View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

alhoun

Institutional Archive of the Naval Pastgraduate School

Calhoun: The NPS Institutional Archive

Faculty and Researcher Publications Faculty and Researcher Publications

2010

Large time asymptotic and numerical
solution of a nonlinear diffusion model
with memory

Jangveladze, Temur

‘: D U DLEY Calhoun is a project of the Dudley Knox Library at MPS, furthering the precepts and
uﬁm goals of open government and government transparency. All information contained

m“ KNOX herein has been approved for release by the NPS Public Affairs Officer.

LIBRARY Dudley Knox Library / MNaval Postgraduate School
411 Dyer Road / 1 University Circle
Monterey, California USA 93943

hitp://www.nps.edu/library


https://core.ac.uk/display/36731795?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Computers and Mathematics with Applications 59 (2010) 254-273

Contents lists available at ScienceDirect ~f~». s
Computers and Mathematics with Applications 2
journal homepage: www.elsevier.com/locate/camwa e

Large time asymptotic and numerical solution of a nonlinear diffusion
model with memory

Temur Jangveladze P, Zurab Kiguradze *°, Beny Neta ©*

2 [lia Chavchavadze State University, . Chavchavadze Av. 32, 0179, Thilisi, Georgia
b vane Javakhishvili Thilisi State University, University St. 2, 0186, Thilisi, Georgia
¢ Department of Applied Mathematics, Naval Postgraduate School, Monterey, CA 93943, USA

ARTICLE INFO ABSTRACT

Article history: Large time behavior of solutions and finite difference approximation of a nonlinear system

Received 18 May 2009 of integro-differential equations associated with the penetration of a magnetic field into

Accepted 28 July 2009 a substance is studied. Two initial-boundary value problems are investigated: the first
with homogeneous conditions on whole boundary and the second with nonhomogeneous

Keywords: boundary data on one side of lateral boundary. The rates of convergence are also given.

System of nonlinear integro-differential
equations

Large time behavior

Finite difference scheme

Mathematical results presented show that there is a difference between stabilization
rates of solutions with homogeneous and nonhomogeneous boundary conditions. The
convergence of the corresponding finite difference scheme is also proved. The decay of the
numerical solution is compared with the analytical results.

Published by Elsevier Ltd

1. Introduction

Integro-differential equations and systems of such equations arise in the study of various problems in physics, chemistry,
technology, economics etc. Such systems arise, for instance, for mathematical modelling of the process of penetrating of
magnetic field in the substance. If the coefficient of thermal heat capacity and electroconductivity of the substance is highly
dependent on temperature, then Maxwell’s system, that describe the process of penetration of a magnetic field into a
substance [1], can be rewritten in the following form [2]:

oH t )
— = —rot|a |rotH|* dt ) rotH |, (1.1)
ot 0

where H = (Hy, H,, H3) is a vector of the magnetic field and the function a = a(S) is defined for S € [0, 00).
If the magnetic field has the form H = (0, U, V) and U = U(x, t), V = V(x, t), then we have

tStH—o8 Sau 9 sav
rot(a(S)rotH) = ( e (a( )5)’_5 (a( )5»'

Therefore, we obtain the following system of nonlinear integro-differential equations:
U 9 /f A AN dU

—=—a — ) + = dr ) — |,

at 0x 0 ax ox ax

v 9 /f CIUA S AN 1%

—=—|a — | + = dr )| —|.

at X 0 0x 0x ax
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Note that the system (1.2) is complex, but special cases were investigated, see [2-7]. The existence of global solutions
for initial-boundary value problems of such models have been proven in [2,3,7] by using the Galerkin and compactness
methods [8,9]. For solvability and uniqueness properties for initial-boundary value problems (1.2), see e.g. [4-6]. The
asymptotic behavior of the solutions of (1.2) have been the subject of intensive research in recent years, (see e.g. [7,10]).

Laptev [5] proposed some generalization of equations of type (1.1). Assume that the temperature of the considered body
is constant throughout the material, i.e., depending on time, but independent of the space coordinates. If the magnetic field
again has the formH = (0, U, V) and U = U(x, t),V = V(x, t), then the same process of penetration of the magnetic field
into the material is modeled by the following system of integro-differential equations [5]:

U A NEIANNE A% 32U
—=a — ) + — dxdr | —,
ot o Jo 0x 0x ox2
v A NEIAN VA 92V
— =a [ / — ] + | — dxdr | —.
ot o Jo ox 0x x2

The purpose of this work is to study the asymptotic behavior of solutions of the initial-boundary value problem for the
system (1.3) and the convergence of the finite difference approximation for the case a(S) = 1+S. The solvability, uniqueness
and asymptotics to the solutions of (1.3) type scalar models are studied in [7,11].

Note that in [12,13] difference schemes for (1.2) type models were investigated. Difference schemes for one nonlinear
parabolic integro-differential scalar model similar to (1.2) were studied in [14]. Difference schemes for the scalar equation
of (1.3) type with a(S) = 1 + S were studied in [15].

The rest of the paper is organized as follows. In Section 2 large time behavior of solutions of the initial-boundary value
problem with zero lateral boundary data for the system (1.3) with a(S) = 1 + S is discussed. Section 3 is devoted to the
study of the problem with non-zero boundary data in part of lateral boundary. In Section 4 the finite difference scheme for
(1.3) is investigated. We close with a section on numerical implementations and present the numerical results comparing
the decay rate to the theoretical results.

