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Translation representations and scattering by two intervals

Palle Jorgensen,!? Steen Pedersen,?? and Feng Tian?°
' Department of Mathematics, The University of Iowa, lowa City, lowa 52242-1419, USA
2Department of Mathematics, Wright State University, Dayton, Ohio 45435, USA

(Received 7 January 2012; accepted 13 April 2012; published online 16 May 2012)

Studying unitary one-parameter groups in Hilbert space (U(t), 5¢), we show that
a model for obstacle scattering can be built, up to unitary equivalence, with the
use of translation representations for L>-functions in the complement of two finite
and disjoint intervals. The model encompasses a family of systems (U(¢), .7¢). For
each, we obtain a detailed spectral representation, and we compute the scattering
operator and scattering matrix. We illustrate our results in the Lax-Phillips model
where (U(t), J) represents an acoustic wave equation in an exterior domain; and
in quantum tunneling for dynamics of quantum states. © 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4709770]

To the memory of William B. Arveson.

I. INTRODUCTION

For a number of problems in analysis, one is faced with a unitary one-parameter group acting
on a Hilbert space. In such a problem, if an energy form is preserved, this allows one to create a
Hilbert space 77, and then to study how states change, as a function of time, via a one-parameter
group of unitary operators U(f) acting in 7#. Here ¢ is representing time.

For the study of scattering theory, Lax and Phillips suggested in Ref. 24 that one looks for two
unitarily equivalent versions of U(#). For the acoustic wave equation, for example, with scattering
around a finite obstacle, Lax and Phillips proved that, in each of these two representations, the
equivalent unitary one-parameter group may be taken to be a “copy of” the group of translations
of L*>-functions on the real line R, but functions taking values in a fixed Hilbert space .#. By “a
copy” we mean a one-parameter group which in unitarily equivalent to U(#). As a result, one gets
two isometric transforms from . into L*(R, .#).

The two representations are called “translation representations;” one incoming and the other
outgoing. It is known that the same idea is applicable to certain instances of dynamics of quantum
states governed by a Schrodinger equation. In the Lax-Phillips model, given as above, a pair
(A2, U(1)), Hilbert space, and unitary one-parameter group, one looks for two closed subspaces D,
(incoming states) and D,,, (outgoing states) in 7. Incoming refers to “before the obstacle;” and
outgoing, after. On the incoming states f;,, U(f) acts by translation to the left, so acting before the
“obstacle,” while the outgoing states f,,;, U(f) acts by translation to the right. A scattering operator
S will act between the two subspaces, Sf;; = four, sending f;,, into fo,.

A second source of motivation for our analysis of exterior problems derives from recent work
on exterior dynamical systems; now extensively studied under the heading “outer billiard” or dual
billiard or anti-billiard; see, e.g., Refs. 41 and 40. Unlike billiard,>* the “outer” game is played
outside of the table (a convex domain). The role of unitary operators in Hilbert space is supported
by a theorem of Moser which asserts that the outer billiard map is area-preserving.
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FIG. 1. Q = the complement in R of # finite and disjoint intervals.

Now, in realistic models, detailed properties of an obstacle are often difficult to come by, and it
is therefore useful to work through some idealized models for obstacle. In the simplest such models,
for example, the complement of two bounded disjoint intervals in R (see Fig. 1), one can rephrase the
problem in the language of von Neumann’s deficiency indices and deficiency subspaces, see Refs.
49 and 16 and Sec. II below. This is the focus of our present analysis, and it covers such examples
from quantum mechanics as quantum tunneling. Now, as above, fix two bounded intervals /; and
I, and let 2 denote the complement, i.e., 2 = R\(/; U I3). So 2 has one bounded component and
two unbounded. Since translation of L2-functions is generated by the derivative operator D, it is
natural to study D as a skew-symmetric operator with domain dense in L>(£2) consisting of functions
f such that f, Df € L*(Q), and f vanishes on the four boundary points. This is called the minimal
operator. The corresponding adjoint operator is the maximal one; see Remark 2.4 and Refs. 22
and 16.

A degenerate instance of this is when €2 is instead the complement of 2 points. In both cases,
the minimal operator D will have deficiency indices (2, 2). Using our analysis from Ref. 22, one sees
that we then get all the skew-self-adjoint extensions of D = % indexed by the group U(2) of all
unitary 2 x 2 matrices. This can be done such that, for every B in U(2), we realize a corresponding
skew-self-adjoint boundary conditions (bc-B), and therefore a unitary one-parameter group Up(?)
acting on L2(£2). In our paper we find the scattering theory as well as the spectral theory of each of
these unitary one-parameter groups.

For each Ug(t) we find a system of generalized eigenfunctions. They are determined by three
functions ag, bg, and cp, one for each of the three connected components of €2.

A. Overview

We undertake a systematic study of interconnections between geometry and spectrum for a
family of self-adjoint operator extensions indexed by two things: by (i) the prescribed configuration
of the two intervals and by (ii) the von Neumann parameters (see (1.2)). This turns out to be subtle,
and we show in detail how variations in both (i) and (ii) translate into explicit spectral properties for
the extension operators. Indeed, for each choice in (i), i.e., relative length of the two intervals, we
have a Hermitian operator with deficiency indices (2, 2). Our main theme is spectral theory of the
corresponding family of (2, 2)-self-adjoint extension operators.

In Sec. II, we introduce some tools, reproducing kernels, and von Neumann deficiency indices
for dealing with the main setting: A direct integral representation of the boundary value problem. The
self-adjoint realizations correspond to a family of unitary one-parameter groups, each one generated
by skew-self-adjoint extension of a minimal first order differential operator in open and unbounded
subset 2 of R.

A key point here is that the unitary one-parameter groups are parametrized by one of the unitary
matrix groups U(n). Here, the number 7 is related to 2 as follows: €2 has two unbounded components
and n — 1 bounded components.

Section III contains detailed computations of spectral data for unitary one parameter groups
Up(t) acting in L*(Q2), indexed by B in U(n): An explicit presentation of the generalized eigenfunction
direct-integral presentation. The essential points in our analysis are revealed in the case n = 2, and we
therefore present the details for U(2). We show that the measure in the direct integral decomposition
of Up(?) is of the form o g(dA) = Pg(A)dA with periodic density, and where, in each period-interval,
Pg is a Poisson kernel depending on B in U(2). We further find that the cases of embedded point-
spectrum (Dirac combs) arise as a limit taking place in the group U(2).

Within each section, the results are illustrated with applications from physics and from harmonic
analysis.
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Sections [IV-VII deal with scattering theory for the unitary one-parameter groups Ug(#). This is
presented in terms of time-delay operators, translation representations, and Lax-Phillips scattering
operators. Closely connected to the scattering operator is the Lax-Phillips contraction semigroup; it
is computed in Sec. VL.

B. Unbounded operators

We recall the following fundamental result of von Neumann on extensions of Hermitian
operators.
In order to make precise the boundary form for the cases (2.6) and (2.7) we need the following.

Lemma 1.1: Let Q C R be as above. Suppose fand f' = % f (distribution derivative) are both

in L*(Q); then there is a continuous function f on Q (closure) such that f = f a. e. on Q, and
limlx\ﬁoo f(X) =0.

Proof: Let p € R be a boundary point. Then for all x € €2, we have

f&x) = f(p) =f f'dy. (1.1)

p

Indeed, [’ € L! on account of the following Schwarz estimate:

loc
1fx) = F(p)l < VIx—pl|f

Since the RHS in (1.1) is well defined, this serves to make the LHS also meaningful. Now set

LX)

fx):= f(p)+/ 'y,

p

and it can readily be checked that f satisfies the conclusions in the lemma. |

Lemma 1.2 (see, e.g., Ref. 16): Let L be a closed Hermitian operator with dense domain % in
a Hilbert space. Set

Di =Y+ € dom(L") | L*Yo = Fiy},
CL)={U:9 > 2_|U"U =Py, ,UU" =Py }, (1.2)
where Pg, denote the respective projections. Set
EL)={S|LCS, S =S}

Then there is a bijective correspondence between € (L) and & (L), given as follows:
If U € €(L), and let Ly be the restriction of L* to

{oo+ fo +Ufy l@o € Do, fr € Dy} (1.3)

Then Ly € &(L), and conversely every S € &(L) has the form Ly for some U € € (L). With
S € &(L), take

U= —il)S+iD)" |y, (1.4)
and note that

(1) U e %€(L)and
(2) S=Ly.

Vectors f in dom(L*) admit a unique decomposition f = ¢y + f+ + f— where ¢¢ € dom(L)
and f+ € D+. For the boundary-form B(-, -), we have

iB(f, /Yy=(L*f. f)—(f.L*f).
= [1fe? = N-1?.
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C. Prior literature

There are related investigations in the literature on spectrum and deficiency indices. For the
case of indices (1, 1), see, for example, Refs. 44 and 25. For a study of odd-order operators, see
Ref. 7. Operators of even order in a single interval are studied in Ref. 34. The paper’ studies matching
interface conditions in connection with deficiency indices (m, m). Dirac operators are studied in
Ref. 39. For the theory of self-adjoint extensions operators and their spectra, see Refs. 43 and 18, for
the theory; and Refs. 33,48, 47, 38, 28, and 29 for recent papers with applications. For applications to
other problems in physics, see e.g., Refs. 2, 36, 5, and 30. And Ref. 10 on the double-slit experiment.
For related problems regarding spectral resolutions, but for fractal measures, see, e.g., Refs. 12, 11,
and 13.

Il. MOMENTUM OPERATORS

By momentum operator P we mean the generator for the group of translations in L?( — 0o, 00),
see (2.4) below. There are several reasons for taking a closer look at restrictions of the operator P.
In our analysis, we study spectral theory determined by the complement of two bounded disjoint
intervals, i.e., the union of one bounded component and two unbounded components (details below.)
Our motivation derives from quantum theory (see Sec. V), and from the study of spectral pairs in
geometric analysis; see, e.g., Refs. 12,17,21,23, and 37. In our model, we examine how the spectral
theory depends on both variations in the choice of the two intervals as well as on variations in the
von Neumann parameters.

Granted that in many applications, one is faced with vastly more complicated data and operators;
nonetheless, it is often the case that the more subtle situations will be unitarily equivalent to a suitable
model involving P. This is reflected, for example, in the conclusion of the Stone-von Neumann
uniqueness theorem: The Weyl relations for quantum systems with a finite number of degree of
freedom are unitarily equivalent to the standard model with momentum and position operators P
and Q. For details, see e.g., Ref. 20.

A. The boundary form, spectrum, and the group U(2)

Since the problem is essentially invariant under affine transformations we may assume the two
intervals are I; = [0, 1] and I, = [«, B], « > 1; and the exterior domain

Q:=1_ULUI, (2.1)
consists of three components

I :=(—00,0), Iy :=(1,a), I := (B, o). 2.2)

Let L?(Q2) be the Hilbert space with respect to the inner product

(fle) 1=/ fe+ | fg+| rsg (2.3)
I I I
The maximal momentum operator is
1 d
== 24
i2m dt 24

with domain Z(P) equal to the set of absolutely continuous functions on 2 where both f and Pf are
square-integrable.
The boundary form associated with P is defined as the form

B(f,9):=(Pf g —(fI|Pg) (2.5)
on Z(P). Clearly,
B(f.g) = f(D)g(D) — f(0)g(0) + f(B)g(B) — f(e)g(c). (2.6)
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For f € 2(P), let p1(f) := (f(1), fiB)) and pa(f) := (f(0), flar)). Then
B(f, &) = (01(f) | p1(8)) — (02(f) | p2(2)) . (2.7

Hence ((Cz, 01, ,02) is a boundary triple for P. The set of self-adjoint restrictions of P is parametrized
by the group U(2) of all unitary 2 x 2 matrices, see, e.g., Ref. 15. Explicitly, any unitary 2 x 2
matrix B determines a self-adjoint restriction Py of P by setting

7 (Pp):={f € Z(P)| Bpi(f) = p2(f)}. (2.8)

Conversely, every self-adjoint restriction of P is obtained in this manner.
When B € U(2) is fixed, we will denote the corresponding self-adjoint extension operator Pg.
(For our parametrization of U(2) see (2.21).)

In Secs. II and III below we prove the following theorem.

Theorem 2.1: If B € U(2) has its parameter w satisfying 0 < w < 1, then there is a system of
bounded generalized eigenfunctions {wig); A € R}, and a positive Borel function Fg(-) on R such
that the unitary one-parameter group Ug(f) in L*(Q2) generated by Py has the form

W) f) @) = /R =0 (" f)_wPFaGdr (2.9)
forall f e LX), x € Q, and t € R; where

(1. 5)_ = /Q By f()dy.

We further show that (when w(B) > 0) the density function Fg(-) in (2.9) is periodic in A, and
that, in each period, Fp( - ) is a Poisson kernel, determined from a specific action of the group U(2).

In Sec. II, we prepare with some technical lemmas; and in Sec. III we compute explicit formulas
for the expansion (2.9) above, and we discuss their physical significance.

