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with homogeneous conditions on whole boundary and the second with non-homogeneous
Keywords: boundary data on one side of lateral boundary. The rates of convergence are given too.
Nonlinear integro-differential system © 2008 Elsevier Inc. All rights reserved.

Asymptotic behavior of solutions as t — oo

1. Introduction and statement of results

Integro-differential equations and systems arise in the study of various problems in physics, chemistry, technology, eco-
nomics etc. (see, for example, [1-12]). The purpose of this paper is to study asymptotic behavior of solutions as t — oo of
initial-boundary value problems for the following nonlinear integro-differential system:

- o (v T+ () o))
e (1) () )]

Integro-differential systems of (1.1) types, based on Maxwell’s system [13], arise for mathematical modelling of the
process of a magnetic field penetrating into a substance [14]. The existence and uniqueness properties of the solutions of
the initial-boundary value problems for the equations and systems of (1.1) type were first studied in the works [14,15]
and consequently in a number of other works as well (see, for example, [16-20]). The existence theorems, that are proved
in [14-16], are based on a priori estimates, Galerkin's method and compactness arguments as in [21,22] for nonlinear
parabolic equations.

Difference schemes for a certain nonlinear parabolic integro-differential model similar to (1.1) were studied in [23].
Neta [24] also discussed the finite element approximation of that nonlinear integro-differential equation.

It is important to investigate asymptotic behavior of solutions as t — oo of the initial-boundary value problems for (1.1).
In this direction research was made in the works [25-27]. In [26,27] investigations are made for the scalar equation of (1.1)
type. In [25] the asymptotic behavior of solutions as t — oo of (1.1) system for the homogeneous boundary conditions in
the norm of the space H!(0, 1) was given. Here and below we use usual Sobolev spaces H*(, 1).
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In this paper our interest is to continue study of the asymptotic behavior of solutions as t — oo of the system (1.1).
In the domain Q = [0, 1] x [0, co) initial-boundary value problems with the following two cases of boundary data are
considered:

uo,n=u1,t)=vO,t)=vV(QA1,t)=0, t=0, (1.2)
or

U@, 6)=v©,t)=0, U, t)=vy1, V{A,t)=vy, t>0, (1.3)
where ¥y = Const > 0, ¥, = Const > 0, 1//12 + 1//22 # 0. To complete the problem we include the initial conditions:

U(x,0) =Up(x), V(x,0)=Vo(x), x€][0,1], (1.4)

where Uy = Up(x) and Vg = V(x) are given functions.

Everywhere in this paper the initial-boundary value problem for (1.1) with homogeneous boundary conditions (1.2) and
initial data (1.4) will be referred to as Problem 1, while initial-boundary value problem for the same model with non-
homogeneous boundary conditions (1.3) and initial data (1.4) will be referred to as Problem 2.

For Problems 1 and 2 we assume that U =U(x,t), V =V (x,t) is a solution on Q, such that U(-,t), V(-,¢t), % %

Wen Vo PO BVCH FUCD BVED e all in €O(10,00); Lp(0,1)), while Y60 and 2YE0 are in L,((0, 00);
L,(0, 1)).
Note that the existence of solutions of Problems 1 and 2 and the uniqueness for more general cases are proved in [14].
The rest of the paper is organized as follows. In Section 2 we discuss Problem 1. We show that stabilization is obtained
in the norm of the space C'[0, 1]. In particular, we prove the following statement.

Theorem 1.1. Suppose that Ug, Vo € H2(0, 1), Ug(0) = Ug(1) = Vo(0) = Vo(1) = 0, then for the unique solution of Problem 1 the
following relations hold:

oU(x,t t aV(x,t t
*0 <Cexp|l—=), *.0) <Cexpl—=), t
09X 2 d9x 2

0.

WV

Remark. Here and below C, C; and ¢ denote positive constants independent of t.

Section 3 is devoted to the study of the problem with non-zero boundary data on one side of lateral boundary. The
asymptotic property for this case is also proved in the norm of the space C![0, 1]. The main statement of this section has
the following form.

