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We provide the first characterization of the nonlinear and time dependent rheologic response of
viscoelastic bottom-up holographic models. More precisely, we perform oscillatory shear tests in
holographic massive gravity theories with finite elastic response, focusing on the large amplitude
oscillatory shear (LAOS) regime. The characterization of these systems is done using several techniques:
(i) the Lissajous figures, (ii) the Fourier analysis of the stress signal, (iii) the Pipkin diagram and (iv) the
dependence of the storage and loss moduli on the amplitude of the applied strain. We find substantial
evidence for a strong strain stiffening mechanism, typical of hyperelastic materials such as rubbers and
complex polymers. This indicates that the holographic models considered are not a good description for
rigid metals, where strain stiffening is not commonly observed. Additionally, a crossover between a
viscoelastic liquid regime at small graviton mass (compared to the temperature scale), and a viscoelastic
solid regime at large values is observed. Finally, we discuss the relevance of our results for soft matter and
for the understanding of the widely used homogeneous holographic models with broken translations.
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Introduction.—In elastic solids, the mechanical stress is
proportional to the applied external shear strain [1].
However, in hydrodynamic fluids the stress is proportional
to the shear rate [2]. Of course, both of these cases are
abstract idealizations, valid only under limiting conditions.
In general, all the materials are viscoelastic—they present
an interplay between elastic effects and dissipative viscous
ones [3]; honey is the most common example.
The idea that “everything flows if you wait long enough”

lies behind the foundation of a new field of research known as
rheology [4,5]—the study of deformation and flow of matter.
Even though the firstmodel goes back toMaxwell in 1867 [6],
a large part of the theoretical description of viscoelastic
materials is still based on phenomenological frameworks
(Kelvin-Voigt, generalized Maxwell, Burgers) [7].

The fundamental difficulties are twofold: (i) it is con-
ceptually hard to incorporate dissipation into the effective
field theory description of solid materials [8,9] because of
the unavoidable requirement of unitarity; (ii) elasticity
theory can be formulated in the language of standard
effective field theory following a well-defined action
principle [10]. Hydrodynamics, on the contrary, is usually
described by a set of conservation equations and constit-
utive relations [11] and it is not suitable for a description in
terms of a local and Hermitian action [12].
The problem becomes even more acute when the

amplitude of the applied external strain is not small and
the linear approximation is of no help anymore—the onset
of nonlinear viscoelasticity [13–16]. For simplicity, in this
Letter, we focus on oscillatory shear tests in which the
external shear strain takes a simple sinusoidal form

γðtÞ ¼ γ0 sinð2πωtÞ; ð1Þ
where γ0 is the strain amplitude and ω is the characteristic
frequency. A convenient characterization of these rheology
experiments is defined through the Deborah number
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De ¼ ωλ and the Weissenberg number Wi≡ λγ0, where λ
is the characteristic relaxation time of the material—in
simple words, these two numbers determine how fast and
how strong we are probing the viscoelastic system. Small
Wi and large De corresponds to linear elasticity, in which
the stress output is linearly dependent on the external input.
Generally speaking, we can draw the so-called Pipkin

diagram [16], picturing the phase space of the system in
function of the values of these two numbers. In the largest
region of this diagram, strain amplitudes are large and
frequencies are neither high nor low; experiments probing
that region are called LAOS tests [17,18] and are the
subject of this Letter.
In the LAOS regime, linear viscoelasticity is not appli-

cable anymore; the response is fully nonlinear, the storage
and loss moduli become nontrivial functions of the strain
amplitude γ0. Very little is known in this regime, quoting
Pipkin himself: “Here Be Dragons” [16].
From a totally different perspective, in the last ten years,

holography revealed to be a very useful tool for the
development and understanding of hydrodynamics [19–
24]. The most famous examples are (i) the formulation of
a universal bound on the viscosity-to-entropy ratio [25]
which is so far respected by all known fluids [26]; (ii) the
discovery of new transport coefficients in anomalous
hydrodynamics [27,28] experimentally observed in Weyl
semimetals [29].
A fundamental breakthrough in this direction is the

observation that black holes (BHs) behave as dissipative
hydrodynamic systems [30,31]. From this point of view, the
application of an external strain source to the hydrody-
namic system corresponds to the perturbation of the BH
geometry by dynamical gravitational waves [19].
More recently, a series of works [32–35] explained how