2. The problem with zero boundary conditions

Consider the following initial-boundary value problem:

W92 V492 whea=0.1) x 0 00 (2.1)
ot e o U ge ®Del=0.1x(0.00) '
UQO.6) = U, ) =V(©0.0) = V(. 0) =0, t3>0, (2.2)
U(X7 0) = UO(X)’ V(X’ 0) = VO(X)7 x € [0, 1], (23)
where

N AGE A
so=[ [ <—> n (-) dxdr
o Jo X ax
and Uy = Uy(x), Vo = Vp(x) are given functions.
The existence and uniqueness of the solution of such problems in suitable classes are proved in [7]. Now we are going to

estimate the solution of the problem (2.1)-(2.3).
Recall the L,-inner product and norm:

1
(u,v) = / u@oEdx,  ful = @ w'?
0
We use the well-known Sobolev spaces H*(0, 1) and H{(0, 1).

Theorem 2.1. If Uy, Vy € H(} (0, 1), then for the solution of problem (2.1)-(2.3) the following estimate is true

t
< Cexp (—5) .

Remark: Note that here and in the following second and third sections, C, C; and ¢ denote positive constants independent
of t.

ou 1%
WUl + || —1 +1IVIl+ | —
0x 0x
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Proof. Let us multiply the first equation of the system (2.1) by U and integrate on the interval (0, 1). Using the boundary
conditions (2.2) and integration by parts, we get

——||U||2 /(1+5)( ) 0.

From this, using Poincare’s inequality and the nonnegativity of S(t) we obtain

2

Yo+ 1Y <00 24w up <o (2.4)

2 dt -7 2 dt - )
Analogously,

LTINS 14 S S (2.5)

2dt x|l — 7 2 dt )

Let us multiply the first equation of the system (2.1) by 32U /9x?. Using again integration by parts we have

du U |!

32U U 32U\’
—_— / ——dx—/ a+Ss dx.
at ax |, atox ox ox?

Taking into account (2.2), from the last equality we get

2

14 |ou +(1+9) U 2—0 (2.6)
2.dt || 9x x| '
d |au|?
rrd (2.7)
Analogously,
d ||av]?
il ax 0 (2.8)
X

Using inequalities (2.4), (2.5), (2.7) and (2.8) we receive

d
exp(t) o (lui* + ||VI|2) +exp(®) (IUII° + IVII°)

+ ad + exp(t) u|*
E— X JE—
3 P B
From this we get

4 e © (U1 + IVII* + i 2+ ad <0
at | P 3 % =

This inequality immediately proves Theorem 2.1. O

Note that Theorem 2.1 gives exponential stabilization of the solution of the problem (2.1)-(2.3) in the norm of the space
H'(0, 1). Let us show that the stabilization is also achieved in the norm of the space C!(0, 1). In particular, let us show that
the following statement holds.

+ exp(t)— (H

2
R )SO

Theorem 2.2. If Uy, Vo € H*(0, 1) N H(} (0, 1), then for the solution of problem (2.1)-(2.3) the following relations hold:

aU(x, t) t aV(x,t) t
<Cexp|—=), <Cexp|—=),

0x 2 0x 2

oU(x, t) t aV(x,t) t
<Cexp|—z ), <Cexp|—=).

at 2 at 2

To this end we need the following Lemma.
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Lemma 2.1. For the solution of problem (2.1)-(2.3) the following estimate holds
‘ aU(x, t) H ’8V(x t) H ( t>
Cexp )

Proof. Let us differentiate the first equation of the system (2.1) with respect to t

azu_(1+s) °u /1 U 2+ AN PRKEY 29)
a2 ax2ot 0 ax ax ax? '

and multiply by dU/dt. Using integration by parts and boundary conditions (2.2), we deduce

1d [t(au 2dx+(1+5)/ 2dX+ /1 ou 2+ AN dx 18U82de_0
2dt J, \ ot axdt 0 ax ax o Ox axat
d [!/0U\? 17920 \? 1 rauN?  [av\? 1au 92U

— — ) dx+2(1+9) —— ) dx= -2 — ) +(—) |dx — — —dx
dt Jo \ ot o \0xdt 0 ox ox o O0X 0xdt

Now the right-hand side can be estimated as follows:
T /auN\?  [av? 19U 92U
-2 / — ) + = dx — ——dx
0 dax X o O0x 0x0t
! Y /ou 92U
2{(1 495712 / — 1 172 d
/0{(+) (0 ox (+)88tx
: U v U 32U 2
(1—|—S) + — dx) — ¢ dx+ (1+S) dx.
0 ax 0x 0x

Therefore,

d l(3”>2d 145 ]<82U>2d<1 51 1(3”)2 <a")2a 2 1<8U>2d 2.10
EOE x+(+)/0w x<(1+S) /0 a"‘& x‘/o‘a x. (2.10)

Using Poincare’s inequality, Theorem 2.1, the nonnegativity of S(t) and relation (2.10) we arrive at

d 0
3 | exp(

au t
—| <Cexp|—= ).
at 2

A similar argument show that

v ( t)
— || <Cexp|{—=).
at 2

This proves Lemma 2.1. O
Now we turn to the proof of Theorem 2.1.

or

=

) < Cexp(—2t),

or

Proof. Let us estimate 92U /dx? in the norm of the space L;(0, 1). From the first equation of the system (2.1) we have

a*U _,0U
72 = +957 3 (2.11)

Integrating on (0, 1) and using Schwarz’s inequality we get

1 1/2 1 /02 1/2
/ dx_/ dx < [/ 148~ de] U (-) dx:| )

82

_ 3
) a1+
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Applying Lemma 2.1 and taking into account the nonnegativity of S(t) we derive

t
dx < Cexp (—5) .

