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Abstract. We develop a method for solving mathematical
RNA (mRNA) translation based on the totally asymmet
process (TASEP). Our main goal is to demonstrate tha
and applicable to realistic models of translation.
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1. Introduction

Translation of a mRNA sequence into a protein is
central to normal cell function. How is this process
carried out and controlled in the cell is a topic of major
interest not only from the standpoint of understanding
protein function and regulation, but also for the
possibility of making adjustments to the genetic code
that would improve yields of foreign and synthetic
proteins.

ribosomes

start codon stop codon
L 1

coding sequence

Figure 1. A schematic picture of mRNA translated by
ribosomes in the 5/ — 3’ direction.

Translation is performed by ribosomes that move
along the mRNA from the 5 end to the 3’ end
(Figure 1). The process can be split into three main
stages: initiation, elongation and termination. During
initiation, the ribosome assembles on a portion of the
mRNA before the coding sequence and moves to the
start codon where the first amino acid is added to the
ribosome. Elongation begins when the ribosome moves
to the second codon with a newly amino acid attached
to the protein chain. This process is repeated codon
by codon until the ribosome encounters the stop codon
and detaches itself from the mRNA along with amnewly
produced protein.

Mathematical modelling of translation has ha
long history in mathematics, physiesnand biology.
Most of the models that are in use today are
based on a model introduced by MagDonald, »Gibbs
and Pipkin in 1968 [1, 2] and independently by
Spitzer in 1970 [3].  Spitzer, svho Wwas, interested
in a much broader class off interacting random
walks, is also responsible for naming the model the
exclusion process due to exeluded-volumé interactions
between the random walkerss, The full name of
the process relevant to mRNA translation is the
totally asymmetric simple exclusion process or TASEP;
“totally asymmetric™ means that random walkers
(ribosomes) move anidirectionally on a discrete lattice
(mRNA) and “simple” meansnthat they move one

lattice site (codon) at a time.

In physics, the TASEP is one of the simplest
models belonging to a broad class of driven diffusive
systems [4]. These systems are of great interest because
they do not attain thermal equilibriumy, €ven when
they settle in the steady state. The question of how
to describe nonequilibrium steady statestis,one of the
biggest open questions in statistical physics. For the
TASEP in which each random walker occupies one
lattice site and moves forward at a constant speed this
problem was solved in full by Derrida, Evans, Hakim
and Pasquier [5] and Schiitz and Domany [6], both in
1993. The exact solution des€ribed in detail the nature
of phase transitions previously discovered by Krug [7],
which sparked a great interest in the model.

Unfortunately, most\ TASEP-based models which
are of interest to amodelling translation cannot be
solved using techmiquesfdéveloped in Refs. [5, 6].
These models ,acecount for the correct ribosome
length (approximately theflength of 10 codons) [8],
variable ribosome speed that depends on the codon
being translated [9], elongation consisting of several
intermediate, steps. [10], nonsensical errors such as
premature termination [11,12], translation reinitiation
due t0 mRNA circularisation [11, 13-15] and many
more(for arecent review see Ref. [16]).

A/fundamental question in molecular biology is
how the mRNA codon sequence affects the translation
process and in particular the rate of protein production
[17,18)"In the TASEP the rate of protein production
corresponds to the current of ribosomes leaving the
stop codon. If we assume that each of 61 codon typesi
is translated at a different speed, this leaves us with 61
parameters describing elongation and two parameters
describing initiation and termination, and that is only
for the basic model. Using stochastic simulations alone
in order to understand how these parameters affect the
translation process is a difficult, if not a formidable
task. A different approach is needed.

In previous work [19], Szavits-Nossan, Ciandrini
and Romano developed a mathematical method for
solving the TASEP with codon-dependent elongation
that accounted for tRNA delivery and ribosome
translocation [20]. The main idea was to express the
steady-state solution as a power series expansion in the
translation initiation rate.

1 The remaining three codons are stop codons that do not code
for an amino acid.
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It is a common view in cell biology that translation
initiation is the rate-limiting step in protein production
under nutrient-rich growth conditions. Existing
estimates of translation initiation and elongation rates
in various organisms support this view. For example,
translation initiation rate in Escherichia coli has been
estimated to 1 initiation every 3 seconds [21], compared
to the elongation rates of individual codons that are
in the range of 4 — 40 amino acids per second [22].
Translation initiation rates of Saccharomyces cerevisiae
genes were found to be in the range of 1 initiation every
0.2 — 200 seconds with the median value of 1 initiation
every 11 seconds. Hence most of the genes initiate
translation at a much slower rate than the elongation
rates of individual codons, which were estimated to be
in the range of 1 — 35 amino acids per second.

These numbers may change significantly under
low-nutrient conditions such as amino acid starvation
leading to much smaller elongation rates, in which case
the power series method may not be applicable. We
will discuss this point in more detail later in the text.

In the present study, we apply the power series
method to the TASEP that accounts for codon-
dependent elongation rates, premature termination
due to ribosome drop-off and translation reinitiation
due to mRNA circularisation. The last two features
of the model were chosen to show that the method is
versatile and practical to use for studying more realistic
models of translation and more features may be added
to this model in the future. We test the method on
the model organism Saccharomyces cerevisiae and find
an excellent agreement with the results of stochastic
simulations.

2. Methods

2.1. The basic TASEP-based model of translation

We model mRNA as one-dimensional lattice consisting
of L codons labelled from 1 (startréoden).to L (stop
codon) that code for L — 1 amino acids. ‘We assume
that each ribosome occupies ¢ =.10 codons [25] and
that the ribosome P and Aysites are positioned at the
fifth and sixth codon respectively, measured from the
ribosome’s trailing end.

Translation initiation is a multi-step process which
is different in prokaryotic and eukaryotic cells. We
model translation<initiation as a one-step process
occurring at rate « 4n which, a new ribosome is
recruited at the'lstart codon so that its P-site and
A-site are pesitionedyat-the first and second codon,
respectively. This one-step process thus encompasses
both prokaryetic and eukaryotic translation initiation
mechanisms.

