k/\ =k=k/n (k divides n )
d

The generating function of A in the lattice & is the function ¥

Fm=) A=Y, =[12,..1] (17)

kun

Then we have the diagram from below.
We observe that the definition of S is in a closed connection with the equalities (1.1)
and (2.2) in this diagram. If we note the Mangolt’s function by f then the relations

[1 2,.. 7] eFn =g f2) o fim -, Fim)
n}_eﬁ_eF(J)ﬁ @) eﬁ(m

together with the definition of S suggest us to consider numerical functions of the form:
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Smarandache type finction ohtained hy dnality

v(n)=min{m/ns d[1,2,...,m]} (18)

where will be detailed in the section 5.
A

g‘Ed -7 -7 h T ~ . 83
- -7 = = ——
Ly _ _
Fm)-Y A<l F(n)—g; A(k)=¥(n)
“kin '
/::\ i /17
//’ PO \\A'\
o, / g %,i‘}_, =
/ / \
/ / N
543 Ink )=y Ink- =22 vk | ooy
Yoin F{(n) :,X; Ink=Inn! | 2 ‘P(n)=§ Y(k)

3. The Smarandache function as generating function

Let V be a partial order set. A function f./~N may be obtained from its

generating function F defined as in (15), by the inversion formula

f(x>=}:_ F)ux) (19)
55
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where p 1s Moebius function on V, that is R:F’x}J~N satisfies:

(1) nExy)=0  if x<y
(1) uxx)=1

(1) Y p(xy)=0 if x<z

x<y<z

It is said [10] that if V'={1,2,...,n} then for (V,< ) we have p(x,y)=p(z) ,
x

where (k) 1s the numerical Moebius function
w()=1, u(k)=(-1y if k=p,p,...p, and p(k)=0 ifk is divisible by the square of an

. mteger d>1.
If f 1s the Smarandache function it results

F(m=3_ Sn)
din
Until now it is not known a closed formula for F; | but in [8] it is proved that
(I) F{n)=n if and only if n is a prime , =9, n=16 or n=24
(i) Fn)>n ifand only if n€{8,12,18,20} or n=2p with p a prime ( hence it results

F(n)<n+4 for every pozitive integer n ) and in [2] it is showed that

(i) Fpp,.p)=3, 2" p.
i=]

In this section we shall regard the Smarandache function as a a generating
function that is using the invertion formula we shall construct the function s so that

s(my=y. u(d)S(%) (20)
am

If n1s given by (1) it results that
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Smarandache type function obtained hy duality

sm= Y, (-1yS(—+—)

Pupry-#r, p,"p,-z---p,-’

Let us consider S(n)=maxS(pia'):S(pioai°) . We distinguishe the following
cases:
(a) if S(pioa’b)zS(p,.a’) forall i#i, then we observe that the divisors d for

whitch p(d)#0 are of the form d=/ or d=p, Pi-P; A divisor of the last form may

contais p; ornot, so using (2) it results

s(n)=S(p, S 1-C) A CP (- ¢!+
+S(p; ") - 1+CH -Clr (-1 ”)

that is s(n)=0 if 122 or .S’(p,.oa'°) =S(pl.oa'°“]) and S(n_)=pio otherwise

(@) if there exist j, so that S(p, " )<S(z,*) and S(p,* )>S(p) for

i#iy.J, we also suppose that S(pjo%):max{f(pﬁ/S(piou"’ 1_)<S(p,%)} :
Then ’
S(n)-:S(p,n“‘°)(1-(7,‘,, (-l ey
+S(p, N -1 +<",‘,—(.';2-.._+(-~1)' it 2y
+Sp, & )(1 -C, v Clym (- 1) )

-1 ) .
so S(n)=0 if =3 or S(pjb o )=S(pj.0 a”") and S(n)=—pj0 otherwise.
Consequently, to obtain S(n) we construct as above a maximal sequence
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—C Dumitrescu N _Varlan St Zamfir . Radescn N Radescn F Smarandache
iyl 50 that S()=S(p, ™),8, " Y<S, . SCp,, " )S(p, ™) andi

results that S(n)=0 if r2k+1 or S(Pikaxk)=§@ika"_l) and S(n)=(-1Y"! otherwise.