In particular, we note that when w > 0, there are no bound-state contributions to the expansion
(2.9). By contrast if w = 0, there are bound-states. This entails embedded point-spectrum. In all
cases the point-spectrum has the form %Z where [ = o — 1 is the length of the interval /.

B. Reproducing Kernel Hilbert space

In this section, we introduce a certain reproducing kernel Hilbert space .771(2); a first order
Sobolev space, hence the subscript 1. Its reproducing kernel is found (Lemma 2.2), and it serves two
purposes: First, we show that each of the unbounded self-adjoint extension operators Py, defined
from (2.8) in Sec. II A, have their graphs naturally embedded in .7#{(<2). Second, for each Pg,
the reproducing kernel for .771(€2) helps us pin down the generalized eigenfunctions for Pg. The
arguments for this are based in turn on Lemma 1.2 and the boundary form B from (2.5) and (2.6).

Lemma 2.2: Let
Q=1_ULUI, (2.10)

be as above, and L*(R2) be the Hilbert space of all L>-functions on Q with inner product { - , - Yo and
norm || - ||q. Set

H(Q) ={f € LXQ)| Df = f' e LAQ)}:
then 76,(Q2) is a reproducing kernel Hilbert space of functions on Q2 (closure).

Proof: For the special case where 2 = R, the details are in Ref. 20. For the case where 2 is the
exterior domain from (2.10), we already noted (Lemma 1.1) that each f € {(£2) has a continuous
representation f, and that f vanishes at & co. The inner product in J#{(R2) is

(f. 8oy = (f-@a+(f. &) - (2.11)
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Letx € Q =1_UTyUT, and denote by J the interval containing x; and let p be a boundary point
in J. Then an application of Cauchy-Schwarz yields

7 = |7 = 29 f TOS 0)dy
P

12
< IS+ 1715 < 1 k@ -
We conclude that the linear functional
H(Q) > f~ fx)eC

is continuous on .#7{(£2) with respect to the norm from (2.11). By Riesz, applied to J#(£2), we
conclude that there is a unique k, € J7{(£2) such that

F ) = ke, [ ome (2.12)

for all f € J4(R2).

If x in (2.12) is a boundary point, then the formula must be modified using instead f(x,)
= limit from the right if x is a left-hand side end-point in J. If x is instead a right-hand side end-point
in J, then use f (x_) in formula (2.12). This concludes the proof of the lemma. |

We are using here standard tools on reproducing kernel Hilbert spaces (RKHS). For the essential
properties of RKHSs, and their use in scattering theory, see Refs. 4 and 1.

Lemma 2.3: Let Q C R be an open subset, and let J = (a, b) be a bounded connected component
in Q. Then the reproducing kernels for evaluation in €(2) at the two endpoints a and b depend
only on F4(J). The two kernels k, and k;, can be taken to be zero in Q\J. Let

k() = coh(b — x) 2.13)
o= b — a) '
and
__coh(x —a)
kp(x) = Sh —a) (2.14)

defined for all x € J, and 0 in Q\J. Here, coh, and sih denote the usual hyperbolic trigonometric
functions. Then

flay) = kas ) and f(b2) = ko, f) ) (2.15)

hold for all f € J4(2).
For a < x < b, the reproducing kernel function k() of

@) = ke, o> | € H(Q) (2.16)

sih(b — x)coh(b — y) + sih(x — a)coh(y — a)
(sih(b — a))* '

ki(y) = 2.17)

Proof: Since the two kernels are zero in the complement 2\J, we only need to determine them
in the interval J = (a, b). A direct analysis shows that they must have the form

Ae® ™ + Be*?, (2.18)

where A and B are constants to be determined from the two conditions (2.15). When this is done we
find the values of A and B in (2.18), and a computation yields the desired formulas (2.13) and (2.14).
The formula (2.17) for the kernel function k,, when x is an interior point, may be obtained from the
endpoint formulas (2.13) and (2.14), and an interpolation argument. |

Remark 2.4: Consider the operator P,,;, in L>(2) with domain

D(Puin) ={f € H4(Q); f =00n0Q}, (2.19)
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and P,;, = -—-L. Then P,,, is Hermitian (symmetric) on its domain in L*(R), and for its adjoint

2w dx*
operator P, we have Z(P. )= J£(S2). Moreover, for every B € U(2), we have two strict

) A min min
inclusions of graphs

Pmin ; PB ; P,Zm(z Pmax)~ (220)

Remark 2.5: The connection between the boundary form formulation and the von Neumann
deficiency space approach is further explored in Ref. 22.
The family of unitary 2 x 2 matrices is parameterized by

w e(g) —/1—w2e(® — )
B = , (2.21)
V1 =w?e(y) w e( — ¢)
where 0 <w <1,0,¢,¢¥ € R and
e(x) 1= e'>7*, (2.22)

From (2.21), note det B = e(f); and (2.21) is consistent with the parametrization of SU, as follows:

a b
_ , (2.23)
b a
where a, b € C satisfy |a|> + |b|> = 1. We have a = w e(—¢), and so w = |a| € [0, 1].
Proposition 2.6: Leta, B e R, 1 <o < f < 00, and set

Q = (—00,0) U (1, @) U (B, 00) (2.24)

be as in (2.28)—(2.2). Let B € U(2), and let Pg be the corresponding self-adjoint operator (see
Lemma 1.2). Let ko, k1, ko, and kg be the reproducing kernels of the four boundary points in (2.24),

see Lemma 2.2. Set
ko ki
kR = and kL = (225)
kg kg

as elements in 71(Q) ® (), L for points on the left and R for right-hand side boundary points.
Then Py is characterized by its dense domain in L*(2) as follows:

P(Pp) ={f € H(Q); f & f L (kg — Bky) in H#1(Q) & H(Q)} . (2.26)

Proof: The graph of Pg is

S
G(Pp) = {(P f) s f € Q(PB)},
B

1172 + 1Ps F 11720y = 1 i) - f € D(Ps).

Hence the characterization of Z(Pg) in (2.8) reads

see (2.8), and

ki, )@ ko, e
B ( ) = )., feaerp, (227)
<kﬂv f><9f1(9) (koz’ f)jﬁ(gz)
where we have used Lemma 2.2. Introducing k; and kg as in (2.25), we see that (2.27) is indeed
equivalent to the characterization in (2.26). |

Remark 2.7: The characterization (2.26) in Proposition 2.6 extends to more general open subsets
Q in R: It holds mutatis mutandis,that if €2 is the union of a finite number of bounded components,
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and two unbounded, i.e.,

n—1

Q = (—o0, B U U(Oti, Bi+1) U (@, 00), (2.28)
i=1
where
—o<Bi<ai<Bh<am<--<oy <P, <a, <oo.
Set
kﬁl kﬂtl
kﬂz kOlz
kg = and k; =
kﬂn kau

in @;_, #4(Q). Let B be a unitary complex n X n matrix, i.e., B € U(n); then there is a unique
self-adjoint operator Py with dense domain Z(Pg) in L*(2) such that

P(Pp)=1{f e MQ:f@ & fL(kp—Bk)in @A (229)
. i=1
n times

and all the self-adjoint extensions of the minimal operator D,,;, in L*() arise this way. In particular,
the deficiency indices are (n, n).

Proposition 2.8: Let n > 2; and set J; = (o, Bi + 1), J—- = (—00, B1), J+ = (ay, 00) as in
(2.28). Set @ = U/~ J;, so

LA Q)= LX(Q) @ L*(J_U J,). (2.30)

Of the self-adjoint extension operators Pg, indexed by B € U(n), we get the @ direct decomposition

Pg = Py @ Py, (2.31)

where Pg is densely defined and s.a. in L*(2) and Py is densely defined and s.a. in L*>(J_UJ ), if
and only if B (in U(n)) has the form

0 --- 0 | e

0
— (2.32)

B

for some® € R/Z,and B € U(n — 1).

Proof: Note that presentation (2.32) for some B € U(n) implies the boundary condition f{3,)
=e(0)f(a;) for f € P(Pg) when Py is the self-adjoint operator in L?(2) determined in Remark 2.7.
And, moreover, the @ sum decomposition (2.31) will be satisfied.

One checks that the converse holds as well; see also Theorem 3.8 below; which is a special
case. |

Remark 2.9 (Internal domains vs external): It is of interest to compare spectral theory for the
self-adjoint restrictions P of the momentum operator in L*(2) in the two cases when € is internal,
as opposed to external. By 2 internal we mean that €2 is a finite union of disjoint and finite intervals.



053505-9 Jorgensen, Pedersen, and Tian J. Math. Phys. 53, 053505 (2012)

T.(t),t>0

FIG. 2. Infinite barriers.

The case when 2 is the union of two finite disjoint intervals was considered in Ref. 22, and we found
that the possibilities for the spectral representation of Pp includes both continuous and discrete; but
more importantly, we found in Ref. 22 that the embedded point-spectrum of some of the self-adjoint
operators Pp arising this way may be non-periodic.

Contrast this with the external case studied here, i.e., when €2 is instead the complement of two
finite disjoint closed intervals; so the case when €2 is the union of three components, one bounded
Iy, and two unbounded. There are some aspects of this external problem that are simpler: In the
present external problem, the only possibility for point-spectrum is periodic (see Corollary 3.30).
The reason for this is that point-spectrum corresponds to bound-states for wave functions trapped in
a single bounded interval. In other words, there are only those bound-states that are trapped in the
single finite component (see Fig. 2.) Note in Fig. 2 the two thick walls (barriers) on either side of I
and the corresponding periodic motion inside /.

Had we instead taken €2 to be the complement of three finite disjoint closed intervals, then the
von Neumann deficiency indices would be (3, 3) and there would be examples of B in U(3) such that
Pg could have non-periodic embedded point-spectrum; so cases analogous to the non-periodic case
in Ref. 22. And as a result, the spectral density measure o g( - ) might be non-periodic.

lll. SPECTRAL THEORY

In this section, we fix an exterior domain €2, the complement of two finite disjoint intervals.
For every B in U(2), we introduce the corresponding self-adjoint operator Pz with dense domain in
L*(R2), see (2.8). We are concerned about spectral theory for P, and scattering theory for the unitary
one-parameter group Up(f) generated by Pg. In our study of spectral theory for {Up(?)};cr, We rely
on tools from Ref. 45. In Theorem 3.25 below we show that, for the general case of B, Up(f) has
simple spectrum (i.e., multiplicity one). Simple spectrum was introduced in Ref. 45. For fixed B, we
further write down the spectral representation for Ug(?).

Our spectral representation formula for P is presented in Theorem 3.25 below; and the scattering
operator (and scattering matrix) for Ug(?) is given in Theorem 5.5.

Fix two intervals I} = [0, 1] and I, = [¢, 8], @ > 1, and Q =1_UIy U, being the exterior
domain in (3.21), where I_ = (— 00, 0), Iy = (1, @), and I, = (B, 00). Let x _, xo0, x + be the
corresponding characteristic functions.
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There is a one-to-one correspondence between self-adjoint restrictions Pp of the maximal
momentum operator P in L?($2), and the 2 x 2 unitary matrices B parameterized via (2.21).
The two extreme cases w = 0, and w = 1 will be considered separately, i.e.,

0 —e®—v)
w=0: , 3.1
e(y) 0
e($) 0
w=1: . (3.2)
0 el@—9¢)

We use (2.21) in the computation of the spectrum of the family of self-adjoint operators Ppg
from Sec. L.
We show that w = 0 is a singularity and gives rise to embedded point-spectrum
t (P )= v + :
Plspectrum\ ' B(w=0,¢.,v,0)) = o —1 o—1
embedded in the continuum. (The subscript in (3.3) refers to the degenerate matrix (3.1).) For details,
we refer to Theorem 3.8, Fig. 2, and Remark 3.9 below.

Z (3.3)

A. Spectrum and eigenfunctions

Fix a unitary 2 x 2 matrix B. Since the self-adjoint operator has continuous spectrum, possibly
with embedded point-atoms, its spectral representation must entail generalized eigenfunctions wiB)
with A € R denoting the spectral-variable. The reason for “generalized” is that, when A is fixed,

iB) is “trying” to be an eigenfunction, but it is not in L?>(2). Hence to make precise the spectral
resolution of Pg we will need some Gelfand-Schwartz distribution theory.

Let 75 be the 2 = C2° functions on the real line that together with all their derivatives satisfies
the boundary condition Bp(-) = p2(-). Let Zp (2) be the restrictions of the functions in Zg to Q.
Since Z and C° (R \ Q) are nuclear and subspaces and quotients of nuclear spaces are nuclear, it
follows that I (£2) is nuclear.

Let Py denote the restriction of Pg to 25 (2), then Py is continuous Z (2) — P ().
Let 75 (R2) denote the set of anti-linear continuous functionals on % (£2). Then Py extends
by duality to an operator P, on % (2). The duality formula for extending Pp to %y (Q) is
(Ppvr) (@) = v (Ppe) , sometimes we will write this as (¢ | Py ) = ( Pgg| ¥), for all ¢ in Zp (Q)
and all ¥ in 75 (Q).

A generalized eigenvalue of Pg is a real scalar A for which there is a corresponding generalized
eigenvector, i.e., a \, in 95 () such that

(@|Ppv) =2 | ¥) (3.4)

for all ¢ in P (2) . Hence the generalized eigenvalues/eigenvectors of Pp are ordinary eigenval-
ues/eigenvectors of Pj.