During elongation, a ribosome at codon 7 receives
an amino acid' from the corresponding tRNA and

3

translocates to the next codon at rate w;, provided
there is no ribosome at codon i + ¢. Translation
terminates once a ribosome A-site reaches the stop
codon, releases the polypeptide chain and unbinds from
the mRNA at rate 5. For each codon i& 2y..., L we
define the corresponding ribosome occupangy, number
T; € {07 1},

1 if codon 17 is occupied by a ribosome

A-site

0 otherwise

(1)

T =

These numbers uniquely determine the, configuration
of the system which we denote. by C ="{ma,...,71}.
Using this notation, kineti€'Steps in. translation can be
summarised as:
(initiation): 75 = 0 slifrn = L. =711 =0 (2a)
(elongation): 7, Ti41 = 0=50,1if 3.0 =0

i=2...,L-=al (2b)

(2¢)
Equations (2@)-(2¢) constitute the basic model of
mRNA translation'proposed by MacDonald, Gibbs and
Pipkin fin 19681

(termination): 77, =11 5.

2.2. More realistic models

In, addition zo the basic model we also consider
premature termination by ribosome drop-off and
translation reinitiation due to mRNA circularisation.
Ribosome drop-off is a translational error which results
in the ribosome being released from the mRNA along
with a non-functional polypeptide that is targeted for
degradation. We model ribosome drop-off as a one-step
process in which a ribosome at codon i =2,...,L — 1
unbinds from the mRNA at rate u,

(ribosome drop-off): 7; =1 -5 0 (24d)

for ¢+ = 2,...,L — 1. Translation reinitiation is a
mechanism by which the ribosome that just finished
translation may pass directly from the 3’ end to
the 5" and initiate another round of translation (see
[15] and references therein). This is made possible
by interactions between the two ends of the mRNA
resulting in a mRNA circularisation [26], also known as
the closed-loop model (for a recent review see Ref. [27].
In the lack of more details about the exact translation
reinitiation mechanism, we consider the simplest one-
step process in which a ribosome recognises the stop
codon, releases the polypeptide chain and reinitiates
translation at rate -,

(translation reinitiation): 79,77, = 0,1 51,0
(2e)

A schematic picture of the steps (2a)-(2¢) is presented
in Fig. 2.

if'rQ:...T[J'_l:O.
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Figure 2. A schematic picture of all the kinetic steps included in the model along with their/correspondingirates: (a) initiation
(rate ), (b) elongation (codon-specific rate w;), (c) termination (rate 3), (d) ribosome drop-off (rate ) @nd (e) reinitiation (rate

v)-

There are other details that we do not consider
here. For example, we consider translation initiation to
be a one-step process and thus we do not discriminate
between prokaryotic and eukaryotic translation. This
can be corrected by including more steps involved in
translation initiation, which would help to elucidate
determinants of translation initiation rate, for example
its dependence on initiation factors and mRNA
secondary structures upstream of the start codon
[28]. Unfortunately, the rate constants involved in
translation initiation steps are in general not known
and have to be inferred from experiments, which is.a
difficult task [29].

Another possible extension of the basic model is
to include more steps involved in the elongation cyele
[30-32]. The power series method is applicable t@such
models, which was demonstrated in Ref. [19] on a two-
step elongation cycle that accounts for tRNA delivery
to the ribosome A-site followed by tramslocation [20,
23]. The method presented in this paper can be,also
applied to a recently proposed mechanism of premature
termination caused by ribosome collisions [33534].

An important detail of mRNA translation that we
do not consider here are mRNA'secondary structures
downstream of the start codon. AIl'mRNA secondary
structures must be unfolded bynthe ribosome, which
can slow or even stop ifs progress along the mRNA.
Some of these pauses lare programmed by ‘slippery’
sequences such as AAAAAAG /leading to beneficial
frameshifting [35]¢" Recent experiments have greatly
elucidated the mechanism by which a ribosome passes
through the mRNA secondary  structures [36-3§],
which could serve “asi’a basis for building more
realistic models of €ranslation (for an early model
that accounted for franslation of mRNA secondary
structures see Refl [39]). In principle such details
can be studied with the present method but the

~

calculations may become cumbersome due to large
number of parameters.

2.8. Ribosomenxcurrent and density

Our goal is to compute the rate of protein synthesis J
and ribosome (A=gite) density p;. The rate of protein
synthesis »/ is equal to the total current of ribosomes
leaving the stgp codon,

141
J:ﬂ<TL>+’Y<TL H(I_Tz‘)>- (3)
i=2

Here the first term is due to termination and the second
term is due to translation reinitiation. Th current J
is not conserved across the coding mRNA (unless we
ignore premature termination) and is different from the
current of ribosomes initiating translation

+1 {+1
Ji a<H(1n)>+7<qH(1n)>. (4)

=2 =2
For the rest of the codons the ribosome current
(number of ribosomes moving from codon i to codon
i+ 1 per second) is given by

i+4
Jiwi<n— H(1Tj)>,z‘2,...,L1. (5)

j=i+1
Other important observables are the ribosome (A-

site) density p; at codon i and the average density p
defined as

pi = (Ti), (6)
L

b= p (7)

i=2
The averaging (...) in Eqgs. (3)-(7) is taken with
respect to the steady-state probability P(C) to find the

Page 4 of 16
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Table 1. List of TASEP parameters for S. cerevisiae.

Parameter Variable  Value Reference

number of codons L 25-4093 Ref. []

ribosome size ¢ 10 codons Ref. [25]

initiation rate 0.005-4 s~ 1 Ref. [23]

elongation rate i 1-16 s 1 Ref. [23]
35571

drop-off rate
reinitiation rate
reinitiation efficiency

1.4-1073 571 Ref. [40]

«a
w
termination rate B
m
Y
n 0-1 -

system in a configuration C,

(0= (.)PO)=
c
= Z ,,.Z(...)P(Tz,-.~7TL+1)~

7’2:0,1 TL4+1

(8)
9)

The steady-state probability P(C') satisfies a master
equation,

0=> W(C' = C)P(C")=Y _W(C — C")P(C),(10)
c’ c’

where W(C' — C') denotes the rate of transition from
configuration C' = {mo,..., 71} to C' ={7,..., 7.}

2.4. Model parameters

In this paper we study S. cerevisiae as a model
organism using model parameters presented in Table
1.