Let us observe that

S(p™=S(p* " )~(p-Dex+0,,(@)=(p-1)(e-1) 0, (a-1)=
=0, (e¢-1)-0 (ex)=p-1

Otherwise we have o0 (a-1)-0, (¢)=-1 . So we may write

S 0  ift2k+) or o[p](ak—l)mm(ak):p-i
()= (=1)"'p, otherwise

Application. It is said [10] that if (J,A,\/) is a finit lattice, with the induced
order < and for the function fJ~N we consider the generating function F defined
as m (15) then if gy.=F(x‘./\ xj.) 1t results det gl.}.zf(x])ﬂxz)..ﬂxn) .In [10] it is
showen also that this assertion may be generalized for partial ordered set by defining

g,=> fx)

xsx
t}

Using these results if we denote by (1,j) the greatest common divisor of 1 and j

, end A(r)=det(S((i))) for ij=1r then A(r)=s(1).s(2)...s(r) . That is for a
sufficient large we have A(r)=0 (in fact for r>8 ). Moreover, for every n there

exists a sufficient large r so that A(n,r)=det(S(n+in+j)))=0 , for ij=1r because

A(n,r) =ﬁ S(n+1) .
=1
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Smarandache type fiinction obtained hy duahity

4. The extention of S to the rational numbers

To obtam this extention we shall define first a dual function of the Smarandache
function.

In [4] and [6] a dulity principale is used to obtain, starting from a given lattice
on the unit interval, other lattices on the some set. The results are used to propose a
definition of bitopological spaces and to introduce a new point of view for studying the
fuzzy sets. In [5] the method to obtain news lattices on the unit, interval is generalised
for an arbitrary lattice.

In the following we adopt a method from [S] to construct all the functions tied
1n a certain sense by duality to the Smarandache function.

Let us observe that if we note .

R d(n)={m/ns dm!} , 4 d,(n)={m/m!s dn} , R()={min<m'} , L(n)={m/m!<n}
then we may say that the function S is defined by the triplet (A ,&,% ,) » because

Smy=\ {m/meé)t d(n)} .Now we may investigate all the functions defined by means

d
of a triplet (a,b,c), where a is one of the symbols V/,A,V,A . b is one of the
- d

symbols €,¢ and ¢ is one of the sets R (n),d (), R(n),L(n) defined above.

Not all of these function are non-trivial. As we have already seen the triplet
(A .e.R ) defines the function S,(n)=S(n) , but the triplet (A ,€.4 ) defines the

functions S,(n)=/\ {m/m!s n} , which is identically one.

Many of the functions obtained by this method are step functions. For mstance
let S, be the function defined by (A ,€,R) . We have Sy(n)=A {m/n<m!} so

Sy(n)=m ifand only f nef(m-1)!+1,m!] . Let us focus the attention on the function

defined by (V,e,4)
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Sm=V {mim!< p}  (21)
where thereis in a certain sense the dual of Smarandache function.

Proposition 4.1. The function S, satisfies

S4(n1{d\ n2)=S4(nl)/\ S,n,) (22)

s0 is a morphism from (N, A\) to (N7, A) .
d

Proof. Let us denote by p,p......p,,... the sequence of the prime numbers and

let ’71:H p,.a‘,nZ:H piﬁ‘ :

min(e,,B,)

The "1/\”2:HP1- , S4(nl\/ ny)=m , S(n)=m, , for i=1,2 and we
d d

supose m <m, then the right.handin(?_Z) is mAmy=m .

By the definition S, we have pr(m,)s min(eB) for i>1 and there exists
S0 that Epl(m+l)>min(oci,ﬁl.) . Then oci'zEP'(m) and Qg]ip:(vm) foral i~1 . We
also have li‘pt(mr)sal for r=1,2. In addition there exists h and k so that
Eph(’";*“’\“;, , Ep}(n'12+~1)>ak .

Then min(oci,BI.)r»mmwpi(ml) , Epl(mz)):b'pz(ml) , because m <m, , so

my<m, . If we assume m <m, it results that m'<n, so it exists h so that

Eph(m)>ah and we have the contradiction b;.(m)>min{ah,ﬁh} . Of course
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' Smarandache type fimction ohtained hy duality

S,2n+1)=1 and

Sn)>1 ifand onlyifniseven (23)

Proposition 4.2. Let p,p,.....p.,... bethe sequence all consecutive primes and

ny o o B B B,
n=p,'p, P4, 4, . q,

the decomposition of n€N"  into primes such that the first part of the decomposition

contamns the ( eventualy) consecutive primes and let

SeH-1 i E, S0,

{=
S p, L if E, (S )=,

then Sn(n)zmin{tl,tz,...,tk,pm—1}
Prof. If £ p_(S(p,.a'))>oc,. - then from the definition of the function S it results that

S(p,.a -1 is the greatest positive integer m such that E (m)<a, Also

i £ (S(p,")=e, then S(p,")+p,~1 isthe greatest infogerm with the property that E (m)=a,
It results that min{fl,lz,.,.,tk,pk -1'1} is the greatest integer m such that

Ep.(m!)i:'al. fori=1.2,.. k.