The following lemmas establish that the spectrum of Pg is the real line and that for fixed A the
corresponding generalized eigenspace is spanned by the functions

Yy = (@ x— +bixo + caxs)ex (3.5)
where a,, by, ¢, are scalars such that (2.8) holds, i.e., Bo1({;) = p2(¥1). Recall, e;(x) = e(Ax)
= 2™ 50 we write (3.5) as

Vi (x) = (@ x-(x) + by xo(x) + cax+(x)) €, (x)

for A, x € R.
The scattering theoretic interpretation of the spectral theoretic conclusions is illustrated in
Figures 1, 2 above, and Figure 3 below.
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Lemma 3.1: Each real number A is a generalized eigenvalue of Pg and the corresponding
generalized eigenfunctions are the functions (3.5).

Proof: We can write (3.4) as ¥; = i2wAy,. Solving this differential equation using weak
solution are also strong solutions we see that (3.5) holds. It follows from (3.5) that both sides of
(3.4) are given by integrals, hence we can rewrite (3.4) as

o0 (Pws) rdx = [ (Pog) v a.
Q Q
where A € R and ¢ € 25 (R2) . Integration by parts, then shows that the boundary form

B9, ¥n) = ¢(H)y(1) — (0):.(0) + ¢(B)Ya(B) — p(a)Yr(a) = 0,

for all » € R and all ¢ € Z5 (RQ). Fixing A and using ¢ in P () is arbitrary, it follows that v,
satisfies the boundary condition Bp(-) = p2(-). ||

The boundary condition (2.8) gives

whe(@+1)—+v1—wiced® — ¥ + BL) =a, (3.6)
V1—w2be(y + 1)+ wceld — ¢+ BL) = be(al). (3.7)

Lemma 3.2: If 0 < w < 1, then each generalized eigenvalue has multiplicity one, and the two
functions ) +— ag(L) and A — cp()L) are given by the following formulas:

a4, = byw ' e(@)e(h) (1 — V1= wle(—y + (a — m)) (3.8)
and
= bywe(¢ — O)e(—(B — a)) (1 — V1= ey — (@ — m)) . (3.9)

Proof: If b =0, then (3.6) and (3.7) shows that a = ¢ = 0. If b = 1 we can solve (3.6) and (3.7)
for a and c. If we assume b = 1, we can re-write the boundary conditions as

wel@+A) — V1 —wle, e(@ — v + BA) = ay, (3.10)
V1 —wle(y + 1) +wc, e(@ — ¢ + BA) = e(ah). @3.11)
ibarrier 11 ibarrier 21 ibarrier 31 ibarrier n}
o i L A A Sl A
0 ﬁl\\ ~o (,/’/(ln +00
Uj(t)
\\\\\u/’/,
T.(t),t>0

FIG.3. w=0.
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From (3.11),
e(a)) — /1 —w2e(y + 1)
¢ = (3.12)
we(@ — ¢ + BA)
which can be written as (3.8). Substituting (3.12) into (3.11), we get (3.9). |

Lemma 3.3: If w = 0, then each point A € —% + ﬁZ is a generalized eigenvalue of multi-
plicity two and all other generalized eigenvalues have multiplicity one. In fact, for any X in R,

Y =cn(—e@ — ¥ + BMx- + x4) e
is a generalized eigenfunctions and for A € —% + ﬁZ

¥y, = by xoe;.

is also a (generalized) eigenfunction.
Proof: If w = 0, then (3.6) and (3.7) reduce to

—ce0 — ¢ + BA) = ay

bye(y + L) = b e(al).
Hence the stated formulas for the generalized eigenfunctions follow from (3.5). ]

Lemma 3.4: The spectrum of Pg is the real line. In particular, the set of generalized eigenvalues
equal the spectrum of Pg.

Proof: Let A be a real number and suppose ¥, is determined by (3.5). Let & be a smooth
functions on the real line such that 0 < h, — /' < 1, h(x) = 1 when x < 0, and h(x) = 0 when x > 2.
Let

g(x) :==h(x —khk —x), ke N, x e R.

Then g is a sequence of smooth functions on the real line such that 0 < g, g,/( <1, gi(x) = 0 when
|x|] > k 4+ 2, and gx(x) = 1 when |x| < k. Let ¢, be a positive real number such that fg|ckgk1/fk|2
= 1. For k > B the functions f, i := cxgxV¥, are unit vectors in the domain of Pp and

| Ps ok — )»fx,kni — 0ask — oo.

Consequently, A is in the spectrum of Pp. |

B. Direct integral representation

von Neumann® showed there exists a probability measure v on R and a v-measurable field
H(&) of separable Hilbert spaces such that, if

K :=/ H(E)dv (@),
R

then there is a unitary F: [*(Q2) — K, such that
(F(Pgf)(E)=§(Ff)(&) (3.13)

for all £ € E = supp(v) and all fin the domain of Pg. Furthermore, if n(§) denotes the dimension of
H(&) there exists a sequence (g;) of v-measurable vector fields such that

{8 @) [k <n(E)+1}

is an orthonormal basis for H(£) and g(§) = 0 when n(§) < k. Note n(§) = oo is possible.
Let

(Ff &) == {FfE) | 8 ) e (3.14)



053505-13 Jorgensen, Pedersen, and Tian J. Math. Phys. 53, 053505 (2012)

for fin [X(Qandk=1,2,.... By (Ref. 27, p. 83]) the mapping ¢ — (F¢)(§) is continuous as a
function P (2) — H (§). Combining this continuity with (3.14) we conclude

Seac (@) == ((F$) () | 8k (E) ) (3.15)

is a continuous linear functional on 95 (2), i.e., a distribution on Q.
Combining (3.13) and (3.15) we see that

Sk (Ppd) = ((F (Pp)) (§) | 8k 6)) ne)
=(EWFE@NE) | 8 Ep

= &3¢ 1 (&)
for all ¢ in g (2) . Hence, 33,( = i2mw& 6, and consequently,

sk = W = (aexx— + bexXo + Cexx+) e (3.16)

for some choice of constants ag «, bg ¢, g, such that 8¢  satisfies the boundary condition (2.8). By
(3.15) these constants all vanish when k > n(§).

Let f e L2(Q), write f=f_ + fo + f+, where f_ := x _f, fo := xof, and f4 = x +f. By
(3.14)—(3.16),

(F) (§) = Terd_ (§) + bexpo (§) + Cexpy (€) (3.17)

for any test function ¢ in Z5 (R2). Here, 1//; denotes the Fourier transform of /.
Theorem 3.5: If 0 < w < 1, then
(@1 ¥)a

_ /R e 3 @) T @) + |be]* 0 &) Fo ©) + e | 1 ) Ty ©) dv(@)
and

(@ Ppyiq

— fR lae|” = ©) U €) + |b: ] b0 &) Vo &) + |cs|” b3 (€) Ty (6) Ed (&)
Sfor all ¢, ¥ in Dg(2).

Proof: Since 0 < w < 1 it follows from Lemma 3.2 that the multiplicity of each generalized
eigenvalue is one, consequently n(§) = 1 for all £ in R and each H(§) has dimension one. Since F
is an isometry and ¢ = ¢ _ + ¢o + ¢+ is orthogonal we have

(@1 Vg =1(d-|V¥_)g+ (P | Yol + (P+ | Vi)g
=(F¢_ | Fy-), +(Féo | Fpo), + (Fo+ | Fy),
so the result follows from (3.17). |

Below we setdo g(§) = | b |2dv (&), and we show that this measure do () is absolutely continu-
ous with respect to Lebesgue measure on R. Moreover, we calculate the Radon—Nikodym derivative.

Remark 3.6: Setting 1 = ¢ we can write the first equation in Theorem 3.5 as

— — — 2
/‘@5_ (§) + bepo (§) + Cz 4 (g)‘ dv (&)

= [laP @] + P |@ @] + |7 @) avee.
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The “cross terms” in the expansion of the square on the left-hand side vanish.
Similarly, using Lemma 3.3 and separating out the discrete part of the meausure we have the
following.

Theorem 3.7: If w = 0, then

@ | w>9=/R|ag|2<£(s>f<s>+|c§|2¢i<s>ﬁ<f>dv(s>

N R NGING,

Y 1
te—L+Z

o

and

(@ | Pi)g =/Rs(|ag|2&(s>f(e>+|cg}2¢7+(§>1/f7+<s>)dv<s>

YR I AR NGING!

ge—L+Z

forall ¢, ¥ in Dp(R).

C. Extreme cases

Fix B with parameters w, 6, ¢, ¥. Our analysis depends on the parameter w. We begin by
considering the extreme cases w = 0 and w = 1.

Theorem 3.8 (w = 0): Choose a boundary matrix B € U(2) with parameters w, 6, ¢, ¥, let Pg
be the corresponding self-adjoint restriction of P. For w = 0, there is a mixture of continuous and
discrete spectrum. More precisely, setting a = ¢ = 0in (3.5) gives eigenfunctions that are multiples

of
X0 ex (3.18)

when v 4+ A — «) is an integer, i.e., A € —% + ﬁZ. On the other hand setting b = 0 and
c = 1 gives generalized eigenfunctions that are multiples of

Vni=(—el@ =¥ + Mx- + x+)ex (3.19)

for all & € R. Hence the spectrum equals the real line with uniform multiplicity one and the points
in —% + ﬁZ are embedded eigenvalues each with multiplicity one.

Proof: The statement follows from Lemma 3.3 and Theorem 3.7. |

Remark 3.9: For w = 0, there is no mixing/interaction between the bounded component /, and
the union of the two unbounded components /_ and I, i.e., the two half-lines, / _ including — oo
;and 7, including + oo (see Fig. 3). The unitary one-parameter group Up(f), acting on L*(2), is
unitarily equivalent to a direct sum of two one-parameter groups, 7,(¢) and T.(?).

These two one-parameter groups are obtained as follows: Start with 7(#), the usual one-parameter
group of right-translation by ¢. The subscript p indicates periodic translation, i.e., translation by ¢
modulo 1, and with a phase factor.

Hence, T),(t) accounts for the bound-states. By contrast, the one-parameter group 7.(?) is as
follows: Glue the rightmost endpoint of the interval / _ starting at — oo to the leftmost endpoint in
the interval I out to 4 oo. These two finite end-points are merged onto a single point, say 0, on R
(the whole real line.) This way, the one-parameter group 7.(f) becomes a summand of Ug(?). T.(?) is
just translation in L?(R) modulo a phase factor at x = 0.

There is subtlety: Indeed, d/dx as a skew Hermitian operator in L? of the separate infinite half-
lines has deficiency indices (1, 0) or (0, 1). Hence no self-adjoint extensions (when a half-line is
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—o00 0 1 « 5 00 —00 1 « 00

(@ Q=T_UI,UIl, (b) R\{1,a} = J_UJoUJ,

FIG. 4. The case n > 2.

taken by itself.) It is only via the splicing of the two infinite half-lines that one creates a unitary
one-parameter group. In summary, the orthogonal sum of 7,(¢) and T.(?) is Up(?).

Remark 3.10: The conclusion illustrated in Fig. 2 holds mutatis mutandis with more than three
intervals.

Indeed, the case n > 2 is covered in Proposition 2.8. The modification of Fig. 4 for this case,
i.e., n > 21s as follows.

Below, we consider the subset in U(2) given by 0 < w(B) < 1, but it is of interest to isolate the
subfamily specified by w(B) = 1.

But by contrast with the case n = 2 in Fig. 4, note that now the B-part (B € U(n — 1)) in the
orthogonal splitting

Ugt)=Upt)® T.(2), t €R
in
2 ~ 2] [ 2
r@=r(J_ mnel’®
allows for a rich variety of inequivalent unitary one-parameter groups U (t). The case L*(J;UJ>) is

covered in Ref. 22.

Theorem 3.11 (w = 1): Choose a boundary matrix B € U(2) with parameters w, 0, ¢, ¥ as
in (2.21), and let Py be the corresponding self-adjoint restriction of P. For w = 1, the generalized
eigenfunction is a multiple of

Yn=(e(p+M)x-+ x0o+el@—0—(B—-a))xs)ex (3.20)

for any ) € R. In particular, the spectrum of Pg is R with uniform multiplicity equal to one.
Proof: The statement follows from Lemma 3.2 and Theorem 3.5 by setting w = 1. ]

Remark 3.12: For w = 1, the unitary one-parameter group Up(f) generated by Py is characterized
by the phase transitions from 0 to 1, and from « to 8; see Fig. 5. Specifically, glue the rightmost
endpoint of the interval 7_ starting at — oo to the left endpoint in the interval Ip; meanwhile, glue
the right endpoint in /; to the left endpoint of the interval 7/, out to + co. This way, Up(t) is just
translation in L?(R) modulo two phase factors (see (3.2)) at x = 0 and x = «, respectively.