to endow black holes with a solid structure, providing them
with a finite elastic response. In these new holographic
theories, the BH response is no longer purely hydrody-
namic but it becomes viscoelastic [36] in all aspects. Since
then, a lot of effort has been devoted to the implementation,
the classification and the characterization of these setups
and similar ones [37–48]. In this Letter, we provide the first
characterization of the nonlinear and time dependent
viscoelastic response of these holographic models, with
particular emphasis on the LAOS regime. The relevance of
our results is diverse and highly interdisciplinary: (i) to
shed light on the challenge of LAOS and in particular the
physics of complex fluids (yelding, shear thinning, stress
overshoot, dynamical instabilities) [18]; (ii) to reach a full
characterization and understanding of the homogeneous
holographic models with broken translations [32,49–51]
and their possible connections with glasses, complex fluids
and amorphous systems [52]; (iii) to study out-of-equilib-
rium processes in strongly coupled field theories and the
possible universal evolution after dynamical quenches.
Similar studies have been performed in Ref. [53], for a

CFT driven by an oscillating composite scalar operator, and
[54] where a gapped holographic system has been per-
turbed with a homogeneous gravitational periodic driving.
Some qualitative features observed in Ref. [53] are totally
consistent with our findings.
The holographic model.—We consider a four-dimen-

sional holographic massive gravity model [32,33] defined
by the following action:

S ¼ M2
p

Z
d4x

ffiffiffiffiffiffi
−g

p �
R
2
þ 3

l2
−m2VðXÞ

�
; ð2Þ

with X ≡ 1
2
gμν∂μϕ

I∂νϕ
I . The Stückelberg fields admit a

radially constant profile ϕI ¼ xI , which breaks the transla-
tional invariance of the dual field theory. For the rest of the
Letter, we focus on the specific potential VðXÞ ¼ X3, which
realizes the spontaneous symmetry breaking of translations
and gives rise to a finite elastic response in the dual field
theory and to the presence of propagating phonon
modes—the corresponding Goldstones [35,39,55,56]. [See
Refs. [34,38,40–42] for different choices of the potential
VðXÞ and the corresponding dual field theory properties.] For
the potential considered in this work, the sound speeds of
transverse and longitudinal phonons are subluminal
[35,39,56]. Moreover, the elastic response is accompanied
by a viscous dissipative contribution [37], which qualifies the
model as viscoelastic [36]. [In our model, the ISOð2Þ global
symmetry, typical of solids [10], is not gauged in the bulk. It
wouldbenice to understandbetter thephysical consequences
of this fact. For an elegant solution to this issue, see
Ref. [47].] One direct consequence of the competition
between elasticity and dissipation is the observation of a
sound to diffusion crossover in the spectrum of transverse
phonons [40], analogous to the Ioffe-Regel crossover in
dissipative systems [57].
In the linear regime—valid when the external deforma-

tions are small—we can use linear response theory to
obtain the shear correlator from the bulk theory using the
holographic dictionary. In the limit of zero momentum, the
stress tensor correlator reads

GR
TxyTxy

ðω; k ¼ 0Þ≡G0ðωÞ þ iG00ðωÞ; ð3Þ

and it defines for us the storage modulusG0ðωÞ and the loss
modulus G00ðωÞ, together with the loss angle (phase shift)
tan δðωÞ≡ G00ðωÞ=G0ðωÞ. At low frequency we have,

GR
TxyTxy

ðω; k ¼ 0Þ ¼ G0 − iηωþOðω2Þ; ð4Þ

where G0 and η are the static shear modulus and the shear
viscosity, respectively.
In a perfect elastic solid, we have G00 ¼ 0 and δ ¼ 0,

while in a purely dissipative fluid G0 ¼ 0 and δ ¼ π=2.
All the materials with 0 < δ < π=2 are by definition
viscoelastic.
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In the holographic model considered, at m ¼ 0, the static
elasticmodulus is null,G0 ¼ 0, and the system is a dissipative
viscous fluid [saturating the Kovtun-Son-Starinets (KSS)
bound, η=s ¼ 1=4π [25] ]. At intermediate and finite m=T,
the system has both a finite static modulus and a finite
viscosity and it displays viscoelastic properties—for details
see the Supplemental Material [58]. The larger the parameter
m—the mass of the graviton—the stronger the elastic
component.
Nonlinear rheology.—Whenever the amplitude of the

applied strain is large, nonlinearities set in and the linear
viscoelastic approximation fails. From a gravitational point
of view, this problem requires a more complicated time-
dependent setup which is explained in detail in the
Supplemental Material [58], following the seminal work
of Ref. [59]. (Temperature is not a well-defined concept out
of equilibrium [60]. We will indicate with the symbol T in
the temperature of the initial equilibrium state.) Within this
regime, the produced stress is no longer linearly propor-
tional to the applied strain but it presents a distorted shape
which can be understood as a superposition of different
Fourier components. More specifically, in the nonlinear
regime, the strain γ and the stress σ can be represented as
(The reason why only odd powers appear in the expansion
is that the stress response is typically taken independent of
the shear direction.)