Translation initiation rates were obtained in Ref.
[23] by matching a theoretical prediction for. the
total density to the density obtained from pelysome
profiling experiments [24]. We note that the TASER-
based model used to estimate initiation, rates in Ref.
(23] is different from the TASEP-based models we
consider here. Because our main goal here,is to
assess the applicability of the power series method,
we use the same values for initiation rates asdn Ref.
[23], but note that these may be different from the
true (physiological) values. Coden-specific translation
elongation rates w; were computed according to

_ kirtrans 7 (11)

ki + Ttrans
where k; is the tRNAadelivery rate for the amino acid
corresponding to coden @ and r¢ang = 35 codons/s is
the rate of ribosoine translocation [41]. The values of
k; are assumed t0 beproportionalyto tRNA gene copy
numbers and_were taken from Ref. [23]. The rate of
termination(is assumed to be large and not limiting
for translation; for that purpose we set 5 = v = 35
s~!. Thewaterof ribosome drop-off is assumed to be
the same as for,F. coli, whose value was estimated at

1.4 -10:% s7! in Ref. [40]. We are not aware of any

Wi

5

estimates of the reinitiation rate v in the literature.
Instead we introduce a new parameter 0 < n < 1 that
we call reinitiation efficiency,

S A
y+8’ 1-7n
which measures the value of ~ relative to the. total
termination rate v + 5. For example, ) = 0 and n =1
correspond to v = 0 and v — oo, respectively.

(12)

500 ‘ ‘
S. cerevisiae

@ 400!
C
()]
2300
o
3 200
£
3 100 =

0 L ‘ ‘

0.0 0.1 0.2 0.3 0.4 0.5

initiation rate a [1/s]

Figure 3. Distribution of translation initiation rates for the S.
cerevigiae genome taken from Ref. [23]. Vertical dashed lines are
quartile values 0.05578, 0.09037 and 0.13889.

. 4
2.5. [ Power series method

The power series method, previously developed in

Refs. [19,42], represents P(C) as a power series in the

translation initiation rate c,
o0

P(C)=> cn(C)ar,

n=0

(13)

where ¢, (C) are unknown coefficients that depend on
configuration C' and other rates. Here we summarise
the main idea behind this expansion. We first note that
the master equation (10) is a linear system of equations
in which the variables are the steady-state probabilities

P(0),
MP =0, (14)

where P is a column vector made of all P(C') and M is
a square matrix whose matrix elements M (C,C") are
given by

W(C = C), C+C
MC.CY=y - Y wiec-on,  c=c.19)
Cr£C

The solution of this system is given by the following
expression

det M (©©)
= ch detM(CI7C,) )

P(C) (16)
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where M(©:©) is a matrix derived from M by removing
the row and the column that correspond to the position
of P(C) in the column vector P. For example, if
P(C) is the second element in the column vector P
for a given C, then we obtain M(©:¢) by removing the
second row and the second column from M. Next,
we note that M is made of all the transition rates
a, all w;, B, v and 8. Therefore detM (@) is a
multivariate polynomial in all these rates and so is
the denominator in (16). This means that P(C) is
a multivariate rational function of all the rates a, all
wi, B, v and ¢ and as such can be expanded around
zero in any of these rates. However, the power series
method will be useful only if the following two criteria
are met: (1) the expansion parameter is small so that
we can approximate the series with the first few terms
and (2) these terms are easy enough to find. We argued
in the Introduction that the translation initiation rate
« is a good candidate for the first criterion, due to a
common view in molecular biology that the translation
initiation is rate-limiting for translation. Later in this
Section we show that the second criterion is also met.

What happens if we expand P(C), for example,
in the drop-off rate §7 This rate is also thought
to be small, and therefore meets the first criterion.
However, it does not meet the second criterion, because
the zero-order term (6 = 0) in the expansion of
P(C) is unknown - it corresponds to the basic model
with codon-dependent elongation and reinitiation but
without premature termination. So although we ean
expand P(C) around 6 = 0, we cannot compute the
zero-order term and therefore the method is not useful
for finding P(C).

Another possibility is to expand P(C) in one of
the elongation rates, say w;. Forexample, if we
starve the cell with an amino acid that,corresponds
to the i-th codon, the elongation rate wymay, become
smaller than the initiation rate «. [ This makes w;
a better choice for the expansion parameter than o.
However, expanding P(C) in wy does notyuiect the
second criterion. The zero-order term' (w; & 0) is easy
to find, which corresponds to a loug queue upstream
of the i-th codon. However, finding higher-order terms
turns out to be a difficult’ preblem. ., Our method is
not applicable to such gonditions. In the rest of the
paper we expand P(C) in « and\assume that all the
elongation rates ko, ....kp_1 and the termination rate
[ are larger than the initiation rate a:

(assumption): kaj.. . fkp 1,6 < a. (17)

From thé fact thatgall P(C) must sum to 1, we
immediately get that

S @) = {(1) :i? (18)
- > 1.

6

Assuming the initiation rate a to be small allows us to
approximate series expansion of P(C') by the first K
terms (13)

P(C) = co(C) + e1(Ca + ... + ex (C)a’S. (19)

It needs to be emphasised that keeping only a finite
number of terms may lead to significant-errorshswhen
the rate of initiation is high. This in turn may lead
to non-physical values of P(C) < Qpor, P(C) > 1. Of
course if that happens the method is netrapplicable for
that choice of a and one has to&empute higher-order
terms.

In order to find ¢, (C), we insert theypower series
(13) back into the master equation (10) and collect all
the terms that contain a*. These terms must all sum to
zero because the left hand side of the stationary master
equation (10) is equalto zero. Before we write down
a general expression for_¢p(€) we need to distinguish
between W(C' — €)=« and W(C — C’) # «. For
that purpose we introduce an indicator function I¢ ¢
defined as

I B 1
c.Cr = a0

This allows us towrite W(C' — C’) as

WAC"=5.0)= alcc + W(C — C')(1 —Ic,cr)
0o + Wo(C — C') (21)

where, Wy(C — C') = (1 — Ig,c)W(C — ).