From this, taking into account the relation

QUK &) BU(y 0, PUE. D 2
dx _/o / ./ - eg2

and the boundary conditions (2.2), it follows that

2

/1au
0

0x2

AU (x, t XUk, t 2U®, t t
*, ©) @, )dédy 5/ L dy < Cexp .
ox 02 0 ay? 2
Analogously,
aV(x,t) ( t)
<Cexp|—=)-
dx 2

At the next step, let us estimate dU/dt in the norm of the space C!(0, 1). Let us multiply the first equation of the system
(2.1) by 33U /9x%dt. Using integration by parts we get

0°U da°U
_‘ g+ )/ dx. (212)

92 9x20t
Taking into account the equality

/1 0°v U, 1d
o 0x29t 9x2  2dt | ax?

and the boundary conditions (2.2) we arrive at

92U

0xot

au 92U |
at 9xot |,

2

1+5d a%u|®  |o%u|*
2 dt | ox? axat ’
or
LR <0 (2.13)
de || ox2 | — ’

Note that from (2.12) we have
2 33U
dx20t

9%U
0x?

92U
oxot

1+S
<

1+S
2

(2.14)

2
|

Let us multiply the Eq. (2.9) by 93U /9x%3t. Integration by parts gives

/1 PU U s 2+ /1 WY, (VY] g /13211 L
0 0 0x ox 0 0x2 0x20t

9xat? oxat
The last equality, by taking into account boundary conditions (2.2), can be rewritten as follows

2 1 rau\?  [oav)> 192U 93U
_ / N 4 (V) | ax / YU U 4
0 0x 0x o 0x% 0x20t

We estimate the right-hand side in a similar fashion as we have done to obtain (2.10). It is easy to see that

s [ [T(Y (Y] 2 [(2)
- 0 ax ox X o \ 9x2 X

Using Theorem 2.1, relation (2.11) and Lemma 2.1 we arrive at

32U 32U |

92 axat |, 9x 23

32U ||?

oxot

d
dt

+2(1495) H

X209t

2

d || 0*U

de

L)

9x%ot

2
< Cexp(—3t). (2.15)

ravs|

Ha ot a2t
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Combining (2.4), (2.6) and (2.13)—(2.15) we get

d
dt

d U au2
U+ — U1+ | —
Iull +dt|| [ +H8x

1

L d
dt

32U |°
e

a%U
+2(1+59) 0%l

32U 2

dxot
1+SH

9%U
xdt
32U |
X2

dt

g +s>”

|

X290t
1+S

+ Cexp(—3t).

- 2 ax20t

From this, keeping in mind the nonnegativity of S(t), we deduce

2 2

92U
o0xot

92U
0xot

+c1
dt

d

au 2 82U 2+
dt

N %U
0x2

P < Cexp(—3t).

2
‘|
2
)} < Cexp(—2t).
2

< Cexp(—t).

d U
Ui+ — lUJI?> + | —
Ul +dt|| [ +H8x

L d
d

After multiplying by the function exp(t) we get

I expo (02 Hau
a exp(t) + I

Integration from O to t gives
2
+ ‘

From this, taking into account Lemma 2.1, it follows that

BU(y t) d?U(E, t)
/o / / o€ O dgdy‘
1/2
i (ya] " f
0 at 0

t
< Cexp <—5> .

This completes the proof of Theorem 2.2. O

N

92U

%U
0xot

X2

2 ‘

d

92U

oxot

92U

o

ou
Ull> + | —
l ||+Ha

AU(x, t)
ot

0%U(y, t)
ayot

t
dy < Cexp <—5> .

Analogously,

V(x, t)
at

3. The problem with non-zero data on one side of lateral boundary

Consider again the system:

U 92U v AV
— = S)—— = S)——

where as before

NANEIA v \?
S(t):/O/O {(5) +<5> j|dxdr. (3.2)

In the domain Q for the system (3.1) and (3.2) let us consider the following initial-boundary value problem:

u@,t)=Vv(@O,t) =0, u,t) =y, 1,t) =vnp, t=0, (3.3)
U(x,0) = Up(x), V(x,0) =Vy(x), xe€]0,1],

where 1 = Const > 0, ¥, = Const > 0, ¥ + 7 # 0; Uy = Up(x) and Vp = Vp(x) are given functions.
The main result of this section can be formulated as follow.
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Theorem 3.1. If Uy(0) = V(0) = 0, Up(1) = ¥y, Vo(1) = v, ¥ + 2 # 0, Uy, Vo € H3(0, 1), then for the solution of
problem (3.1)-(3.4) the following estimates are true:
oU(x, t) oVix,t)
‘ ox ox

’8U(x, t)

<C(1+106)72, <CA+t72 t=>0,

—

— ¥

aV(x, t)

<Ca+07", t=0.