Theorem 1.2. Suppose that Ug, Vo € H%(0,1), Up(0) = Vo(0) = 0, Ug(1) = y; = Const > 0, Vo(1) = ¢ = Const > 0,
1//]2 + 1//22 # 0, then for the unique solution of Problem 2 the following estimates are true:

IV (x,0)

<CA+0H72% t>0.
0x

-

‘BU(X,t) ’
— Y2

09X

<CA+072, '

2. Proof of Theorem 1.1

In this section we investigate Problem 1.
First a word on notations. We will use usual L;-inner product and the correspondence norm:

1
(u,v>=/u<x>v(x)dx, lull = ()2,
0

For Problem 1 it is easy to get validity of the following estimates [25]:
Ul < Cexp(—t), VI < Cexp(—t).

Note that these estimates give exponential stabilization of the solutions of Problem 1 in the norm of the space L,(0, 1).
The purpose of this section is to show that the stabilization is also achieved in the norm of the space C'[0, 1]. At first we
formulate result of the stabilization for Problem 1 in the norm of the space H!(0, 1) [25].

Theorem 2.1. Suppose that Uy, Vo € H2(0, 1), Ug(0) = Ug(1) = Vo(0) = Vo(1) = 0, then for the solution of Problem 1 the following

estimate is true:
U N Vv n oU n A% < Cex t
ox ax ot ar | SR LT2)
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Now let us prove main result of this section, namely Theorem 1.1. For this we need some auxiliary estimates. We will
prove the following estimates.

Lemma 2.1. For Problem 1 the following estimates are true:

@3 () <1+ Sk, 1) <Ce3 (D),

where

t 1

qo(t)=1+//(alz+a§)dxdr, (21)

00

¢ 2
ou Vv
S(x, t):/[(a) +(3X> ]dt (2.2)
0

and o1 = (1+ 5)aU/dx, o2 = (1 + S)aV /ox.

Proof. From (2.2) it follows that:

AN LA
—=— — ), S(x,0) =
ot <8x> +(8x> *.0)
Let us multiply the first equality of the last relations by (1 + S)?2:

10(1+5)°  (9U , (V) 5
3 _<3)(1+S) (5)<1+S>.

Since the system (1.1) can be rewritten as

au 9 A% ad
Zg_an X _9%2 (2.3)
at 0x at 90X
we have:
19(1+S)3 9
§T =0y +03, (2.4)

1
t k10)
o2(x, t)-/m yr)dy+/f P& )dsdy=/o1<y t)dy+2/fa1(€ ) (5 t)dédy,

0
1

1
02 (&, t av
ot = [ ady. t)dy+// “2(5 280 deay = [ ot r)dy+2// 026,05 geay, (25)
0

In view of Theorem 2.1 and relations (2.1), (2.4), (2.5) we obtain

1
(1+5)3 (al+<72)dr+§

- O\v—»

X

/(Ul(é T)———— U(E T) 02(§, T) VG, T))dédydt—ké
y

U1\ (VX T)\> 1
[<—8r >+(7ar )]dxdt+§

(0f(y,T) + 07 (y, 1)) dydt + C1 < C200(0),

1
/ (0(y.7) +05(y, ) dydr +2

o

<2 (02(y,7) + 03 (y, 1)) dydT +

O ~— & O—
o' | O

<2

/
/

o\_‘ o\_

ie.,

145K t) <CPI(t). (2.6)
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In an analogous way we deduce

X

t 1
—(14—5)3 //61 (v, r)+02(y,r) dydr+2/[/<o1($ r)a (E aﬂé,r)%)dédydr—i—l
00 vy

l\)l»—k

t 1

1
f/(a$<y,r)+o§(y,r))dydr—c1=5<p(r)—c2. (2.7)
00

We have
C;(1+5)3 >0, (2.8)

Thus, via relations (2.7) and (2.8) we obtain

<1+c>u+59>1¢®
3 2 = 2 5
or
1456, =cp3 (0. (2.9)