Inserting P(C) from (13) into (10) and equating the

sum of all terms containing a™ to 0 gives the following
equation for ¢, (C) for C # ()

C — € is an initiation event
. (20)
otherwise.

cn(C) =

- (10) (Z Wo(C' — O)en(C”)
=

+ ch_1(0/)10/,c —cn—1(0) ZIC,C/> ,(22)
c c’

where e(C) is the total exit rate from C excluding

initiation

e(C) =) Wo(C = ). (23)

CI

For C' = () we can use Eq. (18) instead which gives

en(0) =6n0— Y en(C). (24)
C'#)

The equation (22) applies to n > 1. For n = 0 the

equation is simpler and reads

e(C)eo(C) =D Wo(C = C)eo(C) (25)
C/

Notice that (25) is the same as the original master

equation in which the rate of initiation is set to 0. If

Page 6 of 16
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there is no initiation then ¢o(C) =1if C' =0 and is 0
otherwise,

1, C=90

The power series method can be understood as a
perturbation theory in which translation initiation
events can be seen as a small “perturbation” of the
empty lattice.

An important consequence of (26) is that any
cn(C) for which the index n is smaller than the total
number of ribosomes N(C) in C is equal to zero, or
alternatively

. (26)
otherwise.

cn(C) #0only if n > N(C (27)

L
= Z Ti-

i=2
This result is not obvious but follows from the Markov
chain tree theorem [43] (also known as Schnakenberg
network theory in physics [44]). The theorem states
that the steady-state probability P(C) in Eq. (16)
can be interpreted as a sum over mathematical objects
known as spanning trees. For a given graph G
consisting of vertices connected by directed edges, a
spanning tree rooted at vertex C is a subgraph of
G that contains all the vertices of G but only a
subset of edges such that there is a unique path from
C to any other vertex C' of G. For the Markov
jump process described by Eq. (10), the vertices
of G are configurations C' and the directed edges
are possible transitions between two configurations C
and C’, weighted by the corresponding transition rate
wW(C — ).

According to the Markov chain tree theorem,

P(C) can be written as

21y w(T(C))
> ZT(C/) w(T(C"))’
where T'(C') is a spanning tree of G rooted at
configuration C' and w(T'(C)) is the product of all the
transition rates corresponding to the directed edges
contained in the spanning tree L'(C'). Let us now
consider a configuration €hand let this<Cconfiguration
has N ribosomes. We mayask: What spanning
trees T(C') rooted at Cseontributento’ P(C')? By the
definition of T'(C') there must he a unique path from
any C’ to C; we choese.C’ = (), which is the empty
mRNA. In order 40 get from<C’ = to C that has
N ribosomes, weé have to make,at least N initiation
transitions (we candmake more than N initiations
because some ribosome.may terminate, either at the
stop codon [or premagurely). Consequently, the weight
w(T(C)) cannot have terms with a™ where n < N.
In othef words,WP(C) is of order of oV where N is
the number of #gibosomes in C, which is equivalent to
the claim in Eq. (27). For more details we refer the

P(C) = (28)

7

reader to Ref. [45] in which we proved (27) for the
standard TASEP with particles of size £ = 1, but the
same arguments pertain to the models studied in this
paper.

The result in (27) simplifies the ¢aléulation of
cn(C) considerably. For n = 1, we only, have to
consider configurations with one riboseme, (€=
for i = 2,...,L) or less (C = (). Forim = 2,
only configurations with two ribosémes (C = 1;1;,
t=2,...,L—4, j =i+4&r. ,L)orless (C =1,
for i = 2,...,L and C' = 0) need to be studied and
so on. This simplification is ¢entral to, the suecess of
the power series method, allowing us to’ solve many
TASEP-based models for.which mo exact solution is
known.

2.5.1. First-order gapprozimation According to (27)
we can ignore all [configurations with more than one
ribosome. Using,(22)'we get

1 ol
1) = 1 2
c1(12) wQ+p+w2+pcl( L) (29q)
(1) = L:ji;lucl(li_l), i=3,...,L—1 (290)
wr,—
e (1= ﬂi;cm(h,l) (29¢)
L—1
do(0) & S (1) + Bea(1r). (294)
1=2

Here weadopted a shorter notation in which 1; denotes
anconfiguration with ribosome at codon i, and the
rest of the mRNA is empty. First we solve equations
(29b) and (29¢) recursively yielding coefficients ¢;(1;)
for i« = 3,..., L that depend on ¢;(12). After that we
insert ¢1(17) back into equation (29a) and find ¢;(12).
Once we have found ¢;(12) we solve the rest of the
equations recursively. Altogether the solution is

H’i W
J=2 wj+p

(1) = ,2<i<L—1(30a)

L—1 W
Wi (1 7 1= Wﬁu)
= o
(1) = IRt (300)
(ﬂ +’7) (1 - m H]=2 wjj-'u,)
L
c1(0) = — ch(l (30¢)
i=2

In the last expression we used the property in (18)
which says that all first-order coefficients must sum to
Z€ro.

2.5.2.  Second-order approximation For the second
order, c2(C) # 0 only if C contains at most
two particles. The equations for cy(C') are more
complicated than for ¢;(C) and must be solved
numerically.
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Before we write the equations, we first introduce
Kronecker delta function ¢;; and unit step function 6/

defined as
1 i=7 1 i>0
bi; = A . 6y
0 1# ] 0 1 <0
These two functions allows us to write the equations
for ¢o(C') in a compact form which reads
51 2 9[2 - 3]0.)2',1
1;1; —_—
@) =) o(1,1,)
Oj —i— 4 — 1w
1,1,
6(11‘13‘) 62( J 1)
8i28IL — €~ jly
6(111j)
where e(1;1;) is the total exit rate from configuration

1;1; excluding initiation,

e(lilj) = 9[] —i—¥f— 1}0.)1' + (1 — 5j7L)CUj + 5j,Lﬂ

ci(ly) + c2(1i-11)

ca(11L), (32)

+0[i — 0 —2]0; 1y + 24 (33)
Without reinitiation (y = 0), c2(1;1;) depends only
on ca(1;-11;) and cp(1;1,-1), except for i = 2 for

which it also depends on the known coefficient ¢q(1;).
The equation (32) for v = 0 can be thus solved
recursively starting from ¢ = 2 and j = 2+ ¢, for which
co(lalpro) = c1(1pq2)/(wero + 2u), and iterating over
1=2,....,L—fandi+¢<j<L.

