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A Comparative Analysis of the Analytical Capabilities of
Coherent Anti-Stokes Raman Spectroscopy (CARS) Relative
to Raman Scattering and Absorption Spectroscopy

W. M. TOLLES and R. D. TURNER*

Department of Physics and Chemistry, Naval Postgraduate School, Monterey, California 93940

The performance capabilities of coherent anti-stokes Raman spec-
troscopy (CARS) relative to incoherent Raman scattering and ab-
sorption spectroscopy are considered for gases. Four gases are
considered for model calculations: hydrogen, nitrogen, oxygen, and
carbon monoxide. The signal/noise ratio is estimated for these
molecules under a number of assumed experimental conditions. The
signal/noise ratios for CARS and Raman scattering scale quite
differently with partial pressure and temperature. CARS offers
distinct advantages when detecting a major component of a gas
mixture at total pressures of considerably less than 1 atm pressure.
Raman scattering offers 1 to 2 orders of magnitude greater sensitiv-
ity for a signal/noise ratio of unity when detecting a minor compo-
nent of a gaseous mixture at 1 atm total pressure. These model
calculations should be of use when a specific experimental method
is to be chosen for spectroscopic examination.

Index Headings: Coherent anti-Stokes Raman spectroscopy
(CARS); Raman spectroscopy.

INTRODUCTION

Coherent anti-Stokes Raman spectroscopy (CARS)
has recently generated considerable interest as a tool for
spectroscopic analysis. The method has been applied to
the observations of resonances in solids,'™ liquids,*?
and gases.!™® A review has appeared recently.'” The
most attractive aspect of CARS as a spectroscopic tool is
that much higher conversion efficiencies to anti-Stokes
signals are possible relative to similar efficiencies by
incoherent Raman scattering. The use of Raman scat-
tering for combustion studies is well documented.®2!
The interference due to fluorescent particles in the
flame has been noted?? as a limitation in the sensitivity
achieved by Raman scattering. Spatial discrimination
from luminescent samples is afforded by the collimated
nature of the CARS spectral signal.

A careful analysis of the analytical capabilities of
CARS relative to other analytical methods has not yet
appeared in the literature. Such an analysis, applied to
several simple molecules, is presented here. Included in
this analysis are absorption spectroscopy and ordinary
Raman scattering. Absorption spectroscopy is included
because typically the dominant noise source with this
technique is due to amplitude jitter of the radiation
source. It is found that under many situations the limit-
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ing sensitivity of CARS is due to this same mechanism.
Raman scattering is included because information gath-
ered by CARS is similar to that gathered by Raman
scattering.

The pressure of a sample which gives a specific signal/
noise ratio is calculated for a series of assumed experi-
mental conditions. The parameters assumed for these
calculations represent those countered in present day
experimental devices. Electronic resonance enhance-
ment has been found to give orders of magnitude im-
provement in signal/noise ratios in liquids.® For many
diatomic species in gases this advantage cannot be real-
ized and is not considered in this analysis.

The calculations presented serve to give perspective
to the capabilities and limitations of CARS relative to
the problems to which it may be applied.

I. ESTIMATION OF SIGNAL/NOISE RATIOS

In order to make a comparative analysis involving
various spectroscopic methods, a parameter such as sig-
nal/noise ratio is commonly desired. The signal/noise
ratio referred to in this paper refers to the signal level
due to the presence of a spectral resonance relative to
the noise level present from a variety of sources which
interferes with the determination of the magnitude of
the resonance. In some cases the signal level may be a
small change in the magnitude of a background light
source, such as with absorption spectroscopy. In other
cases, such as with Raman scattering, the signal level
may be the only light received by the apparatus.

The general relationship for a signal/noise ratio (S/N)
which will be used is

Py
L e
el

where P; is the magnitude of the power due to the
signal and Py; is the noise power contributed from the
ith source of noise considered. This relation assumes
that the noise contributed from the various sources is
uncorrelated. The magnitudes of Py and Py; are pre-
sented below for each of several spectroscopic methods
commonly utilized. For each of the formulas given the
signal and noise power are specified for a single pulse.

A. P, for Absorption. For a single pass through a

S/N = 1)
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sample of length L, the magnitude of P, corresponds to
the change in power reaching the detector when the
frequency of the electromagnetic radiation is tuned
over the spectral transition. This is equal to

PS(ABS) = Po(l - eﬁN(r‘\BsL)'no’Y)d = PU NO-ABS L'Y]O'T'd (2)

where P, is the power from the radiation source, N is
the number density of the absorbing species, oapg is
the absorption cross-section, and 7, and %, are the
efficiencies of the optics and detector, respectively. The
approximation is valid when No,zsl. << 1, which is
usually the case for signals near the detectability
limit. This relationship also assumes that extinction
due to other absorbers or scattering species is negligi-
ble.

