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1. Introduction and computational methods

The quark form factoly* — qq and gluon form factoH — gg (effective coupling) are the
simplest processes containing IR divergences at highered massless QFT, and therefore are of
particular interest in many aspects. They have been useddapthe IR pole structure of multi-leg
amplitudes [1-4]. The form factors can also be exploitedktmaet resummation coefficients [5, 6],
and they enter the purely virtual corrections to a numberdider reactions (Drell-Yan process,
Higgs production and decay, DIS). Besides phenomenolbgjgaications, a major motivation for
obtaining analytic results at three-loop order and beysrithdling and understanding structures in
massless gauge theories that generalize to an arbitrarperunh loops. Much progress has been
achieved in the prediction of all-order singularity sturets in QCD [7-9], in conjectures about the
all-orders behaviour of maximally supersymmetric YandiMiheories (see e.g. [10-12]) and in
investigations of the finiteness of N=8 supergravity, sge[é3—15].

The two-loop corrections to the massless-quark [16—18]giunoh [19, 20] form factors were
computed in dimensional regularisation with= 4 — 2¢ to ordere® and subsequently extended
to all orders ine in ref. [21]. The three-loop form factors to order? (and €° for contributions
involving fermion loops in the quark form factor) were conguli in [6, 22]. Recently, also the
three-loop form factors througt? became available [23] (see also [24]).

In order to calculate the quark and gluon form factors atdvigirders in perturbation theory,
the amplitudes are reduced to a small set of master integyaiseans of algebraic reduction pro-
cedures [25—-31]. At the three-loop level, the reductiomiltesn 22 master integrals. Eight of them
are products of one-loop and two-loop vertex functions oeg¢Hoop two-point functions, both of
which are known to sufficiently high orderséri21,25,26,32,33]. The remaining fourteen masters
are genuine three-loop vertex functions which are depictétig. 1. Each topology contains only
one master integral, and corresponds to two-particle dutseanaster integrals for massless four-
loop off-shell propagator integrals [34]. Working in dinstonal regularisation with = 4 — 2¢
and expanding the master integrals in a Laurent serigstire finite part of the three-loop form fac-
tors requires the extraction of all coefficients throughylegarithmic) weight six, i.e. coefficients
containing terms up ta® or {2.

The computational methods that we use during the calculaie manifold. The easier inte-

grals Qs 1, As2, As 1) contain onlyl-functions and their expansion is straightforward. Theenor
complicated masterfe s, A71, A72, andAz4 are also represented in a closed form in terms of
hypergeometric functions of unit argument. The latter apmaded ire by means oHy pExp [35,
36]. The remaining integrals possess multiple Mellin-BasrMB) [37—41] representations. Their
analytic continuation t@ = 0 was done witivB [42] andMBr esol ve [43]. These packages were
also used for numerical cross checks. In addition we peddrmumerical checks with the sector
decomposition methods of [44, 45] and fREESTA [46] package.

As analytic technigues we apply Barnes’s lemmas and theaheof residues to the multiple
MB integrals, and insert integral representations of highlenscendental functions where appro-
priate. We also make use of thPL [47] andbar nesr out i nes [48] packages, as well as the
nested sums algorithm [49, 50].
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2. Results

Below, we list the results [51-53] for the fourteen genuieetex-type master integrals from
Fig. 1. We use the following definitions,

2 2 ' _ dPk _ 1
q° = (p1+p2)°, /[dk]—/(zmm S = 4P e)’ (2.1)

and moreover we tacitly assume that all propagators coatainfinitesimah-in with n > 0.

2.1 Integrals with five or six propagators

We start with three integrals that can be displayed in a difmen in terms of” -functions only.
Their expansion abouwt= 0 can be easily performed with standard computer algebigrams.

1
A571 = /[dk]/[dl]/[dr] (k+ p1)2 (k— p2)2|2(k+| _|_r)2 r2

S [~ g2 r’]l—3e r8(1—€)r(2e)r(3e)r(1-3e¢)

(1-2¢)(2—3¢)r(3—4¢) (2.2)

s . 1-3¢ r7 1-— 8) (8) ) 1 38)
Asz = —I§ [_ q’—in ] (1—-26)T(2—2¢6)F(3—4¢) (2.3)
Aoy = —iSE [~ q?—in] > 7(1—¢€)2(e)r(38) F(1-3¢) o4

r2(2—2¢)r(2—4e)

The next integralAg 2, can be written in terms of a two-fold Mellin-Barnes represdion.