—VIwZe(—0)

T

N T N7
we(—¢) we(p—0)

VTwEe(—)

FIG.5. w=1.
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D. Generic case

Fix I, I, and let Q2 =1_U Iy U be the exterior domain as before. Meanwhile, it is convenient
to consider R\{1, }, i.e., the union of three components

J_i=(-o00, 1), Jo=(1,a), Jy = (a, 00). (3.21)

Theorem 3.13 (0 < w < 1): Choose B € U(2) with parameters w, 0, ¢, . Let Pg be the
corresponding self-adjoint extension. For 0 < w < 1, the generalized eigenfunction is a multiple of

Y= (@A) x— + xo + c(M)x4) ex (3.22)

forany A € R, where
In particular, the spectrum is R with uniform multiplicity equal to one.

(We stress that all three systems (3.22)—(3.9) depend on the chosen B € U(2), so wiB), ag(A),
and cp(A), but the variable B will be suppressed on occasion.)

Proof: The statement follows from Lemma 3.2 and Theorem 3.5. |

Rewrite (3.8) and (3.9) as

a(h) = wle(p)e(WHM) !, (3.23)

c) = wle(d — O)e(—(B — )VHGD) (3.24)
where

HOY = ! (3.25)

1 —V1—wle(—¢ + (@ — DA)

By assumption, 0 < w < 1, so that

a ') = we(—¢) Z (1- wz)% e(—1 — ny + n(a — DA), (3.26)
n=0
') =we® —¢) Z (1- wz)% e((B — a)A +ny —n(a — DA). (3.27)
n=0

Remark 3.14: e(— (¢ — 1)A)H(MA) is the transfer function for the feedback component in
Fig. 6. Note the RHS of (3.26) and (3.27) are the corresponding Fourier series expansions.

Remark 3.15: Let 0 < w < 1. Note that for A fixed, the function x +— wiB)(x) is not in L*(2),
see (3.22); hence generalized eigenfunctions. Nonetheless for every finite interval, /; < A < b,
the “wave packet”: x sz Y (x)dA is in L2(R2). The role of generalized eigenfunctions here is
consistent with Heisenberg’s uncertainty principle.

—e(yp—0)

T

e(—v)

FIG. 6. Forward system diagram.
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R (=T

e(—9) e(6-0)

FIG. 7. The exterior domain €2 and the splitting of R\ {1, c}.

Below, we write A for Fourier transform, and V for inverse Fourier transform.

Corollary 3.16: Let Q = 1_UIyUI, be the exterior domain, and let J _, Jy, and J ;. be as in

(3.21). See Fig. 7. Then

(1) f+ (a! f)v is an isometric isomorphism from L>(I_) onto L*(J_);
(2) > (c”'f)Y is an isometric isomorphism from L2(1+) onto LZ(J+ );
(3)  f+ (@ 'c)f)is an isometric isomorphism from L*(I_) onto L*( — 00, B).

Proof: Let f e L*(I_). By (3.26),

@' Y@ =we(=¢) Y (1 —w?)? e(=ny) f(x — 1 +n(a — DA);

n=0

hence (a~! f)¥ € L2(J_), where J_ = (— 00, ). This proves part (1). Part (2) is similar.
Now, set g := (a~' )V € L2(J_), where f € L>(I_) as before. By (3.9), we have

(@' H)V(x) = (cg)"(x)

= wle(@ —0) (30x — (B — @) = V1 = wre()glx — (B — DY) ;
it follows that ((a‘lc)f)V € L*(—o0, B). Thus, part (3) is true.
Note the coefficients a, ¢ have equal modulus, and we define
mp() == lag(A)| = [cp(A)]
forall A € R.
Lemma 3.17: Let m(L) be as in (3.28).

(1) The following estimate holds:

w 2
— <mp(A) < —.
2 w

In particular, the Fourier multiplier m(A) is strictly positive, bounded, and invertible.

(2) Setting z:=e(—y¥ + (¢ — 1)A), then mgz(-) has Fourier series expansion

o]

mzi(z) = Z (1—w?)? 5

k=—00

o=

Proof: (1) By (3.23) and (3.28),

b}

1
mah) = la(] = — 1= VT=w? (= + @ = )

hence

S.IN

r, 1
(1= —=zw)) <mp) < —(1++V1-w? <
2 w

| e
SHE

=<

(3.28)

(3.29)

(3.30)
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(2) From (3.23), we have
my*(z) = wH()H(2)

Corollary 3.18: Fix B = <% _ab) e SUR),a#0, then R> A+ mgz()») is periodic with

period (a — 1)™"', and the integral over a period is

(@—1)""! 1
f mzE(Adr = ——. (3.31)
0 -1
In particular, for every subset J C R of length (o — 1)~ ', we have
1
op(J) = ——. (3.32)
oa—1

Proof: This follows directly from (3.26), op(A) = mgz(k)d)», and
la(B, 1) 72 = mz*(%), » € R.
As a result, we may apply Parseval’s identity to A — a(B, 1)~! over a period-interval in A. |

Corollary 3.19: Fix B in SU(2). On a period interval (in ), the function mgz()») is a Poisson
kernel. In the complex coordinates a and b, see Remark 2.5, i.e., for B(a, b) in SU(2), the radial
variable in the B-Poisson kernel is |b|.

Proof: The proof is immediate from Lemma 3.17 (2). See also Corollary 3.30 (2) below. |

Remark 3.20 (The Poisson-kernel): For b € C, |b| < 1, b = |ble(— ), and |b| = /1 — w?,
a

and recall B = (Z _ab) € SU(2). Set

1 —p)?

Py(h) = :
b(%) 1 —2|b|cos 2m (( — DA — %)) + |b]?

(3.33)

Hence, P,(A) = mgz(k), A € R. Let J be a period interval (see (3.31) and (3.32)) and let f € L)),
then the Poisson-kernel in (3.33) defined a harmonic extension F as follows.
Wrap the period-interval J around the unit circle in C and make the identification

fQ) = fle(h), 1 e J. (3.34)
Then

Fb) = Pplf]= / JQ)Pp(M)dr (3.35)
J

is a representation of the harmonic extension; see Ref. 14.
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E. Isometries
Let L?(o ) be the Hilbert space of L>-functions on R with respect to the Borel measure
op(dr) == mz*(M)dx. (3.36)
Here, dA on the right in (3.36) is the Lebesgue measure on R!.
Define Vg : L*(Q2) — L%*(o3) by
Ve @= (v 1) = [ 9P (3.37)
Q
for all f € L*(2). The adjoint operator V};; : L*(op) — L*(Q) is given by

(Vig) ) = /R e P () op(d) (3.38)

forall g € L(op).

Note that, by (3.22)—(3.9), the generalized eigenfunctions 1//)(\3) depends on B from U(2); and as
a result the transforms Vp and Vj; depend on B as well.

We now spell out for every Ug(f), w > 0, an explicit spectral representation.

Corollary 3.21: Let dog(-) be the measure in (3.36) and let Vg : L*(Q) — L*(R, o) be the
spectral transform in (3.37) with adjoint operator Vi : LA(R, o) — L*(Q2). Then

VeV =112, and
ViV = I12q).
Moreover,
VeUg(t)Vy = M,, (3.39)
where M, is the unitary one-parameter group acting on L>(R, o) as follows:

(M, g)(A) = ex(—1)g(X)
forallt,x e R,and all g € LX(R, op).

Let eg(x) := €>™5%_Following Refs. 35 and 21, we say that a measurable set 2 is a spectral set

if there is a positive Borel measure p such that the map
Fa:f > F&)i= [ foectonx (3.40)
Q

is an surjective isometry L>(Q2) — L?*(). In the affirmative case we say (2, i) is a spectral pair.
Below we consider the case where the measure w has atoms, i.e., points £ € R such that

n({&}) > 0.

Lemma 3.22: If there is a point & such that u({&0}) > 0, then p is discrete and & — ({£}) is
constant on the support of L.

Proof: By Lemma 1.6 of Ref. 35, if K is compact, then ©(K) < oo. By Corrollary 5 of Ref. 21,
we then get u({€}) = u({&o}) for all points & in the support of . |

Proposition 3.23: There is no unitary 2 X 2 matrix B such that (2, o p) is a spectral pair.

Proof: As a consequence of Lemma 3.22, if a measure p, contains a mixture of atoms and
Lebesgue spectrum then (€2, 1) is not a spectral pair. That is, no B with w = 0 gives a spectral pair.
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Suppose 0 < w < 1, and the other entries in B are chosen such that (2, o) is a spectral pair.
By Ref. 35, the generalized eigenfunctions are e;, > € R. Hence, it follows from (3.8) that o« = 0,
contradicting 1 < «. |

Remark 3.24: Our results below show that when a revised spectral transform V in L*(R2) is
used, taking scattering into consideration, then via this transform V in (3.37), we do have a spectral
pair, a V-spectral pair. And, moreover, the spectral density measure o 5 computed from V is purely
non-atomic. Moreover, o g in (3.36) is absolutely continuous with respect to Lebesgue measure; see
(3.42) and the details in Theorem 3.25. In other words, in the theorem below, we use V in place of
Fq from Eq. (3.40).

For comparison, in Ref. 22 we studied the complementary case when 2 is instead taken as the
union of two finite and disjoint intervals. In this case, there are some configurations which yield
spectral pairs in the sense of Ref. 21, and moreover the measures p that arise there are purely
discrete.

Theorem 3.25: Fix B = B(w, 0, ¢,¥) € UQ2), with0 < w < 1. Then V in (3.37) is a unitary
operator from L*() onto L*(o ). In particular,

fx)= / (W, flo ¥u(x) op(dr) and (3.41)

/|f(x>|2dx=/ W f)ol* oa(dn)
Q R

forall f € L*(R).
Here, {1, (-)} is the family of functions in (3.22) and (3.37). Moreover, the extension operator
Pg satisfies

Py f(x) = / (W P) ¥ (x)05(dh)

_ / AW, f) Y (0)0a(dR) (3.42)

forall f € D(Pp).

Proof: For convergence of the integral on the RHS in (3.42), we refer to the theory of direct
integral decompositions; see, e.g., Refs. 31 and 45.

Forall fe L*(Q), write f=f_ + fy + f1,wheref_ := x _f.fo := xof, andfy := x .f. Then

Ve f) () = (W, f) = / @O + Ko+ OV )er f

= /(mff + fo+c(A) fies

=a()f-) + foO) + ) fr (). (3.43)

Now,

IV e, = / (@G f- o> m~2(0)da

=/|f_m|2dx= A
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i.e., V is isometric on L*(I_). Similarly, we can readily check that V is isometric on L2 +)- On the
other hand, by Lemma 3.17,

Vil = [ 102 2o

oo

= Z (1- wz)%e(—kvﬁ)/ |fo(,\)|2e(k(a — DA)dA
k=—o00

= 3 (1= w?)? e(—ky) plk(e — 1), (3.44)
k=—00

where ¢(x) := fo(x) * fo(—x). Note that supp(e)C[ — ||, |Ip|], and ¢ vanishes on the boundary
points + (o — 1). Thus, the only non-zero term in (3.44) is when k = 0; it follows that

A 2
1V foll2z,, = 9(0) = / | fo@|” di = 1l foll22(-

That is, V is isometric on L*(Iy).
For all f, g € L*(Q),

(VI Ve = (VI-+ fot+ f+), V(g-+ 80+ 8+)) 12)
= (-, 8-) 12 T (S0, 0) 12 + (f+» &+) 12 + crOSs terms;  (3.45)
where the cross terms are given by

cross terms = (a f_, go)Lz(g) +(af-, E§+)L2(G)
+ (ﬁ)* ag_)Lz(a) + (fo, Eg+>L2(a)

+ (Ef+1 Eé*)LZ(J) + (Ef+7 gO)LZ(U) . (346)

Since o g(dr) = m~2(A)dA, we see that (3.46) can be written as, after dividing out m ~2(1) inside
the inner product (-, -) 12(5),

cross terms = (a ' f_, go)Lz(R) +{a e f, §+>L2(R)
+(/fo. ailg—>L2(R) +(fo, C71g+)1‘2(]@)

+<f+vailcg—>L2(R) +<Cilf+a gO)LZ(R)' (347)
By Corollary 3.16, each term in (3.47) vanishes. Hence, by (3.45),
V1, Vg>L2(a) = (/. g)LZ(Q)

forallf, g € L*(2). We conclude that V is an isometry, i.e., V*V = I; and (3.41) holds.

Next, we show that V is surjective. It suffices to show the range of V is Lz(R), as the Fourier
multiplier m ~2() is positive, invertible, and bounded away from 0; see Lemma 3.17. Suppose
& € LA(R), such that

/ EM) (VA (Mdr =0
forall fe Lz(Q). That is, by (3.43),

/ a()g) f-(dx + / &) fodr + / cNEO) fr(Wdx =0
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forall f=f_ + fy + f4 in L>(RQ). This is true if and only if
X-(@Mg)” = xog = x+(c(Mg()” = 0.

In particular, g vanishes on /.

If supp(g) CJ_, then by (3.24), (¢g)" is supported in (— oo, B], and so x4 (cg)” = 0. By
Corollary 3.16, the mapping g + (ag)" is a bijection from L?(J _ ) onto L*(I_ ). Thus, x_(ag)" =0
implies g = 0. Similarly, supp(g) C J+ implies g = 0. Hence, g () is identically zero. Consequently,
V is onto.