<Ca+t, '

Before we proceed to the proof of Theorem 3.1, we state and prove some auxiliary lemmas.
Lemma 3.1. Following estimates are true:

P3(t) < 1+S(t) < Cpi(t), t=0,

t 1 2 2
p(t) =1 +/ / (1+5)? [(8—U) + (a_v) }dxdr. (3.5)
o Jo 0x 0x

Proof. From (3.2) it follows that

ds Yl /auN?  [fov?
E:/o {(5) +<5> }dx, S(0) = 0. (3.6)

Let us multiply the first equality of (3.6) by (1 + S)? and introduce following notations:

where

ou A%
o1=0+8—, o2=(1+S5—.
X ax

We have
1d(1+9)3 1

Integrating Eq. (3.7) on (0, t) we get

1 S 3 t 1 1
a+s) = / / (012 —l—022) dxdr + —,
3 o Jo 3

or, taking into account (3.5)

93(t) < 1+S(0) < [Bp(D)]3 .

So, Lemma 3.1 is proved. O

Lemma 3.2. The following estimates are true:
2 o, 2 2
cp3) < | (of+o07)dx <Co3(t), t=>0.
0

Proof. Taking into account Lemma 3.1 and the boundary conditions we get

[ v L[99+ (2]

2 tou 7 tav 7 s o 2
prg(t)“:/o adx] +|:/(; adx] }=(1/f1+1ﬁ2)<03(t),

1
f (02 + 02) dx = cg5 (8). (3.8)
0

or

Let us multiply the first equation of (3.1) by (145)~19U/dt and integrate on the domain (0, 1) x (0, t). Using conditions
(3.3), (3.4) and integration by parts we have
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/t/1(1+s)1 w 2clxcl +1/1 i 2clx 1f1 dUo de 0
- T — R — = = 0.
0o Jo ot 2 0 0X 2 0 dx

From this we get

1 rau\?
/ (—> dx <C. (3.9)
0 0x

Analogously,

VA
/ (_) dx < C. (3.10)
0 ax

From (3.9), (3.10) and Lemma 3.1 we conclude

! v\ fav? 2
/0 (of+o§)dx=(1+5)2/0 [(a) +<§) }dxscw(t).

So, the last inequality with estimate (3.8), proves Lemma 3.2. O
From Lemma 3.2 and relation (3.5) we receive following estimates:

de(t)
t

cp3(t) < <Co3(t), t=>0.

Integrating this inequalities one can easily get
c \3 c\’
1+2t) =0 = (1+5¢)
( 3f) =¢® —( 3 )

cA+t)> <pt)<CA+1t)>.

or

From this, taking into account Lemma 3.1 we get the following estimate:

c+t)<1+Skx,t)y<CA+t), t=>0. (3.11)
Lemma 3.3. The derivatives U /dt and 0V /9t satisfy the inequality

ou

ot

Proof. Note that inequality (2.10) is valid for the problem (3.1)-(3.4) as well. So, from (2.10), using Poincare’s inequality
and relations (3.9)-(3.11) we get

d [*(au 2c1x+c(1+t)/1 it 2c1x<C(1+t)—l
dr Jo \ ot o \ ot - '

Using Gronwall’s inequality we arrive at

1 /790\2 t 1 /a0\2 t .
/ <—> dx < exp (—c[ (1+71) dl’) / (—) dx + C/ exp <c/ a1+& dé) (147 'dr
o \dt 0 o \ 0t —o 0 0

2 t 2
= Crexp (—@) [Cz + C3/ exp (@) 1+ t)_ldr:| . (3.12)
0

<Cc1+t7', t=>o.

n aVv
at

Applying L'Hospital’s rule we obtain
fot exp (@) 1+ ldr exp (%) 140!
lim = lim

t—o00 exp (c(l-zy-t)Z) (14 1)-2 t—00 exp (c(l—zo—t)z) 1+ 6 [C 21+ t)_z]

lim —— =C. (3.13)
t—oo ¢ —2(14t)~2
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Therefore, from (3.12) and (3.13) we get

1 /7ou\?
— ) dx<Cc(1+1t)2%
A(at) x=cato

Analogously,

1 rav\2
— ) dx<ca+t2
/o(at> x=eaEn

So, Lemma 3.3 is proved. O
Now we are ready to prove Theorem 3.1.

Proof. According to the method applied in Section 2, taking into account Lemma 3.3 and the estimate (3.11), we derive

au(x, t) X92U(E, t) / 92U (x, t)
— — 2 “dedy| < —
’ o V| = oe2 £dy| < ; o2
LU 2T ey 1Y
/ (1+s)‘ dx < [/ (1+S5)~ de] [/ — dx] <C(14+t)~%
0 0 at
Hence, we have
oU(x, t _
;X ) _ <ca+o2 (3.14)
Analogously,
aV(x,t _
;X )—Wz <Ca+t)> (3.15)

Now let us estimate dU /dt and 9V /dt. For this let us multiply (2.10) by (1 + t)2. Keeping in mind estimates (3.9)-(3.11),
we arrive at

t d 1 aU 2 t 1 aZU 2 t
/(1+r)2—</ <—) dx)dt+cf(1+t)3</ ( ) dx)drgc/(wr)dr.
0 dr \Jo \ ot 0 o \07dx 0

Integrating last inequality on (0, t), using integration by parts, estimate (3.11) and Lemma 3.3 we get