Cytio  Cptio
. 3 M3(1—€)M(3e)M2(1-3¢) [dwy [dw,
Aoz = —iS¢ [~ a”~in] F(1-2e)r(2—4e) J2m)2m

Cp—im Cp—im

F(—1+ 38—W1) F(—1+ 28—W1) F(2—4£ +W1) r(—Wz) r(Wz—W]_)
F(3£ —Wl) r(2—45—|—W2) r(2—45—|—W1—W2)

XT(l—e4+wWo)F(1—e+wp—Wo)(1-2e4+wWo)M(1—2e+w;—wp) . (2.5)

The contour integrals in the complex plane can be chosemaagldtlines parallel to the imaginary
axis, i.e. the real partx; andc, along the curves are constant. Their values, together hahdf
€, must be chosen such as to separate left pol€sfahctions from right ones [38-40], which is
achieved by taking; = —6/5, c; = —1/2, and—1/15 < € < 3/20. The analytic continuation to
€ = 0 is therefore trivial, and after summing the residues onaiob

Asz = iSE[-a?~in] [—ZTQ‘ — 1843 — %+ (—12253 %+ﬁz3—1ozs>
427 1631°
( 73873 — W+6nzz3 90%5+ <o +76Z32> g2+ @’(53)] . (2.6)
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Figure 1: The fourteen genuine vertex-type master integrals. Theniiegg momentum ig| = p; + pa.
Outgoing momenta are taken to be on-shell and masgiéss pZ = 0.
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In Ref. [36], two more orders of the-expansion can be found. The next integrad3, can be
displayed in a closed form valid to all orders énin terms of hypergeometric functions of unit
argument. The latter are expanded iny means of thé/at henat i ca packagety pExp [35, 36],

_ 1% AT (-113¢)
Aoz = IS [-a®~in] (1—2£)2(1—-3¢)T(2—4¢)

x {— M2=3e)T2e)T(e)T(2=28) | 11 g1-26:2-262- 3¢ 1)]

55 f 1 95 ﬁ 173 1351
£ 2 2 3

o N2 -3¢ o+ o
= ISt [-a*~in] [653 2¢2 <6+6 6

552 2023 95/ m 93503 107 (3 )
_T_%+51Z3>5+<_T_T_E+ 3 3 +6555>8

7m® 26335 13517 11mt 2682

<54— 5 " & 18 4161573+ 3077 {3 — & +58555>53+6’(54)}.

2.7)

2.2 Integrals with seven or eight propagators

Since the explicit expressions for the integrals that feliare very lengthy, we summarize
in this paragraph the respective techniques and subséguaty give the results of the Laurent
expansion ine. IntegralsAz 1, A7, and Az 4 reveal a closed form in terms of hypergeometric
functions of unit argument, whoseexpansions are carried out witly pExp [35, 36]. Integrals
A7 3, A75, andAg possess multiple Mellin-Barnes representations whichtaee-, four- and four-
fold respectively. Only in the case @f the analytic continuation te¢ = 0 is non-trivial and is
carried out withVB [42]. The explicit results read

. C.-1-3¢[ 1 1 m®\ 1 m 1
A7,1:|§[_q2_”7] 8[4—85—1‘2—#14-(1—?)?4-(2—?—1053)?