It remains to establish (3.42). Let f be in the domain of Pg. By (3.41)

Ppf(x) = / (W, Pf) Ya(x)op(dr)
hence we just need to establish that

(W, Pf) =2 (W, f).

But this follows by integration by parts since both i, and f satisfy the boundary conditions Bp( )
= p2(-). This proves (3.42). |

Remark 3.26: By (3.36) the measures o all are mutually absolutely continuous. Hence, it
follows from Theorem 3.25 that the operators Pg, B the unitary 2 x 2 matrices parametrized as in
(2.21) with w # 0, are all pairwise unitarily equivalent equivalent.

Remark 3.27: For w = 0, as we see in Remark 3.12 that the unitary one-parameter group Up(?),
acting on L*(R2), is the usual translation by ¢ in L?(R) modulo two phase factors at x = 0, o.

If, in addition, 6 = ¢ = = 0, i.e., B is the identity matrix in U(2), then the generalized
eigenfunction is specified by (see (3.20)),

Ya(x) = (e(M)x-(x) + xo(x) + e(—(B — )M x+(x)) e:(x), L € R;
and for the measure o5 (B = I), we get o ;(dA) = di. Moreover, V; : LX) — L*(R)is given by

Vif)A) = e(=0) - () + fo(k) + e((B — a)r) f1 (1)
=(f-C = D) W)+ fo) + (f1(+ (B =) (V)
=(foC = D+ fo()+ fr(-+ (B — ) (V).

In this case, Up(#), acting on L2(2), is unitarily equivalent to the unitary group () of translation by
tin L?(R).

For more information about the geometric significance of the vanishing cross-terms, we refer
to Sec. VIII below.

Corollary 3.28: Let B € U(2), Pg, a = ap, ¢ = cp, and og(-) be as above. Let P+ and P be
the projections in L*(Q) corresponding to the intervals I 1., and Iy. Then

/R}aB(X)(P-f)A()»)}ZGB(dk)=/I | £ dx,

/R e (P ) W og@i) = | |f)P dx, and

I

/R I(Pof) W opdr) = /1 O dx

forall f € L*(R).

Remark 3.29 (The generalized eigenfunctions from an ordinary differential equation (ODE),
and from boundary values indexed by U(2)): Fix an element B € U(2) as above. In the course of
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the proof, we saw that the field of functions {1 },cr from (3.22) to (3.9) is a system of generalized
eigenfunctions for the self-adjoint operator Pp in L*($2), where € is the union of the three open
intervals I _, Iy, and I, in (2.2).

Using Lemma 2.2 and Remark 2.4, we conclude that, for each A € R, and in each of the three
open intervals, we get the function 1, as a differentiable solution to the following ODE:

d
d—l/fx(x) = i27 A ;. (x) (3.48)
x

¥u(l4) ¥:.(0-)
=B , (3.49)
Vi.(B+) Vilo-)
where we used (2.8). Now a generalized eigenfunction is determined only up to a constant multiple,
and to fix this, we imposed the condition

Ya(l4) = e1(), (3.50)

see (3.22). Combining (3.48)—(3.50), and using uniqueness of a first order ODE boundary value-
problem (in each of the three intervals), we get uniquely determined constants a(X) and c(X) such
that

with boundary conditions

Ui (x) = a)e™, x e I_;

Y (x) = ™ x € I;
and
Vi (x) = c(M)eP™ x e I,

In other words, ¥, has the form (3.22) with the two functions a(A) and c(A) determined uniquely.
As a result, (3.8) and (3.9) are the only solution; hence multiplicity-one. It is well known, see,
e.g., Ref. 42, that solving the generalized eigenfunction equations may lead to many generalized
eigenfunctions. We saw above that this is not the case in our situation.

F. Limit of measures

In this section, we discuss two limit theorems for the measures o g, indexed by B in U(2), arising
in the spectral resolution for the corresponding self-adjoint operators and the unitary one-parameter
groups Ugp(?).

Modding out by the determinant of B, we reduce to the case of the subgroup SU(2). If B in
SU(2) is represented in the usual way (Remark 2.5) by a pair of complex numbers a and b, with |a|?
+ |b|2 = 1, we show that in the limit as a tends to 0, the corresponding measure o p bifurcate
resulting in two measures, the Lebesgue measure on R, and the sum of the Dirac delta measures
picking out the point spectrum of the unitary one-parameter groups Up(?) arising in the limit; hence,
accounting in a direct way for the jump in multiplicity.

Our second result is a Cesaro limit formed from a fixed unitary one-parameter groups Up(?).

Corollary 3.30: Working with B € SU(2) in the form

a —b
B= <_ ) lal* + b]* = 1, (3.51)
b a
we get
B — (a(B, Mx_(x) + xo(x) + €(B, M) x1(x)) e,(x), (3.52)

and the following presentations:
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(1)

a(B, ) = e®) (1 —be((@—1A). (3.53)
a

Notea =we(—¢),b =1 —w?e(—Y),anda — 0 b — e(— ).

(2)  Poisson-kernel representation

my*@) =Y bl = Py((e— Dr — ), (3.54)
keZ
where z=-e(— ¥ + (¢ — 1)A); see Corollary 3.19.
(3) In the sense of Schwartz-distributions we get the following two limits (4) and (5):
(4)

lin(l) mgz(z) = Ze(k(—l/f + (¢ — 1)X)) (as a distribution), (3.55)
keZ

and for the family of measures o g(d\), we get the following limit-measure.
(5) Dirac-comb representation

nez

limo o, (d,\)=25%+ﬁ (3.56)
b a

accounting for the embedded point-spectrum inside the continuum spectrum and Lebesgue
measure d\.

Proof: See Lemma 3.17, (3.30), and Theorems 3.8 and 3.25. For the theory of limit
of measures, see, for example Ref. 46. For the use of “Dirac combs” in analysis, see, e.g.,
Refs. 6 and 8. | |

Below we show that the family of unitary one-parameter groups Up(?) acting on L*(2) reduces
under unitary equivalence. Nonetheless, as we note in Secs. IV-VI below, unitarily equivalent
one-parameter groups Ug(?) can have quite different scattering properties.

Corollary 3.31: The subfamily of unitary one-parameter groups Ug(t) acting on L*(Q) corre-
sponding to B in U(2) such that 0 < w(B) < 1 represent a single equivalence class under unitary
equivalence.

Proof: Tt is known (see Ref. 3) that two strongly continuous unitary one-parameter groups are
unitarily equivalent if and only if they have the same spectrum, including counting multiplicity,
and measure in the corresponding spectral representation. We saw that when 0 < w(B) < 1, the
spectrum is continuous in the Lebesgue class. As a result of our computation of the measures o g
in this subfamily, we note that any two of the measures must be mutually absolutely continuous.
As aresult, all of our unitary one-parameter groups Up(?), for 0 < w(B) < 1, are pairwise unitarily
equivalent. ]

Corollary 3.32: Let 1 < a < B < 00 be fixed, set 2 = (— o0, 0)U(1, o) U(B, 00), and let
B € UQ2) be chosen as in (2.21),0 < w < 1. Let Pg be the corresponding self-adjoint operator in
LX(Q).

(i)  Then the three terms in the spectral transform, Vg : L*(Q2) — L*(R, o) are as follows:
(VB )R =a) (P-f)" (W) + (Pof)* (A) +€(0) (P f)" (M), 1 € R, (3.57)

where A — a(X), and A — c(A) are given by (3.8) and (3.9); " denotes the usual L*-Fourier
transform, and P _f = X (— oo, 0\fs Pof := X (1, f>s and P f:= X (8, o0\f-
(ii)  The first term on the RHS in (3.57) is in the Hardy-space H of analytic functions in the
up

upper half-plane in C with L*>-boundary values on the real line; i.e., referring to analytic
continuation in the A-variable from (3.57).
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(iii)  The third term on the RHS in (3.57) is in the Hardy-space Hdz/-\ of analytic functions in the
own

lower half-plane in C with L>-boundary values.
(iv)  The middle term on the RHS in (3.57) is in the Hilbert space of band-limited functions with
frequency band equal to the interval [1, a].

Proof: Parts (i)—(iii) follow directly from the formulas (3.30), (3.8), and (3.9) which we already
derived.
Indeed, the stated analytic continuation properties of

A (x= )" ), and & = (x4 )" )

are clear. And it follows from (3.8) and (3.9) that the two functions @ and ¢ in (3.57) have the stated
analytic continuation properties.
Part (iv) follows from (3.57) and the definition of Hilbert spaces of band-limited functions; see,

e.g., Ref. 14.
The latter conclusion is important because Shannon’s interpolation formula holds for the Hilbert
spaces of band-limited functions. |

Corollary 3.33: Let Q = I1_UlyUI, be as above, and let Py and Py be the respective

projections in L*(2) onto the subspaces L*(I1) and L*(Iy). Let B = (% _ab> € SU(2) satisfy a #

0, and let Py()) be the Poisson-kernel. Then the unitary one-parameter group Ug(t) in L*(2) has the
following block-operator matrix-representation:

Up(t) in L*(R2) L*I-) L*(Ip) L*(I4)
LX) P_Ug(H)P_ P_Ug()Py P_Up(P,
L*(I) PoUg(P_  PoUp(®Py  PoUp(HP 4
L*(I4) P LUg®OP- PLUp()Py P Up(OP 4

The inside of the block-operator matrix may be indexed as follows: i, j € { +,0}, a(()B)(A) = 1.
Then, for all f € L*(S2),

(PURMP; ) (x) = x1,)(Py(Wa; 0)a; (P )W) (x — 1) (3.58)
forallx € Q,andt € R.

Corollary 3.34: Let f. g € L*(Q2), and let B € U(2) as in (2.21). Then

(1)
t]_l>r(I>]o (f, UB(t)g>L2(Q) = Oand (3.59)
(2)
. 1 T 2
TILH;O 7 [ . |(f. Us(1)g) 20| dt = 0. (3.60)

Proof: By Theorem 3.25, we get with the use of the transform Vjy (3.37) and the direct integral
decomposition (3.41),

(f,Up(1)8) 2 = /R(VBf) (1) ex(r) (Vpg) (A) dop(R), (3.61)
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where e, (f) = €™ and do g(A) = m~2(A)dA, see (3.29) and (3.36). But
A (Ve () (Vpg) W) m () € L'(R, dX)

and so (3.59) follows from the Riemann-Lebesgue theorem.
Part (2) of the Corollary follows from the absence of bounded-states, and Wiener’s lemma.
Indeed, 1 = (f, Up(?) f) 12 is the Fourier transform of the spectral measure

(™. 7). | ontan,

and the assertion in Theorem 3.25 is that this measure is non-atomic. ]

IV. UNITARY ONE-PARAMETER GROUPS: TIME DELAY OPERATORS

Consider the Hilbert space L>(2) with Q@ = I_UIyUI, as before. Choose a boundary matrix
B with parameters w, 6, ¢, ¥. Let Pg be the corresponding self-adjoint extension, and form the
one-parameter unitary group

Ug(t) := e P 1 € R. 4.1)

Barriers and bound states: The reference here is to quantum states. Since €2 here is the comple-
ment of two finite and disjoint intervals, we think of these two intervals as barriers. The height of the
barriers is a function of the parameter w from B in (2.21), see Fig. 6. The extreme cases are w = 0,
infinite height, and w = 1, zero height. Our unitary one-parameter group Up(?) is acting in L*(2),
so in the exterior of the two barriers. For the parameters of B in U(2), see (2.21): The case w = 0,
is two infinite barriers, and this produces bound states (Fig. 2), i.e., states trapped between the two
barriers. The other extreme w = 1 means no barrier. The conclusion in Sec. III is that there are
bound states only in the case of infinite barriers (w = 0). If the barriers have finite height (w > 0),
we prove that there are no bound states; in other words, the translation representations for the unitary
one-parameter group U(?) are isometries on all of L($2); and Ug(¢) has pure Lebesgue spectrum,
i.e., only generalized eigenfunctions ¥, indexed by A in R. For fixed A, the function ¥, is not in
L(Q).

We are using the term bound state as follows. We use L?(2) for modeling quantum mechanical
particles (wave functions), not potential scattering, rather barriers. We identify when an idealized
particle has a tendency to remain localized in the region between the two barriers. Referring to a
Hilbert space of states, this corresponds to interaction of states where the localized energy is smaller
than the total energy. Therefore, these particles cannot be separated unless energy is spent. The
energy spectrum of a bound state (eigenstate) is discrete, unlike the continuous spectrum of free
particles. In the present model, a finite “energy barrier” will be tunneled through.

Corollary 4.1: Let f=f_ + fy + f4 in L*(Q), then

Ug(ODf- = x-f-C =)+ xola f)'¢ =)+ xe@ e fo) (- — 1), 4.2)
Up(t) fo=x—@ " f0)'¢ =)+ xom ™2 f0)" (- — ) + x4+ f0)" (- — 1), (4.3)
Us(t) fr = x—(c'af)" (- =) + xole ™ fo)'C =)+ x4 [+ — 1), (4.4)

Proof: By (3.41) and (3.43), f_ = [(a~' f_)¥,d}. Hence,
Up() f- = /(a_lﬁ)(axf + Xxo + cx+)en(- —1)da

=x-fC =)+ xo@ " f)C =)+ xia e fo)V (- —1).