This procedure cannot be immediately appliedsto
the model with reinitiation (in which v > 0), because
c2(121;) also depends on c(1;1z) for £ +2 < j &
L — ¢. Instead, the idea is to find coefficients cz(1,17)
independently and insert them back into Eqim(32),
which can be then solved as before.

To this end, we start from ¢ = 2 and j = 42
in which case c2(121y42) is a lineaf ¢ombination of
c1(lgy2) and co(legaly),

1
151 = (1
62( 2 €+2) 6(121“2)61( é+2) N
T ey(la1esg) (34)

J’_ [ S—

6(12124_2)

Next, we iterate Eq. (32)ver ¢ +3 < j < L for fixed
1 = 2, which can be done explicitly yielding

2(121;) Z {FQJ

m=~+2

(L Ipt GWer (1 m)},(35)

where FQ(T) and Gg";) are given by

F7 =0[L— 0= m] ol (360)
1 —1

CSRET S H By, (36b)
e(laleso) k=012
(m) 1 Hk Z+2

G,/ = ,m=L0+3,...,L, (36¢)
> ¢(121,m) Hk —42 B

8

and B = wi/e(l2lgy1). If we now choose j = L
we get what we were looking for — an equation that
contains coefficients co(1,,17) and ¢1(1,,). We can
now repeat this procedure for ¢ = 3 by iterating
over j until we get the equation for co(lsdy,), which
will again contain c¢o(1,,17) and c¢;(Lp)nand so
on. At the end of this procedure weswill haveta
linear system of L — ¢ — 1 equations for L =~ ¢ — 1
coefficients co(121y), ..., ca(1p—¢1y )that can be solved
numerically using standard <techniques. » Onee these
coefficients are computed, we ‘can_then preceed to
iterate Eq. (32) as we did before for the.model without
reinitiation.

Once all two-particle_second erder coefficients are
computed, we can easily compute the remaining one-
particle coefficients o (1;)\from the following equations,

1
ca(lp) = P ,ucl(@) + pea(daly) + w;j_ M02(1L)
L—1
Y callpl;) (37a)
J=0+2
82(11‘) = C:L'}l:_lﬂCQ(li_ﬂ + 9[[/ - — i],BCQ(lilL)
+,u26211 +NZ e2(1:15)
J=i+4
—o[z—e Aer(1y), i=3,...,L—1 (37h)
()= 51 “epoi(lo1) —ei(1p)
+ MZ@(lle). (37¢)

Finally, we can compute c2(()) using Eq. (18), which
completes the procedure of finding all second-order
coefficients c2(C).

2.5.3. Higher-order approrimations. In principle, we
can use Eq. (22) to compute ¢,(C) for any order n.
In practice, we are limited by the amount of computer
memory we need for storing these coefficients, which is
the only limitation if we ignore translation reinitiation.
In the model with translation reinitiation, we are
further limited by the size of the linear system that
can be solved numerically. In the present work we
computed ribosome density up to the fourth order in
the model without reinitiation and up to the second
order in the model with reinitiation.

2.6. Monte Carlo simulations

All Monte Carlo simulation were performed using the
Gillespie algorithm. In the first part of the simulation
we checked the total density p every 100 - L updates
until the percentage error between two values of the
total density p was less than 0.1%. After that we ran

Page 8 of 16
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the simulation for further M = 10* - L updates during
which we computed the time average of p; defined as

M
1
pi = T Z Ti(k)At(k“), (38)
k=1
where Ti(k) is the value of 7; (1 if codon ¢ is occupied by

the ribosome’s A-site and 0 otherwise) at k-th update
in the simulation, At*) = ¢(F) — (k=1 ¢(k) ig the time
of the k-th update, t(©) = 0 and T = (M),

3. Results

3.1. First-order approximation does not account for
ribosome interference

Using (26) and (30a)-(30b) we can compute ribosome
density p; and protein synthesis rate J up to the linear
order in «,

[0} H;:Q wlﬂuj»u .
pi N — : ,2<i<L-1 (39a)
Wi (1 2 7Tl
B+y Llj=2 wj+pn
L—1 W
« H':Q wji+
e S WJ L;l“ o (390)
(1 T Bty Hj:2 ijru)
L-1 wj
alliy =
T~ J=2 witp (39¢)

(1 T Ll ) '
Bty LLi=2 wj+p
These results are similar to the ones obtained’ by
Gilchrist and Wagner using a deterministic model
of mRNA translation that includes codon-specifie
elongation rates, ribosome drop-off ands, mRNA
circularisation but ignores ribosome interference [11]:
This similarity is not a coincidence but comes fromthe
fact that first order includes configurations with only

one ribosome.

Another interesting prediction fromi the first order
is that the impact of reinitiation strongly depends on
the rate of premature termination..That is expected
because reinitiation due to mRNA' cirecularisation can
only happen if the ribosome| has/ not | terminated
translation prematurely. A 'he strongest effect is thus
when premature termination does not oecur, i.e. when
@ = 0. In that case the proeduetsiin Eqs. (39a)-(39¢)
are equal to 1 and the resulting,ribesome density and
current read

1
pp o LT /B) oSl (40a)
Wi
«
pL = 3 (400)
Y
J %a(1+6). (40¢)
From shere we ‘conclude that in the first-order

approximation< reinitiation has the same effect as
increasing initiation rate from « to a(1 + ~/f).

9

In principle, the first order is a good approxima-
tion of the steady state provided the ribosomes on the
mRNA are well separated, so that the ribosome colli-
sions are negligible. In practice, that means that all
the ratios «/w; and v/f are much smallex/that 1, so
that the overall ribosome density is small. - What also
matters, according to Eq. (48a), is thatathe ratio of
ki/kiye is close to 1 or smaller, othérwise there will
be significant contributions to the séeond order, as we
show later in the paper. This occurs if there is'a ‘fast’
codon at site i and a ‘slow’ codom,at site'd + ¢ caus-
ing a traffic jam, in which cage the ribosomes are not
well separated and the firstdorder may not be a good
approximation in that partsef thesmRNA.