’ NELAS VLA
/(1+f)3 <f0 (ara ) dx)drs—(l+t)2/0 (E) dx+/0 <¥> dx
t 1 U 2 1 =
+2/0(1+r)(/0 (E) dx)dt+5[(1+t)2—1]

t 1 1
<G +C2/ (1+17)"dr — §+5(1+t)2 < C(1+1t)%
0

2
/ 1+1)? (/ (81:;] ) dx) dr <C(1+1)% (3.16)
0

In an analogous way we can obtain

2
/(1+r)3 (/ (ara ) dx) dr < C(1+ )% (3.17)
0

Let us multiply (2.9) by (1 + t)33%U/at>

2 3 2
f(1+t)3( U) dx—/(1+t) (145U 0V
ot? ax29t 0t2

L <au>2 (av)2 " 9°U 9%U i
+/0(+> / ) T o ez

or
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Integration by parts and using the boundary conditions (3.3), gives
! 92U\’ ! 32U U
1+t (—) d 1+6°A+S)— dx
/0(+)(at2> x+/0(+)(+)88t8t28x
+/1(l+t)3 /1 8Uz+ Y 14 auaud 0
— — x| — x = 0.
0 0 0x 0x 0x 0t29x
After integrating over (0, t) we arrive at
t 1 aZU
3
/ / A+’ — dxdr+ / / (1+71)° (1+5)— dxdr
o Jo at2 TOX
' A El E)Y% YU a8 [ d%U
+/(1+r)3 / — + — ) |dx — dx ) dr = 0.
0 0 X 0x 0 ox 37: aT0X

Integration by parts again and taking into account (3.6) we get

(1+1)° <1+S)/ ( )2 1/1<32u>2
dx — — — | dx
atox 2 Jo \0tox —o
t p1 2 2

53/ / 1+ +59) au) dxdr

2 0 0

1 [t , U LA
oo (f <0 [(a_) ( )} ") (/0 (arax) d")d’
PR v )
1+ (0 {( ) (a )] )(o ax atox

/ 8U 1au 9%u
+ —dx
0 8x 0 9x dtox
t=0
1oU 9%U
3 1 — dx ) d
+/(+’)<o[( ( )}x)<oax8raxx>f
' d Y /au v 1au 9*U
+/ 1+1)°— / — + — ) |dx — dx ) dr
0 dr \Jo 0x 0x o 0X 0TOX
f T auN® | (v LAY
1 3 — — ) |d dx ) dz.
Lo (LG G o) ([ () o)
By using Schwarz’s inequality in the last relation, keeping in mind estimates (3.9)-(3.11), we deduce

2 92U \ 2
—(1+t)/ (88)dx<C1+C2//(1+ )3(88>dxdt
3 Y ’
+C3/0(1+r) (/0 <818x) dx) dr + - (1+t) / <8t8x) dx
caro ['(5) o (|5 5]
+ G +1) /O ) X5
2 t
/(1+r) (/ ( ) dx)dr+C5/(1+r)dr
0 dToX 0

¢ 1 8U 2 1/2 1 82[] 2 1/2
3
+C6/O(1+t) |:/0 (a) dx] [/0 (8x8r> clxi|

3x8tH

=0
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1/2 5 1/2

L v Lra2v 2 AN 192U

] ey e Ty
0 0X 0 x0T 0 0x 0 0X0T
t 1 aZU 2

+C7/(1—i—t)3 / dx ) dz.
0 0 dToX

From this, taking into account estimates (3.9)-(3.11), (3.16) and (3.17), we get

c 1 aZU 2 t t 1 82U 2

4 2 3
—(1+4+1) / — ) dx <G+ Go(1+1) +C10/ (1+‘C)d1,’+C11/ (1+71) / dx | dr
4 0 atox 0 0 0 dToxX

12
t 1/ 92y 2 1/ 52y 2
C 1 3 d d d
+ 11/0( + 1) |:/0 <818x) X/o (81’8}() X T
t 1 82‘/ 2 t 1 azu 2
< (140 + C13/ (1+7)° / dx ) dr + C13/ (1+71)° / dx | dr < Cia(1+0)%,
0 o \0Tox 0 o \0Tox

or at last

1/ 92u\?
— ) dx<ca+1t)%
/0<8t8x> x=C+0)

From this, according to the scheme of the second section, we obtain

aU(x, t)
ot

1/2 1/2

<Cca+tH

Analogously,

V(x, t)
at

<Cca+bp .

So, the proof of the main Theorem 3.1 of this section is over. O
Remarks:

1. Note thatin this section we used a scheme similar to the scheme of [ 16] in which the adiabatic shearing of incompressible
fluids with temperature-dependent viscosity is studied.

2. The existence of globally defined solutions of the problems (2.1)-(2.3) and (3.1)-(3.3) can be obtained by a routine
procedure. One first establishes the existence of local solutions on a maximal time interval and then uses the derived
a priori estimates to show that the solutions cannot escape in finite time (see, for example, [7-9]).

3. Mathematical results, that are given in the second and third sections, show difference between stabilization rates of
solutions with homogeneous and nonhomogeneous boundary conditions.