Finally, from (2.6) and (2.9) the validity of Lemma 2.1 follows.
Taking into account definition (2.1), Lemma 2.1 and Theorem 2.1 we arrive at

dgo(t) /(1 +s) [<3U> <aa‘>f) ]dx<C¢3(t)eXP( £,

d 1
5 (97 (0) < Cexp(=t).

or

After integrating from O to t, keeping in mind definition (2.1), we get

1< <C
From this, using Lemma 2.1, for the function S we have

1<14+Skx,t) <C. (2.10)
Using (2.10) and Theorem 2.1, the equalities (2.5) give

5 , : NVEIASNZI AN TLOUNE (V2
o{ (x,t) + 0y (x,t)gZ/(l—l—S) [(&) +(§> ]dx—l—/[(E) +<¥) i|dx<Cexp(—t),
0 0

t
lo1(x, 0)] < Cexp(——), loa(x, 0)] < Cexp(—i)
These estimates, taking into account (2.10) and the relations

o1=(145)3U/dx, o2=(1+S5)aV/dx,

or

complete the proof of Theorem 1.1. O

3. Proof of Theorem 1.2

We open this section by proving some auxiliary lemmas.

Lemma 3.1. For the solution of Problem 2 the following estimates hold:

FaUN2 oV
/— dxdt <C, // — ) dxdt <C
aT aT
0 00
2 1 2
1%
(ﬂ) dx<C, /<8—> dx <C.
t t
0

O — . O —
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Proof. Let us differentiate the first equation of the system (1.1) with respect to t:

22U 9 [[[dU 2+ 1% 8U+(]+S)32U o
a2 ox [\ ax ax ) | ox atox |

Multiplying (3.1) by dU/dt and using integration by parts we get

1 1
1d/ U dx+/(1+5) 92U 2dx+/ U 332de+/au AN
2dt J \ ot atox ax ) otox ax \ox ) atox
0 0

In an analogous way we deduce

1 1 ) 2 1 3.2 1 2.2
M/ dx+/(1+5) oV dx+/ ov 8de+/8V ik ade—o
2d dtax ax ) otox ax \ ax ) atax

0 0

0
Combining (3.2), (3.3) and taking into account the nonnegativity of the function S, we obtain
1 1 1
d auzdx+/ Vv 2dx+2f82U de+/ 92V 2dx
dt t ot axot axot
0 0 0
1 4 4- ! 2
+1/‘8 aUu N Vv dx—e—/a au A% dx<0.
2 ) otL\ ox ax ) | at [\ ox ox
0 0

o

or

) j%{(%)*(%)%«-
L)+ (5 Y= 1) () T

So, taking into account Poincare’s inequality we get

JTGEY + G oo TR G o

This completes the proof of Lemma 3.1. O

(3.1)

(32)

(3.3)

Note that from Lemma 3.1, according to the scheme applied in the second section, we get validity of Lemma 2.1 for

Problem 2 too.

Lemma 3.2. For Problem 2 the following estimates are true:
3 (t) <1+ Sk, 1) < Cod (0).
Now let us estimate functions o (x,t) and o3(x,t) in the norm of the space Ly(0, 1).

Lemma 3.3. For the solution of Problem 2 the following estimates are true:

1
@} < / (0200, 0) + 02 (x, ) dx < Cp3 (0.
0
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Proof. Taking into account Lemma 3.2 we get

it ot s (22) (3 st f[(2) (2

wi

1 1
ou A%
>C¢3(f)|:(/a ) (/—X ) :| W] +¢2)C§03(f)
0 0
or
1
/(alz(x, t) + 07 (x, t))dx}ap%(t). (34)

0
Using again Lemma 3.2 and definition of o7 and o3 we have
1 1 1

2 2 2
{/[alz(x,t)—i—azz(x, t)]dx} <2|:/012(x,t)dx:| —l—Z{[aZz(x,t)dx}

0 0 0

<2C¢3(f){[/(1+5)< ) } [/(1+5)( ) }} (35)