This is (4.2). Similarly, we get the other two equations. |
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Corollary 4.2:

(1) Let I be any of the three components I _, Iy, I, . Let f be some wave-function localized in I. If
both x and x — tare in I, then

W) f)(x) = flx —1).

(2)  Suppose fis supported in I _ . As the support of Ug(t)f hits x = 0, then it transfers to 1 with
probability w? and a phase-shift e( — ¢); and to B with probability 1 — w? and a phase-shift
—e(y — 0).

(3) Suppose fis supported in Iy. As the support of Ug(t)f hits x = «, then it transfers to B with
probability w? and a phase-shift e(¢p — 0); and to 1 with probability 1 — w? and a phase-shift
e(—9).

(4)  The boundary conditions are preserved by Ug(t) for all t € R; i.e., we have

((UB(t)f)(1)> _ 3 ((UB(t)f) (0)>
WUs@)f)(B) WUp@) f) (@)

for all f € dom(Ppg).
The dynamics generated by Py corresponds to the following diagrams:

Remark 4.3: Here, T _(, _ 1y denotes the time delay operator. For w = 0, the transitions from
0 to 1 and o to B are disconnected, and the diagram reduces to the union of a compact (discrete
spectrum) and a non-compact (continuous spectrum) component, see Theorem 3.8. For w = 1,
the transition from O to 8, and the feedback from « to 1 are reduced, see Theorem 3.11. For an
application, see also Sec. V, especially Fig. 8.

Remark 4.4: The results above record the cross-overs, and mixing, for the three components
Iy and [ in Q =1_ULUI,, I_ = (—00,0), Iy = (1, @), and I, = (B, 0co). Hence the
self-adjoint extensions Pg of Py, with Z(P,,;,) = {f € F4(Q) | f = 0 on 92} yield scattering as
Up(t) = €""# is acting on L*(R2).

The individual boundary value problem for the three separate intervals /_, I, and I do not
compare with that for the union €2 of the intervals: For example, the operator Prﬁu_lz in L*(I_) with
boundary condition f (0_) = 0 has deficiency indices (1, 0); and so it has no self-adjoint extensions.
Similarly, PC" in L2(I ) with boundary condition f(8_) =0 has deficiency indices (0, 1), and
so it too does not have any self-adjoint extension. The operator P,S:)n with boundary conditions
f(1_) = f(ay) =0 has deficiency indices (1, 1) and self-adjoint extensions P, corresponds to
f(1.) =zf(a_)as zvariesin {z € C, |z| = 1}.

The individual boundary value problems for the three intervals are not subproblems for the one

. _1.d5 g2
studied here for P = -~ in L*(£2).

V. SCATTERING THEORY

In this section, we find the Lax-Phillips scattering operators, one for each of the self-adjoint
operators Py (see Theorems 3.11 and 3.13). Recall, from Pg, we get the corresponding unitary one
parameter groups Ug(?); it is computed in Corollary 4.1. The one-parameter group is needed as
Lax-Phillips data always refer to Up().

When B in U(2) is fixed, we are able in Sec. V A to explicitly compute both the incoming
and outgoing translation representations for the unitary one parameter group Ug(#). From this, in
Theorem 5.5 below, we then compute the Lax-Phillips scattering operator Sp and scattering matrix.
Recall the scattering operator Sz commutes with the translation group, and the scattering matrix
with multiplication operators. As a result, Sg is a (unitary) convolution operator, and its transform
(the scattering matrix) is a multiplication operators in the Fourier dual variable 1; i.e., the scattering
matrix is a unitary valued function of A. It is presented in Theorem 5.5: Eq. (5.14) gives an expression
for this function, with an explicit dependence on B.
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FIG. 8. Wave-packet propagating through a double-barrier I; U I, where I} = [0, 1], I, = [2, 3], and = R\(I; U I,). See
example 5.9.

A. Translation representations and scattering operators

Fix I}, I, as before, let 2 = I_UIyUI, be the exterior domain. Choose a boundary matrix
B(w, 0,¢,¥) € U(2), let Pg be the self-adjoint extension, and Ug(?) the corresponding unitary
one-parameter group.

For 0 < w < 1, there is mixing/interaction between the bounded and unbounded components
of 2, as shown in Corollary 4.2, and Fig. 6. This fits nicely into the Lax-Phillips scattering theory.*
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To begin with, the interacting group Up(?) acts in the perturbed space L*(2), with I}, I, being the
obstacles; meanwhile, there is a free group Up(#) acting in the unperturbed space L?(R), containing
L*(Q) as a closed subspace. Here, Uy(t) is the right-translation by 7 in L?(R). That is,

Uo()f = f(-—1)

forall f € L>(R).
Let D4 := L>(I+) be the outgoing/incoming subspace. By Corollary 4.2, we have

(1) Ug@®D;+CD,,forallt> 0; Ug()D_ CD_,forallt < 0.
() N, (WUp®)Ds) = {0}.

(3) Forallt> 0, Ug(t) = Up(f)yon D ;.

(4) Forallt <0, Ug(t) =Uy(t)on D_.

(5) Suppose supp(p)Cly. If x, x — tin Iy, then Ug(¥)p = Uy(?)p.

Recall that P has generalized eigenfunction
Yy = (@ X— + Xo + crx+)en (5.
for all A € R. See Theorem 3.13, and Egs. (3.23) and (3.24). R
Setting ¥ 4 = ¢; 'Y, and Y5 _ := a; 'y, and define Vy. : L*(Q) - L2(R) by
(Vef)G) = (Ynx, f) = / Vi,+(x) f(x)dx (5.2)
Q

for all f € L2(Q).
The adjoint operator V; : L2(R) — L?*(R) is given by

(VipH) = fR FOOs < (x)dn (5.3)

forall f € L2(R).
Remark 5.1: In fact, V, = c'Vand V. =a 'V, where V is given in (3.37).

Theorem 5.2: V. are unitary operators from L*(Q) onto Lz(]@). In particular,
1@ = [ e £)0ra) (5.4)

for all f in L*(2). Convergence is in the L*>-norm with respect to o g(d\).
Proof: 1t follows from Remark 5.1 that

Vive= (V) (c'V)=VvV =1,

ViVi=(c'V)(vie)=cle=1
Hence V; is unitary. Similarly, V_ is unitary. Equation (5.4) follows from this. |

Pulling the operators V. back to L?(R) via the Fourier transform, we get the outgoing/incoming
translation representations

Ri = ﬁ*Vi (55)

Theorem 5.3: R 1 are unitary operators from L2(Q) onto L*(R). Moreover,

(1) RiiDi = identity;
(2) Forallt € R, we have the following two representations:

Ug(t) = RLU(H)R4, (5.6)
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i.e., the following diagram commute:
L2(Q) = L)
Vi Vi
. e(=At) A

Ry L? (R) — . I (R) Ry

F* F*

L*(R) —> L2(R)

Proof: Clearly, R 1 are unitary. Letf_ € D_ = L*(I_). By Remark 5.1,
V_fo=a'Vf_=a'af. = f;

also see Eq. (3.43). Hence, R_f_ = Z#*V_f_= f_. Similarly, R, f, = f,, forall f, € D
= L*(I ;). Thus, R+ restricted to D+ as the identity operator.
From (5.4), we have

Up(1)f)(x) = /(%,i, F) U0y +(x) d2

= f (Vrx. f)e(=ADYs £(x) dA.

Hence, Vo Ug(t)f = e(—At)VLf,ie.,
Up(t) = Vie(—rt)Vy

for all ¢+ € R. Equation (3.59) follows from pulling the above identity to L?(R) via the Fourier
transform. |

Remark 5.4: Aside from a possible shift by B8, R are the outgoing/incoming translation
representations in the Lax-Phillips theory.
Define the scattering operators by

S := R*R,, (5.7)
S := R, R*, (5.8)
S:=v, v~ (5.9)

The three operators in (5.17)—(5.9) are all unitarily equivalent. Specifically,
S =R*SR_, (5.10)

A

S =7*8.7. (5.11)

In our settings, the usual wave operators W : L>(R) — L*(), i.e., from the unperturbed space
to the perturbed space, are

Wy = R%; (5.12)
and

S=w'w_. (5.13)
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For all ¢ € L?(R), we have

W_g

J. Math. Phys. 53, 053505 (2012)

=s- lim Ug(—t)Up(t)p,
t——00

=5~ lim Up(—1)Uo(1)S¢.
11— 400

Thatis, Range(W_) = L?(2) consists of scattering states. Note that § commutes with the free group

{Uv(®}.

The next two results give formulas for the scattering operator and the scattering matrix.

Theorem 5.5: Let S be as in (5.9), then § is unitary on L2(R), and

SO =a) e, (5.14)
where a(L), c(L) are the coefficients in the generalized eigenfunction (5.1). More precisely,
A 1—+/1—w? — (¢ — DA
S0 = e(—6 — (B — a + D)) wel —(@—DA) (5.15)
1 —+/1—w2e(—¢ + (¢ — D)
Proof: By Remark 5.1,
S’—( V)( 71V) =clvva=c'a=a'c.
Note the last step follows from |a|> = |c|>. By (3.23) and (3.25), we have
a(l)'e() = e(—0 — (B —a + DHHMHG)
where
1 1
H(O) = = (5.16)
I —V1—w2e(=y +(@—Dr) 1—>bey1(D)
inthe B = (2—1 _ab> presentation (2.23). This yields (5.15). |

The following alternative characterization of the scattering operator S(1) reveals its effect on

incoming wave-packets.

Corollary 5.6: Given B € U(2) with parameters as in (2.21), let S‘(A) be as in (5.9). Then

S = e(—=0)e(—(B — a + DMWXHR) — e(f — 0)v'1 — w2e(—BA). (5.17)
Proof: Set 7 := +/1 — w2e(—y + (a — 1)A). Then (5.15) reads
S =e(—0 —(B—a+ :
1-— |z|2 _
=e(—0—(B—a+ D) (——
w
=e(—9—(,3—a+1)k)(1 )
—e(—0—(f—a+ 1)) (w HO) — V1 — wle(y — (a — 1))\))
and (5.17) follows. |
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Remark 5.7: The pole of H(z) on the right-side of (5.17) accounts for the resonance caused by
the two obstacles 7}, I»; the second term on the right-side corresponds to a direct propagation from
D_ into D . See the examples below.

Example 5.8: Consider I} = [0, 1], I, = [2, 3], and the exterior domain €2 is the union of three
components

I_=(—00,0), Ip = (1,2), I = (3, 00).

See Fig. 8 below.

Let f be a unit-step function supported on [— %, 0],i.e.,fix)y=1,forallx € [— %, 0], and vanishes
elsewhere; then fe D _.

The action of Ug(?) is given in Sec. IV. For details, see Corollary 4.2 and Fig. 6.

(1) OnD_ = L*_), the interacting group acts the same as the free group, i.e., right-translation
by . Hence the wave-packet vanishes at r = %
(2) On Dg := L*(Iy),

U ) ®)|p, = @ ) =0,
Recall that
a) ™ = we(—@)e(—1)H(L) (5.18)

see Egs. (5.16) and (3.26).
At t =0, fmoves into Dy with a magnitude w e(—¢); and it propagates within Dy until hitting
the right-end point of [y (x =2) att = 1.
For t > 1, Ug(f) generates resonance, as seen in the pole of the transfer function H(z) in (5.18).
Specifically, f propagates out of [ at the right-end point (x = 2), and moves back into Dy from
the left-end point (x = 1), modulated by +/1 — w2e(—1).

(3) OnD, =L*1.), the scattered wave propagates as

WU )|y, =@ e /) x =0, - (5.19)

The right-side of (5.19) is the restriction of (S’f)v, ie., Sf, to D,. See (5.14) and (5.11).
From (5.17), we see that S f consists of two parts:

e direct propagation from D _ into D 4,
—e( — V1 — we(=BL) (),

where fis modulated by —e(yy — 0)v/1 — w?;
e resonance caused by the obstacles

e(—=0 — (B —a + DOWHO) f ().

This differs from (5.18) by w e(¢ — 0). That is, the scattered wave is transmitted out of the
interacting region Dy, into D, and is modulated by w e(¢ — ).

Example 5.9: Continue with the previous example. Set 0 = ¢ = ¥ = 0, and w = “/75, SO

V3
B=| 2
1
2

(1) incoming wave

). We construct three functions

|
Nl&! l—

1 xe[-3.0]
f) = ;

0 otherwise
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(2) in the interacting region
oo
@' =wd (1-w?)’ fx—1+n@=1)
n=0

3en |
=§22—nf<x—1+n(a—1>);
n=0

(3) outgoing wave

SHx) = —V1I—wfx = p)

+w? Y (1—w?)? fx— B+ + D —1)
n=0

1 31
=—§f(x—ﬂ)+1§§f(x—ﬁ+(n+1)(a—1)).