Proposition 4.3. The function S, satisfies

S4((n1 +n2))/\ 54([1’11,712]):‘ 4("1)/\ . 4(n2)
for all positive integers 1, and n,
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Proof. " The equality results using (22) from the fact that
w4 [ ) =(nn,) '

We point out now some morphisme properties of the functions defined by a
triplet (a,b,c) as above.

d

Proposition 4.4.(1) The functions S;:N *~N .S (n)=V/ {m/m!s J’} satisfies
Sy(n 1/\ n,)=84(n 1)/\ S5(n,)=S(n 1)/\ Si(ny) (25)
d d
d
(1i) The function SoN™~N".S (n)=V/ {mins Jn!} satisfies
d d
S,V n,)=S(n)V S{n,) (26)

d
(iii) The function S,:N =N ".S(n)=\ {m/m!<n} satisfies

Sy(m A ny) =S,(n A\ S(n)
R . (27)
Sxm\V N)=S.(n)V S(n,)
Proof. (I) Let A-——{al/al.!sani} ) B:{b]/"bl.?gunz} i (':r'l‘/cﬁs“nl/d\nz}
Then we have 4=B or B=A .Indeed. let A={ax,az,_..,ah} , B:{b],b:,...,br} so that

a<a and b,'<b/~1 . Then if a,<b_ it results that a<b_ for i=1h so

i+l

alspbls 7 - That minds AcB . Analogously, if b <a, itresults Bcd . Of

course we have (C=41B soif 4<B it results
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Smarandache type function abtained hy dnaliry

i d
SS(nIC\ n)=V ¢,=V a,=5(n,)=min((Sy(n,).5(n,)) =Ss(n 1)4\ Ss(ny)

From (25) it results that S5 is order preserving in &, (but not in ¢ because

m!<m!+1 but S(m!)=[1,2,..,m] and S(m!+1)=1 ,because m!+1 is odd).

d
(ii) Let us observe that S(n)=\/ %/3 €Tt so that E, A(m)<a,.} .

If a=\/ {m/nsdm!} then n<fa+1)! and a+1=\ {m/nsam!}:S(n) ,SO
S(m=[1,2,...,5(n)-1] .
Thenn we have
d d
S, V np)=[12,..8(m, V ny)-11=[1,2,....8(n)V S(n,)-1]

and
d
Se(ny) \/S6 n)=[[1,2,...8,n,)-11,[1,2,....5(n,)-1]}=[1,2,....S, ”1)\/ Sg(n,)-1]
(it1) The relations (27) results from the fact that S,(n)=[1,2,...,m] if and only

if nefm! (m+1)!-1] .

Now we may extend the Smarandache function to the rational numbers. Every
positive rational number a possesses a unique prime decomposition of the form

a=[[p" (28)
P

with integral exponents o, of which only finitely many are nonzero. Muitiplication

of rational numbers is reduced to addition of their integral exponent systems. As a
consequence of this reduction questions concerning divisibility of rational numbers are
reduced to questions concerning ordering of the corresponding exponent systems. That
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is if b=H p P~ then b divides a if and only if Bps ¢, for all p. The greatest common
P

divisor d and the least common multiple e are given by

d=(a,b,..)=]] p ™=
)
e=[ab,. ]1=]]P max (,,B,,...)
P

Furthermore, the least common multiple of nonzero numbers ( multiplicatively
bounded above ) is reduced by the rule

[ap,. ]-—

1 (30)
( 7’37"')

1
a
to the greatest common divisor of their reciprocals (multiplicatively bounded below).

Of course we may write every positive rational a under the form a=n/n, with
nand n, positive integers.

Definition 4.5. The extention S:0 -0 of the Smarandache function is

defined by

(31)

Sy
n Sn)

A consequence of this definition is that if #, and », are positive integers then

VI SN IR
S(—V —)=S(—)V S(—) (32)
f?2 }71 }’l2

",

Indeed
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Smarandache type fimnction obtained hy duality

-

‘ d
S(—,;‘—Vi>=S< L)1

= 1 =
! n2 nl/d\ n2 S4(n1/d\ nZ) S4(nl)/\ S4(n2)

=)V =SV S0
4 4 g "

2

and we can imediatly deduce that

d
SV =SV Sm) SV (=) (33)
n, m n, m,

1
S2)

It results that the function § defined by S(a)= satisfies

Stn, /d\ n,)=S(n )\ S(n,)
and
SN D-SASE) 64
n 4 n, n, n,
for every positive integers n, and n, . Moreover, it results that
)

Ly

m,

SEA

mld m2

)=(Sn A Sm DS S
: }

and of course the restriction of S to the positive integers is S .- The extention of S

to all the rationals is given by S(-a)=S(a).
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5. Numerical function inspired from the definition of the Smarandache
function

We shall use now the equality (21) and the relation (18) to consider numerical

functions as the Smarandache finction.
We may say that m! Is the product of all positive “smaller” than m in the lattice

& . Analogously the product p,, of all the divizors of m is the product of all the

elements “smaller” than m in the lattice < . So we may consider functions of the form