3.2. Second-order approgimation accounts for
ribosome interference

In the Methods we deseribed in detail how to find all
second-order coefficients. This allows us to compute
local density p; and current J up to the second order
in a,

pi = p\ e Pk

J =J%a + 72,

(41)
(12)
where linear. coefficients pgl) and J1) are given in Eqs.
(B9a) andn(39c), respectively, and the second-order

coefficients pl@) and J® read

i—t L
) = (L)1) el + D ell)  (43)
j=2 j=i+e
L—t
I = (B+7)ca(1L) + B8 ea(1511)
j=2
L—¢
+7 Z c2(1;1z). (44)
j=2+¢
Figure 4 shows ribosome density (first 50

codons) for two genes of S. cerevisiae, YDR223W
and YDR233C, computed using the model without
reinitiation. These two genes have translation
initiation rate smaller than the first quartile and
larger than the third quartile of all initiation rates,
respectively (see Figure 4). On the left are density
profiles computed using the first order and compared
with the results of Monte Carlo simulations. As
expected, the agreement is worse for the gene that has
a larger value of . On the right are density profiles
obtained using the second order, which agree well with
the results of Monte Carlo simulations.

In Figure 5 we show ribosome current J; across the
mRNA, computed from Eq. (5) for the same two genes
as before and using the model without reinitiation.
Unlike the density, the first-order approximation of
the current already shows a significant discrepancy
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Figure 4. Density profiles (first 50 codons) for S. cerevisiae genes! YDR233W,and YDR233C. On the left and right are density
profiles computed using the first and second order, respectively, and,compared to the results of Monte Carlo (MC) simulations.
Translation initiation rates are 0.02846 for YDR223W and,0.21425 for; YDR233C. All results were obtained assuming ribosome
drop-off rate = 1.4 - 1073 s~! and no translation reinitiation(y = 0).
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Figure 5. Ribosome current J; acrossithe mRNA for S. cerevisiae genes YDR233W and YDR233C, computed from Eq. (5). Solid
black line is the result of stochastic simulations, while red and blue dashed lines represent first-order and second-order approximation,
respectively. All results wete obtained ‘assuming ribosome drop-off rate p = 1.4 - 1072 s~ and no translation reinitiation (v = 0).

3.8. Effect of ribosome interference on second-order
coefficients

compared to Moute Carlo simulations for both genes.
As expected, the disérepancy is reduced when using

second-order approximation. .
Bp Because the second order must be computed numeri-

cally, how exactly the second-order coefficients are af-
fected by ribosome interference is not immediately ob-
vious. If we imagine a mathematical model in which
ribosome interference is ignored, we would expect P(C')
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to be a product of single-particle weights ¢1(1;)a
1 NO
P(C) = 7 ]1;[1 act(1x())

1 L
=z 1l [ric1(Li)a + (1 — 7)), (45)

2

where N(C') is the number of particles in C, X(j) is
the position of the j-th particle and Z; = HiLZQ(l +
c1(1;)a) is the normalisation (see Ref. [19] for more
details in which we termed this approximation the
independent particle approximation or IPA). Taking
C = 1;1; and expanding P(C') in « up to the quadratic
order we get

IPA
ea(Lily) =" er(Li)ea (1) (46)
Going back to the model with exclusion, we can
write c2(1;1;) as

ca(Lily) = ex(1i)er (15)g2(1il;). (47)
where g(1;1;) measures the deviation from the IPA (for
which ¢(1;1;) = 1), i.e. the effect of exclusion. The
equations for go(1;1;) for i # 2 and j # L read

e(1s)

92(Lilize) = ———=9g2(Lic11liyy), i # 2 (48a)
e(Live)

_ el
L) = S )

e(1;) : :
e(li) + 6(1]‘)92(1113_1)7 ? 7& 25.] 7é L7 (48b)
where e(1;) = (1 — 0;,)(w; + p) + ;6. MWe notice
that Eq. (48b) could be solved by setting all g, to 13
however that would violate the initial equation (48a).
On the other hand, both e(1;)/(e(ds) + e(1;)) and
e(1;)/(e(1;) +e(1;)) in Eq. (47) are strictly less than
1, which means that any deviation of ggfrom»l in Eq.
(48a) will be attenuated by subsequent iterations of
Eq. (48b). Therefore we expect to ﬁanz(lilj) ~ 1
when codons ¢ and j are far apart, 1.e.

Cz(lilj) ~ cl(li)cl(lj) for |’L — ]| > 0. (49)

Certainly, the effect of exclusion is strongest when
the ribosomes are next to eachnother, i.e. for j =
1+ ¢. In that case thiere is either a magnification
(e(1;) > e(liye)) orsreduction (e(1;) < e(l4p)) in
g2(1;1;) compared to the IPA that is carried over to
the surrounding codons.

In Figure 6 we plot g2 (1;1;) for YDR233C gene as
a function of j for'several values of 7. As predicted, the
deviation ofdg>(1;1;) frem 1 is the largest at j =i + ¢
and eventually decays'to 1 as j gets away from i.

g2(1;2115)

+
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Figure 6. The coefficiefit g2(1;1)7) for YDR233C as a

function of j for several values of ¢ and assuming no translation
reinitiation.

~

3.4. High-order approzimations are needed for genes
with high initiation,rates

As the rate, of initiation increases, using the first-
order or secomd-order approximation may lead to
significant “errers.” In Figure 7 we demonstrate this
for gene YORO045W, which has a relatively large
value ‘ofha = 0.35423 and total ribosome density
pA="0:03256, (approximately 33% of the maximum
theoretical defisity 1/¢ = 0.1). On the left are density
profiles computed using first-order and second-order
approximation and compared to the results of Monte
Carlo simulations. On the right is the density profile
obtained using the fourth-order approximation, which
agrees well with the results of Monte Carlo simulations.
Similar conclusions can be made for the ribosome
current J; across the mRNA., see Figure 8.

0.40
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=
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Figure 8. Ribosome current J; across the mRNA for S.
cerevisiae gene YOR045W, computed from Eq. (5). Solid black
line is the result of stochastic simulations, while red, blue, orange
and green dashed lines represent first-order, second-order, third-
order and fourth-order approximation, respectively. All results
were obtained assuming ribosome drop-off rate p = 1.4 - 1073

s~! and no translation reinitiation (y = 0).
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Figure 7. Ribosome density profiles for S. cerevisiae gene YOR045W. On the left and right are density profiles computed using
the second and fourth order, respectively, and compared to the results of Monte Carlo (MC) simulations. Translation initiation rate
is 0.35423. All results were obtained assuming ribosome drop-off rate p = 1.4 - 1072 s~ and no translation reinitiation (y = 0).

