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We consider a statistical mechanical model describing flux lines in type II superconductors
by embedding the flux lines on a lattice wound on torus. The lines are nonintersecting and
each loop of lines is associated with a fugacity z = —1. It is shown that the exact solution of
this model leads to a second-order transition between the Meissner and the superconducting
states as well as a first-order transition between the superconducting and the normal states.

1. Introduction

The discovery of high-T, superconductors has made it possible to experimen-
tally realize fluctuations of flux lines in type II superconductors®'. Flux lines in
a superconductor are nonintersecting vortex filaments which wander around in
the specimen. The essence of this physical picture can be adopted in a model in
which lines are embedded on a lattice and interact with hard-core interactions.
This leads to a model of directed lines [2,3] which has been analyzed in the past
by the mean-field [4], path-integral [5] and renormalization-group [2] ap-
proaches. However, it has not been possible to carry out a first-principle study
by solving the model exactly. In this paper we report results of such an
analysis.

We study the statistical mechanics of flux lines by applying the exact solution
of a related three-dimensional vertex model [6]. Our analysis leads to a
description of the thermodynamics and phase diagrams which resembles those
of experimental findings.

2. Formulation

We consider flux lines in type II superconductors as directed lines embedded

#1 . e . . . .
For a review of a statistical mechanical discussion and some relevant experimental facts,
see [1].
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on a lattice which run along a preferred direction, say the z direction. For
definiteness consider a simple cubic lattice whose main diagonal points in the
positive z-direction, with all directed lines making 45° angles with the positive
z-axis. Assuming periodic boundary conditions, the lines will then form cycles
after looping around the lattice one or more times in the z-direction. To each
line segment joining two nearest neighbors of the lattice, we associate a line
segment energy €. Furthermore, under the presence of an external magnetic
field, a line segment in the ith direction, i =1, 2, 3, is associated with a
magnetic energy —H,, where H, is the component of the magnetic field in the
ith direction. This leads to the line segment Boltzmann factor,

z,=e PETH) (1)

where 8 =1/kT. To each cycle of lines we further associate a fugacity y and
consider the partition function

Z(y;zy,25,23) = > H (y Hzi) ) (2)

line config. cycles

where the first product is over all cycles of lines and the second product over all
lattice edges in a given cycle.

It is straightforward to extend the model (2) to arbitrary d dimensions with,
of course, the physical situation described by d =3 and y=1. The y =1 and
y = —1 models can both be solved exactly in d =2, and the solutions turn out
to be identical in the thermodynamic limit [7]. For d =3 the y = —1 model has
recently been solved [6]. While the y =1 model has remained unsolved for
d = 3, its critical behavior in general is not expected to be much different from
that of the y = —1 model. Indeed, due to the strong constraint imposed by
configurations of directed lines, it is known that the y = =1 models in d =3
share the same critical temperature and belong to the same university class [6].

Thus, with nothing better available, we shall use the y = —1 solution in the
formulation and carry out a first-principle analysis on this basis.
From here on we confine our considerations to y = —1, and consider the

per-site Gibbs free energy of the superconducting state as given by

_ 1
G(T,H)=-p " lim yInZ(-1;2,,2,,23) , (3)
where N is the total number of sites of the lattice. Generally, if the Gibbs free
energy of a system is G(7T, H), the “per-site” magnetic induction and magneti-
zation of the system are, respectively and in appropriate units,
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B(T,H)=—-4G(T,H)/3H , 4)
and

M=B-H. )

In addition, the per-site internal energy and the constant field specific heat are

AABG(T, H)] |

U(T, H)==—5

HB, (6)

and

aZG) -1 9°

aT? ='T_2 aBz [BG(T, H)]. (7

CH=—T<

For the superconducting states we use G, for G. For the normal state (of a free
electron gas) we have the following expression for the Gibbs free energy:

G,(T,H)=G,—yT*~1H*, (8)

where G,, ¥ >0 are constants. The system becomes normal whenever the
Gibbs free energy G, is lower than G;. The magnetic induction and the specific
heat of the normal state are therefore

B=H, Cu=yT. 9)

3. The exact solution

The directed line problem (2) can be formulated as a 10-vertex problem on
the simple cubic lattice [6]. Place bonds along edges of the lattice with the
restriction that there are either no bond or two bonds incident at each site and,
when there are two incident bonds, one of the bonds is always along a positive
axes direction and the other along a negative direction. Thus, the vertex
weights are

=1 if there is no bond ,
wy = VZ;z; if the two bonds are in directionsi and j , (10)
=0 otherwise ,

and we have altogether a (3° + 1) = 10 nonzero vertex weight and a 10-vertex
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model. This vertex model is identical to the directed line model (2) if one
further introduces the cycle fugacity y.

The partition function (2) can be evaluated using the vertex mode! formula-
tion for y = —1 [6]. This yields, after introducing (3),

27 2w 2w

-BG(T,H) = de)lJ’dO fd03lnlz4+z e+ 2,6 %+ 2, e,

(2m)’
(11)

where z,=1. Carrying out one integration as in ref. [6] after changing
variables, if needed, we find

~BG(T, H)=1nz T<T,,

> z;e"

j*Em

, T>T,, (12)

(2 ) i#*m

where # is the regime

EZC’

j=m

>z, =max{z,,z,,2;5, 24}, (13)

and T, given by

z,tz,tz,+2z,=22, T=T,. (14)

C

Clearly, the Gibbs free energy is nonanalytic at T .

4. Thermodynamic properties

It is now straightforward to combine the exact solution for G, with the
formulation in section 2 to deduce the thermodynamics of a superconductor.
The explicit formulation will depend, however, on the direction of the applied
magnetic field which gives rise to different H,.

Consider first the case that the magnetic field H is applied along the 1
direction so that

= Pt z=z,=z,=¢e . (15)

It is clear then that the critical condition (14) can be realized in two different
ways, namely



H.Y. Huang, F.Y. Wu / Flux lines in superconductors 35

0 1/n3
T

Fig. 1. The phase diagram with H along the 1 direction. M denotes the Meissner state, S the
superconducting state, N the normal state, and F the frozen state. H in unit of € and T in unit of
elk.

z,+2z=1, H=H_,(T),

1+2z=2z2,, H=H(T)>H,. (16)
A plot of the critical conditions (16) is shown in the phase diagram fig. 1. Note

that both curves intersect the T = 0 axis at H = ¢, while the H = H_,(T') curve
intersects the H =0 axis at

T.=elkIn3. (17)

The system is in a frozen (saturated) state when H > H/(T).
The Gibbs free energy (11) can be written in the form [6], after carrying out
one or three integrations,

:O’ H<Hcl »
% ap(8)
4 :
—BG(T.H) =(2 )Zjdaj daln|z, e +u@)|, H,<H<H_,
q1
0 0
=-B(e - H), H>H,

(18)
where
cosif,=(1-2z,)/2z,

cos ay(0) = [1—u’(0) — 221/2u(®) z, ,
u(0) =2z cosio . (19)
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Since the system is frozen with zero free energy and no flux for H <H_,, we
identify the transition at H.,(T) as the transition to the Meissner state. On the
other hand, flux lines become frozen (saturated) for H = H.. However, this
frozen transition can be unphysical since the normal state (8) may dominate
giving rise to a lower Gibbs free energy. This leads us to consider the transition
to the normal state occurring at

G(T,H)=G,(T,H), H=H,(T). (20)

We have determined H_,(T') numerically using (20) in conjunction with (18)
and (8) and the choice of constants

Gy=1yTl, y=3, (21)

where G, is chosen to ensure H_,(7T') to vanish at T, and vy is arbitrary as it
does not effect our general conclusion. The resulting H,(T) is shown in the
phase diagram in fig. 1. It is seen that, as commented earlier, the state with
saturated magnetic induction for large H is unphysical as it is superceeded by
the normal state.