Moreover,
Jim |Us@)f = US| = 0.
—+00

The propagation of f through /; U I, is shown in Fig. 8.

VI. SPECTRAL REPRESENTATION AND SCATTERING

In this section, we calculate more details regarding spectral and scattering. Since the scattering
information is encoded in L2*(ly), and Iy is a finite interval, the Fourier transform of functions in
L?(I) are band-limited. As a result, by restricting one of the variables in the Shannon kernel, we get
an orthonormal basis (ONB). We compute the scattering operator and the Lax-Phillips semigroup in
this ONB.

A. Obstacle scattering
1. Two normalizations

We continue our analysis of analysis in L?>(2) when  is the union of three disjoint open
intervals, two infinite half-lines, and a bounded interval [, in the middle. As we will be working with
Shannon’s kernel, it will be convenient in some computations to choose Ij to have unit length
() I-=(-00,0),Ip=(,a),and I, = (B, 00);

2) I =(—00,a),lp=(—3,3) and Iy = (B, 00).
In both cases,
Q:=1_UlUl,;
and let Py and P 1 be the projection operators given by multiplication
Py :=multixo, Py :=multixs
acting in the Hilbert space L*(2).

We need the Shannon kernel for both cases.

Lemma 6.1: Let

o= *ET ]

0 otherwise

then §(1) = m.
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Proof: This follows from a direct computation, see also Ref. 14. ]

Remark 6.2: For case (1), we choose T = 1, and the Shannon kernel is

Shann(x) := sin(wA)

= Sinc(A). 6.1)
For case (2), we choose T = o« — 1 (length of the middle interval Ij), and translation ¢ to the right
by (¢ + 1)/2 (i.e., the mid-point of 1),

(D(TH)Sin(Tf(Ol —Dr)

Shann(x) = ¢'*"
TA

) sin(rw (o — 1)A)
TA

— elﬂ(()l+1

sin(zr (o — 1))

— eiﬂ(ol+1)(a _ 1)
(@ — D

— ™ @D (g — 1)Sinc(m (e — D). (6.2)

Compare with the kernel in (6.1). Note the argument used in the proofs applies to both kernels (6.1)
and (6.2).

Lemma 6.3: The Shannon kernel on Iy = (1, «) is

<Ol +1 ) sin( (o — 1)A)
e A .
2 T

Proof: We check that

@ 1
/1 e(Ax)dx Py (e(ar) —e(Rr))

! <°“2L IA) sin (7 (a — 1))

—e
TA

<a +1 > sin (7t (o — 1)A)
e A .
2 TA

2. Summary

For convenience, here is a quick summary of the comparison between the two setups:
(1) IFQR=(-00,00U(, )U(B, c0);
Shannon kernel:
sin(wAT)
Th

(2) Rescaled version - Q = (—o0, &) U (—3, ) U (B, 00);
Shannon kernel:

K shann(x) =

sin(w (o — 1))

K ghann () = ¢ e — )— P

In both cases, the unitary group is

Ugt)=e " t e R
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so that

(VeUg(0) f)(A) = e(=21) (VB ) ().

This amounts to a right-translation by ¢, i.e.,

f=fe=0.

B. Computation of direct integral decomposition
Fix B = B(w, 0, ¢, ¥)in U2),and 0 < w < 1. We have

e Pj self-adjoint operator in L*(Q2)
e {Up(t)};cr acting in L2(2); here Up(t) := e~ /'F5.
e A unitary operator Vg : L>(Q) — L*(R, o), where o 3(dA) = m~>(L)dA.

Letfe L*(Q), t, A € R, recall that
(VeUp() f)(X) = ex(=1) (VB [) ()
and
@ (B)
L@ f = [ 0ah) o doach
i.e., a direct integral decomposition.

Remark 6.4: The transform, generalized eigenfunctions, and the measure all depend on B. This
is indicated with the sup/sub-scripts.

Lemma 6.5: For f € L*(), we have

/ P dx = / (Vi ) ) dog(R)
Q R

Ve f)(n) = /Q Y (x) f (x)dx

=a(l) (P )" + (Pof)" +a() (PL ),

where
Vi = v = a()x- + xo + cOIx+-
Moreover,
P_v; =a(l)e, on l_, (6.3)
P()Iﬂ)L = ¢, on I(), (64)
Py = c(V)ey on 1. (6.5)
Proof: A direct calculation. |

The spectral representation is summarized in the following theorem.

Theorem 6.6: Let B(w, 0, ¢, V) € U(2) be the boundary matrix in (2.21),0 < w < 1; and let
Pg be the corresponding self-adjoint extension. The spectral representation theorem (in its fancy
version) applied to Pg as a self-adjoint operator in L*(2) has multiplicity-one, and its direct integral
measure is dog()) :== m~2(A)d\ on the whole Hilbert space L*(R2).
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C. Shannon kernel and scattering

Suppose we are in case (1), i.e., the middle interval is Iy = [—%, %]. The Shannon kernel is

K(A,é):mjr(y(r)f—);)é)), A€ eR; (6.6)

See Ref. 14 for its properties.
Recall that the Shannon is the kernel of the projection operator onto the space of band-limited
functions

BL = {f()xif = f} € LR, dA).
Note the identifications
fe LUy < {f € LX@ixnf = f)
and
L%(Iy) ~ PyL*(Q).
So,
feL*ly) < f eBL.
Lemma 6.7 (Shannon Interpolation): If f € L*(Iy) = PoL*(R), then

=3 fo )Sm”(A il

neZ n)

and i “230‘")") ] is an ONB in BL (band-limited functions, frequency band = [—%, %] ).
nez

Proof: A calculation, see, e.g., Ref. 14. |

D. Computation of the scattering semigroup

In our model 2 has two unbounded components, and one bounded I, in the middle. (By
rescaling we may arrange that /; has unit length.) In the language of Lax-Phillips,>* I then represents
“obstacle” for the unitary one-parameter group Up(?) transforming the global states. As predicted
by Ref. 24, we show below that the cut-down of Ug(#) will then be a contraction semigroup (now
in L?(Iy)). We are further able to compute this semigroup and show how it depends on the unitary
matrix B classifying our self-adjoint extension operators. Moreover, we show that the semigroup
carries detailed scattering information; and it is also of relevance to model theory; see Ref. 19.

1. Key lemmas

Recall some key steps that will be used below.
Lemma 6.8: If f € L*(y), then
Vs M) = f. 6.7)

Proof: In fact,

e Gy = (v, r) = (u” pos) =(Poui®. )

= (es, flg = /1 e.(xX) f(x)dx = f(b).
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See (6.4).
Lemma 6.9: Iff € L*(y), then

f= /I; ferdap(2).
In particular, for all x € I,

fO=m2f) 0= afx+n),

nez

where

m20) =Y ane,(1)

nezZ

is the Fourier series.
Proof: By (6.7), we get
f= /R oy Pdop).

Apply Py on both sides, we get

f=Pf= /R FOI PP dop(n)

= / ferdog(n)
R
by (6.4).

Corollary 6.10: f = Z/;(tTf is expressed in terms of Kspann as

Zoofoy = [ SR8 fedostn
s070) = [ RS- f€dan,

Moreover,

Y |z@re| = i

neZ

(6.8)

Proof: Here we use the middle interval Iy = [— %, %], so the kernel is given in (6.6). By Lemma

6.9, we have
(Zp(1) ) (x) = xo (e(—=2Dm2(M) f (1)

= (%o # (ex(=0m2f))"

_ sint(A — &) 7

- [ R e @uon)
Using the interpolation formula, the RHS above is

A
RHS = Y Za 70"

neZ

_ Zf sinm (A — &) g(—t)f(é)dUB(E) y sin(A —n)
T(A—n

(A —§)

(6.9)

s
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and by Parseval and Shannon ONB,

>|zoro| = [ |Zoro| a

neZ

JE— 2
|| m6or | Zaws oo dow

A

4 2
< = [ |27 0] dawiy

4 4
—1ZsOflla = — 1l
Note the last two steps follows from Proposition 7.1. |

2. Semigroups

Below, we use the Shannon kernel as well as the Shannon interpolation formula (see, e.g.,
Ref. 14) to derive explicit formulas for the Lax-Phillips semigroup Zz(#). This material leads up to
Theorem 6.18, giving a formula for the analytic resolvent operator Rp( - ), analytic in the complex
right-half plane and computed from the infinitesimal generator of Zp(¥).

Theorem 6.11: Zz(¢) := PoUg(t)Py: L*(Iy) — L>(Iy), t > 0, is a contraction semigroup, i.e.,
(1) Foralls,t>0,

Zp(1)Zp(s) = Zp(t +5); (6.10)

(2)  Zp(0) = Py, acting as the identity operator in L*(I).

Proof: For all f € L*(Iy), and t > 0,
I1Zs(@) fll;, = 1PoUs()Po fll

< Us@Poflle = I1Pofllg = 1 £l

since || Poll 2 r12() < 1, 1.€., the projection Py is contractive. This proves that || Z(¢)|;, < 1.
Let s, t > 0, then

Zg(s)Zp(t) = PoUp(s)PoUg(1) Py
= PoUs () (P 00y P o)) U() P
= (PoU() (5 ) (Poox,0)Us (D P)
= (Pg5.00)Un(—5)P0)" (P 0)UB() P0) - (6.11)
Since for s > 0, we have Ug(s)L>(I,. )CL*(I,.), and it follows that
P o0y Us(—$)Py = Up(—s)Py.
Similarly, t > 0 implies that

P(JLOO’())UB(I)PO = Up(®)Py.
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Therefore, (6.11) reads
Zp(s)Zp(t) = (Up(—=s)Po)" (Up(t)Py)

= (PyUp(s)) (Up(t)Po)

= PyUpg(s + 1) Py.

This shows that Zp(#) satisfies the semigroup law in (6.10).
Clearly, Zz(0) = Py; and this completes the proof of the theorem. |

The semigroup law (6.10) can be checked directly using the Shannon kernels.
Here we are still in case (2), where the middle interval is Iy = [—%, %]. But the same argument
applies to Iy = [1, «] as well. Recall the infinitesimal generator Gg of Zp(?) is

1 . 1
Gpf = ﬁtl_l}&?(zla(f)f—f)

with dom(Gp) = {f € L*(I): theabovelimitexits}. That is,
A2
D(Gr) = 1f € L2y, /R |£0of 2242 < oo).

For motivations, see Ref. 24.

Direct proof of Theorem 6.11. Lets, t > 0, f € L*(Iy), recall that

e T sinm(§ — )) A '
ZpM)f(A) = /1; Wes(—l)f@)das(f),

so that
(Z()Zp(t) f)" (V)

. sinw(§ — X) Z/t\ d
- [ S e Za o)

[ EmD, ([ 0=,
_/Rmeé( 5) ([R oy — e ( t)f(n)dag(n)>dog(g)

_ [ sinmE —M)sing(n—=§ 4
_//R TE -1 w—¢&) es(—s)es(—1) f(m)dop(n)dop(§)

_ sin(§ —A)sing(n —§) o
_/R</R 2 -1 a8 t>doB(5)) es(=s) f(mdop().

It suffices to show that
sin(§ —A)sinw(n — &) sin(n — A)
—Nd ekt S
/R w0 am—g CCO=T0T

ey(—1). (6.12)

Note that
sint(-—A) sinw(n—-)
w(-—x) " wn =)
hence the measure dop(§) on the LHS in (6.12) can be replaced by d§, i.e., the usual Lebesgue
measure; and the result follows from this. ||

€ BL;

3. Summary of results on Zg(t)
Recall the two setups:

Q= (—00,0)U(l, ) U (B, 00)
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and

G = (~00,8) U (—2, 2) U (. 00)

= (—00,d& >3 , 00).
In both cases
(Zp) ) (W) = /R FE K snann(E, Mes(—t)dop(€)

forall A, r € R, and all f € L*(Iy). Note that

fe L) < feBL=LXI).

Z/B\(t) can be seen as defined by
BL> f > Zg(t)f € BL;

then the transform Z/B\(t) is an integral operator

f = /R Ksnann(§, X)es(—l)f(é)d(fs@)
See Eq. (6.8).
Remark 6.12: A few observations:

(1) The Fourier basis {e,},cz is an ONB in L>(Iy) C L*(R2), but {e, },cz do not belong to Z(Pp),
0 < w < 1. Indeed, the generalized eigenfunction of Pg, as a self-adjoint operator in L*(£2),
are

lﬂiB) =a®Wexr +eixi, + CE\B)(/\)EAXQ;
and a® (1), ¢® (1) are NOT constants, see Lemma 3.17 for an estimate, where
Byl = B e =% Y1

ja® @] = [P e =7, 71

Note PyZ(Pg) € Z(Pp) with0 < w < 1, so
Poyr” = ex 1, € P(Ps)
and so when A = n,
enxn, ¢ Z(Pp).
(2)  Zg(®) acts in L*(ly), and it is zero on L2(1 _ )GBLz(IJr ).

Remark 6.13: We have

sint(A — n)

(ZB(f)Xloen) (x) = XO(X)/JR mex(x — t)dop(}). (6.13)

Proof: Recall that
(Zs) ) (x) = xo0 (e(=rym 2 f)"

— o) / e(—)e(hx) f(R)dog(h)

— o) f e(x — 1) (W)dos(h).