3.5. Translation reinitiation has the same effect as
increasing initiation rate

In Figure 9 we present density profiles for two genes,
YDR223W and YDR233C, obtained using a model
with translation reinitiation with reinitiation efficiency
set ton = 0.2.

For gene YDR223W, which has a small value
of «, the agreement between the second-order
approximation and results of Monte Carlo simulations
is excellent. On the other hand, there is a visible
discrepancy between the second-order approximation
and results of Monte Carlo simulations for gene
YDR233C, which has a relatively large value of
Q. This result is expected because translation
reinitiation increases the number of ribosomes that
initiate translation, which in turn may require more
terms in the series expansion.  Therein lies the
problem—computing higher-order terms in the model
with translation reinitiation is not as straightforward
as without reinitiation, because it involves solving a
linear system of equations. For example, to compute
the third order we need to solveda systém ofroughly
L? equations for the unknown coeffigientsfes(1;1;1z).
For a typical gene of L = 300 codons that is 90000
equations. Thus the power series method may not be
a feasible approach for solving TASEP:based models of
translation with reinitiation beyond the second order.

This problem motivates to, ask if the model
with translation reinitiation can be replaced with an
effective model without reinitiation but in which the
rate of translation initiation is set to a higher value
Qo > a. This yalue must be such that

J

PR N ) :a+’y<TLHfi21(1—Ti)>
A ) (M50 -m)

~
—at G (50)

(T80~ 7))
where J;;, is the totalinflux of ribosomes initiating
translation, BEgs. (4), and the denominator is the
probability that ‘the first ¢ = 10 codons are not
occupied by anather ribosome’s A-site. From here we
can express the effective initiation rate ag in terms of
Jig, Jand (7) as

in’
«

ST TR B i
We can‘eheck that ag = o when v = 0 in which case
A= 6<’7‘L>.

In order to test whether we can replace the
model with reinitiation (y > 0) with a model without
reinitiation (y = 0) but with an effective initiation rate
Qoff, we first use stochastic simulations to compute
the values of J;,, J and (rz) for the model with
reinitiation. We then use Eq. (51) to find the effective
initiation rate agg, and use that rate in stochastic
simulations of the model without reinitiation. So at
this point we are not using the power series method
at any point, we are only testing if we can replace the
original model with a simpler one.

In Figure 10 we present density profiles for genes
YDR233C and YOR045W obtained using Monte Carlo
simulations of the model with reinitiation n = 20%
and the effective model without reinitiation. For both
genes we find an excellent agreement between the two
models. Next, we consider n = 90% for YOR045W
and YKLO036C. Both of these two genes have high
initiation rates belonging to the last quartile in Figure
3. In fact, YKLO36C has the largest initiation rate
of all S. cerevisiae genes estimated at the value of
a = 4.1 initiations/s, for which the power series
method is inapplicable. In Figure 11 we present density
profiles obtained using Monte Carlo simulations of the
model with reinitiation n = 90% and the effective

(51)
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Figure 9. Density profiles (first 50 codons) for S. cerevisiae genes/YDR233W, and’ YDR233C. On the left and right are density
profiles computed using the first and second order, respectively, and, compared to the results of Monte Carlo (MC) simulations.
Translation initiation rates are 0.02846 for YDR223W and, 0.21425 for' YDR233C. All results were obtained assuming ribosome
drop-off rate g = 1.4- 1073 s~! and translation reinitiation with n = 0.2\

model without reinitiation. Again, we find an excellent
agreement between the two models.

This result has two important implications.»The
first one is technical-we can apply the power series
method to the effective model (providedithe effective
initiation rate agp is smaller than any ofthe élongation
and termination rates) and avoid (the problem of
solving a linear system of equations. ‘The second one
is biological. In experiments the rdtes oftheamodel are
typically unknown and have to/ be inferred from the
data. For example, if we want tolestimate the rate
of initiation a by matching theoretical” density p(«)
to the experimental density from polysome profiling
experiments, as it was/done in Refl [23], we cannot
truly distinguish reinitiation from de movo initiation.
In other words, the evidence for translation reinitiation
may be very difficult to find experimentally because the
effect of translation reinitiaion is,the same as de novo
initiation at a higher rate.

4. Discussion

Our first main result is that the power series method
is applicable to the TASEP with ribosome drop-

off ‘and translation reinitiation. This complements
previous work in which the method was applied to
the TASEP with multi-step elongation [19]. We
tested the method on Saccharomyces cerevisiae under
physiological conditions and found that the model-
predicted ribosome density and current are faithfully
described by the second-order approximation for most
of the genes. Interestingly, second order is the lowest
order at which ribosome interference occurs, suggesting
that ribosome interference does have an effect on
translation. This is clearly visible for genes with high
initiation rates belonging to the last quartile in Figure
3, for which higher-order approximations are needed
to describe the data. In that sense the statement
often found in biology that initiation is rate-limiting
for translation is true [46], but incomplete-translation
elongation does have an effect on translation.

Our second main result is an iterative algorithm
that computes ribosome density and current up to any
order. This is a significant improvement over previous
work that considered only second order [19]. However,
computing orders beyond the second is limited to the
model without translation reinitiation. The problem
is that reinitiation does not allow for the coefficients
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cn(C) in Eq. (13) to be found recursively starting
from a configuration with all ribosomes stacked to the
left, as it is the case in the model without reinitiation.
Instead one must first solve a closed linear system of
equations for the coefficients ¢, (C)withsg=th ribosome
at the last codon site (the stop codon)d The number of
such coefficients is of the order of £77", which becomes
too large for n > 2 given/a typical, gene length in
hundreds of codons. Anotherserious limitation is that
the number of all configurations contributing to n-th
order is of order of L. This is a problem because
the coefficients are computed recursively and need to
be stored during the Tecursion’ process in Eq. (22),
which limits how/larges and L'ean be. In practice, we
expect memory shertage for computations beyond the
third order for typicabmRNAs consisting of hundreds
of codons. (It may he, possible to compute high-order
terms for short genes though, such as the fourth order
that wefecomputedsfor YOR045W (L = 61 codons) in
Figure 7.