In general, for a Lorentzian line shape,
28kT 3)

Yy
where S is the integrated absorption coefficient over a
spectral absorption, % is the Boltzmann constant, 7T is
temperature, and vy is the full line width measured at
half-maximum. Values of S for a number of spectral
absorptions have been tabulated.?* Combining the last
two equations and assuming ideal gas law behavior,
2258 aine @
my

O ABs =

P,(ABS)= P, (

where P is the pressure of the absorbing species.

B. P, for Raman Backscatter Measurements. For a
backscattering (LIDAR) arrangement in which the
scattered radiation reaches the detector from an effec-
tive sample length of L = ¢7/2*! for a pulse duration of

7,

do\ A
P.(BS) = P0N<—U> L2

a) R )
do\ Act

= P()N (E) ﬁnond

where P, is the power of the incident beam, as before,
do/dQ} is the differential Raman scattering cross-sec-
tion, A is the area of the receiving optics, R is the
range from the scattering species to the receiving op-
tics, and the other symbols have the same meaning as
previously mentioned. A uniform distribution of the
scattering species has been assumed and the extinction
between the sample and the collection optics has been
assumed to be negligible.

C. P, for Raman Sidescatter Measurements. For a
spectrometer observing scattered light in a direction
perpendicular to that of the radiation incident on the
sample

d
P.(SS) = P,,N<gg> L. ®)

where the symbols have been defined previously. Note
that L for such an experiment is likely to be on the
order of one centimeter for sidescatter, whereas for
backscatter measurements, L = ¢7/2 is on the order of
3 m for a 20 nsec pulse.

D. P, for CARS. The general relationship for the

anti-Stokes power, P,, generated in a three-wave mix-
ing process due to tightly focused beams is given as:!* '

m\2 [ 4miw,) 2
() (5 s g, o

where

(I e

X is an average wavelength for the three beams in-
volved, w; is the angular frequency of the anti-Stokes
signal, x is the third-order nonlinear susceptibility
coefficient, and P, and P, are the powers of the pump
laser and the laser at the Stokes frequency, respec-
tively.

As has been pointed out'® the susceptibility for a
given material or mixture is composed of a background
susceptibility, xye, which is relatively independent of
the frequencies used in the experiment, and a resonant
X, Xz, given by

~ _X¥
Xp =5 = iy 9
where x,, is the peak value of x5, v is the full width at
half-maximum, as before, and @ = 0, — w; — w, is the
difference between the resonance frequency, w,, and
the difference frequency, w, — w,, between the pump
beam and the Stokes beam.
For weak signals in which x» << Xz,

g 2xpyw
T2 . G GO
20 — 1y w® + vy

|X| = ‘XNI{ +

The magnitudes of x at its extrema are equal to xws *
xp/2. For xp < xyr, as would be the case for a weak
resonance or for a dilute mixture,

Xr\? _ .,

(XNIC + ?> = Xvr T XvrXp- (11)
When considering a dilute component in a mixture or a
weak resonance in a sample the deviation of the square
of the susceptibility from |xyg/? (i.e., Xyaxr) is consid-
ered to result in the signal for which the S/N is to be
computed. This is in contrast to the relationships de-
veloped for Raman scattering (Egs, (5) and (6)) in
which every photon is considered to contribute to the
signal. This definition is necessary for CARS because
fluctuations in the magnitude of the coherent scattered
beam due to xyz contribute to fluctuations in the deter-
mination of x». The peak deviation in the power due to
the resonance is thus obtained from Eqgs. (7) and (8):

P,(CARS) = KxvixrP*Pomcnona 12)

where 7, is the observed conversion efficiency for a
given CARS experiment relative to the theoretical
value given in Eq. 7. With careful experimental tech-
niques, Taran® has observed values of v, equal to 0.01
to 0.1* whereas poor beam quality, saturation effects,
or turbulence can cause 7. to be much less.