4. Finite difference scheme

In the rectangle Qr = (0, 1) x (0, T), where T is a positive constant, we discuss finite difference approximation of the
nonlinear integro-differential problem:

AU il /auN?  fav? a*U
a—{”/o / [(a) +(5) }d"d’}a?:“"’”’

(4.1)
v |, £l <au)2 (av)z ied 92V PP
T +/o /o M + ™ xdt e 2(x, 1),
U@,t) =U(,t) =V(0,t) =V(,t) =0, (4.2)
Ux,0) = Up(x), V(x,0) = Vp(x). (4.3)

Here fi = fi(x, t), o = fo(x, t), Uy = Ug(x) and Vy = V() are given sufficiently smooth functions of their arguments.
We introduce a net in the rectangle Qr whose mesh points are denoted by (x;, tj) = (ih, jt), wherei =0, 1,..., M and
j=0,1,...,Nwithh = 1/M, v = T/N.The nitial line is denoted by j = 0. The discrete approximation at (x;, t;) is denoted
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by uﬂ vf and the exact solution to the problem (4.1)-(4.3) at those points by U{ , Vij . We will use the following notations for
the differences and norms:

i=1

M—1 1/2 M
Irlls = (Zrﬁh) . k= (Z rfh)
i=1

Thus we have

M j+1 . .
{1+‘Ehzz (VU) + (Vyv 1) }Axvx i+1:f{,iv

(4.4)
M j+1 . .
{1+thZ (Va)? 4 (Vo2 }AXVX Jh=f., i=12...,M-1;j=01...,N—1,
I= 1
W =1, =vl =1, =0, j=01.. N, (4.5)
W =Uy;, v =V i=01,...,M. (4.6)

Multiplying the first equality of (4.4) by rhué“ (t), summing for each i from 1 to M — 1 and using the discrete analogue
of the integration by parts we get

M 1 M—-1
112 — h Z W 4 th Z (1 + rhz i [(Va)? + (V)2 ]) (vxugi“)z —ch Y flal (4.7)

i=1 =1 k=1

Taking into account the following relations

M—-1 1 M-1 1
1, , ‘
hy ™ < S + —||u’||# hY_ it = S+ ||uf+1||i
i= i=1
and discrete analogue of Poincare’s inequality
Il < Vil (48)

from (4.7) we get
1 . 1 . ) . T ;
illu’“llﬁ - zlltt’llﬁ + || Va1 < zlIff Il + 3 (RATAR I

From this inequality it is not difficult to get the following estimation

n
7+ > I Vadl i <C, n=1,2,....N. (4.9)
j=1

Analogously, we can show that

n
"R+ > I VedlliT <C, n=1,2,....N. (4.10)
j=1

In (4.9) and (4.10) the constant C depends on T and on f; and f, respectively.
The a priori estimates (4.9) and (4.10) guarantee the stability and existence, see [9], of solution of the scheme (4.4)-(4.6).
The main result of this section is:

Theorem 4.1. If problem (4.1)-(4.3) has a sufficiently smooth solution U = U(x,t), V = V(x, t), then the solution W o=
W, .., D Vo=, ...,UJM ).j =1,2,..., N of the difference scheme (4.4)~(4.6) tends to U/ = (U}, U}, ...,
U,’V,_]), Vi= (V’, .. V,’V, D ji=1,2,...,Nast — 0, h — 0and the following estimates are true

I — Uy <C(x+h), W -V<Cx+h), j=12,...,N. (4.11)
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Proof. ForU = U(x,t) and V = V(x, t) we have:

. M+l . . ‘
AT {1 +hY > [V + (vxv,")2]} ANVUT =~y
=1 k=1

M j+1 (4.12)
AT {1 +hY Y [P+ (vxv,k)2]} ANV =yl

=1 k=1
Uy=U,=V,=V, =0, (4.13)
U =Upi, V2 =Voy, (4.14)

where

/=0t +h), k=1,2.

k,i

Solving (4.4)—(4.6) instead of the problem (4.1)-(4.3) we have the errorsyf = Ld — U{ and z,’ = v{ - Vl] From (4.4)-(4.6)
and (4.12)-(4.14) we get

M j+1
Vi — Ay { (1 +th Z Z [(Vaup)® + (vaf)2]> \ATAR

I=1 k=1

M j+1
- (1 +hY Y [P+ (vxv/‘)z]> VUt =y
| I=1 k;ll i ‘ (4.15)
ViZ — A, { (1 +hY Y [V + (vaf)z]) Vi
w b R
_ (1 +th Z Z [(V.U? + (va,’<)2]> A
=1 k=1
Yh=vy ==, =0, (416
W=2"=o0. (4.17)

Multiplying Eq. (4.15) by thyfr] and ‘CthHl, respectively, summing for eachifrom 1to M —1, using (4.16) and the discrete
analogue of formula of integration by parts we get

' M-1 M M j+1 '
R =Y YT ey { (1 +thy Y [(Va)’ + (val")z]) v
i=1 i=1 I

=1 k=1

M j+1 ) . M-1
— <‘l + -Lrh E E [(VXU]k)z _|_ (vxvlk)z]) VXU{+1} VX i+1 — ‘Ch Z w_‘]l’iyz%-],
i=1

I=1 k=1

‘ M-1 M M j+1 ‘ (4.18)
12777 —n Y 2Tz +Th Y { <1 +h Y Y [(Vah)® + (vxv,’f)z]) AR
i=1 i=1 I=1 k=1
M j+1 , , M-1—
- (1 +hY D (VU + (va,")z]) vxv,.f“} Vi =1h )yt
=1 k=1 i=1
Note that
hM711j+1ri 1 J+1)2 1 2 1 j+1 in2
; A L e L Ty L [ (4.19)
and

([(Va? + (Vo] Vad ™ = [(VUH? + (V] VU ) (V™ = vuith
= [(Va)? + (V)] (V™D + [(TU? + (Vv (VU
= Var VU (VU + (VV? + (V) + (V)]

1 ‘ N2
= 2 (V" = V") (V) + (V) + (VU + (V7]
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B %(Vx“’éﬂf [(VU9? + (VaVi)?] = %(VXU{“V [(Vad)? + (Vevh)?]