2 11t 1 A 22t 1412 {3
+<4 >E+<8 3 45 T3

- 8855)

8m 44w  943m 2877
+<l6— 3~ mE 7560—80(3+ 3Z3+196532—176Z5>5+ﬁ(£2)],
(2.8)
. . 13| TP g 1 m™ 83m 1
Arz = 1S [-a?—in] [@+<€+253>?+<3+ﬁ+453>;
2 83 5123
<T+%+8Z3_ 3 +15Z5>
A 83m*  2741m° 10 {3 ’ )
( 3 + 180+ 90720+16Z3— 3 —73Z3+3055>s+ﬁ(s )}, (2.9)
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. 3¢ w 1 119 31
Ars =iSt[-q?—in]| 3 [(-%-1@5)?—%—7{&@(5)}, (2.10)
Ara=iS [~ qg2—in] "% [65—523# <%+3653> ! <%+21663—2T1253+4665>
+ (@ - % + 129603 — 1211 {3 — 2822 + 276Z5> £+ 6’(52)] : (2.11)
Ars =iSt[-a?~in] - [277253%-10554- <12T1253+6055+%+1853?> 5+ﬁ(52)] :
(2.12)
Ao =ist[-a?—in] " [2—(5%(%—8@) ot S Py, B2y,
5m* 52 17097 332

( 72Z3+?+ {3 — 3525+ 8505 ——Zg> (52)] (2.13)

2.3 Integrals with nine propagators

IntegralsAg 1, Ag2, andAg 4 possess a six-fold MB representation each. The analytie con
tinuation, carried out wittvB [42], involves in each case approximately 200 steps. Weyaiel
techniques described in section 1, and stress that altsesale obtained by purely analytic steps.
We have
por = [1dK [1a] [1ar :

91 =
k? (k- p1)® (kD)2 (k=1)% (141)% (14 p2)* 12 (r + o) (r I02)2

158 129 8 20 537 578 322 14 238
(o5 5 s1): (7+6"2__Z3 405 "263__65)
2133 302 26 826 23981 466 g2
+(———4Tl2 +158(3 — E——TIZQ ZS— 5103 ——Z?,) O )]
(2.14)

1
foz = / [dk]/ [d”/ el k2(k+ pr)?(k—1+ pr)?(k—r = D2(1 +1)%(1 + p2)? 2(r + po)*(r — p2)?
50 177 91_\ 1
(557 503

82 1382 5 ¢ 20 Tm\1
=8t [-q*~in] [986+6£5+< 9 27) 9 27 9

110 4 166 373n4> 1 <17o 16 494 187t

(-3 5% Tm0)zt (5T T4 ma

179 ) + (—6700785+ 0.0326) + ﬁ(s)] . (2.15)

+o7 {3 — 1675

1
Poa = 10 [ e 12 (k)2 (k—1)2 (k=1 = DZ(1+1)2 (1 + p2)2 12(r + po)2 (1 — pa)?
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— s [_qz_in]—&%[ 1 N 8 +<_1_10n2)i+<_£1_ﬁ_1z3)8_13

96 ' 9¢b 27 ) & 9 27
71 200, 47 1 1
4 (17 e gl %) R (117.399953& o.ooooos% -

+(1948167043E 0.000025 + ﬁ(s)] . (2.16)

The numbers were obtained witlB. m[42]. We stress that all other terms in (2.14) — (2.16) were
derived by purely analytic steps. The analytic result ofgsmeple pole ofAg4 can be extracted
from [23]. It turns out that for each of the above integral®oaesponding one with an irreducible
scalar product in the numerator can be chosen whose coeftfici¢ thes-expansion have homo-
geneous weight. The suitably chosen numerators %afer Ag1 andAg4, and(l — p1)2 for Ag.
The property of homogeneous weight is very helpful when aesthe PSLQ algorithm [54], by
means of which we obtain

(n) . N2 —2-3¢ _ 1 _ 7'12 _14{3_477’[4
Ay =18 [a®—in] " | - 305~ T o> ~ 20w

8 607 13
+ <—2—§n2Z3—20Z5> %Jr (- 1;103 — 1?7532) +ﬁ(e)} , (2.17)

M @[ a2 i1-2-3¢[ 2 7w 9y 3731
Ay =188 [-aP=in] [ gt o o Toge2

+ <_¥n253 + 167Z5> % + (3953405 0.0326) + ﬁ(s)] : (2.18)

M _ e[ o2 iq1-23[ 1 10P 12 471
Aga = IS [-a®—in] [956 2764~ €3 810e2

1
+ (2067612077 0.0000033 _ + (1237.300592+ 0.000035 + ﬁ(s)] . (2.19)

Since each topology contains only one master integral, ég¢hs related to its corresponding
Ag‘l) We established these relations with the Laporta algorjim28, 30] and checked that they
are filfilled by the above expressions.