E. Py, for Amplitude Fluctuations in Laser Beam.
One of the most common sources of noise in an experi-
ment which must determine a difference signal between
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two large background signals is the fluctuation in the
magnitude of the background signal. If pulsed mono-
chromatic lasers are used, the standard deviation of the
power in a successive train of pulses is equal to the noise
power, given by

Py = P, (13)

where €, is the relative standard deviation of the light
source and P, is the power which is converted into signal
at the detector. For an absorption measurement,

P,(ABS) = P,nnq. 14)

For a Raman experiment, the magnitude of the signal is
likely to be so weak that other noise sources such as shot
noise dominate. For a CARS experiment, the magni-
tude of the background signal due to x vz will fluctuate.
For the case in which both P, and P, fluctuate with a
relative standard deviation equal to €p, the noise power
in the background signal due to x i is given by obtain-
ing an approximate standard deviation using Eq. 7:

Py (CARS) = 3 €I'K|XNR|2P12P27)c7707)d- (15)

F. Py, for Shot Noise Due to Signal. Due to the
corpuscular nature of electromagnetic radiation, n pho-
tons will have a standard deviation equal to approxi-
mately \V/n. This is referred to as shot noise in CW
experiments. It is a significant source of noise for low
level signals such as those in Raman scattering and low
pressure CARS experiments. For pulsed signals

P%, = Lchy (16)

T

where 4 is Planck’s constant, v is the radiation fre-
quency, and 7 is the duration of the pulse. Shot noise
due to background radiation is a common limitation to
detectors in the infrared. The performance of a given
detector is frequently rated with a detectivity D*. Such
noise sources are usually negligible for visible radia-
tion and are hence not considered here. For high power
infrared signals the noise source is typically due to
amplitude fluctuations.

G. S/N for Absorption. Assuming the dominant
noise source in an absorption experiment to be due to
the amplitude fluctuations in the radiation source,
combining Eqs. (4) and (13).

(SINwos = = (2255),
Ty

€p
H. S/N for Raman Scattering. For Raman scatter-
ing experiments, a predominant source of noise is the
shot noise due to the received signal. Other sources of
noise include dark current in the detector and stray
radiation. Conventionally, in discussing the ultimate
limits of Raman scattering, the shot noise in the re-
ceived signal is considered only.? With the use of Eq.
(16), recognizing that ideally P, is equal to P;,

(17

o (18)

For a backscatter experiment, Eq. (5) is used for P,,
whereas for a sidescatter experiment, Eq. (6) is used.

(S/Naay = (P*'T)”Z.
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I. S/N for CARS. The source of noise in a CARS
experiment depends critically on the relative magni-
tude of the signal to the amplitude fluctuations in the
laser beams. In general, if the magnitude of the back-
ground signal due to xyx is intense, the major source of
noise will be due to the fluctuation of the laser beams.
If the magnitude of the anti-Stokes beam is very weak,
the major source of noise will be due to photon statis-
tics. Relationships may be readily written down for
each of these extremes.

For the case in which the noise source is dominated
by the fluctuation in background signal the signal/
noise ratio is given by Eqs. (12) and (15):

Xr
Je I’Xch.

(8/N)cars = (19)

For the case in which the noise source is due to
photon statistics of low light levels, Eq. 18 is used with
P, given as P; of Eq. 7, modified for the efficiencies of
each process:

(20)

K ’ZP 2P‘ cltotla 12
(S/N)CARS:< Xr 1h;”f)7)77ﬂ'> )

II. ASSUMED PARAMETERS

In order to make a comparison of these methods, a
reasonable set of experimental parameters must be
assumed. Applications of interest in which noise is
likely to significantly affect the measurements include
(1) trace analysis of pollutants in gases, (2) analytical
and diagnostic examination of combustion processes at
1 atm, and (3) the examination of gases at pressures
below 1 atm, including plasmas and the gain region of
laser cavities.

A. Sample Length. For absorption spectra, in-
creased length gives increased signal/noise ratio (Eq.
(17)) until atmospheric extinction due to scattering or
other absorptions begin to reduce or interfere with the
signal level. With long path lengths in the open atmos-
phere, turbulence introduces additional sources of
noise. The technique of fast derivative spectroscopy
has been used?® to reduce the noise introduced by tur-
bulence. A path length of 1.0 km is a reasonable path
length in experiments of this type. An alternative
experimental arrangement may be envisioned in
which a multi-pass cell is utilized with a sample at
reduced pressure in order to reduce the linewidth. A
total effective length of 10 m may be estimated for such
an experiment.

For Raman backscatter experiments the effective
length is ¢7/22* where ¢ is the speed of light and 7 is the
duration of the pulse. A typical minimum value for the
scattering range, R, is about 3 m.*

For examination of small scale combustion phenom-
ena in the laboratory, Raman scattering perpendicular
to the direction of the exciting radiation is typically
used. In a typical spectrometer the scattered radiation
from approximately a 1 cm length is collected and
focused onto a slit.

In the CARS process, the conversion to anti-Stokes
photons is typically within several confocal parameters
of the focused laser beams. This varies from millime-



ters to several centimeters, depending on the choice of
focal length of the lens employed.