+ LY (Tl + (V] + %(%U{“)Z [(VUS? + (V797

N

= 2 [0 = (U] [T + (Tal? = (T2 — (VY] (420)

Analogously,
([(Vd? + (V)] Vil ™ = [(VU? + (V2] VW) (vl = v
> % [Vl = (VD] [(Va? + (Vo) = (VUE? = (Vv?]. (421)

Taking into account relations (4.19)-(4.21), from (4.18) for all ¢ > 0 we have

, 1. , 1 1 .
Iy + —|Iy’+1 —Yllr = Elly’“llﬁ - —|Iy’I|§ + | VG

1 :
j+1 j+1 2 j+1 j+17 2
+ 25+ Sz 27 =2 - || 75— IIZ’||h +7 I Vil

22 M oMt : .
2 Z Z (Val)? + (Ve = (VN2 = (VY] [ (Vad ™) o+ (Vaf )2
i=1

I=1 k=1

. . T . . .
- (va{“> —(vxv{“)]srs(||w{||ﬁ+||¢Jz||i)+£(||W||ﬁ+||zf“uﬁ), j=01... N—-1  (422)

Let us introduce the notation
§=1hY D [V’ + (Vo) = (WUP)? = (%V)?], 50 =0,

=1

then
‘ = j+1 j+1 j+1 j+1
A =hY[(Vad™)? + (VT = (R - (v
I=1
So, from (4.22) we get
YR = Y 4+ 20V G+ 0 VR 12T = 1205 + IV + I TR 4 (AE)
. . T : : . .
+ T8 AE = — (Al + 1210 + 4T (Y + 12711 (4.23)
Using (4.17), discrete analogue of Poincare’s inequality
177 <l v T
and the relation
R B
A =S () - (S’) ( &)

from (4.23) when ¢ = 1, we have

n—1
y"l7 + 7D Ayl + Z RAARTE Al +r22 AT
j=0

j=0
T +] .[2111 .2 — .2 ]2
+ZZ||VzJ 1R+5 ) (a) + Z(nwﬁnﬁnwznh), n=1,2,...,N. (424)
j=0 j=0

From (4.24) we get (4.11) and thus Theorem 4.1 has been proven. 0O

Remark: Note, that according to the scheme of proving convergence theorem, the uniqueness of the solution of the
scheme (4.4)-(4.6) can be proven. In particular, assuming the existence of two solutions (u, v) and (i, v) of the scheme
(4.4)-(4.6), then for the differencesy = u — tand Z = v — v we get [|y"||? + [|2"|? < 0,n=1,2,...,N.So,y =Z = 0.
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5. Numerical implementation

The finite difference scheme (4.4)-(4.6) can be rewritten as follows:

u’l:“—u’: Ut o u"l+u£ﬂ

i H—] i+1

:f{f,

2 ,1

U}'+1T_Uj S Z, G

i i _ it Vit i1
T h?

M _ 2 kK ok \?2
—1+) Y ( ”“) +<—”@ h”“) . (52)

=1 k=1

=fl, i=12,...,M=-1,j=0,1,...,N—1,

where

In order to rewrite this in matrix form, we define the vectors

ulM 1
and similarly v, t" and f’ We also define the symmetric tridiagonal (M — 1) x (M — 1) matrix T as follows
—h—12Af+1 s=r—1,
' EA"+1 s=r
T =R ’
—h—12Ai+1, s=r+1,
0, otherwise.

Thus the system (5.1) becomes

% [;,":} - % [ﬂ + [ngl Tﬁl} [:;’::] _ L‘:j — 0. (5.3)
We will use Newton’s method to solve the nonlinear system (5.3). Let
P =
and

F =

and define
HEP*Y) = 1ptt _ Ipy i (5.4)
T T

A1 . o . . . . . .
whereT ' is the 2-by-2 block diagonal matrix with T*! on diagonal. We will now construct the gradient matrix. This matrix
can be written in block form as follows:

Q R
VH:[W z}’

where the matrices Q, R, W, Z are given below.

1 1 1 1 j+1 j+1
1 Aj—H 8r+1s - 25rs + Sr—ls + 27 ul:_] - 2uI+ “]+ HLL - qus+ + ul:__1

Qrs e ;SFS —_— h2 h2 h2 (5-5)
U/+1 2U}+1 + U1+l u]—H 2u}'+1 +L[i4_‘1

W, = 2th r+1 e s+1 hsz s—1 (5.6)
j+1 +1 +1 j+1 +1 +1

R 20 Qi = 2w T ol — 2 4ol (5.7)

h? h?
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where §,5 is the Kronecker delta and Z,, is obtained by replacing u by v in Q. Using definition (5.4) Newton’s method for the
system (5.3) is given by

VH(Pj+1) |(n) (P;’+1 |(n+1) _Pj+1 |(n)) — —H(Pj+l) |(n) .

Theorem 5.1. Given the nonlinear system of equations
H; (Py,...,Poy_2) =0, i=1,2,...,2M — 2.