Now, apply this to f(x) := xy,e,. Note that f is the Shannon kernel. |

Corollary 6.14 (Application of (6.13)):
1 Zs(®)enxol* = [Io N (Io + 1)| = max(1 —¢,0), t € R,.
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S wmr T Lofmemn-n
T wmne-n wezef
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C T Zenr zewzef

FIG.9. Zg(s + 0f.

Remark 6.15: For all f € L>(I,), we define

(Wo f)(x) = / ferxdog(h) = (m™> )" ().
From previous discussion, we see that
(Zg@) f)(x) = Po(Wo f)(x —1).
Figure 9 below illustrates the semigroup law of Zz(?), t > 0.
Remark 6.16: Let Iy = (1, o). We proved in Theorem 6.11 that, in the general case, the semigroup
Zy(t) = PoUp(t)Py : L*(Iy) — L*(Ip), (6.14)

defined for t € R4, can be computed from the simpler spatial semigroup Z,(?): LX) — L*(Iy)
given by

(Zp(f) @) = x4, () f@ = 1), f € L2Uo). 1 > 0. (6.15)

Hence, the generator, and the resolvent operator for Zg(¢) in (6.15) may be computed from (6.15).
One checks that the domain of the infinitesimal generator Gy, in (6.15) is

P(Gyp) = {f € L*(y): ' € L*(Ip), and f(1) = 0}.
Recall x = 1 is the left endpoint in /y. If A € C, and RA > 0, then the resolvent operator Ry, (1)
=l — Gg) —1 for (6.15) is the following Volterra integral operator (see Ref. 26):

(Rop () f)(x) = / ) f(y)dy 6.16)
1

defined for all f € L*(Ip) and x € Iy (=(1, «).) The Volterra property of (6.16) reflects causality for
the scattering we computed in Sec. VI A, see also Ref. 24.
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E. The resolvent family of Zg(f)

LetQ=1_UlhUI,L =(—00,0)U(l,x)U(B, 0co) beas above, i.e., | <o < f < oo are fixed,
and we set Iy = (1, «). Fix B € U(2) such that w > 0, and set

Zp(t) = PoUp(t)Py,t € Ry (6.17)
Here, Py denotes the projection of L?(£2) onto the subspace L(ly) C L*(Q), i.e.,

Py f :Xlofv (6.18)

forall f e LX(R).

In this section, we shall compare the two Cy-semigroups Zg(f) and Zg,(¢) from Sec. VI D and
Remark 6.16. Recall, Z,,(7) is the spatial semigroup in L*(y) given, for ¢ € R, by right-translation
by ¢, followed by truncation; i.e., Zg,(1)f = 0if t > @ — 1 = length(ly), see (6.15).

Both (Zp(1)) and (Z,(t)) are Co-semigroup of contraction operators in L*(Iy).

Lemma 6.17 (Ref. 24): Let 75 be a Hilbert space, and let {Z(t)},er,, be a contraction semigroup
in ). Then there is a dense subspace 2(G) in F¢) such that, for f € D(G), the limit

lim % Z0)f - f)=Gf 6.19)

exists. The operator G is called the infinitesimal generator. For . € C, RL > 0, the resolvent
operator

R =0 —G) ' o — 4 (6.20)

is an analytic family of bounded operators. We have

IRl g 1 = Ty (6.21)
for RA > 0; and moreover the following two limits hold in the strong operator-topology:
o0
Rc(L) = f e " Z(t)dt and (6.22)
0
lim (fRG (f)) — Z(), t €R,. (6.23)
n—oo \ t
Proof: See Ref. 24. |

From (6.23), we see in particular that a given semigroup is determined uniquely by its infinites-
imal generator.

Theorem 6.18: Now fix B € U(2) such that wg > 0 and denote the infinitesimal generator of
Zp(t) by G, i.e., for f € 2(Gp), we have

lim - (Zs0f = /) = G,
see (6.19). For . € C, R\ > 0, set
Rg(\):= (I —Gp)". (6.24)
Finally, we introduce the function mg( - ) from Lemma 3.17, i.e.,
R>&H— mpE) e Ry. (6.25)
Then for all » € C,RX > 0, we have
Rg(A) = Ry, (Amp(0)?) : L*(Ip) — L*(1y), (6.26)
where Ry,( - ) is the resolvent family from (6.16) in Remark 6.16.
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Proof: We introduce the following notation, based on Corollary 5.6. Let B € U(2) be as above,
ie., B = B(w, ¢, ¥, ), and assume w > 0. For f € L*(Iy), set

(Epf)(x) == (mz2f) (%) (6.27)

= Y af(x +ki@—1),

keZ

where (ay)rez is the set of Fourier coefficients of mgz, i.e.,

a, =(1— wz)%e(—kw), kel (6.28)
and
m72E) =Y axenl(@ — DE), & €R. (6.29)
keZ

For the semigroup (Zp());cr, We proved in Sec. V that

(Z() f) (x) = x1,(X) (Ep f) (x — 1), x € lp, 1 > 0.

Using (6.29) we get

1= mp0ya. (6.30)
keZ
Using the argument for Remark 6.16 and (6.30), the desired formula (6.26) follows. |

VIl. INTERVALS VERSUS POINTS

There are good reasons to consider the cases when the scattering by intervals degenerate to
points. Obstacle scattering, both for the acoustic wave equations and for quantum theory, behaves
differently in the degenerate cases. In quantum mechanics, one studies what happens at quantum
scale; and wave-particle duality of matter is realized experimentally, for example, in quantum-
tunneling: the phenomenon where a particle/wave-function tunnels through a barrier. (which could
not have been surmounted by a classical particle.) It is often explained with use of the Heisenberg
uncertainty principle. So quantum tunneling is one of the defining features of quantum mechanics.
Quantum differs from classical mechanics in this way. Classical mechanics predicts that particles that
do not have enough energy to classically surmount a barrier will not be able to reach the other side.
By contrast, in quantum mechanics, particles behave as waves and can, with positive probability,
tunnel through the barrier.

A. Deleting one point

Let U, :=e"". Let Q:= R\ {0}. Let x - := X(—.0) and X + := X(0.0)- The generalized
eigenfunctions are

Ve(x) == e(x§) (e(@)x—(x) + x+(x)), § € R.
Define V : L3(R) — L%(), (of course L2(Q2) = L2(R) but the distinction is important below) by

Vfx) = (e@)x-(x) + x+(x)) f(x)

=/RfA(E)E(XE)(E(G)X—(x)+X+(X))d$

= / FEWe(x)dE,
R
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where we used f(x) = fR f(é Je(x&)d&. Since ¢ is a generalized eigenfunction

UVf(x) = /R F©)e(t8)e(€x) (e(®)x-(x) + x+(x)) dé.
Consequently, V*g(x) = (e(~8)x—(x) + x4(x)) g(x) and
(e(=0)x-(¥) + X+ () (@) x— () + x4 () = 1
implies
VAU V() = /R F©)et§)e(xE)ds = f(x +1)
forall f € L>(R)and all x, ¢ € R.

B. Deleting an interval

Let Q :=R\ (0, ). Let x — := X(—o0,0) and X + = X(a, ). The generalized eigenfunctions
are

Ve (x) == e(x€) (e(@) x—(x) + e(=§a)x4(x)), § € R.
Define V : L*(R) — L*(R), (of course L*(Q) & L*(R)) by

Vfx):=e@)f(x)x-(x)+ f(x —a)x4(x)

= /RJ?(E)e(ﬁ)(e(@)xf(X)+e(—5a)X+(X))d§

= / FEWe(x)de,
R
where we used f(x —«a) = fR f(é)e(—éa)e(xé)dé. Since ¢ is a generalized eigenfunction
UVfx) = /R F(®)e(t)e(Ex) (e(O)x—(x) + e(Ea) x4 (x)) dé.
Consequently, V*g(x) = e(—0)g(x) x—(x) + 8(x + @) x0.00)(x) and x 4 (x + &) = X (0, 0)(x) implies

VU,V F(x)

_y /R F&)eltE) (e®)eEx)x—(x) + e(—Ea)e(Ex) x4 (X)) d&
= [ Pt (eternn- () + e(—Eare(ets + o) d

_ /R FE)et)exErdE = f(x +1)

forall f € L?(R)and all x, ¢ € R.

C. Deleting two points

Let Q = ( — 00, 0) U (0, Ol) U (OC, OO) Let X - = X(—oo, 0),)(0 = X((),Dt)7X + = X((X, 00)-
Suppose 0 < w < 1 and the remaining parameters are zero. The generalized eigenfunctions are

Ve (x) == e(x€) (a(§) x—(x) + xo(x) + c()x+(x)), § € R.
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Define V : L2(R) — L*(2), (of course L*(R2) = L*(R)) by

V) = /R FEve(r)de.

Since ¢ is a generalized eigenfunction
UV = [ Feecenme.
Using a(¢) = c(§) = % (1 — V1 - w%(&‘a)) , we get

Vi) = /11; F®)e(x) (@@)x—(x) + xo(x) + c()x+(x)) d&

1 /1 _ 2
:<Ef(x)_ I-w

w

fx+ a)) x—(x)

1 —w?

1
+ f(X)xo(x) + (Ef(x) - flx = 01)) X+(x).

Hence, for g € L*(2) we have

V1 —w?
w

1
Vig(x) = (;g(x) - glx — oc)) x—(x)

2

w
glx + Ol)) X+(x).

1
+ g(x)xo(x) + (—g(x) -
w

Trying g = ¢ we get

1 V1 —w?
Ve (x) = (wa) i 2 vex — a)) X—(x)
1 V1= w?
e () x0(x) + (E%m - e+ a)) Xe ()

1 V1 —w?
= e(xE)a(E) <— - = e(—cté)) X—(x)
w w
1 V1= w?
+ e(xE)xo + e(xE)c(E) (5 - 2 e(aé)) Xe ()

= e(x&) (la@)* x= + xo + la@)* x+) ).

Consequently,

VU, Vf(x) = V* fR FE)e(t) e (x)dE

= fR F©ed)exe) (Ja@©)® x- + xo + 1) x+) (x)dé,
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where

2—w?  2J/1—uw?
0 = |e®) = ——5— — = cos(at).

Proposition 7.1: If Q2 is the complement of two points, then the associated Fourier multiplier
la(&)] is positive, bounded, and bounded away from zero. Specifically,

2
<la®| =< —.
w

(SIS

Proof: Note that

1 —w? 1 JI—w?
ja®)| = |— — et > — -
w w
=i(1—\/1—w2)zl<1—(1—1w2>>:9
w w 2
On the other hand,
1 — w2 /T — w2 2
la®)l = |— — Do) < —+ X2 < =
w w w

Viil. VANISHING CROSS-TERMS

We include a direct computation to show the cross-terms in (3.46) all vanish.
Let Q = (—00,0)U(1, «) U(B, 0o). For all f € L*(R), write

f=r+fot+ f+
where f_ = x _f, fo = xaof; and f+ = x +f. Recall that
(Va)0) = al) f- () + fo(k) + ¢ f ().
Lemma 8.1: Forallf=f_ + fo + f1 € L*(RQ), we have

(Ve f+, VB f0) 12(6) = 0,

(Ve f-. Ve f+)r2, = 0.

Proof: Note that

(VB f-, VBS0) L20g) = / a) f-() fo(hdog (L)
= / F-) foaym =2 (1)dr

= / £ foya(my dn.

By Eq. (3.26), a—1()) has Fourier series expansion

0
a7 ') = Y ames((a — D).

n=—00
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Notice that a,, = 0, for all n > 0. Therefore,

RN _ 0 7 A
f F0 foam 'dr="Y" a, / F-0) foen((@ — Hr)dA

n=—0o0

0

= Y a(g* fo) (n(a — 1)), (8.1)

n=—0o0

where g(x) := m, and so g(A) = f_(k). But
(g*x foy(na—1)=0,Yn=—-1,-2,-3...;
since g € L*(0, 0o). Thus the RHS of (8.1) vanishes. It follows that
(Ve f-, VB fo) 12(6) = 0.

Similarly,

(Vs fe, VB ) 120y = / FrO) fo)eGydas

and C()\.)_l has Fourier series expansion (see (3.27)),

W) =) cuenl(a — D).

n=0

Therefore,

f Frofoye@ di =", / Fr) foGen((@ — Hrydx
n=0

=Y cu(hx fo) (n(a — 1)), (82)

n=0
where h(x) := fi(—x) € L?(—B, 0). It follows that (8.2) vanishes and

(VB fy, VBfO)LZ(gB) =0.
Finally,

(VB VB o) = / a() f- () f )eOym ™2 (M)d

_ / AW O fr (e

= Y- [ @0 e~ D

n=0

Nk

Cu (ks f1) (=n(a — 1)); (8.3)

Il
o

n

where k(x) := (Ef,)v (—x). Notice that (@ f_) € L*(—00, @), and so k € L*(— a, 00). It follows
that (8.3) vanishes, and we have

<VBf—s VBf+)L2(gB) =0.
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