B. Linewidths. The linewidth due to a gaseous sam-
ple at 1 atm is typically broadened by collisions. For
carbon monoxide the width of a single rotational-vibra-
tional transition in the infrared is approximately 0.1
cm 1.2 Linewidths of H,, N,, and O, observed by Ra-
man scattering are given in Table 1.1 28

At reduced pressures, the width of a collision-broad-
ened line decreases to the point at which Doppler
broadening becomes the dominant mechanism. The
collision broadened linewidth is given by?

. P
v (collision) « e 21
According to this equation the width of a collision-
broadened line appears to decrease as the temperature
is increased and the pressure is held constant.
The Doppler width of an absorption line is given as

8(In2)kT ]1/2

mA2

v (Doppler) = [ (22)

where m is the molecular mass and A, the vibrational
spectral wavelength. The respective relationships for
Raman scattering®3! and for CARS3? give Doppler
widths which are slightly different than those for ab-
sorption. The Doppler widths used for the calculations
are those predicted by Eq. (22). Using these alternative
expressions does not alter the results significantly.

C. Amplitude Fluctuations. For both absorption
spectra and CARS in relatively high pressure samples,
the amplitude fluctuation in the intensity of the probe
beam(s) is likely to represent the dominant source of
noise. By averaging over n pulses, it is well known
that the signal/noise ratio increases in proportion to
the square root of n. High repetition rates are thus

TABLE I. Parameters used to calculate the limiting detectivity.

H, N, 0O, Cco Ref.
Vibrational frequency, 1/A; (cm™") 4155 2331 1556 2143
Integrated absolute coefficient S s v 9.98 23
(cm ? atm™')
(do/dQ)/(do/d)y, 3.3 1.0 1.2 1.2 13
(T = 300°K, P = 1 atm) (cm™") 0.03 0,14 0.18 0.15 28, 16
T = 1500°K, P = 1 atm) (¢cm™) 0.07 0.06 0.07 0.07

¥(T = 300°K, Doppler broadened) 0.036 0.0055 0.0034 0.0050
(em™)

xAT = 300°K, P = 1atm) (x 10 cm?/ 98. 2.4 2.6 2.6
erg) :

xAT = 1500°K, P = 1 atm) (x 10" 4.4 0.32 0.35 0.27
cm?ferg)

2 (da/dQ)y, = 4.4 x 107 cm¥/sr'3. Note also that do/d() is quoted for the entire spectral
envelope.
Other parameters assumed:
L = 1.0 km (absorption)
L 1.0 km (Raman sidescatter)
P, P, =5 MW
P, 0.5 MW
R 3.0m
€, 0.01
o 532 nm for Raman scattering
Ay 532 nm for CARS
T 20 nsec
e 0.1

[

g = 0.1

Xnr (T = 800°K, P = 1 atm) = 1.35 x 107" em®/erg (This value, taken from
Rado'" is lower (relative to x, for N;) than other experiments indicate
(Section II E).)

Xun (T = 1500°K, P = 1 atm) = 2.61 x 107'* cm*/erg.

desirable to reduce noise due to this effect in a reasona-
ble period of time.

Presently typical MW pulsed lasers have power fluc-
tuations on the order of 5%. Note that, by Eq. (12), this
means approximately a 156% fluctuation in the magni-
tude of the anti-Stokes signal. This represents a major
source of noise, especially when the background level
due to xnx is comparable with or greater than the peak
value, x,,, due to the resonance. In several instances!''-3?
a second reference cell has been used such that the
ratio between the anti-Stokes signal in the sample to
that in the reference cell is obtained. This appears to
improve the signal/noise levels to a certain extent.
With a careful design, Moyaet al.'® report a fluctuation
of 33% in the magnitude of the anti-Stokes signal (cor-
responding to a value for e, 0of 0.11). An obvious limit to
the degree of cancellation which may be achieved is the
nonlinearity of the electronics utilized to take the ra-
tio. Instrumental nonlinearities are typically quoted to
be on the order of 0.1%.

Throughout all of the calculations a value of €, was
chosen to be 0.01. This is somewhat on the optimistic
side of performance figures which have thus far been
achieved by CARS, but somewhat pessimistic relative
to the limit represented by electronic nonlinearities. It
should be noted that any sample turbulence or inhomo-
geneity in the laser beams used for CARS represents a
possible source of incoherent fluctuation of the CARS
signal relative to the reference signal.

D. Spectral Envelope Calcuations. The value of x,
for a single vibrational resonance has been given pre-
viously:!317

2N¢? (dO') w.A
3(hw,!

Here, N is the number density, o, and w, are the
angular frequencies of the pump laser and the Stokes
frequency, respectively, o, is the angular frequency of
the spectral transition and A is the relative population
difference between the two vibrational levels. In the
absence of saturation, A is a number close to unity.