Let us multiply Egs. (1.1) scalarly by U and V, respectively. Using the boundary conditions (1.3) we have:

1 1
[0 ace [a+5(2) s oo
ot ax ) TR
0 0
1 1 2
/vﬂdx+f(1+5) v dx = vyp02(1,t)
ot ax ) T TRERL
0 0

Using these equalities, Schwarz’s inequality and Lemma 3.1, from (3.5) we get

/ 3U ; aV 2
Yi1o1(1,t) — /U + | Y202(1,¢t) — /Vﬁdx

0

1 2
{/[012(& £ + 03 (x. t)]dX} < 2C1<p%(t)
0

1

0
1 1
<4c1<p%(t) ]ol(lt)+/U2dx/< )dx+1//202(1t)+/V2 /( ) }
0 0

0

~ 1 1

<4C103 () (1//12+1//22)(012(1,t)+622(1,t))+C2</Uzdx+/V2dx>i|,

- 0 0

Now taking into account relations (2.3), (2.5), (3.4), Lemma 3.1 and the maximum principle [28]
Uk, b)| < max |U0(y)| Vx| < max 0<x<1, t=0,

we get
1

1 2 1 1 1 ,
{/[olz(x,t)—i—ozz(x, t)]dx} <4C1<p%(t){(t/f12+1/f22)(2/012dx+[< ) dx —I—Z/Gzzdx—l—[(%) dx)
0 0 0 0 0
2 2
ol (oo o)+ (s voon)) ]}

1 1 1 5
<4C1<p§(t)|:(¢1 +1//2 ( /ofdx—k/( ) dx+2/022dx+/(%> dx>+C3i|
0 0 0

1

1
<4C1<p3(t)[ 4/ of +02 )dx+ — /0] +03)d i|
@3 (0
0 0
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From this, taking into account relation ¢(t) > 1, we get

1
/(012(& £) + 62(x, 1)) dx < Cg3 (1),
0

Finally, using (3.4) and (3.6) the proof of Lemma 3.3 is complete. O

From Lemma 3.3 and relation (2.1) we get the following estimates:

do(t)
Cdr

Integrating these inequalities one can easily get
3 3
c C
1+-t) <p@®)<(14+=t]),
(1+50) <eo<(1+5)

c1+63 <o) <CA+1)3.

CW() Csv ().

or

From this, taking into account Lemmas 3.2 and 3.3 we get the following estimates:

cCA+H<1T+SEH<CA+10), t20,
1

c(1+t)2</(612(x,t)+022(x,t))dx<C(l+t)2, t>0.
0

Lemma 3.4. The derivatives U /dt and 0V /dt satisfy the inequality

1 2
aU A%
/|:<¥> +<at>]dX<C(1+t) t>0.
0

Proof. Using the inequality ab < a®/4 + b2, equality (3.2) yields

£ o 22 e (2 s (2 (2
a | \Gr ) &F J A\ g5 dxs2 AR50 ) dxv2 [A+9 {70 ) (5 ) &
0 0

Now using Lemma 3.1, keeping in mind definitions of o4, 03, relations (2.5), (3.7), (3.8), we get from (3.9)

1 1 1

d [({3U)\> 92U\ (6. 2.4

— — 1 — < 1 -

dt/(at) dx +c( +t)/<8t8x> dx<Ci(1+1) /(01 +o70y)dx
0 0 0

7 1 2 2 2 2 2
<CiAa+0)" /01 x, t)dx{[ max o2 (x, r)] +[ max o2 (x, t)] }
o<x<1 0<x<1
0

<C2(1+t)5({0/lofdx+2[/aldx} L/]( )2} }2

{0/10'2dx+2|:/022dxi|1/ [!(%)de}]/zr)

<GA+073(GA+0 + 0 +0%) <CA+07"

Similarly,

1 1
d [[/aV\? 32V \?
— =) d 1+t — ) dx<ca+o~L
dt/(ﬂt) X+C(+)f<arax> At
0 0

(3.6)

(3.9)
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Thanks to Poincare’s inequality we arrive at

d 1 oy ’ ad d 1+t ’ v dx<C(1+1t)7!
a |:<8t) +<3t)]X+C(+)/[( )+<3t)]x (+) .
0

From (3.10), using Gronwall’s inequality we get

T+ ()
con(-c o) j[(%ﬂ(z?