γðtÞ ¼ γ0 sinð2πωtÞ; _γðtÞ ¼ 2πωγ0 cosð2πωtÞ; ð5Þ

σðtÞ¼
X
p;odd

Xp
q;odd

γq0½apq sinð2πqωtÞþbpqcosð2πqωtÞ�; ð6Þ

where a11, b11 correspond to the complex moduli G0ðωÞ,
G00ðωÞ in the linear regime, and the first nonlinear correc-
tions entering at order Oðγ30Þ.
In this Letter, we will explore different methods to

represent and characterize the nonlinear response at large
amplitudes: (i) the analysis of the Fourier spectrum of the
time dependent stress response, (ii) the Lissajous figures—
stress-strain parametric curves fγðtÞ; σðtÞg, and (iii) the
definition of the nonlinear complex moduli and their
dependence on the strain amplitude.
First, we observe in Fig. 1 that by increasing the

amplitude of the applied strain the shape of the stress
response gets distorted and it deviates from a simple
oscillatory function. This behavior is also displayed in
the corresponding Lissajous figures which are no longer a
simple oval, as expected in the linear regime. We notice that
the shape of the curve after each cycle appears to be slightly
modified; this phenomenon emphasizes the complexity of
our viscoelastic system.
In Fig. 2 we study the Fourier spectrum of the signal. At

small amplitude (orange curve), the spectrum is localized
on the first and only harmonic, which is fixed by the
frequency of the applied strain signal. This means the

system is still in the linear response regime, where the
stress is linearly proportional to the applied strain. By
increasing the amplitude, higher (odd) harmonics appear in
the spectrum confirming the functional structure displayed
in Eq. (6). The normalized power of the higher harmonics,
In=1 is shown in Fig. 3. We find preliminary evidence for a
power-law behavior ∼γn0, which was previously suggested
by theoretical arguments in Ref. [61].
Continuing along the lines of Eq. (6), we can rewrite the

stress response as

σðtÞ ¼
X
n;odd

Xn
m;odd

γn0½G0
nm sinð2πmωtÞ þ G00

nm cosð2πmωtÞ�:

ð7Þ
The complex moduli are rigorously defined only in the
linear regime; however, the measurements of G0ðγ0Þ and
G00ðγ0Þ at a fixed frequency can provide meaningful
information. The most common option to calculate the
moduli from a nonsinusoidal response consists in looking
at the quantities G0

1ðω; γ0Þ; G00
1ðω; γ0Þ, defined as the

FIG. 1. The onset of nonlinear elasticity by increasing the strain
amplitude. The strain is γðtÞ ¼ γ0 sinð2πωtÞ with a smooth
growing amplitude. Each color in the Lissajous figures corre-
sponds to the ith period. We fix m=T in ¼ 1.81, ω=m ¼ 0.32.

FIG. 2. Fourier spectrum P of the time dependent stress for
increasing strain amplitude γ0 ¼ f0.01; 0.1; 0.4; 0.75g (from
orange to blue). Increasing the strain amplitude higher (odd)
harmonics appear. The power spectrum is defined as PðωÞ≡
F ½R∞

−∞ σðtþ τÞσðtÞdt�.
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contributions from the first harmonics sinð2πωtÞ;
cosð2πωtÞ to the expansion in Eq. (7). Additionally, the
values of G0

1, G
00
1 are exactly what the commercial rhe-

ometers provide in the experiments. Using a simple
expansion, we obtain the first term in the sum of Eq. (7):

σðtÞfirst term¼½G0
11γ0þG0

31γ
3
0þOðγ50Þ�sinð2πωtÞ

þ½G00
11γ0þG00

31γ
3
0þOðγ50Þ�cosð2πωtÞ

¼G0
1ðω;γ0Þγ0sinð2πωtÞþG00

1ðω;γ0Þγ0cosð2πωtÞ;
ð8Þ

where we are neglecting the higher harmonics corrections
which naturally appear in Eq. (7). Given these notations,
the values of G0

1, G
00
1 at zero strain correspond to the linear

response limit in Eq. (3). We plot the dependence of the first
nonlinear complex moduli G0