The magnitude of do/d} has been tabulated for var-
ious molecules'® and values are reproduced here for
several species (Table I). It must be emphasized that
the value tabulated is the Raman differential cross-
section for the entire Q-branch spectrum. In order to
estimate the value of x; for the spectral envelope in
which the rotational transitions are resoclved, the
value of do/d(} must be partitioned among the various
rotational transitions. Taking this into account, the
expression for x, becomes

Xk~ (23)

(—iﬁ 0 — (0 — w)* — iy(w, — wz).

2Nc¢* /do
oS
3wyt \ dO o4
_BJ(J+1)
A gJ(ZJ + 1)8 kT Wy,

6 7wy — (0 — @) — iy(w — wp)
where g, is the statistical weight for level J due to the
nuclear spin (for homonuclear diatomic molecules),

Wy = we — 20,0, + 1) — a.J(J + 1), (25)

w, is the harmonic vibrational frequency, x, is the
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anharmonic constant, o, is the rotation-vibration in-
teraction constant, and @ is the rotational partition
function:

_BJWJ + 1)

Q =% g/2J + De -

A computer routine was written to calculate the mag-
nitude of xp vs w; — w,. From this, peak values at the
various resonances could be obtained.

E. Peak/Background Ratios for CARS. The signal/
noise ratio depends critically on the ratio of the peak
susceptibility, x,,, to the background susceptibility, xyz
(Eq. (19)). The value of x, may be estimated from the
calculation of the spectral envelope by Eq. (24). The
value of xy; has been measured for a number of gases by
Rado.*® A sample calculation involving nitrogen at 1
atm pressure serves to illustrate the difficulty in
properly determining this ratio. By taking the results of
the calculated x, and xyz from Rado,!

(X") — 178,
XNR/ N,

It is to be noted that formulas used by Rado are incon-
sistent with the relationships utilized by Regnier et
al.’® by a factor of 3.7

A CARS spectrum of N, was recently reported'® in
which the interference between xy; and the resonant
value of x is observed. Such spectra may be utilized to
determine values of xuv; in solids and liquids.?32 For a
single resonance, the difference between maximum
and minimum conversion efficiency, 8w, is given by'®

2 5
8w=y(1+ Xr > .
Axi

where it has been assumed that the value of xy; is real.

The CARS spectrum of nitrogen consists of a number

of resonances due to the rotational levels present. In

the spectrum giving moderate resolution which has

been reported,'® the various lines in the Q-branch are

unresolved. Treating the entire Q-branch as a single

resonance, the separation between extrema is approxi-

mately 42 em™!. Combining this with the estimated
linewidth of 1.8 em™! gives a value of

(X”) = 47,
XNr/ N,

This number is at variance with the ratio obtained by
direct inspection, equal to the magnitude of the appar-
ent peak value relative to the background. The value
obtained by this method is

(X_’> =73,
X~R/ N,

The discrepancy between Eqgs. (29) and (30) is due to
the fact that a finite laser line width was utilized,
along with the approximation that the entire Q-branch
was treated as a single resonance. The discrepancy
between 29 and 30 with 27 simply appears to represent
experimental error in the determination of the abso-
lute value of xux.

(26)

(27)

(28)

(29)

(30)
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ITI. STATISTICAL CONSIDERATIONS

A. Uncertainty in Determination of xp. The uncer-
tainty in which the intensity of a given spectral transi-
tion may be determined, given an assumed signal/
noise ratio, may be estimated by ordinary statistical
methods. Typically a spectral envelope is observed
while scanning the probe frequency over the resonance
frequency. If the only variable treated in a least
squares analysis is the intensity of the resonance (or if
this parameter is uncorrelated with other variables
such as linewidth, baseline, etc.) then the standard
deviation in the determination of xp, op, is given by

1y

ot i af

(31)

where o; is the standard deviation in the determina-
tion of op from the ith observation (or the ith pulse in
the case of information obtained from pulsed lasers).

The magnitude of g; is not necessarily determined in
the same way for different experiments. For a CARS
experiment in which the amplitude jitter of the back-
ground represents the major source of noise and in
which the resonance is a small fraction of the back-
ground, the uncertainty in the amplitude of each pulse
is approximately a constant, oy, as the frequencies are
scanned over a spectrum. In this case,

_ I Xr )
7=, Glon, I,T) (32

where G(w;, J, T) is the intensity of the spectral enve-
lope at w, — w, — w, = w; due to rotational quantum
number J, at temperature 7. The standard deviation
in xp is thus

(33)

1L _ 1 (a Glwy, J ,T))z_
ot ot 0 Xp

For a Lorentzian line shape assuming a single reso-
nance given by

XrY
— 34
20 + iy (34

in which @ = @, — w,, the CARS signal due to a
resonance much weaker than the magnitude of the
background is given approximately as

X = Xvg T

G, J, TY=K

4 24 i
adei lpap,.  (35)

2
+
[XNR 4o + 52

Substitution of this expression into Eq. 33 and evalua-
tion of the resultant summation by integration gives

oy <2 A(u) 1/2
KP*Pyxyp \ my
where Aw is the spacing between successive o; as the
probe frequency is swept over the resonance.