Applying L'Hopital’s rule we obtain

foe p(“”” YA+ 1)~ ldt

) }dx

c(1+t)? ‘ c(1+1)2

- exP(‘T)[C”Q/ e “5
0

t=0

t

+C/exp( /(1+§)d§)(1+r)_ dl’}
0

>> 5 }
1+71) 'dr|.

exp({52) 1+

= lim

A% exp(S9F9%) (1 4 )2 =00 exp(“UFD) (1 4 0)~1[c — 2(1 + 1) 2]

So, the validity of Lemma 3.4 follows from (3.11) and (3.12). O

Our next step is to estimate 9S/dx in L1(0, 1).

Lemma 3.5. For Problem 2 the following estimate is true:
1
/ daS
X
0
Proof. Let us differentiate (2.4) with respect to x:

0 aS 81 302
—|a+95*=|=20 205 —=
at[( +95) 3x] iy + 207 P

dx<Ca+071 t>0.

Using Schwarz’s inequality, Lemma 3.4 and estimate (3.8) we have

U 1 -1
i rve dx<CA+0 A+6" =

v
02 dx<Cca+n'a+o=c

O O— _

From relations (2.3), (3.7), (3.13), (3.14), we receive

t
EN au v
(1+5)25=/(2 1—+202—>dr
0

ad Bl
1
/ aS
ax
0

So, Lemma 3.5 has been proven. O

t
dx < C;(1 +t)_2/C2 dt<ca+0~L
0

Using relations (2.5), (3.8), (3.14), we obtain
1

1
Gf(x,t)éfaf(y,t)dy+2/
0 0

o1(y,t)

au(y.t) dy
at

<CiA+02+C <

<CO+6)2

= lim =
t—o0 ¢ — 2(1 4 t)—2

389

(3.10)

(3.11)

(3.12)

(313)

(3.14)

(3.15)
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or
lo1(x, )] <CA+0).

Taking into account Lemmas 3.4, 3.5, relations (2.3), (3.7), the last estimate and the identity

u -1
—=01(14+95)7",
0x

we derive
; daS
/ o1(1+5)~2—|dx
0x
0

1 1
92U (x, t) 904 1
— 2 ldx< [ |—a+57'd
ax2 'X/‘ax(“L) X+[
0 0
1 5 12 1 1/2 1
U
< [/(W) dx} |:/(1+5)2dx:| +f
0 0 0

1
N
<G+ A+ + A 100 +t)*2/ —lax<
0

as
o1(1 +5)*28— d

ca+v~2

Hence, we have

/

From this, taking into account the relation

aU(x,t) /BU(y t) /‘/ 92U (g, t)
= dy
dx 0982

0

92U (x,t)

o dx<CA+t72%, t>0.

and the boundary conditions (1.3), it follows that

2
Wweo ‘//8 PUED 4ol o

o T <CA+nH72, t=0.

—_

BZU(y, ‘

1
0
The same estimate is valid for 9V /dx:

IV (x,t)

—Yn|<CA+072, t>0.
0X

Thus, Theorem 1.2 has been proven.

Remarks.

1. The existence of a globally defined solutions of Problems 1 and 2 can now be obtained by a routine procedure, proving
first the existence of the local solutions on a maximal time interval and then using the derived a-priori estimates to
show that these solutions cannot escape in a finite time [14-16,21,22].

2. Let us mention that in Section 3 we used the scheme of [29] in which the adiabatic shearing of incompressible fluids
with temperature-dependent viscosity is studied. Note also that boundary conditions (1.3) are used here taking into
account the physical problem considered in [30].
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