It is clear that the transition at H_, between the normal and superconducting
states is of first order, since the free energies in the two regimes are given by
different analytic expressions. To analyze the nature of transition at H_,, we
need to evaluate the internal energy (6). First we evaluate the per-site
induction using (4) and (18), obtaining

aO(GO)
1 86,

B(T,H =330 f da In|z, &' + u(6,)|

1 day(0 _
fdo %) |1z, @ 1 (o))

ag(0)

z,z1+uzjcosa
+—— dé da ——— , (22)
u +zi+2uz, cosa

where z]=0z,/0H = Bz,. Using the integration formula

j A+Bcos¢ B Ab—aB 2 ﬂ(\/m . )
dé a+bcos¢ Pt \/sztan 27 tan(z )

a
(23)
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and after some algebra, we find

=0, H<H,,
L]
1 _fu@)—z
s o )] e
(T, H) 21120 d6 | ay(8) — 2 tan ") 7 2, tan[{a,(0)])|, H,<H<H!,
=1, H>H' .

(24)

In a similar fashion we evaluate U(T, H) using (6) and B(T, H ) given by (24).
This leads to the surprisingly simple expression

=0, H<H,,
N .
U(T, H) =%fde a®), H,<H<H, (25)
v
0
=¢, H>H'.

Results of numerical evaluation of U(T, H) are shown in fig. 2. It can be
shown that both B(T, H) and U(T, H) are continuous at H_, and H.. To
determine the nature of transition, we compute the specific heat using (7) and
obtain, after some algebra,
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Fig. 2. The internal energy U(T, H) given by (25) with H along the 1 direction.
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=0, H<H

cl >

2 f csc ay(6)
T wkT? 2u(8) z,

0

=0, H>H..

(€ —eH[1-u'(0)+ 2]+ H'Z}, H,<H<H,

(26)

Along the critical lines given by (16), the specific heat C, has a cusp and
assumes the finite value

_ (e - Hzl)z 27)
B amkT 2z,
where z, = 1 ¥ 2z. Particularly, at H =0, we have the critical value
3V3
Cy="5—(In 3’k . (28)

Therefore, the transition at H_,(T') is of second order. A plot of (27) is given in
fig. 3.

The above analysis can be carried out for the applied magnetic field
assuming arbitrary direction. For the field in the 1-2 plane, for example, we
define, in place of (15),

z;=e 7, z=z,=z,=¢ P (29)

The analysis leads to a unique critical condition

H

Fig. 3. The critical value of the specific heat C,; along H = H_, along the 1 direction. H in unit of
€.
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Fig. 4. The phase diagram with H in the 1-2 direction. M denotes the Meissner state, S the
superconducting state, and N the normal state.

2z+2z,=1, H=H_(T). (30)

Thus, the frozen saturated state does not appear. A plot of (30) is given in the
phase diagram shown in fig. 4.

We can similarly compute the energy and the specific heat, except that there
is now no critical field H(T). Using the energy U(T, H) given by the first two
lines in (25), we obtain the specific heat

M|

Fig. 5. The magnetization M as a function of H at T=0.87,. H in unit of € and T in unit of e/k.
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=0, H<H

cl

Cyy 2 J’ csc ay(0)
T n%kT? 2u(®) z, {

0

e?—eH[1+uX@)~ 2’| + HW*(9)}, H>H

(31)

Along the critical line H = H_,(T') given by (30), the specific heat C,, again has
a cusp and assumes the value

2
wkT z/z;
with C, again given by (28). Note the remarkable resemblence of (31) and (32)
with (26) and (27). However, the expression (32) diverges as e®*'> at {H, T} =
{e, 0}.
Finally, one can compute the per-site magnetization M using (5). The plot of
|M| as a function of H for T=0.8T,, for example, is shown in fig. 5.
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