1ðω; γ0Þ, G00
1ðω; γ0Þ at fixed

frequency in Fig. 3. We observe that for small amplitudes
the moduli are independent of the strain amplitude. This is
not true anymore at large amplitudes where nonlinear
effects become important. We find that the onset of non-
linearity is roughly independent of the value ofm=T in and it
depends solely on the amplitude of the applied strain γ0.
Notice that in the nonlinear regime both moduli grow in a
faster-than-linear fashion. From an operational point of
view, this defines the presence of strain stiffening. This
behavior is typical of hyperelastic materials such as
rubberlike systems or complex polymers and it is in
contrast to the so-called strain hardening, which is on
the contrary a common feature of rigid metals.
Let us also notice that at low strain, for small values of

the mass m, G00
1 > G0

1, indicating that our dual field theory
is a viscoelastic liquid. This is reversed at large values of
m=T in, where the system becomes a viscoelastic solid with
G00

1 < G0
1 [62] [see Fig. (A.2) in the Supplemental Material

[58] ]. This is totally consistent with the fact that the
graviton mass m determines the “amount of solidity” of the
system—its rigidity.

A second possibility to characterize the nonlinear
response, which is explored in detail in the Supplemental
Material [58], consists of defining the complex moduli from
the Lissajous figures looking at the tangent and the secant of
the curve. Using this second method, we consistently find
that the small amplitude modulus is smaller than the large
amplitude one [see Fig. (A.6) in the Supplemental Material
[58]] confirming the strain stiffening scenario.
To complete our analysis, we construct the Pipkin

diagram of our model in Fig. 4 by plotting the Lissajous
figures at various strain frequencies and amplitudes. We
observe a neat transition between a linear viscoelastic
regime at low amplitude and frequency to a more compli-
cated large regions where the response becomes highly
nonlinear (notice the similarities with Ref. [53]). This last
result confirms that the regime we investigated cannot be
described by linear response and it displays all the main
physical properties of LAOS systems.
Discussion.—In this Letter, we characterize the nonlinear

and time dependent mechanical response of viscoelastic
(strongly coupled) field theories using holographic tech-
niques. We focus our analysis on oscillatory external strains
and on the regime of LAOS. We prove that the viscoelastic
response is quite similar to that of complex fluids and
hyperelastic materials (e.g., rubber) and in particular it
exhibits a very neat strain stiffening phenomenon (see
Ref. [63] for some concrete experimental data), which
suggests that the holographic models at hand are not
suitable to describe ordered metallic crystals characterized
by strain hardening. We also observe a transition between a
viscoelastic liquid behavior at small graviton mass,
m=T ≪ 1, to a viscoelastic solid regime at large values,
which confirms the identification of the graviton mass with
the rigidity of the dual field theory.
This work opens a new path for the study of complex

fluids and viscoelastic systems using the holographic
methods, which so far have been successfully applied only
to strongly coupled liquids with no elastic response. There

FIG. 3. Left: The normalized intensity In=1 ≡ PðωnÞ=Pðω1Þ of
the first three higher harmonics in function of the strain amplitude
γ0. Right: The first complex moduli G0

1ðω; γ0Þ; G00
1ðω; γ0Þ at fixed

frequency, in function of the strain amplitude. We normalized
them by their linear value Gð0Þ≡ Gðγ0 ≪ 1Þ. The colors
correspond to m=T in ¼ 0.01, 1.81, 30 (from yellow to purple).
The onset of nonlinearity is roughly independent of the value of
m=T in and it appears around γ0 ∼ 0.3.

FIG. 4. Pipkin diagram: The Lissajous figures in function of the
amplitude and the frequency of the oscillatory strain source. For
this plot we fix m=T in ¼ 1.81. This choice relates to a regime
where our system is concretely viscoelastic.
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are several direct and interesting directions to pursue. First,
it would be desirable to reach a better theoretical under-
standing of our numerical data by comparing our results to
known phenomenological models such as the multi-mode
Giesekus model [61,64].
Second, a more extensive exploration of the phase

diagram and possibly an extension of the study to include
also the Chebyshev analysis [65] are certainly needed to
draw universal conclusions.
On a more phenomenological perspective, one could

consider different types of experiments, i.e., different
signals for the applied strain such as building up functions,
step functions, and quenches [66,67]. This extension would
permit the study of extremely interesting phenomena such
as nonlinear relaxation, stress overshoot, yielding, which
represent still open challenges for rheology and condensed
matter in general. In this respect, the existence of possible
universal (relaxation) timescales is certainly a fundamental
question to answer.
Finally, another relevant question which our work poses

is the possibility of having holographic models displaying
strain hardening and being therefore more suitable to
describe metallic solids. This nicely connects to a funda-
mental and still open question: which kind of solids do
these holographic systems describe? As shown in this
Letter, the analysis of nonlinear transport properties is
certainly a way of resolving this conundrum.
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