Using an argument similar to the development of Eq.
(15), and recognizing o) as the standard deviation of
Glw;, J, T) given by Eq. (35),

oy = 3epKxRpP Py

Substituting this into Eq. (36) gives

(36)

op =

37



7r_ Berkm (B2 (39

v X \m) (8/NpeuVn

in which the signal/noise ratio at the peak of the reso-
nance has been identified as

. ¢

(S/N)peak 3€PXNR

and the usual relationship has been introduced to ac-
count for the fact that the standard deviation on any
quantity decreases with n~'2? for n measurements. By
comparison in Eq. (38), effectively the number of
pulses used to gather information is given by

= ™Y

"7 %he

A similar analysis for the standard deviation of the
peak intensity of a Lorentzian line determined by Ra-
man scattering gives the same result as that in Eq.
(39).

B. Uncertainty in Determination of Temperature.
As a practical application the degree of uncertainty in
the rotational temperature of a flame may be esti-
mated. This is accomplished by observing the intensi-
ties of the rotational lines present. The full least
squares treatment requires a determination of the ma-
trix of variances and covariances:3*3

o 2(D'Dy!

where D is the matrix of derivatives and o; is the
standard deviation for the observed signal. The diago-
nal elements of the matrix give the variance for the
particular parameter determined. The parameters in-
volving overall amplitude and temperature are not
strongly correlated. Thus it is a fair approximation
that the diagonal elements of the inverse matrix are
the reciprocal of the diagonal elements in the product
matrix D'D. With this approximation, the standard
deviation for the temperature, o, is approximated by

11 2(6 GO, Jﬂ)z

(39)

o 'pz a g MZ J d T
where G(O, J, T) is the peak intensity of the spectral
resonance with quantum number J and temperature
T. In Eq. (40) it is also assumed that the standard
deviation in the intensity of each resonance is the
same,

Given the intensity of each rotational line (assuming
Xr << Xwr) 88

(40)

(2J + lexp[—BJ(J + 1)/kT]

GO, J, Tha Q (41)
then
GO, J,T) _ GO, d, TBJ(J + 1) — (E}] (42)
oT kT?
where
(E)= %%BJ(J + 1)(2J + 1) exp (43)
[=BJ(J + 1)/RT] = kT.
The additional relationship is introduced:
oy = G(O, Juax, T)SG(O, dyax, T) (44)

where G(O, Juax, T) is the magnitude of the most
intense rotational line and 8G(O, Jyax, T) is the rela-
tive uncertainty in the intensity of this line. Combining
Egs. (40), (42), (43), and (44),

2 TZ[SG(O, JMAX, T)]2
7T 5[ _GO,d,T) [BJ(J 1) 1] 2
TGO, dyax, TV L T }

giving an expression which may be readily evaluated
for a specific example.
In particular, for carbon monoxide at 300°K,

0'1? = (1/2)T8G(0, Jyax, T)
whereas at 1500°K,
or = (1/)TSG(O, Juax, T).

Thus to know the temperature to within 10° at 1500°K
requires a relative uncertainty in the amplitude of the
strongest transition of 2%. If the signal/noise ratio is 10
on a pulse-to-pulse basis, 25 pulses will be required
over the spectral width given by 7y/2. This represents
the best one can do for an idealized example. Homonu-
clear diatomic molecules have nuclear spin effects
which modify the above formulas somewhat. If the
spectral lines overlap, as in the case with many dia-
tomic species, the results of an analysis give a greater
uncertainty than estimated here.

(45)

IV. RESULTS AND DISCUSSION

With the various sources of uncertainty categorized,
the limiting capabilities of CARS may be compared
with absorption and Raman sensitivities. Assuming a
signal/noise ratio of unity and the parameters in Table
I, discussed in Section II, the pressure for each gas is
calculated and presented in Table II.

This isolated table is insufficient to relate other ben-
efits which may be obtained with CARS. Other experi-

TABLE II. Calculated partial pressures of gas mixtures which give
a specified S/N.