The analytic expressions for the remaining coefficientswatiein reach. In the finite part of
Ag> we are missing only~ 30 terms, all four- and five-fold MB integrals. From what wenca
judge it is not possible to process these MB kernels by puaeblytic steps. We therefore plan
to break them down to lower-dimensional integrals overragi Feynman parameters and then
use the PSLQ algorithm. In the caseaf, we are left with¢’(10°) MB terms which are at most
three-fold. We are confident that they can be processed ljypamalytic steps.

Acknowledgements

| would like to thank the organizers of RADCOR 2009 for cregta pleasant and inspiring
atmosphere. Special thanks goes to my colleagues from IebHa fruitful collaboration. The
work of the author was supported by SFB/TR 9 and by the Heltatfdliance “Physics at the
Terascale”.



Master integrals for massless three-loop form factors Tobias Huber

References

[1] L. Magnea and G. Sterman, Phys. RewvP(1990) 4222.

[2] S. Catani, Phys. Lett. B27(1998) 161 [hep-ph/9802439].

[3] G. Sterman and M.E. Tejeda-Yeomans, Phys. Le&58(2003) 48 [hep-ph/0210130].

[4] L. J. Dixon, L. Magnea and G. Sterman, JHBE808 022 (2008) [arXiv:0805.3515 [hep-ph]].
[5] L. Magnea, Nucl. Phys. B93(2001) 269 [hep-ph/0006255].

[6] S. Moch, J.A.M. Vermaseren and A. Vogt, JHEB08(2005) 049 [hep-ph/0507039].

[7] T. Becher and M. Neubert, Phys. Rev. Lat02(2009) 162001 [arXiv:0901.0722 [hep-ph]].
[8] E. Gardi and L. Magnea, JHEF203(2009) 079 [arXiv:0901.1091 [hep-ph]].

[9] L. J. Dixon, Phys. Rev. 0’9 (2009) 091501 [arXiv:0901.3414 [hep-ph]].

[10] C. Anastasiou, Z. Bern, L. J. Dixon and D. A. Kosower, Phyev. Lett91, 251602 (2003)
[arXiv:hep-th/0309040].

[11] Z.Bern, L. J. Dixon and V. A. Smirnov, Phys. Rev.m2 (2005) 085001 [hep-th/0505205].

[12] Z.Bern, M. Czakon, D. A. Kosower, R. Roiban and V. A. Snaiv, Phys. Rev. Let97 (2006) 181601
[hep-th/0604074].

[13] Z.Bern, L. J. Dixon, D. C. Dunbar, M. Perelstein and JR6zowsky, Nucl. Phys. B30, 401 (1998)
[hep-th/9802162].

[14] Z.Bern, L. J. Dixon, M. Perelstein and J. S. RozowskycNBhys. B546, 423 (1999)
[hep-th/9811140].

[15] Zz. Bern, L. J. Dixon and R. Roiban, Phys. Lett6B4, 265 (2007) [hep-th/0611086].

[16] G. Kramer and B. Lampe, Z. Phys.32(1987) 497:42(1989) 504(E).

[17] T. Matsuura and W.L. van Neerven, Z. Phys38(1988) 623.

[18] T. Matsuura, S.C. van der Maarck and W.L. van NeerverglNRhys. B319(1989) 570.

[19] R.V. Harlander, Phys. Lett. B92(2000) 74 [hep-ph/0007289].

[20] V. Ravindran, J. Smith and W.L. van Neerven, Nucl. PIB/204 (2005) 332 [hep-ph/0408315].
[21] T. Gehrmann, T. Huber and D. Maitre, Phys. Let62 (2005) 295 [hep-ph/0507061].

[22] S. Moch, J.A.M. Vermaseren and A. Vogt, Phys. Let625(2005) 245 [hep-ph/0508055].

[23] P. A. Baikov, K. G. Chetyrkin, A. V. Smirnov, V. A. Smirmaand M. Steinhauser, Phys. Rev. Ldf)2
(2009) 212002 [arXiv:0902.3519 [hep-ph]].