As with any perturbation theory in physics, such

as the power series method presented here, computing
high-order terms becomes progressively more difficult.
We can then ask what is the advantage of the power
series method compared to stochastic simulations and
what biological insight we can get from it?

The power series method was developed in Ref.
[19] in order to understand how the protein production
rate depends on the initiation and elongation rates,
which is a long-standing problem in molecular biology,
especially in the context of codon optimisation
[47]. This problem is too difficult to study with
stochastic simulations alone, because there are too
many parameters that can be varied.

When the power series method was applied to the
basic TASEP with two-step elongation in Ref. [19], it
revealed that the protein production rate per mRNA
is predominantly determined by the rate of initiation
and the rate of elongation of the first 10 codons,
which is the size of the ribosome (in codons). In
this paper the power series method further elucidated
how ribosome jamming may occur at codons for which
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the ratio w;/wite is much larger than 1, i.e. when
a ’slow’ codon is ¢ = 10 codons downstream of a
'fast’ codon. Furthermore, the first-order expression
for the ribosome current in Eq. (40¢), J = a(1 +~/p)
prompted us to replace the model with reinitiation with
a simpler model without an effective initiation rate.

Another useful application of the power series
method is when the model parameters are not known
and thus have to be inferred from the experimental
data. For example, the data can be ribosome density
profiles obtained from ribosome profiling (Ribo-seq)
experiments [25]. The problem is then to match
the density profile of the model to the experimental
data, which amounts to solving a system of L
nonlinear equations. There are nonlinear optimisation
algorithms that are built for this problem, however
what is computationally expensive is to run stochastic
simulations for every iteration of the algorithm.
Instead, even the third-order calculations are fast
(assuming no reinitiation), allowing the optimisation to
finish in a reasonable time. This approach was recently
developed in Ref. [48] and successfully applied to S.
cerevisiae Ribo-seq data.

TASEP-based models of translation are usually
studied using stochastic simulations (generated by the
Gillespie algorithm) or using mathematical approxi-
mations (called mean-field approximations) that ig-
nore correlations between two neighbouring ribosomes
[1,2,8]. Power series method is the only mathematical
method available that can account for these correla-
tions, other that the stochastic simulations. Put differ-
ently, the only approximation in the derivation of P(C')
is that the power series is approximated by a polyno-
mial. This is markedly different from the mean=field
approximations of Refs. [1,2, 8] that explicitly ignore
correlations between two neighbouring ribosomes (see
Ref. [45] in which this difference was demonstrated for
the TASEP with particles of size £ =[1).

In this work we studied the effect, of ribosome-
ribosome correlations on the secofid-ordetieoefficients
c2(1;1;) for the TASEP without tramslation reinitia-
tion. The strongest correlations were found for ribo-
somes that are next to each other (ju="i + ¢), with
the strength of correlations depending on the ratio
(wi + p)/(Wie + p). Bor (@it W (wire + p) < 1
((wi + 1)/ (wipe + p) 2> 1), the density at codon i is
smaller (larger) than it would be on a mRNA com-
posed of only onegibosome. Taking this further, if we
could arrange codons in a sequence such that

wo < w3 < .. a<Wr,, (52)

then according to the second-order approximation,
the total ribesome density for that sequence would
be minimal compared to the same choice of codons
arranged in a different sequence. Since ribosomes are
highly“cestly in terms of cellular energy, it makes
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sense for the cell to reduce ribosome density and avoid
ribosome queuing. This explanation is also known
as the ramp hypothesis and may explain why the
preference for slower codons is typically found at the
beginning of the mRNA [49-51]. Ourhhypothetical
arrangement in Eq. (52), which could be ¢onsidered
as a perfect ramp, is unlikely to occursimsreal codén
sequences due to other evolutionary’ factors driving
codon usage. Nevertheless, our findings may provide
the first step in understanding the originyof the ramp
from a mathematical point of view:

5. Conclusions

We have presented a yersatile method for studying
TASEP-based models of translation that account for
several mechanisticdetails of thé translation process:
codon-dependent elongation\, premature termination
and mRNA circularisation. We have applied
our method to the. model organism Saccharomyces
cerevisiae using realistic estimates for the model’s
parameters under physiological conditions (except for
the value'ofrthe reinitiation rate which is, to the best
of our knowledge, unknown).

Im the model without reinitiation, we find an
exeeéllent “agreement for the ribosome density and
current with e results of stochastic simulations using
approximations up to the fourth order of the power
series expansion. In order to obtain these results we
devised an algorithm that can, in principle, compute
any, order of the power series expansion. In practice,
the program is limited only by the amount of memory
used for storing the coeflicients.

Once the reinitiation is introduced in the model,
the power series method becomes too cumbersome to
do beyond the second order. However, the first order
calculation revealed that the effect of reinitiation is
similar to setting the rate of reinitiation to zero but
increasing the rate of de movo initiation. We tested
this hypothesis for several genes and found that the
simpler model without reinitiation correctly describes
the model with reinitiation. In the biological context
this result suggests that the effect of reinitiation
on translation cannot be easily distinguished from
de novo initiation, for example if the only available
experimental data are ribosome density profiles.

The main advantage of the presented method is
that it is robust, in the sense that it can be applied
to many realistic models of translation. The case of
multi-step elongation was already studied in Ref. [19].
Interactions between ribosomes that are more complex
than the simple exclusion can also be included in the
model, for example premature termination caused by
ribosome collisions [33,34].

There are also general limitations to the power
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series method that we wish to emphasise. = The
method is applicable only to the initiation-limited
regime, in which the rate of initiation is smaller than
the elongation rates of individual codons and the
termination rate. In S. cerevisiae under physiological
conditions there are few genes with very high initiation
rates that do not meet this criterion. Our approach
also excludes the case of amino acid starvation that
may cause the elongation rates to be smaller than the
initiation rate. Finally the method is applicable on
to the steady state and thus cannot take into account
finite lifetime of the mRNA.

While the TASEP as a model for translation has
been proposed half a century ago, it has only recently
become a common tool in computational biology. Our
goal for the future is to make the presented method a
standard tool for analysing biological data e.g. from
ribosome profiling experiments, which would give us
a better understanding of the translation process and
allow us to address open questions in the cell biology.
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