6(m)= A\ {m/n<_p(m)! (35)
It 1s said that if m=p1x'-p2xz~...-p,x’ then the product of all the divisors of m is

o(m)=y/m ™™ were Wm)=(x, +1)(x,+1)...(x,+1) is the number of all the divisors of

m.
If nis given as in (1) then n< p(m) if and only if:

g,5x,(x, +I)(Jc2+1)...(x,+l)—2051 >0

£r=Xy(x, = 1)x,=1)..(x,+1) -20,>0

gEx (X +1)(xy+ 1) fx,+ 1) =220 (37)

so 6(n) may be obtaine solving the problem of non linear programing

(min)f=p,"p,"...p," (38)

under the restrictions (37).
The solutions of this problem may be obtaine applying the algorithm SUMT

(Sequential Unconstrained Minimization Techniques) does to Fiacco and Mc Cormick
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il

Examples
1% For n=3%5", (37) and (38) become (min) Ax)=3*152 with

x, (%, +1)(x,+1)28 Xy(x,+1}(x,+1)224 . Considering the function

Ulx,n)=fx) —rE In g(x) , and the system

i=1
dU/6x,=0 , 8U/8x,=0 (39)
mn [7] it is showed that if the solution x,(r),x,(r) can't be explained from the system
we canmake r-~0 . Thenthe system becomes x(x; +1)(x, +1)=8 x,(x, +1)(x,+1)=24
with the (real) solution x,=1x,=3 .
So, we have minim/3*5'%<p(m)}=m,=3-5>

Indeed p(m,) =m0r( m"yz:mo’ =3%-512=p

2° For n=3%5" , from the system (39) it results for x, the equation

2x; +9x22+7x2+98=0 , with the real solution x,€(2,3) . It results x,€(4/7,5/7) .
Considering x,=1 , we observe that for x,=2 the problem, but x,=3 give
0(3%-57)=3%52 .
3° Generaly for n=p,m‘-pzmZ , from the system (39) it results the equation

3 2 2
o,x, +(czl +a2)~x2 +oc2xz—2a2—0

with solutions given by Cartan's formula.
Of course, using "the method of the triplets”, as for the Smarandache function, many
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other functions may be associatedto 0 .

For the function v given by (18) it is also possibile to generate a class of function

by means of such triplets.
In the sequel we'll focus the attention on the analogous of the Smarandache function
and on his dual in this case.

Proposition 5.1. If in has the decomposition into primes given by (1) then

(i) v(n)=max p,’
=1t

d
) v@nV n,)=v(n,)Vv(n,)
Proof.
(1) Let be max pia’:p:” . Then p,.a’sp:" forall i=1t ,so p,.a’sd[l,Z,...,p:"] .

But (pia',p;’) for i#j andthen n< d[1,2,...,p:"]

. a . ’ ..
Now if for some m<p,” we have n<[1,2,..m] , it results the contradiction

d
(11) If nl:Hpap > nzzan'H then nIVnZ:Hp”m\(apﬁp’ SO

d

v(n,\/ n,)=maxp mane,

»'= max( maxp “,maxp Py
The function v,=v is defined by means of the triplet ( /\,Eé’ﬁ[ &) where
§R[ d]={m/ns d[1,2,...,m]} . His dul, in the sense of the above section is the function
defined by the triplet (\/ ,6,2,{[ d}) . Let us note this function
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v4(n)=\/ {m/[l,Z,...,m]sdn}

» That 1s v(n) 1s the greatest natural number with the property that all

m<v,(n) divide n.
Let us observe that a necessary and sufficient condition to have v (n)>1 isto
exists m> 1 so that every prime p<m divide n. From the definition of v, it is also

results that v,(n)=m if and only if n is divisible by every i<n and note by m /.

Proposition 5.2. The function v, satisfies
vm A n)=vn)A vn)
d

Proof. Let us note n=n,An, , vm)=m , v(n)=m  for i=1,2. If
- d

m,=m [\ m, thenwe provethat m=m, .From the definition of v, it results
v (n)=m=[Vi<m~n is divisibie by i but not by m+1]

If m<m, then m+l<m<m so m+] divides n, and n, . That is m+]

divides n.

If m>m, then m +l<n so m +1 dividesn Butndivides n, ,so m,~+1
divides n, .
If lo=max{i/jsi=m is divide n} then v,(») may be obtained solving the

integer linear programming problem
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Iy
tm ax)f:Z x.Inp
i=1

x. <o, for izrtO (41)
‘o

> xhpsinp,
x=1

If 7, is the maximal value of f for above problem, then v 4(n)=ef°

For instance v,(2°.3%5.11)=6

Of course, the function v may be extinded to the rational numbers in the same
way as the Smarandache function:
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