If H; are three times continuously differentiable in a region containing the solution &, . . ., &u_- and the Jacobian does not vanish
in that region, then Newton’s method converges at least quadratically (see [17]).

The Jacobian is the matrix VH computed above. The term % on diagonal ensures that the Jacobian does not vanish. The
differentiability is guaranteed, since VH is quadratic.
In our first numerical experiment (Example 1) we have chosen the right-hand side so that the exact solution is given by

U, t) =x(1 —x)sin(x +t), V(x,t) =x(1 —x)cos(x + t).
In this case the right-hand side is

fix, t) = x(1 —x) cos(x + t) — <1 + %t) (=2 —x + x> sin(x + t) + 2(1 — 2x) cos(x + t))

fo(x, t) = —x(1 — x) sin(x + t) — (1 + %t) (=2 — x4+ x*) cos(x + t) — 2(1 — 2x) sin(x + t)).

The parameters used are M = 100 which dictates h = 0.01. In the next four subplots we plotted the absolute value of
the difference between the numerical and exact solutions on a semi-log axis at t = 0.5 and t = 1 (Fig. 1) and it is clear that
the two solutions are almost identical.

In our next experiment (Example 2) we have taken zero right-hand side and initial condition given by

Up(x) = U(x, 0) = x(1 — x) sin(8mx), Vo(x) = V(x,0) = x(1 — x) cos(4mx).

In this case, we know that the solution will decay in time [11]. The parameters M, h, t are as before. In Fig. 2, we plotted the
initial solution and in Fig. 3, we have the numerical solution at four different times. In both figures the top subplot is for u

uatTimet=0.5 v at Time t =0.5
0.25 : : : : : : ; ; ; 0.16
0.14
02r
012
015} i o1
0.08 [
0.1
0.06 [
004
0.05
0.02 |
0 L L L L L L L L L 0 L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1

uatTime t =1 0.06 v at Time t =1

0.25

02 4 0.04}

015} 1 402t

0.1 9 0

-0.01

005 1 -002f
-0.03f
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ o004 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Fig. 1. The absolute value of the difference between the numerical and exact solutions for u (left) and v (right) at t = 0.5 (top) and t = 1 (bottom) on a
semi-log scale.
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Timet=0

0 26 4‘0 éO 50 1 60 120

Fig. 2. The initial solution Uy(x) = x(1 — x) sin(87x) (top) and Vy(x) = x(1 — x) cos(4mx) (bottom) for Example 2.

x 10
8 T T T T T T T T T E——r
+ t=0.2
x 1=0.3
6 4 * t=04
4+ 1
ol 1
0 . " b
2+ R
4+ R
-6 1
_80 01 02 03 04 05 06 07 08 09 1
—t=0.1
+ t=0.2
x t=0.3
* t=0.4

0 01 02 03 04 05 06 07 08 09 1

Fig. 3. The numerical solution att = 0.1, 0.2, 0.3, 0.4 for u (top) and v (bottom).
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02|
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0.6
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0 0.5 1.0 15 2.0 25 3.0 35 4.0 45

Fig. 4. The maximum norm of the numerical solution for %—‘X} (top) and %—‘; (bottom) (Example 2) and e~*/2. Solid line for 2 and 3—‘; and line marked with

8 X 9.
* for the exponential.
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0 120
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0.2 . . . . .
0 20 40 60 80 100 120

Fig. 5. The initial solution Uy (x) = x(1 — x) sin(87rx) + 0.0002x (top) and V;(x) = x(1 — x) cos(4mx) + 0.001x (bottom) for Example 3.

and the bottom subplot is for v. It is clear that the numerical solution is approaching zero for all x. We have also plotted the

maximum norm of the partial derivatives 33—;’ and %—‘; versus the exponential e /2, Fig. 4 shows that the maximum norm of
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0 01 02 03 04 05 06 07 08 09 1

Fig. 6. The numerical solution at t = 0.1, 0.2, 0.3, 0.4 for u (top) and v (bottom).
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Fig. 7. The maximum norm of the numerical solution for ‘;—g (top) and %—‘; (bottom) (Example 3) and e~!/2. Solid line for %—‘){ and %—‘; and line marked with
* for the exponential.
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(top) and %—‘; (bottom) decays faster than the exponential. Therefore the numerical approximation of the x-derivative of
solution of our experiment fully agrees with the theoretical results given in [11].

We have experimented with several other initial solutions, and in all cases we noticed the decay of the numerical solution
as expected [11].

We have solved the problem with nonhomogeneous boundary conditions on one side of lateral boundary as well
(Example 3). In this case we have taken the following initial conditions:

Up(x) = U(x, 0) = x(1 — x) sin(8wx) + 0.0002x, Vo(x) = V(x,0) = x(1 — x) cos(4mx) + 0.001x.

U
ax
the

We plotted the initial solution in Fig. 5 and the numerical solution at various times in Fig. 6. Now the solution approaches
the steady state solution U(x) = 0.0002x and V (x) = 0.001x respectively.
We have also plotted the maximum norm of the partial derivatives %—‘){ and %—‘; versus the exponential e~!/2, Fig. 7

shows that the maximum norm of i—ﬁ(’ (top) and ‘3—‘; (bottom) decays faster than the exponential. Therefore the numerical
approximation of the x-derivative of the solution of our experiment shows exponential decay as in the homogeneous case.
Theoretically we could not prove better than polynomial decay. It is possible that this faster decay happens only under
special circumstances.
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