[24] B. Toedtli, arXiv:0903.0540 [hep-ph].

[25] F.V. Tkachov, Phys. LetflO0OB(1981) 65.

[26] K.G. Chetyrkin and F.V. Tkachov, Nucl. Phy8192(1981) 159.

[27] S. Laporta, Int. J. Mod. Phys. 25 (2000) 5087 [hep-ph/0102033].

[28] C. Anastasiou and A. Lazopoulos, JHB#07(2004) 046 [hep-ph/0404253].
[29] T. Gehrmann and E. Remiddi, Nucl. Phys580(2000) 485 [hep-ph/9912329].



Master integrals for massless three-loop form factors Tobias Huber

[30] A. V. Smirnov, JHER0810(2008) 107 [arXiv:0807.3243 [hep-ph]].
[31] M. Steinhauser, these proceedings
[32] S. Bekavac, Comput. Phys. Commuai75(2006) 180 [arXiv:hep-ph/0505174].

[33] S.G. Gorishnii, S.A. Larin, L.R. Surguladze and F.Vatkov, Comput. Phys. Comrs5 (1989) 381;
S.A. Larin, F.V. Tkachov and J.A.M. Vermaseren, NIKHEF-H-98.

[34] P.A. Baikov, Phys. Lett. B534(2006) 325 [hep-ph/0507053].

[35] T. Huber and D. Maitre, Comput. Phys. Commuia5(2006) 122 [hep-ph/0507094].

[36] T. Huber and D. Maitre, Comput. Phys. Commuia8(2008) 755 [arXiv:0708.2443 [hep-ph]].

[37] V.A. Smirnov, Phys. Lett. BI60(1999) 397 [hep-ph/9905323].

[38] J.B. Tausk, Phys. Lett. B69(1999) 225 [hep-ph/9909506].

[39] V. A. Smirnov,“Evaluating Feynman integrals'Springer Tracts Mod. Phy211(2004) 1.

[40] C. Anastasiou and A. Daleo, JHEB10(2006) 031 [hep-ph/0511176].

[41] J. Gluza, K. Kajda and T. Riemann, Comput. Phys. Comridida(2007) 879 [arXiv:0704.2423
[hep-ph]].

[42] M. Czakon, Comput. Phys. Commutv5(2006) 559 [hep-ph/0511200].

[43] A.V.Smirnov and V. A. Smirnov, Eur. Phys. J.82 (2009) 445 [arXiv:0901.0386 [hep-ph]].

[44] T. Binoth and G. Heinrich, Nucl. Phys. 835(2000) 741 [hep-ph/0004013].

[45] T. Binoth and G. Heinrich, Nucl. Phys. 80(2004) 375 [hep-ph/0305234].

[46] A. V. Smirnov and M. N. Tentyukov, Comput. Phys. Commu80(2009) 735 [arXiv:0807.4129
[hep-ph]].

[47] D. Maitre, Comput. Phys. Commuh74(2006) 222 [hep-ph/0507152]; D. Maitre, hep-ph/0703052.

[48] D. A. Kosower, unpublished. An earlier version is aghle athttp://projects.hepforge.org/mbtoals/

[49] J. A. M. Vermaseren, Int. J. Mod. Phys.14 (1999) 2037 [hep-ph/9806280].

[50] S. Moch, P. Uwer and S. Weinzierl, J. Math. Ph43(2002) 3363 [hep-ph/0110083].

[51] T. Gehrmann, G. Heinrich, T. Huber and C. Studerus, Phg. B 640, 252 (2006)
[hep-ph/0607185].

[52] G. Heinrich, T. Huber and D. Maitre, Phys. Lett6B2(2008) 344 [arXiv:0711.3590 [hep-ph]].

[53] G. Heinrich, T. Huber, D. A. Kosower and V. A. Smirnov,\@h Lett. B678(2009) 359
[arXiv:0902.3512 [hep-ph]].

[54] H.R.P. Ferguson, D.H. Bailey and S. Arno, Math. Comp8t.(1999) 351, NASA—Ames Technical
Report, NAS—96—-005.