The values tabulated are —logy, P (atm). The first number in a
given column corresponds to a S/N of unity, the second number
corresponds to a S/N of 10. Example: For the CARS spectrum of N, at
300°K, 1 atm, S/N = 1 for a partial pressure of 107*% atm, and S/N =
10 for a partial pressure of 10728 atm.

H, N, 0, CO
1. Absorption (L =1 km) 8.8/7.8
(ambient pressure = 1
atm)
2. Absorption (L = 10 m) 9.1/8.1
(y = Doppler broad-
ened)
3. Raman backscatter 6.3/4.3 6.0/4.0 6.1/4.1 6.1/4.1
(T = 300°K)
4. Raman sidescatter 5.8/3.8 5.5/3.56 5.5/3.5 5.5/3.5
(T' = 300°K)
5. CARS 5.4/44 3.8/28 3.8/2.8 3.8/2.8
(T' = 300°K, ambient
pressure = 1 atm)
6. CARS? 8.3/6.3 8.0/6.0 8.3/6.3 8.0/6.0
(T'" = 300°K, reduced
pressure, observed
species is a major com-
ponent)

2 Assuming no saturation.
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ments may be envisioned which require alternative
considerations. The degradation of sensitivity of Ra-
man scattering methods when the sample luminesces
has been recognized for a long time. CARS does not
degrade nearly as readily in luminescent samples, as
has been demonstrated.’ In addition, suppose, a high
resolution spectrum were desired. For a Raman scat-
tering experiment a monochrometer would be used with
a resolution of approximately half of one linewidth. This
requires rejecting a significant portion of the Raman
scattered light. A CARS experiment, however, inher-
ently gathers high resolution information if the spectral
widths of the probe beams are significantly less than the
resonance line width. Estimating signal/noise ratio for
a high resolution spectrum (Table III) indicates some
advantage to using CARS.

Given the statistical treatment of Section III, it is
clear that in order to obtain a relatively low uncer-
tainty in the amplitude of the signal, or to determine
temperature, a significantly greater signal/noise ratio
is required. Assuming that the dominant noise source
for CARS is due to background from x,; and that the
dominant line broadening mechanism is due to colli-
sion broadening (true for N,, O,, and CO at 1 atm) Eqgs.
(19), (21), and (23) give

P
(S/N)CARS x —B;m—lal (46)
total
where P, ..ia1 18 the partial pressure of the gas undergo-
ing observation in a medium having a total pressure of
Piyioi. For Raman scattering, Egs. (5) and (18) give

(S/ N)RAMAN a P égrtial' (47)

It should be noted that some confusion could exist in
comparing CARS with Raman scattering because of
the different manner in which the signal/noise ratio
scales for each.

The results given in Table III indicate some advan-
tage in utilizing CARS if a high signal/noise ratio is
desired with a high resolution spectrum. In examining
gases at higher temperature, CARS appears to offer
additional advantages. As the temperature of a gas is
increased at constant pressure, the number density
decreases, the linewidth decreases, and the intensity of
the strongest rotational transition decreases due to

TABLE III. Calculated partial pressures of gas mixtures which
give a specified S/N.

The values tabulated are —log,, P (atm). The first number in a
given column corresponds to S/N = 1, the second to S/N = 10 (asin
Table II).

Ra-

man

side CARS

scat-

ter
HyT = 300°K, Py, = 1 atm) 5.8/3.8 5.4/4.4
H, (high resolution, T = 300°K, P,,, = 1 atm) 5.5/3.5 5.4/4.4
H, (high resolution, 7' = 1500°K, P,,; = 1 atm) 4.5/2.5 4.8/3.8
H, (high resolution, T' = 300°K, reduced pres- 5.5/3.5 8.3/6.3

sure, H, major component)

CO (S/N =1, T = 300°K, Py = 1 atm) 5.5/3.5 3.8/2.8
CO (high resolution, T = 300°K, P, = 1 atm) 4.3/2.3 3.8/2.8
CO (high resolution, T' = 1500°K, Py, = 1 atm) 3.3/1.3  3.5/2.5
CO (high resolution, T = 300°K, reduced 4.3/2.3 8.0/6.0

pressure, CO major component)
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changing population. The combined result is seen to
degrade the sensitivity of Raman scattering more rap-
idly than for CARS.

Finally, at reduced total pressures, the linewidths of
N,, O,, and CO decrease. The background signal from
x~r also decreases significantly. In the case where colli-
sion broadening remains the dominant line-broaden-
ing mechanism, assuming negligible overlap of adja-
cent lines, reducing the total pressure and the partial
pressure equally actually increases the signal/noise
ratio. Caution should be used in interpreting these
calculated results at reduced pressure. The effects of
saturation have been previously noted.'®* The power
levels utilized to make the present calculation would
inevitably lead to power saturation with short focal
length lenses. The ultimate sensitivity at reduced
pressures will depend critically on successful avoid-
ance of the saturation effects.

V. BACKGROUND SUPPRESSION

The presence of an anti-Stokes signal due to the
nonresonant background contribution to the nonlinear
susceptibility clearly represents a limitation in the
detection capability of CARS. A method has been pro-
posed in which the background susceptibility may be
partially cancelled.?® This method utilizes three sepa-
rate frequencies, o, »,, and w, to generate w, from two
separate components in the sample. Basically the out-
of-phase generation of w; while on the high frequency
side of a strong resonance interferes with that gener-
ated by xyz. By adjusting the difference between w, and
w, at the frequency of minimum signal, w, may be
swept to obtain a spectrum due to a second resonance
with an apparent decrease in background signal.

In order to estimate the magnitude of the back-
ground signal which may be cancelled by this method,
consider the values of x' and x” which may occur for a
single resonance. The susceptibility due to a resonance
in the presence of background (see Eq. (10)) may be
described as a circle on the complex plane (Fig. 1).
From elementary geometry, the minimum value of ¥,
Xmin, 18 found to be

2N\ 12 2
Xmin = (X%/Ic + Xf) B Cip XNR( XNR) (48)
2 Xp2

where the approximation is valid for xp: > xyr.
The signal/noise ratio under these conditions be-
comes (from Eq. (19)):

(S/ NS = 52— = X (X g
€rXmin  3€PXNR \XNR

The signal/noise ratio for a weak signal is thus ex-
pected to increase by the ratio xp:/xyez by using this
background suppression technique. Some very strong
resonances have been observed. Levenson et al.? have
demonstrated an interference on the high-frequency
side of a resonance in diamond which appears to give a
decrease in the conversion efficiency by 2 orders of
magnitude. This then could conceivably be used to
increase the signal/noise ratio by one order of magni-
tude under the most favorable conditions. When con-
sidering the possibility of background suppression in




X"Fnk

Fic. 1. x' and x" plotted in the complex plane for a single resonance
in the presence of background susceptibility xvz.

gases, hydrogen appears to have the strongest reso-
nances reported thus far.' The spectra have an inter-
ference in which the background susceptibility de-
creases by a factor of nearly 20 in the pure gas. A 50%
mixture of H, in another gas under examination could
thus conceivably give an order of magnitude enhance-
ment in the signal/noise ratio. For the examination of
combustion phenomena, however, the presence of such
a high concentration of hydrogen would most certainly
represent a significant perturbation on the system un-
der observation. With species such as N, or O,, the
susceptibility has been shown to drop an order of mag-
nitude below background levels.'® With an 80% concen-
tration of N, in the sample, nearly an order of magni-
tude improvement might be expected.

A double CARS experiment may be performed in
which the ratio of one CARS signal with a reference
signal reduces the magnitude of the fluctuations due to
laser amplitude jitter. With background suppression
techniques, because of the additional sophistication re-
quired and the inherently lower power laser beams
(three lasers rather than two), a reference cell repre-
sents additional experimental sophistication which may
not yield the full improvement suggested by these calcu-
lations.

It should be pointed out that background suppres-
sion represents a possibility of attaining better signal/
noise ratios than those tabulated. It is not yet a stan-
dard technique. Likewise, new methods have been de-
veloped with Raman scattering which increase the sig-
nal available. A multiple-pass Raman cell has been
reported in which the Raman signal is enhanced by
nearly 2 orders of magnitude,* resulting in an order of
maghnitude increase in signal/noise ratio.

VI. CONCLUSIONS

In the comparison of CARS with Raman scattering,
it is evident that CARS offers several orders of magni-
tude improvement in the signal/noise ratio of simple
gases at low pressure. The advantages of CARS in
examining a luminescent sample have already been
documented.? If the luminescence of a sample does not

represent a difficulty, ordinary Raman scattering ap-
pears to offer somewhat greater ultimate sensitivity
than CARS for samples at ambient pressures of 1 atm,
except for the notable exception of hydrogen which has
quite narrow linewidths.

The signal/noise ratio for CARS scales with pressure
and temperature in quite a different manner than that
for Raman scattering. This fact may introduce some
confusion when comparing the two methods. Although
it is true that Raman scattering offers greater ultimate
sensitivity in terms of detectability of a minor species in
a mixture at 1 atm pressure, CARS offers greater sig-
nal/noise ratios of high resolutions spectra.

A number of considerations must be taken into ac-
count when assessing the advantages of CARS relative
to Raman scattering. It is hoped that the sample calcu-
lations illustrated herein allow a reasonable estimate
of the present relative capabilities of the two methods.
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